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SEMI-INFINITE COHOMOLOGY
AND SUPERCONFORMAL ALGEBRAS

by Elena POLETAEVA

1. Introduction.

B. Feigin and E. Frenkel have introduced a semi-infinite analogue of
the Weil complex based on the space

(L.1) WE(g) = ST () © AT (g).

In their construction g = ®,czg, is a graded Lie algebra, S%**(g) and
A% **(g) are some semi-infinite analogues of the symmetric and exterior
power modules, [FF]. As in the classical case, two differentials, d and h, are
defined on W% **(g). They are analogous to the differential in Lie algebra
(co)homology and the Koszul differential, respectively. The semi-infinite
Weil complex

(1.2) {(W%F+*(g), d+h}

is acyclic similarly to the classical Weil complex. The cohomology of the
complex

(1.3) {(WE+(g), d}

Keywords: Weil complex — Semi-infinite cohomology — Superconformal algebra — Kéhler
geometry.
Math. classification: 17B55 — 17B70 — 81R10 — 14F40.



746 ELENA POLETAEVA

is called the semi-infinite cohomology of g with coefficients in its “adjoint
semi-infinite symmetric powers” H%1*(g, $5+*(g)). One can also define
the relative semi-infinite Weil complex Wr3+*(g) (relatively g,), and the

relative semi-infinite cohomology H % **(g, g9, S % **(g)), [FF].

E. Getzler has shown that the semi-infinite Weil complex of the Vi-
rasoro algebra admits an action of the N = 2 superconformal algebra, [G].

Recall that a superconformal algebra (SCA) is a simple complex Lie
superalgebra s, such that it contains the centerless Virasoro algebra (i.e.
the Witt algebra) Witt = @,,czCL,, as a subalgebra, and has growth 1. The
Z-graded superconformal algebras are ones for which adLy is diagonalizable
with finite-dimensional eigenspaces, [KL]:

(1.4) s =®;s;,5; = {z €5 [Lo, 7] = jz}.

In this work we consider the semi-infinite Weil complex constructed
for the next natural (after the Virasoro algebra) class of graded Lie algebras:
the loop algebras of the complex finite-dimensional Lie algebras. The action
of the Virasoro algebra on such complex is ensured by the fact that it has
a structure of a vertex operator superalgebra (see [AK]).

Let g be a complex finite-dimensional Lie algebra, and g = g®C[t, t~!]
be the corresponding loop algebra. We obtain a representation of the N = 2
SCA in the semi-infinite Weil complex W% **(g) and in the semi-infinite
cohomology H % **(g, S **(g§)) with central charge 3dimg. We extend the
representation of the N = 2 SCA in W% +*(g) to a representation of the
one-parameter family 5’(2,a) of deformations of the N = 4 SCA (see
[Ad] and [KL]). In the case, when g is endowed with a non-degenerate
invariant symmetric bilinear form, we obtain a representation of $'(2,0)
in H%+*(g, ST +*(g)). Finally, there exists a representation of a central
extension of the Lie superalgebra of all derivations of S’(2,0) in the relative
semi-infinite cohomology H % **(g, o, ST **(g)).

It was shown in [FGZ] that the cohomology of the relative semi-
infinite complex C* (I, lp, V'), where [ is a complex graded Lie algebra, and V
is a graded Hermitian l-module, has (under certain conditions) a structure
analogous to that of the de Rham cohomology in Kéahler geometry.

Recall that given a compact Kéhler manifold M, there exists a number
of classical operators on the space of differential forms on M, such as
the differentials 9,0, d, d., their corresponding adjoint operators and the
associated Laplacians (see [GH]). There also exists an action of sl(2) on
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SEMI-INFINITE COHOMOLOGY AND SUPERCONFORMAL ALGEBRAS 747

H*(M) according to the Lefschetz theorem. All these operators satisfy a
series of identities known as Hodge identities, [GH]. Naturally, the classical
operators form a finite-dimensional Lie superalgebra.

We show that given a complex finite-dimensional Lie algebra g
endowed with a non-degenerate invariant symmetric bilinear form, there
exist the analogues of the classical operators on the complex WE“@). We
prove that the exterior derivations of S’(2,0) form an s[(2), and observe that
they define an s[(2)-module structure on H ¥ +*(g, gy, ST **(g)), which is
the analogue of the sl(2)-module structure on the de Rham cohomology in

Kahler geometry.

The action of $'(2,0) provides H%+*(g,d,, ST *(g)) with eight
series of quadratic operators. In particular, they include the semi-infinite
Koszul differential h, and the semi-infinite analogue of the homotopy
operator (cf. [Fu]). We prove that the degree zero part of the Z-grading
of S’'(2,0) defined by the element Lo € Witt, is isomorphic to the Lie
superalgebra of classical operators in Kahler geometry.

It would be interesting to interpret the superconformal algebra
S’(2,0) as “affinization” of the classical operators in the case of an infinite-
dimensional manifold.

This work is partly based on [P1]-[P3].

