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VANISHING THEOREMS
FOR COMPACT HESSIAN MANIFOLDS

by Hirohiko SHIMA

Let M be a flat affine manifold with a locally flat affine
connection D. Among the Riemannian metrics on M there is an
important class of Riemannian metrics which are compatible with
the flat affine structure on M. A Riemannian metric g on M is
said to be Hessian if g has an expression g = D’y where u is a
local C”-function. A flat affine manifold provided with a Hessian
metric is called a Hessian manifold. A certain geometry of Hessian
manifolds has been studied in Shima [10]-[14]. See also Cheng and
Yau [2] and Yagi [15].

Hessian manifolds have in a certain sense some analogy with
Kihlerian manifolds. In this paper, being motivated by the theory
of cohomology for Kihlerian manifolds we study cohomology groups
for Hessian manifolds.

Let F be a locally constant vector bundle over M. We denote

14
by P'9(F) the space of all sections of (A T*) ® (XT*) ® F,
where T* is the cotangent bundle over M. Since the vector bundle

q
(A T*) ® P islocally constant, we can naturally define a complex
2 armteE) L ooriE) B QPthAE) 2
We denote by H?'?(F) the p-th cohomology group of the complex.

Then we have the following duality theorem analpgous to that of
Serre [9].

THEOREM. — Let M be a compact oriented flat affine manifold
of dimension n. Then we have

Key-words: Hessian manifolds — Cohomology — Vanishing theorems.
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184 H. SHIMA

HP'9(F) = H" P""9((K ® F)*),

where K is the canonical line bundle over M and (K ® F)* s
the dual bundle of K ® F.

Let F be a locally constant line bundle over M. Choose an
open covering {U,} of M such that the local triviality holds on
each U, . Denote by {f,,} the constant transition functions with
respect to {U,}. A fiber metric a = {a,} on F is a collection of
positive C”-functions a, on U, such that

— £2
a, —f,\“a)\.

Using this we can define a globally defined closed 1-form A and
a symmetric bilinear form B by

A =—Dloga,,
B =—D?loga,,

and we call them the first Koszul form and the second Koszul form
of F with respect ot the fiber metric a = {a,} respectively.

A locally constant line bundle F is said to be positive (resp.
negative) if the second Koszul form is positive (resp. negative)
definite with respect to a certain fiber metric. It should be remarked
that if a compact connected flat affine manifold M admits a locally
constant positive (resp. negative) line bundle, then by a theorem of
Koszul [6] M is a hyperbolic affine manifold, that is, the universal
covering of M is an open convex cone not containing any full
straight line.

Kodaira-Nakano’s vanishing theorem for compact Kihlerian
manifolds plays an essential role in the theory of compact Kihlerian
manifolds. In this paper we prove the following vanishing theorem
for a compact Hessian manifold analogous to that of Kodaira-Nakano.

THEOREM. — Let M be a compact connected oriented Hessian
manifold. Denote by K the canonical line bundle over M. Let F
be a locally constant line bundle over M.

(i) If 2F + K is positive, then
H*9(F)=0 for p+q>n.
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(i) If 2F + K is negative, then
HY9F)=0 for p+q<n.

As to vanishing theorem for compact hyperbolic affine manifolds
we should mention the following theorem due to Koszul [7].

THEOREM. — Let M be a compact oriented hyperbolic affine
manifold. Then we have

H”%(1)=0 for p,q>0,
where 1 is the trivial line bundle over M.

In §1 and § 2 a Riemannian metric g is not assumed to be
Hessian. We define in § 1 fundamental operators e(g), i(g), I, %, 9, &
and [O. In § 2 we define the Laplacian [0, on Q' ?(F), and
prove the duality theorem H?”'4(F) = H'"?""9((K ® F)*) and
the cohomology isomorphisms &€P7 % (F) = HP'?(F) = H? (P (F)).
In § 3 we give the local expressions for geometric concepts on
Hessian manifolds. In § 4 and § 5 the formulae of Weitzenbock
type for 0 and [, are obtained. In § 6 we prove a vanishing
theorem analogous to that of Kodaira-Nakano. In § 7 we mention
a vanishing theorem of Koszul type.

