RE4y,

S %
Zeas™  ANNALES

DE

L INSTITUT FOURIER

Michael COWLING, Saverio GIULINI & Stefano MEDA

LP — L9 estimates for functions of the Laplace-Beltrami operator on
noncompact symmetric spaces. II1
Tome 51, n° 4 (2001), p. 1047-10609.

<http://aif.cedram.org/item?id=AIF_2001__51_4_1047_0>

© Association des Annales de I’institut Fourier, 2001, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie cet article sous quelque forme que ce
soit pour tout usage autre que I’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2001__51_4_1047_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
51, 4 (2001), 1047-1069

LP-L49 ESTIMATES FOR FUNCTIONS
OF THE LAPLACE-BELTRAMI OPERATOR
ON NONCOMPACT SYMMETRIC SPACES. III

by M. COWLING, S. GIULINI & S. MEDA

Dedicated to the memory of Nanda

This paper is the third of a series on semigroups of operators related
to the Laplace—Beltrami operator on a symmetric space of the noncompact
type. The heat and the Poisson semigroups, together with some variants
and applications, were studied in [CGM1] and [CGM2]. Here we study the
Poisson semigroup in complex time.

Let G and K be a connected noncompact semisimple Lie group with
finite centre and a maximal compact subgroup thereof, and consider the
symmetric space G/K, which we also denote by X. There is a canonical
invariant Riemannian metric on X; denote by —Lq the associated Laplace—
Beltrami operator. By general nonsense, Ly is positive and essentially self-
adjoint on C°(X); let £ be the unique self-adjoint extension of £y and
{&¢} the spectral resolution of the identity for which

Lf:/ ¢décf Vf € Dom(L),
b
where b = (p, p), p being the usual half-sum of the positive roots.
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1048 M. COWLING, S. GIULINI & S. MEDA

For 6 in [0, 1], the (complex-time) -Poisson semigroup (Pr g)rerso is
defined by

Prof = /boo exp(—7(¢ — Ob)/2)dEcf  Vf e L3(X).

If 1 <p,q < 0o and an operator T satisfies a norm inequality of the
form
ITfle <Clfll,  VfeL*(X)NLP(X),

then 7 is said to be LP—L7-bounded. If 1 < p, ¢ < 0o, we denote by || ||p.q
the norm of the linear operator 7 from LP(X) to L(X). We write | 7|,
instead of |7 ||p.,. As usual, p’ will denote the index p/(p — 1) conjugate
to p.

The operators P; g, for 7 in R, form the Poisson semigroup consid-
ered by J.-Ph. Anker [Al], by Anker and L. Ji [AJ], and in [CGM2]. In
[AJ], optimal upper and lower bounds for the kernel of P, ¢ were found,
while in [CGM2], the behaviour of |P; g4 as 7 tends to 0 and to oo for
all p and ¢ in [1,00] for which P, is LP—Li-bounded was described. In
this paper we consider the operators P,y in the case where § = 1 and 7
is complex and Re7 > 0, and study the behaviour of |Pr g||p;q- This in-
volves finding explicit formulae for the kernel, so in some sense our work
also develops that of [AJ]. We remark that the shifted Laplace—Beltrami
operator —L + b, corresponding to the case where 8 = 1, occurs naturally
in geometry, as it is conformally invariant; see, e.g., S. Helgason [H2]. An
analysis of the operators P; ¢ in the case where 0 < # < 1 will be carried
out in a forthcoming paper.

For brevity, in the rest of this paper we write P, instead of P, ;.

Our main theorem describes the behaviour of |P|p,, for various
possible values of p and ¢ and for 7 in various subsets of the right
half of the complex plane. This description is nearly complete, but when
p < 2 < g and |7] is large but 7 is nearly imaginary, our methods do not
yield good estimates. To formulate the theorem, we need three definitions:
H={r e€C:Rer >0}, while if T is in R*, then Dy and Hyp are defined
by

Dr={reH:|r|<T} and HT={T€H2(RGT)22(£H%7:)2+1}.

The first of the regions is a half disc, while the second is the area to the
right of a hyperbola.

It is obvious if 7 € H, then P, is bounded on L?(X), and
IP-llz = 1.

ANNALES DE L’INSTITUT FOURIER
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THEOREM 1. — Suppose that 1 < p,q < oo and T € R*. Then the
following hold:

(i) if T € H\ {0} and P, is LP-L%-bounded, then p < 2 < q
(ii) ifT€e H,andp<2=qorp=2<gq, then

(ReT)—n(l/P—l/‘?) if Ret € (0,1]

Prllpig = IPre+llp;q ~ .
1P b = WP b~ { (o) 70 Rer €01

(iii) f reHand 1 < p <2 < ¢ < oo, then

(ReT)~n(/p=1/a) jf ReT € (0,1]

Pell,.., <C
IP-,,., { (ReT)~v/2 if ReT € [1,00)

and further
IP-ll,., ~ (Rer)™ V7 € Hr

(iv) if1 <p<2<g< oo, then
|TI(n—1)(I1/q—1/p/|—I1/p—1/ql)/2

1Prlpq ~ (Re 7)((»=DI1/a=1/pT+(n+D)[1/p=1/4])/2 vr & Dr

(v) if 7 € iR\ {0} and P, is LP—L9-bounded, then p = 2 = q.

