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ON THE DISCREPANCY
OF SEQUENCES ASSOCIATED

WITH THE SUM-OF-DIGITS FUNCTION

by N. KOPECEK, G. LARCHER, R.F. TICHY and G. TURNWALD

1. Introduction.

In a series of papers J. Coquet et al. investigated the distribution
modulo 1 of sequences (x-s^(n))^Q where x is an irrational
number and s^(n) denotes the sum of digits in the a-adic expansion
of n (cf. [ I ] , [2], [3], [Sp^.We will give a quantitative refinement
and a generalization to the multi-dimensional case.

Let (y^)^=o ^e a sequence of elements of ^d (d > 1). Then
the discrepancy mod 1 of (y^) is defined by

DN(YJ = sup
A ( I , N , y j

N
-vol(I) (1.1)

where the supremum is extended over all d-dimensional subintervals
of [ 0 , 1 [ ^ oftheform 1= {(^, . . . , ̂ ):^.< ty < by f o r l < / < r f } ,

d
vol (I) means the volume n ( f r y — f l y ) of I , and A ( I , N , y ^ )

/= i
denotes the number of indices n (0 < n < N) such that the fractional
part of the /-th component of y^ belongs to the interval [a , b. [
for / = 1 , . . . , d . The sequence (y^) is uniformly distributed mod 1
if and only if

lim DN (y^) = 0 ;
N-^o°

cf. the monographs [4] and [7].

(*) These investigations were initiated by M.Mendes-France [/. Analyse
Math., 20 (1967), 1-56].

Key-words: Uniform distribution — Discrepancy — Sum-of-digit-function.
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^Let a be an irrational number with continued fraction expansion
[do ;f l i , a ^ , . . . ].Let ^ = 1 ,^ = ̂  , and

^ f c + 2 ^fc+2 ^+1 +^ (^>0) .

We define the a-adic expansion of a positive integer by
L(n)

n == S 6^)^ (e^(^)^O) , (1.2)
f c = o

where the digits 6^ (/i) satisfy the following conditions :
(i) 0 < eo (n) < a,,

(ii) 0<€^)<^ (k> 1),
and

(iii) e^ (n) = ̂  +1 implies e^_ i (n) = 0 .
In the following we consider the sequence y^ = xs^(n) for

a fixed vector x = ( x ^ , . . . , x^) E R^ , where
L(n)

^a (n) = ^ ^k (n) •
A:=0

By [2], the one-dimensional sequence (xs^(n)) is uniformy distributed
mod 1 if x is an irrational number. In order to obtain estimates for
the discrepancy D^(y^ ) , we need information concerning the
diophantine approximation properties of x = (x^ , . . . , x ^ ) . Let
^ : [0,°°) —> [0,°°) be a continuous strictly increasing function
with i//(0) = 0 and ^ ( t ) > t . We say that x is of approximation
type < V/ if there exists a positive constant c == c (x , \p) such that

l l h . x | | > —7—— (1.3)V/(A-(h))

for all lattice points h = (h^ . . . , h^) E Z^ , h ^ (0 , . . . , 0); || t \\
denotes the distance from the real number t to the nearest integer

d
and r(h) = II max (|/?y |, 1). We will prove the following results :

/-, i

THEOREM 1. - Let x == ( x ^ , . . ., x^) be of approximation type
< V/ and a = [ao \a^ \a^ , . . . ] an irrational number. Then for every
e > 0 there exists a constant c = c <x , ^ / , e , a) ^c/2 /Tmr
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DN(X^))
(^(UN)172"6))^

for all integers N > ^ . (^* denotes the inverse function of i//.)
Let 77 > 1 be a real number ; then we say that x = (x i , . . . , x^)

is of finite approximation type 17 if (1.3) holds with ^ (t) = f^6

for every 8 > 0 . Obviously, 1 ,x^ , . . . ,x^ must be linearly
independent over the rationals; conversely, by a famous theorem of
W.M. Schmidt [8], under this assumption x = (x, , . . . , x^) is of
finite approximation type T? = 1 , if x^ , . . . , x^ are algebraic
numbers. Hence we obtain

COROLLARY . - Let x = (x^ , . . . , x ^ ) be of finite approximation
type 17. Then we have (in the notation of the theorem)

\

DN (x^02) )<c ' (x , r? ,e ,a) L(N) 2drl € for every e > 0 .

