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AUTOMATA, ALGEBRAICITY
AND DISTRIBUTION OF SEQUENCES OF POWERS

by J.-P. ALLOUCHE, J.-M. DESHOUILLERS,
T. KAMAE, T. KOYANAGI

1. Introduction.

Let K be a finite field of characteristic p. Let K((x)) be the field of
formal Laurent series in . We call f € K((z)) algebraic if it is algebraic
over the rational function field K (z). We say that

@)=Y far" € K((@)),

where f, = 0 if n is sufficiently small, is p-automatic (see for example
[4] and the references therein), if there exists a finite automaton M =
(3, ¢, 00, T) over the alphabet [p] := {0,1,---,p — 1} such that

(1) Jn=7(¢(- - #(p(00,m0),m1) - - -, L))

for any nonnegative integers n and L with

e L
2) n= Znipi = Zn,-pi, n; € [pl,
=0 =0
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688 J.-P. ALLOUCHE, J.-M. DESHOUILLERS, T. KAMAE, T. KOYANAGI

where ¥ is a finite set, 0p € 3, ¢ : ¥ x [p] — X and 7: £ — K. In this case,
we say that M recognizes f. The elements in ¥ are called the states and
0o is called the initial state of M. We call 7 the output function of M.

Remark 1. — The usual definition for that M recognizes f is different
from ours, but is that (1) holds for any nonnegative integers n and L with
(2) together with ny, # 0. If we have a finite automaton M like this, then
we can modify it to have a finite automaton M’ = (X x X, ¢, (09, 00),7')
which recognizes f in our sense. In fact, we define

’ ’ _ (¢(ka)’al) (k=0)
¢'((o:0).k) = { (60,8, 8(0,K)) (k£ 0)

and
7'(0,0") = 1(0').
Thus, f is recognized by some automaton in our sense if and only if f is
recognized by some automaton in the usual sense.
The notion of “(p-)automaticity” does not change if automata read

the highest digit first, i.e., if we replace (1) by
fn = T(¢( o ¢(¢(UO»nL)anL—1) e anO))-

In this case, we say that M dually recognizes f. If M recognizes f, then

the dual automaton M* dually recognizes f (Section 6).

It holds that

TueoreM 1 ([3], [4]). — The series f € K((x)) is algebraic if and
only if it is p-automatic.

This theorem was generalized to the multi-dimensional case by Salon:

THEOREM 2 ([12], [13]). — The formal power series F(z,y) € K[z, y]]
is algebraic if and only if it is p-automatic.

F. von Haeseler and A. Petersen [8] and F. von Haeseler [9] also
discussed the multi-dimensional generalization. In fact, they proved the
equivalence between finite kernel property and automaticity in a general
setting which essentially implies our Theorem 6, which generalizes the “only
if” part of Theorem 2 for

F(w,y) = Z Z Fn,mxnym € K((:L‘))[[y]]

m=0n=—o0
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AUTOMATA AND DISTRIBUTION OF POWERS 689

Here, F,, ., € K for any n,m € Z with m > 0 and it holds that for any

> 0, there exists ng(m) such that F,, ,, = 0 for any n < mo(m). The
meaning of “p-automatic” for such an F(z,y) is that there exists a finite
automaton M = (X, ¢, 09, 7) over [p] x [p] such that

(3) Fn,m = T(¢(. o ¢(¢(0-07 no, m0)7 ni, ml) RPN (5 ) mL))

for any nonnegative integers n,m and L with the following (4):

@ n—Zn,p —Zmp, m = Zmzp —Zm@p,

=0 =0
where n; € [p] and m; € [p].

The reader may compare the definition with [1] and [9]. Our definition of
p-automaticity does not involve the part of F), ,,, with n < 0.

We apply this theorem to discuss the distribution of the sequence
({f™})mso for f € K((x)), where {f} is the nonnegative part of f, i.e.,

{f} = faz™ € K[[2]].

The following result was proved by Allouche and Deshouillers [2] (see
Deshouillers [5], [6], [7] for more precise results if f is rational).

THEOREM 3 ([2]). — For any algebraic f € K((z)), the logarithmic
distribution of ({f™})mso exists and its support has Hausdorff dimension
Zero.