We use two distinct approaches to describe the behaviour of |P-||,,.,-
For the case where 7 is in Hy, we use spectral methods, similar to those of
our previous papers [CGM1] and [CGM2]. The proofs of Theorem 1 (i)—(iii)
are given in Section 2.

When 7 is in D7, we write the kernel of P, in terms of the wave
propagation operator cos(s(£ — b)/2). This technique was developed by
J. Cheeger, M. Gromov and M. Taylor [CGT| and by Taylor [T], in
their studies of functional calculus for the Laplace operator on general
Riemannian manifolds with bounded geometry. Subsequently, J.-Ph. Anker
[A2] adapted this method to estimate the kernels of certain functions of £
on noncompact symmetric spaces. However, the estimates of these authors
follow from the finite propagation speed of the wave operator, while we
need more refined information to estimate the local part of the kernel.
Essentially, we write the kernel of the wave propagation operator as a sum
of certain explicit distributions and a remainder term which is relatively
smooth and well behaved. The main results we obtain using wave equation
methods are Lemma 3.3 about the “local part” of the operator P, when 7
is in D7, and Propositions 3.6 and 3.7 establishing Theorem 1 (iv) and (v).
We obtain upper estimates for [P ||, , for all 7, but we do not know how
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1050 M. COWLING, S. GIULINI & S. MEDA

good these are when the imaginary part of 7 is arbitrarily large, because
we are not able to expand the kernel of the wave propagation operator with
uniform estimates of the remainder over arbitrarily large sets. We believe
that this is a very interesting problem.

Applications of our results to the study of the regularity properties
of the wave equation for fixed time will appear in a forthcoming paper.

1. Notation and background material.

We use the standard notation of the theory of Lie groups and
symmetric spaces, as in the book of Helgason [H1]. Our notation here is also
consistent with our papers [CGM1] and [CGM2], to which we refer several
times. In particular, G denotes a noncompact semisimple Lie group with
finite centre, NAK an Iwasawa decomposition of G, and X the Riemannian
symmetric space G/K. We identify functions on X with K-right-invariant
functions on G in the usual way. Thus, if f is a K-right-invariant function
on G, we say that f is supported in the ball B(o, 1), the closed ball in X
centred at the origin o in X of radius 1, when the corresponding function on
X has this property. Similarly, for z in G, we define |z| to be the geodesic
distance between £ K and o in X. We denote by n the dimension of X, by
¢ its rank, and by v the “pseudo-dimension” 2|S{| + ¢, where || is the
cardinality of the set of the positive indivisible roots of (g, a).

For any z in G, we denote by A(x) the element of a such that z is
in Nexp A(z)K. For any linear form A : a — C, the elementary spherical
function ¢ is defined by the rule

oa(z) = /K expl(i) + p)A(kz)]dk Yz € G,
The spherical transform fv of an L1(G)-function f is defined by the formula
Fo= [ f@oa@e  wew.
Harish-Chandra’s inversion formula and Plancherel formula state that
f@) = [ Fe@ae)  wee

for “nice” K-bi-invariant functions f on G, and
2 1/2
1= | [ [Fof aun]  vre ey,
ar

ANNALES DE L’INSTITUT FOURIER
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where du(A) = ¢, [(A)| 7% d), and ¢ denotes the Harish-Chandra c-function.
For the details, see, for instance, [H1], IV.T.

We often deal with the inversion formula and the Plancherel formula
with radial integrands. Using polar co-ordinates in a*, it is easy to see that
there exists a real analytic function x on R* such that if g : [0,00) — C
and f(A) = g(|A]) for all A in a*, then

[ fovan = [ gy s o
a* 0
provided the integrals converge. In [CGM1], §2, it is shown that

k(r) ~ " Hr+1)"" VvreRt.

Let W, be the interior of the convex hull in a* of the images of p
under the action of the Weyl group of (g,a). For § in (0,1), we denote by
W the dilate of W by 6 and by T the tube over the polygon Wy, i.e.,
Ts = a* + i6W1; W and Ts denote the closures of these sets in a* and
ag respectively.

For 7 in H, we denote by p, the K-bi-invariant function (or distribu-
tion) on G such that p, = P,, where

P.(\) =exp (—T (A, )\>1/2) YA€ a”.

Then
P.f=fxp, VreH VfcL*X).

Note that p, does not continue analytically to the tube T, for any
positive €. Define (formally) the operator £, by the formula

Li=L-—b
By spectral theory, P, f = exp(—‘rﬁi/g)f for all f in L?(X).

Frequently, we deal with operators which are defined by convolution
with K-invariant kernels on G; when we do, we usually indicate the kernel
and spherical Fourier transform corresponding to the operator R by r and
R respectively.

Positive constants are denoted by C; these may differ from one line
to another, and may depend on any quantifiers written, implicitly or
explicitly, before the relevant formula, and on any written explicitly after.
The expression

A(t) ~ B(t) vt € D,

TOME 51 (2001), FASCICULE 4



1052 M. COWLING, S. GIULINI & S. MEDA

where D is some subset of the domains of A and of B, means that there
exist constants C and C’ such that

ClA®)| < |B()| < C'|A(t)  VteD.

