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FORMAL SOLUTIONS OF NONLINEAR FIRST ORDER
TOTALLY CHARACTERISTIC TYPE PDE
WITH IRREGULAR SINGULARITY

by H. CHEN, Z. LUO and H. TAHARA

1. Introduction.

Let (t,z) € C; x C;, N={1,2,...}, Z; = {0,1,2,...}, and denote
by C[[t, z]] (resp. by C[[z]]) the ring of formal power series in the variables
(t,z) (resp. in the variable ).

Let us consider the following nonlinear singular first order partial
differential equation:
(1.1) t@ =F <t T,u %>

ot oz )7

where u = u(t,z) is an unknown function, and F'(¢,z,u,v) is a function
defined in an open polydisc A centered at the origin of C; x C, x C,, x C,,.
Set Ag = AN{t=0,u =0 and v =0}. We impose the following condition
on F(t,z,u,v):

(F1) F(t,z,u,v) is a holomorphic function on A;
(F2) F(0,2,0,0) =0 on A,.

Then by the Taylor expansion in (¢,u,v) we can express F (¢, z,u,v)
in the form

F(t,z,u,v) = a(z)t + b(z)u + y(z)v + Z @i j.o(T)tuIv®,
itjta2

Keywords: Formal solution — Totally characteristic PDE — Gevrey index.
Math. classification: 35A07 — 35A10 — 35A20.
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and a(z),b(z),v(x), a; j,«(x) are all holomorphic functions on Ag.

If y(z) = 0 on Ay, the equation (1.1) is called a non-linear Fuchsian
type PDE (or is called a “Briot-Bouquet type PDE” in [4], [5]); this
situation has been discussed by [4]-[7]. If v(0) # 0, we can solve du/dz
from the equation (1.1) and then we can apply the Cauchy-Kowalewski
theorem. If y(x) # 0 and v(0) = 0, the indicial operator C(\,z,d/0z) =
A—b(z) —y(z)d/dz is a singular differential operator; in this situation the
equation (1.1) has been called a totally characteristic type PDE by [1], [2]
and [3]. Thus, in this paper we assume:

(F3) v(z) = zPc(x) for p € N and ¢(0) # 0.
In the case p = 1 we already have the following result.

THEOREM 1.1 (Chen-Tahara [2]). — Assume p = 1 and |i —nb(0) —
jc(0)| # 0 for any (i,j) € N x Zy. Then we have

(1) The equation (1.1) has a unique formal solution u(t,z) € C[[t, z]]
with u(0,z) = 0.

(2) Moreover, if ¢(0) € C\ [0, 00) holds the unique formal solution in
(1) is convergent in a neighborhood of (0,0) € C; x C,.

In this paper we shall discuss the case p > 2. In this case the indicial
operator C'(\, z,0/0z) = A—b(x) —zPc(x)d/dz has an irregular singularity
at z = 0 € C and the formal power series solution of (1.1) is not convergent
in general; but still it belongs to a formal Gevrey class.

DEFINITION. — Let s > 1 and 0 > 1. We say that a formal power
series f(t,z) = 3,50 ;50 fiit'@’ € C[[t,z]] belongs to the formal Gevrey
class G{t,x} s ) if the power series

fij o
. — ')
~ i);j)() (2!)3—1(J!)a—1
is convergent in a neighborhood of (0,0) € C; x C,.
The following result is a consequence of the main theorem (Theorem
2.1) of this paper.
THEOREM 1.2. — Assume p > 2 and b(0) ¢ N. Then
(1) The equation (1.1) has a unique formal solution u(t,z) € C[[t, z]]
with u(0,z) = 0.
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(2) Moreover, it belongs to the formal Gevrey class G{t,z}(s o) for
any s >p/(p—1) and o = p/(p—1).

The result of this type is often called a Maillet’s type theorem (see
(6], 71, [9])-

In this paper, we have confined ourselves to the study of formal
power series solutions u(t, z) € C[[t, z]] of (1.1). The relation between true

solutions of (1.1) and the formal solution obtained in this paper will be
discussed in a forthcoming paper.

2. Main results.

We discuss the same equation (1.1) as in §1 under the conditions
(F1),(F2),(F3), and p > 2.

Our equation is written as
0 0 o Ou\”
i _ P )y = . i d [ £2
(2.1) (tat b(z) — zPc(x) 83:) u=a(z)t+ iﬂi . a; jo(z)t'u (83:)

where a(x),b(x), c(x), a; j,o () are all holomorphic functions on Ay, ¢(0) #
0, and the right hand side is a holomorphic function on A with v = du/dzx.