In the above, a Borel probability measure p on K|[[z]] is called the
logarithmic distribution of a sequence (f(™),,50 in K[[z]] if for any
finite sequence (c;)o<i<p (b > 0) of elements in K, it holds that

M-1
1 1
im —— P cw; =c;, Vie[0,b)}.
lim Tog M E=0 T p{w € K([z]); wi = ¢, Vi€ [0,b)}

FmM=c,, vie[o,b)

Here, we call p simply the distribution of a sequence (f(™)50 in K{[z]]
if for any finite sequence (¢;)o<i<p Of elements in K, it holds that

M-1
1 .
A}E»noo i mgzo 1 =p{w € K[[z]]; wi = ¢, Vi€ [0,b)}.

Fi =c;, ViE[o,b)

TOME 51 (2001), FASCICULE 3



690 J.-P. ALLOUCHE, J.-M. DESHOUILLERS, T. KAMAE, T. KOYANAGI

It is clear that, if a sequence has a distribution, then it has a logarithmic
distribution and both distributions coincide.

In Section 2, we obtain the generic distribution of ({f™})mso for
random f € K((x)) such that min{n; f, # 0} < 0. The generic distribution
is not the Haar measure on K{[z]] but is equivalent to it, which is proved
in Theorem 4 in Section 2.

In Section 3, we consider ({f™})mso = (f™)ms0 when f € K|[z]].
In this case, there always exists a continuous distribution if fo # 0 and
f # fo. Moreover, the distributions of f~! and f; 2f coincide. In particular,
if fo =1, then f and f~! have the same distribution.

In the further sections, we consider

N gymym L

©  Fau)= 3@ = oy K@)

for an algebraic f(z) € K((z)). We give an alternative proof of Theorem 3
using the fact that F(z,y) is algebraic, and hence, p-automatic. In fact,
we prove that the support of the logarithmic distribution is not only
of Hausdorff dimension zero, but also of sublinear (block-)complexity.
We construct a finite automaton which recognizes F(z,y) for a rational
f(z) € K((z)) to discuss the distribution of the sequence ({ f/™})mso. Using
it, we obtain a sufficient condition for the distribution to be the Dirac
measure at 0 in the case where either the denominator or the numerator
is a monomial. This generalizes results by Houndonougbo [10] and by
Deshouillers [6] as well as simplifies the proofs.

2. Generic distribution.

For any n € Z, denote K,, = {f € K((z)); fi = 0 for any ¢ < n},
which is identified with the product space K{mntlm+2:} Tet A, be
the uniform distribution on K,. That is, A, is the product measure
(Mg ){mn+1n+2:} where A is the uniform probability measure on K. The
following theorem is essentially due to De Mathan [11] (see Théoréme 3 bis,
p. 40).

ANNALES DE L’INSTITUT FOURIER



AUTOMATA AND DISTRIBUTION OF POWERS 691

THEOREM 4. — For anyn < 0 and for almost all f € K,,\ K, 41 with
respect to Ay, the distribution of ({f™})ms>o exists and is equal to

p=@-1)> pFroT",
k=1
where T : K([z]] — K][[z]] is defined by T(f) = Y oo, fizP*. Hence, p is
equivalent to \g and the support is the whole space K|[[z]].

CoROLLARY 1.— The logarithmic distribution of ({f™})mso for
f € K|[z]] or algebraic f € K((x)), for which we know that the sup-
port has Hausdorff dimension 0, is singular with respect to this generic
distribution p.

Remark 2.— The uniform distribution )¢ cannot be a logarithmic
distribution of the sequence ({f™})mso for any f € K((z)), since the
relative frequency of m such that (f™); = (f™)p+1 = 0 is at least 1/p
as (f7P)1 = (f¥?)p4+1 =0 (j = 1,2,---). On the other hand, the A\o-measure
of the set of g € K[[z]] such that g; = gp+1 = 0 is at most 1/p®.

Proof of Theorem 4.— Let f =3, Z;x* be a random variable on
K, \K, 1, where Z,, 1, Z,,42, Zny3,- - - are independent random variables
uniformly distributed on K and Z, is a uniformly distributed random
variable on K \ {0} which is independent of Z, 11, Zp+2,Zn+3, . Take
any m > 0 which is not a multiple of p. Then, for any ¢ > 0, we have

(f™)i = Ami + mZ) 1 Zi_p(m—1)
= Am,i + BmZi—'n(m—l)’
where A,,; € K and B, € K \ {0} are random variables determined by

ZnyZn+1s" "y Zi—n(m-1)—1- Therefore, for any k and (co,c1,+,Ck—1) €
K*, we have

Bl T 1um=]

0<igk—1

=FE E[ H Lpmyi=e|Zns Zng1, -+ Zk—n(m—l)—Z]]