The expression A(t) < B(t) as t — to means that A(t)/B(t) — 1 ast — to.
We denote the integer part function by [].

2. Norm estimates for P,.

In this section we prove Theorem 1 (i)—(iii). For the readers’ conve-
nience, we recall the statements.

THEOREM 1. — Suppose that 1 < p,q < 0o and T € R*. Then the
following hold:
(i) if 7 € H\ {0} and P, is LP-L9-bounded, thenp < 2 < g

(ii) ifre Handp<2=gqorp=2<gq, then

Ret)~"(/p=1/9) if Rer € (0,1]
Pl = 1Prerll. ~ 4 ¢ ’
IPrllpq = WPrerllpig {(ReT)_”/2 if Ret € [1,00)
(iii) if re Hand 1 < p <2 < g < oo, then

IP.l.. < C (Re7)~™1/P=1/9) jf Ret € (0,1]
Tlpig = (ReT)™V if Ret €[1,00),

and further
1P, ~ (ReT)™ V7 €Hr.

Remark. — To prove (ii) and (iil) we use estimates for ||P; |]|p; g for
real ¢, namely,

IPell, g ~ ¢ H/PYD Ve e (0,1),

and
Py~ {1 § 2250
pig t~v/2 ifeither p=2<q or p<2=g¢q
These are corrected versions of estimates in [CGM2]. In [CGM2|, we
assumed implicitly that & < 1 in the proofs of the results (if not in the
statements). The correct statement of [CGM2|, Lemma 3, for the case where
0 =1 is that

Vt € (1,00).

pgall, ~ /% Vtel,00)

ANNALES DE L’INSTITUT FOURIER
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and
P71l ~t™" Vte[l,00).

The proof of these estimates is easier than the proof of the corresponding
estimates for pf, when 0 < 6 < 1 given in [CGM2|, Lemma 3. When these
corrected estimates are used, the estimates for |P;||,,, given above follow
by the argument used to prove [CGM2], Theorem 1.

Proof. — We first prove (i). The condition that p < ¢ is a generali-
sation of [H61], Theorem 1.1. Denote by h; the fundamental solution of the
heat equation at time 1. If ¢ < 2 and P, is LP-L%-bounded, then (P, h1)~
must be analytic in Ty/,_;. This implies that ¢ > 2. The condition that

< 2 follows by duality.

To prove (ii), we first consider the case where p < 2 = q. By spectral
theory, Piim- is an isometry on L2(X), so ||P-fll, = [|Pre~ f|l, for all f in
LP(X). Thus,

3 _ [ Rer)="(/p=1/9) if Rer € (0,1]
1P-1,.2 = IPre - ll,..2 { (Rer)~/2 if Ret € [1,00)

as required. We argue similarly in the case where p = 2 < q. We now prove
the upper estimate for part (iii). Clearly,

P = PReT/Q Pitmr PReT/2~
Then, if ReT > 0
1P, < WPrer/2ll, o WPitmell; I Pre /205,

= Prersoll, 5 WPre /2l
~ ||1PR€ T “lp;q .

Finally, we prove the lower estimate for (iii). As a preliminary, note
that if m is in Rt and |k(r)] < Cr™ for all r in RT, then

'/ ATT‘k ’I‘) d’f‘ C/ —Re‘rr r™dr

=CT(m+1)(Rer)™™ ' VreH.

Now observe that

1l 1 WP g WH Nl o0 = B2 % Prllog =[R2 * pr(€)]-

By passing to polar co-ordinates, we see that
bt 2
/ e~ T2 k(r) dr|.
0

|ha % pr(e)] = /wﬁz(x)ﬁ, ()\)d,u()\)’ =t

TOME 51 (2001), FASCICULE 4
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For an appropriate constant ¢, k(r) < cr?~! as r — 0, and so
e_QTZN(r) =cr’ !t 4 [e‘2r2n(7‘) —cr7l,

where !6—2T2 k(r) —er*~Y < Cr¥ for all r in R*. Thus

o0 2 o0
/ e T K(r)dr — ¢ / e rv~ldr
0 0

and so

<CT(v+1)(Rer) 1,

/ e 2 k(r)dr < cD(v) 777
0

as 7 tends to oo in Hp. Combining these estimates, it follows that
IP-ll,., = C (ReT)~" for all 7 in Hr such that || is large enough; it follows
that this estimate holds for all 7 in Hy by a compactness argument. a

3. Analysis of P, when 7 is small.

In this section, we study P, when 7 is small. Our approach is like that
of [CGT], but we use a more sophisticated device than finite propagation
speed. We prove the last parts of Theorem 1 in Propositions 3.6 and 3.7.
We begin with a little real analysis.

For 7 in H, we define the function plg : R — C by the formula

R . T
pr(v) = m

Clearly
PR(v) = exp(—T |v]).

By spherical Fourier analysis

5. (V) :/Rp%) cos(s|A|)ds=2/0mp§(s) cos(s|A)ds VA€ .

Thus, by spectral theory,

P = 2/000 PR (s) cos(sy/L1)ds.