The author would like to thank Professor J.L. Koszul for his
kind suggestions.

1. The Laplacian O on Q7' 7.

Let M be a flat affine manifold with a locally flat affine
connection D. Then there exist local coordinate systems
{x',...,x"} such that Ddx’ = 0, which will be called affine local
coordinate systems. Throughout this paper the local expressions for
geometric concepts on M will be given in terms of affine local
coordinate system. From now on we assume further that M is
compact, connected and oriented.

Choose an arbitrary Riemannian metric g on M. Let Q79

P q
be the space of allsectionsof (A T*) ® (A T*). We denote the local
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expression of ¢ € QP 7 by
__1 i ip 1 Ja
¢ = mz Giyeoiphy-- T (@ A... AdxP)® (dx A ...Adx?).
For simplicity let us fix some notation. We denote as follows :
Ip=(il,...,ip), i, <ip,<...<i,, i<i,<n,

Licp = Gpay e ondy)s dpyy <...<i,, L<i <n,

T

and (i),...,0,,ip4y,...,0,) is a permutation of (1,...,n).
Then with this notation we write

¢ = 2 ¢Iy’dxl"®dqu,
Ipvj_q P °q
where dx'? = dx'' A ... A dx?.

For ¢,y €Q”'7 we set

1 in7h .. Te
h(g,¥) = —— &, Lokl gy (L
plq!

..ip?l...]Tq
—a - gWPla xx
1,7, ¥ (%)

DEFINITION 1.1. — The inner product of ¢, y € QP s

6.9)=[ h(s,¥)v,

M
where v is the volume element determined by g.

DErINITION 1.2. — We define x-operation
£ QP9 — QP n—a

- 1,7
by (x ¢)ln—p g = (— 1P? sgn(l, I,_,) sen(J,J,_)) G¢P' v, where

sgn{l,I,_,) is the signature of the permutation (Ip L_p) of
(1,...,n) and G = det(gy.

(*) Throughout this paper we use Einstein’s convention on indices.

1] 1,7
* 7. ¥P'9 means X2 7. ¥R,
(**) 41,7, Y $,7, ¥

Ip:Jq
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DeFiNITioN 1.3. — Let ¢ = Z ¢y 3, dx'® ® dx'? and
Kf IS
U=2 g, de " ®dx ",

I K T, L
Weset ¢ Ay =2 @ 35 Vii,(@x? nde)® @' rdx™).
A straightforward calculation shows

ProrOSITION 1.1. — Let ¢, Y €EQP'Y. Then
() xx¢p=(— 1P g,
) dasxy=(=1P"hp,Y)v®v.

DEeFINITION 1.4, — Considering the Riemannian metric g as
an element in Q' we define

e(g): Q79 — QP LAt
i(g): QP9 — QP a1
by e(@ d=gno for $€EQ”? and i(g) = (— D" ye(g) x.

Then i(g) is the adjoint operator of e(g) with respect to the
inner product given in Definition 1.1 ;

(@) o, ¥) = (p,e(@ ¥) for ¢EQ”? Yyeqr a1,

DEFINITION 1.5. — We set

=Y

=4 (n—p—q) Ty q>
p’q

is the projection from Y. Q" onto QP9
r,s

Where T a

PrOPOSITION 1.2. — We have
[T,e(g)] = —2e(e), [II,i(g)]=2i(g), Ili(g),e(g)]=1II.

The proof is carried out by a direct calculation and so it is
omitted.



188 H. SHIMA

DEFINITION 1.6. — Define

2: QP9 — QPt1a

by 9= X (e(dx®) ® id) D,, where e(dx¥) is a linear map from
k

P pt1 . k k . . . .
AT* to A T* given by e(dx®) w = dx* A w, id is the identity

map on R T* and D, is the covariant derivation with respect to
9/dx* for the locally flat affine connection D.