2. Semi-infinite Weil complex.

The semi-infinite Weil complex of a graded Lie algebra was introduced
by B. Feigin and E. Frenkel in [FF]. Recall the necessary definitions. More
generally, let V = @,,czV, be a graded vector space over C, such that
dimV,, < co. Let V! = @,czV, be the restricted dual of V. The linear
space V@V’ carries non-degenerate skew-symmetric and symmetric bilinear
forms: (-,-) and {-,-}. Let H(V) and C(V) be the quotients of the tensor
algebra T*(V @ V') by the ideals generated by the elements of the form
zy — yz — (z,y) and zy + yz — {z,y}, respectively, where z,y € V @ V.
We fix K € Z. Let V = V; & V_ be the corresponding polarization of V:
V+ = ®n>kVn, Vo = @nSKvn-

The symmetric algebra S*(Vy & V') is a subalgebra of H(V) and
the exterior algebra A*(Vy @ V') is a subalgebra of C(V). Let S%+*(V),
A% *+*(V) be the representations of H(V) and C(V') induced from the triv-
ial representations < 1g > and < 15 > of S*(V,® V") and of A*(V, ® V'),
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748 ELENA POLETAEVA

respectively. Thus we obtain some semi-infinite analogues of symmetric and
exterior power modules. Denote the actions of H(V) and C(V) on these
modules by 3(z),v(z’) and 7(x), e(x’), respectively, forz € V, 2’ € V'. No-
tice that each element of S% +*(V) and of AT +*(V) is a finite linear combi-
nation of the monomials of the type y(z}) ... v(2})B(y1) - . . B(ym)1s and of

the type e(z})...e(x})7(y1) - .. T(ym)1a, respectively, where z7,...,2} €
Vi, y1,---ym € V_. Let Dege(z’) = Degy(z’) = 1, and Degr(z) =
Degf(z) = —1. Correspondingly, we obtain Z-gradings on the spaces of

semi-infinite power modules: ST+ (V) = @,czST+H(V), AT (V) =
DiczATH(V).

Let {e;};c7 be a homogeneous basis of V so that if ¢ € Z, thene; € V,,
for some n € Z, and if e; € V,,, then e;11 € V,, or €;11 € Vyp1. Let {€}}icz
be the dual basis. Let ig € Z be such that e;, € Vx and e;,41 € Vk41-

Notice that one can think of A% **(V) as the vector space spanned
by the elements w = e Ae€j, A ... such that there exists N(w) € Z
such that in41 = in, — 1 for n > N(w). Then 15 = €] A € 1 N ... is
a vacuum vector in this space. The actions of ¢(z’), 7(z) are, respectively,
the exterior multiplication and contraction in the space of semi-infinite
exterior products.

Let g = ®,,cz9, be a graded Lie algebra over C, such that dimg,, <
00. Let ¢ be a representation of g in V so that

(21) ¢(gn)vk C Vk+n-

One can define the projective representations p and 7 of g in AT +*(V)
and ST 1*(V), respectively

(22) p(x) = r(p(@)e)e(e)) 5
i€l
(2.3) m(z) = : Blé(z)e(e) 1,
i€Z
where £ € g, and where the double colons : : denote a normal ordering
operation:
7(e;)e(el) if 1 < dg
(2.4) : 7(ej)e(e)) = ’
—e(e))(ej) if i > io

Blej)v(e;) if i <o }

plesnta)= {v(eé)ﬂ(ej) it > o

ANNALES DE L’INSTITUT FOURIER



SEMI-INFINITE COHOMOLOGY AND SUPERCONFORMAL ALGEBRAS 749

Thus
(2.5) p(x)1p = 7(z)1s =0 for z € g,
and
(2.6) [o(z), p(W)] = p([z,y]) + ea(z, y),
[r(z), 7(y)] = 7([z,9]) + cs(z, y),
where x,y € g and cp, cg are 2-cocycles. Notice that cy = —cg. Let
(2.7) WE(V)=STMH (V)@ ATT*(V).

Since the cocycles corresponding to the projective representations cancel,
the representation () = p(z)+m(z) of g in W% +*(V) is well-defined. We
define a Z-grading on W % **(V) setting

(2.8) WEHV)= @ STTHV)RATH(V).
2+j=i

Let V = g = @,,cz8,, and ¢ be the adjoint representation of g. We
define two differentials on the space W% **(g):

(29) d= Z ([es, e5])e(€))e(er) +Z B([e;, ei])v(e;

1<j 5,J

h="Y"y(e))r(e:)
We obtain the semi-infinite Weil complex
(2.10) {(W%+*(g), d+h}.

The differential d is the analogue of the classical differential for the Lie
algebra (co)homology, and h is the analogue of the Koszul differential.
Notice that

(2.11) d?>=0,h*=0,[d,h] =0,(d + h)2 = 0.

Notice also that if g is a finite-dimensional Lie algebra, then applying the
definitions given above to the polarization g = g, ® g_, where g, = g,
g_ = 0, we obtain the classical Weil complex.