We will expand cos(s|A|) using the Hadamard parametrix, and then
integrate term by term. In order to control the errors, we have to restrict the
range of integration, which involves decomposing pg into a local part, where
it may be large, and a part “at infinity”, where it is uniformly small. We
will need some results about pJE, which we present in Lemma, 3.1, and some
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results about the distributions which appear in the Hadamard parametrix,

which we present in Lemma 3.2. Then we return to the symmetric space
X.

LEMMA 3.1. — Suppose that « is in R* and n is in N, such that
vy=1landn >2o0r~vy > 1andn > 2v, and, for T in Rt and 7 in D,
define F(n,~,7,T) by the formula

longT+1 if y=1andn=2
F = logdl + (ZY*? if y=1andn > 2
(n,7,7,T) = { log ek + (Z)"7 if =1 andn >
[l

(L) if ¥>1andn<2y.
Then

3T
Cy F(n,y,7,T) < |7|77" / |72+ 72|77 v ldr < C2 F(n, v, 7,T),
0

uniformly for T in Rt and 7 in D, with bounds C; and Cy which depend
on n and 7.

Proof. — We write 7 = |r| €!®. The change of variables r = |7|s
shows that

3T ~ 37/|7| o
/ !’T2 + r2| Tpnlgp = |T|"_2'y/ |52 + 62’¢| 7 snlgs.
0 0

Observe that
s2+1 > |s® +e¥| = (s* + 25° cos(29) + 1)1/2
= ((s* — 1)® + 4s° cos® ¢)1/2 > |s* —1].

Therefore, if 0 < s < 1/2, then 3/4 < |s* + €%*?| < 5/4, so that
1/2 o
/ 132 + 62“”| T snlds ~ 1.
0
Similarly, if s > 3/2, then 552/9 < |s? + €%¢| < 13s%/9, so that

3T/|7| 3T/|r|
2, 2i¢|"7 -1 2y—1
/ |s* +€e¥?| " sl ds ~ s"¥ 1 ds
3/2 3/2

1 if n<2y

~

1+10g|% if n=2y

(£ )n—Z'y if n>2y.

I71

TOME 51 (2001), FASCICULE 4



1056 M. COWLING, S. GIULINI & S. MEDA

Finally,

3/2 4 3/2
/ |82 + 2?7 75" 1 ds = / |(s? — 1) + 45 cos? ¢|~"/2s" 1 ds

1/2 1/2
3/2 2 _1\2 -v/2
= 2_"’/ (S ) +cos? ¢ s lds
1/2 28
3/21 62 _1\2 _7/2324—1
~ + cos? d
/1 P ( % ) ¢ 252 °
5/12
- / |2 + cos? ¢| /% dt
-3/4
5/12 cosqb —)2
= cos!~ 7(1)/ u +1| 7 du.
3/4cos ¢
It is easy to check that
5/12 cos ¢ 12 cos’ 1 ¢ if y<1
/ |u? + 1|77 du~ 1+log oty if v=1
—3/4cos 1 if y>1,
and the above estimates combine to give the required result. 0O

We define the analytic family of locally integrable functions {x7 :
Rez > 0} on R by the rule

I'(z)"'s* ! if s>0
xi(s) = 06 |
0 if s<0.
This family admits an analytic continuation as distributions to the whole

complex plane.

Given a bounded continuous function f : Rt — C such that
|f( )| = O(v™7), where v is in (1/2,00), we may define the function
+ 2% f: Rt — C by the formula

W f) = g [ 0- w0

Later, we will also use x to denote convolution on R; it will be clear from
the context which use of the symbol « is intended.

LEMMA 3.2. — Suppose that the function f and its derivative f' are
both continuous, and that |f(v)| = O(v™7) and |f'(v)| = O(v™"), where 7y
is in (1/2,00). Then

(2w f) = X7 % £

ANNALES DE L’INSTITUT FOURIER
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If r isin Dt and f = p]B, then

.1/2 T +
—_— Vu € RT.
(% ) = s
Proof. — The first result is a standard convolution manipulation:

(Y2 7)) = Jim = (2 % F) (- B) = (2 % ) ()

e 1 * —12 fw+h) — f(v)
“lmE [, o

= (&2 % )W)

Now suppose that 7 is in Dy and f = p]§. The change of variables
w = (12 + u)~! (v — u) shows that

(25 1)) = 75 /:O@_u)-l/zLdv

T2 4+ v
1 T 1
= dw.
w2 2 xu Jo w/2(1+w)
The last integral is equal to 7, and the desired formula is proved. O

Now we work in the symmetric space X. We denote by b, the ball
in p with centre 0 and radius 7 and by Sy the unit sphere in p, equipped
with surface measure o; the exponential map exp : p — X gives geodesic
co-ordinates in X centred at o, and exp b,. is the ball of radius r centred at o
in X. Let J denote the Jacobian of the exponential map from p equipped
with Lebesgue measure to X equipped with Riemannian measure.

Suppose that U is in C*®(p) and s is in R*. Given z in C, we define
R;(U,z) to be the distribution on X which acts on smooth compactly
supported functions ¥ by the formula

(Ry(U, 2), ) = /p (82— [V 0 exp(Y)U (YV) I (Y) dY

/OOOX+(3 — %) /Swoexp(rY)U( Y)J(rY)do(Y)dr.

