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ALGEBRAICALLY CONSTRUCTIBLE CHAINS

by Hélene PENNANEAC’H

1. Introduction.

In [KS], Kashiwara and Schapira define subanalytic chains on a real
analytic manifold. Now let X be a real algebraic variety. We can define
analogously semialgebraic chains on X: the group C,(X) of n-chains is
generated by symbols [S] where S C X is a n-dimensional oriented Nash
manifold with the relations

1) [S9] = —[S] if S* is S with the opposite orientation;
2) [SuS=[S]+[5;
3) [S] =[9'] if S is dense in S with the induced orientation.

There is a boundary for these chains. This leads on one hand to
the notion of cycles which is useful for computing characteristic cycles of
constructible functions as we shall see later, and on the other hand to a
homology which is in fact the Borel-Moore homology of X.

Here is introduced a new definition of C,.(X) by considering
“constructible functions on the oriented real spectrum of the function
fields of m-dimensional subvarieties of X”. This approach through real
spectrum is analogous to the one of Scheiderer in [Sch]. He shows that
the Borel-Moore homology with coefficients in Z/2Z of a real algebraic
variety X can be computed from the complex

-— P H'(y-,2/22) — P H (v,,Z/22)
yEX(z) yEX(l)

— P H°(z/2Z) —0
YyE€X (0)

Keywords : Algebraically constructible - Homology — Characteristic cycle.
Math. classification : 14P25 — 14F43.



940 HELENE PENNANEAC'H

where X,y is the set of n-dimensional points of X and y, is the real
spectrum of the residue field k(y) of y (i.e., the space of its orderings). This
complex can be identified with C,.(X) ® Z/2Z.

In order to deal with integral coefficients, we have to take into account
the orientation. We introduce the oriented real spectrum ¢, of the field x(y).
If k(y) has transcendence degree n over the base field R, the points of g,
are orderings of x(y) equipped with an equivalence class @® of nonzero
Kihler differentials of degree n of x(y) over R where @® = fw® if and only
if f is an element of k(y) positive for . The oriented real spectrum ¢, is
a two-sheeted covering of the real spectrum y... In the complex above, we
replace H®(y,,Z/27Z) by the group of constructible functions on g, i.e. the
continuous functions ¢ : §, — Z such that (o, —w®) = —p(a,T®) (this
corresponds to condition 1) in the previous definition of C,(X)). We can
distinguish among those functions the “algebraically constructible” ones,
i.e. those for which o — ¢(a,@®) is a sum of signs of elements of x(y)
(or equivalently the signature of a quadratic form on x(y)). The notion
of constructible functions on the oriented real spectrum is explained in
Section 2, as far as most technical points concerning it.

We thus have a complex C,(X), whose boundary we can compute
using the specialization in the real spectrum as done in [Sch], Proposi-
tion 2.6. We take into account the orientation wia a Poincaré residue for
Kahler differentials. Then half of the boundary of an algebraically construc-
tible chain is still an algebraically constructible chain, and so we get a new
complex AC.(X), of algebraically constructible chains, whose boundary
is half of the previous one. This complex can be seen as the “signature”
of the Witt complex introduced by Schmid in his thesis (c¢f [S]): he
tensorizes the Witt ring of x(y) by the Kéhler differentials.

In Section 3, we are mostly interested in the case where X is a variety
over a real closed field and we establish some relations between algebraically
constructible homology and Borel-Moore homology. In Section 4, we
generalize the complex to schemes essentially of finite type over a field
of characteristic 0. We establish the functorial properties of the complex
and compute the homologies of affine and projective spaces. These are
similar to the results of [S].

As the Witt ring is associated to the graded Witt ring, it is natural
to consider the filtration of the algebraically constructible functions of
k(y) by the functions divisible by 2¢ with 0 < £ < n. This leads to many
complexes C¥~2¢(X): the k-algebraically constructible n-chains are the
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ALGEBRAICALLY CONSTRUCTIBLE CHAINS 941

algebraically constructible functions on y, which are divisible by 2¥tm,
considered modulo 2¥+"+1, This construction is of the type of Rost’s cycle
modules (see [R]), and is explained in Section 5. If & > 0 we recover
Scheiderer’s complex. We obtain in some cases a filtration between usual
algebraic homology (see [BCR]) and Borel-Moore homology with coefficients
modulo 2.

Another interest of algebraically constructible chains is the following:
if X is a smooth algebraic variety, the group of constructible functions on
X 1is isomorphic via the characteristic cycle to the group of Lagrangian
semialgebraic cycles of T*X. On the other hand, McCrory and Parusinski
introduced algebraically constructible functions which are sums of Euler
characteristics of fibres of proper morphisms (cf. [MP]). We will prove
that, in this isomorphism, the Lagrangian algebraically constructible cycles
are exactly the images of algebraically constructible functions. This result
also enables us to get a nice characterization of Lagrangian algebraically
constructible cycles in terms of sums of pushforwards by proper morphisms
of characteristic cycles of characteristic functions of algebraic smooth
varieties. This is done in Section 6.

I would like to thank Michel Coste for his help during the realization
of this paper.

2. Constructible functions on the real spectrum
with coeflicients.

In the following, R will denote a fixed field of characteristic 0.

For a field K define K* = K \ {0}; the real spectrum of K (i.e. the
set of orderings on K, c¢f. [BCR]) will be denoted by X i (or X if there is no
possible confusion). An ordering o € Xk is seen as a map K* — {—1,1}.
For f € K, f(a) is the image of f in the real closure of K for . Then
f(a) > 0 < a(f) = 1. The Harrison topology on Xk is the one such that
the basic open sets are the {a € g | fi(a) > 0,..., fu(e) > 0} where
fi € K. A constructible set of X is a finite union of basic sets.

The fields we consider are extensions of R.

2.1. Real spectrum with coefficients.

Let K be a field and H a 1-dimensional K-vector field. For each
ordering « on K, there are two equivalence classes in H®* = H \ {0} for the

TOME 51 (2001), FASCICULE 4



942 HELENE PENNANEAC'H

relation “h ~, fhif f € K*® is positive for ”. For a given nonzero h, those
classes are h® and —h®. We shall denote

2 ={(a,h*), (e, =h*) | a € Z}.

There is a projection p : ¥ — ¥ and for each h € H® a distinguished
section s, : ¥ — LH : o — (a,h®). We put a boolean topology on L
such that the basic open sets are the images by the s, of the basic open
sets of ¥ where h ranges through H*. Thus p and s, are continuous.

Note that there is a canonical homeomorphism ©# — 2Z". Indeed
an isomorphism H — H’ induces an homeomorphism L& — S5 the
homeomorphism dy : L% — $" induced by H — H* : h > £(h) - ¢
does not depend on the choice of £ € H*. The application dy preserves the
distinguished sections. For an extension K < L, there is also a base change
wHOxL s H (0, h®1%) = (qx, ROIK).

If K is of transcendence degree n over R, the K-vector space of
n-Kéhler differentials Q% , = A" Qg /g is 1-dimensional (cf. [Ku]). We

shall denote £" or & = E%/r and for each 1-dimensional H, (X))
or gﬁ = 2%/ r®KH

Let Cons(X,Z) be the set of continuous functions from ¥ to Z, i.e.
the functions which can be written )., m;1g, with finite I, m, € Z
and S; constructible subset of ¥ (they can be chosen disjoint or basic). Let
AlgCons(X, Z) be the set of algebraically constructible functions, i.e. those
which can be written Y .-, sign(f;) with f, € K* and sign(f;)(a) = a(f;).

There is a continuous involution

i: 2" 3H (0, h) — (o, —h%).
We shall denote by
Cons(27,7Z) = {¢ : &7 — Z | ¢ continuous and p o i = —p}.
For each h € H® and each ¢ : ¥ — Z, we define ), = ¢ o s5. Then the

shrinking morphism ¢ +— ¢}, is an isomorphism from the group Cons(X#, Z)
to Cons(X%,Z).

Cons(XH,Z) is a Cons(%, Z)-module for the multiplication
(1/) : (,0)(0(, Ea) = ?/J(Q)SO(aa Ea).

ANNALES DE L’INSTITUT FOURIER



ALGEBRAICALLY CONSTRUCTIBLE CHAINS 943

DEeFINITION 1. — AlgCons(XH |Z) is the subgroup of Cons(XH ,Z) of
continuous functions ¢ such that ¢ oi = —p and there exists h € H® for
which ¢p, € AlgCons(X,Z).

Remarks.

e p € AlgCons(BH ,Z) & Vh € H*,p, € AlgCons(X,Z). Indeed if
on = sign(g), then ¢y, = sign(gf).

o AlgCons(X#,7Z) is a AlgCons(X, Z)-module.

Fan criterion. — The representation theorem of Becker and Brocker
(¢f. [BB]) implies that ¢ € AlgCons(X, Z) if and only if for all F fan in %,
> ser (@) = 0 mod |F|. Thus ¢ € AlgCons(3#,Z) if and only if there
exists h such that for all F' fan in ¥,

Z ¢(z) =0 mod |F|.

z€sp(F)

2.2. Restriction and corestriction.

Let K be a field of transcendence degree n over R. Let K — L
be an extension of transcendence degree r. Define a restriction morphism
rp/k : Cons(Xk,Z) — Cons(X,Z) by r1, k() = p(a) k).

Using the canonical isomorphism
QLR ®L (k)" — Ui/ Ok L,
we get for a 1-dimensional K-vector space H,

r ~ n
(ELH®KQL/K)A ELH®KQK/R®KL.

Using base change, we get a morphism (ELH@’KQZ/K)/\ — H and thus a
restriction morphism

TL/K ° Cons(gg, Z) — Cons((ZLH‘gKQZ/K)A,Z).
Clearly, 71/ induces a restriction morphism
TL/K AlgCons(gg, Z) — AlgCons((ELH‘X’KQz/K)A,Z).

If L — M is another extension, 7y/ ©Tr/xk = TM/K-

TOME 51 (2001), FASCICULE 4



944 HELENE PENNANEAC'H

Now we define corestriction morphisms for extensions of finite degree.

ProOPOSITION-DEFINITION 2. — Let K — L an algebraic extension of
finite degree. The formula

cLyr(@)@= Y o)

B| K=o

defines a morphism (called corestriction) cy, /i : Cons(Xy,Z) — Cons(Xx,Z).

Proof. — 1t is sufficient to see that this is well defined for ¢ = 15
with S basic, i.e. S = {fi > 0,...,fx > 0}, f; € L*. If a is a primitive
element of the extension, and P is its minimal polynomial, f; = F;(a) with
F; a polynomial with coefficients in K; for o € Xk, each 3 extending a on
L corresponds to a root b of P in the real closure R, of K for «, and then
fi(B) > 0 < F;(b) > 0 (¢f [BCR], Proposition 1.3.7); thus

cr/k(p)(a) = card{b € Ry | P(b) =0, Fi(b) >0,...,Fx(b) > 0};
there is a constructible set .S,,, such that
o € Sy & card{b € Ry | P(b) =0, Fi(b) >0,...,Fx(b) >0} =m;

then ¢z /x(9) = Y ,,enm1s,, is constructible. O

ProposITION 3. — The image by cy,/x of AlgCons(X,,Z) is contained
in AlgCons(X g ,Z). Thus we define

cr/k: AlgCons(X,Z) — AlgCons(Xk,Z).

Proof. — If we assume that ¢ = sign(f) for f = F(a) € L®,

ek (p)(a) = card{b € R, | P(b) =0, F(b) > 0}
—card{b € Ry | P(b) =0, F(b) <0}.

Then cp, k(o) is the signature of the Hermite quadratic form associated
to P and F (see for example [KnS]) and is algebraically constructible. [

Now, as Q} /R = Q% /R ®K L, for a 1-dimensional K-vector space H
we can define

CL/K : Cons(2H®xL 7) — Cons(gg,Z)

ANNALES DE L’INSTITUT FOURIER
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and
CL/K * AlgCons(EfT@\KL,Z) — AlgCons(gg, Z)
in the following way:
ek (@) (e, w @A) = Z o(B,wR1®he17).
Bl k=
Then cr/k (Yuon) = (CL/KP)woh-

If L — M is another algebraic extension of finite degree,
CL/K °CM/L = CM/K-

LEmMMmA 4. — Let K be a field of transcendence degree n over R.
Let K — L be an algebraic extension of finite degree, K — M an
extension of transcendence degree v, H a 1-dimensional K-vector space,
N =M®gL. Let my, ... ,m,, be the maximal ideals of N, and N; = N/m,.
Then the following diagram (and the corresponding one with AlgCons) is
commutative:

Cons(E?‘a\"L ,Z) v, P Cons((Sy, &« /)N 72)

i=1
J/CL/K lchz/M

Cons(gg,Z) A Cons((EMH@)KQX’”K)A,Z)

Proof. — Choosing h € H®, w" € Q%/r"> W e Q?VI/K' and using
the shrinking isomorphisms, it is enough to show the commutativity of
the diagram on the level of constructible functions on the real spectrum
without coefficients. Then it is enough to show that for each o € 3y,

{B€XL | Bk =k}
is the disjoint union for i = 1,...,m of the sets

{B|L | B € En, such that 3|, = a}.

Let a be a primitive element of the extension K — L, and P its minimal
polynomial. Let Qi,...,Qm, be the irreducible factors of P in MI[T].
Then m; = (Q;) and

N = M[T]/(P) ~ M[T]/(@1) x --- x M[T]/(Qm).

Let M, be the real closure of M for a and K, the real closure of K for o ;
M,, is an extension of K, and a root of P in K, is exactly a root of one
and only one @Q; in M. O

TOME 51 (2001), FASCICULE 4
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2.3. The boundary map.

Let B be a valuation ring of K with residue field kg. Denote by vg, Ap
the valuation and place associated to B. If z € B, put T = Ag(x). If f is an
ordering of K, B is said to be compatible with 3 if the maximal ideal mp of
B is convex for 3 (i.e. iffor f € Band g € mp,0 < f(8) < g(8) = f € mp).
Then 3 induces on kp an ordering 3 such that: for u € B\mpg, B(1) = B(u).
If B is a discrete valuation ring and « is an ordering of kg, then there exists
two orderings 3 of K and only two such that 3 = a. The two orderings
differ by the sign they give to a uniformizing parameter of B (cf. [BCR],
Chapter 10).