As in the case of the classical Weil complex, one can construct two
filtrations, Fy and Fj, on W %+*(g):

(212) Ff = @ ST (g)@ATH(g), FI= R4 STH(g) @ AT+ (g).
I+j5>p 2p

TOME 51 (2001), FASCICULE 3



750 ELENA POLETAEVA

For filtration F; the complex is acyclic, the second term of the spectral
sequence associated to filtration Fy is the semi-infinite cohomology of Lie
algebra g with coefficients in its “adjoint semi-infinite symmetric powers”
HT1*(g,5%%*(g)) (see [FF]). Let

(2.13) WET W) ={weWETH (V)| r(@@)w=0
for all z € Vp,0(z)w =0 for all z € gy}

The differential d preserves the space WE-"*(Q) since

(2.14) [d, 7(z)] = dr(z) + T(z)d = 6(x),
and
(2.15) [d,6(z)] = 0,

for any x € g. The complex {Wr§+*(g),d} is called the relative semi-
infinite Weil complex. Its cohomology is called the relative semi-infinite
cohomology H'% +*(g, 80, S **(g))-

We fix K = 0 from this point on. Correspondingly, V =V, & V_,
where Vi = @n50Va, Vo = @noVa.

3. The N =2 superconformal algebra.

Recall that the N = 2 SCA is spanned by the Virasoro generators
£,, the Heisenberg generators H,,, two fermionic fields Gf, and a central
element C, where n € Z,r € Z + 1/2, and where the non-vanishing
commutation relations are as follows, [FST]:

(3.1) [En, L] = (n—m)Lpym + 1—C2(n3 — ), —m,

[Cn, Hm] = —mHp1m, [SmGri] = (E - "") G7:$+ra

2
1
[Gj-sz_] = 22,.+s + (’I‘ - S)Hr+s + % <T2 - Z) 51‘,—-37

[Hn, Hy) = gnan,_m, (H,,GE] = £GE,,.

Let Witt = @;czCL; be the Witt algebra:
(3.2) [Li, L] = (i = j) Li+;-

ANNALES DE L’INSTITUT FOURIER
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Let \,u € C. Let Fxp = PmezCun be a module over Witt defined as
follows:

(3.3) (L)t = (—m + 8 — (0 — 1)A) .

Remark 3.1. — The module Fy ,, = ®,,czCu, is isomorphic to the
module F_ .41 = ®;czCf; over the Witt algebra defined in [Fu]. The
isomorphism is given by the correspondence u,, < f_,—_1.

TuEOREM 3.1. — The space W 2 +*(F) ,) is a module over the N = 2
SCA with central charge 3 — 6.

Proof. — Set

G-

n+i°

_ Lot _ 1

We define a representation of Witt in W% +*(F, ,) as follows:
(3.5)

6(Ln) = Y (=m+p = 1A+ ) (: T(wmsn)e(upn) = + : Blumrn)(tr) o).
meZ

Let us extend 6 to a representation of the N = 2 SCA in W% +*(F, ,):

(3.6) 6(H,) =X Z T (Um)E(Uppy)

meZ
+(A=1) Yt Bum)Y(Umin) : +1n 0,
meZ
B(h‘n) = Z ’Y(u;nJrn)T(um)’
meZ
0(pn) = Y (m—p— (n+ )N B(um—n)e(ur),
meZ
) n+1

g(sn) = _O(L—n) + H(Hn)

We calculate the central charge by checking the commutation relations on
the vacuum vector 1 = 15 ® 15. Let n > 0. Then

(3.7)  O([Hn, Hop])1 = —0(H_p)0(Hy)1

0
=—9(H_n)()\ Z T(um)s(u;n—{-n)

m=1—-n

TOME 51 (2001), FASCICULE 3
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0
A-1) Y ﬂ(umn(u'mn))l

m=1-n
0
=N Z T(Umtn)€(Up )T (U ) (Unn )1
m=1—n

0
-(A= 1)2 Z ﬁ(um+n)7(u;n)ﬂ(um)')'(u{m+n)l

m=1—-n

=(-NMn-(\- 1)%(-n))1 =n(l - 2\)1,
since e(u})7(u;) + 7(u;)e(u}) = 1, and y(u;)B(u;) — B(u;)y(u;) = 1. Hence,
(3.8) O([Hpy Hn])L =n(1 — 2X)65 —m1.

Thus the central charge is 3 — 6. The other commutation relations on the

vacuum vector 1 are calculated in the same way.
O

Remark 3.2. — In the case when A = —1,u = 1, the module F) , is
the adjoint representation of Witt. Thus we obtain a representation of the
N =2 SCA in the semi-infinite Weil complex of the Witt algebra (cf. [G]).

THEOREM 3.2. — Let V be a complex finite-dimensional vector space,
V = V ® C[t,t71]. There exists a representation of the N = 2 SCA in
W % +*(V) with central charge 3dimV .