©0gigk—1
=k | H l(fm)lzcz

0<igk—2
P[Am,k—l + BmZk—n(m—l)—l = cklzna Zn+1a Tt Zk—n(m—l)——2]]

=E H 1(fm)z=cz] (ﬁK)_l = ... = (ﬁK)_k,

T 0<ig<k—2

TOME 51 (2001), FASCICULE 3



692 J.-P. ALLOUCHE, J.-M. DESHOUILLERS, T. KAMAE, T. KOYANAGI

where §K denotes the number of elements in K. Now let us estimate

the variance of (1/M) 3", c.a) [ocick—1 1(fm).=c;» Where we denote by
a(M) the set of the least M positive integers not divisible by p. We denote
A= (1K)~ ! and B = -£. Then we have

—_n "

B[( 5 Tt -]

me€a(M) 0<i<k—1

S| 5 Sl T s #)( T i)

m,h€a(M) o<i<k—1 0<i<k—1

<@B+1)M +2| 3
m,h€a(M); m—h>B

E[( IT tymime=a)( IT (imme - 4%)]|

0<i<k—1 0<ig<k—1

= (2B+1)M.

The last equality in the above holds since for any m, h € a(M) with
m — h > B, the term

(II temme—4)( I Qo= - 4%)

0<igk—1 0<ig<k—1

can be written as the sum of terms:
2k—2—j—j'
AT (U gy =e; = A)L(gr), e, — A)

x I tme=e II 1gm.=e

0<i<j—1 0<i<j’ —1

which has 0 expectation since all the terms but (I fmy,=¢; — A) are
determined by Zn, Zny1,-*; Zj—n(m-1)—1, While as above

E[l(fm)j:_cj - AlZn, Zn+l, EEEN Zj—n(m—l)—l]
= P[Am,] + Bij—n(m—l) = leZn, Zn+1’ ceey Zj—n(m—l)—l] —A
=0.

Thus the variance of (1/M)3, . coan [ocick—11(sm)=c, is at most
(2B + 1)/M and we have the law of large numbers. That is, with prob-
ability 1, (1/M) 3, caonr) Hocick—1 L(fm)i=e; converges to A*. Since this
holds for any finite sequence (cg,c1,---,ck—1) € K¥, it holds with proba-
bility 1 that the distribution of ({f™})mea(s0) I8 Ao, where a(oco) is the set

ANNALES DE L’INSTITUT FOURIER



AUTOMATA AND DISTRIBUTION OF POWERS 693

of positive integers which are not multiples of p. Since

(fpm)n _ { (fm)n/p (if pln)

10 (otherwise),

the distribution of ({f™})mepa(oo) 18 Ao © T~ with probability 1. In the
same way, the distribution of ({f™})mep2a(o0) 18 Ao o T~2 with probability
1. Hence, the distribution of ({f™})mxo is

p—1 P —

Ao +
p p?

p__

1 1
MoT 1+ 3 XoT 2+,

which completes the poof. O

3. Case K]|[z]].

In this section, we consider the case where f € K[[z]]. That is,

F= faz™
n=0

For a positive integer N, let f|ny := 27]::01 »2". Let G be a transformation

on the finite set Ko vy := {g|n; g € K[[z]]} defined by G(g) := (9f)|n-
Then, since we have f™|y = G™(1) for m = 0,1,2,---, the sequence
™|~ € Kp,n) in m is ultimately periodic. We have 3 cases.

If fo =0, then f™|y =0 for any m > N.

If f = fo # 0, then since GP~1(1) = 1, f™|y is purely periodic in m
with period p — 1.

Assume that f # fo # 0. Let n € N satisfy that p"~! < N < p".
Then since fP~VP"|y = 1, f™|y is purely periodic in m with period
(p — 1)p™. Let cy be the least period of the sequence f™|n in m. Then
we have cy < (p — 1)p™ < p(p — 1)N. It is clear that f™|n # N if
|m —m’| < c¢n. Hence, f has a distribution, say puy¢, and uy is continuous
if ey — 00 as N — oo.

We prove that py is continuous if f # fo # 0. Assume that
f # fo # 0. Let ng be the least positive integer such that f,, # 0. Let cy =
pLc with ¢’ which is not a multiple of p. Since (fN),z,,, = ( fc/)n0 # 0, and
fe¥|n = 1, we have png > N. Hence, cy > p¥ > N/np and cy — o0 as
N — oo. Thus, py is continuous.

