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ON VANISHING INFLECTION POINTS OF
PLANE CURVES

by Mauricio D. GARAY

Dédié a V.I. Arnold pour son 65° anniversaire

Introduction.

The study of inflection points of plane curves has a long history going
back to Descartes, Newton and Pliicker. Nevertheless, it seems that a study
“a la Poincaré” i.e. a study of local normal forms is lacking. In this paper,
we try to fill this gap. More precisely, we consider the following problem.

Let U be a neighbourhood of a point p in the projective plane CP2.
Let f:U — C be a holomorphic function with an isolated critical point at
p. The fibres of f may have inflection points. We wish to find a local normal
form of f in a neighbourhood of p which “takes into account” the inflection
points of the curves f~1(¢) when e — f(p).

The basic technique for finding normal forms is to consider the map
f up to (biholomorphic) change of variables. This is of course inadequate
for our problem because such a change of variables does not send a line
to a line. Consequently an inflection point of a curve is, as a general rule,
not sent to an inflection of the image of the curve. In fact, to define a local
normal form (and a versal deformation) with respect to inflections of the
germ of f at a point p € U is one of the first goals of this paper. Once this
is done, we shall give an analog of Arnold’s A, D, F classification [1] for the

Keywords : Pliicker formulas — Normal forms — Inflection points — Bifurcation diagrams —
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850 MAURICIO D. GARAY

case of inflections. Afterwards, we shall compute the versal deformations
with respect to inflections of Morse function-germs. We hope that the
normal form method adopted in this paper will be useful for solving other
geometrical problems.

This paper is divided as follows.

In the first section, we recall basic facts on the geometry of plane
projective curves.

In the second section, we introduce, following V.V. Goryunov, the
equivalence of functions on plane curves.

In the third section, we define local normal forms and versal
deformation with respect to inflections. Then, we give the classification of
simple function-germs with respect to inflections and the versal deformation
with respect to inflections of Morse functions.

In the fourth section, we prove the classification theorem stated in
Section 3.

In the fifth section, we prove the versal deformation theorem stated
in Section 3.

We have chosen for our exposition the complex holomorphic situation
for simplicity but the results can be easily adapted for the case of real C®
curves in RP?.

1. Inflection points of plane curves.

We recall basic facts on the geometry of curves in the projective plane,
standard references are [14], [10].

1.1. Basic definitions.

By plane curve, we mean a complex holomorphic submanifold of the
projective plane CP? of dimension 1, possibly singular. Let V C CP? be a
plane curve and L the tangent line to V at a point p € V.

DEerFINITION 1.1. — The anomaly a,, of the plane curve V' at the point p
is equal to the intersection multiplicity at p of V with L minus 2:

a,=(V-L),—2.

ANNALES DE L’INSTITUT FOURIER



ON VANISHING INFLECTION POINTS OF PLANE CURVES 851
Example. — Fix an integer number k. The anomaly of the plane curve
V= {(z,y) € C*:ry — 2" =0}

at the origin is equal to k.

DEFINITION 1.2. — A point p € V of a plane curve V C CP? is called
an inflection point of V if p is a smooth point of V' and if the anomaly of V/
at p is not equal to zero.

DEeriNITION 1.3. — An inflection point p € V of a plane curve
V C CP? is called a degenerate inflection point if p is an inflection point
of V such that the anomaly of V' at p is at least equal to 2.

Example. — The holomorphic curve
V={(z,y) € C*:y — z"** =0}
has a degenerate inflection point at the origin provided that k > 1.

1.2. The Hessian determinant.

Let U be an affine open subset of the projective plane CP2. Consider
a holomorphic function f:U — C and fix affine coordinates z,y in U.

Following Pliicker [17], we give an equation for the inflection points of
the fibres f~1(¢) of f in terms of the derivatives of f.

DEFINITION 1.4. — The Hessian determinant of f, denoted Ay, is the
determinant of the bordered Hessian matrix:

f:m: fzy fL
fo fy O

Remark. — The Hessian determinant is not a projective invariant: it
depends on the choice of the affine coordinate system (z, y).

We summarize well known properties due respectively to Hesse and
Pliicker (see [14] for details). Denote by O(U) the ring of holomorphic
functions in U and fix € € f(U). For simplicity assume that f —e and Ay
are reduced equations.

TOME 52 (2002), FASCICULE 3



852 MAURICIO D. GARAY

ProposiTION 1.1. — 1) The ideal of O(U) generated by Ay is a
projective invariant i.e., it does not depend on the choice of the affine
coordinate system z,y.

2) The curves f~!(e) and {p € U : Ay(p) = 0} intersect at a point p
with multiplicity k if an only if the anomaly of f~(¢) at p is equal to k.

Example 1. — Consider the function f defined by the polynomial
f(z,y) = y — 2°. The Hessian determinant of f is equal to 6z (see figure 1,
left part).

Example 2. — Consider the function f defined by the polynomial
f(z,y) = y — z*. The Hessian determinant of f is equal to 1222 which is
not a reduced equation. In order to extend part 2 of the proposition to the
case where Ay is not necessarily reduced, we do as follows (part 1 holds
even if the equation Ay is not reduced).

Let O be the ring of germs at p of holomorphic functions. Let I be
the ideal of O generated by the germs of f and of Ay at the point p. Then
the complex dimension of O/ is equal to the anomaly at p of f~1(e).

A;=0
Vi Vi
Vo v
0
Vo

Figure 1. The Hessian curve X; = {(z,y):Af(x,y) = 0} intersects the
curve V. = {(z,y): f(z,y) = €} at an inflection point. If the inflection point
is non-degenerate then the intersection is transversal (left-hand side).

2. A brief review of the theory of functions on
plane curves.

Given a holomorphic function-germ f:U — C defined on an affine
neighbourhood U of CP?, the ideal generated by a Hessian determinant A ¢
of f is well defined. Consequently, it makes sense to study the restriction of
f to the curve of equation Ay = 0. In this section, we recall basic facts of
the study of functions on plane curves, due to Goryunov [9)].