Set
J= {(i,j,a);i +Jj+a>2,a>0, and a;;,(0) # 0}.
We have

THEOREM 2.1. —  Assume (F1),(F2),(F3), p > 2 and b(0) ¢ N.
Then, the equation (2.1) has a unique formal solution u(t,z) € C[[t,z]]
with u(0,z) = 0 and it belongs to the formal Gevrey class G{t,x} o) for
any (s,0) satisfying

1
2.2 s>1+max |0, sup ( 1 )
22 [ (jayes \(P—=1D(E+j+a—1)

and o > p/(p—1).

The proof of this theorem will be given in §4. Note that
1 1 P
P-DE+jt+a-1) P-1D2-1) p-1

1+
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1602 H. CHEN, Z. LUO & H. TAHARA

and therefore s > p/(p — 1) implies the condition (2.2). Thus, Theorem 1.2
follows from Theorem 2.1.

As a particular case, we have

COROLLARY 2.2. — If J = ), the unique formal solution u(t, )
belongs to the class G{t,z} 1 p/(p—1))-

This implies that the formal solution is holomorphic in the variable .

For f(z) = 3,5 ;27 € C[[z]] we write f(z) > 0if f; > 0 holds for
all j > 0. The following proposition asserts that our condition (2.2) is the
best possible result in a generic case.

ProposITION 2.3. — Assume (F1),(F2),(F3), p > 2 and b(0) &€ N.
Moreover, assume the following additional conditions:

c1) a(0) > 0, (da/dx)(0) > 0 and a(z) > 0;

¢2) b(0) < 1 and (b(z) — b(0)) > 0;

¢3) ¢(0) > 0 and c(z) > 0;

cd) a;jo(x) >0 (fori+j+a>2).
Then, the unique formal solution u(t,z) in Theorem 2.1 belongs to the
class G{t,r} s, if and only if (s,o) satisfies (2.2) and o > p/(p — 1).

The proof of this proposition will be given in §5.

Thus, we may say that the index (sp,0¢) defined by

1 P
2.3) sp =1+ max [0, sup ( — ) , 0g=—
(23) 2 [ o \o-Da+ita-n)| P po1

is the formal Gevrey index of the equation (2.1).

For other types of partial differential equations, the formal Gevrey
index is calculated by [6], [7], [8], [9].

Example 2.4. — Let p,q,l,m,n € Z, satisfying p > 2, n > 1 and
l+m+n > 2. Let us consider

8 ou ou\"
p qil, m
(2.4) =1+z)t+z 2 + zit'u (_835) .

We have
1) (2.4) has a unique formal solution u(t, z)€C|[t, z]] with u(0,z) = 0.

ANNALES DE I’INSTITUT FOURIER
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2) When ¢ > 1, u(t, z) belongs to the class G{t,z},0) if and only if

s>1 and o> L.
p—1
3) When g = 0, u(t, z) belongs to the class G{t,z}, o) if and only if
1 P
s>1+ and o> ——.
pP-1D(l+m+n-1) p—1

3. Preparatory discussions.

Before the proof of Theorem 2.1 we shall present some preparatory
lemmas.

For f(z) =3 .5 f]-xj € Cl[z]], we write

HIGED S AES

7=0

=S et = LD TO),

320

()—Z(],)a -2l o> 1.

320
B,(f )(a:) is a variation of the Borel transform of f(z). For f(z) =

> js0 fi7?, g(z) = ijogj:cj we write f(z) < g(z) if |f;| < g; holds
for all j > 0.

It is easy to show (see also [7]):

LEMMA 3.1. — Foro > 1, a(z), ¢(z), f(z) € C[[z]] we have
1) lag| (z) < |al (z) @] (x);

2) B,(a¢)(z) < B, (lal)(z)Bs(|¢])(z);
3) if ¢ # 0 and ¢(0) = 0 then

2 (ew3l) 0 < =mrme

1) B, (23) (@) = 22 B, () (@) < 22 B, (If])(a);
5)ifp>2ando > p/(p—1) then

B, (xpg—ﬁ) (z) < z"7' B, (|f])(2);

TOME 51 (2001) FASCICULE 6
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6) S(f)(z) < &I|f(z) and B5(S(f))(x) < By (g;If1) (2)-

We say that f(z) € C[|z]] belongs to the formal Gevrey class G{z},
if B,(f)(x) is convergent in a neighborhood of £ = 0. The following lemma
is used to construct a formal solution of (2.1).

LEMMA 3.2. — Let b(z), c(z) € C[[z]], p > 2, k € N and assume
that b(0) # k. We have

1) For any g(z) € C[[z]], the equation

(3.1) (k —b(z) - xpc(x)a%> w = g(x)

has a unique solution w(x) € C[[z]].