P

This formula is defined as a convergent integral when Rez > 0, and by
analytic continuation (using the second expression) for other values of z.
When Re z > 0, then R,(U, 2) is given by an integrable function on X, and

Ry(U,2)(expY) =UY) xi(s* — [Y|*) VY ep.

TOME 51 (2001), FASCICULE 4



1058 M. COWLING, S. GIULINI & S. MEDA

For s in RY, let ®, denote the K-invariant distribution on X, whose
spherical Fourier transform (when viewed as a K-bi-invariant distribution
on G) is given by

®,(\) = cos(s |A|) VA €a*.

The Hadamard parametrix construction, applied to the hyperbolic operator
0?2 + Ly, gives the following formula for ®,:

j=0

where U; is a smooth K-invariant function on X for all nonnegative
integers j (see [B], Proposition 27 or, for more details about the method,
[H62], 17.4-17.5). Further, the function Uy is positive and bounded above
and away from zero on all compact sets.

Write "
- 2j —n+1
(I’s = Rs(Uy_‘——“—) n+1,s-
jgos J 2 + On+1,

If S is in R*, then, by [H62], 17.5.4 and the considerations thereabouts,
there exists a constant Cg such that

lont1,sll, < Css™  Vselo,S]

If [n/2] + 1 < j < n+ 1, then Ry (U;, 2=2+) is in L®(X) and

2 —n+1 B=pt1
(o 2| = [ e i
= oos2j—n—1
< sup{|U;(Y)] : [Y] < s} T(2=2E)
2
Thus we may write
[n/2] .
27 —n+1
o, = SR, Uj,J— + 0[n/2],s»
2
§=0
where
(1) letn/2,sl|, <Cs  Vse0,8].

We decompose p,. Let w : R — [0,1] be a smooth even function,
supported in [—3T,3T], which is equal to 1 in [-2T,2T]; in order to
establish estimates which are uniform in 7T, we also assume that the
derivatives of w satisfy ||w(j) ||oo <CnyT Iwhenj=0,1,...,N.Leta, and
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b, denote the K-bi-invariant functions whose spherical Fourier transforms
are defined by

AN = /R w(s) pR(s) cos(s|A)ds VA e a*
and

- /R(l — w(s)) pR(s) cos(s|\)ds VA € a*.

Notice that p, = a, + b, and that a, is supported in B(o,3T'), by finite
propagation speed. The analysis of a, is quite difficult and is carried out
in Lemma 3.3. This is done by using the asymptotic expansion of the wave
propagator near the point o. The idea is simple but the details are rather
involved. The analysis of the mapping properties of the operator B, hinges
on easy estimates of b, and ZT; this is carried out in Proposition 3.4.
The analysis of the operator P, is carried out in Proposition 3.5 and
Proposition 3.6.

We now prove our main result concerning a..

LEMMA 3.3. — Suppose that T is in R*. The function a, is smooth,
K-bi-invariant and supported in B(o,3T), for all 7 in Dr. Further,

(2)

fowr)=r L2349 () (22 4 [y =2 1 B(y.7)

VY € bsr,

where ¢ = 1/2 if n is even and 1 if n is odd, and the error term E satisfies
the inequality
I |
(3) IEC Dl < Cr (17" 2 1og g + 1),
uniformly for T in D. Finally, for all ¢ in [1, oo],

||aT||q ~ |7‘|(n_1)(l/q_1/2) (ReT)l/q'("H)/2 V1 € Dr.

Proof. — First we show that a, is smooth. The spherical Fourier
multiplier A, corresponding to a, is given by the formula A, () = a,(|A]),
where

a-(t) = /Rw(s)p;l_%(s) cos(st) ds;

then a, is the Fourier transform of a C°(R)-function, hence lies in the
Schwartz space S(R), and is even. It follows that A, lies in the Schwartz
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space S(a), whence a, lies in Harish-Chandra’s Schwartz space S2(G), so
is smooth.

Observe that
[n/2] oo 0 b2 )
ar(expY) =2 3 U(Y) [ wlo)phis) P A - [y ) sds
3=0 0

+ 2/ w(s)pE{(s) O[n/2],s(expY) ds VY € p,
0

where ij /2 g5 interpreted distributionally by analytic continuation.

Define E; (Y, 7) by the formula
oo
E\(Y,T)= 2/ w(s) pR(s) on,s(expY)ds.
0
Lemma 3.1 and formula (1) imply that

|Bv(o) < Cr 1772 [log - + (%)"_2] vr € Dy

if n > 2; if n = 2 then the expression in square parentheses on the right
hand side of the inequality must be replaced by log(T/Re7) + 1.

We now consider
2 [ o) RN VP sds.
0

Define the functions ¢R : Rt — C and 7F : Rt — C by the formulae
() =w (Vo) py (Vo) and rf(v) = (1 -w (VO)) P (V).

Suppose that h is in N. To simplify the formulae, we often write u in place
of |Y|2 in the rest of the proof. Differentiation with respect to a real variable
is denoted by D, or by D, to indicate that the variable is v. If Rez > 0,
then

[e9) o0
2/ w(s)pg.g(s)xﬁr(s2 —u)sds = / qgl.e(v)xj(v —u)dv
C ‘ oo
= (1D R EnG e ) do,

0

by definition of x7.