ANNALES DE L’INSTITUT FOURIER



ON VANISHING INFLECTION POINTS OF PLANE CURVES 853

2.1. Notations.
Throughout the paper, the following notations will be used:

1) O is the ring of holomorphic function-germs of the type
g:(C?%,0) — (C,0) where C? denotes the ordered pairs of complex numbers.

2) O* is the group of units of O, that is, the holomorphic function-
germs of O that do not vanish at the origin.

3) M is the maximal ideal of O, that is, the holomorphic function-
germs of O that vanish at the origin.

4) M¥ is the k-th power of the maximal ideal M of O.

5) Diff(k) is the group of biholomorphic map-germs ¢: (CF,0) —
(C*,0).

6) diff(k) is the set of vector-field germs v:(CF,0) — (C¥,0) that
vanish at the origin.

7) GL(2, O) is the group of 2 x 2 invertible matrices with coefficients
in O.

8) T is the subgroup of GL(2,0) consisting of upper triangular
matrices of the type

(é g) ac0, e o

9) If A= (‘fy %) denotes an element of the group GL(2,0) then, for
g = (91,92) € (Ox0), the notations A x g stands for (ag; + 89z, 791 +692).
10) The product of two elements A, B € GL(2, O) is denoted by A x B.

2.2. The G-equivalence relation.

The action of the groups Diff(2) and GL(2,0) on O x O induces
a semi-direct product group structure on the product Diff(2) x GL(2, O).
This semi-direct product is given by the formula

(1) (0, A4) (¢, A') = (o', A x (A 0 p)).
This group, denoted K, is sometimes called the contact-group but we shall

not use this terminology. We call it the V -equivalence group.

DEFINITION 2.1. — Two map-germs f,§ : (C2,0) — (C x C,0) are
called V-equivalent provided that they are in the same orbit under the
action of the V-equivalence group K.

TOME 52 (2002), FASCICULE 3



854 MAURICIO D. GARAY

Similarly, the set Diff(2) x T is endowed with a semi-direct product
group structure.

DEFINITION 2.2. — The group G is the set Diff(2) x T with the group
structure defined by formula (1) above.

DEFINITION 2.3. — Two holomorphic map-germs f = (f, Ey) and
= (9,Ey) : (C?,0) — (CxC,0) are called G-equivalent provided that there
exists a biholomorphic map germ v : (C,0) — (C,0) such that (v o f, Ey)
and g are in the same orbit under the action of the group G.

2.3. The finite determinacy theorem for G-equivalence.

In this subsection f = (f, Ey):(C?,0) — (C x C,0) denotes a holo-
morphic map-germ.

DEeFINITION. — The extended tangent space to the map germ
f = (f,Ey), denoted T'f, is the O-submodule of (O x O) generated by
the 4 map-germs

8z.f7 ay.fa (Ef70)7 (O’Ef)

Remark. — The extended tangent space to f is the tangent space
to the G-orbit of f at the point f € (O x O) to which we have added
(for convenience only) the C vector space generated by 9, f and 0, f.

DeFiNITION 2.5. — The G-Milnor number of the holomorphic map-
germ f, denoted pg(f), is the complex codimension of the vector-space T f
in (O x O):

pg(f) = dime[(O x 0)/TF].
R~emark. — When no confusion is possible we simply write pg instead
of ug(f).

The following theorem is the finite determinacy theorem for G-equi-
valence. It can be proved along the same lines as the standard finite
determinacy theorem (see [7] and [16], [19], [15] for the standard theorem)
or using Damon’s general theory [6].

THEOREM 2.1. — Assume that ug(f) < +oc. Then for any map-germ
¥ = (Y1, 1) such that 1y, 1hy € MPSF2] f 4+ is G-equivalent to f.

ANNALES DE L’INSTITUT FOURIER



ON VANISHING INFLECTION POINTS OF PLANE CURVES 855

2.4. Versal deformation theory for G-equivalence.

In this subsection f = (f,E;):(C2%,0) — (C x C,0) denotes a
holomorphic map-germ.

DEeFINITION 2.6. — A holomorphic map-germ F : (}Ck x C2,0) —
(C x C,0) such that F(0,.) = f is called a deformation of f.

DEFINITION 2.7. — A deformation G : (C™ x C2,0) — (C x C,0) of
f is induced from a deformation F : (C*¥ x C2,0) — (C x C,0) of f by a
holomorphic map-germ h : (C",0) — (C*,0), denoted G = h*F, provided
that the equality G(,.) = F(h()),.) holds.

Given a deformation F:(C* x C2,0) — (C x C,0) of f and a
holomorphic map-germ 1 : (C¥ x C,0) — (C,0), we denote by ¢.F the
deformation

()\,p) - ("/}(/\?Fl()‘vp))vFZ()‘vp))'

DEFINITION 2.8. — Two deformations F', G : (C* x C2,0) — (C xC,0)
are called G-equivalent provided that there exist holomorphic map-germs
@ : (CF x C2,0) — (C2%,0), A: (Ck,0) —» T, 4 : (C* x C,0) — (C,0) such
that the following three conditions hold:

1) Y*F=Ax (Goyp),
2) (0, .) is a biholomorphic map-germ.
3) ¢(0,.) is a biholomorphic map-germ.

DEFINITION 2.9. — A deformation F is called G-versal if any other
deformation of the same germ is G-equivalent to a deformation induced
from F.

Denote respectively by (A1,..., ) and (z,y) the coordinates in C*
and C2.
Let F': (Ck x C2,0) — (C x C,0) be a deformation of f = (f, Ey).

DEFINITION 2.10. — The tangent space to the deformation F , de-
noted T'F, is the sum of the following C-vector spaces:

« the O-module generated by the four map-germs 9, f, Oy f, (Ey,0),
(07 Ef )7

TOME 52 (2002), FASCICULE 3



856 MAURICIO D. GARAY

« the C-vector space generated by the restriction to A = 0 of the
8)\1F’S,
« the C-vector space generated by (1,0).