Then we have

00 =0. (1.2)

DEFINITION 1.7. — Define

5: Q71 — Qr 1

by a=(—1)"“\/t*a(\/lﬁ*).

PrROPOSITION 1.3. — & is the adjoint operator of 0 with respect
to the inner product given in Definition 1.1 ;

(3¢, ¥) = (¢,8Y) for ¢EQP?, yeQrtha,

In Proposition 2.1 we prove the above fact in more general
situation and so we omit the proof.

DEFINITION 1.8. — We define
O:. Q79 — Qr9

by O= 98 + 80, and call it the Laplacian. ¢ € QP'? s said to be
O-harmonic if O ¢=0.

2. The Laplacian O, on Q79 (F).

Let F be a locally constant vector bundle over M. Choose
an open covering {U,} of M such that the local triviality holds
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on each U,. Let {&,..., &%} be fiber coordinate systems such
that the transition functions {f,,} defined by

Es\ = 2 fA“ij EL

]

are constants. A fiber metric @ = {a,} on F is a collection of
m x m positive definite symmetric matrices a =(a,‘l.l._) such that
each a,, isa C”-function on U, and

a = tfux a, f)n\
holds.
Let £?'9(F) denote the space of all sections of ( /p\T*) ® (XT*) ®F.

Using fiber coordinate systems {£.} we express an element
¢EQPU(F) as ¢ = {¢}}.

DEFINITION 2.1. — Define
3: QP4 (F) — QFF 19(F)
by 3 {¢'}= {3¢}.(*)
We have then
00 =0. Q.D
DEFINITION 2.2. — The inner product of ¢,y € QP 9 (F) is
(¢, ¥) =f Z ah (¢, ¥ v.
M
DEFINITION 2.3 — Define

8, : QP9 (F) — QP L9(F)

by §,{¢'t= ;(-— r Y /Ga«d (_al"_* ¢")§ . where a¥ is
Tk VG

the (i,j)-component of (a)~'.

(*) For brevity the subscripts A,u,... are droped where no confusion
will arise.
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PROPOSITION 2.1. — &, is the adjoint operator of 9 with respect
to the inner product given in Definition 2.2;

(0¢,¥) = (¢,8,¥) for ¢EQQP VI(F), YyEQ”IF).

Proof. — Since Z a;j o' A x ¢/ is globally defined on M,
ij
there exists (n — 1)-form w on M suchthat w® v=3 a”qb’ N
Then

(w®v)=(arw+dw)® v,
where o = dlogy/G, and
3(Zay;¢'a x ¥
=D Za; k@8, YN0 ® v+ (= D" Z ¢ A ww 3(ayx Y.
Since
S, W' =— (D" (@ ax ¥+ (= D" Zalu e+ V5,
we have
(Aw+dw)®v
= (=P Za,;h@E, YN v@ v + (— 1" g, ¢ Awx(ansd)
+(— D" T A b, Y
= (— 1?2 a;h(0¢' YN v®v+ (@ Aw)® v
+(— 1P 2 ah(¢, 8, 90) vou,

and so
dw = (= DP(Z a,;h(3¢',y") — Z 2, h(¢', 8, ¥ v.
Therefore
0= [, dw=( D"(3¢,9) —(9,5, V).
Q.E.D.

DEFINITION 2.4. — We define

O,: QP 4 (F) — Q79 (F)
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by O,= 05, + 8,0, and call it the Laplacian. ¢€Q” 9(F) is said
to be O -harmonzc if 0,¢=0.
DEFINITION 2.5. — We set

geri(F) = {o€Q”(F)|O¢=0}.

THEOREM 2.2. — We have the following duality :
FPIF) =g P"I(K®F)*),

where K is the canonical line bundle over M and (K ® F)* s
the dual bundle of K ® F.

Proof —For ¢ = {y'} €Q7'9(F) we set
¥ = ‘7’ gV 2.2)

Then we have y* = {y}}€Q" 7" 9((K® F)*). It follows from
Proposition 1.1 (i)

Y= (= mtere X /Gy k. (2.3)
i

Thus the map ¥ —> Y* is a linear isomorphism from P’ 9 (F)
onto Q" 2" I(K® F)*).