Proof. — There is the natural Z-grading V = @neZVn, where
V, = V ®t™. Let u run through a fixed basis of V, u,, stand for u®t", and
let {u/ } be the dual basis of V’. Define the following quadratic expansions
by analogy with (3.5) and (3.6), where A =0, = 0:

- Z Z (m 2 T(Uman)e(un,) : +m 2 B(Umgn )y (uy,) 2)
u meZ

Z Z m+n)18 um)

u meZ

3 9) h'n Z Z m+n )

u meZ

= Z Z mB(Um—n)e(ul,)-
u meZ
Set
ni1

(3.10) €n=—Lont—

H,.
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Then £, Hy, hy, and p,, span the centerless N = 2 SCA.
Let n > 0. Then H_,1 = 0. Hence

0
(3.11) [Hp, Hoplr = —H_, (—Z > v(u:n+n)ﬁ(um)) 1

u m=1-n

= (— Zi Y(t, )8 ) (Z Y Ytin)B )) 1

u m=1 u m=1-n

0
:_Z Z ’y(u;n)ﬂ(um+n)’y(u:n+n)ﬂ(um)l

u m=l—-n

= —dimV(—n)1,
since y(u;)B(u;) — B(ui)y(u}) = 1. Notice that

(3.12) [Hp, Hp]1 =0, if m # —n.
Hence
(3.13) (Hpn, Hp1 = ndimVé, _pm1.

Thus the central charge is 3dimV'.

753

a

CoOROLLARY 3.1. — Let g be a complex finite-dimensional Lie algebra,
let g = g ® C[t,t™1]. There exists a representation of the N = 2 SCA in

H%+*(g,S%+*(g)) with central charge 3dimg.

Proof. — We will show that the expansions (3.9) commute with the

differential d. Recall that

(3.14) d=dV 4+ d®
where
(3.15) dM = (1/2) > r([ui, v)e(w))e(u]) 5,
u,v,1,J
d® = > B([us, vi])v(v))e(us) 1,
u,,1,j

u, v run through a fixed basis of g, and ¢,j € Z. Then
(3.16)  [Ln,dM] = (1/2) Z (i + 3)7 ([t v]igjn)e(vy)e(ug) -

+ 0 7([us, vi]) (G — n)5(v}-n)€(u§) :
+ 7 ([ui, v5])e(v)) (@ — n)e(w;_,) :==0

TOME 51 (2001), FASCICULE 3



754 ELENA POLETAEVA

and
(317)  [Ln,d®]= 37 (4 B, Vliien)V(0))e(w) :
+ 2 B[ui, v (G — n)y(vj_p)e(w) :
+ 2 B[, v;])v(v5) (i — n)e(u;_p,) :=0.
Clearly,
(3.18) [H,,dV] =0,
and
(3.19)
[Hn,d®] = > 1 =B([w, v]itj—n)(0)e(ui) : +B([t, V]iss) ¥ (Vjn)e(w) :
u,v,%,J
=0.
Next,
(3.20) [hn,d] = (1/2) Z = 7([w, Vi)Y (V) E(u) :
u,v,%,J
+ 1 7([u, Vi) e(v)) 1 (Uign) :
== > ([ i (Win)e(u)
u,v,%,J
(3.21) [ha, d®] = > 7 ([, vligj—n)y(v))e(us) :
u,v,8,J

+ 1 B[, V]ig5) v (V)7 (W) :
= > o7, i) V(0 n)e ()

©,0,8,§

since -, ., ;¢ B([u, v]it5)v(v})¥(u;1p) == 0. Hence

(3.22) [hn,d@] = —[h,,dD].

Finally,

(3:28) [P d®] = (1/2) 32 ¢ (i+ )80 vlirs-n)e(@)e(u) -
(3.24) [p,,d?] = Z':—ﬁ([u,'v]m)(j+n)6(v3+n)8(%):

ANNALES DE L’INSTITUT FOURIER
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= Z Z—ﬁ([U,U]i.p.j—n)jE(U;')E(u:i):

u,,t,J
—(1/2) Y (G + DB, vlitj—n)e(@))e(u) :
u,v,t,j
Hence
(3.25) [Pr,d?] = ~[p,, dV)].

4. The superconformal algebras 5'(2, a).

Recall the necessary definitions, [KL]. Let W (N) be the superalgebra
of all derivations of C[t,t~!]® A(N), where A(N) is the Grassmann algebra
in N variables 6y,...,0x, and p(t) =0, p(6;) =1 fori =1,...,N. Let 0,
stand for 8/06;, and 8, stand for 8/0t. Let

(4.1) S(N,a) = {D € W(N) | Div(*D) = 0} for a € C.
Recall that
N N
(42) Div( 0.+ Y. £:0:) =00 + (-1
1=1 1=1

where f, fi € C[t,t7!] ® A(N), and
(4.3) Div(fD) = Df + fDivD,

where f is an even function. Let S’(N,a) = [S(N,a),S(N,a)] be the
derived superalgebra. Assume that N > 1. If a ¢ Z, then S(N, «) is simple,
and if a € Z, then S’(N, ) is a simple ideal of S(N, a) of codimension 1:

(4.4) 0— S'(N,a) = S(N,a) > Ct™*0; ---On50; — 0.
Notice that
(4.5) S(N,a) 2 S(N,a+n) for n € Z.

