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1. Introduction.

Let K be a connected Lie group acting on a Poisson manifold M by
Hamiltonian transformations. Let ¢ : M — €* be the associated moment
map.

In [9], V. Guillemin and S. Sternberg introduced and studied a class
of Hamiltonians that they called collective. These functions have the form
f o, where f is a smooth function on €. The Hamiltonian flow ¢; of
a collective Hamiltonian has a very distinctive feature: its orbits can be
reconstructed from the geometry of the action of K and the Hamiltonian
flow of f on £*. Guillemin and Sternberg introduced collective Hamiltonians
as the mathematical model of various instances in physics in which it is
claimed that one physical system moves “as if it were” another physical
system. For example, in nuclear physics one has the “liquid drop model”
of the nucleus. Besides these physical motivations, collective Hamiltonians
form a completely natural class, given a Lie group action.

In the present paper we will focus on what we call collective geodesic
flows. Suppose that N is a connected manifold on which a connected Lie
group K acts. It is well-known that the lift of the action of K to T*N is
Hamiltonian with moment map given by

(1) P(z,p)(§) = p(En (@),

where £ is the vector field on N induced by € € € and p € T N. Suppose
that f: € — R is a quadratic form. The special form of 1 ensures that for
each x € N, the restriction of fo to T N is also a quadratic form. We call
the Hamiltonian flow of such a Hamiltonian a collective geodesic flow. Note
that in general f o4 restricted to TN could be degenerate, even if f is
not. However, it is quite easy to see using (1) that if the action is transitive

ANNALES DE L’INSTITUT FOURIER



COLLECTIVE GEODESIC FLOWS 267

then f o is non-degenerate if f is. Thus, if the action of K is transitive
and f is a positive definite quadratic form, then ¢, is the geodesic flow of
the Riemannian metric determined by f o 1. We will see in Section 4 that
the set of Riemannian metrics which arise in this fashion is the same as
the set of submersion metrics on N = H\K which come from arbitrary
left invariant metrics on K. We call them collective Riemannian metrics.
In general, collective metrics are not invariant under the right action of
K on H\K because the quadratic Hamiltonians in #* do not need to be
Ad¥k-invariant.

As we explained before, the flow of a collective Hamiltonian can
be built from two ingredients: the geometry of the action of K and the
Hamiltonian flow of f on &*. In the present paper we will prove results that
concern these two aspects.

The main dynamical question we would like to address is the
following;:

When does a collective Hamiltonian have positive topological
entropy?

We begin by studying quadratic Hamiltonians on real forms of
s1(2; C) @ s1(2; C): so(4) = s0(3) & so(3), so(3) @ sl(2) and sl(2) & slI(2).

Let g be a real form of sl(2; C). There exists a basis {X1, X2, X3} of
g such that
(X1, Xo] = X3, [X2, X3] =nX1, [X3,X1]=X>,

where n = 1 if g is compact, and n = —1 otherwise. With respect to this

basis of g there is the canonical, bi-invariant bilinear form (,) given by
(X, Xj) = nisbij

where n;; = n if i = 1 and 1 otherwise.

For ¢+ = 1,2, let g; be a real form of sl(2;C). Let (,) denote the bi-
invariant inner product on g = g; @ g2 such that (,) restricted to g; is the
inner product (, );.

Fix g = g1 @ g2 and let n; = 1 if g, is compact, and —1 otherwise.
We identify g* ~ g via the invariant inner product (,) and we define for all
TEg, Y E g2,

2H; (2, y) :==(z, Iz)1 + (y, Jy)2 = 2H;(z) + 2H, (y),
:IIxf + Igmg + ng§ + lef + Jzyg + ngg, and
HB(.’L‘, y) ::(-7:7 By)la
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268 L.T. BUTLER & G.P. PATERNAIN

for diagonal I, J and B : g2 — g1 an arbitrary linear map. The Hamiltonian
Hj ;4 Hp is the general form of a quadratic Hamiltonian on g.

Denote by C; the quadratic Casimir on g;. In coordinates

2C1(z) = nlm% + :cg + x%,

2C,(y) = noyi +v3 + 13,

for x € g1, y € g2. The common level sets of the Casimirs are the closure
of the coadjoint orbits.

Define

ar:=I3— I, a:=mlz—-hL, a:=nl-1
by :==J3—Ja2, bai=mnaJs—Ji, bz:i=mnala—Ji.

Note that nya;, nab; > 0 for all 4.

The Casimirs C, Cs are independent integrals of all Hamiltonian vec-
tor fields on g, and for ¢1, ¢y # 0, the common level set O, ., = Cy (1) N
Cy '(c2) is a 4-dimensional symplectic manifold. Because {Hr, Hy}; = 0,
it follows that Xp, , is Liouville integrable on each orbit O, ., such that
cica # 0. We will call these orbits regular and the points in them regular
points.

Our first theorem (proved in Section 2) is based on a careful analysis
of a Melnikov-type function. Let BY = (X;, BY,)::

THEOREM A.— Suppose that Il;—1a;b; # 0. Let B : go — g1 be a
non-zero linear map. For all sufficiently small e > 0, the topological entropy
of the Hamiltonian flow of H, := Hy j + eHp is positive on an open set of
regular coadjoint orbits of g = g; ® g2; if f : g — R is a C¥ first integral
of H,, then f is functionally dependent on H.,Cy and Cs. In addition,
if B2'B?3 = (, then given a regular coadjoint orbit O, ¢, With ¢1 or cy
positive there exists eg > 0 such that for all 0 < € < ¢y the topological
entropy of the Hamiltonian flow of H. is positive on O, ., .