TOME 51 (2001), FASCICULE 3



694 J.-P. ALLOUCHE, J.-M. DESHOUILLERS, T. KAMAE, T. KOYANAGI

The complexity Cn(2) of a closed subset 2 of K[[z]] is defined by

Cn(Q) = (Ho, Hi,---,HNn—1) € KV; there exists w € Q
N N such that w; = H;, Vi=0,1,---,N —1 .

Let Q(f) be the topological support of the measure iy on K[[z]]. Then it
is clear that Cn(Q(f)) = cn for any N =1,2,---.

When we discuss the Hausdorff dimension of subsets in K[[z]], it is
with respect to the metric p defined by

— min{n>0; wpF#w,}

plw,w') ==p
for any w # w’ € K[[z]]. For the a-Hausdorff measure A, of (f), we have
Aa(QF)) < lim > p”

(Ho, -, Hn—1)€EK™
IweQ(f), wi=H;, i=0,--,n—1

= lim C(Q()p"
< lim p(p—n.-p™"
=0
for any a > 0. Thus, dim Q(f) = 0.

THEOREM 5.— For f € K[[z]], the sequence ({f™})m=0,1,. has a
distribution py. If fo = 0, then py is the Dirac measure at 0 € K((x)). If
fo #0 and f # fo, then py is a continuous distribution supported by Q(f)
while Q(f) has a sublinear complexity and hence 0-Hausdorff dimension.

In fact, Cn(2(f)) < p(p—1)N for any N = 1,2, ---. Moreover, in this case,
it holds that ps-1 = Mg

Proof. — We only have to prove that ps-1 = Hy=2- It suffices to

prove this in the case fo = 1. Since fpk lpx =1, f”k‘mlpk = f7™|px for any
k=1,2,--- and m with 0 < m < p*. This implies that Pf-1 = fif. O

4. Construction of automata.

For i € [p], define the linear operators X; and Y; on K((z))[[y]] by

Xi< i Hpm x"y’”) = i Hpptijm "y™

n,m=—0o0 n,m=—00

ANNALES DE L’INSTITUT FOURIER



AUTOMATA AND DISTRIBUTION OF POWERS 695

and
oo o o]
Y; ( Z Hn,m .'L'"ym) = Z Hn,mp+i (L’nym.
n,m=—00 n,m=-—00

LEmMMA 1.
0 x¥;mm) = {
(ii) For any i,j € [p], we have X;Y; =Y, X,.

(i) For any 3,5 € [p] and for any H,G € K((z))[[y]], we have
X.Y;(HG?) = X.Y;(H)G.
Proof. — Assertions (i) and (ii) are clear from the definition. For the
proof of (iii), it is sufficient to remark that G(z,y)? = G(z?,y?) holds for
any G € K((z))[[y]]- O

We state now a theorem to be compared with (3], [4], [9], [12], [13].
The proof either follows from them or at least is essentially the same. But
for the readers’ convenience, we give the proof.

z(=9/py(m=3)/P  ifn =4 and m = j mod p,
0 otherwise.

THEOREM 6. — If F' € K((z))[[y]] is algebraic, then it is p-automatic.

Proof. — Assume that a nonzero element F' € K ((x))[[y]] is algebralc
over K(z,y) with degree ho. Then, the elements F, FP, F?P* ... FP o
linearly dependent over K(z,y). Let h be the least 1nteger such that
F,FP, F”z, e ,F”h are linearly dependent over K (z,y). Then, there exist
Ag, A1, Ag, -+ -, Ap € K[z, y] with at least one of them nonzero such that

(7) AoF + A1FP + AyFP 4 4 AR FP" = 0.
We may also assume that Ag, A;, Aa,- -+, Ay have no nontrivial common
factor.

We prove that Ay # 0. Suppose that Ay = 0. Then we have
A FP 4+ AyFP 4.+ A FP" = 0.

Since at least one of Aj, A, -+, Ap is nonzero, there exist i,j € [p] such
that at least one of X;Y;(A1), X;Y;(A2),---,X;Y;(Ar) is nonzero. Then,
by Lemma 1,

0= X;Y;(A1FP + AyF? + .-+ A, FP")
= X;Y;(A1)F + X;Y;(A2)F” + -+ X;Y;(An)F?"

-1
which contradicts the minimality of h.

TOME 51 (2001), FASCICULE 3



696 J.-P. ALLOUCHE, J.-M. DESHOUILLERS, T. KAMAE, T. KOYANAGI

Thus, we have (7) with Ag # 0. Let G := F/Ag € K((z))[[y]]. Then,
it holds that

G=—AE2AGP — AL 24,67 — . — AP 24,67
= BiGP + ByG¥ + -+ BpG*"
and F = ApG with Ay, B, Ba,- -+, By € K|z, y].
Let d := max{deg Ao, deg B1,deg By, - - - ,deg By} and

S(f) := {60G + a1G? + -+ an_1G?" " € K((2))[[u]};
a; € K[z,y] and dega; <d, i =0,1,---,h —1}.