The superalgebra S’(N, «) has, up to equivalence, only one non-trivial 2-
cocycle if and only if N = 2, which is important for our task. Let

(46) {Ea E H Fnahgapn,xn,yz}nez

TOME 51 (2001), FASCICULE 3
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be the basis of S’(2, ) defined as follows:

(4.7) £ = 1" (10, + S(n+a+ 16101 +002)),
E, =t"050,,
H, = t"(0505 — 0,0,),
F, =t"0,0s,
= t"020, — (n + a)t" 16100,
Pp = —t"118,,
Xn = t"110,

yz = t"018t + (TL + a)t"_1010262.
The non-vanishing commutation relations between these elements are
(4.8) [£5, 881 =(n—k)Eyk

[E’naFk] n+ka[HnaEk] - 2En+k>[Hn1Fk] = _2Fn+k)
[’Sn’ k] = _kE’n‘HC? [’Sn’Hk] = _an-Ht) [‘gna k] = _an-{-k,

@ (07 1 (07
[En’ hk] = §(TL —2k+1- a)hn+k7 [‘Snvpk]

1
= 5(71—2]6— 1+Q’)pn+k,
1 (e
(L5, xk] = 5 — 2k — 14+ a)Xn+k, [£5, YR
1
= 5(" =2k +1-a)yg,
[ 'ﬂvyk] g+k7[thf:] =yz+k,[En7pk]
= Xn+k; [anxk] = Pntks
[Hn7 hg] = z+ka [Hnayg] = _yg+ka [Hn’xk]
= Xn+k, [anpk] = _pn-{-k,

[hz7xk] = (k +1-n-— a)E'l'H—kv [pn’yg]
=(k—n—-1+a)Fnix,

1
[h, Pl = Lok — 5(’“ —n+1—a)Hnyy,
[Xn, YRl = —Lnik + 5 (k —n—14a)Hyx.
A non-trivial 2-cocycle on S’(2, @) is

(49) (g, 5) = nln? Dbk,

ANNALES DE L’INSTITUT FOURIER



SEMI-INFINITE COHOMOLOGY AND SUPERCONFORMAL ALGEBRAS 757

C
(B, Fx) = b, i c(Ho, He) = =16,

o _C a+1\* 1
C(hnfpk) =% ((Tl— 1+ T) - Zl) On,—k»
e(x o‘)——E —n—l+0t—+1 2—1 O, —k;
nyYg) = 6 2 1 n,—k»

see [KL]. Let §(2, @) be the corresponding central extension of S"(2, ). In
particular, S’(2,0) is isomorphic to the N =4 SCA (see [Ad]).

Remark 4.1 — Notice that

(4.10) 5'(2, )5 = Wittixsl(2), where
Witt = (£2),e2,51(2) = (En, Hn, Fu)nez,

and
(4'11) Sl(27a)i = <hg’yg>neZ 2] <pn,xn>neZ

is a direct sum of two standard (odd) sl(2)-modules.

Remark 4.2 — For any a € C one can consider the subalgebra
of 5”(2,a), spanned by £ H,, h. p,, and C. Thus we obtain a one-
parameter family of superalgebras, which are isomorphic to the N = 2
SCA. The isomorphism

(412) @ <£37Hn7hz’pn’c> I <£naHnah‘n,pn7C>

is given as follows:

2

ay_o _ & o
QD(H?‘L) =H, — %6n,0Ca

p(hy) =ha, ©(P,) =Pr, »(C) =C.

Notice that formulae (4.13) correspond to the spectral flow transformation
for the N = 2 SCA (cf. [FST]).

Let DerS’(2, &) be the Lie superalgebra of all derivations of S/(2, @),
and DereyS’(2, @) be the exterior derivations of S'(2,a) (see [Fu]).

TOME 51 (2001), FASCICULE 3
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THEOREM 4.1.
1) If o € Z, then Dere,S'(2, &) = 8£(2) = (€, H, F), where

(4.14) [H, &) =2&,[H,F|l= —2F,[E,Fl=H.

The action of 8£(2) is given as follows:

(415) [g’ h?] = Xk—14a [8’ Ug] = Pr—1+a)
[‘7:’ xk] = hgﬁ—l—a’ [f’pk] = yg-}—l—a;
[uaxk] = xk, [H, hg] = —hg,
[H, Pl = Pr: [H, vi] = —vi-

2) If a € C\ Z, then Derey:S’(2, ) = (H).

Proof. — Recall that the exterior derivations of a Lie (super) algebra
can be identified with its first cohomology with coefficients in the adjoint
representation (see [Fu]). Thus

(4.16) Dere,.S'(2,a) = HY(S'(2,a),5'(2, @)).
The superalgebra S’(2, @) has the following Z + a-grading deg:

(4.17)  degfy =n,degE, =n+1—a,degF, =n—1+q,
degH,, = n,degh;, = n,degp,, = n,degx, =n+1—q,
degys =n—1+a.