// 1 ,^ , . . . , x^ are algebraic and linearly independent over the
rationals then

i
DN (x . ^ (^ ) )<c" (x ,e , a ) L(N) 2d e for every e>0.

At last we consider more exactly the case d == 1 and we show that
the result of the theorem is, apart from the constant best possible,
if we assume that a has bounded continued fraction coefficients.

Remark. - In [9] the authors have established a corresponding
result (for dimension d = 1) for the sequence (x - s(q ;^)) , where
s(q \n) denotes the sum of digits of n in the usual ^-adic expansion
(q > 2 integral).

THEOREM 2. -Let x G R , c and ^ be such that

I IA-^ IK——
^ (h)

for infinitely many h G N , and a = [a^ \a^ , ̂  , . . . ] an irrational
number with ^ .<K for all i , then there is a constant
Ci = Ci (x , ̂  ,c ,oQ ^c/z rtor
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•^•^"^(^L^)
for infinitely many N .

2. Auxiliary results.

Our main tool for estimating the discrepancy of a sequence
is the inequality of Erdos-Turan-Koksma ([6], cf. [7]):

LEMMA I . - L e t (y^)^o denote a sequence of elements of
R . Then for an arbitrary integer H > 1 we have

DN (y.) < c,.
}_
H

N - l

^J^ez. ^-•N^^^-^IV
0< max( | / i i |, ..., | / i j | )<H

for some constant C^ only depending on d (exp ^ : == ^ r).

A useful instrument in the proof of our Theorem 1 is the
following elementary inequality :

LEMMA 2. - For non-integral t and integral n > 2 m? have

1 — exp (27rint) n
1 -exp(27Tit ^ 1 + T T J I r||2 '

Proof. - The left-hand side is equal to

sin 2irt

. Since

== 2 | cos nt |
smvt 2 — | COS TTt I ?

sin n TT t
sin TT^

")

the inequality

sin^Tr^ ^
sin nt ^ 2 - jcosTr r (2.1)
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holds for n = 2 . Suppose that (2.1) holds for some n > 2 . Then

sin (n 4- 1) irt | sin mrt
———:———————— = COS niTt + —————- COS TTt

sin irt I I sin irt

^, . _ _ _ " _ _ . .. n + l
^ 1 + -—————————— | COS TTt | < ——————————- •

2 — |cos7rr | 2 — |cos7rr | '

thus, by induction, (2.1) holds for all n > 2. Next we observe that
|cos7rr| = COSTT II t I I . Hence the assertion of Lemma 2 follows
from (2.1) and the inequality COSTT || t \\ < 1 — TT || t ||2 (which is
valid since

/ •wimi ^ T r i i n i 2
cos TT || t I I = 1— J^ sin udu < \ —j^ — u d u = = \ — i r \ \ t ||2).

/•wiini
7o -"- - - — Jo ^

In order to apply Lemma 1 we have to derive estimates for the
exponential sums

N - l

1^ exp (2 TT ih . x s^ (n)).
n=0

LEMMA 3. -Put ^ = ————————————- i? = 0 "h 4 a^
0 1 + 7T || h . X ||2 ? 5 )

S^ = L exp (2 TT; h . x ̂  (n)).
0< n<qj^

If h . x ^ non-integral, then I S^ | < i^"l q^ for k> 0.

Proof. - The inequality holds for A; = 0 since 0 < {> < 1 ,
and is trivial for k = 1 . For k > 2 we split up the range of
summation 0 < n < q^ = a^_i + ^-2 into the intervals
0 < ^ < ^ _ i , ^_^ < ^ < 2 ^ _ ^ , . . . , (a^- 1)^_,

<'2 <^^-i ,
and ^^_i </z <a^q^_^ +^-2 • Since

s^(mq^_^ + r)= m 4- ̂  (/•)

for w < ^ and r < ^ _ ^ , and ^ (^ ̂  + r) = ̂  + ̂  (r) for
^ < <7fc-2 ? this yields
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S^ = (1 + exp (2 TT fh • x) -h . . . 4- (exp (27T fh - x))^"1) S^_ ^

-4- (exp (2 TT zh • x a^)) S^_^
(2.2)

1 — exp (27T rti - xa,.)
= l-exp(2..•h.x) S,_^exp(2.m.x^)S^.

