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OVERSTABILITY AND RESONANCE

by A. FRUCHARD and R. SCHAFKE

1. Introduction.

In this article we consider two problems, the existence of nicely
behaved solutions of certain nonlinear differential equations of first order
and, as an application, the phenomenon of Ackerberg-O’Malley resonance
for second order linear differential equations.

Consider first the analytic slow-fast equation

(1) eu' = ¢(x,u, )

where z € [a,b] C R, u € R, and ¢ > 0 is a small parameter (in this article,
all derivatives are taken with respect to the variable x).

We are interested in the asymptotic behavior as ¢ — 0 of families
of solutions of (1) depending upon e. In order to simplify notation and
discussion, we talk of solutions instead of families of solutions and often,
we omit the e-dependence. In our context, a solution bounded on an
interval I C [a,b] is a function defined and bounded on a rectangle of the
form I x )0, gq], €0 > 0 such that for every ¢, x +— u(z, £) is a solution of (1)
for that value € of the parameter. Note that no regularity condition with
respect to ¢ is required. We call slow curve a solution ug of the reduced
equation 0 = ¢(z, u, 0).

We suppose that the interval ]a, b[ contains 0 and that equation (1)
admits a slow curve that is attractive for £ < 0 and repulsive for z > 0. We
will show that canard solutions [4] having bounded derivatives of any order
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228 A. FRUCHARD AND R. SCHAFKE

in a neighborhood of 0 exist if and only if the equation has a formal solution
whose coeflicients have no singularity at z = 0. To that purpose, we will
use so-called overstable solutions of (1); here (1) is to be considered in the
complex domain. More precisely, we will first show that a necessary and
sufficient condition for (1) to have an overstable solution is the existence
of a formal solution with coeflicients analytic at & = 0, and then we will
establish a correspondence between overstable solutions and (real valued)
canard solutions.

The above results concern local solutions (i.e. solutions defined for x
close to 0) as well as global solutions (defined on a neighborhood of the full
interval [a, b]). While several results obtained recently [5], [6], [9] permit to
treat the local solutions (some of them will be presented briefly in Section 2),
one main point of our work is the construction of global solutions using
the local ones (cf. the proof of Theorem 6 in Section 3.3). It is essentially
based on the Phragmen-Lindel6f theorem and thus on the analyticity of the
equation.

We studied the above problem with a specific application in mind,
as will be explained below. Originally, the problem of resonance posed by
Ackerberg and O’Malley [1] concerned a boundary value problem

(2) ey’ + oz, e)y +Y(z,e)y =0,
(3) yla)=1,  y(b)=B>0,

where y is a real valued function of a real variable x € [a, b], ¢ and ¢ are
sufficiently smooth and £ > 0 is a small parameter. This problem generally
has a unique solution y(z,¢) and its asymptotic behavior as € — 0 has to
be studied.

In case the function g : z — @(x,0) has a constant sign on [a, b], say
positive, a boundary layer appears at x = a and on the rest of the interval,
y(z, €) tends to the solution of the so-called reduced equation

(4) o(z,0)y" +¥(z,0)y =0
satisfying the condition yg(b) = B. If the sign of ¢ is negative, the
boundary layer appears at © = b.

If the function g vanishes at some point g € ]a, b — for simplicity,
we suppose that zp = 0 — and if zp(z,0) < 0, then, generically, two
boundary layers appear at a and b and the solution tends to 0 in the open
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OVERSTABILITY AND RESONANCE 229

interval. It can happen, however, that there is only one boundary layer
and y(z,€) tends to a non trivial solution yg of the reduced equation (4)
in the remaining interval (in the sense of uniform convergence on compact
subsets of the remaining half-open interval). In this case, we say that (2)
exhibits resonance in the sense of Ackerberg-O’Malley.

N. Kopell [14] showed that this problem is equivalent to finding a
solution of (2) tending to a non trivial solution of the reduced equation
which might not necessarily satisfy the boundary conditions.

In the case that ¢j(x) < 0, i.e. g has a simple turning point in z = 0,
W.D. Lakin [15] and L.P. Cook ~ W. Eckhaus [10] have shown independently
that a necessary condition for resonance is the existence of a formal solution
U(x,e) =50 Un(2)e™ of (2) having coeflicients y,, that are analytic in a
neighborhood of z = 0. This condition had been proposed by Matkowsky
[17]; so it is called Matkowsky condition. We would also like to mention the
work of Olver [18] and de Groen [11] in this context.

In [19], Y. Sibuya reduces the problem to ¢p(z) = —2z and shows
that the Matkowsky condition is sufficient for resonance if ¢ is analytic
with respect to z in a disk with center 0 containing [a, b] (and analytic with
respect to € near ¢ = 0). This condition was improved by C.H. Lin [16]:
The Matkowsky condition is sufficient in the case that both ¢ and v are
analytic in a neighborhood of [a, b] x {0}.

We are mainly interested in the case of a turning point of higher
order. Then the Matkowsky condition might not be necessary: In this
context, we present a simple example of a linear first order equation whose
formal solution has poles at £ = 0 but for which a canard solution exists
nevertheless. This led us to strengthen the notion of resonance: We require
that all derivatives of y are uniformly bounded. In the present work, we
need the additional hypothesis that g has a zero at x = 0, too, and that
its order is at least that of pg at x = 0. Then we show that the Matkowsky
condition is necessary and sufficient for resonance.

Even if one of the results for a simple turning point is already known,
we think that our method is simpler than C.H. Lin’s and also we obtain a
slightly better result (we show the existence of an analytic solution tending
uniformly in neighborhood of [a, b] to a solution of the reduced problem (4)
as € — 0 in sectors of angular opening close to 7). The case of a simple
turning point is also treated in a recent article [5], [6], where a control
parameter is introduced. This method is somewhat related to Kopell’s
article [14].
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230 A. FRUCHARD AND R. SCHAFKE

Our method of proof is based on the study of a related Riccati
equation. More precisely, the transformation y'/y = —to /@0 + u yields an
equation of slow-fast type (1) and hence the above mentioned results apply.
The precise relation between canard solutions of this Riccati equation
and resonant solutions of (2) is presented in Section4. This connection
had already been established by J.-L. Callot in his thesis [7]. In order
to simplify matters for readers unfamiliar with nonstandard analysis, we
present statements and some proofs in “standard” notation.

At the end of the article, we present a construction of an analytic
equation of the form (2) satisfying the Matkowsky condition such that
all non zero formal solutions diverge. In fact, one could be led to believe
that resonance appears only if the formal solutions are convergent (up to
a multiplicative factor); there seems to be no simple example where the
Matkowsky condition is satisfied, but the formal solutions diverge. Our
construction also shows that the general result concerning the Gevrey-1
character of the formal solution is optimal. Thus, we hope to convince some
readers, that the problem of resonance is not imaginary.

2. Overstability for a non linear first order equation.

Consider the analytic slow-fast equation (1) with the properties and
notation introduced in the introduction. We suppose that the slow curve
is ugp = 0 and that the reduced equation is 0 = f(x)u, where f(x) is the
partial derivative f(x) = 0¢/0u(x,0,0); this can always be achieved by a
simple change of variables u = wug(z) + i(z). In this way, we obtain an
equation of the form

(5) eu' = f(z)u+ eP(x,u,¢),

where f and P satisfy the following hypotheses:

o The function f is analytic in a neighborhood (in C) of the real
interval [a,b], a < 0 < b, and real valued on the real axis.

o We have zf(xz) > 0 for all x € [a,b] \ {0}; moreover there exist
A > 0andp € 2N+ 1 such that f(z) = AeP(1 + O(z)) asz — 0.

 The function P is analytic in a neighborhood of [a,b] x {0} x {0}
in C3.

ANNALES DE L'INSTITUT FOURIER



OVERSTABILITY AND RESONANCE 231

2.1. Statement of the principal result.

Recall that we talk of solutions instead of families of solutions and
that a solution bounded on an interval I C [a,b] is a function defined and
bounded on a rectangle of the form I x ]0, 0], €9 > 0 such that for every ¢,
x — u(z, ) is a solution of (5) for that value ¢ of the parameter.

DeFINITION 1. — A local canard solution is a (real valued) solution
of (5) that is defined and bounded on some interval | — 6,8, § > 0.

A global canard solution is a solution of (5) defined and bounded on
the interval [a, b].

A solution u is called local, resp. global, C*°-canard solution if for
any n € N, the derivative u(™ exists and is bounded on some interval
]-6,6[, 6 >0, resp. on [a,b].