Let

(4.18) Lo = ~£5 +5(1 - a)Hy.
Then

(4.19) [Lo, s] = (degs)s

for a homogeneous s € S'(2, a). Accordingly,
(4.20) [Lo, D] = (degD)D

for a homogeneous D € DerextS’(2, @). On the other hand, since the action
of a Lie superalgebra on its cohomology is trivial (see [Fu]), then one must
have

(4.21) [Lo, D] = 0.
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Hence the non-zero elements of DereyS’(2,a) have deg = 0, and they
preserve the superalgebra S'(2,a)deg=0- Let a € Z. Then one can check
that the exterior derivations of S’(2,)deg=0 form an sl(2), and extend
them to the exterior derivations of S’(2,a) as in (4.15). One should also
note that if the restriction of a derivation of S’(2,a) to S'(2, ®)deg=0 is
zero, then this derivation is inner.

Finally, notice that the exterior derivations € and F interchange {hj }
with {xx}. If & € Z, then deg hi; —degx,, ¢ Z for any k,n € Z. Hence £ and
F cannot have deg = 0. By this reason, Dere,S’(2,a) = (H) for a € C\ Z.

d

Remark 4.3. — If a € Z, then one can identify F with —t~%6,6,0;
(see (4.4)).

5. An action of §'(2,a) on the semi-infinite Weil complex
of a loop algebra.

We will consider a more general case, i.e. when V' is a complex finite-
dimensional vector space, and V = V ® CJ[t,t"!]. Let DerS’(2,c) be a
non-trivial central extension of DerS’(2, a).

THEOREM 5.1.

1) The space W $+*(V), where o € C, is a module over §'(2, ) with
central charge 3dimV;

2) if o € C\ Z, then W +*(V) is a module over DerS'(2, ).

Proof. — Let u run through a fixed basis of V, u,, stand for u ® t",
and {u!,} be the dual basis of V'. One can define a representation of Witt
in W% +*(V) by analogy with (3.5), where A = 0, u = a/2:

(5.1)

OLn) = =33 (m=5) Cmlumn)elin) : + 2 Blumen)y(uim) ),

then extend it to a representation of the N = 2 SCA, and apply (4.13). We
obtain the following representation of S’(2,a):

(5.2) O(Hn)=—D_>  : Btm)Y(thin),
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a a?\ ..
B(Hn) + (Z — §> d1mV6n’0,

n+1—a«a
2

O(h) = 32 3 1)),

0m,) =33 (m— ) Blum-n)e(ury),
0(Ew) =~/ 3> W) ¥ ),
0(Fy) = —(1/2>ii zmj B(1tm)B(tir-m—n),
057) =1 5 5 810,

00xn) = =i 3" (m = 5) YWh_myn)euna),
O(H) = — X; 25 7 (um)e(ul,) ;-

One can check that the central charge is 3dimV in the same way as in
Theorem 3.2. g

0(£n) = —0(L—n) +

THEOREM 5.2. — Let g be a complex finite-dimensional Lie algebra
endowed with a non-degenerate invariant symmetric bilinear form. Then
HZt*(g,S$+*(g)) is a module over S'(2,0) with central charge 3dimg.

Proof. — Let {v;} be a basis of g so that with respect to the given
form (v;,v;) = 6;;. Let u run through this basis. Then by Theorem 5.1,
there is a representation of $’(2,0) in W% +*(§). Notice that we can identify
the elements of S’(2,0) with the quadratic expansions obtained by putting
a = 0 in the equations (5.2). One can check that the commutation relations
(4.8) (where a = 0) are fulfilled. One can notice that

(5.3) [S'(2,0),d] = 0.

In fact, since (-,-) is an invariant symmetric bilinear form on g, then the
elements E,, H,, and F, commute with 7(g) for any g € g. Hence they
commute with d. According to Corollary 3.1,

(5.4) [ d] = [p,,d] = 0.
Recall that
(’5'5) S,(Q’ 0)1 = (h(r)zayg’pmeL)neZ-
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Since

(5.6) [Eny Pi) = Xntks [Foy N3] = U5 4
then

(5.7) [$(2,0)1,d] = 0.

Since

(5.8) 5'(2,0)5 = [5'(2,0)1, 5'(2,0)1],

then (5.3) follows. a

To define an action of DerS’(2,0), one should consider a relative semi-
infinite Weil complex.

Let g be a complex finite-dimensional Lie algebra, ¢ be a represen-
tation of g in V, (-,-) be a non-degenerate g-invariant symmetric bilinear
form on V. One can naturally extend ¢ to a representation of g in V:

(5.9) (g ®@t™) (v @ tF) = (¢(g)v) @ t"TF, for g € g,v € V.

THEOREM 5.3. — The space Wn:l+ (V) is a module over DerS’(2,0)
with central charge 3dimV'.