Hence, by Lemma 2, we obtain (k > 2)

[SJ<^aJS^_J+|S^_J for a^ 1 ,

(2.3)

|SJ<|Sfc_ i l+ IS^J for a t = l .

If k = 2, we have

1 + ^n 1 + <?n
| SJ < t?o a, <7i + 1 < -Y-° (a; <7i + 1) = -^-° Qz < ̂  <?2

for a, ^ 1 or a, ^ 1 ;

| SJ = |1 + exp (2ff /h . x) | < 2 i?o < 2 »? = <? ^2
(by (2.2) and Lemma 2) for a, = a^ = 1 • ^or ^ ̂  3 the assertion
of Lemma 3 will be proved by induction. Assume that

IS^Ki?"'-1^ (2.4)

for 0 < m < k.

Case ( i ) : a^ + 1 . Applying (2.3) we have

|SJ<t?o^lSk- i l+ \\-z\.

Hence by (2.4)

ISfcK^ak^'"2^-! + ^ ~ 3 < 7 k - 2

^"'(a^-i +^-2)

-t^^^^-^^a^^.i + ( < ? 2 - l ) ^ _ 2 )

< t^-1 ̂  - ̂ -3 (^2 - ̂  i?) a^

+ ( l ? 2 - l ) ) ( ^ f c _ l <^-1^;

the least inequality holds since
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0»2 - t?o 1?)^ + (t?2 - 1) > (,?2 - l?o <?) + (t?2 - 1)

= 2<?2 -(5i?-4) <?- 1 =(1 -<?)(3i?- 1)>0

( note that 1 > <? > ̂  > —) .

Case ( i i ) : a^ = 1 and a^ ._ j ¥ = 1 . By a double application
of (2.3) we have

|SJ<(1 +^-i) |S,_J+|S^_3| .

Hence by (2.4)

IS, I <(1 + t^-i) ̂ -3 ̂ -2 + t?'-4 <7,_3

=^- '((1 + a f c _ l ) ^ _ 2 + ^ _ 3 ) - ^ - 4 ( ( ^ 3 ( l +a,_,)

- 1 ? ( 1 +^o^-l))-^-2 +(l?3- 1)^-3)

^^-'^-^-^^(l + ^ _ i ) - < ? ( l +^-i)

+^-1 )^_ ,<^- 1 ^ ;

the last inequality holds since

^(l + f l f c - i ) - t ? ( l + ( 5 ^ - 4 ) f l f c _ , ) + ^ 3 - 1

= (i?3 - 5i?2 + 4<?) a^_, + (2i?3 - ̂  - 1)

> i? ( l -t?)(4 -<?)2 + (2t?3 -i?- 1)

^(i-^-3^7)^?-,)^.

Case ( H i ) : a^ = ^ _ i = 1 . By a double application of (2.2)
we have

|S^| = |(1 + exp(27rzh . x)) \_^ + exp(27rzh . x ) S ^ _ 3 |

< 2 ^ | S ^ _ J + | S ^ _ 3 l

(applying Lemma 2 for n = 2).
Hence by (2.4)
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|SJ ^t?,,^"3^-^ +^ - 4<S^ fc-3

< ̂ -1 (2<^_2 + ̂ .3) - t^-4 ((2<?3 - 2^ ^) ̂ _,

+(^3 -!)<?,_ 3)

< ̂ -1 ^ - ̂ ~4 (3t?3 - 2^ ^ - 1) <?^_, < ̂ k-1 q, ;

the last inequality holds since

Si?3^^^- 4)- 1

.^i-^-^K7-^-^.
6 6

Thus, by induction, (2.4) holds for all m > 0 and the proof of
Lemma 3 is completed.

LEMMA 4. — Let i? &^ defined as in Lemma 3. If h • x is
non-integral then ^e have

v 1 /I + t ^ L < N )
2, exp(27rj'h . x ̂  00) < — \ , — 7 — / N.