The following theorem is the wersal deformation theorem for G-
equivalence. The proof is given in [7] using standard arguments (see [16],
[19], [15]). Damon’s general theory [6] of geometrical subgroups can also be
applied.

THEOREM 2.2. — A deformation F: (CF x C?,0) — (C x C,0) of the
map-germ f = F(0,.) is G-versal provided that TF = (O x O).

3. Normal forms and versal deformations with
respect to inflections.

3.1. Normal forms with respect to inflections.
We keep the notations than those of Subsection 1.2.

To the holomorphic function f:U — C is associated the Hessian
curve

X ={peU:As(p) =0}

and a map

§fl: X —C, pr— f(p)
whose fibre at € € f(U) consists of the inflection points and the singular
points of f~1(¢).

In order to find a local normal form of the function f with respect
to inflections, we can forget the local projective structure on U and study
the map &[f] up to analytic equivalence. Of course, the problem of defining
analytical equivalence for the map £[f] is not straightforward because X
is not necessarily smooth. This problem is solved (at least for germs) by
applying G-equivalence to the map-germ (f, As):(C?,0) — C x C.

DEFINITION 3.1. — Two holomorphic function-germs f, g : (C2,0) —
(C,0) are called P-equivalent!) if the map-germs (f,A;) : (C%,0) —
(C x C,0) and (g,4) : (C?,0) — (C x C,0) are G-equivalent.

Remark 1. — The definition of G-equivalence and the first part
of Proposition 1.1 imply that the P-equivalence class of a holomorphic

(1) The letter P stands for Pliicker.

ANNALES DE L’INSTITUT FOURIER
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function-germ is a projective invariant i.e., it is invariant under projective
transformations that preserve the origin.

Remark 2. — The finite determinacy theorem for G-equivalence
implies that any holomorphic function-germ f:(C2%,0) — (C,0) such that
(f,Ay) has a finite G-Milnor number is P-equivalent to a polynomial.

3.2. P-versal deformations.

Let f:(C?,0) — (C,0) be a holomorphic function-germ.

DEeFINITION 3.2. — A deformation of the function-germ f is a function-
germ F : (C*¥ x C2,0) — (C,0) such that F(0,.) = f.

Given a deformation F of f, we denote by A the Hessian determinant
with respect to the variables (z,y) € C2.

DEFINITION 3.3. — A deformation F : (C* x C2,0) — (C,0) is called
P-versal if for any other deformation G : (C" x C2,0) — (C,0) of f, the
deformation (G, Ag) of (f,Ay) is induced by (F, Ar).

Remark. — It is readily verified that this definition is projectively
invariant (see Remark 1 following Definition 3.1).

3.3 A local projective Morse lemma.

One of the most basic results of singularity theory is the Morse lemma
asserting that for any non-degenerate function-germ f:(C2,0) — (C,0)
with a critical point at O there exist local coordinates (z,y) in C? such
that f is given by f(z,y) = zy. The non-degeneracy condition means that
the second differential of f is a non-degenerate quadratic form.

In the local projective case, we have an analogous result but the
non-degeneracy condition is stronger.

DEFINITION 3.4. — A critical point p of a function f : U — C is called
a Pliicker critical point if

1) the quadratic differential at p is non-degenerate,
2) the anomalies at p of the branches at p of the curve {f = f(p)} are
both equal to 0.

The following proposition is a local projective analog of the Morse
lemma.

TOME 52 (2002), FASCICULE 3



858 MAURICIO D. GARAY

ProrosiTion 3.1. — Let p be a Pliicker critical point of f : U — C
then the germ of f — f(p) at p is P-equivalent to the function-germ defined

by
(CQ,O) - (C70)7 (flf,y) — Ty + :L'B + y3'

3.4. The P-simple function-germs.

Following Arnold, who introduced the modality and the simplicity
notions in [1] for the case of critical points of functions, we introduce the
notion of modality in Pliicker space.

Let f € M? be a holomorphic function-germ such that (f,Af) has
finite G-Milnor number, that is, pg(f, Af) < +oo.

Denote by j*f € J¥ M2, the k-jet at the origin of f.

DEFINITION 3.5. — The holomorphic function-germ f has P-modality
m provided that m is the least number satisfying the following property. For
any k > (ug(f, Ay)+1), a sufficiently small neighbourhood of j* f € J¥ M?
is the union of the P-equivalence classes of a finite number of m-parameter
families of k-jets. If the modality of the function-germ f is equal to 0 then f
is called P-simple.

Remark. — The G-finite determinacy theorem implies that m does
not depend on the choice of k.

THeEOREM 3.1. — For any k > 3, the variety of the non P-simple
function-germs is of codimension 2 in the space J*M?2.

THEOREM 3.2. — Any P-simple function-germ f : (C%,0) — (C,0)
with a critical point at 0 is P-equivalent to one of the following function-
germs:

PA, PA? PADA PA,
Y + 1-3 + y3 Ty . xp+3 + y3 Ty + $P+3 + y(1+3 y2 + 1,3

pr =0 pT=p pT =p—+4q pr =1

where p, q are strictly positive integers. Here pt denotes the Pliicker-Tyurina
number of f (see Section 3.5 below).

This theorem is proved in Section 4.

ANNALES DE L’INSTITUT FOURIER
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3.5. Adjacencies of the P-singularity classes.

We keep the notations of the preceding subsection.

DEFINITION 3.6. — A P-singularity class is a subset of the space M
which invariant under P-equivalence.

If X is a P-singularity class, we write f € X if f:(C?,0) — (C,0) is
a function-germ belonging to X. Denote by

SX]={feM?*: feX}

the set of function-germs belonging to the P-singularity class X.

DeriNiTION 3.7. — The Pliicker- Tyurina number of a function-germ
f € X, denoted p7(f), is the codimension of ¥[X] in M2.

The Plucker-Tyurina numbers of the P-simple function-germs are
given in the table of Theorem 3.2.