ProPOSITION-DEFINITION 5. — Let B a discrete valuation ring of K,
with residue field kg ; the formula

os@)@) = Y ()
B=a

gives a morphism op: Cons(Xk,Z) — Cons(Xk,,Z).

Proof. — Assume ¢ = 15 with S = {f; > 0,..., fx > 0}; multiplying
the f;’s by squares if necessary, we can assume their valuation to be 0 or 1.
We have

op(p)(a) =card{B € S| B =a}.

If every f; has valuation 0, then we put g; = f;. Then op(p) = 2 x 1g
with S" = {g1 > 0,...,9x > 0}. If f; is of valuation 1 and the others
are of valuation 0, we put g; = f; for i > 1, and then op(p) = 15 with
S ={g2>0,...,9x > 0}. At last, if f1,..., fo are of valuation 1 and the
others are of valuation 0, we put for ¢ = 2,...,¢, f/ = f;/f1 which is of
valuation 0. Then

S:{fl >07fé>07'-~7fl{>01f€+1>01---7fk>0}

and this is the preceding case. O

ProprosITION 6. — If ¢ € AlgCons(Xk,Z), then op(p) is even and
og(p)/2 € AlgCons(Xk,,Z).

Proof. — If ¢ = sign(f) with f € K* of valuation 0 or 1, then
o5(p) = 2sign(As(f))- O

ANNALES DE L’INSTITUT FOURIER
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Let K be a field of transcendence degree n over R and B a valuation
ring of K. The ring B is said to be geometric if the restriction of the
valuation vp to R is trivial. All valuation rings are now assumed to be
geometric.

Let ¢ be an uniformizing parameter of B and z;,...,2,—1 € B\ mp
such that ¢,z1,...,Z,_1 make a transcendence basis of K over R. Each
we Q'IL{/R' can be written

t'8ydzy A Adz,_q Adt

with u € B\ mp; vg(w) is independent of the choices of t and z;, this is
the valuation of w. Let

Q= {we Q% /r | vB(w) = -1}.
Then following for example [Ku], Chap. 17, exercise 1, we can construct a
Poincaré-residue
Res}y : Q— QZ;}R.

putting Resp(w) = @dZ; A ... AdZE,_; if w is written as before. This is
independent of the choices.

This residue is surjective: given a transcendence basis {y1,...,Yn_1}
of kp over R, let z1,...,z,—1 be the pullbacks of y1,...,y,—1 in
B\ mp; then {t,zi,...,Zn-1} is a transcendence basis of K over R.

Ifr=gdy1 A... Adyn,—1 with g € B\ mp, then
w=(g/tydzy A...Adx,_ 1 AdE
is such that Resh(w) = 7.

Example. — If K is the function field of a real smooth variety V
and B is the local ring of a 1-codimensional subvariety W, then 7 gives in
almost every point of W a local orientation and the constructed w gives
on V a local orientation which induces on W the orientation given by 7.

dx

ld:cv/> Oldx
t dt t dt

dt

TOME 51 (2001), FASCICULE 4
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If fe K*® andweﬁ,
foeQ « vp(f)=0 and Resk(fw) = Ap(f)Resk(w).

Thus if B is an ordering of K compatible with B and « its specialization
in kB,
Resp(fw) ~o Resp(w) <= fw ~pw.

Then for a € £¢, and 7 € QZ;}R., the set {w € Q | Res(w) ~q 7} is
contained in an equivalence class of QF, g for ~p.

DEeFINITION 7. — Let H be a free B-module of rank 1. The formula

—..—a ,B
o5(p)(a, T®h @ Ap(a)®) = Z p(B,w®h®a")
B=a
where Resp (w) = 7 defines a morphism (called boundary map)

op: Cons(SE®2% Z) — Cons(£®2*2 7).
We still have

og=o0p/2: AlgCons(Eg@’BK,Z) — AlgconS(EfE?BkB,Z)‘

LemMmA 8. — Let K be a field of transcendence degree n over R. Let
K — L an algebraic extension of finite degree, B a discrete valuation ring
of K, By, ...,B,, the valuation rings of L such that B,N K = B, H a free
B-module of rank 1. Then the following diagram (and the corresponding
one with AlgCons and o) is commutative:

Cons(ZQ@L,Z) _Gom EB Cons((ZkHB®B kB, ), Z)

?

=1
jVCL/K J/ECkBl/kB

—

COnS((EfIS’Bks)A ,Z) -5 Cons(Zﬁ@)BK,Z)

Proof. — Let h € H®, let z1,...,2,_1 € B such that Z,...,T,_1
make a transcendence basis of kg over R, and t an uniformizing parameter
of B. Let

w=dZ1A... AdTpo1 € Qs
then
7= (1/t)dzy A ... Adzy_1 AdE € Qf/p

is such that Resp(r) = w. If 7 = 7®1 € Qf p and, for each i,

ANNALES DE L’INSTITUT FOURIER
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W =w®l e QZBl R then Resp (7) = e;w; where e; is the ramification
index of B; over B: indeed there exists an uniformizing parameter t; of B;
and a unit u; of B; such that ¢t = ¢{*u,; then dt/t = e; dt;/t; + du;/u; and
7 =¢;(1/t;)dz1 A ... Adxpn_1 Adt; + 7; with vp, (7;) = 0. Using shrinking
isomorphisms it is equivalent to prove commutativity on the level of real
spectrum without coefficients.

We have to show that for each a € X3, and each v € Xy, 7|k is
compatible with B and (v|x) = a if and only if there is a unique ¢ in
{1,...,m} such that v is compatible with B; and (¥ )|, = . If v extends
on L a pullback 8 of « in K, let B’ be the convex hull for v of the ring B;
B’ is one of the B; since B’ N K is the convex hull of B for v, = 8 in K,
i.e. B; it is the only one compatible with . Then the specialization 7 * of

in kg’ extends a.

On the other hand, if § extends « to kp,, let ¢ and ¢; be uniformizing
parameters of B and B; such that ¢ = t{*u,; let 4, - be the pullbacks of 6
whose sign on t; is respectively positive and negative, € the sign of Ap, (u;)
for 6, and B4, S_ the pullbacks of & whose sign on ¢ is respectively positive
and negative. For a unit u of B, we have

Y+ (u) = 6(Ap(u)) = a(Ap(u)) = B+ (u).

We have e, (t) = 1 thus v, extends f;; if e; is odd, ey_(t) = —1 thus v_
extends B_.; if e; is even, ey_(t) = 1 thus y_ extends g. O

LemMMA 9. — Let K be a field of transcendence degree n over R. Let
K — L an extension of transcendence degree r, B a discrete valuation ring
of K, B’ a discrete valuation ring of L such that B'N K = B and whose
ramification index over B is 1, H a free B-module of rank 1. Then the
following diagram (and the corresponding one with AlgCons and o};) is
commutative:
H®pQ]

Cons((EIZ®BQL/K)A,Z) L ConS((Zch, kBl/kB)AZ)
)[TL/K TTkB//kB
Cons((ZkHB®BkB)/\,Z) — 72 Cons(x2f®=K 7)

Proof. — First, we have to prove that the composition is well-defined:
this means

H®p H®p,
op : Cons(T, = “%.Z) — Cons((EkBlB R UNAR

TOME 51 (2001), FASCICULE 4
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First trdeg, kp = 7. As e = 1, mp = m%, + mpB’ as they are both
generated by an uniformizing parameter ¢ of B and the exact sequence of
[Ku], Corollary 6.5,

0— mB'/(sz/ +mpB’) — 9}3'/3 ®p kg — Qlch,/kB —0
gives an isomorphism

QlB//B ®p kg AN Qlch//kB : dB//BJ?@ 1— dkB,/kB—f

We also have QB,/B Rp L ~ QL K5 B,/B is a free B’-module of rank r
as if we choose z1,...,2, € B’ such that Z;,...,Z, make a transcendence
basis of kg over kg, then dp//pz1,-..,dp/ Bz is a B'-basis ong,/B. If we
put H = H ®p Q5 H' is a free B’-module of rank 1 and by definition

op : Cons((X, ot ®yn 7)) - Cons((EkH};?bB'kB')’\,Z) which gives exactly
what we want.

Choosing h € H®, x1,...,Z,_1 € B such that Z,...,T,_; make a
transcendence basis of kg over R, we define coefficients in H ®p QF /R

HRpN )@ h HOBY, i, Ok Ut and HO Q. such that
using the shrinking isomorphisms, it is equivalent to show commutativity
on the level of real spectrum without coefficients. It is enough to see that
for each a € ¥, if B and B~ are the pullbacks of o in L, then Btk
and 37|k are the pullbacks of a |, in K, which is true as on one hand for
u € B\mp, u € B'\ mp: thus 5% g(u) = a(u) = a|;,(u), and on the other

hand, 8% k(t) = B°(t) = e. a

3. Semialgebraic chains on an algebraic variety.

For a scheme X, the set of n-dimensional (respectively n-
codimensional) points of X will be denoted by X(,) (respectively X ).
The real spectrum of X obtained by glueing together the real spectra of its
affine open subschemes will be denoted by X,.. For z a point of X, z, will
denote the real spectrum of its residual field x(z). If £ is a line bundle
over X, L(z) = L; ®ox , k(x) is a 1-dimensional (zx)-vector space. For
another point y, we will write

x >y if y is a specialization of z,
i.e. y € {x}; if moreover y is 1-codimensional in {x}, we will write z>,y.

ANNALES DE L’INSTITUT FOURIER



ALGEBRAICALLY CONSTRUCTIBLE CHAINS 951

3.1. Two complexes.

All the schemes we consider are essentially of finite type over the base
field R. This means that they are localizations of schemes of finite type
over R. Let X be such a scheme.

DerinNtTION 10. — We put:

X)= P Cons(&,,2), AC.(X)= P AlgCons(z,,z).

EEX(H) IGX(n)

For L a line bundle over X:

L)= @ Cons(:vr/CTx),Z),
T€X(n)
AC,(X,L)= P AlgCons(z L@ 7).

TEX(n)

Now we will define a boundary for those complexes. We will show that
they are actually complexes in the next section.

For z and y points of X, let us define
(0x)y = 0 : Cons(z, (@) ,Z) — Cons(y, L) V2.

Let Z = {z} and let 7 : Z — Z be the normalization of Z: consider
a covering of Z by open affine subschemes Spec A. The normalization is
obtained by glueing together the open affine schemes Spec A where A is the
integral closure of A; A is a finite A-algebra thus 7 is a finite morphism.
If y is a specialization of = of codimension 1,

Z Cu(§)/k(y) © 90z 5-

gen—1(y)

Else 07 = 0. If y is a specialization of z of codimension 1, let U = Spec A
be an affine open subset of Z containing y such that A is noetherian. If A
is the integral closure of A in k(z), 7~ (U) = Spec A. Let py be the prime
ideal of A corresponding to y, denote B, (y) the set of discrete valuation
rings of k(z) containing A and such that the center of the associated place
in A is py. They are discrete valuation rings and in fact they are the Xﬁ
where the p are the prime ideals of A such that pNA =p,, ie the
ideals corresponding to the § € 7=(y) (indeed Ais an integrally closed
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noetherian ring and thus a Krull ring, cf. [ZS], VI, §13). Thus we have
Oy = 2-BeB,(y) Cka/n(y) © OB
Define still
O, =07/2: AlgCons(mr/Ez),Z) — AlgCons(y:ﬁ—@),Z).
Sections 2.2 and 2.3 imply that this is well defined.

Lemma 11. — Ifp € Cons(xr/ﬁTx) ,Z), then 03¢ = 0 for almost every y
(this means: for all except a finite number of y).

Proof. — It is sufficient to see that for Z normal, oo, ¢ = 0 for
almost every y € Z(D. Tt is sufficient to see this for
00,., : Cons(z,,Z) — Cons(Jr, Z).

Fixwin Qp ) p (where n = dim(z)). We can assume @, = 1{f,50,.. £, >0}
fi € K(z)*. Let v, be the valuation associated to Og,. There is a finite
number of y such that one of the vy(f;) or vy(w) is nonzero (cf. [Hal,
Lemma II 6.1). Let y be such that they are all zero, ¢ an uniformizing
parameter of Oz, w = tw, T = Resp, (). We have

0 = 1050,£>0,....£,>0F — 1{t<0,f1>0,..., /5 >0}
and then from Proposition 5,

(002,%) = {550,050} ~ L{@1>0,...9:50) =0
where g; = Ao, , (fi)- O

Thus we can define a boundary map 9 : Cp41(X) — Cn(X) by

putting
(S )= ¥ Soe

T€X(n41) T€X(n41) ¥

where ¢, € Cons(x:ax),Z) is zero except for a finite number of z. The
same way we define a boundary &' : AC,41(X) — AC,(X).

The boundary can be written directly on the real spectrum: for
L]

1
¢ € Cn(X), a € Xpnory and w € QI /p s
Op(a,@®) = Z o(8,7")
ﬂGXTW*la

where if Z = {supp(8)}, Spec A is an affine open subscheme of Z containing
supp(c) and By, is the convex hull of Ag,pp(a) in Frac(A) for the ordering 3,
Resp_(T) ~o w.
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3.2. Semialgebraic chains.

Until the end of Section 3, R is a real closed field, X will denote
an algebraic subset of RP and X(,) denotes the set of n-dimensional
irreducible algebraic subset of X. For such a V € X, R(V) wil
denote the ring of regular functions on V, (V) its function field, V.
the real spectrum of (V). Then C,(X) = @Vex(n) Cons(‘//:, Z) and

AC,(X) = @Vex(n) AlgCons(/XZ,Z) as the real spectrum of non real
points is empty.