In Section 2 we explain in detail how this theorem fits in with all the
known cases of completely integrable Hamiltonians on g. These comparisons
suggest that the set of completely integrable Hamiltonians (as well as the
set of quadratic Hamiltonians with zero entropy) form an algebraic variety
whose geometry is yet to be explored. Also as a result of these comparisons
we find what appears to be an inconsistency between our results and part 2
of Theorem 3 in [1] (see Section 2).
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COLLECTIVE GEODESIC FLOWS 269

There is work by A.P. Veselov [25] and by V.V. Kozlov and D.A.
Onishchenko [16] which appears related to our Theorem A. Veselov’s paper
[25] derives non-integrability results for so(4) based on the work by Kozlov
and Onishchenko, but his paper only contains statements. Kozlov and
Onishchenko study the case of e(3) and their results are based on Melnikov-
type calculations. Theorem A cannot be derived from these calculations,
however, because they are not carried out in sufficient detail.

Suppose now that b is a real semi-simple Lie algebra. If h admits
an injection of Lie algebras g < b then Theorem A plus a simple
argument show that b admits quadratic Hamiltonians whose flow has
positive topological entropy. This naturally raises the question: when does
h admit an embedding of g7 The answer is given by the following theorem
proved in Section 3:

TueOREM B.— If§y is a real semi-simple Lie algebra not isomorphic
to a real form of a; = sl(2;C), ag = sl(3;C) or to ay or ay, then
there exists an injection of Lie algebras g — b, where g is a real form
of sl(2;C) & sl(2;C), i.e., g is a real Lie algebra isomorphic to one of
s0(3) @ s0(3), s0(3) @ sl(2) or sl(2) ® sl(2).

In other words, the theorem says that the only real semi-simple Lie
algebras (up to isomorphism) that do not admit an embedding of a real
form of sl(2; C)®sl(2; C) are: sl(2;R) ~ su(1,1) ~ so(2,1), sI(3; R), su(2, 1),
s0(3,1) ~ s1(2;C), sl(3; C), su(2), and su(3).

As we explained before, combining this theorem with Theorem A we
can prove:

CoROLLARY. — Let h) be a real semi-simple Lie algebra not isomor-
phic to a;, i = 1,2, or one of their real forms. Then b admits a quadratic
Hamiltonian whose flow has positive topological entropy, and contains a
subsystem isomorphic to a subshift of finite type.

It follows from the corollary that most compact semi-simple Lie
groups carry many left invariant metrics with positive topological entropy.

We conjecture that the three real forms of the complex simple Lie
algebra a; = sl(3; C) along with a; = sI(2;C) and ag = s1(3;C) also admit
quadratic Hamiltonians that have chaotic dynamics. The two remaining
simple Lie algebras — sI(2;R) and so(3) — obviously do not.

Now that we have addressed our main problem at the level of Lie
algebras we turn to the following problem related to the geometry of the
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270 L.T. BUTLER & G.P. PATERNAIN

moment map of a Hamiltonian action. Let K be a connected Lie group
acting by Hamiltonian transformations on a Poisson manifold M. Suppose
that ¢ admits an embedding of g (and we know that most semi-simple Lie
algebras do). Let G be a semi-simple Lie group with Lie algebra g. When
does the moment map ¥¢ hit a regular orbit? Equivalently we could ask,
when does the moment map ¥k hit an element that projects via &* — g*
to a regular element in g*?

In Section 4 we present two criteria that give a positive answer to
these questions.

Let g be a real form of si(2; C)@sl(2; C) and let G be a semi-simple Lie
group with Lie algebra g. Let M be a Hamiltonian G-space with moment
map . We will say that the G action on M is full if there exists an orbit
with dimension > 4.

Criterion 1. — Let M be a Hamiltonian G-space, and assume that
the G action is full. Then, (M) contains regular coadjoint orbits.

Suppose that H is a semi-simple Lie group, h =Lie(H), and a real
form g of sI(2; C)®sl(2; C) embeds into b; let G < H be a subgroup with Lie

algebra g. Let K C H be a closed subgroup, Ei»b its Lie algebra. Because
H is semi-simple, we identify h* ~ b via the Cartan-Killing form (,).

Criterion 2. — The moment map ¢ : T*(K\H) — g* hits a regular
orbit iff g N ¥+ contains a regular element.

Section 4 also contains a formula for the topological entropy of a
collective Hamiltonian and an application of the description of collective
motion to the Poisson sphere.

Finally in Section 5, using the previous results, we are able to show
that many compact homogeneous spaces admit collective Riemannian
metrics close to the bi-invariant one with positive topological entropy.
These collective metrics Poisson commute with the bi-invariant metric
(a remarkable property which comes almost for free).

TueoreEm C.— For the following homogeneous spaces there are
collective Riemannian metrics arbitrarily close to the bi-invariant metric
such that they Poisson commute with it and whose geodesic flow has
positive topological entropy:

(1) Spheres: S™ = SO(n)\SO(n+ 1) forn > 3;

(2) Real and complex Stiefel manifolds: SO(m — r)\SO(m) and SU
(m—r)\SU(m) forr>2andm >r+2;
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COLLECTIVE GEODESIC FLOWS 271

(3) AIL: SO(m)\SU(m) for m > 4;

(4) AIL: Sp(m)\SU(2m) for m > 2

(5) BDI/AIII: Real oriented and complex Grassmannians: SO(p) X
SO(@)\SO(p + q) and S(U(p) x U(q))\SU(p + q) for p = 1,q > 3 and
Pa=2;

(6) DIII: U(m)\SO(2m) for m > 2;

(7) CI. U(m)\Sp(m) for m > 2; and

(8) CII: Sp(p) x Sp(g)\Sp(p+¢q) forp=1,9>2 and p,q > 2.