DeriNiTION 3.8. — A P-singularity class L is called adjacent to a
P-singularity class K, denoted L — K, if every function-germ f € L can be
deformed to a function-germ of class K by an arbitrary small perturbation.

If L is adjacent to K and K is adjacent to J then L is adjacent to J.
We simply write

L—K—J,

omitting the arrow between L and J.

Here is the list of all the adjacencies for the P-simple singularities in
the space M.

1) The P-singularity class A3 denotes the function-germs f : (C2,0) —
(C,0) equal to y? + z* up to a biholomorphic change of variables in C2.

2) The P-singularity class(® K ; denotes the set of function-germs
g:(C?,0) — (C,0) such that the origin is an inflection point of {g = 0}
with anomaly j + 1.

(2) The letter K refers to Kazarian.

TOME 52 (2002), FASCICULE 3
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The parenthesis (X) means that the P-singularity class X is not
P-simple.

Ky— Ky «— Ky, «— K3

\\\\\\

— PAl —— PA? —— PA} —— PA} —

\\\\\”

Ay PAY' — PAY? — PAY? —

O\ N

(As)

This table should be read as follows:

1) The P-singularity class PAP'?, p < ¢, is adjacent only to the PAI*’s
such that j < p, k < ¢q and to the K for which j < gq.

2) The P-singularity class PA; is adjacent only to PA; (and not to
K, for instance).

3) The only P-singularity class which is not P-simple and which
bounds the list of P-simple singularities is As.

The first statement follows from Theorem 3.3. The second statement
is elementary (see [7]). The third statement will be proved in Section 4.

3.6. P-versal deformations of germs belonging to PAY?.

THEOREM 3.3. — 1) The deformation F : (CPT9 x C2,0) — (C,0)
defined by the polynomial

p q
F(a,B,2,y) = zy + 2P + 470 + 3 " a2t 43 " Byt
j=1 k=1

is P-versal.

2) The deformation (F,Ap) is G-equivalent to the deformation
(o, B,2,y) — (P(a,B,z,y),zy) where P is the polynomial defined by
the formula

p q
P(a,f,z,y) = 2P +y"3 + 3 " aal 2+ Y " Byt
=1 k=1

The proof of this theorem is given in Section 5.
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K,

PA, PA; PA; PA,
PA,

Figure 2. The Pliicker discriminant of the families of curves
PAL:zy + x* + A3 + y® = ¢ (left-hand side) and PAy: y? + 2% +
Mz = e (right-hand side) for real values of the parameters \,e.

In [7], we remarked that the multiplicity of intersection of the Hessian
curve {Ar = 0} with the plane projective curve {F(A,.) = €} gives rise to
a stratification of the space of the parameters (\,¢) € C* x C. The closure
of the strata of codimension one is called the Pliicker discriminant.

The figures labelled from 2 to 4 show the list of the typical singularities
of Pliicker discriminants for two and three parameter families of functions
with P-simple critical points (of course transverse intersections of these
Pliicker discriminants are allowed). This result is obtained using Theorem 5
and the list of adjacencies of the P-simple singularities.

3.7. Further results.

The results of this paper can be used to compute local topological
projective invariants for the P-simple function-germs. Such invariants were
defined and computed in [7]. The P-simple function-germs have a K (m,1)
property analogous to the K(m,1) property of the complement of the
bifurcation diagram of the simple function-germs (see [7]).

The methods of this paper can be carried out for the case of flattening
points of curves in CP" (i.e., the points of a curve for which the osculating
hyperplane has a higher order of tangency than usual). A positive lower
bound for the modality was found in [7] for n > 2. In particular, there are
no P-simple objects in dimension higher than 2. As E. Ghys remarked this
lower bound is defined in a way analogous to that of Dirichlet series.

The two starting points of this research where the Pliicker formula
and the Kazarian theory of flattening point of rational curves (see [11], [13],

[12]).

TOME 52 (2002), FASCICULE 3



862 MAURICIO D. GARAY

Figure 3. The Pliicker discriminants of the families of curves PA? : zy +
20+ Nzt + Moa® + 93 =cand PAD : zy 4+ 2t + yt + M + \oyd = e
A transversal slice of the surface of the left hand side gives two curves
intersecting with multiplicity 4 at the origin.

The Pliicker formulas were generalized by several authors among
which Arnold, Griffiths, Kleimann, Piene, Pohl (see [18] and references
therein, [4]).

The Kazarian theory was to some extent treated as a particular of the
Legendre mapping deformation theory introduced in [7] and pursued in [8].

This Legendre deformation theory is just an extension of the theory
of Legendre mappings developed by Arnold, Zakalyukin and others (see [2],
(3], [21]). It enables us to give, for instance, versal deformations of surfaces
in RP3 with respect to parabolic curves and special parabolic points.

The Ph.D. thesis of R.Uribe [20] contains also much interesting
material on the geometry of curves and surfaces and their relation to
symplectic and contact geometries.

E. Ghys raised the interesting question of studying the case where
the lines do not come from local projective structure but from a more

ANNALES DE L’INSTITUT FOURIER
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A2

: =

s

Figure 4. The Pliicker discriminants of the families of curves
Ka: y+2® 4+ \ax3+ Xx? and Ky @ y+284+ Mzt + dox® + 322,

general second order differential equation. In such a case, one might wonder
whether there is a relation between the vanishing inflections and the
violation of Desargues theorem or not.

4. Proof of Theorem 3.2.

4.1. A preliminary remark.

Let f:C? — (C,0) be a holomorphic function-germ. Fix a linear
coordinate-system x,y in C2. Denote the Hamilton vector-field of f by
X5 =0yf0; — 0 f0y.
Remark that this vector field depends on the choice of the coordinate
system. By a straightforward computation, we get the following proposition.

ProrosiTiON 4.1. — The Hessian determinant of f is equal to the
determinant of the 2 X 2 matrix whose columns are the first and second
derivatives of the affine coordinates (z,y) along Xy.