0<n<N v z

L

A-oo/ - Put u^ = exp (27T fh • x ̂  (n)) and N = 2, e^ ^^
k=0

(compare (1.2)). Splitting up the range of sommation 0 < ^ z < N
into the intervals

0 <n <e^L ^L^L <n<^L^L

-^^L-l^L-l - •^ ^QL + .. . -h ^l^l <^<€L^L + - • • -^O^O

we obtain
I I:

0 < w < N 0 < w < C L < 7 L

+ exp(27 r fh • xe^) ^
0< M< CL— 1<7L— 1

^ 4- . . .

4- exp (2?r /h . x (e^ + . . . + €^)) ^ ^^
0< w<eo (?0

< s s "„
fc s= 0 j 0< n< e^q^

(cf. the first lines of the proof of Lemma 3).
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Similarly we derive

I
0 < n< e^Qk

^
0 < n< q^

" „+. . .+ ^
(fk— Dflfc^ "<tk1k

(l^^h.x + +(,2»,h.x(^-D) ^ Mj<efc |Sfc

0< n< qj(

Applying Lemma 3 thus yields

1 ^ ^^- '^.
O < M < N fc =0

In order to complete the proof of Lemma 4 it remains to show

i ..,.-.,. 4 (L±I)' s e,,.
k = 0 tf 2 ^-—o

(2.5)

for 7 = L. For 1=0 (2.5) holds trivially ; inductively we assume
that (2.5) holds for / < L. Then

le,^-1^! e^-'^+e,^"^ L - l

L- l
1 /l-l-^-1 ^
^ W"/ 1 ^^eL^»? v 2

_ ' fl +^) 1 - ^
~^^~^~f \ ek^ki?

_1((1_^^_/1_^)L-AL-

. o V ' ' ^ / \ , / /^i

L — 1

V
»? - 2 2 —- z fc=o ^^fc

1 / I + i?^^ 1
^(--^) ^^ 2

.^.^--^i^n^-ci-)-^ ^^
-i /Y1 + ^'k1' /i + <?^I'-j^^ W-^—^ - v-y--^ /<?L

( L - l 1 /I + ^\L\ , 1 . 1 + t?^ L

vt? "^^"T'^^^^^-T-^ ? e^
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the last inequality follows from

,L _ (L^ <, (1^-_ (̂

- /1 4" ̂  _ /I + ^L-l

~ V 2 ^ ~ ^ 2 ^

Thus the proof of Lemma 4 is completed.

3. Proof of Theorem 1.

From Lemma 4 and (1.3) we obtain (with L == L (N)

1 ^ exp(27rr t i .x^)) <2 (^°—— 9 )
Is' 0< n< N 1U0< M<N

2 , L
< 2 f 9C! + 10^ ^(h))2^
^ ' v lOci + 10 ̂ (r(h))2^

(3.1)
_ / c, L/10^ + lOV/C^h))2)^-2 v -————^————)L

<2expf-————c-^————-\
v 10c^ 4- 10^(r(h))2/

for some constant c^ = c'^ (x , V/) > 0 ; the last inequality holds since
i .u i

( 1 — — ) ^ — for u > 1 ; Hence Lemma 1 yields (for somev u ' e
c^ = €2 (rf))

D.(x.J.)Xc, (^(log(H 4- l))-exp (- -,,,^

where we have used r(h) < Hd and
H

V / V l \^
^ r(h)-1 = = ^ 1 + 2 ^ —) - 1

h = ( ^ i , . . . , / l J )eZ c f / 2 - i ^
0 < m a x ( l ^ i | , . . . , | / i ^ | ) < H

< 6d( log(H + Df.



ON THE DISCREPANCY OF SEQUENCES 11

We put H = [ ( ^ * ( L l ' ' l ~ e ) ) d ] for some fixed e with 0 < e <i-

([/] denotes the greatest integer < /). Let N be sufficiently large
so that we can assume V/* (L172"') > I3 ; hence by (3.2)

_i_
D^(xs^(n))<c^(2(^(Ll/2-e))~d

+ (21og((^(L l/2- f)) l^xexp(- ̂  ̂ ,^)) .