Let o€ QP 9(F) and yreQ" P74 (K® F)*). Then
Z‘/G¢i AYF¥ is globally defined on M. Hence there exists a

Ct”-function k(¢,y*) on M such that
Y VGOHAYr =k, ¥ v® 0.
i

We set
<¢,w*>=(—1)P"fM k(d,¥*)v.
Since

k@, ¥ v@v =X a;¢'Ax ¥’ =(— 1P Ya,;h(¢,vHv®v,

i,j i,j
we have

(0, ¥*)=(9,¥) for ¢,y EQPI(F).
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Define the inner product of y*,¢* € Q" 2" 4(K® F)*) by
W= [ ZTGahWr, o).
Since
L Galh(yr, o v®v= 2 agh(x ¥, x¢)v®v
i,j ij
=10 L aud nxv' =T ah(@ Y@,
i'j

i,j
we obtain

(Y*,9*) =(¢,y) for ¢,y EQ”I(F).
Let ¢€QP 9F) and Y*EQ"P"I(K® F)*). Then
2 \/C¢iA yf§ is globally defined on M -and hence there exists

i

(n—1)-form w on M such that

2’-\/C¢iA¢i =w®v.

i
Since

a(? VT A yt)
=Y {araGoayr +/Gagn Y} +(— 11 {/G¢ A3}
i

=(arw®v+ X {k(d¢,¥F) +(— 1P k(¢ , 3y} v® v,
i

and
(W v)=(exArw+dw)® v,
we obtain
dw = 2 {k@¢',y}) + (— 1P k(¢', 09} v.
Therefore

0= [ dw

= (= 1P1 (3¢, P*) + (— 1P 1D (g Jy*),
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This implies
(3¢, y*) = (— 1P 9(p, 0 y*).
Using these facts we obtain
(@*,09*) = (4,3¢*) = (— 1)PT9(3¢,y*) = (— "7 (34, )
= (— P ($,8,¥) = (— DPT9(¢*,(5,9) %),
hence
dY* = (— PTG, ¥)* for YEQPIF). (2.4)
By the same way we have
(U*,8,6%) = (3y*,9*) = ($,3y*) = (— DPT9(3¢,y*)
= (— 1DP"3¢,y) = (— DT (B9)*,¥"),

hence
8,6* = (— 1)PT9 (3¢g)*.
Thus
B U* = (—1PTL @Y for YEQUIF).  (25)

(2.4) and (2.5) imply that * is harmonic if and only if ¢ is
harmonic.

Q.E.D.

DEFINITION 2;6. — We set
HP'9(F) = {¢€ QP9 (F)|agp =0}/ {0y |y EQP 9 (F)}.

A g-form w on M is said to be D-parallel if Dw = 0. Let
us denote by P?(F) the sheaf over M of germs of F-valued
D-parallel g-forms.

DEFINITION 2.7. — We denote by HP(P?(F)) the p-th coho-
mology group of M with coefficients on P4 (F).

THEOREM 2.3. — We have the following isomorphisms:

ge ? (F) = HP' 9 (F) = H? (P (F)).
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Proof — By the theory of harmonic integral we have
geP 9 (F) = HP 4 (F).
Let AP'?(F) denote the sheaf over M of germs of sections of
(KT*) ® (AT*) ® F. Then
0 — PU(F) — A%9(F) — AN (F) —> AZI(F) — ...
is a fine resolution of P?(F). Thus we have H?'?(F) = H? (P? (F)).
Q.E.D.

3. Hessian metrics on affine local coordinate systems.

Let M- be a Hessian manifold with a locally flat affine’
connection D and a Hessian metric g. We denote by V the
Riemannian connection for g. In this section we shall express
various geometric concepts on the Hessian manifold M in terms of
affine local coordinate systems. Let us denote by D, and V, the
covariant derivations with respect to 9/ax*¥ for D and V
respectively. Since the Christoffel symbol l"i,,k for g is the difference
between the components of affine connections V and D, we may
consider that I‘i,k is a tensor field. We have then

. |
}k=Eg“Dkg,,~, 3.1
D.g; = 2Ty, D, gl = — 21¥_
Ty =Ty = Ty

DEFINITION 3.1. — We define a 1-form o and a symmetric
bilinear form f by

a =D log/G,
B = D? log4/G,

where G = det(g,.,- , and call them the first Koszul form and the
second Koszul form of M respectively.
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Then we have

=T, 3.2)

B; = D,I",, .