2) If b(x), c(z), g(z) € G{z}, for some o > p/(p — 1) we have
w(z) € G{z}, and moreover if |k — b(0)| > pk with p >0 we have

1

(32) B (lwl)(z) < & Bs(lg])()

N
p— ®(z)
where ®(z) = xB,(|S(b)|)(x) + 2P 1B, (|c|)(x) > 0. Note that ®(0) = 0
holds.

Proof. — 1) is verified by a calculation. Since (3.1) is written as
ow
(k = b(0) w = 25(b)(z)w + zPc(z) 5 + g(x),

by using the B,-transformation and 5) of Lemma 3.1 we have

Pk B, (|wl)(z)
< 2B, (IS(0)])(2) By (Jw])(2) + 2P~ By (|el)(2) B (|lw])(z) + Bo(lg])(x)
= &(z) By (|wl)(z) + Bo(lgl)(z)
< k®(z)Bo(Jw])(z) + Bo(I9])(x)

which leads us to the conclusion of 2). Lemma 3.2 is proved.

In order to estimate the term B,(0u/0x) we need the following
lemma.

LEMMA 3.3. — Leto >1and 0 < R < 1. If f(z) € G{z}, satisfies

C

(3.3) B,(f)(z) < m

ANNALES DE L’INSTITUT FOURIER
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for some C > 0 and a > 1, we have

(3.4) B, (x-g—i) (z) < & _ag)a-u < @ —ag)g;i—a'v
(3.5) B, (%) (z) < %'

Proof. — Assume that f(z) € G{z}, satisfies (3.3). Then

15] C zaC

of 0 _
B, (m%) (2) = 25-B,(f)(z) < Yor (R—2)  (R—z)atl

Combining this with
ad < il < ! < L. < L
R-r R—2z R-z (R-z)° (R—2)°
(since 0 < R < 1) we obtain (3.4). Note that the function 1/(R — z)® is
expressed as

1 _ 1 Lla+id)
(R—_z)* ; R DTG +1)

Therefore, if we prove the inequality

o1 .

j I'(a+ o)T{(a+j) > -
3.6 su < €,
(3.6) aZl,?}l ((a +o)T@l(a+j+o0—1)

a simple calculation shows that (3.5) follows easily from (3.3).

Since a sharp form of the Stirling’s formula for the I'-function guar-
antees
I(x) 1
<m<exp<l—2—x—)<\/€ forz>1
(see [10]), the inequality (3.6) is verified as follows:
4o1 I'(a+ o)T(a + j)
(a+o) T(a)(a+j+o—1)
ja—l \/ﬁ(a + a)a+a—1/26—a—a\/gm(a +j)a+j~1/26—a—j\/g
X (a+o_)g maa—l/Qe—a\/ﬁ(a_Fj +0— 1)a+j+a~l—1/2€—a—j70'+1
_ ( a >1/2 (1+g)“ ( ja—l(a+j)a+j—l/2

a+o a a+j+o—1)e-D+ati-1/2)

(3.7) 1

< (1+3)a < e
a

LEmMMA 3.4. — Let k 2 2, i,j,a € Zy, m1,...,m; € N, and
ni,...,Mq € N. Assume 2 < i +j+ o < k and i + |m| + |n| = k&,

TOME 51 (2001) FASCICULE 6
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where |/m| = m; +---+m, and |n| = ny + --- + n. Then we have 1)
(my =D (mj =Dl (ng — 1) (ng =)< (E=2)! < (k- 1)
erttitae

2) (my — D!+~ (my — Dl(ny = Dl (ng — 1) < ey (k — 1)

3) 1 < itjto ]

mi-myny Ny k

Proof. — 1) is verified by
(mi— 1)t (my; — D(ng = 1)!- - (ng — 1)!
<(ml+n|—j—a)!=(0C+|m|+|n|—i-j— )
=k-i—j5—a)
<(k-2)< (k-1
By using the Stirling’s formula (3.7) we have
(mi =1 (mj — Dl(ng = 1) (ng — 1)!
(k—1)!
(k—i—j—a) T(k—i—j—a+1)
= (k—1! I'(k)
\/%(k —i—j—a+ 1)k—i—j—a+l—1/2e—k+i+j+a—le
fomkk—1/2¢—k
(k —i—j—a+ 1)’“""J‘°‘+l‘1/2 eitota

<

eitita
< Fitita—1
which proves 2). Since mp > 1 and ng > 1, we have
(mi+-4mj+ni+-+na) < (G+a)(my---mjng - -ng)
and therefore
k=i+|m|+n| <i+(+a)(mi-mini-ng)
<@E+j+a)(m---ming---ng)

which proves 3). Thus Lemma 3.4 is proved.