The list in the theorem is by no means complete but it is quite
illustrative of the techniques developed here which apply to many other
spaces. The list does include all simply-connected rank-one symmetric
spaces except CP2, OP? (the Cayley projective plane) and the obvious
case S2.

For the geodesic flow, positive topological entropy has a very concrete
geometric meaning. Given points p and g in M and T > 0, define nr(p, q)
to be the number of geodesic arcs joining p and ¢ with length < T. R. Mané
[18] showed that

T—oo

1
hop(g) = Aim Tlog /M MnT(p, q) dpdg,
X

and hence if hiop(g) > 0, the average number of geodesic arcs between two
points grows exponentially. It should be noted that for bi-invariant metrics
this number grows polynomially.

Acknowledgements. — The second author thanks Northwestern Uni-
versity and the Centro de Investigacion en Matemadtica, Guanajuato,
México for hospitality and financial support while this work was in progress.

2. Quadratic Hamiltonians on real forms
of s1(2;C) @ sl(2; C).

2.1. Preliminaries.

In this subsection we recall some definitions and terminology and we
give some background material on topological entropy.

TOME 53 (2003), FASCICULE 1



272 L.T. BUTLER & G.P. PATERNAIN

2.1.1. Terminology and Definitions.

A Poisson structure P on the smooth manifold M is an element
of Hom(T*M,TM) such that for any f € C®(M), the vector field
Xy = Pdf preserves both P and f. This condition is equivalent to
the statement that the bracket {f,g} := P(df,dg) is a Lie bracket on
C*(M). A smooth map between Poisson manifolds is a Poisson map if
it preserves Poisson structures. There are two basic examples of Poisson
manifolds: the cotangent bundle of a smooth manifold, and the dual of
a Lie algebra. If g is a Lie algebra, then we can view g C C*(g*) by
the rule £(u) = (u,§) for all £ € g, 4 € g*; the Poisson structure on
g* is defined for all £,m € g and u € g* by {{,n}(u) = —(u,[&,n])-
If g is semi-simple, then there is an ad-invariant inner product (,) on g
that identifies g* ~ g. The Poisson bracket on g* pulls-back to a Poisson
bracket defined by [f, g](z) := — (=, [V fs, Vgz]) for all f,g € C°°(g), where
V denotes the gradient with respect to {, ). The ad-invariance implies that
& = Xy(z) = [Vfs,z] is the Hamiltonian vector field on g associated with
this Poisson structure.

A Casimir of a Poisson structure P is an element f € C*°(M) such
that Xy = Pdf = 0. Two functions f,g € C*°(M) will be said to be
in involution (or to Poisson commute) if {f,g} = 0. A Casimir Poisson
commutes with all smooth functions. The rank of the Poisson structure P
at x € M is the rank of the linear map P, : Ty M — T, M; since P is skew
symmetric the rank is even and im P, is a symplectic subspace of T, M.
If we assume that rank P, is constant, then im P generates a distribution
that is involutive, and so Frobenius’s theorem implies that through each
x € M there is a maximal integral submanifold of this distribtion, M, and
this distribution comes equipped with a symplectic form. These integral
submanifolds are called symplectic leaves and locally the foliation of M by
symplectic leaves is a fibration, and the components of the fibration map are
Casimirs of P [27]. In the case of the dual of the Lie algebra, the symplectic
leaves are the coadjoint orbits and the Casimirs are the invariants of the
coadjoint action.

An action of a Lie group G on a Poisson manifold (M, P) is Poisson if
there is a Poisson map v : (M, P) — (g*, Pcan) such that 1 is G-equivariant.
For each £ € g, let &y denote the induced smooth vector field on AM;
if & = Xy¢ for all £ € g, then we say the action is Hamiltonian. G
equivariance implies that for all § € g, T%(§n) = adg ¢(.). Equivalently, if
we view g C C*°(g*) as the subspace of linear functions, then because
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COLLECTIVE GEODESIC FLOWS 273

% is a Poisson map {46, ¥ n}(m) = —(b(m), &,n]) = (adiw(m),n).
Given a Hamiltonian action of G on (M,P), there is the distinguished
subspace ¥*C*®(g*) C C*°(M). We follow Guillemin and Sternberg and
call H € ¢*C*(g*) a collective Hamiltonian. The map 1 is classically
called the momentum or moment map.

2.1.2. Topological entropy.

In general the topological entropy is defined for an arbitrary contin-
uous flow (or map) on a compact metric space.

Let (X,d) be a compact metric space and let ¢; : X — X be a
continuous flow. For each T > 0 we define a new distance function

dr(z,y) = dnax, d((x), $e(y))-
Since X is compact, we can consider the minimal number of balls of radius
€ > 0 in the metric dr that are necessary to cover X. Let us denote this
number by N(e,T). We define

1

h(¢,e) :=limsup = log N(e,T).
T—oc0 T

Observe now that the function € — h(¢,e) is monotone decreasing and

therefore the following limit exists:

hiop(6) i= lim ().

