RE4y,

S %
Zeas™  ANNALES

DE

L INSTITUT FOURIER

Kai KOHLER & Damien ROESSLER

A fixed point formula of Lefschetz type in Arakelov geometry II: A residue
formula
Tome 52, n° 1 (2002), p. 81-103.

<http://aif.cedram.org/item?id=AIF_2002__52_1_81_0>

© Association des Annales de I’institut Fourier, 2002, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie cet article sous quelque forme que ce
soit pour tout usage autre que I’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2002__52_1_81_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
52, 1 (2002), 81-103

A FIXED POINT FORMULA OF LEFSCHETZ TYPE
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1. Introduction.

This is the second of a series of four papers on equivariant Arakelov
theory and a fixed point formula therein. We give here an application of
the main result [KR1] Th. 4.4 of the first paper.

We prove a residue formula “a4 la Bott” (Theorem 2.11) for the
arithmetic Chern numbers of arithmetic varieties endowed with the action
of a diagonalisable torus. More precisely, this formula computes arithmetic
Chern numbers of equivariant Hermitian vector bundles (in particular,
the height relatively to some equivariant projective embedding) as a
contribution of arithmetic Chern numbers of bundles living of the fixed
scheme and an anomaly term, which depends on the complex points of the
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82 K. KOHLER & D. ROESSLER

variety only. Our determination of the anomaly term relies heavily on recent
results by Bismut-Goette ([BGo]). The formula in 2.11 is formally similar
to Bott’s residue formula [AS III, Prop. 8.13, p. 598] for the characteristic
numbers of vector bundles, up to the anomaly term. Our method of proof is
similar to Atiyah-Singer’s and is described in more detail in the introduction
to Section 2. The effective computability of the anomaly term is also
discussed there.

Apart from the residue formula itself, this article has the following
two side results, which are of independent interest and which we choose
to highlight here, lest they remain unnoticed in the body of the proof
of Theorem 2.11. The first one is a corollary of the residue formula,
which shows that the height relatively to equivariant line bundles on
torus-equivariant arithmetic varieties depends on less data than on general
varieties (see Corollary 2.9):

PROPOSITION. — Let Y be an arithmetic variety endowed with a
torus action. Write Y7 for the fixed point scheme of Y. Suppose that
L, L’ are torus-equivariant hermitian line bundles. If there is an equivariant
isometry fyT ~ L'y, over Y and an equivariant (holomorphic) isometry
Lc ~ L'c over Y then the height of Y relatively to L is equal to the
height of Y relatively to L .

The second one is a conjecture which naturally arises in the course of
the proof of the residue formula (see Lemma 2.3):

CONJECTURE. — Let M be a S'-equivariant projective complex
manifold, equipped with an S'-invariant Kéhler metric. Let E be a S'-
equivariant complex vector bundle on M, equipped with a S-invariant
hermitian metric. Let Ty, (-) (resp. Ry, (-) of E) be the equivariant analytic
torsion of E (resp. the equivariant R-genus), with respect to the automor-
phism e?"". There is a rational function Q with complex coefficients and a

pointed neighborhood U of 0 in R such that
1 — 1 ) o
SToOLE) = 5 [ Ty (TM) chy (BYR, (TM) = Q™) i€
gt
(here My, is the fixed point set of the automorphism e*™, ch,, is the
equivariant Chern character and Td, is the equivariant Todd genus - see

Section 4 of [KR1] for more details).

Lemma 2.3 shows that this conjecture is verified, when the geometric
objects appearing in it have certain models over the integers but it seems
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A FIXED POINT FORMULA OF LEFSCHETZ TYPE 83

unlikely that the truth of the conjecture should be dependent on the
existence of such models.

The appendix is logically independent of the rest of the article. We
formulate a conjectural generalisation of the main result of [KR1].

The notations and conventions of Section 4 of [KR1] (describing the
main result) and 6.2 (containing a translation of the fixed point formula
into arithmetic Chow theory) will be used without comment. This article
is a part of the habilitation thesis of the first author.

Acknowledgments. It is a pleasure to thank Jean-Michel Bismut, Se-
bastian Goette, Christophe Soulé and Harry Tamvakis for stimulating dis-
cussions and interesting hints. We are grateful to the referees for valuable
comments. We thank the SFB 256, “Nonlinear Partial Differential Equa-
tions”, at the University of Bonn for its support. The second author is
grateful to the IHES (Bures-sur-Yvette) and its very able staff for its sup-
port.

2. An “arithmetic” residue formula.

In this section, we consider arithmetic varieties endowed with an
action of a diagonalisable torus. We shall use the fixed point formula [KR1,
Th. 4.4] to obtain a formula computing arithmetic characteristic numbers
(like the height relatively to a Hermitian line bundle) in terms of arithmetic
characteristic numbers of the fixed point scheme (a “residual” term) and an
anomaly term derived from the equivariant and non-equivariant analytic
torsion. One can express this term using characteristic currents only,
without involving the analytic torsion (see Section 2). See equation (12) for
a first version of the residue formula (where the anomaly term is expressed
via the analytic torsion) and 2.11 for the final formula (where the anomaly
term is expressed using a characteristic current). One can use the residue
formula to compute the height of some flag varieties; there the anomaly
term can be computed using the explicit values for the torsion given in
[K2]. We shall nevertheless not carry out the details of this application, as
the next paper [KK] gives a general formula for the height of flag varieties.