Note that a C°-canard solution is more than a canard solution that
is infinitely often differentiable.

DerFiNiTION 2. — Let D C C be a simply connected domain
containing 0 and S = S(o,8) = {€¢ € C*; a < arg(e) < B} be a
sector. An analytic solution u = u(z,€) is called overstable on D x S,
if for any domain D' whose closure is a compact subset of D, there exist
some g9 > 0 such that the solution u(z,¢) is defined and bounded on
D' x{c€ S, |e] <eo}.

We say that u is a local overstable solution in direction d if there exist
a neighborhood D of 0 (in C) and a sector S containing e® such that u is
overstable on D x S.

We say that u is a global overstable solution in direction d if there
exist a neighborhood D of [a,b] (in C) and a sector S containing e% such
that u is overstable on D x S.

Remarks:

1) The sector S in the definition is an infinite sector, but we only
need ¢ sufficiently close to 0. Note that we do not define overstability on
a sector by requiring boundedness on all proper subsectors; this is useful
when defining asymptotic expansions, etc. to achieve compatibility with
differentiation and to simplify some statements, but is not needed here.

2) Note that the solution u might not be defined on the whole
domain D. In the (original) context of nonstandard analysis, an overstable
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232 A. FRUCHARD AND R. SCHAFKE

solution was defined and “limited” on the “S-interior” of D for infinitely
small € in the sector S.

3) Taking the special form of (5) into account, it is natural only to
consider canard solutions and overstable solutions close to u = 0 as we will
do in the sequel.

4) As was the case for the canard solutions, no regularity with respect
to ¢ is required. In particular, if for any direction d there is an overstable
solution in D x S, where S contains d then these solutions can simply
be combined to an overstable solution on D x C*. On the other hand,
an analytic dependence of € seems, in general, only possible in sectors of
angular opening smaller than 7 .

The principal result for first order equations in this work is the
following,.

THEOREM 3. — With the preceding hypotheses and notation, the
following statements are equivalent:

1) There exist a formal solution @(z,€) = 3, ., un(x)e™ of (5) whose
coefficients u,, are analytic near x = 0.

2) There exist a local overstable solution of (5) in direction d for
every d.

3) There exist a global overstable solution of (5) in direction d = 0.
4) There exist a global C*°-canard solution of (5).

5) There exist a local C*°-canard solution of (5).

Remarks:

1) The most interesting implications in our opinion are 1) < 3),
1) & 4) and 5) = 4). It seems that the latter implication cannot be proved
without using complex analysis. See also Example 1 below.

2) Statement 3) can be improved and made more precise: For every
& > 0 there is a neighborhood D of [a, b] and an overstable solution of (5) on
D x S(—1m+6, 7 — &) analytic with respect to = and £ (cf. Theorem 6).

3) The existence of a local overstable solution in one direction d
already implies statement 1. This could be proved similarly to 5) = 1),
but a shorter proof will be given at the end of Section 3.1.
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2.2. Examples.

Before proving the theorem, we present two simple counterexamples
(if the hypotheses are not satisfied). The first is an equation (non analytic
with respect to €) having a formal solution without poles but no canard
solution. The second example is an equation admitting a canard solution
(not “C°”) but no formal solution.

2

-4 -3 2 4 0 1 2 3 4
Figure 1. The two solutions of eu’ = zu + o vanishing

asz — +ooandx — —oo fore = 1 and a = exp(—1/¢).

Example 1. — Consider the equation
(6) eu' = zu+a

where a might depend upon € but is constant with respect to x. The general
solution can be written

(7) u(m)zu(m@exp(%)+/:%exp($22_652>d§.

0

If the asymptotic expansion of o = a(g) as € tends to 0 is the zero series,
then equation (6) has a formal solution without poles: the zero series.
On the other hand, if eloga(e) tends to a limit ¢ then the equation
has a “boundary” (“butée” [4]) in the points x = +v/2£. For example, if
a = exp(—1/+/¢) then there are no canard solutions, if & = exp(—1/¢) then
there are local canard solutions but no global canard solutions whenever
a < —v/2 and V2 < b. The above Theorem 3 states that there are no
such “boundaries” for differential equations analytic in z and ¢ (if a formal
solution without poles exists).

Example 2. — Consider
(8) eu' = 2r3u — 2ex.

TOME 53 (2003), FASCICULE 1



234 A. FRUCHARD AND R. SCHAFKE

This equation does not have a formal solution whose coefficients are analytic
at z = 0; its first term is u;(z) = 1/22. On the other hand, we will see that
it has a canard solution.

Figure 2. The solutions @ and ¥ for ¢ = i.

To see this, make a change of variables ¢ = z2 and let v(t) = u(z).
This leads to the equation

dv
9 W e
(9) € tv—¢

Consider now its solution ¥ with initial condition ¥(+4o00) = 0. It is defined
on R and given again by variation of constants. Hence

+oo s ts
5(t) = _ B
i) = [ e (-5 - Z)as

(One can also write ¢ in terms of the normalised complementary error
function erfex(£) := e f€+°° e~ du; namely o(t) = V2eerfex(t/Vv2€).)
For t > 0, we have |9(t)| < #(0) = 4/ 3 me. Thus the solution @ of (8) with
initial condition %(+o00) = 0, which is given by @(z) = #(x?), is bounded —
and even tends to 0 uniformly — on R.

ANNALES DE L’INSTITUT FOURIER



OVERSTABILITY AND RESONANCE 235

Note, however, that this solution 4 has an unbounded fourth derivative
and is therefore no C'*™°-canard solution. Indeed, by differentiating (8) we
obtain

eu® = 22343 + 18220” + 36zu’ + 124,
hence @) (0) = 6./27 /c.

In the complex plane, the so-called “landscape” [5], [8] corresponding
to (8) is the surface C x R 3 (z, z) described by z = R(z) := Re(fy 2¢3 d¢);
here it has four mountains containing each one of the half axes — positive
or negative real or imaginary — and four valleys in between. The solution @
has, as analytic continuation, a solution close to the slow curve on the two
mountains containing the real axis, but on the other two mountains, it is
unbounded. An overstable solution would be close to the slow curve on a
complete neighborhood of 0.

Figure 3. Top: absolute value of . Bottom: landscape described
by z = R(z) := 1 Re(z?).

3. Proof of Theorem 3.

We will prove that each of the statements implies the following
one and that 5) = 1), but first, we describe the formal solution of (5).

TOME 53 (2003), FASCICULE 1



236 A. FRUCHARD AND R. SCHAFKE

These considerations are needed in Section 3.5, but might be of interest
already here.

3.1. The formal solution of (5).

The computation of formal solutions d(z,e) = -, un(z)e" of (5)
having coefficients analytic at z = 0 yields the following equation:

k
(10) Z ul, ()" = f(x) Z Un(z)e™ +¢ Z pkj(:c)(z TLV($)€U> e,
n>1 n>1 k,£>0 v>1
where py ¢ are defined by
P(z,u,e) = Z pro(x)ufet.
k€20
If ¢n(z) = ¢pn(ug, ..., un)(z) denotes the coefficient of €™ in the expression
k
> pk,e(l‘)(z uutf") e,
k,£20 v>1

we obtain the following recursion formula (with ug = 0):

(11) Vn > 1, uiz—l = fun + ¢n—l~

If uy, ..., up—1 could already be calculated and have no poles at z = 0 and if

(12) w1 (%) = fn1(x) = Oa¥)

as £ — 0 then (11) yields u, := (1/f)(u,,_; — ¢n—1) which is analytic
near x = 0. Conversely, condition (12) is clearly a necessary condition
for u,, to be analytic near = 0. Thus we have shown

ProrosiTION 4. — There is a formal solution of (5) whose coeflicients
(un)nen are analytic near x = 0 if and only if the order of the zero x = 0
of ul, — ¢n(ug,...,un) is at least p for every integer n. In this case, the
coefficients are given recursively by ug = 0 and

(13) tun = < (U1 = Pn-1).

1
f
Observe that the coefficients u,(x) of a formal solution of (5), if they

are analytic at x = 0, are automatically analytic in a common domain;
this follows immediately from the proposition.
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Note that for every n > 1, if ug, ..., up—1 could already be calculated
and have no poles at x = 0 then there is a function R, (z,¢) analytic with
respect to both variables and bounded in a neighborhood of x = 0 (in the
sense of the beginning of Section 2) such that

n—1 n—1
(14) P(z, Z u,(x)e¥,e) = Z du(2)e” + Ry (z,e)e™.
v=1 v=0

This will be useful later.