There is an injective map j : V. — Spec, R(V) and an isomorphism
S — S of Boolean algebra between the set of semialgebraic subsets of V
and the set of constructibles sets of Spec, R(V) (¢f. [BCR], §7.2). We
denote by S* the constructible set j _1(§) in V,.. If C is a constructible set
of V,,, denote by C the intersection of the closure of j(C) in Spec, R(V)
with V. Then (Q)n = C. A wall of C is a (n — 1)-dimensional irreducible
component of the Zariski boundary of C (this means the Zariski closure
of Adh(C) \ Int(C) where the adherence and interior are taken for the
Euclidean topology). If ¢ € Cons(V;,Z), ¢ can be written as )., ilc,
where C; = ¢71(i) (almost all the C; are empty); a wall of ¢ is a wall of
one of the C; and M(yp) is the set of walls of .

In [KS], Chapter 9, the group of semialgebraic n-chains is the group
generated by symbols [S], where S ranges through oriented Nash n-
dimensional manifolds in X, with the relations:

e |59 = —[S] if §* is S with the opposite orientation;
o [SUST=I[S]+[5;

e [S]=1[5"] if S’ is dense in S with the induced orientation.

Using stratifications, it is easy to see that these two definitions are
equivalent: for a function ¢ € Cons(f/:, Z), fix w € QZ(V)/R', and a Nash
stratification compatible with the singular points of V', the set of zeroes
and poles of w, the walls of ¢,,; then the associated n-chain is > m,[S]
where S are n-dimensional strata oriented by w and mg is the value of ¢,
on S*: this is independent of the choices of w and the stratification. The
converse application is done exactly the same way. Also, the boundaries are
the same.

If we choose for the points the positive orientation (leaving the point
is counted negatively) we have the following
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ProposiTiON 12 (Reciprocity). — Let X a compact curve. Then for
each 1-chain C of X, the sum of the values of OC is zero.

Proof. — If C = [S] where S C X is a 1-dimensional connected
Nash manifold, then either S is homeomorphic to a circle and in this case
0[S] =0, or S is homeomorphic to a segment, and in this case 9[S] consists
of two points (possibly coinciding), one with the value 1, the other one with
the value —1, thus summing the values we obtain 0. O

ProprosITION 13. — 00 9 = 0.

Proof. — Let first [S] be a 2-chain of support Z, and z a point
of Z. It is sufficient to show that the component of 9o 9[S] in z is zero.
Embed Z in an R™ and let S(z,e) = {u € R" | d(u,2) = €} (d Euclidean
distance) be the sphere, and L = L(z,¢) = S(z,¢) N Z the link of 2. For €
sufficiently small, L(z,¢) intersects S and the structure of L(z,¢) does not
change taking smaller . Let [S’] be the chain given by S = L NS and the
orientation 7 such that, if dr is the orientation to the exterior of the sphere
and w the orientation of S, we have dr A 7 = w. Then the value of 9 o 9[95]
on z is exactly the sum of the values of the boundaries of [S’], which is zero
using the property of reciprocity applied to L.

If now [S] is a chain of dimension greater than 2 of support Z,
we must see if 9 o J[S] is zero on each 2-codimensional subvariety of Z.
Let 09[S] = _ m;[S;], and let z be a point of S;. Let P be a 2-dimensional
subvariety of Z transverse to .S; in z. Refining it if necessary, we may assume
that the stratification of Z compatible with the S and S; verifies Whitney-
condition (b); then using [G], there exists for each ¢ a neighborhood U; of S;
in Z such that U; is isomorphic as stratified space to PN U; x S;. Let [S']
the 2-chain of P given by S’ = SN P and the orientation 7 of S’, such that,
if 7; is the orientation of S; and w the orientation of S, we have 7 A 7; = w.
Then the value of 3 0 8[S] on S; is the same that the value of 90 9[S’] on z,
and thus is zero. O

Thus we get a homology denoted by H,(X).

ProrosiTioN 14. — H,(X) is isomorphic to the Borel-Moore
homology of X (cf. [BCR], 11.7.13).

Proof. — We use the algebraic Alexandrov compactification X’ of X,
and triangulations of subvarieties of X’ compatible with X’ \ X. It is quite
easy this way to see that the computation is the same in both cases. O
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As 900 =0 then & o & = 0 and thus we get a homology H2°(X).

Observe that Ho(X) = HZ(X) = Z**X) where bc(X) is the number
of closed and bounded semialgebraically connected components of X.

Let us compare H2°(X) with H.(X).

There is a first morphism
P 1 Cp(X) — AC,(X)

given by ¥, () = 2"p. Indeed if V a n-dimensional irreducible algebraic
subset of X, every constructible function on V becomes algebraically
constructible after multiplication by 2™. As

& on(p) =2"710(p) = thn_1 09,

we obtain a morphism H,(X) — H2°(X). The cokernel is of torsion 2™
with m < n. In every case ¢, is injective at chain level. If n = dim(X)
then 1, is injective at homology level.

Now we define a second morphism: put Z,, := Kerd, Z2° := Ker &',
B, = Imd and B2® = Im ¢, we have Z2° — Z, and 2B2° <» B, thus
there is a morphism

O 2 H2(X) — Ho(X)/(Ha(X)),

where (H,,(X))2 is the 2-torsion of H,,. When is 6,, injective? This means:
if we have ¢ € Cp41(X) such that dp is even and dp/2 € AC,(X), when
does there exist ¢’ € AC,,+1(X) such that ¢’ = 9p? It is enough to see it
on each irreducible component of X.

fo is always an isomorphism and g4;, (X) is always injective.

If X is a smooth d-dimensional compact connected irreducible
variety and ¢ € Cons()?T,Z) is such that Op is even, then ¢ equals an
algebraically constructible chain modulo 4. First ¢ is constant modulo 2:
choose w € Qi(x)/R.; it V is a wall of ¢, then Bx(V) = {B} where B is
the local ring of V in X; then if V' is a wall of ¢, mod 2, we have

dvepla,m) =Y e(@)pu(B) # 0 mod 2.
B=a

We can assume @ even and put i = %cp. Put

S:{wzl mod 2}.
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S is principal: indeed if Vi,...,V,, are the walls of ¢ mod 2, we have
>Vl = 0 in H,_1(X,Z/2Z) as this is the boundary of 3 mod
2 € H,(X,Z/2Z). From Proposition 12.4.6 of [BCR] there exists f € k(X)
changing sign passing through the V;’s; we can assume S = {f > 0}, then
¥ = (1+sign f)/2 mod 2 thus ¢, = 1+sign f mod 4. In particular if d = 2,
 is algebraically constructible and 6 is injective in the case of a smooth
compact connected surface.

In either dimension following the proof of “generic criterion” of
I. Bonnard [B], if the walls of ¢, are non singular and normal crossing we
can show that this is algebraically constructible .

The assumptions on the walls can be removed if dimension of X is 2
or 3. Also, if X is non necessarily connected, but orientable, we can do the
same on each connected component and we can add &, = 1{,=1mod 2} 10 Yu
so that it is 0 mod 2 (this add no component to the boundary if we choose w
without zero nor pole). Finally we get:

ProposiTiON 15. — If X is a 2 or 3-dimensional smooth compact
algebraic variety then 04_1 is injective.

Now we compare algebraically constructible homology with the usual
algebraic homology (cf. [BCRJ, §11.3). Changing the coefficients of AC,,(X)
to Z/2Z, we obtain an homology with coefficients in Z/2Z that is not the
algebraic homology H2'8( X, Z,/27).

Example. — If X = P?(R), we have H3(X,Z/2Z) = 0, when
H3'®8(X,Z/2Z) = Z./2Z.

Indeed, an algebraic 2-chain on P?(R) can be seen as a generically
algebraically constructible function ¢ on R? canonically oriented. The
boundary on an oriented affine curve C is then computed doing half the
difference between the value of ¢ on the side inducing the orientation of C
and the value on the other side; the boundary on the line at infinity is
computed doing half the sum of the values on both “sides”.

If C is an affine curve, let Jcp be half the difference of ¢ along C
(it has integral values). If we want the corresponding element of

to be zero, we need that Ocp € 2AC(X), i.e. Ocp = Cte mod 4 where
Cte =0 or 2.
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If ¢ is a cycle, two values of ¢ differ by 0 or 4 modulo 8; let a be a
value of ¢, f a polynomial positive where ¢ = a mod 8, and negative where
v = a+ 4 mod 8; then generically ¢ = a + 2(1 + sign f) + 8¢ (¢ integer
valued). Now the computation of the boundary of ¢ along the line at infinity
gives a modulo 2; then ¢ = 0 mod 2 and ¢ is zero in ACy(X,Z/27Z).

4. Generalizations. Functoriality.

In this section, R is not necessarily a real closed field. Remember that
every scheme is essentially of finite type over R.

4.1. The complexes in the general case.

We prove that (C'(X, £),9) and (AC(X, L), &) are actually complexes
for general X. They also verify a reciprocity property.

Prorosition 16. — One has 0 o 3 = 0. Hence we get two
chain complexes (C,.(X,L£),0) and (AC.(X,L),0"), giving two homologies
H,(X,L) and H*(X,L).

Proof. — We have to show that for R non necessarily real closed (this
is true for real closed fields from Proposition 13), for X integral local of
dimension 2, and x the generic point of X and z € X(g), we have

Sy over =o.

yGX(l)

Let o € . For ¢ € Cons(Z,,Z), the function ZyEX(l)
Cons(z,,Z). Let m = tr degRﬂ( ). Let o’ € z, extending « and let w be a
nonzero element in Q g One has

S oEe@ m) = > ey,

yEX(1) veX O yrar

Y05 is in

where v ~ o signifies v =; 8 =1 & and T € Q’:(Zf/R is such that
Resp, (Resp, 7) ~o w (for the meaning of notation B, see the end of
Subsection 3.1).

Put X, (o) = X Xspec R SPeC k(). Let z},..., 2P be the points of
X}i(a) and X! = {z%}. X! is integral of dimension 2 on x(c). We have

k(z) ®r K(a HH Ty = |__| Ij(a:

a€Xpi=1
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on the other hand

pa
2
QT:)/R ®r k(@) — H Qo )/R
=1

and if 7 € QZ‘(;L2/R, T®1 = (1},...,782); thus we can define ¢! €

COIIS((JI;)T, Z) by (SDQ)T(; = (‘PT)l(z;)r'
Let 2, be the inverse image of z in X’ by X,;(o) — X. Then

Pa

H k(24) z) ®r k(@), ) r ®r K(a) — H Q)R

i=1
then w ® 1 = (W, ..., wB*) and 2z, = | ey, U721 (25)r-
Let ¢ be such that o’ € (2%),. Then

3 ere(a,m) = 0, By (o, i),

yeX() yE(XL) )

Applying the property for each X?, over x(a) shows it for X. O

LEMMA 17. — Let f: X — X' proper; ifx € X and 2’ = f(x) are such
that dim(x) = dim(z’), let 2’ be a specialization of ¥’ of codimension 1. Let
for B" € By(4)(2'),

Bp' = {B real valuation ring of k(z) | BN (f(z)) = B'}.

Then

L] B:) = || Bs-

yef~1(z) B'e€B,/(2')

Proof. — Let Z = {z} and Z’ = {«'}, V' an affine open subset of
Z' containing 2/, A’ = Oz/(V'), A = Oz(f~*(V')); we shall denote by p,
or p; the points of Spec A or Spec A’ corresponding to y € X or X'.

Let y € f~!(2'). Then p, N A" = pl,; let B € B(y), we have
mp N A = py; if B = BN k(z’') we then have mp: N A’ = p’, and thus
B' € B,/ (%').

Conversely, for B’ € B,/(2'), let B € Bp/; we have a morphism
Spec k(z) — Z; the inclusion £(z’) C k() is such that B dominates A,

z

(indeed BN A, = B'NAy, =p. as B’ € By(2')) thus gives a morphism
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Spec B — Z’ (¢f. [Hal, Lemma II, 4.4) such that the diagram

Speck(z) —— Z

! I

SpecB — 7'
commutes. The valuative criterion for properness (see [Ha], Theorem 11.4.7)
gives a unique morphism Spec B — Z such that the whole diagram

commutes and then a unique point y, specialization of z, such that f(y) = 2’
and that B € B, (y). O

ProrosiTioN 18 (Reciprocity). — Let X an integral proper curve
over R. Let x be the generic point of X, we have
Y cetyrody =0.
YEX (o)
Proof. — If R is real closed, this is Proposition 12. If R is not

real closed, let @ € ¥z and w € R — k(). For ¢ € Cons(z,,Z),
Zyex(o) Cr(y)/R © O%¢p is in Cons(XE, Z). Then

(Z Cn(y)/Roaﬁw)(a,wa)z Z o(3,7P)

y€X(0) BeX,O|Bra
where 8 = « means § > v with v of dimension 0 extending « in the
extension R — k(supp(7)) and 7 is such that Resp (1) = w.

Let X.(a) = X Xspecr Speck(a), z),..., 28 the points of XK?)Q)
and X! = {zi}. X! is an integral proper curve on x(a) (cf. [Ha], I,

Corollary 4.8).

Define ¢, as in proof of Proposition 16.

We have
Do
> eBFN=>. > 7"
BeX,O|f~a i=1 ge(xz )r|B>a

D DT

=1 ge(x2),V|Bra

Po
:Z Z Cr(y)/r(a) © Oy~ @7 (pt, w)

i=1 y€(X2)(0)
where ‘pt’ is the unique point of X (4). The property comes then from
reciprocity for each X¢,. 0O
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4.2. Pushforward.

Let f : X — Y be a morphism of finite type and £ a line bundle
over Y. For every z € X, f induces k(f(z)) — k(z) which is an algebraic
extension of finite degree if dim(f(z)) = dim(z). For a point y € Y, let us
define

(fo)y Cons(zf “®,Z) — Cons(yr™, 7).

Put (fo)} = Cr(a)/n(f(x)) f Yy = f(z) and dim(y) = dim(z), (f.); = 0 else.
We obtain for each n,

(f*)n : Cn(Xa f*L) B Cn(Y"C)a
(fe)n : ACL (X, f*L) — AC,(Y, L).
It is functorial: (go f)x =gs0 fuifg: Y — Z.

ProrosiTioN 19. — If f is proper, f. commutes with the boun-

dary 8. Thus f induces morphisms (fi)n:Hn(X,f*L) — H,(Y,L) and
(f)n:H2(X,f*L) — H2(Y ,L).