Proof. — Let {v;} be a basis of V so that (v;,v;) = 6 ;. Let u
run through this basis. Then by Theorem 5.1, there is a representation
of §'(2,0) in W% +*(V). We can identify the elements of S’(2,0) with the
expansions (5.2) where a = 0.

Since the form (-, -) is g-invariant, then there is an action of 5’(2,0) on
W-"‘—Jr*(f/). To extend this representation to DerS’(2,0), we have to define

rel

it on 8£(2) = (F,H,E). Let

(5.10) E=iy > me(uly)e(ur,),
u m>0
H= Z Z Um)E :,
u m#0
F=—i)_ Y (1/m)7(tum)T(um).
u m>0

Notice that 8£(2) acts on W, 2 T (V). The commutation relations between

E,'H,F and the elements of S’(2,0) coincide with the relations (4.15),
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where a = 0, up to some terms which contain elements 7(ug). Since the

action of 7(up) on WE“(V) is trivial, then a representation of DerS’(2, 0)

in W2 (V) is well-defined. O

rel

COROLLARY 5.1. — HT**(g, 80, ST 1*(g)) is a module over $'(2,0)
with central charge 3dimg.

Proof. — Follows from Theorem 5.2. O

6. Relative semi-infinite cohomology
and Kihler geometry.

Let M be a compact Kéahler manifold with associated (1, 1)-form w,
let dimcM = n. There exists a number of operators on the space A*(M)
of differential forms on M such as 9,0,d,d., their corresponding adjoint
operators and the associated Laplacians (see [GH]). Recall that

(6.1) 0 : API(M) — APTLI(M),
0 : API(M) — APIHL(M),
d=0+0,
d. =i(0 — 9),
A =dd* +d*d =20p = 2/.

The Hodge *-operator maps
(6.2) x: API(M) — A" O"TP(M),

so that x> = (—1)?*7 on APY(M). Correspondingly, the Hodge inner
product is defined on each of AP9(M):

(6.3) (o) = /M o A 3.

In addition, A*(M) admits an s[(2)-module structure. Namely, sl(2) =
(L, H,A), where

(6.4) [L,Al = H,[H,L] =2L,[H,A] = —2A.
The operator
(6.5) L : AP9(M) — APTLaFL(pf),
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is defined by

(6.6) L(p)=pAw.

Let A = L* be its adjoint operator:

(6.7) A : APY(M) — APLTH (M),
and
(6.8) H |pgpay=p+q—n.

According to the Lefschetz theorem, there exists the corresponding action
of sI(2) on H*(M). These operators satisfy a series of identities, known as
the Hodge identities (see [GH]). Consider the Lie superalgebra spanned by
the classical operators:

(6.9) S:=(A,L,H,A,d,d*,d.,d}).
The non-vanishing commutation relations in § are as follows:

[L,A] = H,[H,L] = 2L,[H, A] = —2A,
(6.10) [d,d*] = dd* +d*d = A,

de, dg] = ded? + dide = A,

[H,d] = d,[H,d"] = —d*,

[H,dc] = d., [H, d7] = —d,

[L,d*] = —d., [L,d}] = d,

(A, d] = dz, A, do] = —d”.

THEOREM 6.1. — Let g be a complex finite-dimensional Lie algebra
with a non-deger;erate invariant symmetric bilinear form. Then there exist
operators on Wg“(f;), which are analogous to the classical operators in

Kahler geometry.

Proof. — It was shown in [FGZ] that a relative semi-infinite complex
Cx (L1, V), where [ = @,czl, is a complex Z-graded Lie algebra, and V
is a graded Hermitian [-module, has a structure, which is similar to that of
the de Rham complex in Kéhler geometry. It is assumed that there exists
a 2-cocycle v on [ such that 7|[nx[_n is non-degenerate if n € Z\0 and it
is zero otherwise. Then there exist operators on C% (I, 1y, V) analogous to
the classical ones.
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We will define analogues of the classical operators on WE+* (9). Using
the form (-,-) on g we obtain the 2-cocycle v on g:

(6.11) (g1 ®t", 92 ®t™) =n(g1,92)0n,—m, for g1,92 € g.

Notice that | 3. x§ is non-degenerate if n € Z\0 and zero otherwise. Let

(6.12) AZTE) = @ A°(n,)AAL(n)).

a,b>0

For a homogeneous element in A%(n/,) AA% (n'), a is the number of added
elements, and b is the number of missing elements with respect to the
vacuum vector 1. Let

(6.13) Cb(g) = [STH*(g) ® A*(n)) A AL, (nl)]8o.
We obtain a bigrading on the relative semi-infinite Weil complex, such that

(6.14) Wit@) = o ™).

rel a—b=1

Let d be the restriction of the differential to the relative subcomplex. Notice
that

(6.15) d:C(g) — C*0(g) @ C+b1(g).
Define d; and ds such that

(6.16) d=d + ds,
dy : C*H(G) — C*H1A(g),
ds Ca’b(ﬁ) _ Ca,b-—l(g)'
Let
(6.17) d. = i(dy — dy).