4. Proof of Theorem 2.1.

Now, by using Lemmas 3.1 ~ 3.4 we shall give here a proof of
Theorem 2.1.

ANNALES DE L’INSTITUT FOURIER
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In this section we set o = p/(p—1); then the condition (2.2) is written
as

o—1
(4.1) s > 1+ max [0, (i7]§,1clx;))€J <m_—1>]
Since b(0) ¢ N is assumed, we can find a p > 0 such that |k — b(0)| > pk
holds for all £ € N.
First, let us look for a formal solution u(t, z) of the form
(4.2) u(t,z) =Y up(@)t*, uk(z) € G{a}, (for k >1).
E>1

Under (4.2) the equation (2.1) is decomposed into the following recurrent
family:

(4.3) (1 — b(z) - xpc(x)(,%) w1 = a(z),

and for k > 2

(4.4) (k — b(z) — x”c(x)%) Uk

Z Z Oun,  Oup,
= ai,j,a(l') uml ...u/,nj X 81, .. E— ,

2<itjta<k i+|m|+|n|=k
where |m| =my +---+m; and |n| = ny + - - - + no. Therefore, if b(0) ¢ N
by Lemma 3.2 we can determine ug(z) € G{z}, (k = 1,2,...) inductively
on k. Thus, we have obtained a unique formal solution u(t, z) in (4.2).

Next, let us prove that this formal solution u(t,z) belongs to the
formal Gevrey class G{t,z}s 0 if s satisfies the condition (4.1). To do so,
we set,

wi(x) = S(ug)(z) € G{z},, k=12,....

Then we have ug(z) = ux(0) + zwk(x) and by (4.3),(4.4) we have
(4.5) (1= b(0)) w1 (0) = a(0),

(4.6) (1 — b(z) — 2P e(z) - a:%(x)%) wy = S(b)(x)u1(0) + S(a)(z),

and for k > 2

A7) k- b0)ue@) = 3 az-,j,aw)[ S (0)-

2<i+j+a<k 1+ |m|+|n|=k

Uy, (0)wy, (0) - - - wy, (0) ]

TOME 51 (2001) FASCICULE 6
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(4.8) (k —b(z) — 2P Le(x) - aspc(x)g)wk

X
= 5(b)(x)ux(0)
+ Z S(ai,j,0) () l Z (um1 0) + .T?Uml)
2<i+j+a<k i+|m|+|n|=k

Own, Own,,
X+ X (Um, (0) + Zwm, ) x <an1 +x_8a_ﬂ—> . <wmx +o— )]

+ Z a;,5,2(0) l Z (% { (uml (0) + xwmx)

2<i+j+a<gk i+|m|+|n|=k

VTR, (umJ(O) +9:me) X (wnl +x%) <wna +m8;}$)

T

= U, (0) -+ U, (0) Wi, -+ W, }+um1 (0) - um, (0)S (wn, - - - wn,) >} .

Choose 0 < R < 1 and A > 0 so that |u;(0)|] < A and
A
(R—z)7
Put ®(z) = 2B, (|S(b)|)(z) + 227! B, (|c|)(x) and take B > 0 such that
BSONE) B
p— ®(z) (R—z)7

(49) B¢7 (wl) (fL‘) <

Similarly, choose Aioj)a >0 and A; ;o > 0 so that |a; ;o(0)] < Az(-?j{a,

(0)
|ai,j,a(0)] < Ai g B, (15(aij,0)|)(z) < Aija
p—&(x) ~ (R—z)7’ p—®(z) (R—1x)°
and that

Z Al(.f)j),atiujva and Z Aiyj,atiujva
i+ji+az2 itjtax2
are convergent in a neighborhood of the origin of C; x C, x C,. We may
assume that Az(»?j)ﬂ =0if a;,,(0) = 0.
Using these constants, let us consider the following functional equa-
tion with respect to Y:

(4.10)

A 1 i o
Y = t+ L t'(2Y)7(28Y)
(R _ I)2o (R—.I)J H_j;lZz (wa)a(41+2]+2a73)

ANNALES DE L’INSTITUT FOURIER
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where § = (4e0)? and
(4.11)

Ciga = ((1+B/p)AL) +Ai5.0) (i+54+0)7 4 AL, (474) 7

1,7,0
Note that by i + j + a > 2 we have 41 + 25 + 2aa — 3 > 1.