On this occasion we give a proof of the statement in Remark 3 below
Theorem 3. Suppose that v is a local overstable solution in one direction d.
We show that u has an asymptotic expansion u(z,g) ~ Y o0 un(z)e™
as € — 0 in direction d, i.e. for every n we show the existence of
analytic ui(z),...,un—1(z) and of v,(z,¢) analytic and bounded in some
neighborhood of z = 0 and for ¢ in some sector containing direction d, such
that

n—1
(15) u(z,e) = Z uy()e” + vp(z,€)e™.

This of course implies the existence of a formal solution.

We proceed by induction. For n = 1 we use f(z)u(z,e) =
eu'(x,e) — eP(z,u(z, €), €); first this shows that f(x)e~lu(x, ) is bounded
in some neighborhood of the origin (using Cauchy’s formula) and hence
also e tu(x, €) is bounded in some neighborhood of 0 if we exclude a small
disk around 0. Then the boundedness of %u(:r,e) on a full neighborhood
of 0 follows by the maximum principle.

Suppose now that statement (15) is true for some n. Using (14),
insertion into (5) implies

F@)vn(,€) = (U_1 = $n-1)(@) + eRn(w€),

where Ry, := v}, — R, —e~"(P(z, Su+€"v,) — P(z, Zu)) is analytic at (0,0).
As f(z) has a zero of order p at = 0, Rouché’s theorem applied to small
circles around 0 (and for sufficiently small €) implies that u],_; — ¢n_1 also
has a zero of order at least p at z = 0 and hence u, = (1/f)(ur,_1 — Pn-1)
is analytic in some full neighborhood of 0. Thus f(z)(v,(z,€) — un(x)) =
eR,(z,¢) and as before v, 41(2,€) = ™ (v, (2, &) — un(x)) is bounded in
some neighborhood of 0. 0

TOME 53 (2003), FASCICULE 1



238 A. FRUCHARD AND R. SCHAFKE

3.2. From the formal solution to overstable solutions.

In this section, we begin the proof of Theorem 3. Concerning the
implication 1) = 2), we use a general result of [9] (Proposition 8.3), which
can be expressed in terms of the present article in the following way.

ProposITION 5. — If equation (5) admits a formal solution whose
coeflicients are analytic near x = 0 then it has a local overstable solution
for any direction d.

Proof. — For the convenience of the reader, we include a sketch of the
proof. The proof presented here is somewhat simpler than in [9] because
the equation is scalar and the existence of a formal solution is assumed.

We first prove that the formal solution is Gevrey of order one uniformly
in z in some disk D(0,r), r > 0, i.e. it satisfies

JA,C > 0, Vz € D(0,r), Vn € N, [un(:c)| < AC™nl

For that purpose, we rewrite (5) in the form

(16) w(z, e) = (v'(z,€) — P(z,u(z,¢€),¢))

€
f(x)
and assume that f and P are analytic and bounded for |z| < R, |u| < uq,
le] < €1, and that f vanishes only at z = 0. By assumption, we can
write f(z) = zP/g(x) with g analytic at = 0, g(0) # 0. The formal
series 4(z,e) satisfies the following equation using the shift operator S
given by S¢:x — (p(z) — p(0))/=:
(17) u(z,€) = eg(z)SP (W (z,€) — Pz, u(z,€),€)).
This equation has a unique fixed point in the set of formal series Y ¢, (x)e™
having coefficients analytic at = 0; this is, of course, the formal solution @
of (5). Using a “majorant equation”, we will prove that it is Gevrey of
order 1.

At this point, we introduce the so-called Nagumo norms. Choose some
p €10, R| and define d(z) = R — |z| if |z| > p, d(x) = R — p otherwise, and

llle = sup |e(z)|d(x)* € [0,+00].
|z|<R

These are norms, and they have several nice properties. The most useful
ones are:

ANNALES DE L’INSTITUT FOURIER
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@) Nl Pl < M@l - [1lles
(i) [ lk+1 < ek + Dl
(iii) [[Selle < (2/p)llellk
(the proofs are straightforward, see [9], Section 3).
Given two formal series u(z,€) = 3 45, u(z)ek, v(z) = 2650 ve2®,
we write

u(z,e) K v(z) if |luj|l; < jlv; forall j€N.

The following statements are crucial (see [9], Lemma 4.4; we omit the
arguments (z,¢) and (z) here):

- N N _ du
Ifu < v and i € U then utt < v, sd— & ezv and eu K Rzv.
T

With the notation P(z,u,e) = 3=, ;5o pij(z)u'e’, let

G i
;= sup |pij(z)|, QU2 = =2 U,
|lz|]<R §,7>0 J:
and analogously G = supj|<g|g(z)|- Consider now the “majorant”

equation U = ®(U) with

B(U)(2) = G(%)p(er(z) + Rz Q(U(2), 2)).

This equation is of the form U(z) = zA(U(z),z) with A holomorphic
in (0,0) € C2. By the implicit function theorem, it has a unique fixed point
U = U*(z) with U*(0) = 0 and U* analytic in 0. Moreover the property

u(z, ) € v(z) = d(u)(z,e) < ©(v)(2)

where ¢(u):(z,€) — eg(x)SP(du/dz(z,c) — P(z,u(x,€),e)) implies that
@™ (0)(z,e) <« U*(z) for any n. Thus the fact that the first n coeflicients
of ™(0) and the fixed point @ coincide, yields & <« U*(z). This proves that
the formal solution 4 is Gevrey-1 on any disk |z| < r with r < R.

The Gevrey property implies that the formal Borel transform v = Ba
of @, given by v(z,t) = >, 5 un(z)t"/(n — 1)! is analytic on D, x D,

TOME 53 (2003), FASCICULE 1



240 A. FRUCHARD AND R. SCHAFKE

for some o > 0. Given T € D,,, the truncated Laplace transform ugr = Lrv
of v given by

T
uT(m,s):/ e tu(x,t)dt
0

is a quasi-solution in the direction arg(T) in the sense that there are
A, €0, > 0such that for any € € S(argT —é,argT + 6,e9) and any z € D,

IS’LL/T(:E,E) - f(x)uT(:r,e) - P([L’7UT(ZII./€),6)| < eXp(_A/|5|)'

This follows essentially from the fact that Sp(a - b) — Sr(a) - Sp(b), where
St = LB, is exponentially small for any two Gevrey-1 formal series and
hence also Sr(P(z,u(x,€),e) — P(z,Sri(z,€),€) is exponentially small
(see [9] for the tedious, but straightforward proof.)

Finally Gronwall’s lemma shows that the solution u. of (5) with initial
condition u.(0) = ur(0,€) satisfies

|u€(:c,e) — uT(:zz,s)' < exp(—(A — M|:l:|)/|z—:|)

on the set of all |x| < r, |¢| < €1, arge € [T — §,T + 4] satisfying
|ue(x,€)| < |ur(z,e)| + 1; here M is some constant independent of z,¢.
Thus u.(x,€) remains bounded on the disk || < min(r, A/M) and hence
is a local overstable solution in the direction arg T

We refer to [9] for more details. |

Another proof consists of imbedding (5) in an equation with p
additional parameters

p
(18) eu' = f(x)u+eP(z,u,e) + Z agzk!

k=1
and using the result 6 of [6]. Let F' be the antiderivative of f vanishing
at £ = 0 and let C, be the connected component containing 0 of the set
{z € C |F(z)| < r}. For sufficiently small r, the functions f and P are
analytic in a neighborhood of the closure of C,, resp. C; x {0} x {0}. By
the cited result, for every direction d and ¢ with arge = d, summation

“to the least term” a = ZEZ |08” a,c” of the unique formal solution
@ =3 50ne™, U =) ~qun(z)e” (u, analytic on [a,b]) provides a
value of the parameter a = (a,...,®p) for which (18) has an overstable

solution in this direction. As it was supposed that (5) without parameter
already has a formal solution with analytic coefficients, a has to be the zero
series; hence a = 0.
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Observe that the overstable solution provided by the theorem will in
general not depend analytically upon ¢ in a full neighborhood of ¢ = 0; this
corresponds to the divergence of the formal solution. The first proof yields
overstable solutions that are analytic with respect to € in small sectors
with vertices at the origin. The alternative proof yields solutions that are
(infinitely) piecewise polynomial in £ on annuli.