The strategy of proof we follow here is parallel to Atiyah-Singer’s
in [AS, Section 8]. Notice however that our proof, which involves the ~y-
operations, works in the algebraic case as well. The fundamental step of
the proof is a passage to the limit on both sides of the arithmetic fixed point
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84 K. KOHLER & D. ROESSLER

formula, where the limit is taken on finite group schemes of increasing order
inside a given torus. Both sides of the fixed point formula can be seen as
rational functions of a circle element near 1 and one can thus identify their
constant coefficients. The constant coefficient of the arithmetic Lefschetz
trace is the arithmetic Euler characteristic, which can in turn be related
with arithmetic characteristic numbers via the (arithmetic) Riemann-Roch
formula.

Furthermore, following a remark of J.-M. Bismut, we would like to
point out that a direct proof of the formula 2.11 seems tractable. One
could proceed as in the proof of the fixed point formula [KR1, Th. 4.4]
(by deformation to the normal cone) and replace at each step the anomaly
formulae for the equivariant analytic torsion by the anomaly formulae for
the integral appearing in 2.11, the latter formulae having much easier proofs
(as they do not involve the spectrum of Laplace operators). One would thus
avoid mentioning the analytic torsion altogether. If [KR1, Th. 4.4] and the
work of Bismut-Goette was not available, this would probably be the most
natural way to approach the residue formula.

Let 7 := Spec Z[X,X 1] be the one-dimensional torus over Z. Let
f Y — SpecZ be a regular scheme, flat over Z, endowed with a 7-
projective action and such that the fixed scheme Y7 is flat over Z (this
requirement is only necessary because we choose to work with arithmetic
Chow theory). Let d+1 be the absolute dimension of Y. This action induces
a holomorphic group action of the multiplicative group C* on the manifold
Y(C) =: M and thus an action of the circle S C C*. Y(C) once and
for all with an S'-invariant Kéhler metric w”¥(©) = T (such a metric
can be obtained explicitly via an embedding into some projective space).
Now let m > 0 be a strictly positive integer coprime to n. Consider the
homomorphism $, 5, : Z — Z/n, given by the formula a — m.(a mod n).
This homomorphism induces an immersion iy, : @, — 7 of group
schemes. Let now F be a 7T-equivariant bundle on Y. Recall that the
equivariant structure of E induces a Z-grading on the restriction E|y,
of E to the fixed point scheme of the action of 7 on Y; the k-th term
(k € Z) of this grading is then denoted by Fj.

LEMMA 2.1. — Write E™™ for E viewed as a ,-equivariant bundle
via im n. There exists an € > 0 such that for all k € Z the natural injection
Ep — E:m"; (k) 1S an isomorphism if 1 /n<e.

Proof. — This natural injection is an isomorphism iff the equality
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A FIXED POINT FORMULA OF LEFSCHETZ TYPE 85

Smon(k) = smn(k') (k,k' € Z) implies that £k = k’. Now notice that the
kernel of s, is generated by n. Thus the implication is realized if we
choose € such that 1/e > 2. max{|k| |k € Z, Ex, # 0} and we are done. 0O

COROLLARY 2.2. — Let P be a projective space over Z endowed
with a global action of the torus 7. Write P™™ for P viewed as a fin-
equivariant scheme via i, ,. Then there exists € > 0, such that if 1/n < €,
then the closed immersion Pr — P7"" is an isomorphism.

Proof. — Let M be a free Z-module endowed with a 7-action,
such that there is an equivariant isomorphism P ~ P(M). Let us write
M™" for M viewed as a p,-comodule via i, ,. By the description of the
fixed scheme given in [KR1, Prop. 2.9], we have Pr = [,z P(Mk) and
P = Tlez /n P(M;""). Furthermore, by construction the immersion
P(M}) — P factors through the immersion P(My) — ]P’(M::’nt (k)) induced

by the injection My — M™ (k) By the last lemma, there exists an
€ > 0 such that for all £ € Z the natural injection M; — M:;.TZ(k) is

an isomorphism if 1/n < €. From this, we can conclude.

Let again E be a T-equivariant bundle on Y, such that the cohomol-
ogy of E vanishes in positive degrees. We equip E¢c with an S'-invariant
metric (such a metric can be obtained from an arbitrary metric by integra-
tion). Consider F and Y as u,-equivariant via %,, ,. We shall apply [KR1,
Th. 7.14] to E. For this application, we fix the primitive root of unity
e/ of 1, (C). If @ € C*, we shall write g(a) for the corresponding
automorphism of Y'(C) and we let g,, ,, := g(e*™™/™). Set M := Y (C). By
[KR1, Th. 6.14], we get

deg,,, (RF.(B)) = 3,

9m,n

- % / ngm,n (TM) Chgm,n (E)Rgm,n (TM)
M.

gm,n

(M, E)

rk N‘\’//Yun

Too i N vad -1
+ deg(fi‘" ( Z (—1)'chy, (A'(Nyyy,, )))
=0

(1) Td(Tf#).ch,, (E)).