Note that S(f) is a finite set containing F. For any i,j € [p] and
H € S(f) with

H =G+ a:G? + azG"’2 4+ 4 ah—leh_l,

it holds by Lemma 1 that

1

X,Y;(H) = X,Y;(a0G + a1GP + a3G” + -+ an_,G*" )
= X;Yj(ao(B1GP + -+ BrG"" )+
a$1GP + 4GP + -+ ap 1 GP )
= X;Yj(aoB1 + a1)G + X;Yj(aoB2 + a2)GP + - - - +

XiY;j(aoBn)GP"
€ 8(f),
since, for any k£ =0,1,---,h — 1,
1 2d
deg X;Y;(apBy) < Z—)(deg ap + deg By) < > <d.
Let
®) M(f) = (S(f), ¢, F,)

be the finite automaton over [p] x [p] such that
¢(H,i,j) = X;Y;(H) and n(H) = Ho,

for any H = 3" H,, mz"y™ € S(f) and i,5 € [p]. Let S(f) be the set of
states in S(f) which are attainable from the initial state F' in M(f), i.e.,

ANNALES DE L’INSTITUT FOURIER
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the set of states S € S(f) such that there exists a finite sequence of inputs
in [p] x [p] which sends the state F' to S. Let M(f) := (S(f), ¢, F,n) be the
automaton obtained from M(f) by restricting the set of states to be S(f).

We prove that M(f) recognizes F. Take any nonnegative integers
n,m and L with (4). It holds that

Fn,m = (XnLYmL e 'Xn1Ym1XnoYmo(F))0,0
= 77((15( o ¢(¢(F) nO’mO)’nl’ml) cce,np, mL))v

which completes the proof. O

5. Rational functions.

Let
9) flx)= g%, where P,Q € K|[z], are coprime
be a rational function in K((z)). Then, F(z,y) defined in (5) satisfies
_ 1 Q)
P9 =176y ~ o@ - P’

Let

Glz,y) = 1

YT Qe -~ P@y

Let S(f) be the set of all H € K[z] with deg H < max{deg P, deg Q}.
Define ¢ : ¥ x [p] x [p] — X by

(10) ®(H,4,j) = X;(HQP~'~I P7).

Let 7 : ¥ — K be 7(H) = (%)0, i.e., the coefficient of % € K((z)) of
degree 0. Thus, we define a finite automaton (S(f), ¢, @, 7) over [p] x [p].
Let S(f) be the set of states in S(f) which are attainable from the initial
state Q in this automaton. Let M(f) := (S(f),¢,Q,T) be the automaton
obtained from (S(f), ¢, Q,T) by restricting the set of states to be S(f).

THEOREM 7. — The finite automaton M(f) recognizes F(x,y).

TOME 51 (2001), FASCICULE 3



698 J.-P. ALLOUCHE, J.-M. DESHOUILLERS, T. KAMAE, T. KOYANAGI

Proof. — For H € S(f) and ¢, € [p], it holds by Lemma 1 that
X,Y;(HG) = X.Y;(H(Q - Py)’~c?)
= X;Y;(H(Q - Py)»)G
—x () @i-pr)G
= X;(HQP~'7I PG = ¢(H,i,5)G.
Take any nonnegative integers n,m and L with (4). Then it holds that

Fn,m = XnLYmL T an le XnoYmo (F)O,O
= X’nL YmL e an Ym1XnoYmo (QG)O,O
= XnL YmL T X’nl le (¢(Q, no, mO)G)Oyo

(¢( 0 ¢(¢(Qa no, mO)? ni, ml) ce,nL, mL)G)O,O
= T(¢( o ¢(¢(Q7 no, mO)» ni, ml) ce )nLme))v

which completes the proof. O

Let f be as in (9), F be as in (5) for this f, and the finite automaton
M := M(f) be as above. For each i € [p], let M; := (S(f), i, Q,7) be
the finite automaton over [p] such that ¢;(H,j) = ¢(H,1,j) for any j € [p]
and H € S(f). Then, the sequence (Fy, m)mso0 in K for a fixed nonnegative
integer n with (2) is “recognizable” by the sequence of automata related
to n:

Mno7Mn13"'7MnL7MO1MO»"'
in the sense that
Fn,m = T(¢nN ( o ¢n1 (¢no (Qa mO)a ml) T ,mN))

for any nonnegative integers m and N > L with
0o N
m=>Y mp =Y mp', m;elpl.
i=0 i=0

THEOREM 8.