Suppose that n is even. By analytic continuation, the definition of q;l?
and 7, and Lemma 3.2, it follows that

2 [ o) ) x 6 ) sds
0
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" D, / O] 1/211—u)dv

"D [T R - ) )Y - ) o
=(-1)"D m—( D" D (R ) ()

= DA/ 2yt (g (2 4 DR ).

We take h equal to (n — 27)/2 in the preceding formula, multiply by
Uj;, and sum over j, to conclude that, for even n,

n/2
QZU Y)/ XTI |y ) sds
& 2j+1)/2)
—T(ZU ()= (72 + IV 02) 4 Ba(y,),
s
where
n/2
ZU 1)(n=20)/2 (g 172 p(n=2)/2 R)(|y| ).

Define E(Y, 1) to be E1(Y,7) + E2(Y, 7). Then, in order to prove formulae
(2) and (3) for the case where n is even, it remains only to estimate Ea(-, 7).

We claim that )'(1+/ % is smooth and that x3/% « D"rE is bounded
in R for all A in N. To see this, note first that, by Leibniz’s rule, D*rf
is a sum of terms involving derivatives of pX(,/°) and 1 — w(y/), and recall
that 1 — w(s) vanishes unless |s| > 2T and |1 — w||_, = 1, while Diw(s)
vanishes unless 27" < |s| < 3T and ||chuHoo < CnT~7 if j < N. Note also
that, if |v| > 472, then

|Dip7 |~ ’ 7'2+v)’

= [ o]
(72 4+ v)i+1
571 T 41

3l (T2 4 0)G+D
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It therefore follows that, if h < N, then

[D"rf()| < On 3| D (1 = ()| [D"pE (V)

h
< CON Y T 2 xur2 00) (v) (T2 + v) ~(R73HD)
j=0

< On TP X1 00) (V) (T? +0) 71
We deduce that o
XA % D”rf(u)l < COnT'2h / (v = ) ™% X2 00) (V) (T? + 0) ' dv

u

o0
< Oy Ti-2h / 02 Xpaz .0y (0)(T% +v) "V o
0

< Cn Tl”%/ v 2duv = CN T~
4T?
This proves our claim, from which it follows immediately that

[1E2(s 7)o < O,
as required to complete our proof of formulae (2) and (3) in the case where
n is even.

If n is odd, the argument to prove (2) and (3) is similar but easier,
and we just outline it. By analytic continuation of formula (4), if h is in N,
then

2 [ o) PR (s~ ) s
("D [t -way
= (1) D*qR(w)

= (1) DPR(va) - (~1)* DPrR(u)

— (—1)" D:;RT—;:;) — (-1)" D"rF(w)
e e R G R ()

We take h equal to (n — 25 — 1)/2 in the preceding formula, multiply by
Uj, and sum over j, to conclude that, for odd n,
[n/2] oo ,
2y Uy(9) [ wle)phe) P ) sds
7=0 0

[n/2] .
. ( Z U,(Y) I'(n— 2ZT+ 1)/2) (r? 4+ |Yl2)j—(n+l)/2) + Ey(Y,7),

=0
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where
n/2
EQ(YT ZU (n—2j+1)/2 D(n 25)/2 R(Iyl )

Define E(Y, ) to be E1 (Y, 7) + E2(Y, 7). Then, in order to prove formulae
(2) and (3) for the case where n is odd, it remains only to estimate Es(-, 7).
This is a simpler version of the estimate for Fs(-, 7} in the case where n is
even.

We now prove the rest of the lemma. It is easy to check that the
term in which j = 0 dominates all the other terms in the expression for a..
Further,

inf |72 +|Y*| ~|r|Rer V7 € Dr.
Y |<3T

Therefore
larlly ~ 717" D2 (Rer)=™D/2 yr e Dy,

If 1 < g < 00, we integrate in polar co-ordinates and use (2) to obtain

1/q
larl, = [ [ last@re dx]
G
3T (n+1)q/2 1/q
el | [ | ]
0

~ |T|(n—1)(l/q—-1/2) (ReT)l/q—(n+1)/2 Vr € DT,

as required. O

To complete the analysis of P, for 7 small, we have to analyse B,.
We do this by using spectral methods.

PROPOSITION 3.4. — If 7 is in H and B, is LP-L9-bounded, then
1 <p<2<q< oo Further, if T € RY and 1 < p £ 2 < ¢ < 00, then
there exists a constant Cr such that

IB.l,, <Cr VreDr.

Proof. — Since P, = A, + B;, and A, is LP—L%-bounded whenever
1 < p € ¢ € oo while P, is not LP—L9-bounded unless 1 < p < 2 < ¢ < o0,
it follows that if B, is LP—L2-bounded, then 1 < p < 2 < ¢ € .

The spherical Fourier multiplier B, corresponding to B, is given by
the formula B.(A) = 5 (JA]), where

B-(t) = /R(l — w(s)) pR(s) cos(st) ds.
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We claim that |8,(t)] = O((t? + 1)) for all N in N, uniformly for 7 in
Dr.