Since (4.10) is an analytic functional equation with respect to Y, by
the implicit function theorem we see that (4.10) has a unique holomorphic
solution ¥ = Y (¢,x) in a neighborhood of the origin of C; x C, with
Y (0,2) = 0. If we expand Y into the form

Y(t,z) =Y Yi(a)t:
k>1

we see that the coefficients Y;(z) (k > 1) are determined by the following
recurrent formula:

A

(4.12) Y= R—ap

and for k > 2

1 15,0
A1) Y= ——vu Y Ciy,

(R —z) 2<itj+ask (R — g)7erareza=s)
[ S (o) xox (21,) (29%) - (20m)]
i+|ml+In|=k

Moreover we can prove by induction on k that Yj(x) has the form
My,
(R — z)o(4k=2)

with constants M; = A and My > 0 (for k& > 2).

(4.14) Yi(z) = (for k > 1)

In addition, we have the following lemma.

LEMMA 4.1. — Let 8 = (4e0)?, and let u(t, ) be the unique formal
solution in (4.2). If s satisfies the condition (4.1) we have the following
estimates for all k € N:

(4.15) lux (0)] < (k—vkia)EYk(:c)?
(416)x B, (jwih (@) « E= i o),
(4.17); B, (:ca%{wko (@) < (—k;a—l_)is:—ﬂYk(x),

TOME 51 (2001) FASCICULE 6



1610 H. CHEN, Z. LUO & H. TAHARA

(4.18)% B, (%Iwkl) () < @_—lﬂn(x).

We admit this lemma for a while. Then, by (4.15) and (4.16) we have

B, (lug|)(x
2 (_lf)ll)s( 1)tk<<z(kl . s Tt 4 Z |wk|ls(xl) *

k>1 k>1
k k
< Z E;Yk(l‘)t + xz FYk(x)t

k>1 k>1

< (142)) Yi(a)th = (1 +2)Y(t,2).
k>1

This implies that our formal solution u(t,z) in (4.2) belongs to the
class G{t, 2} (s,0)-

Thus, to complete the proof of Theorem 2.1 it is sufficient to give a
proof of Lemma 4.1.

Proof of Lemma 4.1. — Assume that s satisfies the condition (4.1).
We have
(4.19) (i+j+a—-1)(s=1)=20—-1 forany (3,j,) € J.

First let us prove the case k = 1. Since |u;(0)| < A is assumed, we
have

i1 (0)] < A < (7_“‘%—) = Yi(2)

which is (4.15);. Using (4.9) and Lemma 3.3 we can verify (4.16);, (4.17)1,
(4.18); as follows:
A A
Ba =Y 9
(0) () < e < gy = V@)

B, (m%lwﬂ) (z) < (—% = oY1(z) < BY1(2),

B, (%hﬂﬂ) () < e_(%—i-Ta))é (2e0)°Yi(2) < BYi(z).

Here we used the conditions 1 < 1/(R — z)° (since 0 < R < 1) and
B = (4eo)’.

Next, let us show the general case k > 2 by induction on k.

ANNALES DE L’INSTITUT FOURIER
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Let k > 2 and suppose that (4.15); ~ (4.18); are already proved for
all ¢ <k — 1. Then by (4.7) and the induction hypotheses we have

Ol < Y laisal0)]

2<i+j+ask

J oy (o) ey,

m m;
it |m|+n|=k ! J

y ((m ;112!5_1Yn1) ((na ;;,)!s_lYna)].

Therefore, by 1), 3) of Lemma 3.4 and by using the inequality (i+j+a)/k <
1 we have

(4.20) |uk(0)|<<%% S Jase©l| S k-pr

2<itjta<k i+|m|+|n|=k
. . o—1 .
1+)+a 1+)+a
o (o)™ (22 )xyml...ym]xym...yna]

k—1)1s-11 o o
< (—k?,—; > 1aiaOl G+ +a)7
2<i+j+a<k

x N Y Y, XYy Y,
i+|m|+|n|=k

Hence, if we note that

(0)
1 |ai,j,0(0)] Aija
; Ia"thOt(O)l < p— @(Z’) < (R — .’E)G ’
we have
- (0) ; : o—1
(k‘— 1)!s 1 AiJ’a(Z—f-j +a)
Iuk<0)| < ko L (R _ _,L.)a
2<i+j+a<k

X E le...Ym]Xynl...Yna
i+|m|+|n|=k

By comparing this with (4.13) and by using Ag)j),a (i+7+a) 1 <Cija,
4i+2j+2a—3>1and 1 € 1/(R — z)? we can easily obtain (4.15).
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Let us show (4.16), (4.17), and (4.18)k. To do so, it is sufficient to
prove

(4.21) By (i) (x) <« L=V (o)

(k) — 1)!5‘1 M,
ko (R _ $)0(4k—3)

(see (4.14)). In fact, if we know this, by using 1 < 1/(R — z)? and (4.14)
we have (4.16)), and by applying Lemma 3.4 we can obtain (4.17); and
(4.18)5.