Proof. — First assume that z € X is such that f(x) is of the same
dimension, and let z be a specialization of f(z) of codimension 1 and

Y1,---,Ym the specializations of x of codimension 1 such that f(y;) = z.
We have to compare Y7, (f.)¥ 0% and 85(9”)(1"*)32(@).
m

(FO205 = Cntyyintz) D Chn/n(y)0B5
i=1

=1 BeB.(y.)

3zf(x)(f*)?(x) = Z Chp /r(2)TB C(z) /n(f(z))-
B'€Bj(a)(2)
Using Lemma 17, we have to show for each B’ € By(,)(2) the equality:
Ckp//r(2)9 B’ Cr(z)/r(f(2)) = ZCN(yl)/N(Z) Z Ckp/r(y,)9B-
i=1 BEB,(y.)NBy/
But for B € B, (y;) N Bg: = B;, we have

Cr(y.)/k(2)Ckp /w(y) = Ckp/w(2)Ckp kg

and

m

> o /m@ (D Chu/mw)TB) = Chpi/n(z) D D Chp [k TB-

i=1 BeB, i=1 BeB,
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Then it is enough to show

m

D D ChaskpTB = OB Cu(a) n(f(a)-
i=1 BeB,

This comes from Lemma 8.

Second case: we assume now that dim(f(z)) = dim(z) — 1; then
(fe)f) = 0. Let z = f(z). We have to show that }°, s(f.)405 = 0 (%)
where S is the set of gecializations of x of codimension 1 whose image
is z. Restricting f to {z}, we obtain a proper morphism still denoted by
f: {z} — {z} and the computation of (*) is exactly the same. Now each
y € S belongs to the fibre

U= {?}n(z) = {z} X5 Spec(k(z)) 7, Spec(k(z))

and (Oy)y = (Ov)y and y € S & y € Uygy. Thus we have to show

Zye Uy CR(y)/(2) © 0y = 0. This is exactly reciprocity for the proper
integral curve U on k(z).

In the third case, i.e. if dim(f(z)) < dim(z) — 1, we have (f,)%.,) =0
and for each specialization y of = of codimension 1, dim(f(y)) < dim(y) —1;
then (f*)?(y) =0. O

4.3. Pullback.

Let X, Y be schemes of finite type over R. Let g : X — Y be a
smooth regular morphism of relative dimension p. Let £ be a line bundle
over Y. Then (cf. [9], (4.2.1)) for each z of dimension n + p, we have a
canonical isomorphism

¥4 ~ OP
Dy (@) = Q) /ey

But we have a restriction for such points (cf. §2.2)

—

Ta)/nlg(e)) * Cons((g(a)F )N, Z) ~— Cons(ar'>, Z)
where H, = g*L() ®p(z) Qi(x)/m(q(w)). Thus we can define a morphism
9" Cr(Y, L) — Cryp(X, g*ﬁ@Qf’;{/y)
by the formula (g*)z(w) = Ty(a)/r(g(z)) a0d (g%)% = 0 if g(z) # y.

We have then (¢9*) : AC,L(Y,L) — ACn4,p(X, "L ® Q’)’(/Y). If
¢’ : Y — Z is another smooth regular morphism, then (¢’ o g)* = g* o ¢’*

(cf- [S))-
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LeEMMA 20. — Consider a Cartesian square:

YxxZ -2 7
f[ lf
y — 2 . Xx

where g is smooth of relative dimension p. Then we have g* f, = f.g'".

Proof. — Let z € Zyy, y € Yuyp. If f(2) # g(y), we have
(g*){:(z) =0, and on the other hand for each u € g’ (2), we have f'(u) # y
thus (f/)% = 0 and then (¢*f.); = (fig'"); = 0. Now if f(2) = g(y) = =,
then z is n-dimensional as dim(z) < dim(z) and dim(y) < dim(z) +p (g
is smooth of relative dimension p); k(z) is then an algebraic extension of
finite degree of k(z). As the constructions of pullback and pushforward
are local, we can replace respectively X, Z, Y, Y xx Z by Speck(z),
Spec £(z), Spec £(y), Spec k(y) ®x(z) k(2) and the property comes directly
from Lemma 4. O

ProposiTiON 21. — If g: X — Y is étale, g* commutes with the
boundary 8. Thus g induces pullbacks ¢g*: H,(Y,L) — H,(X,g*L) and
g*H2(Y,L) —» H2(X,9*L).

Proof. — Let y € Y(,), T € X(n—1), 2 = g(z). Let S be the set of
points of g~!(y) of codimension 0 specializing to z. Then we have

(6" 002 = (@200 and (0x o)t = (X ox)” (6"

z'€S
If z is not a specialization of y, (¢*)Z = 0 and S is empty thus everything is
zero. Then assume z > y; this is actually a specialization of codimension 1
as dim(z) = dim(z) (g is étale). We still can replace Y with {y} and X
with X xy {y}. We also can assume Y normal; indeed let  : Y =Y the
normalization; in the Cartesian square

XXy
Y

~ ’
y -2,

7 =

g9
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we have from Lemma 20, g*7, = m, ¢’". Thus

T (0z09"") = dx(n, 0g"") = (Oxg")m,
T (9" 0 85) = (¢"1.)0y = (4" Oy ).

(using the commutation of boundary with pushforward). As for § € 7~ !(y)
and Z € 771 (), (m)¥ = c(g)/n(y) a0d (T)E = ¢(3)/n(z) are isomorphisms,
it, is enough to show that (97 o g'*)% = (¢ 0 95)Y.

So assume we are in the case whereg: X - Y = {?} is étale with Y
normal. Let B = Oy, and B’ = Ox ;. The scheme Y = Spec B with
the structure inherited from Y is integral of dimension 1. It contains the
points z and y, and we have clearly (Jy)j = (Jz)y, thus we can replace Y
with Y'; we can also replace X with X =SpecB’. The ring B is a discrete
valuation ring, and B’ a local ring of dimension < 1. Let § : X — Y
be the morphism induced by g; it is flat and non ramified, thus B’ is also

a discrete valuation ring; X = {2’} and (9" 0 Oy )¥ = 7y(z)/x(z) © 0B and
(Ox 0 g*)¥ = 0B © Te(a)/x(y) @and the equality comes from Lemma 9. 0O

Cororrary 22 (Long exact sequence). — Let F a closed Zariski
subset in X, U = X \ F. Assume that o0 = 0 for 0 = Oy and Or. Then
we have exact sequences:

= r+1(UaLIU) I HT(FvEIF) — H.(X,L) — HT(U,ﬁlU) ey,

- = HX (U Lyy) — HX(F,Lyp) — HI(XL) — HX(U,Lyjy) — -
Proof. — Let i : F— X and j : U — X; we have exact sequences:
0 — Cu(F, £15) - Co(X, £) 25 Co(U, £1) — 0,

0 — AC,(F, L1 5) -5 AC.(X, £) L5 AC, (U, £1y) — 0,

and the commutation of boundary with ¢ and j gives the long exact
sequences. O

ProrositioN 23. — If g: X — Y is smooth of relative dimension p,
g* commutes with the boundary 0.

Thus g induces morphisms

g* : Hn(}/a E) — n+p(Xag*‘C)7 g* : Hzc(Ya E) — H?S (X’g*c)

n+p
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Proof. — There exists an open covering {U;} of X such that gy,

factorizes under the form
U, = Af, =Al xY Ly
where the g; are étale and ¢ is the projection. As g, commutes with
the boundary and the pull-back is functorial, it is enough to show that
qo 0 = 0oq. But q factorizes also in
Al —>A§’/_l — e A} — Y

and as Ak = Alk . and the pull-back is functorial, we can assume that
pzl,thatlsq.XzA%/HY.

Let now y € Y(y), * € X(n), 2 = q(z) such that y > z (else everything
is zero as in the proof of Proposition 21). If z = y, we have also

(@0t = ()@ =0 and (Gxoq=( 3 ox) (@) =0
=’ €X (nt1)
q(z")=y
as 95 = 0 if dim(§) < dim(n). Assume then that z # y. Then z € {?}(1)
As in the proof of Proposition 21 we can consider Y = {y_} normal, thus
B = Oy,, is a discrete valuation ring. If we consider the commutative
diagram

AL <, Spec B

1)

AL, —2 Y

we have f'(AL) = ¢ '(f(Spec B))) and for u € AL we have a canonical
isomorphism OA;’f,(u) o OA}WA this enables us to identify

Cons ({ul@)" €N 7)) with  Cons({(f(u))? £ Y 7),

and with this identification, we have for each u such that ¢(u) =y, (a1 )z =
(Oa1); and then (9p1 0g*)¥ = (Opy o¢’ "¢ and (¢*08y)Y = (¢ 0 Ospec B)Y;
now we just have to consider q: “AL = Spec B[t] — Spec B, with y the
generic point of Spec B and z a closed point. If 7 is the generic point of
q~1(2) = Speck(2)[t], Oy, is a discrete valuation ring and B — Oy ,, is
non ramified, and we finish the proof as the one of Proposition 21. O

Remark. — The proofs of Lemma 20, Proposition 21 and Proposi-
tion 23 come directly from Schmidt’s [S] analogous proofs.
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4.4. Homology of projective and affine spaces.

ProrosiTion 24 (Homotopy property). — Let £ be a fibre bundle
over a scheme X. Let m: A%y — X. Then

W*:HP(X"C) - P+n( }7911} ® W*L)’
T HA(X L) — H3S, (A% Qfy ® L)

are isomorphisms.

Proof. — As 7 can be decomposed into

Ay — AV — o — ALY — X

and as A% = A}v‘l , with an induction it is sufficient to show the property
X
forn=1.
Foreachz € X, 7 !(z) = A,l;(x) and we have for each p,
B = U Briov U &)
€X(p) T€X(p-1)

where &, is the generic point of A}Q(z). As

Co(Ak) = P Cons(al,2),
=’ €(AX) )
we have
(1) Cp(Ay) = @ CO(A,lg(x))@ 69 CI(A}@(E))-
IGX(p) mEX“,,l)

—

In fact Cl(A};(z)) = Cons((&z)r, Z). As

#(&:) = w(z)(u) and Q}\}l{( _)(fz) = Qflq/(z)(u)/m(;c)?

x

Ql
we can write C; (A}{(I), Q}*i(z)) = COHS((ZH(";;E;?/N(E))/\7 7). Write

T€X(p) T€X(p-1)
°: P AL, — €D ColAly)
2E€X(p) €X(p)

where 91 = 0! + 8° in restriction to @xex(p) Cy (Ai(z)).
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We have 8° = @, . X 8A1( ) from the definition of the boundary.

On the other hand as w is smooth of relative dimension 1, from
Proposition 23 we get 7* 0 9x = Op1 o m*. We have

@ Cons(];r’ @ COHS K';(;(),,(:)/K(I)) ,Z)

z€X(p) T€X (p)
and also Op1 o7* =0 o + 37
following lemma:

041 om*. For each x, we have the
T€X(p) TAy(ay ’

LEMMA 25. — The sequences
— * ol
0 — Cons(z,,Z) — Cons((zﬂ(ng;)rzsy/m(m))/\,Z)
0,1
'c(a:)
CO( K’(z)’ﬂki(m)) — 0’

0 — AlgCons(z,,Z) AN AlgCons((ES(‘;)’();’;)/“”))’\,Z)

9,

A
—, ACH(AL ), % ) —0

(@)2°"AL 4y

are exact and split.
In particular 6A3( om* = 0! ox* and 7* is injective, thus
Ker(dx) = Ker(n* 0 dx) = Ker(d" o 1),
7 (Imdx) = Im(7* 0 dx) = Im(0* o ).
We have a canonical morphism
7* (Ker(d' o 7*))/Im(8" o *) —> Ker(0a1 )/ Im(O1 )
where Im(8! o 7*) C 7*(Ker(d' o *)) C Deex, Cr(Ay Qs )

@)
and Im(9p1 ) C Ker(9a1) C Cp(Ak, Q). From the preceding, and as
X

Ker 0x ~ m* Ker Ox, the property holds if i is an isomorphism.

It is surjective: take C' a cycle in Cp(A%) decomposed in Cy + Cy
in (1). From Lemma 25, 8° is surjective, thus there is D € Cpi1(Ak)
such that BA;{ (D) = E1+ Cy; put Fy = C — 8A§( (D) = Cy — E4, then
8A§{(F1) = 0 as C is a cycle, thus from the exact sequence of the lemma,
Fy € 7*(Ker(8' o 7*)), and we have i(F;) = C.

It is injective: take C = C; + 0 € 7n*(Ker(d"* o 7*)) such that
C € Im(d" o ) (i.e. i(C) = 0); thus C = a1 (D) with D = Do + Dy,
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and from surjectivity of 8°, O (E) = Fy + Do with E € Cpyr (AL). Then
D — 91 (E) = Dy — Fy, and 8A1 (D - OaL (E)) = C = (1, which implies
D—0p (E) € Ker 8°, which also belongs to Im 7* from the exact sequence;
this means C belongs to Im(9' o 7*), and C = 0.

The proof is the same for the algebraically constructible homology. O

Proof of Lemma 25. — Put F = k(). Fix a transcendence basis
V1,...,Um Oof F over R, and put w = dvy A ... Adv,, € QF/R, let
T=duy A...Ady, Adu € Q?JS/R A point y of (AL)() is the ideal
generated by a monic irreducible polynomial P, of F[u]; let t, be the image
of Py in By = Flu](p) = Oy y; this is a uniformizing parameter of By;
then dt, = e, du with e, a unit of B,. On the other hand for each y,
V1,...,VUm I8 a transcendence basis of k(y) over R; we still denote by w the

image of w in Qﬁm(y)/R.

Using shrinking isomorphisms with these coeflicients, it is sufficient
to show the exact sequences

TF(u)/F

0 — Cons(EF,Z) Cons(Xp(u), Z)

-4, @ Cons(Z(y),Z) — 0,
y€(AL) (o)

TF(u)/F
_—

0 — AlgCons(Xp,Z) AlgCons(X p(y), Z)

&, @ AlgCons(X(y), Z) — 0.
yE(AL) (0
The application d is defined by d,(¢) = o, (signt, - ¢); d' is %d.
Clearly 7p(y),F is injective in both cases.