Assuming our claim, it is immediate to check that B, lies in L'(a; p),
the Lebesgue space relative to the Plancherel measure, and in L?(a; u) and
L*°(a; p), uniformly for 7 in D7. The inversion formula and the Plancherel
formula for the spherical Fourier transformation then imply that b, lies in
L?(G) and in L*°(G), and that convolution with b, is bounded on L?(G),
uniformly for 7 in D7. From this, by [CGM1], Theorem 2.2, it follows that
B, is LP—L?-bounded for all p and ¢ such that 1 < p < 2 < ¢ < o0, and
that all the corresponding operator norms are uniformly bounded for 7 in
Dr.

It suffices therefore to prove our claim. By classical Fourier analysis,
it suffices to show that (D2 + 1)V (1 —w) p® is in L' (R), uniformly for 7 in
Dr. This is very similar to what we did in estimating DrE in the proof
of Lemma 3.3, and we omit the details. O

Shortly, we will consider P, p,. This will lead to terms P,a, and P,b,.
It will be important to know about the operator P, b,, and our next lemma,
is about this.

PROPOSITION 3.5. — Suppose that T is in RT. There exists a
constant C such that
iP5, < Cr

for all p and q such that 1 <p<2<g<ooandallo and 7T in Dr.

Proof. — The spherical Fourier multiplier exp(—7 |-|) 8-(]|) corre-
sponds to the operator P B,. As with the estimate of || B-||,,., in the pre-
vious proposition, it will suffice to show that

lexp(=7 [¢]) B (It))] = O((¢* + 1))

for all N in N, uniformly for ¢ and 7 in Dy. This in turn is an immediate
corollary of the estimates |exp(— |t])| < 1 and |8, (¢)| = O((t* +1)~N) for
all t in R; the first of these is trivial and the second is already proved. O

PROPOSITION 3.6. — Suppose that T is in R*. The following hold:
(i) if 1 < p < g < oo, then
|7_|(n—1)(I1/q—l/zv’l—ll/zn—l/ql)/2

Al yq ~ Re @D/ w17z 77 € Pr
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(ii) if1 < p<2<q< oo, then
|7.I(n—1)(I1/q—1/13'I—I1/z>—1/<1|)/2
(Re T)((n—l)Il/q—1/1>’I+(n+1)|l/zo—l/qi)/2

llIPT "lp;q ~ \V/T (S DT.

Proof. — Observe first that A, = P, — B,, and that both ||P, ],
and ||B-||, are uniformly bounded, so that ||A;||, is uniformly bounded as
7 varies over Dr. Further, ||A,[,., = |la-||,, so by Lemma 3.3

IA-l,., ~ |Tf(n_1)(l/q_l/2) (Re)Y/a~(n+1)/2 V1 € Dr.
;From this, by interpolation and duality, we deduce that
|T|(n—1)(Il/q—l/p’l—ll/p—l/ql)/2
pia S (Re 7)(n=DI1/q=1/p'[+(n+1)|1/p=1/4q])/2

A V7 € Dp.

Since P, = A, + B,, it follows from this and Proposition 3.4 that, if
1<p<2<g<oo, then

(= (11/a=1/8'1=11/p=1/al) /2

pia S (ReT)((n—l)ll/q—l/l”l+("+1)|1/P—1/4|)/2

I1P- vr € Dr.

To prove the converse inequalities, we consider first Pra,, where o
and 7 both lie in D7. By the semigroup property,

Pra, = rPo — Prb, = Dryo — ’P‘rba’

whence

”p-r+a - Prbtr”q
va llao|l

- 'l'PT+a - PTBaIIh;q

lasll,

lllAr+a + Bris — PrB, I"l;q
llacll,
”a‘r+a||q - Co
”aonp

by Proposition 3.4 and Proposition 3.5. Since [|P-|l,., = IP-ll ., there is
no loss of generality in assuming that 1/p+1/¢ > 1. In this case, we take o

to be Re7. Then |7]| < |0 + 7| < 2|7|, and Re(o0 +7) = 2Re 7. We estimate
llar+oll, using Lemma 3.3 (but with 27" in place of T'), and deduce that

1Pl

=

K

Cl ITI(n—l)(l/q—l/Q) (Re,r)l/q~(n+1)/2 - Cy

|||’P l"p iq Z C, (Re 7—)(nAl)(l/p—1/2)+1/p—(n+1)/2
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Now if 7 is in D7 and Re7 < [200/(01 T("_l)(l/q_1/2))]Qq/(Q_nq_q), it
follows that
CllT‘(n—l)(l/q—uz) (Re T)l/q—(n+l)/2 >0, T(’n—l)(l/q~1/2)(Re T)l/q—(n+1)/2
= 2C),
whence
C, ITI(n—l)(l/q—lﬂ) (Re,r)l/q—(n+1)/2
2C; (ReT)n/P—n
|T|(n—1)(Il/q—l/P’l—Il/p—l/QI)/2
(Re7)((n=1)[1/q=1/p'|+(n+1)I1/p=1/q])/2"

1P ll,.q >

This proves the converse inequality for P..