4.2. Normal form PAD.

Let f:(C?,0) — (C,0) be a Morse function-germ such that the
anomalies at the origin of the branches of f~1(0) are finite. Then there
exists a linear coordinate system (z,y) such that f admits the preliminary
normal form

2 f(z,y) = ayr(z,y) +2°Ps(z) + y*T(y)
with 7(0) = s(0) = t(0) = 1 and p < q. Remark that the numbers p and ¢
are the anomalies at the origin of the branches of f~1(0).

The proof of the following proposition is given in the next three
lemmas.
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ProrosiTioN 4.2. — The following G-equivalence relation holds:

3) (f, Af) ~ (@7 + 4>, y).

LeEMMA 4.1. — There exist holomorphic function-germs a,b : (C,0) —
(C,0) such that the following G-equivalence holds:

(f,A5) ~ (a(z) + b(y), zy).

Proof. — The Hamilton vector-field of f is of the following form, with
2,
1,79 € M*=:

X¢=(x+71)0: — (y+7r2)0y.

Using Proposition 4.1, we get by a straightforward computation that
the Hessian determinant Ay of f is of the type

As(z,y) =2zy + 13

where r3 € M3,

The Morse lemma implies that there exists a biholomorphic map-germ
¢:(C?,0) — (C?0)
such that we have the equality
(4) (Af o p)(z,y) = zy.
By definition of G-equivalence, we have the G-equivalence relation
(f7Af) ~ (fOQO,AfO(P)
The division theorem implies that one can represent f o ¢ in the form
(fee)(z,y) = alz) + b(y) + c(z, y)zy,

where a, b, ¢ are holomorphic function-germs.

The definition of G-equivalence implies the G-equivalence relation
(a(z) + b(y) + c(z, y)zy, zy) ~ (a(z) + b(y), zy).
The lemma is proved. O
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LEMMA 4.2. — The orders of the holomorphic function-germs a,b of
the preceding lemma are respectively equal to 3 + p and 3 + q, i.e.,

a(z) = agz®*? 4+ o(z®*P),  b(y) = boy**t? + o(y**9)
with (Zobo 7é 0.

Proof. — Put E(z,y) = xzy. Denote by j (resp. k) the highest number
such that a € M7 (resp. b € MF¥). That is the first term in the Taylor series
of a (resp. b) appearing with a non-zero coefficient is of degree j (resp. k).
A priori j or k can be infinite but we shall see that this is not the case.

Denote by

o C1 (resp. C3) the branch of the plane curve-germ of equation f =0
tangent to the z-axis (resp. to the y-axis),

o A; (resp. Az) the branch of the plane curve-germ of equation
Ay = 0 tangent to the z-axis (resp. to the y-axis).

e (C¢- Ay,) the multiplicity of intersection at the origin of the curve
germs Cy and A,,.

‘We have
J=(C1- A1)+ (C2-A1), k=(Cr-D2)+ (Cy- Ay).

The curve-germ C; is tangent to the z-axis while As is tangent to the
y-axis. Hence, their intersection number is equal to

(C1-Ag)=1.
Similarly, we have the equality
(Ce-Ay)=1.

Consequently the numbers j, k are given by the following system of
equations:

5) {jZ(C1'A1)+(Cl‘A2),

k= (Cz . Al) + (CQ . AQ).
This means that j = (Cy - A) and k = (C2 - A).
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The preliminary normal form given by formula (2) above implies that
the curve-germ C1 is parameterized by a holomorphic map-germ of the type

©) { z(t) =t,

y(t) = —t21P 4 o(t**P).
Denote by 6 € O, the holomorphic function-germ of the parameter ¢
obtained by restricting Af to the curve-germ C.

The number (C; - A) is equal to the degree of the first term in the
Taylor series of § appearing with a non-zero coeflicient.

Using the old-fashioned notations, the Hamilton vector field Xy of f
is defined by the Hamilton differential equations

) {jl:fUerl(x,y),

y = —y+ma(z,y),

with my, mo € M?2.

The parameterization given in (6) allows us to identify the ring
of holomorphic function-germs on C; with a subring of O;. Via this
identification, the restriction D of the derivation along the Hamilton
vector-field X to C} is a (holomorphic) derivation of O;. The first equality
of the system of equations (7) implies that

(8) Dt =t + o(t).
Using (6) and (8), we get the Taylor expansion

Dt  D(~t**P)

— 3+p
=D pree) + o(t°TP).

(9) 6(t)
Thus §(t) = (2 + p)(1 + p)t3+P + o(t3*P) and consequently

(ClA)=3+p

The proof that (C3.A) = 3 + ¢ differs only in notations. This concludes the
proof of the lemma. O

We keep the same notations.

ANNALES DE L'INSTITUT FOURIER



ON VANISHING INFLECTION POINTS OF PLANE CURVES 867

LEMMA 4.3. — We have the G-equivalence relation
(a(z) + b(y), zy) ~ (2*P +y°+9, zy).
Proof. — Since agbg # 0, there exist a, 5 € O* such that the equalities

a(z) = (a(@)2)”™", bly) = (B))"™
hold. The biholomorphic map-germ
p:(C%,0) — (C2,0),
(z,y) = (a(z)z, B(y)y)

induces the G-equivalence relation

(2% 4+ 7, 2y) ~ ((a(2)2)”™ + (By)y)* 7, al@)B(y)zy).

By definition of G-equivalence, we have the G-equivalence relation

((a(@)2)>*? + (By)y) >+, a(2)By)zy) ~ ((alz)z)*P + (B(y)y)**9, zy).
This concludes the proof of the lemma and of Proposition 4.2. 0O

4.3. Quasi-homogeneous filtration and notations.

1) In Arnold’s R-classification [1], the notation f € Ay means that
f:(C™,0) — (C,0) is a holomorphic function-germ such that there exists a
coordinate system for which f admits the representation

f@r,. o m) =it 2l 2l + - 4 22,

2) In the next subsections, we assume that the reader is acquainted
with the notion of quasi-homogeneous filtration (for details see [5]). Given
a quasi-homogeneous filtration in O, in order to avoid confusions with the
singularity class Ay, we shall denote by F; C O the C-vector subspace of
holomorphic function-germs of order d instead of the notations Ay which is
commonly used.