3.3. Analytic continuation of an overstable solution.

We show here the following somewhat surprising statement concerning
local and global overstable solutions.

THEOREM 6. — If equation (5) has an overstable solution in some
neighborhood of © = 0 for every direction d then for any § > 0 there exist
a neighborhood D of [a,b] and an analytic overstable solution of (5) on
DxS(—im+6 Ln-26).

We again consider the antiderivative F' of f vanishing at = = 0.
By the hypotheses on f, the function F has real values on the real axis.
Furthermore, there are @,b € R with @ < a < b < b such that F(a) # F(b)
and the functions f and P of (5) are analytic with respect to z in a simply
connected domain D containing [a, b]. It is therefore sufficient to show the
existence of an overstable solution in a domain containing |a, b[. Without

loss of generality, we can also assume that F'(a) > F(b). For simplicity
of notation we will write a, b instead of a, b.

Before going into details, we would like to give an overview of the
proof and introduce some essential tools. To fix ideas, we suppose for the
moment that € is a positive real number. First, we consider the landscape
described by z = R(z) := Re(F(z)). It seems well-known that a solution
of (5) with initial condition near the slow curve u = 0 can be continued
analytically along any path descending this landscape and remains close to
the slow curve there. We present in Lemma 7 a statement adapted for use
in this article.

Under our hypotheses, the landscape has a saddle point at x = 0
where p + 1 mountains and p + 1 valleys are interlaced. Notice that, since
the equation is real on the real axis, [a,b] is contained in the union of two
crest lines. A priori, a solution continued analytically from some initial
point on one mountain, say R™, will not remain bounded or may even cease
to exist when continued on the other mountains. Here, we already supposed
that a local solution exists, i.e. a solution remaining close to the slow curve
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on a small part of each mountain. We have to show that there is a solution
remaining bounded on some neigborhood of [a, b], i.e. on two mountains.

For € € C\ RT, the landscape function R has to be modified to
Ry(z) = Re(e™"F(z))

with d = arge. As arge approaches %7‘(‘ or — %ﬂ', the real axis becomes less
steep; indeed it is a part of the separatrices of the saddle if |arge| = %w.
Hence if |arge| = $m — 6, & small enough, then there is an overstable
solution from a to b because the local overstable solution can be continued
analytically.

Second, it is possible to “measure” the exponential closeness of
solutions of (5); see Lemma 8 for a statement adapted to our needs — it is
essentially based on the linearization of (5) around a solution. We say that
two functions «a(e) and §(g) have a relative type A if for any A< A,

(@ = B)(e) = O(exp(~Afe)).

Two solutions of (5) with initial conditions close to the slow curve at some
point zg, when continued analytically along some descending path, become
exponentially close, with a type given by the loss of altitude. Conversely,
two solutions with a relative type A in some point zg remain exponentially
close when they are continued analytically along a path not surpassing a
relative altitude of A.

Consider now the solutions ug,up of (5) vanishing at = = a
(resp. z = b). Using the local overstable solution, we will show that
these solutions are overstable on some z-neighborhood of ]a, 0] (resp. ]0,b])
and for ¢ in the sector S(— % T+ 6, %ﬂ' — 8) for small positive 6.

As there is an overstable solution on [a,b] for the directions
d= ﬂ:(%ﬂ' —§), 6 small, their values at x = 0 are of relative type R4(b) for
these values of d. In other words, there is some § > 0 such that for alln > 0
the following estimate holds:

(19) ua(0,€) — up(0,€) = O(exp(—(F(b) —n)/e))

ase — 0 and |arge| = %ﬂ' — 6. At this point, we use a third ingredient, the
Phragmen-Lindelof Theorem. It implies that the estimate (19) remains valid
for arguments of ¢ between +(5m — ) and yields exactly the relative type
needed (in Lemma 8) so that the solution u, remains bounded on [a, b] —
and hence is overstable on [a, b].
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Let us now give more details. First, we present a statement concerning
analytic continuation of solutions of (5) (see e.g. Theorem 2 of [8] in a
version using nonstandard analysis and in [21] in the linear case, see also
Proposition D of [5]) For the convenience of the reader, we include a proof.
We needed to modify the known result in the following way:

(a) We construct a solution on an entire z-domain and not only a
restriction to a path.

(b) The solution we construct is analytic with respect to € in a
sector that can be chosen large if the domain permits this. For the sake of
simplicity, we will only present the result for a particular kind of z-domain.

LEMMA 7. — Let x1 € D and consider a C! family T = {vs; s € [0,1]}
of paths starting at z;, i.e. a C' mapping T : [0,1]2 — D such that
I'(s,0) = z; for all s € [0,1]. Let di < do be two directions in S!.
Suppose that all the paths in the family T" are downward for every direction
in [dy, d2]; in other words,

d
(20) Vd € [dy, d2), Y(s,t) € [0,1]?, aRd(%(t)) <0,
where R4(z) := Re(F(z)e ™). Denote by K the image I'([0,1]?) of T.
Finally, assume that u; = u(€) is an initial condition analytic in € and
satisfies u; = o(1) ase — 0.

Then there exist 9 > 0 such that the solution u of (5) with initial
condition u(z1,€) = u1(g) is analytic in a neighborhood of S x (K \ {z1})
where S := {e € C; 0 < |¢|] < €o, di < arge < dp} and satisfies
u(z,e) = o(1) as S > € — 0 uniformly on K.

Proof. — First of all, by compactness it is possible to enlarge the
sector S and the family of paths I' such that (20) remains valid. Therefore
it suffices to show that u is analytic in the interior of S x K. By the same
compactness argument, there exist C,é > 0 such that for all (s,t) € [0,1]?
and d € [dy,d2] one has |y,(t)] < C and d/dt Ra(vys(t)) < —6.

By shrinking D somewhat, if necessary, we can assume that for r,e > 0
sufficiently small, the absolute value |P(z,u,€)| is bounded by some
constant M for z € D, |u| < r and |e| < €.

Let p € 10, r[. We show that for sufficiently small p, there exist €; > 0
such that for every € € S with |e| < ¢ and every s € [0, 1], the function
Ve t — u(g,vs(t)) is defined on [0, 1] and satisfies |vc(t)| < p. Since € is
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small we have |ve(0)] = |ui(e)| < p. It is sufficient to show that the set
{|ve] < p} is invariant under (5), i.e. if |vc(t)] = p then d/dt|ve(t)] < O
for sufficiently small €. We calculate

0 (8(0) = 2Re(w! (1 (D)D) 2(30(0))
= Re (2 (1) ve(t) + 2P(3(8),ve(8),) ), 110 (1))

< Ra(3(t)) + p(t,0. (1))

where d := arge and p(t, v, &) := 2Re(P(ys(t), v, ) v, (t) D).
If |ve(t)| = p then we find

26p°
< o))’ < —ﬁ +2MCp,
hence d/dt |v.(t)]? < O provided |e| < €1 := min(gg, §p/MC). This proves
the existence of u along every path of T' and also that u(z,e) = o(1)
as S 3 € — 0. The analyticity with respect to ¢ follows from the theorem
on analytic dependence upon parameters. O

Our second auxiliary statement corresponds essentially to Proposi-
tions 1 and 2 and Theorem 1 of [8] (cf. also the commentary ‘relation
entrée-sortie’ below Proposition E in [5]). Here again we needed to change
the latter statements somewhat for our needs and to give them a more
quantitative meaning than in [8].

LemMmA 8. — Let up be a solution of (5) defined in some simply
connected x-domain ) and for all sufficiently small € with arge = d. Let x;
and x be two points of 2 and 7y a path in ) connecting them. Let u be
another solution of (5) defined in some neighborhood of z1 and let finally
« > 0 such that

u(z1,€) — ug(zy,€) = o e/l

Suppose that for x € v([0, 1]) we have R4(z) — R4(z1) < c.

Then the solution u can be continued analytically along v and the
estimate

u(za,€) — uo(x2,€) = o e /1) holds with 8 = &+ Ry4(x1) — Ra(x2).
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Proof. — We use the fact that the difference y. = u(.,e) — uo(.,€)
satisfies an equation of the form

eyl = f(@)ye + eP1(z,uo(T,€), Ye, €) Ye

where Pj is some function analytic in a neighborhood of Q x {0}3 satisfying
P(z,u+y,e) — P(z,u,e) = Pi(z,u,y,€)y there.