Furthermore, using the last lemma and its corollary, we see that there is an
€ > 0 and a formal Laurent power series Q(-) with coefficients in CH(Y7)c
(of the form P (2)/P2(z), where Py(z) is a polynomial with coefficients in
CH(Y7)c and P»(z) is a polynomial with rational coefficients), such that

TOME 52 (2002), FASCICULE 1



86 K. KOHLER & D. ROESSLER

for all n, m coprime with 1/n < ¢, the term
rk N‘\f/y"n
i3 vl o T e B N
@ (Y (Vi (N NYyy,)) TATF).ch,, (B)
i=0

equals Q(e?™™/™), Similarly, there is an € > 0 and a rational function Q(-)
with complex coefficients, such that for all n,m coprime with 1/n < ¢, the
term

rk Ny

@ @Y () T, (B)

equals Q(e%™™/™). Since the elements of the type e?*"t, where t € Q, form
a dense subset of S!, we see that the function @Q(z) is uniquely determined.
Let us call A7(E) the constant term in the Laurent development of
Q(z) around 1. By construction, there is a polynomial P(z) with complex
coefficients, such that d/eE#n (R°f.(F)) equals P(e*"™/™). By density again,
this polynomial is uniquely determined. The constant term of its Laurent
development around 1 (i.e., its value at 1) is the quantity a(%(RO f.E).
Using (1), we thus see that there is a uniquely determined rational function
Q’(z) with complex coefficients and an € > 0, such that the quantity

1

=T

— 1
3Tonn(ME) =5 [ Td,, (M) et (E)R,,,, (TM)

gm,n
equals Q'(e?™™/™) if 1/n < e.

Now notice the following. Let I C R be an interval such that the fixed
point set M, does not vary for t € I. Let g; := g(e?™*). Then Ry, varies
continuously on I (e.g. using [K2, Remark p. 108]).

o
LEMMA 2.3. — There is a pointed neighborhood U of 0 in R such
that

%Tgt(M1E-) - %/ ngt (TM) Chgt (E)Rgt (TM) — Q/(e27rit)

Mgt
ift € U. Furthermore this equality holds for all up to finitely many values
of e2mit ¢ §1,

Proof. — It remains to prove that the analytic torsion Ty, (M, E)

is continuous in ¢t on U (see also [BGo]). Let I :=]0,¢[ be an interval
on which the fixed point set My, does not vary. Let My, = |, M, be

ANNALES DE L’INSTITUT FOURIER
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the decomposition of the fixed point set into connected components of
dimension dim M, =: d,,.

Let P1 denote the projection of ['°(AYT*%! M ® E) on the orthogonal
complement of the kernel of the Kodaira-Laplace operator O, for 0 < ¢ < d.
As shown in Donnelly [Do, Th. 5.1], Donnelly and Patodi [Do, Th. 3.1] (see
also [BeGeV, Th. 6.11]) the trace of the equivariant heat kernel of O for
u — 0 has an asymptotic expansion providing the formula

Z( 1) g Trgre Pt ~ ) Z / bE(t, ) dvol,,

b k=—d,
where the bi(t,z) are rational functions in ¢ which are non-singular on I.
Thus the analytic torsion is given by

i * q+1 * —ul _Ldu
Ty, (M,E) = E (=19 qTrgfe " P -
1

1
du
E: 1T g Ty gre~*Ca pL — E:E: /b"t ) dvol, | &%
+/0 (-1 qTrgje z) dvol, | -

p k=-d,

+ZZ /b"tmdvol - Z/Mb“tzdvol

pw k=-—d,
The integrand of the first term is uniformly bounded (in t) by the non-
equivariant heat kernel. Hence we see in particular that T, (M, E) is
continuous in ¢ € I. As the equation in the lemma holds on a dense subset
of I, it holds in I and by symmetry for a pointed neighborhood of 0. O

Recall that d+1 is the (absolute) dimension of Y. Consider the vector
field K € ['(TM) such that e!¥ = g; on M. In [K1] the function R™* on
R\ 27Z has been defined as

R™Y(¢) == lim —

(according to Abel’s Lemma the series in this definition converges for
Res > 0).

COROLLARY 2.4. — Let D, C Z denote the set of all non-zero
eigenvalues of the action of K/2m on T M|y, at the fixed point component
M,,. There are rational functions Q",Qux,; for k € D,, 0 < 1 < d,, such
that for all but finiteley many Values of e2mit

( ) Q/I( 27rzt)_+_z Z ZQu,kl(ez‘Mt) ( ) Rmt(27l"ékt)

p keD, 1=0

TOME 52 (2002), FASCICULE 1



88 K. KOHLER & D. ROESSLER

The functions Q, x, depend only on the holomorphic structure of E and
the complex structure on M.

Proof. — For ¢ = e*® € 81, { # 1, let L(¢, s) denote the zeta function
defined in [KR1, Section 3.3] with L((,s) = Y oy k~°¢* for Res > 0. In
[K2, Equation (77)] it is shown that L({, —!) is a rational function in ¢ for
l € Ng. Also by [K2, Equation (80)],

N
Ea—s-lsz_l(L(e“f’, s) — (—1)'L(e™*,s)) = (%) 2iR™Y ().
The corollary follows by the definition of the Bismut R4-class (see [KR1,
Def. 3.6]) and Lemma 2.3. O

Remark. — One might reasonably conjecture that Lemma 2.3 is
valid on any compact Kéhler manifold endowed with a holomorphic action
of St.