3) We write f = fo+0(d) if f, fo € O are holomorphic function-germs
such that f - fo € Fd+1.
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4.4. PA; normal form.

PROPOSITION 4.3. — For any holomorphic function-germ f : (C?,0) —
(C,0) belonging to the R-singularity class Az, the two following statements
hold:

1) The G-Milnor number of (f, Ay) is finite.
2) We have the G-equivalence relation (f, Ay) ~ (y? + 23, 3z* + 4xy?).

Proof. — We fix a linear coordinate system (z,y) in (C2,0).

In O, we introduce the quasi-homogeneous filtration for which the
weight of the monomial iy’ is 2i + 3.

A non-degenerate linear map « : C? — C? sends the inflection points
of a curve to the inflection points of its image, thus the maps f and f o «
are P-equivalent. Therefore, without loss of generality, we can assume
that f € A, admits an expansion of the type

flz,y) =y* +2° +6(6).

LEmMA 4.4. — The holomorphic function-germ f is P-equivalent to a
holomorphic function-germ of the type y? + x> + (7).

Proof. — We have
flzy) =y? +2° + ca’y + 6(7).
Moreover

3
y? 4+ 22+ cx?y +6(7) = y* + (z+ %y) +6(7).

Put a(z,y) = (z — %cy, y). The function-germ f o « is of the type
(foa)(z,y) =y* +a° +05(7).
This proves the lemma. O

The previous lemma implies that without loss of generality, we can
assume that our holomorphic function-germ f:(C? 0) — (C,0) is of the

type

(10) fz,y) =%+ 2> + (7).
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LEmMma 4.5. — The holomorphic function-germ Ay admits the
expansion Ay = —18z* — 24zy? + 5(9).

Proof. — The preliminary normal form (10) implies that the Hamilton
vector-field Xy of f admits an expansion of the type

Xy =(2y+06(4))9, — (32> + 6(5))0,.
Using this expansion, we get the lemma by a direct computation. O
Define the holomorphic function-germs H, E € O by
H(z,y) =v* + 2%, E(z,y) = 3z + 4ay?.
We have proved the existence of a G-equivalence relation of the type
(,Af) ~ (H +8(7), B + 6(9))

with r € Fyo.

We now prove that the G-equivalence
(11) (H+T‘1,E+T2)N(H,E).

holds for any r; € Fg, ro € Fig. This will conclude the proof of Proposi-
tion 4.3.

In order to prove the G-equivalence relation (11), we introduce the
O-submodule 7 of the extended tangent space to (H, F) defined as follows.

The O-submodule 7 of O x O is generated by
o {(ad; +b0y) - (H,E):a,be M?},
« (E,0), (0,zF), (0,yE).

Here v - (H, E) denotes the Lie derivative of the map-germ (H, E)
along the vector-field v.

Next, consider the O-module M defined by
M = {(g,h) ceO0Ox0O: g € Fg, hEFlo}.

LemMMA 4.6. — The G-equivalence (H +r1, E+r2) ~ (H, E) holds for
any r1 € Iy, ro € Fig provided that M is contained in T .
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Proof. — The proof is standard. First we prove the assertion for
formal power series and then use the G-finite determinacy theorem.

The induction step is as follows.

Assume that we have proved the G-equivalence relation

(12) (H+T17E+T2)N(H+m17E+m2)

with my € Fj, and mqy € Fy,, for some pair d; > 8, dy > 10.

Assertion. — The G-equivalence relation (12) implies that

(H+r1,E+r2) ~ (H+0(dy), E+ 6(dy)).

We prove this assertion.

The inclusion M C 7T implies that (m;,m2) admits a representation
of the type

(13) (m1,m2) = a(E,0)+b(0,E) +v-(H,E)

with a,b € O, v € diff(2).
Put v(z,y) = vi(z,y)0z + v2(z,y)0y.
Define the biholomorphic map-germ ¢: (C?,0) — (C?,0) by

QD(ZL‘, y) = (.’L' - 'Ul(l‘,y),y - UZ(Ivy))

and the matrix A € GL(2, O) by
1 —a
4=(o 153)
With the notations of Subsection 2.2, we get the equality

AX(H4+mi, E+ma)op
= (H,E) —v.(H,E) — (aE,bE) + (m1,mz) + (6(d1), 6(dz)).

Using the equality (13), we get that
Ax (H+mi, E+mo)op=(HE)+ (6(d),6(d2)).
This proves the assertion formulated above.
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This assertion implies that for any k, there exists a map-germ
¥ = (Y1,¢2) € (O x O) with 1, € M*, 1y € MF* such that the following
G-equivalence holds:

(H+7r,E+r)~ ((HE)+ ).

The inclusion M C T implies that the G-Milnor number of (H, E) is finite.
Thus, the G-finite determinacy theorem (Theorem 2.2) implies that

((H,E)+v) ~ (H,E)

provided that k is chosen big enough. This concludes the proof of the
lemma. O

The following lemma concludes the proof of Proposition 4.3.

LEMMA 4.7. — The O-module M is contained in T .

Proof. — Denote by MM the O-submodule of M defined by
MM = {am:a e M, me M}.

Let m: M — (M/MM) be the canonical projection. The Nakayama lemma
(see [15]) implies that the following two equalities are equivalent:

)M=MnNT,
Dr(M)=n(MnNT).

The C-vector space (M) is generated by the images under 7 of the
eight following map-germs

(z*,0), (xy%0), (0,2°%), (0,z%y?),
(z°y,0), (4%0), (0,2%), (0,2%).

Direct computations show that the images under m of the eight following
map-germs of M N7 are linearly independent:

(E,0), (0,zE), 220, (H,E), xydy(H,E),
(0,yE), zyd.(H,E), y*9,(H,E), z’yd,(H,E).