Then ¢ € Kerd (or Kerd' in the second case) if and only if ¢ is
constant on the fibres of X,y — XF; indeed let a € X; assume ¢ is not
constant on the fibre of o (which is isomorphic to X (4)(u))-This implies that
there exists a € k() such that ¢ take two different values in the orderings
ay and a_ of k(a)(u) (i.e. the pullbacks of the ordering of x(a) by the
valuation ring x(a)[u](u—q), positive and negative for u — a). Let P be the
minimal polynomial of a in the extension F' — k(«a), and y = (P). Let 3
be the ordering of F(a) induced by the inclusion F(a) — &(c). Then a,
and a_ are the pullbacks in F(u) of 8 by the valuation ring By, positive
and negative for t,. Thus d,¢(8) is non zero. In the same way d,¢(3) is
non zero.
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On the other hand we have retractions p and p' of 7p@)/F:

p(#) = diw)(L{ucopp) if ¢ € Cons(Ep(u), Z) and p'(p) = d(,y (2 X L{u<o})
if ¢ € AlgCons(Xp(y),Z). Clearly ¢ is constant on the fibres if and

only if o = (rp()/F) © p)p.

Thus Kerd = Im7p(,)/r and Kerd' = Imrg,)/p.

Let us show that d is surjective: by linearity, it is sufficient to show
that for a fixed y and ¢ = 15,50, 5.>0p With f; € k(y), there exists

¥ € Cons(Xp(y),Z) such that dy(v) = ¢. As k(y) = F[u]/(P,), we can
choose pullbacks of the f;’s in F[u], still denoted by f;.

Consider the formula

dzq,- -+, Jzy, {2:1 <...<zg<wuand Py(z;)=0forj=1,...,¢
and fi(z;) >0forj=1,...,andi=1,...,k
and V¢ (£ < uwand P,(§) =0and f;(§) >0
fori=1,....,k) = ((E==z0r ... orf:xg)}.
This formula is equivalent in the theory of real closed fields to a formula

with parameter in F[u], thus this defines a constructible set Cy of X p(y,). If
deg P = n, then Cy,. .., C, form a constructible partition of ¥z (,). Put

=3 L,
=1

Let us compute dy(¢): let a € X,y such that f,(a) >0 fori =1,...,k;
let 1,...,z, be the roots of P, in k(). The ordering a corresponds to a
root z; of P, (c¢f. [BCR], Proposition 1.3.7). The pullbacks 34 and G_ of o
in F(u) for By are in fact the pullbacks of the ordering of x(a) in k(ca)(u)
by the valuation ring x(a)[u)(y—z,), positive and negative for v — z;. Thus
if B_ is in C, then B4 will be in Cyp41 (the root x; passes under u). Thus

dy(¥)(@) = ¢(B4) —Y(B-) = (€+1) —£=1.

If aisnot in {fy > 0,..., fr > 0}, then 3, and B_ are in the same Cj, thus
dy(1)(a) = 0. Thus dy(v) = .

At last, d’ is also surjective: take ¢ = sign(f) € AlgCons(X,(,),Z),
with f € F[u]. There exists a quadratic form on F(u) whose signature
counts

#{¢ real root of P, | f(£)(u—¢&) > 0} —#{¢ real root of P, | f(£)(u—¢&) < 0}
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(see for example [KnS]). Let ¢ be the signature of this form. Then
d,(¢) = . Indeed if « is such that f(a) > 0, passing from 8_ to f,
the root z; passes from the set {£ | P,(§) =0, f(§)(u — &) < 0} to the set

{€1Py(§) =0, f(€)(u—¢) >0}, ie
Y(By)=(+1)—(r—i—1) and $(B_)=1i—(r—1i)

thus d (¢)(a) = 1; if f(a) < 0, it is the contrary and d} (¢)(a) = —~1.
Finally d; () = sign(f).

a
ProprosiTiON 26 (Homology of projective and affine spaces). — For
0 < p < n we have:
" Cons(Xp,Z) ifp=mn,
(o) = {
0 else;
AlgCons(Xg,Z) ifp=n,
HaC An —
P (A7) { 0 else;
Cons(Xg,Z) ifp=0orp=nandn odd,
H,(P%) = ¢ Cons(Xg,Z)/2Cons(Xg,Z) ifpoddand( <p<n,
0 else;
H () = {AlgCons(ZR,Z) ifp=0o0rp=n andn odd,
else.
When R is real closed,
Cons(Xg,Z) = AlgCons(Xg,Z) =Z
and we recover Borel-Moore homology of R™ and P,
Proof. — For affine spaces, this follows with an induction from

homotopy property.

For n = 0, Ho(P%) = Cons(Zg,Z) and HZ*(P%) = AlgCons(Xg, Z).
Next we use an induction on n: consider in P} an hyperplane at infinity
identified with ]P’z_1 and apply the long exact sequence and the results
for A% = P% \ P%'; we obtain on one hand H,(P%) = H,(P% ') and

)
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H*(Pg) = H;“(Pz_l) for p < n — 2 and on the other hand the exact
sequences

(o7

0— Hn(PTILz) — Hn(A?%) — n—l(P?{_l) — n—l(]P”}lz) — 0,
0 — H2(Py) — H2(AR) 25 H2  (PRY) — H2 | (P}) — 0.

If n = 1, clearly Ho(PL) = Cons(Zg,Z) and H§(PL) =
AlgCons(Xg,Z) and the exact sequences give H;(PL) = Cons(Zg,Z)
and H°(P},) = AlgCons(Zg,Z).

If n is odd and strictly greater than 1, from the induction hypothesis
we get H,—1(Pp ") = H2 (P ') = 0 thus H,(P}) = Cons(Zg,Z) and
H2°(P%) = AlgCons(Xg, Z) and H,_1(Pg) = H3 (P}) = 0.

If the homogeneous coordinates on P} are (Xo : X7 : ... : X,,), put
x; = X;/Xo; if K(PP}%) is the function field of the variety P%, then the image
of the function 9 : ¥z — Z by the isomorphisms Cons(Xg,Z) — H,(P})
and AlgCons(X g, Z) — H2°(P%) is ¢ such that @z, A Ade, = TK(P2)/RY-

If n is even, take ¥ € Cons(Xg,Z) and the associated cycle € of A%,
i.e. €dziA...Adzn = TR(z1,...,zn)/RY- To compute its boundary as a chain
in P}, put 2, = X;/X; and take the (n — 1)-form daj A ... A dz), on PR~}
(the homogeneous coordinates of P% ! are (X; : ... : X,)); this is the
Poincaré residue of

1/z)dzh A ... Adz!, Adxly = (=1)"z" 2dzy Adza A ... Adz,.
0)dTy n 0 1

As n is even, this is always equivalent to dz; A ... A dz,,. Then computing

the boundary of £ we obtain 2¢’ where §(’iz,2/\m/\dz," = TK(PZ_x)/R'(p.
Thus a : Cons(Xg,Z) — Cons(Xg,Z) is the multiplication by 2 and
B : AlgCons(Xg,Z) — AlgCons(Xg, Z) is the identity. a

5. k-algebraically constructible homology.

Once again, R is not necessarily a real closed field.

5.1. The cycle module AC(K).

If K is an extension of R, denote for each integer k£ > 0,

ACK(K) ={¢: Tk = Z/2Z |
3¢ € AlgCons(Sk, Z), ¥ = 2¥p mod 2511}
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where
ko _
2k<p:EK—>Z:ou—>{2 if pla) =1,
0 else.
We also have

ACK(K) ={¢: Tk — 2k, )2k 17 |
34 € AlgCons(Ek, Z), ¢ = 1 mod 251},

For k < 0, .ACk(K) =0.
Still an other way to see AC(K) is the following: let

Ey(K) = {y € AlgCons(Xk,Z) | 2* divides ¢}.

Then the E;(K)’s make a filtration of AlgCons(Xk,Z), and @, ACk(K)
is the graded ring associated to it.

In this way we can see @, ACy(K) as the “signature” of the
graded Witt ring of K. Indeed let I(K) be the fundamental ideal of
the Witt ring of K, i.e. the ideal of even forms. The graded Witt ring
is @, I*(K)/I***(K). A conjecture of Lam, proved by Dickmann and
Miraglia from Voevodsky’s results (see [DM]), says that the elements of
Ey(K) are signatures of elements of I*(K). Thus we have a “signature”
morphism between the graded Witt ring and €, ACk(K).

PrOPOSITION 27. — Let ¢ € Cons(Xk,Z/2Z). Then ¢ € ACL(K) if
and only if ¢ is a sum of characteristic functions of k-basic constructible
subsets of X (a constructible set in Xk is k-basic if it can be written
{a € Xk | fi(e) >0,...,fs(a) > 0} where f; € K). Consequently:

1) ACy(K) = Cons(Xk,Z/27) for k > s where s is the stability index
of K (the stability index of K is the least integer s such that every basic
set of Lk is s-constructible);

2) ACy(K) = {0,1x, mod 2};
3) AC1(K) = {3 (1 +signf) mod 2| f € K*};
4) ACk(K) C ACk41(K) for each k.

Proof. — It comes from the fact that I*(K) is generated by the
k-Pfister forms {{a1,. .., ax)) whose signature is 2k1{a1<0““’a"<0}. O
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ProposiTioN 28. — Let AC(K) = | |z ACk(K). Then AC, together
with the following data, is a cycle module (see [R]):

(D1) Ifi:K — L, we have
iy =11k AC(K) — AC(L)

of degree 0 given in the following way: for ¢ € ACk(K), i« = poi* where
i*:EL g EK.

(D2) Ifi:K — L is an algebraic extension of finite degree, we have
= CL/KZAC(L) — AC(K)
of degree 0 given by for p € ACk(K), i*p(@) = 3. ()= P(7) fora € Ep.

(D3) For each field L, we have a structure of K,L-module (Milnor K-
theory) defined for a1, ... ,an in L and ¢ € AC(L) by

{alv cee 7an} P = 1{a1<0,4..,an<0}(p'

The product respects the graduation, this means that K,L - ACy(L) C
ACk+n(L)'

(D4) Ifw is a discrete valuation on K, with residue field k(v), we have
By: AC(K) — AC(x(v))
of degree —1 given by: for ¢ € AC(K) put
Oy = p(B+) + (B-)

where (B4 and [(_ are the two pullbacks of a € X.) through v.
In this case we also put, if t is a uniformizing parameter of v,

st: AC(K) — AC(k(v)): ¢ — Oy({—t} - ).
Proof. — The structure of K, L-module is well defined as

1{ap<0} = L{a<o} + 1{p<oy mod 2
(corresponding to {ab} = {a} + {b}),

1ia<o}l{i—a<o} =0
(corresponding to {a}{1 — a} = 0) and

2n]-{zn <0,...,an <0} = Sign«aly ) an»

which is algebraically constructible .
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To prove that this is a cycle premodule, we have to verify the assertions
(R1)—(R3) of [R]. Assertions (R1a,b) and (R2a,b,c) are straightforward. The
proofs of (R1c) and (R3b) are analogous to the ones of Lemmas 4 and 8.
Moreover

(R3a) Leti: K — L, v a discrete valuation on L, w the restriction of v to
K, 7: k(w) — k(v) induced by i, e the ramification index; let o € X,(,),
v € ACK(K). If e is even, the two orderings pullbacks of a in L extend the
same ordering on K, thus (8, o i,¢)(a) = 0. If e is odd, the two orderings
restrictions of the pullbacks of « in L, are the same as the two pullbacks of
the restriction of @ to k{w), thus (8, 0 1.p){a) = 7. 0 Ap(a). In both cases
we have 9, 07, = €.7, 0 Oy.

(R3c) ¢ : K — L, v valuation on L which is trivial on K. Then for each
ordering « on k(v), the restrictions to K of the two pullbacks of « in L, are
equal and then 8, o i, = 0.

(R3d) With the same conditions, if ¢ is a uniformizing parameter of v, then
st(¢)(a) = ¢(B+) where B, is the pullback of o in L such that t(a) > 0,
thus we have st 0, =1,

(R3e) If v is a valuation on K, u a unit of O, then for ¢ € ACy(K),
O({u} - ) = {u} - 9,(p) as the sign of u for a pullback of an ordering
on k(v) is the sign of @ for this ordering.

To prove that this is a cycle module, we have still to show that AC
verifies (FD) and (C): let X be an excellent scheme, z and y points of X,
we define 07 : AC(k(z)) — AC(k(y)): let Z = {z} and 7 : Z — Z the
normalization of Z; if y is not a specialization of z of codimension 1, 8§ = 0;
else O = 3 sc.—1(y) Cr()/ny) © Oy (if vy is the valuation associated to 0z
and 9y := 0,,). The proofs of (FD) and (C) are analogous to the ones of
Lemma 11 and Proposition 16. O

5.2. Consequences.
The following properties come directly from [R]. We obtain as in [R],
complexes (C2¢(X), ) and (CF~2¢(X), 8*) given by

C2(X) = @ AC(k(z)), CE*(X)= €D ACkn(k()).

ZEX(n) TEX (n)

The pushforward for morphism of finite type f : X — Y is defined by
fo 1 CR2(X) — C3E(Y) is such that (f.)f = ce(z)/n(y) if ¥ = f(x) and k(z)
is a finite extension of x(y), 0 else.
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For g : Y — Y a morphism of relative dimension p, we have a pullback

g* : CzC(X) - C?L(-:}-p(y) putting (g*); = a; *Tr(z)/k(y) if g(y) =z,0 else,

where ay is the ramification index of g in z.

Then (f'o f)« = fio fs, (9og) =¢" 0g", g0 fu = flog  ina
Cartesian square

Yxx2Z -2 7
fl P
y —2 . Xx

(¢f. Lemma 20).

If f is proper then f, commutes to the boundary. If g is flat then g¢*
commutes to the boundary.