For any path C containing z;, where y. is defined and satisfies
|ye(x)| < 6 with some sufficiently small §, we conclude that y. satisfies

1
ve(@) = ye(z) exp (2 (F(@) = F1) + 0(9)) )
1
= (’)(ys(xl) exp H (Rd(aﬂ) - Rd(ml)))
uniformly on C and hence, by the hypotheses of the lemma, y.(x) = o(1)
ase — 0.

By a classical theorem on the existence of solutions of ordinary
differential equations, y. can be continued analytically along v and satisfies
the estimate

1) = o e (&

le]

(Ra(z) — Ra(w1) — a)))
on it. O

Continuation of the proof of Theorem 6. — Remember that the
meaning of a and b has changed since the beginning of the proof: It is
sufficient, at this point, to prove the existence of an overstable solution in
some domain containing |a, b[.

For r € ]0, F(b)[, we denote by C, the connected component of the
set {z € D; |F(z)] < r} containing 0. If r is sufficiently small, then
C, is compact and for every direction d € S!, there exist an overstable

solution ud in some domain containing Ci.

Denote by 27 > & > 6’ > 0 the numbers satisfying r = F(b)siné =
F(a)sin¢’ (see Figure 4 below). Consider the domain A enclosed by the
arcs {x € D; arg(F(a) — F(z)) = ¢, |F(a) — F(z)| < F(a)cosé'} and
{z € D; arg(F(b) — F(z)) = £6, |F(b) — F(z)| < F(b)cosé} and by
the two parts of the boundary of C, making these into a Jordan curve,
which is C' except in a and b. For sufficiently small » > 0 the closure of
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this domain is contained in D. We have A = A, UA, U éT, where A,
and A, are the domains, containing a (resp. b) on their boundary, whose
F-images are the triangles with vertices F(a),p,,qa (vesp. F(b),py, @),
where p, = rexpi(%w — &), qo = rexpi(é’ — %7‘(’), Dy = rexpi(%ﬂ —b),
g =rexpi(6 — im).

Figure 4. The domain A and its F-image (here F(x) = x?). Primes
denote the points whose F-images are the points without primes.

We consider now the “closed” sector S5 = {e € C*; |arg(e)| < §7—6}
and similarly Ss/; we have Ss C Ss. We denote by u, resp. u; the solutions
of (5) with initial conditions wu,(a,€) = 0 resp. up(b,e) = 0.

We claim that these solutions are overstable in A, X Ss resp. Ay X Ss.

We prove here the claim for u,. Given D’ relatively compact in the
interior of A,, we have to show that u, can be analytically continued on
D’ x Sgi(eg) for gg small enough and satisfies u, — 0 as |¢| — 0 uniformly
on D’. Here Ss(g9) = {¢ € S&; |e| < €o}. It suffices to prove that for
any & < &' there exist o such that u, can be continued on A, x S (€o0),
where .&a is defined as A, with & instead of &'.

Consider the family I' of paths starting from a whose images
by F are the segments joining F(a) to each point of [Pa,ds], Where
Po = rexpi(3m — 6),G, = rexpi(6 — 1 7). Parametrizing these segments
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linearly, we have for any d € [~ 37 + &, im— &) and any path ~ of I':

Vi 0,1], 3 Ra(r(t)) = Ra(2(1)) ~ Ra(3(0))
< —(F(a) —r)sin(§’ - &) < 0.

Hence Lemma 7 applies and yields the claim.

As we already have an overstable solution ud in a neighborhood of C;

for every direction d € S', Lemma 8 yields that both u, and u, can be
continued analytically to overstable solutions on C;. x Sg/, resp. C,. x Ss.
In particular, they are both defined in z = 0 for any £ small enough in Ss.
Moreover, by Lemma 8, we have

uq(0,€) — up(0,€) = O(exp(—7/¢))

for any 7 < r and for ¢ sufficiently small with |arg(e)| < 3m — 6. For

convenience, we write it in the form

ug(0,€) — up(0,€) = O(exp(— %0(1)»

Consider now the function
p:85(e0) — C, e+ u,(0,¢) — up(0,€)
with Ss(e0) := {€ € C; 0 < |e| < €0, |arg(e)] < 3m — 6} . This function

is analytic and bounded in the sector Ss(gg) and satisfies, for small € with
|arg(e)| = 3w — 6, the estimate

el =0{emp (- 5202 - oy (- E-20))

lel €

The classical Phragmen-Lindel6f theorem implies that this estimate holds
for all sufficiently small € in Ss(eg). Using again Lemma 8 (this time with
Ug = Up, U = Ug), We conclude that for arge € [—47 + §, 37 — 8], the
solution u, is overstable on the entire domain A. As é becomes small
with r € |0, F(b)[ chosen above, the proof is complete. a

Remark. — We restricted the theorem to the case that f is real valued
on the real axis and [a, b] is a real interval, but Theorem 6 can easily be
adapted to more “complex” situations.
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3.4. From overstable solutions to canard solutions.

ProposITION 9. — If there exist a local (resp. global) overstable
solution of (5) then there also exist a local (resp. global) C*°-canard
solution.

Proof. — Given a local (resp. global) overstable solution we construct
one having real values on the real axis, namely the solution having a
certain real initial condition on some point of the real axis and then we
use Lemma 8. For example, using the notation of the preceding section,
if F(a) > F(b), the solution vanishing at some point & < a sufficiently close
to a is overstable on some neighborhood of [a,b]. (By the way, this is the
solution called ug of the above proof.)

The restriction of such an overstable solution to the real axis is
obviously a canard solution. It is a C*°-canard solution, because by Cauchy’s
formula, the derivatives will also be bounded on [a, b]. O

3.5. From canard solutions to the formal solution.

We have already proved all the implications i) = i+1) of Theorem 3
(the last one is trivial). To complete its proof, it is sufficient to show that
the last statement implies the first.

THEOREM 10. — If equation (5) has a local C*°-canard solution, then
it also has a formal solution U(e,x) = ), -, un(x)e™ having coefficients
analytic in a neighborhood of x = 0. These are determined recursively
by (13).

Proof. — We give an indirect proof; so suppose that (5) has a
C*°-canard solution u = u(zx,€) on some interval [—é, 6] independent of €
but there is no formal solution of (5) without poles at x = 0. Using
Proposition 4, we can suppose that there is some 1 > 1 such that

(21) Uy 1 — Pp_1 = fur for ke{l,.,n—1}
(if n > 1) and
(22) Uy () = $n-1(2) = —aga? + 29 g(z)

with ¢ < p, ag # 0 and g analytic in some neighborhood of z = 0. We will
show that some derivative u("™ (z, ) cannot be bounded as ¢ — 0 and thus
obtain a contradiction.

Let us first give a brief overview of the proof. Consider the difference
between u and the (n — 1)-th partial sum of the formal solution. Seen under
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some adequate “magnifying glass”, i.e. using an appropriate change of the
dependent and independent variables, this difference is a bounded solution
of a certain regularly perturbed differential equation. Hence its dominant
term satisfies a certain differential equation which is shown to have no
polynomial solution. Taking into account that the change of variables in
some sense “flattens” the derivatives, we deduce that some derivative of
sufficiently high order must be unbounded as ¢ — 0. We now give a
detailed proof.

We consider the following change of the dependent variable (in the
case n = 1, replace the sum by 0):

n—1 p—g

(23) U—Zuke +—v with 77—81’+1
n
k=1

LEMMA 11. — If u is a solution of (5), then the function v defined by
(23) satisfies an ordinary differential equation of the form

(24) ev' = (f(:c) + eQ(x, v))v + n(aqxq — :cq'Hg(ac)) + enR(x)
where g,Q and R are analytic for x in some small interval [—6, 6], small €
and v in some disk, and remain bounded as € — 0.

Proof. — Insertion of (23) into (5) yields

+1 n—1 n n
Z ule k41 o = Z f(x)uk5k+5_f(x)y+gp(x, Eu-%-s—vyf),
n k=1 K K

where we write Yu for Z:;ll uge®. By using (21) for k = 1,...,n — 1 and
multiplying by 1/&™, we obtain

ev’ = f(z)v = n(tn_1(2) = $n-1(2))

+€nL_1(P<m Zu+——v 5) Zqﬁk )

Now
P(x, Yu + 6—1),5) = P(z,Xu,¢) + £ vQ{x,v)

n n

with
1
oP e”
= — (=, —vh,e)db.
Q(z,v) /0 ™ (az, u+ ; v ,6)

Moreover, P(x,Yu,e) = ZZ;; ér(z)e* + e"R(z) with R := R,, by For-
mula (14) in Section 3.1. This implies the lemma together with Formula (22).
O
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We will use now the attractivity of the slow curve to show that v
remains bounded as € — 0 on [—§,0[. For fixed < 0 this follows simply
from the existence of an asymptotic expansion away from 0 (see [12] or
[W], Theorem 40.1). We first show that this persists for some z = z(¢) of
order g!/P+1,

LEMMA 12. — For all r > 0 there exist €1 > 0 and Z > 0 such that
lo(e,z)| <r forallz < —Ze'/P+tD) and 0 < e < ¢;.