Let us prove (4.21) from now. By applying 2) of Lemma 3.2 to (4.8)
we have
B, (|wk]) (z) < I + I + I3

with

_ 1 B,(IS(0)))(=)

Il - k p _ q)(x) |uk(0)|7
I = % 3 BU(IS(_ag,(Q))I)(x) [ 3 (Iuml(O)l +zB, (|wm1[))
2tjtask p r 1+|m|+|n|=k

%o x (|umj (0)| + 2B, (Iwmjl))

x@me+&@%mmy~@mmm+&@%wm»}

vt £ ] 5 (1 (o o)
<i+j+ask i+|m|+|n|=k

<o ( [um, (0)] + 2By (Jwm,))

< (Bo (oml) + 2B, (5w 1)) -+~ (B () + 2By (2w, )
= [ty ()] -+ [ttrn, (0)| Bo (|wn, [) -+~ Bo (lwnal)}
+ oty (O)] -+ ttm, (0)] B (IS (i, wn)|>)}

I, is estimated by (4.20):

ANNALES DE L’'INSTITUT FOURIER
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L(k—1tt1 Bo(|S(b)]) L -1
(4.22) I<<——-— ——La; a(0)] (1 4+ 5+ a)°
< LD ) sl )
Yoy -+ Yo, X Yy - Yo
z+|m|+|n| k
(k — 1)1s-1 (B/p)AL) L(0)(i + j + o)1
L —
ke (R—1x)°
2<1+]+a<k

> Z Yoy -+ Yo, X Yy - Yo,
i+|m|+|n|=k

Since Y;(z) has the form (4.14) and 0 < R < 1 is assumed, we have
zY(z) < RY(z) < Yi(x).

By using this and the induction hypotheses, we see

1 A;ig (my — 1)1s71
I - il L = 7 9,
2 K % Z (R — .’17)‘7 |: Z ( m1° 2 1

2<i+j+a<k i+|m|+|n|=k
i -1t /1

X oo X (m_J_)_Qym (_n_l_)___ — +8) Y,
mja 7 nl"_l ni
—t 1

X e X ((n_a% (—+5>Yn,,)
Ng N

Therefore, by 1), 3) of Lemma 3.4 and by the same argument as in (4.20)

we obtain

(k—1)ts—1 A ja(i+j+a)’!
(423) I < —r— 3 sy D> (2Yom, )
2<it+j+agk i+|m|+|n|=k

oom o) (5 #0) ) (G +) )

In order to estimate I3 we note
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B, (1S (wn, - -wn, )l (@)

< Bg(% |1, '--wna|>(x)

< i B, (]wm |> .- B, ('% |wn, |) -+ Bsy (Iwna I)
=1

SO (CES N B (SN

< (@gym) (@5}%&);

here we used 6) of Lemma 3.1, the induction hypotheses, the inequality
af < %, and
(’I’Ll — 1)!5_1

Bg(|wn|) < 1 Y,.

Therefore, using this and zY;(z) < Y;(z) we can estimate I5 in the following

—1)ls—?
(ot

way:

0)
1 Ao
(4.24) I < - E Sy

2<i+)+a<gk (R - [L‘)‘T 1+ |m|+|n|=k
L 1s—1
X oo X ((mj—l).‘—QKILJ>
m,°
— 1)1s—1 o —1 1s—1
x (ﬂ_)—ggynl> (u_gﬁyna) .
1 1
If @ =0, then by 1), 3) of Lemma 3.4 we have
—1)s—1 F— 1)t k— 1)t
(4.25) (my = D77 (my = 1) <( ) (i+j+a) !

mla mja k:r—l

as in the proof of (4.20). If @ > 0 and a; j,«(0) = 0, we have A%),a =0

and nothing to do. If & > 0 and a; j,(0) # 0, we know that s satisfies the
condition (4.19); in this case by 2) of Lemma 3.4 we have
(4.26) (my =11 (my — Dy P (g P!
my° mj" 1 1
<(mp =D (my — D) (g — 1)1 (g, — 1)1

eitita \ 571 o1 (ei+j+u)s_1 -
S (ki+a‘+a—1) (k=) = ek — D!