Thus, the equality 7(M) = 7(M N T) holds. The lemma is proved and so
is Proposition 4.3. O
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4.5. A3 is not P-simple.

Arnold’s classification implies that any holomorphic function-germ
with a critical point at the origin of critical value equal to zero which is
neither in A; nor in A is adjacent to As (see [1], [5]).

Next, the function-germs in A; which do not belong to a PAY? for
some value of p, g form a set of infinite codimension in M?2. Consequently,
in order to prove that there are no other P-simple singularity classes than
the PAY'?’s and PA; it is sufficient to prove the following proposition.

PROPOSITION 4.4. — Any holomorphic function-germ f : (C2,0) —
(C,0) such that f € Az is not P-simple.

Proof. — That f € Az means that there exists a biholomorphic
map-germ ¢ : (C2,0) — (C2,0) such that

H=foyp, with H(z,y)=y>+z

A non-degenerate linear map sends the inflection points of a curve to
the inflection points of its image. Hence, without loss of generality we can
assume that

(Dg)(0) = 1d.
Consider the one-parameter family f) of function-germs f defined as
follows. Let oz (z,y) = ¢(z,y) + (0, \z?) and put f = Ho ¢} .

We denote by D[p,] the determinant of the 2 x 2 matrix whose lines
are the first and second derivative of ) along the Hamilton vector-field
of H.

The following lemma will not be proved. It can be obtained by a direct
computation.

LEMMA 4.8. — The holomorphic map-germ (H, D{p,]) is G-equivalent
to (fx, Ay, ).

The proof of Proposition 4.4 is based on the three following assertions:
o Assertion 1: if f, is P-equivalent to f, then a? = b

o Assertion 2: if (H, D[p,)) is V-equivalent to (H, D[pp]) then a? = b2.
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o Assertion 3: if f, is P-equivalent to f, then (H,Dlp,]) is V-
equivalent to (H, D[ps)).

Assertion 1 implies that X is a modulus. Hence the modality of f is at
least 1 provided that assertion 1 is proved.

Assertion 3 follows from Lemma 4.8 and from the fact that the
G-equivalence group is a subgroup of the V-equivalence group K.

It remains to prove assertion 2.

Define the quasi-homogeneous weight of 2y’ to be i + 2j.

LemMmaA 4.9. — The map-germ (H,D[p,]) is V-equivalent to a holo-
morphic map-germ of the form (H, % (¢ + A)y® + 2® + 6(6)) with ¢ € C.

Proof. — The holomorphic map-germ ¢ : (C%,0) — (C2,0) admits an
expansion of the form

o= (z+0(1),y + cz® +5(2)).
Hence ) : (C2,0) — (C2,0) is of the form
ea(@,y) = (z+6(1),y + (A + c)z® +5(2)).
Consequently, we get the expansion
Dlpal = (A + )z, 2%] + [z, 4] + 6(6),
where the brackets are equal to the following 2 x 2 determinants:

2y —42°
—1223  —24x%y

2y 4dzy

x,y] = .
2] —723 8y — 16z*

=

Denote by = the V-equivalence relation.

We substitute y? by —z* in [z,y] and z* by —y? in [z, 22]. We get the
V-equivalence

[z, 9] + (A + ¢)[z, 2%] = 242° 4+ 28(\ + ¢)y>.
This proves the lemma. O

Define the family of function-germs F, depending on the parameter
a € Cby Ey(z,y) = ay® + 2.

The next lemma concludes the proof of Proposition 4.4.
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LeEMmMA 4.10. — If a holomorphic map-germ of the type (H, E, + 6(6))
is V-equivalent to a holomorphic map germ of the type (H, E, + 6(6))
then a? = b?.

Proof. — Denote the two holomorphic map-germs by (H, E, + r1)
and (H, Ep + r3) with rq,72 € Fr.

Assume that there exists an invertible 2 x 2 matrix A with elements
in O and biholomorphic map-germs g: (C2,0) — (C2,0), v : (C,0) — (C,0)
such that

(14) AXx(H,Eq,+r1)og= (Yo H,Ey+rs).

Remark that this equation is in fact a system of two equations. We shall
call them the first and second equation of the system (14).

The matrix A is of the type

=)
with o, 8,7v,6 € O.

Write
g(z,y) = (mx +o(1),nx + py + qz? + 6(2)), m,p € C\ {0}.

Equating the terms of quasi-homogeneous weight 2 in the first equation of
the system (14), we get that n = 0.

Equating the terms of quasi-homogeneous weight 4 in the first
equation of the system (14), we get the equality

p*y? + mizt + 2pgz’y = c(y® + %)

where ¢ denotes a non-zero constant.

Thus p = +m?, ¢ = 0. Consequently, the map-germ g admits an
expansion of the type

9(z,y) = (ma + 6(1), £m*y + 6(2)).
The second equation of the system (14) is of the form
vH + (5(Ea + 7‘1) = FEy +ro.
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Equating successively the terms of weight 4, 5 and 6, we get that v € F3.
Consequently the following equality holds:

8(0)(am®y® + mSz%) = by® + 2°.
By identification of the coefficients of 2% and y> in this equality, we get the
equalities
8(0)=m=%, a==b

The lemma is proved. O

This lemma concludes the proof of Proposition 4.4 and that of
Theorem 3.2.

5. Proof of Theorem 3.3.

For notational reasons, we assume that p and ¢ are strictly positive
integers.

Let P:(CP*9 x C%,0) — (C,0) be the holomorphic function-germ
defined by the polynomial

P(a,B,z,y) = 2¥P + 317 4 2”: ozt + z‘?: By,
j=1 k=1
with & = (a1,...,0p), 8= (61,...,0)-
Denote by

G:(C* x C2,0) - (C,0)

an arbitrary deformation of the holomorphic function-germ

£:(C%,0) — (C,0),

(2,y) > zy + 2P 4y

and by G a representative of G.

The function G(v,.) has a Morse critical point in a neighbourhood
the origin provided that v is small enough.