It is sufficient to show this for sufficiently small r. We already know
that v(z,e) = O(n) on every interval of the form [a,—6] with § > 0
independent of ¢. If ¢ is sufficiently small, it remains to show the statement
on [—6, —Ze'/P*+ for some properly chosen Z.

By the hypotheses, for r > 0 sufficiently small, there is K > 0 such
that |Q(e,z,v)] < K for all z < 0, |v| < r and small e. Moreover, there
exist p > 0 such that f(z) < —plz|P for —6 <z <0.

It is sufficient to show that the set {|v|] < r} is an invariant set
for (24) on the interval [—6, —Ze'/(PTV[ if Z has been chosen properly.
It is hence sufficient to show that for z < —Zel/(P+1) we have v'(e,z) < 0
if v(e, ) = r (and similarly v'(g,z) > 0 if v(e, z) = —r).

For z = —2ze!/(P+1) such that v(e, z) = r, we find using (24)

_pP_ _pP_
ev'(e,x) < —pureptl 2P 4 |a,le PHL 29 + Ofe)
and hence v'(e,x) < 0 if 2 > Z where Z is chosen greater than
(lag|/pr)Y/ =9 and if ¢ is sufficiently small. O

We now make the following change of variables:

_P_ _P_

r=¢eptl X, V(X,e)=wv(z,e) and f(z)=ecrtl F(X,e¢).
Thus we have F(X,e) = XP(X + o(1)) uniformly for X in bounded subsets
of the real axis with some A # 0 independent of ¢.

As v satisfies equation (24), the new function V satisfies
(26) V = AXPV 4 a, X+ a(e)P(e, X, V),
where the dot denotes differentiation with respect to X, where a(e) tends
to 0 as € tends to 0 and P denotes a function analytic and bounded
(as € — 0) on all bounded X, V-sets. Lemma 12 provides some number
Xo < 0 such that V(Xy,¢) remains bounded. By compactness, there is a
sequence €, — 0 such that V(Xo,e,) has a limit, say V. For the sequel,
fix such a sequence ¢,,.
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LEMMA 13. — Suppose that W is the solution of
(27) W = AXPW + a X9

with initial condition W()E' ) = V. Then for every integer m > 0 and for
every real X we have

Vim(X,e,) — WM(X), v — oo

Proof. — Consider (26) and (27) in the complex domain. As W is a
solution of a linear ordinary differential equation without finite singularity,
W is an entire function. By the classical theorem on the dependence
upon parameters, it follows that V(X,e,) is defined for every point X
and sufficiently large v. Moreover, we have V(X,¢,) - W(X), asv — 0,
uniformly for X in any bounded subset of C. For the derivatives this follows
using Cauchy’s formula or the differential equation. O

The proof of the following lemma is immediate (compare degrees and
use p > q).

LEMMA 14. — Equation (27) has no polynomial solution.

We return now to the proof of Theorem 10. Lemmas 13 and 14
imply that for every positive integer m there are a X,, € R and a,, > 0
independent of v such that [V (™) (X,,,e,)| > a,, for sufficiently large v
(one could choose a, := %W(’")(Xm) with W™ (X,,) # 0). We conclude
that (with 6, = s,l,/(p+1)) we have

V™ (Xmbu,e0)| = 6, VI (X €0)| > 6, ™ am

for sufficiently large v and hence also

|u™ (X b, e)| e P am.

Thus, for m > n(p + 1), this absolute value tends to infinity as v — oo,
contradicting the hypothesis of the theorem. O

4. Application to linear differential equations of second
order.

In this section, we return to equation (2)
ey’ + p(x,€)y +P(z,e)y =0
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where ¢ and 1) are analytic with respect to (x,€) in a neighborhood of
[a,b] x {0} in C2. As in the introduction, ¢y and v are obtained from ¢
and ¥ by putting ¢ = 0. We suppose that g has a unique zero in [a, b] and
denote by p its order. Moreover, we suppose that g is positive on [a, 0]
and negative on ]0, b] (and hence p is odd).

As before, the derivatives are taken with respect to x and we often
omit to indicate the dependence upon e. The word “bounded” always
denotes “bounded uniformly with repect to £€”. Again the dependence of
the solutions upon ¢ needs not be analytic unless explicitly stated.

DeFINITION 15. — Let I C [a,b] be an interval containing 0 in its
interior. Then a C°-resonant solution on I is a solution of (2) that is
bounded on I (in the above sense) that does not tend to the zero function
as ¢ — 0 and whose derivatives of any order are bounded on I. A local
C*°-resonant solution is a C°-resonant solution on some open interval
containing 0. A global C°°-resonant solution is a C'°°-resonant solution
on [a, b].

A local analytic resonant solution in direction d is a solution of (2)
analytic in some neighborhood of x = 0 that does not tend to the zero
function as € — 0 in some sector containing d. A global analytic resonant
solution in direction d is a solution of (2) analytic on some domain
containing [a,b] that does not tend to the zero function as ¢ — 0 in some
sector containing d.

From this point on, we have to make a rather restrictive hypothesis.

Hypotuesis (H). — The function 1 has a zero of order p or higher
atz =0.

If this hypothesis is not satisfied, it seems possible to show that the
existence of a resonant solution implies that 1y has a zero of order > p — 1
and that —z ¥o(z)/@o(x) tends to a nonnegative integer congruent to 0
or 1 mod p+ 1 as x — 0. We hope that we can deal with this more general
setting in a future article.

TueoreM 16. — Under the preceding hypotheses and with the above
notation, the following statements are equivalent :

1) There exists a formal solution §(z,€) = 3, 5 yn(z)e™ of (2) whose
coefficients y,, are analytic in a neighborhood of 0.
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2
3
4

)
d=0.

There exists a local C*-resonant solution.
There exists a global C*°-resonant solution.

There exists local analytic resonant solutions for every direction d.

)
)
)
) There exists a global analytic resonant solution for the direction

Remarks:
1) The implication 1) = 3) generalizes C.H. Lin’s Theorem [16].

2) Statement 5) can be improved as below Theorem 3: for every 6§ > 0
there is a neighborhood D of [a,b] and a global analytic resonant solution
of (2) on D x S(—4m+ 6, 37 — 6) analytic with respect to z and e. This
slightly improves Lin’s Theorem even in the case of a simple turning point
(i.e. o has a simple zero at x = 0; p = 1).

3) If p = 1 then Hypothesis (H) is not needed: It is possible to reduce
all situations such that it is satisfied by going over from (2) to a second
order equation for ¢/, etc.

Proof. — As indicated in the introduction, we use the corresponding
Riccati equation: We put v = y'/y and obtain the following equation:

(28) eV = —p(z,6)v — Y(x,€) — ev?

which has the slow curve vg = —tg/pe. It is at this point that
Hypothesis (H) is needed; it guarantees that the slow curve is analytic
on [a, b]. The change of variables v = vy + u yields an equation of the form

(29) eu' = f(r)u+eQ(z,u,€)

with f = —go and Q = —e ™! (p — o) (vo +u) —& ™~ (¥ — o) — (vo +u)* —vg.
This equation satisfies the hypotheses of Section 2 and Theorem 3 can be
applied. It is hence sufficient to establish a correspondence between the
formal solution of (2) and that of (29) as well as one between C*°-resonant
solutions of (2) and canard solutions of (29) resp. analytic resonant solutions
of (2) and overstable solutions of (29). In other words, Theorem 16 relies
on the following statement. O

PROPOSITION 17. — 1) Equation (2) has a non trivial formal solution
g(z,€) = 3,50 Yn(x) € with coefficients analytic near x = 0 if and only
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if (29) has a formal solution 4(z,c) = ), un(2)e" with coefficients
analytic near x = 0.

2) Let y be a solution of (2) and let u =¥y’ [y —vo = ¥'/y + 1o/ o
be the corresponding solution of (29). Then y is a local (resp. global) C*°-
resonant solution of (2) if and only if u is a local (resp. global) C*°-canard
solution of (29). Furthermore y is a local (resp. global) analytic resonant
solution of (2) if and only if u is a local (resp. global) overstable solution
of (29).