To define the adjoint operators, we have to introduce a Hermitian form on
X4k~
W (@)

rel

It was shown in [FGZ] that if a Z-graded Lie algebra [ admits an
antilinear automorphism o of order 2 such that o(l,,) = [_,, then there
exists a Hermitian form on A¥**(I) such that

(6.18) e(@')* = —e(o(2')), 7(x)* = —7(0(x)),
where z € [z’ € I
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To define a Hermitian form {-,-} on Ar_"'—el+*(§), we set {1rel, 1rer} = 1.

We fix a basis {v;} of g so that (v;,v;) = 6; ;. Let u run through this basis.
We define an antilinear automorphism o of g as follows:

(6.19) o(up) = iu_n.
Correspondingly,
(6.20) o(up) = —w’,,.

We introduce a Hermitian form on AEH(Q) so that the relations (6.18),
where

(6.21) T €g,,r €g, forn#0

hold. In the similar way we introduce a Hermitian form on S% **(g), such
that

(6.22) V(') =7(o(z'), B(z)" =—B(o(z))

Then we obtain a Hermitian form {-,-} on WE“@) by tensoring these
two forms. It gives a pairing: C*%(g) — C*?(g). To define a Hermitian
form on C*®(g), we use the linear map

(6.23) *x: C*'(g) — C™*(),
defined as follows:

(0@ (s(up,) e, () -+ (1t 1))
(624) =v® (E(u/—-ml) e E(ul—mb)T(u—'m) e T(u—na)lrel)y

where v € SF+*(g), {n;}¢_; > 0 and {m;}’_; < 0. Finally, the Hermitian
form on C*®(g) is defined by (wi,ws) = {i%? * wi,we} (cf. [FGZ)).
We introduce the adjoint operators d*,d? and the Laplace operator A =
dd* + d*d.

It was pointed out in [FGZ] that as in the classical theory (see [GH]),
there exists an action of sl(2) on H% (I,lp,V). One can identify I/, with

[_, by means of the cocycle v. If {e;} is a homogeneous basis in I, then
sl(2) = (L, H, A) is defined as follows:

(6.25) L=(i/2) 3 elem)e(eln),

meZ\0
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H=- Y :r(em)e(ey,)

meZ\0

A=(i/2) Y (em)T(en).

meZ\0
We identify g/, with g_,, by means of the cocycle 7 (see (6.11)), and set
(6.26) E=L,H=HF=A.

Then we obtain the 8£(2) = (€, H, F) defined in (5.10). The operators

(6.27) {NE,H,F,d,d*,d.,d}
are the analogues of the classical operators (6.9). d
THEOREM 6.2. — Let g be a complex finite-dimensional Lie al-

gebra with a non-degenerate invariant symmetric bilinear form. Then
H3%*(g§,80,ST**(g)) is a module over DerS’(2,0) with central charge
3dimg.

Proof. — By Theorem 5.3, W%Jr*(ﬁ) is a module over DerS’(2,0)

rel ~
with central charge 3dimg. By Corollary 5.1, there is an action of S’(2,0)
on H¥**(g,80, 5% *(g)). We have proved that
(6.28) DerexsS'(2,0) = $£(2) = (€, M, F),

see (5.10). Notice that as in the classical case, the element F and the
differential d do not commute. Nevertheless, there exists an action of $£(2)
on the relative semi-infinite cohomology according to [FGZ]. a

THEOREM 6.3. — The degree zero part of the Z-grading deg of S’(2,0)
is isomorphic to the Lie superalgebra of classical operators in Kéhler
geometry.

Proof. — Recall that the Z-grading deg of S’(2,0) is defined by the
element Ly € Witt, see (4.17)-(4.19). One can easily check that

(6.29) 5(2,0)deg=0 = (Lo, E—1, Ho, F1,h9, Pg, X—1,Y7).
The isomorphism of Lie superalgebras
(6.30) P:8 — 5'(2,0)deg=0
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is given as follows:

(6.31) $(D) = Lo, (L) = E_y,%(H) = Ho,%(A) = F1,
$(d) = h), ¥(d*) = —pg, ¥(de) = x_1,%(d}) = y).

O

COROLLARY 6.1. — The action of S'(2,0)4eg—0 defines a set of qua-
dratic operatorson W 2 ** () (correspondingly, on H% **(g, g0, S% *(9))),

rel
which are analogues of the classical ones, and include the semi-infinite

Koszul differential h = hg and the semi-infinite homotopy operator p,.

Remark 6.1. — In this work we have realized superconformal algebras
by means of quadratic expansions on the generators of the Heisenberg
and Clifford algebras related to g. Note that the differentials on a semi-
infinite Weil complex are represented by cubic expansions. One can possibly
define an additional (to the already known) action of the N = 2 SCA on
W F+*(g), considering Fourier components of the differentials d and d*,
[Fe].
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