The number hyop(¢) thus defined is called the topological entropy of the
flow ¢;. Intuitively, this number measures orbit complexity of the flow.
The positivity of hiop(¢) indicates complexity or “chaos” of some kind in
the dynamics of ¢;. The topological entropy htop(¢) may also be defined
as hiop(¢1) using the entropy of the time one-map or it may be defined
in either of the following ways. All the definitions give the same number
htop(#) which is independent of the choice of metric [12], [26].

A set Y C X is called a (T, ¢)-separated set if given different points
¥,y €Y we have dr(y,y’) > €. Let S(T, €) denote the maximal cardinality
of a (T, ¢)-separated set. Then

1
hyop (@) = lim lim sup T log S(T,¢).

T—o00
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274 L.T. BUTLER & G.P. PATERNAIN

A set Z C X is called a (T, €)-spanning set if for all z € X there exists
z € Z such that dr(z,2) < €. Let M(T,€) denote the minimal cardinality
of a (T, e)-spanning set. Then

1
htop(d)) = ?_r)n lim sup T log M(T,¢).

T—00

Given a compact subset K C X (not necessarily invariant) we can
define the topological entropy of the flow with respect to the set K,
heop(¢, K), simply by considering separated (spanning) sets of K.

The following proposition gives an idea of the dynamical significance
of the topological entropy (for proofs see [12], [26]).

ProposiTiON 2.1.— The topological entropy verifies the following
properties:

(1) For any two closed subsets Y1, Y, in X,

htop(¢, Y1 UY2) = max htop (9, Y3);

(2) If Yl - Yé then htop(qs» }/1) < htop(¢a Y2)7

(3) Let ¢t : X; — X; fori = 1,2 be two flows and let m : X1 — X5 be
a continuous map commuting with ¢! i.e., ¢om = mo¢}. If 7 is onto, then
Riop(@!) = hiop(¢?) and if w is finite-to-one, then hiop(@') < Riop(9?).

(4) Let ¢t : X; — X; fori = 1,2 be two flows and let ¢, :== ¢; X ¢? be
the product flow on X1 x Xa. Then hiop(¥) = htop(9') + hrop(9?)-

(5) Given ¢ € R, let cg: be the flow given by c¢y = ¢ot. Then
htop(C(b) = |C|htop(¢)'

2.2. Sketch of proof of Theorem A.

The proof of Theorem A is based on the Melnikov method. Let
us recall this method (we follow Robinson’s explanation in [23]): assume
H : M* — R is a smooth function on a compact symplectic manifold, and
that F is a second, independent smooth function that Poisson commutes
with H. Assume that for a regular value of h, the level set {H = h}
contains a hyperbolic periodic orbit v for the flow ¢; of the Hamiltonian
vector field Xg. Let W*(7y, h) denote the stable/unstable manifolds of ~.
We assume that W+ (y,h) = W~ (v, h). Let H; € C*®°(M*;R) be a second
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function and H, = H + eH;, ¢§ the flow of H.. Because « is hyperbolic,
there is a nearby hyperbolic periodic orbit v, for ¢¢ on {H. = h}, with
stable/unstable manifolds W¥ (v, k). In general, W+ (v, h) # W~ (v, h)
but they do intersect; the points of intersection are called homoclinic points.
The Birkhoff-Smale homoclinic theorem tells us that when transverse
homoclinic points exist, there is an invariant set in a neighbourhood of
Ye, and ¢§ on this invariant set is equivalent to “flipping a coin.” That is,
for some cross-section to <y, the first-return map has an invariant set on
which it is conjugate to the shift map on the space of bi-infinite sequences
of 0s and 1s. These facts imply that the topological entropy of ¢! is positive.

To detect this dynamical complexity, we must measure the “splitting”
of stable and unstable manifolds. To do this, we use the second integral
F. By stable manifold theory, 7. and compact subsets of W*(v,h)
depend differentiably on €. By stable manifold theory, there is a smooth
map 2zt : W*(y,h) x (—n,m) — M such that imz*(.,¢) = W*(y,h)
and z*(.,,0) = id. We can write G(p,¢) = F o z+(p,e) — F o 27 (p,€);
zeros of G(.,€) are points of intersection of stable and unstable manifolds
and non-degenerate zeros are transverse points of intersection. We write
G(p,€) = eM(p) + O(€?), and M(p) can be computed by

@) Mip) = [ T F Y o ¢ () dt.

M(p) is commonly called the “Melnikov function.” By the implicit function
theorem, for small € a (non-degenerate) zero of M implies there are
(transverse) homoclinic points.

The basic strategy in our proof of Theorem A will be to set up and
compute the Melnikov function. A few additional twists appear, though.
First, the integrable system (“H”) from which we perturb will have two
hyperbolic periodic orbits v+ such that W/~ (y,,h) = W/t (y_, h). The
basic picture remains the same as above, but we must now ensure that
the perturbed manifolds do intersect, but do not coincide. Unfortunately,
we cannot show this for every hyperbolic periodic orbit. Instead, we must
vary the periodic orbits and show that there is at least one pair of periodic
orbits where M has the desired properties. This necessitates some involved
calculations.

Figure 1 depicts the integrable system and its hyperbolic periodic
orbits in schematic fashion.
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276 L.T. BUTLER & G.P. PATERNAIN

bt

Hyperbolic periodic orbits: ol (t) = (&p, y"(t))
Stable Manifolds: W+ (oi) =W~ (c")
= {1 (), y(0): v, 0 € R}.