(i) The distribution of the sequence ({f™})mso is equal to 6o, the
Dirac measure at 0 € K((z)) if in the finite automaton My as above, 0
is attainable from any state in S(f).

ANNALES DE L’INSTITUT FOURIER
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(if) If P =1 and Q # 0 satisfies Q(0) = 0, then the distribution of the
sequence ({f™})mso is equal to &.

(iii) If @ = z* with u > 1, P(0) # 0 and for some k = 1,2,---, P*
lacks the term z*¥, i.e., (P*)g, = 0, then the distribution of the sequence
({f™ P mso is equal to &.

Proof.— (i) Assume that 0 is attainable from any state in S(f) in
Mpy. By the above consideration, 0 is the only “sink” of the sequence of
automata related to any n > 0. Since 7(0) = 0, this implies that for any
n > 0 the frequency of 0 in the sequence (F, m)ms>o is equal to 1. Thus,
the distribution of the sequence ({f™})m>o is equal to .

(ii) Since ¢o(z¢,p — 1) is /P if p | ¢ and 0 otherwise,
do(- -~ o(do(zp—1),p—1)---,p—1) #0
N ——
k times

only if p¥ | c. Therefore, for any H € S(f) and for any sufficiently large
integer k, it holds that

d)O(' ' '¢0(¢0(H,p - 1)7p_ 1) ARy 1) = H(O)
(L

k times

Assume that H = C (constant). Then, since
do(H,p —2) = CXo(Q) =: J,

the relation J(0) = 0 follows from the assumption Q(0) = 0.

Thus, 0 is attainable from any element H in S(f) in My by reading
(p — 1) sufficiently many times followed by reading (p — 2) once and again
(p — 1) sufficiently many times.

(iii) Assume that (P¥)y, = 0 for some k = 1,2, - -. Since ¢o(z¢,0) is
z¥H(e=w/P if p | ¢ — u and 0 otherwise,

$o(- - - do(do(2°,0),0)---,0) #0
N e’
J times

only if p? | ¢ — u. Therefore, for any H € S(f) and for any sufficiently large
integer j, it holds that

$o(- -+ do(¢o(H,0),0) - --,0) = Hyz".
N ——

j times
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Therefore, for any state in S(f), there exists C € K such that Cz*
attainable from it. Hence, it suffices to prove that 0 is attainable from z*.

Let k = 37—, kip® with k; € [p]. Then we have
H := ¢o(--- po(do(z*, ko), k1) - -+, kj—1)
e

j times
= Xo(-- XO(XO(z(P—kO)quO)x(P_kl_l)qul) .. .x(p_kj—l_l)upkg—l)
= Xo(- -XO(XO(m(”_k")"PkO (x(p‘_kl"‘l)upkl)p) .. .x(p—k,_l—l)upkj_l)
= Xo(- - Xo(Xo(z®* —ko—kip)u pothip)) .. z(p—kj-1—1)u pk;_1)
_ XO(“_XO(XO(x(pJ—ko—klp—m—k]_1pj"1)quo+k1p+~--k:,_1pj_1)) )
= 2% X](z 7~ PF).

Therefore, H, = 0 follows from the assumption (P*)y, = 0. Thus, 0 is

attainable by applying the preceding procedure again, which completes the
proof. O

Remark 3.— To cover the case where one of P or () is a monomial,
we have to consider the following subcases in addition to (ii) and (iii) in
Theorem 8:

(iv) P =1 and Q(0) #0,
(v) P=2z" with u > 1 and Q(0) # 0,
(vi) @ =1 and P(0) #
(vii) @ =1 and P(0) =0, and
(viii) @ = z* with u > 1 and (P¥), # 0 for any k = 1,2,-

The distribution is 6y in the cases (v) and (vii), since ( f™e =0
if m > n. In the cases (iv) and (vi), the distributions are continuous by
Theorem 5 if f is nonconstant. In the case (viii), the distribution is always
continuous by [6]

The case (iii) in Theorem 8 is due to Deshouillers [6]. Here we gave
an alternative and simpler proof.