DEFINITION 3.2. — Let v, be the derivation of the algebra of
tensor fields defined by

Ve = Vi — Dy
Let TZ be the space of tensor fields of type (p,q) defined
on M.
DEeFINITION 3.3. — We define certain covariant derivations
Vi> Vi on T2 ® T; by :
Vi=(2v) ® id + D,

Ve=id ® (2y¢) +Dg,
where id are the identity transformations.

Notice that

Ve==(y,+Vp), where k=k.

LeEMMA 3.1. — For the Hessian metric g we have
V& =0, Vigi=0,
v g =0, Tid=0.
Proof. — By (3.1) we obtain
V5 g =Dy g;— 2F'",“.gm7 = 205 — 2, = 0.
Similarly we can prove the other equalities.
Q.E.D.

DEFINITION 3.4. — Considering vy, as tensor fields of type (1.1)
we define tensor fields v and S by

7= 271®dx1’
i
S = Dr.
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The component of S is given by
Shu=D, T .

LEMMA 3.2. — Sy = Siig = Sy = Sy -
Proof — Let g = D,.D].u. By (3.1) we have

(]
Siir = 8p Dy F]l"z =8, Dy (i Lo = 8, Dy 8°9) Lon T 8p g’ D, Lon

= — 27, Ty + D, T, =—2%"T, Ty +D,T,
1 1
=2 DD;D, Dy = —g" (D,D,Du) (D D;Dyu)..

This proves the Lemma.
Q.E.D.

Lemma 3.3. -6, = S, =S,/,.
Proof. — B; = D;o; = Do =

have S7,=g% S, =¢g%S,, =S, .

;[=S",. By Lemma 3.2 we
r

Q.E.D.

4. The local expression for 1.

From now on we always assume that M is a compact connected

oriented Hessian manifold.

PrOPOSITION 4.1. — Let ¢ € QP % Then we have
(a¢)lp..ip+l —jq = 2 (— 1)0—1 v:o ¢il"'g0"'ip+l Tq s
[

Where i, means “omit i,”.

Proof. — By Definition 1.6 we have
P+l o—1
(ad’)lpﬂiq = a§=:1 =D D, ¢i1...ia...ip+11_q . (4.1

Using this and (3.1) we obtain the proposition.
Q.E.D.
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ProrosITION 4.2. — Let ¢ € QP* 9. Then we have
(5¢)1p_11‘q =—g" v;_(ﬁ.ﬂp_.lfq +a Doty iTg -

Proof —Let Yy €QP 1'%, By (4.1) and Green’s theorem we
have

I 1
@00 == Jy DETIVO o, 5.

Thus we obtain

(6¢)lp_17q - Dr ¢Ilp_1iq — ¢’lp—l-‘—q

r
- — Vr ¢rlp_lfq + ar ¢rlp_.13_q.

This completes the proof.

Q.E.D.

THEOREM 4.1. — Let ¢ € QP Then we have

(D¢)1p_|_q = “g" V;V; ¢lp]_q + o V; ¢Ipl_q - Z mc¢il- ;‘,(;)a,,,ipiq
a

Yoogir -
+2 = S i it @ e ip T Dy g

where (s), means “substitute s for o-th place”.