Homotopy property: if 7 : V — X is a n-dimensional affine bundle,

then * : H*—2¢(X) — H¥*P)=2¢ (/) i5 a bijection.
P n+p

ProposiTion 29 (Long exact sequence). — For any closed subscheme
F of X, for each integer k we have an exact sequence

= HEF(X\F) — HP7*(F) — Hy7*(X) — HF7*(X\F) — .

ProposiTionN 30 (Homology of affine and projective spaces). — For
0 < p < n, we have:
v am ACyin(R) ifp=mnandd> —n,
e (ay) = { |
0 else;
0 ifp < —d,
e p
ACq1p(R) else.
In particular if R is real closed, we get:

s Z/27Z ifp=nandd> —n,
i(a) = {

0 else;

0 ifp < —d,
(e = { ’

Z/2Z else.

Proof. — For affine spaces this is a consequence of homotopy property.
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For n = 0, Hg_aC(IP’%) = Z/2Z if d > 0, 0 else. Next we use an
induction on n: consider in P} an hyperplane at infinity identified with
]P’T;{l and apply the long exact sequence and the results for A% = P’é\ﬂ”é‘l;
we obtain on one hand HZ~2¢(Pp) = HZ *¢(P} ') for p < n — 2 and on
the other hand the exact sequences

0 — Hi ™ (PR) — Hy *°(A%) — Ha 3 (PE') — HiZ1°(PR) — 0.
This gives:
o ifd < —n, H&=2¢(P) = 0 and HE2(PR) ~ HEZ2(PE 1),
o ifd=—n, HSV7*(P1) = ACo(R) and H. PV 7*°(Py) = 0;
e if n > —d, the exact sequence is

0 — Hi *(Pk) — ACqn(R) = ACarn-1(R) — H Z3*(PR) — 0.

As a = 0, we obtain finally H2¢(P%) = AC,14(R) and HIZ2°(P3)
ACpya_1(R).

o

5.3. Case of varieties.

As in Section 3.2 we will consider R real closed and X as an algebraic
subset of RP. Then

Cr(X) = @ ACkin(s(V)).

VEX(n)

If d = dim(X), we have C¥~2¢(X) =0 for k < —d.
We have an injection C¥~2¢(X) — C,(X,Z/2Z); Property 1 implies
that C¥—2¢(X) = C,,(X,Z/2Z) for k > 0. The boundary

ak . ClrffaC(X) _ k—aC(X)

n—1

is calculated in the following way: for V € X,y and W € X ,,_1) such that
W CV,for p € ACkin(k(V)) and a € V,, we have

N =3 D e®).

BeBy (W) EB'K:(V)

It is easy to show that the homology of the complex C. (X, Z/2Z) (and thus
the one of all the complexes C¥=2°(X,7Z/2Z) for k > 0) is Borel-Moore
homology with coefficients in Z/2Z. The complex C.(X,Z/2Z) is the
complex of Corollary 3.2 of [Sch].
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On the other hand we have for each n and k, an inclusion
Cck-ac(X) — Y72 (X) commuting to the boundary 8% and if
HEF~3¢(X) denotes the homology, we have for each non negative integer k,
a sequence of morphisms:

0 — H](c‘k)_aC(X) N Hk—(k—l)—aC(X)
NN H}g*aC(X) = H;—aC(X) = ...

Let V be an algebraic subset of dimension & in RP. The fundamental
class of V in HEM(V, Z/2Z) is the class of the cycle given by the sum of the
k-simplexes of a semialgebraic triangulation of the Alexandrov algebraic
compactification of V' compatible with “the point at infinity”. If V C X,
we have a morphism

i : HBM(V,2/22) — HEM(X,Z/27).

The algebraic homology H;lg(X ,Z/27Z) of X is the subgroup of
HBM(X |, Z/2Z) of the classes of the i,[V] for V € X4 (cf. [BCR], §11.3).

ProprosiTioN 31. — Let X be a d-dimensional algebraic subset of RP.
We get a surjective map H,E_k)_ac(X) — HY&(X,Z/2Z); this is injective
if k = d or 0, or if X is defined over R, non singular and compact and
k=d-1.

Proof. — We have

(X)) = € ACo(k(V) = @D {0,1v, }-

VeX (k) VeX(x)
All the elements of C,(c_k)uac (X) are cycles and we have a surjection
O (X) — (X, 2/22),
1y, — 4, [V].

If k = d, there is no boundary and this map is injective. If k£ < d,

iV (x)= P ACi(s()

TE€X (k1)

D {101 +signs) mod 2| f € n(2)*}.

z€X (k1)
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The map is injective if for each irreducible (k + 1)-dimensional
algebraic subset V of X, and for each k-dimensional irreducible algebraic
subset Wi, ..., W,, of V verifying > ', [W;] = 0, there exists f € x(V)*
such that 8(1 +sign f) = >, 1w,,; if V is defined over R, compact, non
singular, this is true from Proposition 12.4.6 of [BCR]. In particular, if X is
defined over R compact non singular and k = d — 1, the map is injective. O

Remark. — If X is singular, the map may be non injective. For
example consider the algebraic subset A of P!(R) x R? given by the
equation

ug(zuy — y?uy — 2yzug) =0

(where (ug : up) are the coordinates on P!(R) and (z,y) the coordinates
onR?), then H\"Y72°(4) — H™$(A, Z,/2Z) is not injective. Indeed consider
the following subsets of A:

A = {((1: w)(z,y)) € Al erz > 0,69y > 0},
A% = {((0: 1)(z,y)) € A| e1z > 0,29y > 0}.

The set A can be seen as a fibration over a circle whose fibres are two
orthogonal lines, the situation turning of a quarter following the circle; we
add the plan containing the two lines over a point of the circle ( “co point”).
We can visualize for example AT* on the following drawing:

) .

-

Then the class of P1(R) is a boundary for Borel-Moore homology:
for example this is the boundary of the 2-chain [ATT] + [AZ']. But this is
not a boundary in (—1)-algebraically constructible homology: assume P is
a polynomial of A changing sign passing through P!(R) (and only there);
if P changes sign between AT and A, then it also changes sign between
At~ and A~*. Then (1 + sign P) = 2[P}(R)] is zero.
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Example: complement of an hypersurface in R™.
Let H be an algebraic hypersurface in R™ and X = R™ \ H. The long
exact sequences give for —n < k < 0:
0 — Z/2Z — HF (X)) — H¥>°(H) — 0
— HpZ3%(X) — HpZ5°(H) > 0 — -
c— 0 — HF?(X) — H{*(H) — 0 — HE (X)) - 0.

We obtain:
o Hy™*(X) =0
o HY(X) = HEZ2(H) forn—12p >
o« H¥2(X) = )22 & H*=*(H).

In particular we recover:

o HPM(X,7Z/27) = (Z/2Z)% where d is the number of closed bounded
semialgebraically connected components of H;

o HBM(X 7,/27) = (Z/2Z)¢ where c is the number of semialgebrai-
cally connected components of X.

Moreover, we obtain:

o H("0I7ee(X) = (7/22)¢+! where e is the number of irreducible
components of H;

. H,(,_p)_ac(X) =0forn—-1>p>1;
o H™M™*(X) = 2/22Z.

This gives entirely the homology of X in the case where X is the
complement of a curve in R2. For example if H is the curve of equation
y? = 23

o HPM(X,Z/27) = H'8(X,Z/2Z) = 0;

o HBM(X,7,/27)) = 7,)27 — H ™V 7*(X) = HY8(X,Z,/2Z) = 0;

« H3M(X,72./27) = (2/27)3

= Hy”V7(X) = (2/22)°
— HY8(X,7,/27) = 7./]2Z.
If we replace H with the union of a line and a circle, we obtain a

set semialgebraically homeomorphic to the preceding one, with the same
algebraic homology, but HS™V7™°(X) = (Z/2Z)3.

— z, we obtain:
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6. Lagrangian semialgebraic chains.

Let X be a n-dimensional real algebraic smooth manifold and
m : T*X — X the cotangent bundle. If (z1,...,z,) is a local coordinate
system of X and (z1,...,Zn,&1,...,&,) is the associated coordinate system
on T* X, the canonical 1-form on T* X is

n
a=ax =Y &dr: T"X — T*T*X.

i=1

Then T* X is oriented by the (2n)-form

()M V/2(da)" = dazy A ... Adz, AdEr ... AdE,.

6.1. Chains with coefficients in wp«x,x.

If f: X — Y is a morphism of smooth manifolds, we denote by wx,y

the sheaf A” Q) x/y (where d = codim(Y, X)). A Lagrangian semialgebraic
chain is an element in Cn(T™X,wr-x,x) whose support is generically a
Lagrangian submanifold of T*X (c¢f. [KS], Chapter 9 and Appendix A2).
L(X) is the set of Lagrangian semialgebraic cycles.

We have canonically wr«x ~ mxwx ® wr-x/x and wr~x =~ Op+x
so we get a canonical isomorphism 73 wx ~ (wr-x/x)*. Choosing a form
gives an isomorphism T} wx =~ Wr«x/x-

Remark on the use of coefficients. — If Z is a smooth m-dimensional
irreducible algebraic variety, and z is the generic point of Z, we have
wz(z) = QNm(Z) /R If Z is a subvariety of a smooth algebraic variety Y, and

if D is a line bundle over Y, then z?(z) = z:)Z®D!Z(z). Let s be a section of

the sheaf wz ® D|z on a Zariski open subset U of Z. Then s determines an

element of wz ® D|z(z). If ¥ : 2, — Z is a constructible function, then v

and s determine an element C of Cons(z> (Z),Z). We shall say that C is
given by the function ¢ and the coefficient s € wz ® D|z(U) (and even to
simplify s € wz ® D). If the function 1 is associated to the function 1g for
a semialgebraic subset S of Z, we shall say that C' is the chain of support S
and of coefficient s € wz ® D.

If Z is not smooth, take Zy a Zariski open subset of Z such that Z,
is smooth, and zy the generic point of Zp. Then wz,(zp) > Q7 r and we
use sections of wz, ® D)z,
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Geometrically a Lagrangian semialgebraic chain may be seen in the
following way: we have a partition of the support in semialgebraic subsets
such that the n-dimensional strata A and the mx(A) are orientable; then
to a couple (oa,0r,(a)) Where op is an orientation of A and o, (a) is
an orientation of mx(A), we associate an integer; the sign of this integer
changes if we change one of the orientations, it does not change if we change
both orientations.

If there exists an isomorphism wy =~ Ox (this means if X is
orientable), £(X) can be seen as a subgroup of C,,(T*X), this means that
a Lagrangian semialgebraic chain consists of oriented Nash Lagrangian
submanifolds of 7% X with integers.

Example (cf. [KS], Remark 9.5.8). — Let Y be a Nash submanifold

of X, given by the equations z; = --- = x, = 0 where z1,...,z, are local
coordinates on X. Let (z1,...,Zn,&1,-..,&,) the associated coordinates on
T*X. Then [Ty X] is the chain whose support is

Ty X = {(x’g) | z; :...:zrzgrﬂz...:gn:o}

and whose coefficient is

(=) d& A ... AdgAdaryi A Ade, ®dTy AL Ade, € wrp x Q@ mrwx

or
(—l)rdél A.. ./\dﬁr/\d;c,.H A...ANdx, ®d£1 N.. /\d{n S wrE X ®wT.X/X.

6.2. Characteristic cycle.

Let F(X) be the set of constructible functions on X, ¢.e. functions
X — Z constant on each element of a semialgebraic partition of X. Then
we have an isomorphism C : F(X) — L(X) (cf. [KS]). If F is a complex
of constructible sheaves and ¢ = x(F), we have C(¢) = CC(F). We would
like to describe C(p) without using the constructible sheaves. Assume ¢
is constructible relatively to a Whitney stratification S of X; we use the
notations of [SV]: write (Jgcs(T5X — UR;&STI*{—X) = |per Aa (disjoint
union of the connected components); then A, C Tg‘.aX for a S, of S.

[Ao] is the chain defined by A, with the same coefficients as [Tg_X].

F(X,S) denotes the set of constructible functions relative to the
partition S, and £(X,S) the Lagrangian cycles relative to the partition S,
i.e. the linear combinations (with integral coefficients) of the [A4] which
are cycles.
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From [SV], we can write
C(p) =CC(F) = Zma[Aa]
a€el

where m,, is computed in the following way: take (p,€) in Ay, and f a Nash
function defined in the neighborhood of p in X verifying

o f(p)=0and df, =¢;

e df is transverse to A, in (p,&) (i.e. p is a non degenerate critical
point of f|gs_);

o the Hessian of f|g_ is positive definite in p.

Then for a “sufficiently small” ball B centered in p (cf. [SV]) and €
small to the radius of B, we have

me = ¢(p) _/XSOlﬁnf—l(—s)‘

Indeed from [SV] we get
Mg = X(H*(B n f_l(_876)5 Bn f_l(_570);F))'

‘We have then

mo = X(RL(BN f~}(=¢,€);F)) — x(RL(B N f~(~¢,0);F)).
But from Lemma 8.4.7 of [KS], we have

RF(Bﬂf"l(—e,a);F) ~ RF(Bﬂf_l(O);F) ~ RI‘C(B ﬂf‘l(O);F)
~ RF(X;F ® kﬁmf~1(0))

and in the same way

RU(BN f~'(—€,0);F) ~ RO(BN f~1(—€');F) =~ RT(B N f7'(—¢');F)
~ RI‘(X;F@kgmfél(_a,)).

Thus mg = fx‘plﬁnf—l(o) — fxcplgnf_l(_a,) (with 0 < &’ <¢).

In fact [, ¢ 1gnf-100) = ©(p): from the local conic structure theorem
(see [BCR], Theorem 9.3.5), there exists a semialgebraic homeomorphism
h : B — B such that h(p* SN f~1(0)) = BN f~1(0) (p* A is the cone of
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vertex p and of base A and S is the boundary of B) and for all z € SN f~1(0)
andall twith0 <t <1,

¢(h(tp + (1 = t)x)) = ().

Using triangulation, we can find contractible compact semialgebraic
subsets Y; of SN f~1(0) such that ¢|gns-1(0) = Y. Msly,; then

p = Zmz pxY, + ((P th l{p}
and [y 01510 = 2 mi +9(p) — 2o mi = ¢(p).