Example 1 (Pascal triangle). — Let p=2, K = {0,1} and f = 1+z,
(P =142z, Q@ = 1). Then, the table (F, )n,m>o is the Pascal triangle
modulo 2. In the automaton M = M(f), the initial stateis 1, S(f) = {0, 1},
and it holds that

o a1 ifig<y
#(0,4,5) =0, ¢(1,4,5) = {0 otherwise
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Figure 1. — Automaton in Example 1.

for any ¢,j € [2]. Therefore, My has two sinks 0 and 1. Furthermore we
have 7(0) = 0 and 7(1) = 1.

The distribution p for this f is determined using the automaton. In
fact, we have

(11) Fom=

)

0 otherwise.

Define a partial order < on the nonnegative integers by
n <X m if and only if n; < m; for all 4,

where we use the notation in (4). Then, for any fixed m > 0, the function
F,, defined by Fp,(n) = F, ., is monotone decreasing with respect to the
partial order < on the set of nonnegative integers. It is not difficult to
see that Q(f) consists of all )~ g,z™ such that the function n — g,
is monotone decreasing in this sense. The distribution p is the uniform
distribution on (f) in some sense.

By the arguments in Section 3, the function m — Fj,|,x is purely
periodic with least period at most 2* for k = 1,2,---. In our case, it is
exactly 2F since otherwise, there exists m with 0 < m < 2F such that
Frlar = Fplax = 6o. But this is impossible since Fin(m) = F, ., = 1
by (11). The p-measure of the cylinder determined by F,|ox is 27F for
m=0,1,---,2F — 1 using the periodicity.
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Figure 2. — Automaton in Example 2.

Example 2. — Letp =2, K = {0,1} and f = (1+22)/z, (P = 1422,
Q@ = z). Then, we have

. _ ) 2\ T ifizo,
¢(xal70)—XZ($)_{O ifl=].,

T ifi =0,
¢($’l’1)_x’(””+z)_{1+x ifi=1,
$(0,4,5) =0 Vi,j € [2]

. B ' 2 x lf7,=03
¢(1+x,z,0)—Xz($+$)—{1 ifi=1,

dl+z,4,1)=X;1+z+2*+2%) =142 Vie[2]
, 0 ifi=0,

N v o [l+z  ifi=0,

In this case, f has a distribution equal to &p.
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6. Dual automata and complexity.

Let M(f) := (S(f), ¢, F,n) be the automaton constructed in Section 4
which recognizes F' in (5) for an algebraic f € K((z)). We construct the
dual automaton M(f)* := (S(f)*,¢*,n, F*) over [p] x [p| which dually
recognizes F'.

Let
S()" = {¢:8(f) - K}
¢"(6,4,5) =€ o iy (Virj € lpl, € €S(F))
F*(€) = £(F) (VE € 5(f)),
where ¢; ; : S(f) — S(f) is defined by ¢; ;(H) = ¢(H,i,35), VH € S(f).
Let S(f)* be the set of all states which are attainable from the initial

state 7 in the automaton (S(f)*,qb*,n, F*) over [p] x [p]. Let M(f)* :=
(S(f)*, ¢*,n, F*) be the restriction of this automaton.

Then for any nonnegative integers n, m and L with (4), we have

F*(¢*(' o ¢*(¢*(77» nr, mL)»nL—la mL—l) + 0, N, mO))

= F*(¢*( o ¢*(7I°¢nL,mL,nL——1,mL—1) e an07m0))

=F*(N0 $nyms ©Pny_yymp_1 0 O Prg,mo)
=10 ny,my O Pns_rmpy O © Prg,mo(F)
=n(¢(- - - #(P(F, 0, mo), n1,M1) - - -, N, ML)
= Fom.
Thus, M(f)* dually recognizes F.
THEOREM 9. — If f is algebraic, then it holds that

Cu((f)) < prltS(F)”

for any n = 1,2,3,---, where the notation is as in (6). In particular, the
logarithmic distribution of the sequence ({f™})ms>o is supported by Q(f)
which has Hausdorff dimension zero.

Proof.— Since the table (Fy,u)ocu<p*, mp*<v<(m+1)pk for m > 0 with
=) L
m = Zm,-p’ = zmip’ m; € [p], mr #0
=0 =0
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is determined by

¢*(. . .¢)*(¢*(77, 0, mL),O,mL_l) -+, 0, mO) S S(f)*,

there exist at most §S(f)* different tables as above. Hence, there exist at
most p*§S(f)* different sequences among (Fyuu)ocu<pr (v = 0,1,2,---).
Take any positive integer n. Then, there are at most pnfS(f)* different
sequences among (F, ,)ocusn—1 (v = 0,1,2,---), since there exists a
positive integer k such that p*~1 < n < p* < pn. Thus, we have

Cn(QUf)) < pniS(f)*
for any n =1,2,3,---. For the a-Hausdorff measure A, of Q(f), we have

Aa(Qf)) < lim > pme

n—00
(Ho, "+ Hn—1)EK™
JweN(f), wi=H;,i=0,---,n—1

lim Co((f)p™

< lim pngS(f)*p~™
=0
for any a > 0. Thus, dim Q(f) = 0. O

Problem. — 1t seems to be true that if f € K((z)) is algebraic, then
the sequence ({f™})mso has a distribution which is either 6y or continuous.
We do not have a proof of this assertion.