Proof. — Using Proposition 4.1, Proposition 4.2 and Véa’i =Bfi
we obtain

(aa(b)[pj_q = __gsr ; v;o V;,T ¢i-1...(a)a...ip3.q + 20: B"i,, ¢ij...(l)o...ip]q
’ P -
+ }-:‘ &V by g ipTg
(6a¢)1p;q =—g7 V;—(V; ¢1piq - 20 V;,, ¢i1...(s)a...ip7q)

+ o' (7, ¢, 7, Y . g - ipTg) >
g
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and so
Od),5, = —8" ViV b5, + €V, 05,
5 rogn g, -
g z:' [Via’v?] Dir... (90 . iplg
+ g mo¢i1...(s)o...i T,

plq

Let us calculate the third term on the right-hand of the above formula.
Since [V;,Vj] is a derivation of the algebra of tensor fields which
maps every function to 0 and since

[V}, T3 8, = 2%, &,
[V, 74 & = — 2% & »

we have

..(m).,-...ipfq

' o5 _ _
[Via9VF] ¢i1...(3)o...ip.lq - ; 2Smioﬁ1'¢il"°(")a'

+ 2S'",0;, Pige..mg - ipTg

% na, 1o (g eviphye s (idpe g

Thus, by Lemma 3.2 and 3.3 we obtain

g” ; [V;(,’ V—;—] ‘f’i,...(s)a...ipfq =2 2 B":U(Pil...(m)a...ip_iq
o
-2 Z S"”,a,f igee (Vg eeniplyeee (Mg enidq *
This completes the proof.
Q.E.D.

Example. — For the Hessian metric g we have

(Dg),-; = ﬁ;,—
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Thus the Hessian metric g is O-harmonic if and only if the second
Koszul form g = 0. Therefore, by [12] the following conditions
are equivalent :

(i) g is [C-harmonic.
(ii) The first Koszul form a = 0.
(iii) The second Koszul form g = 0.

(iv) g islocally flat.

5. The local expression for[J, .

Let F be a locally constant line bundle over a compact connected
oriented Hessian manifold M, and let a be a fiber metricon F.

PROPOSITION 5.1. — We have
5, =08 +i(A),
where A = — Dloga and (i(A) ¢)lp—17q = A" ¢’lp-—l"_q for
P E QPI(F).

Proof. — By Definition 1.2, 1.7 and 2.3 we have

5, = (— 1" ‘T *a(\/‘%*)

| 1
(=17 xe(A) s+ (— 1) VT d (\/ﬁ*)

i(A) + 6,
where
(e(A) ¢)11...ip+ ITq = Z (— l)a—l Aio ¢i1...fg...ip+ qu

g
for ¢p€ QP 9(F).
Q.E.D.
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DEFINITION 5.1. — For ¢ € QP*91(F) we set
- T 6 == Thao)
r a r .

THEOREM 5.1. — Let ¢ € QP 1 (F). Then we have

(E‘lzd’)lp'fq = —gSFV_rL(a) V; ‘ﬁlqu +aof V; ¢1,,Yq

+ EG: (— 83, + BY Py..®g e ripTy

+2 XS Ty Pi g @ ey Py Ty -

o, T
. Proof. — By Proposition 5.1 we have
O,=0+i(A)d +0i(A).
A straightforward calculation shows

(iH(A) 3¢), 5, + (3 i(A) @), 5,

p
= o Py N -
- grr A—;V, ¢Iplq + }-‘l B’_‘,‘o¢i1...(r)a...iplq .

o=

Thus our assertion follows from the above facts and Theorem 4.1.

Q.E.D.

6. A vanishing theorem of Kodaira-Nakano type.
Let 0 be a symmetric‘ covariant tensor field of degree 2.
Considering 0 asan elementin Q''' we define
e(6): QP9 —> QPT LAt
i0): Q79 — QP Lt
by e(0) =0 A ¢ for €Y and i(0) = (— 1)"*PTIH 4 e(0) «.

~ Then i(0) is the adjoint operator of e(f) with respect to the
inner product in Definition 1.1 and 2.2.



VANISHING THEOREMS FOR HESSIAN MANIFOLDS 201

In this section we always assume that F is a locally constant
line bundle over M.

PROPOSITION 6.1. — We have
() [O,e@®]=e®B+p),
(i) [O,,i@]=—iB +p).
The proof follows from a straightforward calculation and so it
is omitted.