Example. — Let t, T be the coordinates on T*R. Orient R by dt. Let
a < bbein R. The cycle [T{*a} R] is T7,y R oriented by —dr. Then

C(Liap) = [TopR] — [T{oy RIN{r < 0} = [Ty, R N {7 > 0}.

If T*R is represented by R?, we get the following drawings (arrows are both
t > 0 and 7 > 0 and the orientation):

TR T:R
0 1 -1 0
0 1 0 0 1 0
b
1 0 0 -1
C(l]a,b[) C(l[a,b])

Example. — Take the example of the “cone” of [KS], p. 383: X = R1*™
with coordinates (¢, z1, .. . Put |z]| = /. 2. Let

Zy ={xt >z}, Zo={lt| <|xl},
U, the interior of Z. for e = 0,4+, —,
Sy = {:tt = lz| > 0}.

Let S be the stratification {Uy,U4,U_,{0},S4+,S—}. Let (¢,z,7,€) be the
associated coordinates on T* X. Then £(X, S) is generated by the following
Lagrangian chains:
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—— [TL*,EX] fore =0,+,—;
o Teje, = [TgEIX] N{eaor >0} for g, =+,—;
o e = (T3 X] N {7 > €]} and 0 = [T, X] N {Ir] < ]}
If now ¢ is a constructible function relatively to the stratification S,
then C(@) =D Ae0c + D feresTeren + 2 VeVe-
If
p=algy +byls, +b_1s_ +cyly, +c_1y_ + coly,,

the isomorphism C' is given in restriction to these Z-modules by

Ae = Ce,
vi =a+((-1)" = 1b_ + (-1)""c_,
vo=a+ ()" = by + (1) ey,
vg=a—by —b_+co,
Pt =by —co, p—— =b_ —co,
Py =b_—cy pry_ =by —cy.
(To compute the coefficients we use for example the function f(y) =

d?(y,p) + £ - (y — p), considering £ = grad,, f as a vector in X; see [KS] for
the results.)

A constructible function ¢ : X — Z is said to be algebraically
constructible if it is the sum of signs of polynomials on X, ¢f. [MP].
They can be characterized by the fans (for every fan F of Spec, P(X),
Y zer @(x) = 0mod |F|) or by a criterion on the walls, cf. [B].

Call 72¢(X,S) (resp. £2°(X,S)) the elements of F(X,S) (resp.
L(X,8)) which are algebraically constructible.

In our example, we can find the following characterization of
algebraically constructible functions: ¢ is algebraically constructible if
and only if

(i) by =b_ mod 2;
(il) ¢y =c- = ¢o mod 2;
(iii) e4 + ¢— + 2co = 0 mod 4.

Indeed if # : Y — X is the blowing up at the origin then ¢ is
algebraically constructible if and only if 7*¢ is algebraically constructible
(where m*¢(y) = @(7(y))). The walls of m*¢ are the strict transform of
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the cone (a cylinder) and the exceptional divisor; they are smooth and
normal crossing, so using the criterion of [B] we obtain: 7*¢ is algebraically
constructible if 7% is constant modulo 2 (i.e. ¢y = c_ = ¢p mod 2), if 7*¢
restricted to the cylinder is constant modulo 2 (i.e. by = b_ mod 2) and
if the “average” function on the cylinder (whose value is %(c+ + ¢g) above
and %(c_ + ¢g) under) is algebraically constructible , i.e. %(c+ +¢o) =
%(c_ + ¢o) mod 2.

In the same way, considering C = Y Ac0c + D fejesTeres + D VeVe 8S
a generically constructible function and applying the generic criterion after
blowings up, we obtain that C is algebraically constructible if and only if

1) A=Ay = A mod 2;
2) vy =v4y =v_ mod2;

) Myt =Hp— =po— =p_q mod 2
4) Ay +A- 42X =0mod 4;

) vy +v_ + 2y =0mod 4;

) it +pp— +p—— + p—y =0mod 4.
Then (i) & 1), (ii)) < 2) and (ili) < 4); moreover (i)+ (i) = 3),
(i) + (ii) + (ili) = 5) and (i) + (iii) = 6). The conditions are actually

equivalent, we have an isomorphism between F2¢(X,S) and £*°(X,S). We
shall see in the following that this is always the case.

6.3. Limits of semialgebraic chains.

Let Y be a algebraic smooth manifold, p : ¥ x R — R and
o0 :Y x R — Y the projections. Let D a line bundle over Y, and C a
chain in C,,1+1(Y x R,0*D) whose support S is such that for each (n + 1)-
dimensional irreducible component W of S, p|y is dominant.

Let ¢ € R. The limit C.+ (resp. C.-) is by definition the chain of
Cn(Y,D) given by 3 > 07 (1(i>e)¥z) (resp. — >, > . 05 (Lit<e}¥z))
where z ranges through the set of (n + 1)-dimensional points of S,
Yy € Cons(i:p(z), Z) is the component of C on {z}, and . ranges through
the set of n-dimensional points of S = SN (Y x {e}). This set is finite
as W, is n-dimensional from the domination condition.

In particular, if C is algebraically constructible, then 07_(1{t>¢}%z) =
9'7.(2 x 1(45.y1);) is algebraically constructible, thus C.+ is algebraically
constructible, and also C.-.
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Geometric meaning: let ¢ be a section of D. For each (n + 1)-
dimensional irreducible component of S, fix a (n+1)-form dy; A. . . Ady, Adt
on S. Let ¢ be the generically constructible function obtained on S with C
and the coefficients dy; A. . . Ady, Adt®¢: on a (n+1)-dimensional irreducible
component {x} of S, @ is (generically) the function associated to (v, )p, if h
is the element of Q:(tl)/R@)’D(:E) associated to dy1 A. . . Ady, Adt®2 (cf. §3.2).
Take a Whitney stratification of S compatible with the semialgebraic
subsets where ¢ is constant, with the irreducible components of S, with
the semialgebraic subsets where the forms dy; A ... A dy, A dt define
an orientation, with S, and Y x {t | ¢ > ¢}. Then C.+ is given on
a n-dimensional stratum of S by the sum of the values of ¢ on the
(n + 1)-dimensional strata ¥ of SN (Y x {t | t > ¢}) whose boundary is
this stratum, and the orientation induced by the one of the ¥ (i.e., the
coefficients dy; A. . .Ady, ®€). On the other side, C,- is given on this stratum
by the opposite of the sum of the values of ¢ on the (n + 1)-dimensional
strata 3’ of SN (Y x {t | t < €}) whose boundary is this stratum, and the
orientation induced by the one of the ¥’ (which give here the opposite of
the orientation sign(dy; A ... A dy,)); finally, C.- is also given by the sum
of the values of ¢ on the strata ¥’ and the coeflicient dy; A ... A dy, ® £.

For generic €, C.+ = C.- =: C.. In the general case, we have

Cor = nlinler Cy
in the sense of [SV] for example. If C is a cycle, we always have C.+ = C.-
else the component of the boundary on &, would be nonzero.

6.4. Pushforward of Lagrangian cycles.

Let f : Z — X be a regular morphism of smooth manifolds. We
recall the description of the morphism f. : £(Z) — L(X) given in [SV].
The map f induces the diagram:

Tz <Y g TX — TX

N,

Let d and n the dimensions of Z and X. If C' is a Lagrangian cycle
on T*Z, and C; is a deformation of C' such that C is the limit of C,
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when s — 0% and that for each s, |Cs| (the support of C;) is transverse
to df*, then df*~1(|C;|) is a n-dimensional submanifold of Z x x T* X . The
coefficients are given by the following isomorphisms: let A be a component
of |Cs| and Ag C A a smooth Zariski open subset; the coefficient of Cs on A
can be seen as a global section of wy, ® Tywz; if Ny, 7~z is the normal
sheaf of Ao (cf. [Hal, p. 182), then we have

d
WAy > wrez @ ANy T+ 2

(see [Ha), Proposition 8.20); A* N, 'Ao/T+z corresponds to the coorientation
sheaf on Ag. As wr~z ~ Oz, we get

d
Wa, @ Trwz ~ /\NAO/T*Z R THwz.
Using the transversality of df* with |Cs|, we have (df*)*(/\d Npo/ro2) =
d
/\ Ndft71(AO)/ZxxT‘X. Thus

d
(df*)*(w,\o ® ﬂ}wz) ~ /\Ndf**l(Ao)/ZxxT*X Q mrwz.
Aswzx T x @ (Wzxx1+x)* =~ Ozx T+ Xx, this is also isomorphic to

d
(ANdf*—l(Ag)/ZxxT'X ®WZ><XT‘X) ® (T*wz ® (wzxx1+x)*)-

Using once again [Ha|, Proposition 8.20, for df*~1(A), and as wzx y 7+ x =~
T'wz ® Wzx xT+X/2, We get

(df)*(Wao ® TZwz) ~ Wype—1(ag) ® Wz x xT*X/2Z

N Wafe-1(Ag) ® T Wrex/X-

Sodf*~1(Cs) is defined as a cycle with values in 7*wz- x,x . Then from [SV],
f+C is the limit cycle of 7, df*~1(C,) when s — 0% (7, is the usual push-
forward).

Example. — Let f : Z — R? be the blowing up at the origin. Let (x, y)
be coordinates on R? and (z,v,&,n) the associated coordinates on T*R2.
Describe Z with two maps with coordinates (z,t) and (u,y) (with u = 1/t);
the associated coordinates on T*Z are (z,t,(,7) and (u,y,v,0) (with
u = 1/t, § = (/t, v = (xt — t27). Finally the coordinates on Z xgz T*R?
are (z,t,£,n) and (u,y,&,n).
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The map f is given by (z,t) — (z,tz) and (u,y) — (uy,y). The map
df* is given by

(z,t,&,m) — (z,t, +nt,nx) and (uw,y,§,m) — (u,y,8y,{u+n).

Let C = [T Z] where E is the exceptional divisor. Deform [T Z] into
C. where |C¢| is given by (0,t,¢,et/(1 +t*)) or (u,0, —eu/(1 + u*),6) and
the coeflicient is

—d{Adt®dzAdt or —dundfd@dundy

in wic,| ® Tywz. This is a good deformation, and df*~*(C:) = A1 U Az
where A; = {t = 0,z = 0} and Ay, = {u = 0, y = 0}. To compute the
coefficient, we need to pass through the normal sheaf. For example let
us do it in the first map for A;. First, the corresponding coefficient in
AN, 2@ 75wz is de AdT @ dz Adt as (—d¢ Adt) A (dz AdT) gives the
canonical orientation of T*Z. Next step, apply df*: as in Ay, d7 = —e dt,
we obtain edxz A dt ® dz A dt in AQNAI/ZXRZT*]R2 RT*wyz.

Now fix w = dz Adt Ad§ Adn in wgx ,7+ge; this fix an isomorphism
WZxgaT*R2 =~ (Wzx,,7-R2)" and allows us to get on one hand (—1/¢)d§ Adn
in wp, as (—(1/e)dé Adn) A (edz A dt) = w and on the other hand d¢ A dny
in wzx,,+R2/7 88 (dx A dt) A (d€ A dn) = w. Thus we have obtained the
coeflicient —(1/¢)d§ A dn ® (A€ A dn) in wa, ® Wzx,,T+R2/Z-

The last step is to apply 7: it is easy to see that the component
obtained with A, is T{"O}R2 with the coefficient (—1/¢)d¢ A dn ® d€ A dn
in wry B2 ® wr«gz/r2. Doing the same with Az and the coefficients
described in the second map, we would have obtained T{*O}]R2 with the

opposite coefficient. Thus 7,df*~*(C.) = 0 and the limit is 0. This means
that f,[ThZ] = 0.

6.5. Characteristic cycle of algebraically constructible functions.

Let ¢ : X — 7Z be a constructible function. It is algebraically
constructible if and only if it can be written ¢ = > f.1z where the sum is
finite, the Z’s are algebraic varieties and the f : Z — X are proper. (f is
defined by f.1la(z) = x(f~}(z) N A) for z € X). In fact the Z’s can be
chosen non singular, ¢f. [MP], Lemma 6.4.

If v : Z — 7Z is a constructible function and F' is a complex
of constructible sheaves such that ¥ = x(F), then we have from [KS],
Proposition 9.4.2,

C(fp) = CO(RfLF) = [L.CC(F) = f.C(¥).

TOME 51 (2001), FASCICULE 4



988 HELENE PENNANEAC’H

Example. — If f : Z — R? is the blowing up at the origin, and
¢ = 1g, then f,(¢) = 0, which corresponds to f.[T5Z] = 0.

If p =" f«lz with Z non singular, then
Clp) = f£.C(1z) = £IT52].

Thus to show that C(yp) is algebraically constructible it is sufficient
to show the following

ProposiTION 32. — The cycle f.[T}Z] is algebraically constructible.

First two lemmas:

LEMMA 33. — Let A, B and X be smooth algebraic varieties, M C X
an algebraic subvariety and S a finite Nash stratification of M. Let
f:Ax B — X be a regular map, and assume f is transverse to S.
Call f,:B — X the map given by f,(b) = f(a,b). Then there exists a
semialgebraic subset ) of A of positive codimension such that fora € A\ Q,
fa is transverse to S.

Proof. — Let S an element of the stratification S. As f is transverse
to S, the inverse image f~!(S) is a Nash subvariety of A x B x X.
Consider the projection 7 : f=1(S) — A. If a is a regular value of 7, then
7 Ya) = {a} x (Im f, N S) is a submanifold of X and f, is transverse
to S. From Sard theorem (c¢f. [BCR], Theorem 9.5.2), the set {2g of non
regular values of 7 is a semialgebraic subset of A of positive codimension.
Take Q = (Jg Q5. O

LEMMA 34. — Let Y be a real algebraic smooth variety, p:E — Y
an algebraic smooth bundle, s:Y — FE a regular section, M an algebraic
subvariety of E and S a finite Nash stratification of M. Then there exist a
regular family of regular sections S = (Sc)ccr and a Zariski open subset U
of R such that Sy = s and for e € U, S, is transverse to S.