Since, for sufficiently large N > N() = N^ (x, V/ , e)

^ (L172-6)-^ (log ̂  (L172-6))-^ exp (————C1L \
\ 1 0 c i + 10L1-2^

> ^(L172-6)-1^-6 expO6)

^(^^-'r'^-^xpa6)^ i ,
we have

DN (x ̂  (^2)) < C3 (V/* (L172-6))-l/d for N > No .

If N > ^ then V/* (L172""6) ̂  0 (since L = L ( N ) > 0 ) . Hence
choosing c > €3 such that

D^x^Oz))^^*^2-5))-1^ ( c = c ( x , V / , e , a ) ) (3.3)

holds for the finitely many N with a^ < N < N() , (3.3) is valid
for all N > a^ . Thus the proof of the theorem is complete.

4. Proof of Theorem 2.

In the following, we need three further Lemmas:

LEMMA 5. - For a sequence (y^=Q in R , we have for every
A e N:

1 N -1

^^n)^^—,-^r' ^ ^(^^-^,) •Z 7T - A! - IN „ = o

Proo/ -This is a special case of the inequality of Koksma ([7],
page 142).
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LEMMA 6. - For t E R and all integers n > 1 with

0 < n • 1 1 | < — we have
4

— exp (2-nint)
> M • (1 -(AZTTO2) > 1 - (n7Tt)2.1 — exp(27r/0

Proof. - The assertion is clearly true for n = 1 . By using the
inequality

i r^ • ^ ^, r^ -7 , 1T2X2
cos TTX = 1 — / sin M du > 1 — / M A< = 1 — ———^o JQ ^

and because 0 < 11 \ < (n — 1) • 11 \ < n • 1 1 \ < — we get for
4

n > 2 by induction :

sin mt sin (n — 1) irt
= | COS O? — 1) • TTt + ——————————— . COS TTt |

sin -ntsin Trr

, ,. , . sinpz — 1) • Trr= cos (n — 1) Trr 4- -———————— . cos Trr
sin Trr

>i-((".^)^)!^,_i).(i_^_i).^)

(fff)2. (i-^)>..(i-(^.(^-i)^))) 2 • ( 4 + ( » - l ) 2 + ^

>M • (1 -(/Iff/)2).

LEMMA 7. - Z^r z^ = i;̂  • ^ 7n fc , fc = 1 ,2 6^ rwo complex

numbers not equal to zero with \t^ —t^\<— and z^ + z^= v • ^2wir;
then 4

a) If we choose t such, that — - — < ^ — ^ <—, then:

1 + ^ - ' ^ - ^
7TV,

b) 1;>(1 -(2ff . I / , -^l)2) .^! + ^ ) .
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Proof. - a) We have sgn (^ — 0 = — sgn (t^ — t), so

\tt ~•t2\= 1 ^ 1 -r! + I ̂ - ^ 2 I and I ̂ ^4-

Since ^ • sin (27T | r — ^ |) = i^ • sin (27T | r — ^ |), we have

v^ • — (27T 1 1 — ^ |) <: v^ - 27r 1 1 — ^ | and the assertion a) follows.
7T

b) We have v = i^ • cos(27r (^ — 0) + ̂  . cos (2ir (^ •~ 0),
I ti ~^ 1 1 ̂  11\ ~ ^2 I and therefore

COS (27T(^ - 0) > 1 - (27T I ^ - ̂  |)2

and the assertion b) follows.
To complete the proof of Theorem 2 we proceed as follows. For a
complex z = v • e21™ we define argz : = ^ , then we take t > 0

so small that K • t < . . . — — and then we first show by induction
^/648 • TT

that for the exponential sums

$„= 1. exp(27T!r.^(n))
0<n<q^

we have

llarg(sn+l)~arg(S„)ll < — . K . r for ^>0 .

We..v.^..S,^,-^y,«..(S,.^V

and l|arg(S^)-arg(So)||<^.K. r.