PROPOSITION 6.2. — Suppose 0 ¢ = 0. Then we have

(i) (e(B+P)i(g)¢,¢) <0.
(i) (((@e(B+py¢,0)=0
(ii) ([i®),e(B +P)] ¢,4)=0.

Proof. — By Proposition 6.1 (i) we have J,e(g) ¢ = e(B + B) ¢.
Thus we have

0<(O,e(g) ¢,e(@) ¢) = (e(B + P p,e(®) ¢) = (i@e(B+pH¢,9),

which implies (ii). By the same way, since 0, i(g) ¢ = —i(B + ) ¢
we obtain

0<0,ig) ¢,i@ ¢)=(—iB +p)¢,ile) ¢)
=(¢,—eB+Pi()e,

which shows (i). (iii) follows from (i) and (ii).
Q.E.D.

THEOREM 6.1. — Let M be a compact connected oriented Hessian
manifold, Denote by K the canonical line bundle over M. Let F
be a locally constant line bundle over M.

(i) If 2F + K is positive, then
HI9F)=0 for p+q>n.

(ii) If 2F + K is negative, then
H9F)=0 for p+q<n.
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Proof. — Suppose 2F + K is negative. Then B + § is negative
definite. Therefore g' = — (B + B) gives a Hessian metric on M.
If we denote by B’ the Koszul form on M with respect to g', then
there exists a positive C™-function f on M such that

g =g+ D?logf.

If B is a Koszul form of F with respect to a fiber metric a = {a,},
then the Koszul form B’ of F with respect to the fiber metric
a' = {fa,} satisfies

B+ =B+8=—g".

Therefore if we use — (B + B) as a Hessian metric, the formula in
Proposition 6.2 (iii) is reduced to

(i@, —e®)1¢,9) =0 for ¢che”(F).
Thus by Proposition 1.2 we have
(n—p—q)(¢,9) <0 for ¢€ g”(F).

Therefore, if n—p —q >0 then ¢ = 0. Hence (ii) is proved.
(i) follows from (ii) and Theorem 2.2

Q.E.D.

7. A vanishing theorem of Koszul type.

In this section we mention a vanishing theorem of Koszul
type. Let M be a compact oriented hyperbolic affine manifold. Then
there exists a canonical Hessian metric g and a unique Killing vector
field H on M such that

D H=X, (7.1)

for all vector field X on M[7]. The following theorem is essentially
due to Koszul.

THEOREM 7.1. — Let F be a locally constant vector bundle
over a compact hyperbolic affine manifold. If there exist a fiber metric
a = {(a;)} and a constant ¢ (¥ — 2q) such that

Ha, = cay,
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then we have
H*4(F)=0, for p>0 and q=0.

The proof of this theorem is nearly the same as Koszul [7], and
so we omit the proof.

COROLLARY 7.1. — Let M be a compact oriented hyperbolic
affine manifold. Then we have

H”?(1)=0, for p,q>0,
where 1 is the trivial vector bundle over M.

r S
The tensor bundle ® T ® T* satisfies the condition of
Theorem 7.1 if ¢ —r + s+ 0.

We give another example of locally constant vector bundle over
M which satisfies the conditions of Theorem 7.1. Let £ be an open
convex cone in R" with vertex 0 not containing any full straight
line. Suppose that a discrete subgroup I' of GL(n,R) acts properly
discontinuously and freely on £ such that M = I'\Q is compact.
Assume further that there exist a linear mapping from £ to the
space of all m x m positive definite real symmetric matrices and
a homomorphism from I' to GL(m,R), which are denoted by
the same letter p, such that

p(yx) =p(Mpx)p(y) for ~Y€ET, xEQ.

We denote by F, the vector bundle over M associated with the
universal covering £ — M and p. Let U be an evenly covered
open set in M. Choosing a section ¢ on U we set

a=(p.0)".
Then a is a fiber metric on Fp and we have
Ha = —a.

Therefore

COROLLARY 7.2. — We have

H”"’(Fp)=0 for p>0 and q=0.
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