Acknowledgments. — The authors would like to thank Prof. Bernard
de Mathan for interesting discussions about the generic distribution of the
powers of a formal power series on a finite field. The authors would like to
thank also the anonymous referee for useful suggestions.

BIBLIOGRAPHY

[1] J.-P. ALLOUCHE, E. CATELAND, W. J. GILBERT, H.-O. PEITGEN, J. SHALLIT, and
G. SKORDEV, Automatic maps on semiring with digits, Theory Comput. Syst.
(Math. Systems Theory), 30 (1997), 285-331.

[2] J.-P. ALLOUCHE and J.-M. DESHOUILLERS, Répartition de la suite des puis-
sances d’une série formelle algébrique, in: Colloque de Théorie Analytique des
Nombres Jean Coquet, Journées SMF-CNRS, CIRM Luminy 1985, Publications
Mathématiques d’Orsay, 88—02 (1988), 37-47.

ANNALES DE L’INSTITUT FOURIER



AUTOMATA AND DISTRIBUTION OF POWERS 705

[3] G. CHrisTOL, Ensembles presque périodiques k-reconnaissables, Theoret. Comput.

Sci., 9 (1979), 141-145.

[4] G. CurisTOL, T. KAMAE, M. MENDES FRANCE and G. RAUZY, Suites algébriques,

automates et substitutions, Bull. Soc. Math. France, 108 (1980), 401-419.

[5] J.-M. DESHOUILLERS, Sur la répartition modulo 1 des puissances d’un élément de
Fq¢((X)), in: Proc. Queen’s Number Theory Conf. 1979, Queen’s Pap. Pure Appl.

Math., 54 (1980), 437-439.

[6] J.-M. DESHOUILLERS, La répartition modulo 1 des puissances de rationnels dans
I’anneau des séries formelles sur un corps fini, Sém. de Théorie des Nombres de

Bordeaux (1979-1980) Exposé n° 5, 5-01-5-22.

[7] J.-M. DESHOUILLERS, La répartition modulo 1 des puissances d’un élément dans
F4((X)), in: Recent progress in analytic number theory, Vol. 2 (Durham, 1979),

Academic Press, London-New York, 1981, p. 69-72.

[8] F. VON HAESELER and A. PETERSEN, Automaticity of rational functions, Beitrige

zur Algebra und Geometrie, 39 (1998), 219-229.

[9] F. VON HAESELER, On algebraic properties of sequences generated by substitutions

over a group (preprint of Bremen University, 1996).

10] V. HOUNDONOUGBO, Mesure de répartition d’une suite (0™ « dans un corps
nelN
de séries formelles sur un corps fini, C. R. Acad. Sci. Paris, Série A, 288 (1979),

997-999.

[11] B. de MATHAN, Approximations diophantiennes dans un corps local, Bull. Soc.

Math. France, Suppl., Mém., 21 (1970), 93 p.

[12] O. SALON, Suites automatiques & multi-indices et algébricité, C. R. Acad. Sci. Paris,

Série I, 305 (1987), 501-504.

[13] O. SALON, Propriétés arithmétiques des automates multidimensionnels, These,

Université Bordeaux I, 1989.

Manuscrit regu le 15 décembre 1999,
révisé le 27 septembre 2000,
accepté le 16 novembre 2000.

Jean-Paul ALLOUCHE,
CNRS & Université Paris-Sud
LRI, Batiment 490

91405 Orsay Cedex (France).
allouche@lri.fr

Jean-Marc DESHOUILLERS,
Université Bordeaux 1
Laboratoire de Mathématiques
351 cours de la Libération
33405 Talence Cedex (France).
dezou@math.u-bordeaux.fr

Teturo KAMAE & Tadahiro KOYANAGI
Osaka City University

Department of Mathematics

Osaka 558-8585 (Japan).
kamae@sci.osaka-cu.ac.jp

TOME 51 (2001), FASCICULE 3