Since A; = P, — By, and ||B;||,,, is bounded, it follows that |4,
satisfies the same inequality, at least when 1 < p < 2 < ¢ < 0. To
prove the converse inequality for [|A.[|, , for general p and ¢ such that
1 < p € g € o0, it suffices to observe that, by interpolation,

2
"lAT p*;q* g "IAT “lp;q "lATmly()o?

where 1/p* = (1+1/p)/2 and 1/¢* = 1/2q. Since 1 < p* < 2 < ¢* < 00, we
have a lower bound for ||A;|,..,., which, combined with the upper bound
for [|A-]l;, o, yields the required lower bound for || A-||,,. O

The last result of this section proves Theorem 1 (v). Before we state
the result, observe that the definitions of the kernels a, and b, and the
corresponding multipliers A, and B, extend to the case where 7 is in {R
and |7| < T. In the a, case, wpR,, converges distributionally as € in R*
tends to 0, and A, converges locally uniformly as € tends to 0+, while
in the b, case, (1 — w)pR,, converges uniformly and in L!(R) as e tends
to 04, and B4, converges uniformly. It therefore makes sense to consider
the operators A, and B, in this case.

PROPOSITION 3.7. — Suppose that T is in Rt and that 7 is in
iR\ {0} and || < T. Then B, is LP-L3-bounded if and only if 1 < p <
2 < g < 00, and A, is LP-L?-bounded if and only if p = 2 = q. Finally, P
is LP-L9-bounded if and only ifp = 2 = q.

Proof. — Since A; + B, = exp(—7|]), and A, extends to an entire
function, being the spherical Fourier transform of a compactly supported
distribution, B, does not extend holomorphically to any tube T, for any € in
R*, so, as argued before, if B, is LP—L-bounded then 1 < p < 2 < ¢ < 0.
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Conversely, for such p and ¢, B, is LP-L%-bounded because B (}) is
O((JA2 +1)"") in a*, for all N in N.

Next, exp(—7|-|) is in L>(a*), whence P, is L%-bounded. To show
that P, is not LP-L%-bounded for other p and ¢, we may suppose that
1 < p <2< q< oo, since otherwise P, is unbounded by Theorem 1 (i).
Suppose therefore that 1 < p <2 € ¢ € o and that p < q. Observe that
formula (5) extends to this ca,se, so that, if o is in D,

[pr+o — Prbsll,
va 2 llas |
. |||PT+G - P:B, "ll;q
- lasll,
|||A‘r+0 + Br+a - P:Bs |||1;q
lasll,
”a‘r+al|q - Co

lasl,

IP-

=

We hold 7 fixed and let o be a positive real number such that o < |7].

Then
C, lT+U|(n—1)(1/q—1/2) 1/a=(n+1)/2 _

IPrllpyg > Cy oD /p=1/2)+1/p=(n¥1)/2
Cy (2|7))(n~D/a=1/2) gl/a=(n+1)/2 _ Oy
S s VGV V7 R Y X VY B

which behaves like ¢="(1/P=1/9) a5 ¢ tends to 0+. This shows that P, is
not LP—L?-bounded unless p =2 = gq.

Finally, to show that A, is not LP~L%-bounded if 1 <p <2< ¢< >
unless p = 2 = ¢, we may suppose that 1 < p < g < 2. Indeed, A, cannot
be LP—L2-bounded if 1 < p £ 2 € g € o0, for in this case P, would be LP—
L%-bounded, which is false. Further, if A, were LP-L9-bounded for some
(p, q) such that 2 < p < g < oo, then A, would also be LP—L9-bounded for
the dual indices (¢',p"), since |P-|l,.., = IP- 1.,

Suppose then that A, is LP-L?-bounded and that 1 < p < ¢ < 2. We
take o in Dp and observe that, by the semigroup property and the fact
that a, and a, are supported in B(o,3T),

Araa = F+Po — PTbg — B.,.aa
=0ryo +bryo—ar ¥b; — by xby — b; xa,

=0r4o + X B (0,6T) (bT+U —ar xby — by xb, — by % aa).

TOME 51 (2001), FASCICULE 4



1068 M. COWLING, S. GIULINI & S. MEDA

Now ||br4s|., is uniformly bounded for ¢ in Dr, so that the L9-
norm of x, 0.6T) br+o is uniformly bounded. Similarly, A, is L?-bounded
and ||bs||, is uniformly bounded, so [la, *bs||, is uniformly bounded,
whence ”XB(O,GT) (ar *by)|lq is uniformly bounded. Further, b, is in L?
and |[|bs||, is uniformly bounded, so ||b; *b,||,, is uniformly bounded,
whence || XB(o,6T) (br * by)|lq is uniformly bounded. Finally, b, is in L¥ | so
[[b7 * as ||, is bounded by C'[|a, || ,, whence “XB(o,ﬁT) (b * as)lq is bounded
by a multiple of ||a,||,. Now we see that

|||.AT|||p.q S “a.r+(, + XB(o,61) (b.,-+l7 —ar *xby; —b; xb, — b, * ag)”q
’ lacl,
”a‘r+0”q —Co—Ch ”ao“p
lacll,
. ||a7'+a“q - Co
el

We hold 7 fixed and let o be a positive real number such that o < |7|.
Then

- Ch.

A, > 21Tt o TN gt -Gy
; Cs o(n—1D(1/p=1/2)+1/p—(n+1)/2
Cs |T|(n~1)(1/q—1/2) ol/a—(n+1)/2 _ Co
Cy o (n—D(1/p=1/2)+1/p—(n+1)/2
—n/p+(n—1)/2+1/q

~ g

as o tends to O+. This shows that A, is not LP-Li-bounded unless
p=2=q. ]
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