(€z+.7'+a)5*1

< ka—l

(k — 1)1~

ANNALES DE L’INSTITUT FOURIER
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Hence, applying (4.25) and (4.26) to (4.24) we obtain
(0)

(4.27) I; < (k;kla)'_i Z U%AZ_—Jma)ta ((z'+j+a)0—l + (ei+]‘+a)s—1)
2<i+j+a<k
* i+|m§n|:k(zyml) <2Ym1) X (2,8Ynl) (25Yna>

Thus, by (4.22), (4.23) and (4.27) we have
Bo (Jwg]) () < L+ I + I

P 5 ] % o)

i+|m|+|n|=k

N (QYMJ) (2[3Ynl) o (2ﬁYna)

and by comparing this with (4.13) we obtain

(k—1)1s~1
ka

By (Jwg]) (z) < (R —x)7Yk(z)
which proves (4.21).
Thus, the proof of Lemma 4.1 is completed.

The proof of Theorem 2.1 is also completed.

By the above proof, we can say more. Let p > 2 and o > p/(p — 1).

Assume the conditions: (i) a(z), b(z), &(z) and i j.o () are all formal power
series in z belonging to the class G{z},; and (ii) the series

Z B, (a,j.a) (@)t w v™
1+y+az>2

is convergent in a neighborhood of the origin of C; x C, x C, x C,,.

Let us consider the following formal equation:

- 0 80\
429) (1g-do)-wretag Ja=awre 3 anaer (5) -
i+j+a>2
Then we have
THEOREM 4.2. — Letp > 2 and o > p/(p — 1). Assume the above

conditions (i) and (ii). Then, if b(0) ¢ N, the formal equation (4.28) has a
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unique formal power series solution i(t,z) € C[[t,z]] with 4(0,z) =0 and
it belongs to the formal Gevrey class G{t,z} ) for any s satisfying

oc—1
s> 1+ max |0, sup (7) s
[ (ige)es \E+J+a—1

where J = {(i,j,a);i +j+a>=2,a>0, and @;,,(0) # O}.

5. Proof of Proposition 2.3.

Before the proof of Proposition 2.3 we shall show the following lemma.

LEMMA 5.1. — Let p > 2 and q > 1 be integers, let A > 0, C' > 0,
K > 0, and let us consider
8 ou Ou
5.1 — Axt + C2? 2L 4 e
(5-1) Por =AM T g t R g
We have

1) (5.1) has a unique formal solution u(t, z)€C|[t, z]] with u(0,z) = 0.
2) u(t,x) belongs to the class G{t,z}s 0 if and only if

1
(5.2) s>14+-——— and 02—1)—

(p—1)q p-1

Proof. — Let u(t,z) be the formal solution of (5.1) in 1). Since
Theorem 2.1 is already proved, we have only to show that u(t,z) €
G{t,x}(s,0) implies the condition (5.2). Note that in case p = 2 the
condition (5.2) is given in [11].

Suppose that u(t,z) € G{t,z}s ) holds. Without loss of generality
we may assume A > 1, C' > 1 and K > 1; if otherwise, we apply the change
of variables t — hit, £ — hox for sufficiently large hy,hs and we can
reduce the equation to the case where A > 1, C' > 1 and K > 1 hold. Then,
the formal solution w(t, z) € C[[t, z]] of
(5.3) taa—t =zt + a:”g—w +t g:
with w(0,z) = 0 satisfies 0 <« w(t,z) < wu(t,z) and therefore we
have w(t,z) € G{t,z}(s,); in particular, we have w(t,0) € G{t}s and
(Ow/0t)(0,z) € G{z},.
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It is easy to see that w(t,z) has the form

w(t,2) = Y wiprg @, wiig (@) € Cllel](for k > 0)
k>0

and the coeflicients are determined by the following recurrent formula:

0
(5.4) wy = x+m”ﬂ,
or

and for k > 1

8wl+kq + 8u}l-l—(k—l)q

(5.5) (1 +kq)witrg = 2P —— oz

By solving the equation (5.4) we have

(5.6) w1 (z) = a+a"+ Y ((1+(p—1))(1+2(p-1)) . (1+l(p-—1))>:rp+l(p—1)

>1

> po(p —1)lnzlP=h),

>1

Since w;(z) = (Ow/0t)(0,x) € G{z}, is known, we have
Z(p - )2 Y e Gz},

1>1
which immediately leads us to the condition o > p/(p — 1).