Proof (communicated by J. Bochnak). — As E is an algebraic bundle,
we can find regular sections si,...,sx of E generating the fibre of E in
each point of Y (cf. [BCR], Proposition 12.1.7). Put ¢, = s+ Zle a;s; for
a=(ay,...,ax) € RF,and ¢ : Y x R* - E : (y,0) — ¢u(y). Then ¢ is
transverse to S as it is a submersion: as E is locally isomorphic to Y x E,,
the tangent space Ty(y, o) E is locally isomorphic to T,,Y" x E,. The image of
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T,Y x {0} by d¢y a)q is T,Y x {0} as g, is a section. On the other hand the
image of {0} x R* by d(y «)q is generated by the s;(y)’s: this is E,. Thus
d(y,a)Q(TyY X Rk) = Tq(y’a)E.

Apply Lemma 33 to ¢: there exists a semialgebraic subset Q of R* of
positive codimension such that o € € if and only if ¢, is transverse to S,
and go = s. There is a fibration 7 : R*\ {0} — P*~!(R) with fibre R\ {0}.
As Q is of dimension strictly less than k, the set V of points of P*~!(R) for
which the fibre of 2 is 1-dimensional, is of dimension strictly less than k — 1.
Choose v € V and let D be the line generated by v in R*. We identify R
to D and we take the family S = qjyxgand U = D\ QN D. O

Proof of Proposition 32. — Let d and n be the dimensions of Z and
X, (z1,...,24) and (z1,...,x,) the coordinates on Z and X, (z1,..., 24,
01,...,04) and (z1,...,2n,&1,...,&,) the associated coordinates on T*Z
and T*X, and at last (z1,...,24,&1,..-,&,) the coordinates on Z x x T*X.
Complete the diagram of §6.4 in the commutative diagram:

Afr=df* xid F=rxid
T"ZxRée——— I xxT*XxR——+—— T*X xR

Jvo'l j/o’z j’o'g
df* T

TZ Z xx T*X T*X
\ jrﬂ' J{ﬂx
Tz f
VA X

where the o; are the projections. Consider [T} Z] € Cy(T*Z, m3wz), of
support T4 Z (the zero section of T*Z) and of coefficient dz; A... Adzg ®
dzy AL A dzg.

First show that there exists a deformation of [T Z] which is an
algebraically constructible cycle of support transverse to df*. As T*Z is
an algebraic bundle (c¢f. [BCR], Proposition 12.1.9), Lemma 34 applied
to the zero section of T*Z gives a regular family of regular section
Je + 2+ (z,8°(2)) and a Zariski open subset U of R such that j. is transverse
to df* for each ¢ € U (here M = Im df* and S = {M}). Then J, = j.(Z)
is an algebraic subvariety of T*Z and J = {(z,60,¢) | (2,0) € j.(Z)} is a
smooth algebraic subvariety of T*Z x R. Fix a coordinate ¢t on R, and let C
the (d+ 1)-chain of T*Z x R with coefficients in o} 74wz, of support J and
of coefficient dz; A.. . AdzgAdt®@dz1 A...Adzg € wg ®oTTLwz. The cycle
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C. is the one of support 7., and of coefficient dz; A... Adzg®dz1 A...Adzg.
Then [T Z] is the limit of C. when e — 0.

Then J' = (a_\f;)_l(._’] N(T*Z x U)) is a (n + 1)-dimensional smooth
algebraic subvariety of Z xx T*X x U. The chain (&F)*(C) is the
chain of support J' and of coefficient in wy ® o57*wr«x/x given by
the isomorphism (a}:)*(wg ® 0iTHwz) ~ wy ® 03T wr-x/x as in the
§6.4, which gives if y1,...,Yn,t are coordinates of [J' (where the y; are
regularsin £, 2), A(z,&,t)dy1 A .. . Adyp, Adt®dé3 A ... AdE, where Aisa

regular function. Thus (df*)*(C) is an algebraically constructible cycle and
((df*)*(€))e = (df*)*(Cec).

We also have (7. ((df*)*)(C))e = 7(df*)*(Cc), and 7 ((df*)*)(C) is
algebraically constructible as pushforward of algebraically constructible
cycle. Thus the limit of (7.(df*)*(C.) when ¢ — 0% is algebraically
constructible, this means f.[T;Z] is algebraically constructible. O

Let £2°(X) = L(X)NAC,(T* X, wr- xx) (the set of Lagrangian alge-
braically constructible cycles) and F2°(X) denote the set of algebraically
constructible functions on X.

CoroOLLARY 35. — The characteristic cycle of an algebraically
constructible function is a Lagrangian algebraically constructible cycle
(i.e. C(L*(X)) C F2<(X)).

6.6. Inverse image of a Lagrangian algebraically
constructible cycle.

Let Eu = C7! : £(X) — F(X). Let C € L(X) be an algebraically
constructible cycle. Is Eu(C) an algebraically constructible function? The
computation of Eu(C) is done in the following way (cf. [KS], p.406):
for z € X, let ¢, : X — R a Nash function such that ¢;(z) = 0,
dy.(z) = 0, and the Hessian H(z) of ¢, in z is positive definite. Let
Ap. = {(1,de:(®) | y € X} C T*X, and [0,,] € Co(T* X, mwx) the
chain of support A,, and of coefficient w ® w € wy,, ® Txwx with
wx =~ wp,_ by the projection.

Eu(C)(z) is the intersection multiplicity of [o,,] and C in (z,0)(that
will be denoted ([0, ] NC)(s,0))- Let ¥ C T* X be the support of C. We will
prove that Eu(C) is actually algebraically constructible, first generically
and then everywhere. We will need the following proposition.

PRroPOSITION 36. — Assume X is of dimension n. Let Y a smooth
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m-dimensional irreducible algebraic variety,y:Y — X a regular morphism,
@Y x X — R aregular function; fora € Y, ¢,: X — R denote the function
x +— (a,z); assume that p,(v(a))) = 0 and dp.(v(a)) = 0. Let

Ay ={(a,z,dpe(z)) |a €Y,z e X} CY xT*X.

Then there exists a proper algebraic subvariety Z of Y such that
a = #([op.] N C)(4(a),0) is algebraically constructible outside Z.

Proof. — Let 0 be a n-form on X. Let Xq, ..., Xk be the n-dimensional
irreducible components of X, w1, .. .,wg n-forms on Xy, ..., Xk. The cycle C
is algebraically constructible thus there exists regular functions g;; € k(%)
such that C is given on ¥; par ¢; by (v:)w,00 = >_; sign(gs;)-

Let S be a Whitney stratification of 3 compatible with the singular
points of ¥, the points where the g;; vanish, the intersections of irreducible
components of ¥, the zerces and the poles of w;. Call Sy the Whitney
stratification of Y x 3 whose strata are the products of Y with the strata
of S.

AsY xT*X — Y x X is an algebraic bundle, Lemma 34 applied to
the section Y x X - Y x T*X : (a,z) — (a,z,dps(z)) gives a regular
family of regular sections ®° : (a,z) — (a,z, s°(a,x)) which are transverse
to Sy for ¢ € U, U Zariski open subset of R.

From Lemma 33, for each & € U, there exists a semialgebraic subset (2°
of Y of positive codimension such that a € Y \ Q¢ if and only if the map
¥z — (a,z,5°(a,x)) is transverse to S; if ®% denote the section
z — (z,8%(a,z)) of T* X, then ®¢ is transverse to S for each ¢ € Y \ Q€ as
U8 = (id, ®%). Put Q = | |, Q°. This is a semialgebraic subset of U x Y.

Denote by Z the Zariski closure of ({0} x Y) N o™, Identifying ({0} x Y)
toY wehave Z C Y.

We can choose w; as a restriction of a n-form @; on T*X, which
gives by pullback by the projection, a n-form @w; on R x Y x T*X.
On the other hand the n-form @ gives by pullback a n-form 6 on
RxY xX ~|| Im®° C RxY xT*X. Then there exist regular functions
fion RxY x T*X such that § A G- x = fi(—1)"™1/2(dax)™. The
computation of the intersection number of [0,,] and C take count of the
sign of f; (cf. [KS], p. 389).

Let F; = 3, sign(gi;) sign(fi)1(rxyxz)n(u. me<) and F' = 37, F;.
It is an algebraically constructible function on R x Y x T* X.
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The number f([oy,] N C)(y(a),0) €quals, for a sufficiently small e and
a ¢ Z, the sum of F(¢,a, ) for the z near (y(a),0) (zi(a), ..., z;(a) denote
these z and m; = F(e, a,z5(a)) ).

Let p: RxY xT*X — R be the projection. For 1 a constructible
function on R x Y x T*X, McCrory and Parusiriski [MP] define a
constructible function \Ilj,'tﬁ onY x T*X by

v o) = [

Ff(y,x)

where Ff(y,z) = B((0,y,2),6) N ({e} x Y x T*X) with 0 < ¢ < 6§ < 1.
We have Ff(y,z) = {e} x B((y,z),8') with 0 < ¢ < 6 < 1. Then
#([0p.] N C)(4(a),0) €quals U} F(a,v(a),0) for a ¢ Z. Indeed in restriction
to {e} x B((a,7(a),0),8'), F = mila, +--- 4+ m,la, where the A; are
described by the x5; they are homeomorphic to a closed ball of Y, thus

/:v:(an(a),m F= Z mixtd Z e

Let g : Y - Y xT*X : a — (a,7(a),0). The inverse image by g
of a constructible function ¥ on Y x T*X is defined by g*¥(a) = 9(g(a))
(¢f. [MP]). Then

u([gsoa] n C) (v(),0) — g*\I’:F(a)

outside Z. From [MP], Theorem 2.6, g* ¥} F' is an algebraically constructible
function. |

CoROLLARY 37. — The inverse image by C of an algebraically
constructible Lagrangian cycle is an algebraically constructible function,
i.e. Bu(F*¢(X)) C £2°(X) (thus C|zs(x) is an isomorphism from L£°(X)
onto F?°(X)).

Proof. — Embed X in R™ and put ¢, (y) = ||z—y||? (Euclidean norm).
From the preceding proof Eu(C) is algebraically constructible on X \Y where
Y is an algebraic subvariety of X of strictly smaller dimension. For each
irreducible component Y; of Y, let § : }71 — Y; a desingularization of Y;.
Then a — Eu(C)(8(a)) is generically algebraically constructible on ;. Let
Z; C Y; such that it is algebraically constructible on Y; \ Z; and that 6 in
restriction to YZ \ Z; is a biregular isomorphism onto its image. Then Eu(C)
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is algebraically constructible on Y; \ 6(Z;). The dimensions go down and in
dimension 0 every integral function is algebraically constructible. O

From this corollary we get easily the following characterization of

Lagrangian algebraically constructible cycles:

CorOLLARY 38. — Each chain of £2*(X) can be written as ), f,[T3Z],

with Z non singular algebraic variety and f:Z — X proper.

From this characterization follows the property:

CoroLLARY 39. — If f:X — Y is a regular proper morphism,

then f.:L£2(X) — £2°(Y) (the pushforward of a Lagrangian algebraically
constructible cycle is an algebraically constructible cycle).

(B]
[BB]
[BCR|
[DM]

[G]

(Ha
[Ku]
(KS]

[KnS]

[MP]

R]
[Sch]

BIBLIOGRAPHY

I. BONNARD, Un critére pour reconnaitre les fonctions algébriquement construc-
tibles, J. reine angew. Math., 526 (2000), 61-88.

E. BECKER, L. BROCKER, On the description of the reduced Witt ring, J. Alg.,
52 (1978), 328-346.

J. BOCHNAK, M. COSTE, M.-F. ROY, Géométrie algébrique réelle, Ergebnisse der
Math., 3 Folge, Vol. 12, Springer (1987).

M.A. DICKMANN, F. MIRAGLIA, On quadratic forms whose total signature is
zero mod 2™, Invent. Math., 133, n° 2 (1998), 243-278.

C.G. GIBSON, K. WIRTHMULLER, A.A. DU PLESSIS, E. LOOIJENGA, Topolo-
gical stability of smooth mappings, Lecture Notes in Mathematics, Vol. 552,
Springer-Verlag, Berlin-New York, 1976.

R. HARTSHORNE, Algebraic Geometry, Graduate Texts in Math., Springer Verlag,
1977.

E. KUuNz, Kahler Differentials, Advanced Lectures in Math, Friedr. Vieweg and
Sohn, Braunschweig, 1986.

M. KASHIWARA, P. SCHAPIRA, Sheaves on manifolds, Springer-Verlag, Berlin,
1990.

M. KNEBUSCH, C.SCHEIDERER, Einfithrung in die reelle Algebra, Vieweg
Studium: Aufbaukurs Mathematik, 63 Friedr. Vieweg und Sohn, Braunschweig,
1989.

C. MCCRORY, A.PARUSINSKI, Algebraically constructible functions, Ann.
Scient. Ecole Norm. Sup., (4) 30 (1997), 527-552.

M. ROST, Chow groups with coefficients, Docu. Math., 1 (1996), 319-383.

C. SCHEIDERER, Purity theorems for real spectra and applications, Real analytic
and algebraic geometry (Trento, 1992), 229-250, of Gruyter, Berlin, 1995.

TOME 51 (2001), FASCICULE 4



994 HELENE PENNANEAC'H

[SV] W.ScHMID, K. VILONEN, Characteristic cycles of constructible sheaves, Invent.
Math., 124 (1996), 451-502.
[S] M.ScCHMID, Wittringhomologie, Thesis University of Regensburg (available on
the web page of M. Rost: www.math.ohio-state.edu/ rost/papers.html).

[ZS] O.ZARISKI, P.SAMUEL, Commutative Algebra, van Nostrand, Princeton-
London-Toronto, 1958.

Manuscrit regu le 17 novembre 2000,
accepté le 15 janvier 2001.

Hélene PENNANEAC’H,
Université de Rennes I
IRMAR

Campus de Beaulieu

35042 Rennes cedex (France).
hpennane@univ-rennesl.fr

ANNALES DE L’INSTITUT FOURIER