Let us call L7 (E) the constant term in the Laurent development of
Q'(z) around z = 1. By Lemma 2.3 we obtain
deg(R*f.(B)) = L1(E) + Ar(E).
Since for any 7 -equivariant bundle, one can find a resolution by acyclic (i.e.,
whose cohomology vanishes in positive degrees) 7 -equivariant bundles, one
can drop the acyclicity statement in the last equation. More explicitly, one
obtains

@ Y (-1)7(deg((R1f(E))tree) + log(# (R f.(E))Tors))

g0 — —
= LT(E) + AT(E)
Notice that Q’(z) and thus L7 (E) depends on the Kihler form w™™ and

Ec only and can thus be computed without reference to the finite part of
Y.

In the next subsection, we shall apply the last equation to a specific
virtual vector bundle, which has the property that its Chern character has
only a top degree term and compute A7 (-) in this case. We then obtain a
first version of the residue formula, which arises from the fact that the left
hand-side of the last equation is also computed by the (non-equivariant)
arithmetic Riemann-Roch. The following subsection then shows how L (-)
can be computed using the results of Bismut-Goette [BGo]; combining the
results of that subsection with the first version of the residue formula gives
our final version 2.11.

ANNALES DE L’INSTITUT FOURIER
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2.1. Determination of the residual term.

Let F be an T-equivariant Hermitian vector bundle on Y.

DEFINITION 2.5. — The polynomial equivariant arithmetic total
Chern class ¢;(F) € CHc(Yr)[t] is defined by the formula

tkF, p
o1 D30 M G LA
neZ p=0 j=0

where i is the imaginary constant.

We can accordingly define the k-th polynomial (equivariant, arith-
metic) Chern class ¢ (F) of F as the part of & (F) lying in (CH(Y7)c[t])®,
where (GE(YT)C[t])(k) are the homogeneous polynomials of weighted de-
gree k (with respect to the grading of éﬁ(YT)C) Define now A:(F) as
the formal power series ., A(F).t*. Let 49(F) be the g-th coefficient
in the formal power series A; /(1_,5)(F ); this is a Z-linear combination of
equivariant Hermitian bundles. We denote by cAht(F ) the polynomlal equiv-
ariant Chern character and by C/B;]( F') the component of chy (F) lying in

(@(YT)C[t])(q). We recall its definition. Let N;(z1,...,z,) be the j-th
Newton polynomial 317(:1331 +...+J) in the variables z1, ..., z,. For [ > 0,
let oy(x1,...,z,) be the I-th symmetric function in the variables z1, ... z,.
By the fundamental theorem on symmetric functions, there is a polyno-
mial in 7 variables N}, such that Nj(o1(z1,...2:),...,00(%1,...2;)) =

Nj(z1,...2,). We let chy(F) = 3.0 Ni(@1,4(F), @24 (F), - .. G e (F)).

LEMMA 2.6. — The element ch, (v4(F — 1k F)) is equal to ¢, +(F) if
p = q and vanishes if p < q.

Proof. — 1t is proved in [GS3, II, Th. 7.3.4] that ch, as a map from
the arithmetic Grothendieck group IA(O(Y) to the arithmetic Chow theory
CH(Y) is a map of A-rings, where the second ring is endowed with the A-ring
structure arising from its grading. Thus chy : (Y4(F —tk F)) is a polynomial
in the Chern classes ¢ (F),2(F), . .. and the variable t. By construction, its
coefficients only depend on the equivariant structure of F' restricted to Y.
‘We can thus suppose for the time of this proof that the action of 7 on Y is
trivial. To identify these coefficients, we consider the analogous expression
ch?(v4(F — 1k F')) with values in the polynomial ring CH(Y)[t], where
CH(Y') is the algebraic Chow ring. By the same token this is a polynomial
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90 K. KOHLER & D. ROESSLER

in the classical Chern classes ¢i(F'),ca2(F),... and the variable ¢. As the
forgetful map @(Y) — CH(Y) is a map of A-rings, the coefficients of these
polynomials are the same. Thus we can apply the algebraic equivariant
splitting principle [Thom, Th. 3.1] and suppose that F = @leLj, where
the L; are equivariant line bundles. We compute ch?(y%(F — tk F)) =
ch?(oq(L1 — 1,...,Lj — 1)) = (g4(chs(L1) — 1,...,che(L;) — 1))(P). As the
term of lowest degree in chy(L; — 1) is ¢1,¢(L;), which is of (total!) degree
1, the term of lowest degree in the expression after the last equality is
og(c1,¢(L1),...,c1,¢(L;)) which is of degree ¢ and is equal to ¢, +(F') and so
we are done. O

Remark. — An equivariant holomorphic vector bundle F splits at
every component M,, of the fixed point set into a sum of vector bundles
@ Ep such that K acts on Ey as i0 € iR. The Ey are those E, ¢ which do
not vanish on M,,. Equip E with an invariant Hermitian metric. Then the
polynomial equivariant total Chern form c:k(-) is given by the formula

7l _QE . aF e 7l 1 \rk Eg—q
(5) cex (B, :det( S +it® +Id) =1 3 cu(Bo)(1+ito)
R ¢=0
where ©F denotes the action of K on E restricted to M u- Let N be the
normal bundle to the fixed point set. Set

PN 0 0" e +b1d)

= LA
( K () ) 6bb0rkN(2m' o+

where O is the action of K on N. Furthermore, let r denote the additive

characteristic class which is given by

o 1 , (L)
-2 ((Z;I()fpl (—2r'(1) +2loglul = Y %)
320 k=1

for L a line bundle acted upon by K with an angle ¢, € R at M, (i.e., the
Lie derivative by K acts as multiplication by ¢,,).