Since wiykq(z) > 0 is known, by (5.5) we have

1 0 0
W1 tkq(T) = T (mp%wukq(ﬂf) + &;wu(k—l)q(x))

> 1 9 (z)
— —Wig(k—
1+ kqoz ‘HE—1a

and by repeating this k-times we have

(x) > 1 ( 0 )kw (x)
w z — i
T g 2g) - (L ke) \0z)

Since wi(z) is given explicitly in the equality (5.6), by putting
k=p+1l(p—1) and z = 0 we have

Wit (pti(p—1))q(0)
pHip-D)x(1+(-1)0+2p-1)---(A+Ilp-1))
(I+q@)(1+2g)--(1+(@+Up—1))q)

F(I/Q) —p—=Il(p—1 _
P mq i )(P i
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1618 H. CHEN, Z. LUO & H. TAHARA

and therefore

u(t,0) 3> Y Wiy (prip-1))g(0)F T FHE

>1

I'(1/q) —p—I(p— -
1+pgq _ 2 \H) amp=le-) g 1)t (p—1)g
>t E T/ (p 1))q (p— 1) .

Thus, by the condition u(t,0) € G{t}s we obtain

> (p— 1) e Gt}

>1

>1

which immediately leads us to the condition s > 1+ (1/(p — 1)q).

Thus, we have proved that u(t,z) € G{t,z},,) implies the condition
(5.2).

Proof of Proposition 2.3. — Let u(t,z) be the unique formal power
series solution of (2.1) with «(0,2) = 0. Since Theorem 2.1 is already
proved, to complete the proof of Proposition 2.3 it is sufficient to show
that u(t,z) € G{t,z}(s,0) implies the condition (2.2) and o > p/(p — 1). If
J = 0 we have nothing to do; hence from now we assume that J # @ holds.

By the conditions c1) ~ c4) we see that u(t, z) > 0 and we can choose
M > 0 so that 0 < k — b(0) < Mk for all £ € N. Put ap = a(0) > 0 and
a1 = (0a/0x)(0) > 0. Take any (¢, j, ) € J. Then,

ou 0
Mt'é—t— > <ta - b(O)) u

= =50)@u+ :c”c(x)gg +a(z)t + Z ak,1,m (T)tFut (au)m

k+l+m>2 Oz
ou . Ou\®
> m”c(O)g + (a0 + a1z)t + a; ;o (0)t'u’ (%) .
Therefore, we can see that the unique formal solution w(t, z) € C[[t, z]] of
Ow 1 ow . Ow\”
(57) ta = M [(ao + alx)t + .Z'pC(O)*a—x' + aivjya(())t w’ <%) j|

with w(0,z) = 0 satisfies 0 < w(t,z) < u(t,z) and therefore we have
w(t,z) € G{t,z}(s,0)-

Moreover, w(t, z) has the form

w(t,z) = (% + %x) t+0(t?)
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FORMAL SOLUTIONS OF NONLINEAR SINGULAR PDE 1619

and by (5.7) we have

ow 1 ow
& _ = P
t 5 = 7 [(ao + a1z)t + 2P¢(0) .

+%J@“Dﬁ((%%‘F%%$)t+%)“%)j((%%)t+%9“%)aﬁ1%%]

> % _alxt-{— x”c(O)g—Z} + ai ;.«(0) (%)] (%)a ' ti+j+a_lg—1:].
Thus we can see also that the unique formal solution W(t,z) € C|[¢, z]] of
(5.8) )
t%—vr = % .almt . a:”c(O)a(f)—I: +i,3,0(0) (%)J (%)aﬂl ti+j+a‘1aa—v:}
with W(0,z) = 0 satisfiess 0 < W(t,z) < w(t,z) and W(t,z) €
G{t,.’L’}(S’U).

Now, let us apply Lemma 5.1 to (5.8). Since W (t,z) € G{t,x} (s ) is
known, we can conclude that (s, o) satisfies

1 p
s>1+ — and o> ——.
(p-D(+j+a-1) (r—1)

Since (3, j, @) € J is taken arbitrarily, we obtain

1
s>14+ sup ( — )
(e \(P—D(E+j+a—1)

which implies the condition (2.2).

Thus, the proof of Proposition 2.3 is completed.

Remark. — By the above proof we can see the following: if the
equation (2.1) satisfies
(5.9) (i,j,0) € J =3 =0,

we can remove the assumption a(0) > 0 from the condition cl) in
Proposition 2.3.

Example 5.2. — Let p,l,n € Z, satisfying p > 2, n > 1 and
l+n > 2. Let us consider
ou ou ou\"
10 t— =xt+aP—+t' (=) .
(5.10) A (m«)

Then, the unique formal solution u(t, z) € C[[t, z]] with u(0, ) = 0 belongs
to the class G{t,x}s,o) if and only if

1
and o > ——p—.

p-1(l+n-1) p—1

s>1+
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