A translation sends an inflection point of a curve to an inflection
point of the translated curve. Consequently, we can assume without loss of
generality that the Morse critical point of G(v,.) is the origin.
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LemMmAa 5.1. — The deformation (G,Ag) is G-equivalent to a
deformation induced from (P(a, 8, z,y), zy).

Proof. — The holomorphic function-germ f = G(0,.) belongs to
the P-singularity class PAY'?. Thus Proposition 4.2 implies that the
following G-equivalence holds:

(15) (f;A) ~ (2347 + 4> zy).
Hence (G, Ag) is G-equivalent to a deformation of (z3+? + ¢3+9, zy).
Define the deformation A:(CPT45 x C2,0) — (C x C,0) of (f,Ay)
by the polynomial mapping
Alp, . B, 2,y) = (P, B, 2,y) + iz’ + poy® + pa + puay, xy + pis).-

Using the G-equivalence (15), we get by direct computations that the
tangent space to the deformation A is TA = (O x O). Thus, the G-versal
deformation theorem (Theorem 2.2) implies that the deformation A is
G-versal. Consequently (G, Ag) is G-equivalent to a deformation induced
from A.

Denote respectively by v, A the parameters of the deformations G
and P. We have A = (o, 3) € CPT9. Put p = (u1,...,u5). We use the
old-fashioned notation

A=), w=p)

for a map inducing the deformation equivalent to (G,Ag) from A.
Lemma 5.1 is a consequence of the following lemma.

LEMMA 5.2. — The map-germ u vanishes identically.

Proof. — Recall that G denotes a representative of the germ G.

For ~ small enough, the function G(v,.) has a Morse critical point
at the origin. Consequently, Proposition 4.2, implies that for any v small
enough:

1) Az(v,.) has a Morse critical point at the origin of critical value 0;
2) the restriction of G(7,.) to each branch of the plane curve
{(z,y) € C*: Az(y,2,y) =0}
has a critical point of the type Ay with k > 2.

Condition 1) implies that us vanishes identically. Then, condition 2)
implies that u1, ..., us also vanish identically. The lemma is proved. O
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LEmMA 5.3. — Assume that Vj € {1,...,p}, Vk € {1,...,q}, the
vectors (xz217,0), (y?>**,0) are contained in the tangent space to the
deformation (G, Ag). Then the G-equivalence (G, Ag) ~ (P(w, 8, z,y), xy)
holds.

Proof. — Consider the deformation B:(CF*5 x C2,0) — (C x C,0)
of (f,Ay) defined by the formula

B, v, 2,y) = (G(v, 2, y) + ma® + pay® + psx + pay, A (v, 2,y) + ps).

By direct computations, we get that under the assumptions of the lemma
the tangent space to the deformation B is TB = (O x O). Thus, the G-versal
deformation theorem implies that B is G-versal.

Consequently the deformation
(C%,0) — (C x C,0),
(a, B,2,y) — (P(a, B, 2,y), 2y)

is induced from a deformation equivalent to B. The same argument as the
one given in Lemma 5.2 implies that (P(«, 3,z,y),zy) is induced from a
deformation equivalent to (G, Ag).

On the other hand, Lemma 5.2 implies that (G, Ag) is induced from
a deformation equivalent to (P(«, 3, z,y), zy). We have shown that:

e (G,Ag) isinduced from a deformation equivalent to (P(«, 8, z,y), zy);

e (P(a,B,2,y),zy) is induced from a deformation equivalent to
(G, Ag).
Consequently (G,Ag) and (P(a, 8,2,y),zy) are G-equivalent. The

lemma is proved. 0O

By definition of P-versality, these two lemmas imply that a function-
germ G satisfying the conditions of Lemma 5.3 is a P-versal deformation.
It remains to find such a deformation of f.

We assert that the deformation F : (CP*4 x C2,0) — (C,0) defined by
the formula

P q
F(a,B,2,y) =y + 2P + 4104+ " a;a® + 3 By,
1=1 k=1

satisfies the assumptions of Lemma 5.3.
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We show that the tangent space to the deformation (F, Ar) contains
the (z2%7,0)’s, for j < p. The proof that the (y?*%,0)’s for k < ¢ are
contained in the tangent space to the deformation (F,Ap) differs only
in notations.

We fix an integer j < p and in order to avoid too many indices we
put a; = 7. We call A = (a, 3) the parameter of the deformation F'.

Final assertion: the vector (z2*7,0) is contained in the tangent space
to the deformation (F, Ag).

Denote by M the O-module
M = {(0,m):m € M?}.

LEMMA 5.4. — The O-module M is contained in the tangent space to
the deformation (F, Af).

Proof. — The function-germ f = F(0,.) belongs to the P-singularity
class PAP?. Thus Proposition 4.2 implies that the G-equivalence relation

(f’ Af) ~ (:L.3+P + y3+q733y)

holds.

Hence the tangent space to the deformation (F,Ap) contains the
extended tangent space to the map-germ

(z,y) — @7 + y° 1 ay).

It is readily verified that the extended tangent space to this map-germ
contains the O-module M. This proves the lemma. O

LEMMA 5.5. — The restriction to A = 0 of the function-germ 0;Ap
belongs to M?2.

Proof. — The Hamilton vector-field of F'(},.) is
h)\ = (33 + Tl()‘vxa y))acc - (y + 7"2()‘3 T, y))ay

with r1(A,.),r2(),.) € M2

A direct computation shows that this equality implies that for any
value of A\, we have Ap € M2, This proves the lemma. a

We conclude the proof of the final assertion stated above.
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By definition of the tangent space to a deformation, the restriction to
7 = 0 of the map-germ

0. (F,Ar)

belongs to T'(F, Ar). Thus Lemma 5.4 and Lemma 5.5 imply that the
restriction of the map-germ

(0, F,0) = 8,(F,Ap) — (0,0:Ap)

to 7 = 0 belongs to T(F, Ar). Since (9, F,0) = (2277,0) this concludes the
proof of the final assertion and the proof of Theorem 3.3.
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