In the next proposition, if E is a Hermitian equivariant bundle, we
write ’I/‘(\igt (T_f)éflgt (E) for the formal Laurent power series development
in ¢ of the function Q(e*™*), where Q(-) is the function defined in (2).
Set ¢,°P(E) := G pt(E) for any equivariant Hermitian vector bundle
E. Note that this class is invertible in the ring of Laurent polynomials
éﬁ(Yq—)C[t, 1/t] if Ey, has no invariant subbundle (for an explicit expres-
sion see equation (8)).
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PROPOSITION 2.7. — Let ¢i,...,qx be natural numbers such that
— —k
Ej gj = d+ 1. Let El, ..., B be T-equivariant Hermitian bundles. Set

z = []; % (_E—j — 1k E7). The expression
(6) ’I/‘agt (T_f)&lgt (1')

has a formal Taylor series expansion in t. Its constant term is given by the
term of maximal degree in

(7) e ) ] 0 (E)
J
which is independent of t. Also for t — 0
Tdg, (TM)Ry, (TM) ch, (z) = log(t2) - (ciP(N) ™) [ g,k (E’)
7

T‘K(N)

+
2P (V)

I o, x (B + O).
J

Note that the first statement implies that

deg T (2P (V) [ 2, 0(B)) = Ar(@).
J

Proof. — To prove that the first statement holds, we consider that
by construction, both the expression (7) and the constant term of (6) (as a
formal Laurent power series) are universal polynomials in the Chern classes
of the terms of the grading of T'f and the terms of the grading of x. By
using Grassmannians (more precisely, products of Grassmannians) as in
the proof of 2.6, we can reduce the problem of the determination of these
coefficients to the algebraic case and then suppose that all the relevant
bundles split. Thus, without loss of generality, we consider a vector bundle
E = EBU L, which splits into a direct sum of line bundles L, on which T
acts with multiplicity m,,. Assume now m, # 0 for all v. Set z, := & (f,,).
Then

Tdy, (B) = [[ (1 — e~ 2mme=av) ™0
Now
-1 1
- 2mitm, + 1z,
- d—rk N+1 (=z,)]

- Jz:(:) W+O(1)

(1 _ e—21ritm,,—:1:,, )

+0(1)

TOME 52 (2002), FASCICULE 1



92 K. KOHLER & D. ROESSLER

as t — 0. By definition,
—rk N+1 ( =
V

(8) P (E) H 27mtm,, +z, H Z (2mitm, )i+

Thus, Td .(E) has a Laurent expansion of the form

d—rk E+1

Tdy (B) =P(E) "+ Y. +7™*E7g(1)
§=0

with classes §; of degree j which have a Taylor expansion in ¢ and ¢;(0) = 0.
As ’f‘agt (Tf_T) = 1+ (terms of higher degree), we get in particular for the
relative tangent bundle (assumed w.l.o.g. to be not only a virtual bundle,
but a vector bundle)

d—rk N+1

9) Tdg,(TF) =eiP(N)"1+ Y 7™ N=dp(t)

§=0
with classes p; of degree j which have a Taylor expansion in ¢ and p;(0) = 0.
Let degy o denote the degree of a Chow class o and define deg, t* := k for
k € Z. Then any component a; of the power series Td,, (T f) satisfies

(degy + degt)at —1tk N

and equality is achieved precisely for the summand ¢;°°(N)~!. Further-
more, by Lemma 2.6

(10) fl (20, «®) +3,))

with classes 5;(t) of degree larger than g; which have a Taylor expansion
in t and 5;(0) = 0. Hence, any component «; of the power series ch, ()
satisfies

(degy +degy)oy 2 d+1
and eq/u\ality holds iff a; is in the H;?:l Cq, ,t(Fj)—part. Hence any component
ot of Tdg, (Tf)chy, (z) satisfies
(11) (degy +deg;)at > d —rk N + 1.
In particular the product has no singular terms in ¢, as degy § < d—tk N+1

for any Chow class # on the fixed point scheme. In other words, by
multiplying formulae (9) and (10) one obtains

gt(Tf)Chgt(‘r) =¢,P(N)! H/C\q +(E’ )+O( ),
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and the first summand on the right hand side has deg,- < d—rk N +1, thus
its maximal degree term is constant in ¢. Hence we get formula (7). Now
choose € > 0 such that the fixed point set of g; does not vary on t €]0, €[.
To prove the second formula, we proceed similarly and we formally split
TM as a topological vector bundle into line bundles with first Chern class
z,, acted upon by K with an angle 6,. The formulae for the Lerch zeta
function in [K2, p. 108] or in [B2, Th. 7.10] show that the R-class is given
by