Now by formula (2.2) :

1 -— exp (27T it a^^ )s" • ••-r .̂xp(2,,̂  • s - + exl) <2'""'" • ) •s-•
If we assume that our assertion is true for fc < n then for k <n:

( 1 — exp(2ffi/a,..,,) \
"arg(- l-exp(2^) 's fc+v -arg(exP(2ff/ra^2)•S,)||

<i/afc+2 + - ^ K . f < 9 r . K < ^ - (4.1)
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and therefore especially because of ( z ^ + z^ | > max (|zJ , |zJ)

if l a r g ( z ^ ) - a r g ( z 2 ) K . and because of (2.2) and Lemma 6
we have :

IS. 1 — e x p ( 2 7 r / r f l )
1 — exp (Imt) • IS^_, |>(1 -(KTrO2). |S,n— l i ?

and further

1 — e x p ( 2 7 r z Y ^ ^ ^ )
y-^^^——j. |SJX1 -(K.̂ ). . |S^.|

>(1 -2(Kir/)2). l(exp(2ffi7a, ,^)) .S, ,_i | ,

and so because of (4.1) and Lemma 7a):

la'-^+^-argO,,)^^- K

+llarg(S^,)-arg ((-——xp(-nrd"±l2) . s\ ||v\ 1 — exp (2ff /O / "7
A -exp(2mra,,+i)>

3t
.^K+ -• 9 . K . / .

1 +-•(! -2(K7r02)
TT

Hence, because / is so small that — . ( 1 — 2 (Kir/)2) >-1- this IS
IT 2 '

15K
less that —^-. t . By Lemma 7b), by (4.1) and by Lemma 6
we have:

IS^J>(1 -(ISTrKO^.Ca^.d-^K^.lSJ+IS,, . , !)

> ( l - 6 4 8 . 7 r 2 K 2 . / 2 ) . ( a „ , , . | S „ | + | S „ _ ^ | ) .

We take 7: = 648 ir2 . K2 and because / <—— by induction now
VY

it is easy to show that

> (1 -7 . /2)" for all n.
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This is true for n = 0 and n = 1 and so:

15

"yi+i
^n+ 1

>(1 -7^2) -

>(1 - 7 - / 2 ) -

^+r<?n-( l - ' y -^y+^- rd -7-/2 )"-1

^l • '?n + <7n-i

^i-s,, + s ^ i
an+1 •?»+<7n-l

(1-7. f2)"-1-1 .

It we take now h such that

II^IK——— and -c—<-\l^(h) ^(h) v^6??.7r.K'

then by Lemma 5 we have:

^
D (x . s^ («)) > ,——,—— • ^ exp (2ir ih . x . s^ (k))qn Iv.h.q., k=o

-——^———(1 -T-ll^ll2)71-^;,-—— (l -x'-,27r • /? . ^^ ITT • /! v V/2 (/z)

1 / 7 . C2^
-(l-7.11^| |^)".^>,-——(l-^-.-).

If we take N = ̂  and ^ = L(N) such that ^ — 1 < V/2 (A) < n,
then A < V/*(A2 1 / 2 ) = ^*(L(N)1 /2) and

DM >
1 / _^ .^2 .^( , )^ ̂ c^^a)
r r N ^ 1 / 2 ^ " v ^ ( k \ ) ^ ^ * n r \r^1 /2^ •<//*(L(N)172)27r. V/*(L(N)1 / 2) ^ ^(A)^

Since we can do this for infinitely many h, the proof is
finished.

Remark. — Formula (2.2) yields
{s•l<:(^l)'•

/2h \" Cand so I S^ | < (— 4- 1 ) , if || hx || > — for all h = 1 ,2 ,. . .,

and a c > 0. From the proof of Lemma 4 we have
N = = i L(N)
I e2^—^ < 1, 6,(2A+l) f c .

w = 0 fc= 0
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If we choose now a = = [ 0 ; l , 2 , 3 , 4 , . . . ] , then for every N
sufficiently large, and with absolute constants c, by Lemma 1 and

by taking H = -^N17^4^ we get:

H L

D^.^))<co.(-+ t —•-• S ( fc+i) / 2 '^!) ')
\n H=-H \n I N ^ = o v C / /

/ l^O

^••(i^-.t/^"^^-")")
<;C'•(^+?•(1•H)L)<N•^

and because of N > L ! this is less than

(L!)1/^1^!^

and therefore it can be seen that the lower bound of Theorem 2 does
not hold for every a.
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