Proof. — 1) If equation (2) has a non trivial formal solution
g(z,€) =D, 50 Yn(x)e™ with coefficients analytic on [a, b] then its first term
Yo is a nontrivial solution of a non singular linear first order equation (divide
the reduced equation by zP) and hence does not vanish on [a, b]. It follows
that (29) also has a formal solution @ = §'/§ + vo/wo, whose coefficients
are analytic on [a,b]. Conversely, if 4(z,e) = >, 5, un(x)e™ is a formal
solution of (29) then the expression exp( [y vo(¢) d€) exp(fy @(&,¢€) dé) is a
formal series that (formally) satisfies (2).

2) The equivalence between Ackerberg-O’Malley resonance (not in the
C* sense) of the linear equation (2) and the presence of canard solutions
of the associated Riccati equation (28) had been established in [7]. These
results of Jean-Louis Callot can also be found in [3].

Here, u = y'/y — v is equivalent to y = exp([* (u+vo) d¢) and clearly
this establishes a correspondance between analytic solutions.

As the solutions u of (29) and v of (28) are related by u = v — vy, the
statements concerning u are equivalent to those concerning v. It remains
(for the equivalence of C*-resonance and C*-canards) to show that (™)
is bounded for every n if and only if v(™ is bounded for every n. To show
this, induction yields

U(n_l) — —y_fn—) - Qn(y7 ylv' . .7y(n—1))

(30) Y y"

where @, is a polynomial. As yo does not vanish on [a, b] this shows that
“(") are bounded for all n” implies “v("™) are bounded for all n”. Conversely,
by (30), y™ can be written in terms of ¥»~1 and y,%/,...,y™ Y. Thus
by induction, “v™ are bounded for all n” implies “y(™) are bounded for
all n”. O
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5. Construction of equations exhibiting resonance.

We want to construct equations of the form

(31) ey’ —2xy' +g(z,e)y=0

where ¢ is analytic with respect to z,¢ in some neighborhood of 0 € C?
such that (31) has resonant solutions and all its formal solutions diverge. It
seems that there is no simple example of such an equation. For simplicity,
we only treat the case yo(x) = 1, which is equivalent to g(x,0) = 0. We will
always suppose that |e| < go with some fixed €9 < 1. The advantage of
having a fixed coefficient of ¢y’ is the following: If 3, is a solution of (31),
then a second solution is given by y, = Ty;, where

(32) (To)(e.2) = vlawe) [ "oyt ) .

The method of construction is as follows:

1) We construct a function z: D x S — C, where D = D(0,1) Cc C is
the open unit disk and S is the open sector S(— % , gw, €0) on the Riemann
surface of the logarithm, that has the following properties:

(33) 2(0,e) =1 and 2(z,e) > 1 as S>e—0

uniformly on D and
X 1
(34)  z(x,ee®™) = z(z,€) + e¥E(T2)(z,6) for |arge +7| < "

where T is the operator defined by (32).
2) We show that the equation (31) satisfied by z, i.e. the one with

1" !

(35) 9(z,e) = ~e = (2,0) + 20— (x,6),

is a non trivial example of an equation having an analytic resonant solution,
in the sense that the only convergent formal solution is the zero solution.

Briefly, we construct an equation (31) such that its analytic resonant
solution has a prescribed monodromy when ¢ surrounds the origin once.

TOME 53 (2003), FASCICULE 1



256 A. FRUCHARD AND R. SCHAFKE

Remarks:

1) The constant function yo(x) = 1 can be replaced by any function
that does not vanish on the closure of D. The coefficient 2z of ¥’ can be
replaced by other functions of = or (z,¢); this is particularly interesting in
the case P with odd p.

2) The function e/ can be replaced by any function analytic in the
sector |arge + 7| < %w that is exponentially small as € — 0. The sector S
can be replaced by any good covering. The size of the z-neighborhood on
which z is constructed depends on the constant (here 2) in the exponent and
on the good covering. This allows the construction of resonant equations
on any convex z-domain containing 0.

3) The above function z has not necessarily real values for real z,¢,
but this can be accomplished by using a more “symmetric” monodromy
relation, for example

2(z,ee™) —ie” Y (T2)(x,c€™) = z(x,ce™™) +ie 2/5(T2)(z,e e ™)

for |arge| < im.

The first part of the above outline is rather technical and involved. We
will present the details at the end of this section (Theorem 19). In Part 2,
we have to show that g mentioned there is analytic in z,¢ and that all non
zero formal solutions of the corresponding equation diverge. The fact that z
is not a single valued function of € because of (34) already indicates that
if it has an asymptotic expansion as € — 0 it will not be convergent.

Suppose we have already shown the existence of a function z
satisfying (33) and (34). Reducing ey if necessary, we can define a function
g:D x § — C by (35). As g remains bounded as € — 0 the analyticity of g
follows from

ProrosisiTion 18. — The function g defined by (35) is single valued,
ie. g(z,ee®™) =g(x,e) forz € D,e € S, |arge + | < ;.

Proof. — This could be verified by a short calculation, but there is
another way of proof. Let us define g by (35). Then z satisfies (31) with this
function g. We have seen that Tz satisfies the same equation z does, hence
the right hand side of (34) also does. Using (34), we obtain that z(z, €) and
z(z, € e*™) satisty the same equation (31) for z € D and |arge + 7| < 1.
Using again (35), the proof is complete. O
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As |[(Tz)(z,¢€)| < Cel*l/lel for ¢ € D, |arge + 7| < 7, the difference
z(x,ee*™) — 2(z,€) is exponentially small for z € D. By a theorem of
Ramis-Sibuya (see below, too), z(z,&) has an asymptotic expansion of
Gevrey order 1 as ¢ — 0. We denote by 2(z,e) = Y o z,(z)e™ the
corresponding formal series.

As z is not single valued, the series 2 necessarily diverges for some
values of z # 0. In the sequel, we will even determine the asymptotic
behavior of z,(z) as n — oo for z # 0, argz ¢ ;7 Z.

Because of (33), we have as arge = +m,e — 0,
1 . 1 1
Tz(z,e) ~ FV-me if |argz| < 2T or largx — 7| < "
and
9 2 1 1
T N—x/f'f‘ j:—‘—.
z(z,€) 5 © if jargz+ gm| < o
Of course, these approximations are only uniform with respect to z in
compact subsets of the above sectors. This implies

; 1
z(x,ee¥™) — z(z,€) ~ -2—\/—7r5 e?/¢
(36)

2miy 2+ 2? )

resp. z(z,ece
€

— z(x,€) ~ % exp (

in the above cases. Using the Cauchy-Heine formula [19]

1 o™ duy
#(z,€) = i - Z(%ﬂ)u_g
1 e amiyy _dp
T 9 A (2(z, 1) — 2(x, pe ))H—S
(z € D, |e| < e, |arge| < 7) one obtains
1 goe”" . dli
wl@) =g @R
1 coe”™ 271 —-n d/L
% 0 (Z(Zl]',/.l.) _Z(:Euu’e ))ﬂ u .

Using (36), this yields the existence of some constant C' and some analytic
function G # 0 such that

zn(z) ~ C - 2'”I‘<n - %) (resp. z(z) ~ G(z)(2+2%) "I (n — 1))

as n — oo In the above cases.
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This confirms the divergent Gevrey 1 character of 2. A priori, it might
be possible to construct a convergent series solution by multiplying Z by a
certain formal series independent of z. This is not the case, because 2(z, ¢)
is already convergent for £ = 0. Observe that every formal series solution
of (31) is necessarily a product of 2 and some formal series independent
of z. In fact, the Wronskian of two solutions is a multiple of e’/ and
hence there cannot exist two linearly independent formal solutions.

Therefore, if we have found a function z satisfying (33) and (34), we
obtain an example of an analytic equation (31) having an analytic resonant
solution such that all non zero formal solutions diverge.