1 !
R, (TM) = —Zm (—2[‘( ) + 2log |t0,, |+log( 0 ))+0( )
6+£0 Y v

for t — 0. Note that the singular term is of the form a;(t) log |t| + a2(t)
with
(degy +deg,)a(t) > —1

for 4 = 1,2 (in fact, equality holds). As

(P (N)Y = )Y

6+£0

-1
z, +itl,

by definition, one obtains

ngt (TM)RQt (TM) Chgt ( )

T'tK N)
= c (E9Y+O(t
C:(I)(P(N H q]ytK ) ()

- <<c§2p<1v>-1)'log<t2> oY) ) T] co, (B9 + O()
CK (N) j

because the first term on the right hand side is again independent of t € R
(except the log(t?)). 0

Note that the arithmetic Euler characteristic has a Taylor expansion
in ¢. Thus we get using Proposition 2.7 and Lemma 2.3.

COROLLARY 2.8. — The equivariant analytic torsion of £ on the
d-dimensional Kihler manifold M has an asymptotic expansion for t — 0,

gt(M H'yqf '—rkE” log(tz)/ chJ,K(E (P (N)Y

+Co + O(2)
with Cy € C.
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A more general version of this corollary is a consequence of [BGo] (see

the next section). We now combine our results with the (non-equivariant)
arithmetic Riemann-Roch theorem. We compute

s (1T @)
(f* (TaTy) ch ®)))
deg(f.(T4(TT) ch(Hv"’(E -1k £%))))
30 ([ =)~ (T )
(@ ) ([ e

J

)

Il
o

]
t~

+

(
AT(H’Yq’(E -tk )
LT(HW(E] — 1k EJ )—% (HW(E” —rkEJ))

— I, @, (E)
+ deg (f;r (—%\toq;?) ) .
¢ °(N)

The first equality is justified by the fact that the 0-degree part of the Todd
class is 1; the second one is 2.6; the third one is justified by the arithmetic
Riemann-Roch theorem ([GS8, eq. (1)]); the fourth one is justified by (4)
and the last one by the last proposition. Finally, we get the following residue
formula:

aezf*(HEw (Ej)> = LT(H“’Q’(Ej ) rkEj))

- - %T(Y(c)’lzlf“(ﬁ “-”kEj)> +d/ezf7(w>

&)
In particular, if L is a 7-equivariant line bundle on Y, one obtains the
following formula for the height hy (L) of Y relatively to L:
hp(Y) = deg(@ (D)**!) = Lr((L - )**)
- lT(Y((C) (f_ 1)d+1) + d/eEfT ( 1,t(L )d+1> )
2 ’ * »top ( N)

In our final residue formula, we shall use results of Bismut-Goette to give
a formula for the term L7 (-) — 2T(Y(C),-). Notice however that the last
identity already implies the following corollary:
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COROLLARY 2.9. — Let Y be an arithmetic variety endowed with
a T -action. Suppose that L, L’ are T-equivariant hermitian line bundles. If
there is an equivariant isometry ZYT ~ FYT over Y7 and an equivariant
(holomorphic) isometry L¢ ~ L' over Y¢ then h (Y) = hz7 (Y).

2.2. The limit of the equivariant torsion.

Let K’ denote any nonzero multiple of K. The vector field K’ is
Hamiltonian with respect to the Kéhler form as the action on M factors
through a projective space. Let Mg, = Mg denote the fixed point set with
respect to the action of K'. For any equivariant holomorphic Hermitian
vector bundle F we denote by u' (K’) € T'(M, End(F')) the section given by
the action of the difference of the Lie derivative and the covariant derivative
L%, — VE, on F. Set as in [BeGeV, ch. 7]

TM

Tdy (TM) := Td ( - %77 + ,uTM(K’)) € A(M)

and .
hieo(F) = Trexp (- = 4 uF (K’
chg/ (F) := Trexp 5 T H (K")) e A(M).

The Chern class cg, K/(F) for 0 < ¢ < rk F is defined as the part of total
degree degy +deg, = q of

F

—Q F (gt
det (% + tuf (K) +Id)

at t = 1, thus cg x(F) = co(—QF /2mi + pF (K')). Let K’* € T{M denote
the 1-form dual to K’ via the metric on Tg M, hence 1 K'* = ||K'||? is
the norm square in TR M. Set dx K™ := (d — 2mitg/) K™ and define

dw K'™* d—1 _ . ITM dK'™*) ,
Xp< K )_ w™ M ( ) e IK12/2u.

dmiu /- — 2mu(4miu)v!