Figure 1. Hyperbolic periodic orbits on a regular coadjoint orbit in so(4).

2.3. Real Forms of sl(2;C).

Let g be a real form of sl(2;C), ie., a real Lie algebra that is
isomorphic to either so(3) or sl(2). It is well-known that there exists a
basis {X7, X2, X3} of g such that

(X1, Xo] = X3, [X2, X3l =nX1, [X3,X1]=Xo,

where n = 1 if g ~ s0(3) and n = —1 otherwise. With respect to this
basis, the canonical bi-invariant bilinear form or Cartan-Killing form (, ) is
given by

3) (Xi, Xj) = nisdi

where n;; = n if i = 1 and 1 otherwise. The automorphism group, Aut(g),
is also the isometry group of (,). Thus

LemMA 2.2 (Principal Axis Lemma-1).— Let Q € S*(g*) be a
quadratic form on g, where g is a real form of sl(2;C). Then there exists a
¢ € Aut(g) such that for all i,j =1,2,3,

(4) (" Q) X, X;5) = 651
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for some Iy, I2,I3 € R. If g ~ so(3) then we can assume that I; < Iy < I3;
if g ~ sl(2), then we can assume that I3 < I.

For i = 1,2, let g; be a real form of sl(2;C). Let (,) denote the bi-
invariant inner product on g = g; @ g2 such that (,) restricted to g; is
the inner product (, );. Because Aut(g;) X Aut(gz) C Aut(g), the following
lemma is clear:

LemMmA 2.3 (Principal Axis Lemma-2).— Let Q € S?%(g*) be a
quadratic form on g, where g is a real form of sl(2;C) & sl(2;C). Then
there exists ¢ € Aut(g) such that

.. [I B
(5) so=|5 7

where I and J are in the diagonal form of Lemma 2.2 and B : g — g1 IS
a linear operator, and B : g1 — g2 Is its adjoint with respect to the inner
products (,); on g;.

2.4. Hamiltonians.

Let g = g1 ® g2 and let n; = 1 if g; ~ so(3) and —1 otherwise. We
identify g* ~ g via the invariant inner product (,) and we define for all
TE€g1,YE g,

(6)  2Hyy(z,y) :=(z,1x)1 + (y, Jy)2 = 2H;(x) + 2H, (y),
=Ia? + Lol + Lol + iyl + Joys + J3y3,  and
(7) HB(:L',Z/) ::($7By)17
for diagonal I,J and B : g2 — g1 an arbitrary linear map. On account of

the Principal Axis Lemma-2 the Hamiltonian H; ;g = Hy j + Hp is the
general form of a quadratic Hamiltonian on g.

As in the introduction, denote by C, the quadratic Casimir on g;. In
coordinates

(8) 20 (z) = nya} + 23 + 23,
(9) 2C5(y) = noy? + ¥3 + U3,

for z € g1, y € go.

Define
(10) ay = 13—12, as ‘= 7’L1[3—Il, as = n1[2~I1
(11) b1 = J3 - JQ, bg = TLQJg - Jl, bg = TLQJQ — Jl.
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Note that nya;, nob; > 0 for all i. The vector field Xpg, , is then given by

T1 =  a1%2x3, Y1 = biyoys,
(12) X, ,(,y)=Q 2 = —apmix3, Y2 = —bay1ys,
T3 = az3TiT2, Y3 = bayiye.

The Casimirs C, Cy are independent integrals of all Hamiltonian vec-
tor fields on g, and for c1, ¢ # 0, the common level set O, ., = C7(¢;) N
C5 '(c2) is a 4-dimensional symplectic manifold. Because {H;, H. Jtg =0,
it follows that Xp, ; is Liouville integrable on each orbit O, ., such that
C1C2 # 0.

For future reference, we compute that
{HB7 HI}Q(:I;7 y) = (I, By)la
= marzaz3(B y1 + B'%ys + B'y3)
— agz123(B* Yy + By, + B3y3)
(13) + a3m1x2(B31y1 + B32y2 + ngyg).

2.5. The orbits.

Henceforth, we assume that II3_;a;b; # 0. An open and dense set of
I, J clearly satisfy this condition.

In order to set up the Melnikov integral, we fix the non-zero values for
the Casimirs C1, C2, and pick orbits of Xp, ,|O,, ., that are heteroclinic
connections between two hyperbolic periodic orbits. To do this, we pick a
periodic orbit of Xg,|O., and a heteroclinic orbit of Xz, |O,, joining the
two hyperbolic fixed points x = ++/2¢;X> (where {X;} is the canonical
(,)1-orthonormal basis of g;). Note that ¢; > 0 by hypothesis. This is a
restriction only if g, = sl(2;R); in this case, for negative values of ¢; there
are only elliptic periodic orbits for Xy, on O, .

The formulas for the heteroclinic connections may be found in [14].
2.5.1. Heteroclinic connection.

The heteroclinic connections are given by

2
(14) 7% (t) = s14/ aa sech(v/2c1a1ast),
(15) .’L’sl’ss(t) "I’L1$1$3\/26 tanh(v?clalagt

2
(16) x5 ( 534/ c1ds sech(v/2c1ajast),
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where s1,s3 € {£1}. The semi-circles in the left half of Figure 1 depict
these connections.