One might think that some related series §(t,e!/®) = 2(te"/%¢€)
converges for certain values of r,s. This is not the case, however.
The derivative dgj/dt(t,e'/*) = dz/dz (te"/%,e)e™/* would have to be
convergent, too, but dz/dz (0,e) diverges. In fact, by (33) and (34), the
derivative dz/dz (0,¢) of z satisfies

dz 2miy _ 2/e
e (0,e€“™) = e (0,e) + e
1

for |arge + m| < zm. As before, this implies that the coefficients d,, of its
asymptotic series as ¢ — 0 satisfy d, ~ C'-27"(n — 1)! as n — o0, hence
it is divergent.

dz

Beginning with the above equation and replacing €%/¢ by any given
exponentially small function (and replacing our covering by other “good
coverings”), it is possible to construct analytic equations (31) such that, for
its unique formal solution 2 satisfying 2(0, e) = 1, the derivative d2/dz (0, £)
is a prescribed Gevrey-1 series; this will be further discussed in a subsequent
article.

It remains to show

TueoreM 19. — For ¢¢ sufficiently small, there exist a function z
satisfying (33) and (34).

Proof. — We put z(z,e) = 1 + u(z,¢) and it remains to be shown
that there exist a function u: D x S — C such that u(0,¢) = 0, u = O(¢)
as € — 0 uniformly for x € D and

(37) u(z,ee®™) = u(z,e) + ¢ [T(1+u)](z,¢)

forz € D, e € S, |arge + 7| < ;. This will be done by rewriting (37) as
a fixed point equation. Thus we introduce two Banach spaces:
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¢ B(D), the vector space of all functions v(z,e) analytic on D x V,
Vv=3_5 (—-%w, —%77,50), for which there exist some constant C such that
|v(z,e)] < Cle|> for z € D, e € V. As norm | ||2 on B(D), we choose the

infimum of these constants.

o E(D), the vector space of all functions w(z,¢€) analytic on D x S,
S=2S5 (—%w, %W,so), for which there exist some constant K such that
|lw(z,e)] < Kle| for x € D, e € S. As norm || ||; on £(D), we choose the
infimum of these constants.

For functions v: V — C and w: S — C independent of x, we introduce
analogously the Banach spaces B and £.

We use the following lemma that will be proved later.

LEmMA 20. — There is a continuous linear operator ¥ : B — & such
that for every v € B its image w = Yv satisfies

(33) w(ee®™) = w(e) +v(e) for e€V.
We define another operator Xp : B(D) — £(D) by

(Epv)(z,.) =Z[v(z,.)] forallz e D.

Then it is sufficient to show the existence Nof a fixed point u of ¥ Df
close to 0 € £(D) satisfying u(0,e) = 0. Here T:£(D) D Dz — B(D) is
defined by

(Tw)(x,€) = e [T(1 +w)](zx,e) for z€D, ecV

and Dz denotes the subset of £(D) containing all functions with
|w(z,£)| < 3. The operator T is well-defined because e2/¢

small.

is exponentially

As usually, it is shown that X DT is a contraction for sufficiently
small £9. Thus, it has a fixed point u € £(D). Using the definitions of T
and X p, we show that u(0,¢) = 0. a

Proof of Lemma 20. — The construction of a holomorphic function
with prescribed monodromy is classical. Given v analytic on V, the function
w:S(—m,m, e9) — C defined by

(39) w(e) = —5— v(p)
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can be continued analytically to an analytic function, also called w, on
all of S that satisfies (38). Unfortunately, w has a logarithmic singularity
at ¢ = —¢g and is not in £. To overcome this difficulty, we consider
some average of integrals similar to (39), roughly speaking, we integrate
with respect to 9. A factor £/u is introduced to accomodate the norms
of Band €.

For v € B, we define

Goe =2 | T () d6,

™ 1
g

where wg : § — C is defined by

1 €0 d 1 1
(40) wa(s):__é;r—z—' ; %v(u)‘u—_us fore € S and @ € [—gﬂ',gﬂ'].
Here g9 = —eg exp(6i). If —%w <arge < %77 then the path of integration

is the line from 0 to €y, if arge < — % m, the path of integration is above ¢,
ifarge > %W, the path of integration is below & (see Figure 5).

Cauchy’s formula shows that wy satisfies (38) for every § and hence
so does w = Yv. It remains to show that w € £ and that there exist K > 0
such that [|3v]; < K||v]|2 for all v € B.

Let us first estimate wg(e). For — %7‘( <arge < %w, we have [u—¢| >
|| sin( § ), hence e wg(e)| < Ci||v]lz with Cy = (e0/2m)(1/sin( %))

For v%?‘( <arge < — %7‘(’, we will show that

1 € 1
@ |w|<(@rarst [ ) Il
£ ™ ¥(6,arg e+) [:u‘ - E#

with the above Cj, where y(6,) (see Figure 5) is the path described by
p=¢eoe? and ¢ € [- 27,6 — 7] in the case § < ¢, but ¢ € [§ — 7, — 3 7] in
the case ¢y < 6. In fact, if 0 < ¢y = arge + 7 < 411“ then we can use paths of
integration 4 from 0 to €4 arbitrarily close to 1 U v(6, 1)) (where 7 is the
line from 0 to 9 e~57%/*) that are still in the interior of V. The estimate

1 I
————vudu'ﬁ/i-du- v
| amgyrean] < [t ] 1an el
for all such 4 and the limit ¥ — v U (60, v) yield

| Luo(e)] < o / ) ol

2m 1Uy(0,9) I“‘€|

As in the former case, we obtain f'n ‘Jflal e < eo/sin(5m). For the
remaining integral, it is sufficient to use |u| < €g on y(6,). By combining

the two integrals, we obtain (41) for 8 < arge + 7 (without the term ep).
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Figure 5. The path v U ~(0,%), on the left in the
case 6 < 1, on the right if ¢ <.

In the case arge + 7 < 8, we first use Cauchy’s formula which shows

wn) =0(e) + 5 [ oman

where now the path of integration from 0 to €4 is above €. The estimates of
the integral are identical to the above subcase, only there is another term
to estimate 1 v(g) < EoH’UHz- This proves (41) in the second subcase, too.

For 3 gm<arge < 7r we show analogously

1
(42) } —wg(s)‘ Ci+eo+ = / [ dge] ) |jv]|2-
€ ( 27 ¥(0,arge—m) |/j’ | )” H

Recall that (Zv)(e) = (4/7) f+1 "we(€)df. In order to show that
8T

3. : B — £ is continuous, it is hence sufficient to show that

+ % ™ 1
(43) [ | <

- ~v(6,arg e+m) I:u‘_5|
for every ¢ with — 37 < arge < — 3, |¢| < 0. By splitting the exterior
integral in two parts at 8 = arge + 7r, 1f this value is in [—%ﬂ', é 7], it can
be seen that the double integral assumes its maximum for arge = —m.

1 1
Thus, it is sufficient to estimate 2 [*" df [,*" WE—O‘ ds in this case. As

the denominator is at least sin s, the theorem of Fubini-Tonelli yields (43)
1.

with K =2 [7" 2% ds (by integrating over the triangle 0 <0 < s < {m

insteadofthesetogﬁggﬂ,Qgsg47r). O

Remark. — Bernard Malgrange, whom we would like to thank here,
suggested another proof of Lemma 20 using the O operator. This proof is
outlined below.
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For convenience, we now think of sectors as subsets of C; thus the
directions d and d + 27 are identified. We do not indicate the radius
of the sectors — it is always e¢. For simplicity, we introduce a second
sector S(— 4, 3).

It is sufficient to show the existence of two analytic functions w;
on S(—gm, 3m) and wy on S(— 27, 1 7) such that

v on S(3m 3m)=8(-3r,—2x) and

0 on S(—im, im).

(44) w) —wy = {

The idea is to first solve the problem in the class C*° and then to add a
correction in order to obtain an analytic solution.

Let o be C* on S(3m, 3x) such that a =0on S(37, Im)anda =1
on S(%w, %w). Then define w,, we by

o Wy = aw, Wy := (a—1L)von S(3n, ) and

o Wy, W :=00nS(—%,3n), resp. S(—3m, §).

Then conditions (44) are satisfied, but w;,ws are not analytic:
We have 0w, = divy = g where g := 0(av) = vda is C* on the punctured
disk D(0,¢0) \ {0}.

Then we construct a C* correction h defined on the punctured disk
such that dh = g. This can be done using the classical formula [hor]

h(z)zi//s 9 e n aé

27 (%ﬁ,%w)z—g
The initial problem (44) is then solved by the analytic functions
w1y Z:’LAljl—h,, Wo ::@Q—h.

If o is chosen as a function of the angle, say a(re) = ¢(0),
then g (and hence w;,ws) is bounded as soon as v(z)/z is, because
9(z) = v(z)0a(z)/0z = v(z)i/Z¢'(argz). This shows that a bounded
linear operator from B to £ can be constructed in this way.
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