_wTM

s (u) i= 2mu

For a smooth differential form 7 it is shown in [BGo] (see also [B1, section
C,D]) that the following integrals are well-defined:

1
A n)(s) 1= g7 [ [ mswe (e d

for Res > 1 and

Buer(n)(s) = %s) /1 ~ /M ns e ()t~ du
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for Re s < 1. Also it is shown in [BGo] (compare [B1, Proof of Theorem 7])
that s — Ag-(n)(s) has a meromorphic extension to C which is holomorphic
at s = 0 and that

A ©)+ B/ 0) = [ / sie () 2

// (SK’(U)+< EP(N) ™ — (P(N)~ ))6MK,>d7u
+/MK,"<wzw P - T (EE )

for the derivatives Ak (n)’, Bx/(n)’ of Ak/(n), Bk'(n) with respect to s;
also

Arm)(0) + Biom©) = [ nlci @)Y
My
Define the Bismut S-current Si/(M,wT™) by the relation
[ mSic (ML) = A (0 0) + B () 0.
M

In particular, one notices

/ nSk:(M,w™) = lim [/ / nsK: u)_
[ Loty

+ /MK, n (w;:l ceP(N)™ - I"(l)(ct;{)?(N)_l)) }

1K'
: . — exp(%E)
= li .9 TM 4mia

a0t UM" “ dge K™

2ma
By Lemma 2.3 and Proposition 2.7, we already know that

oy (10,2 o) [ Tl B 677 )

+ /A-/IK, n (wTM P(N)™L — (I'(1) +loga)(ct,25’(N)-1)') ]

exists and
2L7(2) = fim (T, (M, 2) ~ Tog(t) /M [ew.n®) - (&2 ®@)Y)
_ = EY) . rr(N)
- 3 o L) Gy
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Now we shall compute this limit.
THEOREM 2.10. — The limit of the equivariant analytic torsion of
=]+ (E’ -tk E) associated to the action of g, for t — 0 is given by

t—0

lim <Tgt (M, z) — log(t?) /Mx 1:[ Cq, K (EJ) : (C%p(ﬁ)—l)l)

— T(M,z) + /M T o, (B - Sic(M, ™).

Proof. — Let Ix: denote the additive equivariant characteristic class
which is given for a line bundle L as follows: If K’ acts at the fixed point
p by an angle § € R on L, then

log(1 + 52)
Ix/(L)y, = 2nk-__
x(Lip kzﬂ) 1 (L) + 10 + 2kmi

The main result of [BGo] implies that for ¢ € R\ {0}, ¢ sufficiently small,
there is a power series T; in t with Ty = T'(M, z) such that

T,(M,z) - T, = / Tdy i (TH) chuxc (z) Sexc (M, w™)
M

_ / Tdy, (TM) ch, (2)Iex (Nat, 1)-

9

For t — 0, both I;x (N, /m) — 0 and Tdg, (TM) chg, (z) — 0 (by eq. (11)),
thus the last summand vanishes.

As in equation (10) chyk () = []; cq, ¢ K(Fj)+ﬁ(t) with a form 7 such

that (degy + deg,)f(t) > d+1. Thus Td;x (TM) chsx () = I1; cq; 1k (EJ)+
n(t) with (degy + deg,)n(t) > d + 1. Also (degy + deg,)sik (t?u) = —1,
hence we observe that

/MTdtK(TM_) chyxc () sk (t2u) = /M ( H Cq, ,K(Ej)sK(u)—i-n(t)stK(tzu)) .

Let 7(t) denote the form obtained from 7(t) by multiplying the degree
degy = j part with t7=1 for 0 < j < d. By making the change of variable
from u to t2u we get

(Atk + Bix )(Tdex (TM) chyk (z))(s)
=t*(Ag + Bg) (ch],K('E‘j) + ﬁ(t)) (s).

J
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Thus we find
/ Td;x (TM) cheg (2) Serc (M, wT™)
M

= log(t?) - (Ax + Bk) ( ch,-,K(Ej)) (0)

+ (Ax + Bx) ( Tev s EJ>) (0) + O(tlog(#2))

which implies the statement of the theorem. O

2.3. The residue formula.

By combining equation (12) and Theorem 2.10, we obtain the follow-
ing formula. Recall that 7 is the one-dimensional diagonalisable torus over
SpecZ, that f : Y — Spec Z is a flat, T-projective morphism and that the
fixed scheme f7 : Y7 — Spec Z is assumed to be flat over Spec Z. We let
d + 1 be the absolute dimension of Y. We choose T-equivariant Hermitian
bundles E' on Y and positive integers g; such that Ej g =d+1. We
deduce by combining equations (12), (13) and Theorem 2.10.

THEOREM 2.11.

() = (7 ()

J

1

3 [ Tlewx®)- Sx(v(©,e™©)
Y(©)

_z EI K (V)
/;T(C H QJ7K( ) top( )

Example. — Assume that the fixed point scheme is flat of Krull
dimension 1. The normal bundle to Y7 splits as N = @, .z Ny. Thus

— 1 é1(Ny)
Atop N 1— 1 n
™ Hn(27ritn)’kN" < Z-:Z 27ritn)
by equation (8). Also, at a given point p € Mg the tangent space
decomposes as TM, = @ TM,,, where K acts with angle 6, on TMp,.
Then

rr(N) _ 1 ZQI"(I)—210g|0|
(V) Ilei0 i0
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where the 0 are counted with their multiplicity. Furthermore, in this case

1 — exp(4E-
TMY _ L9: TM yrs
/ NSk (M,w" ™) = alimo«» [/ n - 2iw A K*

' 1)+10ga)/ n-(ct;?p(ﬁ)_l)'}
Mg
) 1 (dK*)d—l
= -22wTM( + -
/M” dxK* " (2ni[K])?
C TPM(qpexyd—1
— lim / n- M_If)__(l L)
a—0t | S (2mi| K |)?