2.5.2. Periodic orbits.

The hypothesis on the coefficients J; implies that nsb; > 0 so the

: 2naohy—2J1co —2h j+2J3co L 2 . 2nshy—2Jico
ratios o and o are positive. Let ({5 := B et
B2, = =2hudher ang 4 = B2 For each fixed, non-zero value of cz

b1 Bs1 ) ?

the range of the function hy — v = v(hy;c2) is (0,00). We assume that
0 < v < 1. Then the periodic orbits of Xy, are given by the following
expressions with ry,r3 € {£1}:

7,73 b
(17) Y1 (t) = 711 Bs14 é dn (831 v/ b1b3t),

(18) ys' " (t) = —rir3nafizsny (Ba1v/ bibst),
- b
(19) Y5t (t) =73 P13/ b_3 cny (031 4/ b1bst),
2
where sn., cny and dn, are elliptic functions which satisfy dnfy = —y2 cn,
sn,, sn/, = cn, dny and cn) = —dn, sn, [11}.

Although equations (17-19) appear to give 4 distinct periodic orbits
of Xy ,, in fact only two are actually distinct periodic orbits; for example,
the periodic orbits with r; = r3 =1 and —r; = r3 = 1 are distinct, while
the remaining two periodic orbits are time translates of these two. See
Figure 1.

For future reference, we will denote by y; = y]11 Also note that
the solutions for v > 1 can be obtained by the following substitutions
in equations (17-19): interchange 1 and 3 everywhere they appear, and
substitute x = v~! where v appears.

Let s = (s1,s3) and 7 = (r1,73). The heteroclinic orbits of Xy, ,
that connect the periodic orbit o (t) = (s153v/2¢1X2,y"(t)) and 03" (t) =
(—s153v/2¢1 X0, 97 (t)) are then given by o*7(u,8) = (z°(u), y" (u + 6)).

Figure 1 shows the periodic orbits and their stable and unstable
manifolds in a schematic fashion. The parameters s,r appear due to the
anti-podal Zy & Zy symmetry.

2.6. The Melnikov integral.

The functions o*%7(u,d) parametrize branches of W~ (0>") =
W+ (c}"). The Melnikov integral, which measures the first-order splitting
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of the unstable manifold of the periodic orbit ¢>"(¢) and the stable man-
ifold of 03" (t) after perturbing the Hamiltonian H; j by the addition of
eHp, is given by (see Section 2.2):

M (u, 8) ;:/_OO {Hg, H} o ¢4 (c°" (u, ) dt

:/‘oo (Hu, Hi} (2 (t+ w), 57 (¢ + u + 6)) dt

3 o0

(20) = Y epnaB*® / VS ()T (Y (4 0) dt
i<j=1,k=1 -

where n; ; = n; for ¢ = 1 and 1 otherwise, ¢;, is the sign of the permutation
(k) if {i,4,k} = {1,2,3} and O otherwise and ¢ is the flow of Xg, .
M*7 is independent of u because the parameter u is the flow direction.
dz
(1—22)(1-~222)’

v =+/1—-72and K’ := fo \/(I—ZT—W K is one-quarter the real pe-
riod of the elliptic functions sn,, cny and dn., while 4iK' is an imaginary
period of each of these meromorphic functions. Let us remark that asy — 0,
K — 3, K’ — oo and sny — sin, cny, — cos and dny — 1; as vy — 1,

Let us now explain how to compute M*7: Let K := fol

K — oo and K’ — T and sn, — tanh, and cn,, dn, — sech [11].
We also let ¢ = exp (—7 L )
Let

(21) T: K

- B31v/bibs’

so that T is the period of the solution y"(t) to Xy, with H; = h; and
Cy = ¢o. We rescale time by 7 = QT”t. We can then write

(22) yi(r)=m B31\/7dn'y< > =7 531 — ch €7

leZ
r - 2K o T (20+1)2r
(23) y3(r) = —rirznafizsny | — 7 ) =mir3 By 5= 262,2z+16
s 2K
lez,
b3 2K ™
2+1
(24) y5(r) =733y ) - ony | —7 | =rsBar 5= D ez apre® T
b2 T 2K
leZ
23} by _q"
where ¢ = o and for k > 1, c1 9, = \ Tig?F = Cl,—2k} C2.2k41 —
k+2 b kt+ 5
ing thaerr = —C1,-2k-1; and c3okp1 = VB Tger = c3-2k—1 [11].
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_nK’

Since ¢ = exp( ) the coefficients can also be written as ¢y 21 =

K
b knK' : (kt3)mK’ b
g sech(5=), ca2k41 = ingcosech(—3—) and c3or41 = (/3
(k+3)mK'

sech(~—2-—). The Fourier series (22-24) extend as holomorphic func-
tions on the strip {7 € C : |[Im7| < 7;—1;: .

For [ odd (resp. [ even) let ¢i; = 0 (resp. c2; = c3; = 0). Let

T+ 2cia;a3
(25) w = —
T

and we adopt the convention that for [ = 0, [ cosech( X ) = 27“’ Then, let

w
us define

(26) fi(0) = Zicj,llsech<_;.g>eile’

leZ

I\ ;
(27) g;(0) = Z ¢l Cosech<% )e 10,

leZ

for j = 1,2,3. It is convenient to note that v = y(h s, c2) is homogeneous of
degree zero in (hy, ¢z), which implies that K, K’, ¢ and the coeficients ¢;;
share this property, while T is homogeneous of degree — % The function
w = w(ct, by, cz) is homogeneous of degree — 1 in (hy,c2) and 3 in ¢i. The
functions f;(0;c1,hy,c2) and g;(0; c1, hy, c2) are therefore homogeneous of
degree 0 in (c1, hy, c2).

The functions ¢; : I — c¢;; (resp. t — z3(t)z}(t)) decrease exponen-
tially in |I| (resp. |t]), so (20) can be calculated by integrating the terms
from equations (22-24) term-by-term against z3(7)z; (7). Using the residu~e
theorem to integrate each term z3(7)x (1)e''™, we compute that (0 = 2% 6,

T = 1“17"3):

) 2
@) [ asossou+ ) d = —mr T (FB) 2 s 00),

—00 ajasz

e8] 2
@) [ atousu e+ 8= n 2 (”ﬂ“) U srs57i05(6),

—0 ajas 2K 5
"o A Vb1b3 331 2 ai
SO (O (t + 0) dt — — P31 WM £1(0).
(30) Lw x§ (t)z5(t)y; (t +0)dt nm s 5K o s3r; f3(0)
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Let M7 () = —n, "Ts ai’}lﬁ ('6}"(1 ) m®7 (). Then we get that

s1V/]|a1|B'" + szniv/|as|B* )r f1(6
S1vV |a1|Bl2 + S3n1v/ |(l3|B32)7’2f2(9)
s1V/|a1|B" + s3niy/|as|B*)rs f3(6)

(31) + 8183V |a2](3217"1g1(9) + T1T332292(€) + BQSngg(e)).

Let us remark that m®" vanishes iff M®" vanishes, and since the question
of when M*" vanishes will preoccupy us and m®” is a simpler function, we
will utilize the latter and refer to it as the Melnikov function.

2.7. Case m**3(§) = 0.

We will investigate the conditions which imply that m*7(8) changes
sign. Because m®"(0) is a real-analytic function of ¢, any zero has a finite
order of contact and by the results of [23] and [7], the topological entropy
of the flow of H; ;4 €H p is positive for all sufficiently small € > 0. Indeed,
there exists a subsystem (or a factor) isomorphic to a Bernoulli subshift of
finite type.

For the purposes of this section only, we will assume that r = (1,1),
c1eg # 0 is fixed and we will let m®(0) = m®7(6;¢1, hy,c2) for this choice
of r and ¢y, cs.

Assume that for some s, m®(8) = 0. Taking the mean of m*(6) over
[0,27] and using the fact that only g; has a non-zero mean, we compute
0 = 51834/ ICLQ[ 2 C1, ()B21 - B2 = 0.

Inspection of the coeflicients of f;, g; shows that g, f2, g3 are even
functions and fi, g2, f3 are odd functions of §. This means that m®(6) =0
iff

(32) 0= a1 f1(0) + B2g2(0) + as f3(0)

(33) 0 = azf2(0) + B3g3(0)

where «; (resp. (3;) is the coefficient on f; (resp. g;) in equation (31).
From the formulas for the ¢;;, we see that cp; = c3; = 0 (resp. c1; = 0)

for even [ (resp. odd [). Equations (26) and (32) imply that ay = 0

= s1+/|a1| B! + s3ni+/|as| B3 = 0.
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Equations (32,33) are therefore satisfied iff for all [,
l
(34) 0= ﬂzCQ’l + Z'Clgcg’l tanh (—ﬂ-)
2w

In
(35) 0 = dagce, tanh ( % ) + Bacs,.

A necessary condition that there exists a non-trivial solution to (34) is that
tanh(-%) = cotanh( Gz~ le ) for all odd . Since this is clearly impossible,
Oo = az3 = 0. A necessary and sufficient condition that a solution to
(35) exists is that w = & . Since hmh,ﬁnﬂlc2 }({, = limy_o & =

: . 2ciajas 2c;a1a3
and limp,; —nggye, @ = liMp, pnytye, 2 wﬂgl \V e n2b262 \ SR, we

see that there is no non-trivial solution to (35) on any regular coadJomt
orbit O, ,. Therefore equations (34,35) are satisfied iff o; = 3; = 0 for
i,j = 2,3. From equation (31) we conclude that B?? = B?* = 0 and

that s1+/|a1|B'2 + s3niv/]as| B3 = s14/]a1|B'® + s3ni\/|as| B3 = 0. In

summary:

LEMMA 2.4. — If there is an s € {1} x {£1} and a regular coadjoint
orbit O, ., such that m*(f) = 0, then B* = 0 and s;\/]a1|BY +
ssny+/|as|B3 =0 fori =1,2,3.

Because the functions f; all have zero mean, if m*(6) = 0, then all
other m* must have zero mean. Therefore, intersections of other stable and
unstable manifolds in the perturbed equations are inevitable, so the ‘best’
situation that can occur is that m® () = 0 for all s’ - this is a necessary (but
not sufficient) condition for the perturbed stable and unstable manifolds
to coincide. If m* (@) = 0 for all &', then Lemma 2.4 implies that B = 0.
Thus:

ProposiTION 2.5.— If there is a regular coadjoint orbit O, ., such
that for all s € {£1} x {&1}, m*(#) =0, then BY =0 for all i,j = 1,2, 3.

Lemma 2.4 implies that if m®(#) = 0, for some s, then there are
two other s’ for which m* () crosses zero. Thus, at least two of the four
heteroclinic connections split, and Burns and Weiss’s work [7] implies that
the Hamiltonian flow of Xg_|O,, ., has positive topological entropy. Since
the same argument applies to all m*" for all r:

CoroLLARY 2.6.— If H, := Hyj + eHp is a non-trivial pertur-
bation of Hy j such that Xp,|O., ., has zero topological entropy, then
m®7(0;c1,hy,ca) is bounded away from 0 for all s,r € {£1}.
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We will now show that we cannot bound m?®" away from zero for all
s and r and all regular coadjoint orbits O, ,.