+(T'(1) + loga) / n- (P (W)~ 1)}

Mgk

Now consider a line bundle £, splitting as €, L}, on the fixed point scheme
(where the Ly, are locally free of rank < 1). We find

CL(L)™ = (@(Lk) + 2mitk tk L)
k

= ((2mitk)** rk Lx + (d + 1)(2mitk)e1 (L)),

thus
o = Z)d+1
de ;T Eﬁ(T)
1! (S

— 7 k? = a(N,)
= deg f: ZH—FNI (d+ 1)C1(£k)—krk£k-2——n—
k n

nez

Now notice that at a given fixed point p over C all but one L ¢ vanish and
set ¢p := 2mk. We compute

¢ < —T'(1) + log |0]
-5 K(L) TP (N)re (N L
and
——(r'<1>+1oga> 3 ek (@)

PEMKk
-y &

PGMK

'y I'(1) +loga
20
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Hence we finally get
deg .6 (L)%

— d — C N,
= degffz H—]:L—;lg‘ﬂ<(d+ 1)ei(Lk) — k tk Ly - Z M)
k n

n
neZ
d+1 ’ 2
—I(1) + log(6?)
P
DR Ze: 20

PEMK

‘ 1 (dK*)d—l
+ [ e (L) W™ ( + o
/M 1.x(L) drK* (2| K|)4

- TM *\d—1
i Lgyd+t, W @B T ke
Jm, [/M“ (%) L )
¢d+1 1
—loga P —1.
> sl

PEMK

3. Appendix: a conjectural relative fixed point
formula in Arakelov theory.

Since the first part of this series of articles was written, Xiaonan
Ma defined in [Ma] higher analogs of the equivariant analytic torsion and
proved curvature and anomaly formulae for it (in the case of fibrations
by tori, this had already been done in [K4]). Once such formulae for
torsion forms are available, one can formulate a conjectural fixed point
formula, which fully generalizes [KR1, Th. 4.4] to the relative setting. Let
G be a compact Lie group and let M and M’ be complex manifolds on
which G acts by holomorphic automorphisms. Let f : M — M’ be a
smooth G-equivariant morphism of complex manifolds. Let w™™ be a G-
invariant Kéhler metric on M (a Kéahler fibration structure would in fact be
sufficient). Let E be a G-equivariant Hermitian holomorphic vector bundle
on M and suppose for simplicity that R*f,F = 0 for k > 0. Now let g be
the automorphism corresponding to some element of G. The equivariant
higher analytic torsion Ty(f, E) is a certain element of ﬁl(M;), which
satisfies the curvature formula

T ) =chy(1F) ~ [ Ta,(T7) chy (B,
9 g

where Tf is endowed with the metric induced by w”™. The term in degree
zero of Ty(f, E) is the equivariant analytic torsion T,(f~!(z), E| F-1(z)) of
the restriction of £ to the fiber of f over z € M.
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Now let Y, B be u,-equivariant arithmetic varieties over some fixed
arithmetic ring D and let f: Y — B be a map over D, which is flat, p,-
projective and smooth over the complex numbers. Fix an p,(C)-invariant
Kihler metric on Y (C). If E is an f-acyclic (meaning that R*f,E = 0
if K > 0) pn-equivariant Hermitian bundle on Y, let f,E be the direct
image sheaf (which is locally free), endowed with its natural equivariant
structure and Lo-metric. Consider the rule which associates the element
f+E—Ty(f,E) of K 4™ (B) to every f-acyclic equivariant Hermitian bundle
E and the element Kre),s0), Tdy(TF)n € A(B,,) to every n € A(Y,,).
The proof of the following proposition is then similar to the proof of [KRI,
Prop. 4.3].

PROPOSITION 3.1. — The above rule induces a group homomor-
phism f, : K{"(Y) — Kb~ (B).

Let R be the ring appearing in the statement of [KR1, Th. 4.4]. We
are ready to formulate the following conjecture.

CONJECTURE 3.2. — Let
—V _ Y
M(f) = A1(Nyyy, ) "A1(F*Npyp, )1 = Ry(Nyyy,,)
+Ry(f*Np/B,,))-

The diagram

S M(H)-e()  Tun

K§n(v) T KN (V) ®Rgun R

L fs o LA

K§{(B) 55 KEm(Bu,) ®pua R
commutes.

About this conjecture, we make the following comments:

(a) One can carry over the principle of the proof of [KR1, Th. 4.4] to
prove this conjecture, provided a generalization of the immersion formula
[B3, Th. 0.1] is available (which is not the case at the moment). We shall
however not go into the details of this argument.

(b) Without formal proof again, we notice that the conjecture holds,
if B,,,, (C) has dimension 0. In that case the torsion forms are not necessary
to define the direct image and the proof of [KR1, Th. 4.4] pulls through
altogether.

The conjecture described in this appendix can be used to obtain
explicit formulae for arithmetic (Arakelov-) characteristic classes of bundles
of modular forms on Shimura varieties; see [K5] and [MR].
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