2.8. Case m*>" () is non-zero.

In this section, we investigate some necessary conditions for the
Melnikov function m*®" to never have zeros. In this situation, the stable
and unstable manifolds of the perturbed hyperbolic periodic orbit no longer
intersect; this would be the situation if the perturbed system were also
integrable, for example.

Xia [28] gives a sufficient condition for intersections of stable and
unstable manifolds of hyperbolic homo- or heteroclinic fixed points to
persist under perturbations. Namely, he starts with an exact symplectic
manifold (M,w), w = da, and an exact symplectic map f : (M,w) —
(M,w), f*a — a = dSy, with hyperbolic fixed points ps,qs € M such that
Wu(pg) = W4(qs). If Sf(qr) = Ss(ps), then for all sufficiently C'-close
exact symplectic maps g such that Sy(pg) = Sy(qg), the stable and unstable
manifolds continue to intersect: W*(p,)NW?(qq) # @, where py, g4 are the
perturbed hyperbolic fixed points for g. If this theorem were applicable to
the Poincaré map of the flow of Xy |O,, ,, then it would clearly preclude
the possibility that m®"(6) is nowhere zero. However, a simple argument
shows that the theorem is inapplicable in our case.

Let us also observe that m®7(60;¢y,hy,co) is homogeneous of de-
gree 0 in (c1,hy,c2). In the sequel, we will have occasion to compute
expressions such as lim,,_,g+ %" m"™*(6;w). This is shorthand for a limit
limy_, o+ m m"%(6; A, hy,c2) where hy,co are fixed positive quanti-
ties. We will write m®"(0;w) (resp. m*"(6;w,~)) to emphasize the para-
metric dependence of m*®” on w (resp. on both w and 7).

Let us now sketch the argument why Xia’s persistence theorem is
inapplicable. Let £ := 3-. As £ — 400, we have that {sinh(l{) — 0, and
& cosech(l§) — 0 for all I # 0. This implies that 5-¢;(0;w) — c;o and
5= [j(0;w) — 0. Recall that ¢; ¢ is a function only of Hy and Cs, so these
limits can be taken by letting ¢; — 0 while holding H; and C5 fixed. If
v <1 (resp. v > 1), then only ¢1 9 # 0 (resp. cs 9 # 0), so

: m S, 7 (0. _ j
(36) wllr& oM (0;w) = s153714/]az|B¥¢; 0,
where j = 1 (resp. j = 3). With B! # 0 (resp. B® # 0), this will
be non-zero, and so for small values of w we see that m*"(8;w) will be
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bounded away from zero. This implies that the intersection of the stable
and unstable manifolds of the two hyperbolic fixed points (of the Poincaré
map) ++/2c3 X5 does not persist on an open set of regular coadjoint orbits.
A more careful argument shows that on each regular coadjoint orbit there

57 is bounded away from zero.

are hyperbolic periodic orbits for which m

Let us now investigate necessary conditions for m*"(6;w,~y) to be
non-zero for all values of w,y. We will prove that for a fixed s, m*"(0;w,~)
can be non-zero for all v,w > 0 for at most 2 values of r. This will imply
that for the remaining values of r, m*"(0;w,~y) must alternate sign. This
will prove Theorem A.

Let £ := = as above. As £ — 0T, we have that £~ !sinh(¢) — 1,
sinh € cosech(l€) — 1, and sinh & sech(l£) — 0. This implies that sinh(Z% )
9;(0;w) — % y;(0) and sinh(55)f;(6;w) — 0 as w — oo (see (22-24)).

Then

lim s7s3sinh( g— Ym>"(0;w)
w

2K
(37) = —— Vla2|(B*y1(0) + B*y5(0) + B*y3(0)).
331
Recall that the functions y] are parametrized by the constants of motion
hj and cg, so the limit in (37) can be taken by letting ¢; — oo while holding
hy and cq fixed.

Let us assume that for some s and r, s183m*"(6;w) > 0 for all w > 0
and 0 € R; since sinh(5-) > 0 for all w > 0, the expression in (37) is
non-negative. Using equations (17-19) and multiplying the limit in (37) by

TR fZ—zll we arrive at
B2'\/1by| riy ! dn.,(8) — B*/|ba| narirs sn,(6)
(38) +B%/|bs| r3cn,(0) = 0,

Vv < 1 and V6. Taking the limit of the LHS in (38) as v — 1 then gives

B2'\/|by| 71 sech(d) — B?2./|by| nyri73 tanh(6)
(39) +B%./|b3| r3sech(f) > 0
V6. Letting § — 0o shows that B?? = 0.

Inequality (38) now implies that B?1\/|b;| 717! dn,(6) + B?3/|bs]
rgeny(f) > 0 for all § and 0 < v < 1. Since dn,(§ + K) = dn,(6),
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eny (0 + K) = —cny(0), we also have that B?'\/|b;| riv~'dn,(0) —
B?,/|bs| r3cn,(0) = 0. Since v~ dn, (0) = cn,(0) = 1, we conclude that

(40) B21\/ |b1| r =+ 323\/ |b3| r3 > 0.

In summary,

LeMmMmA 2.7.— If for some s and r the Melnikov function m®" is
nowhere zero for all w > 0 and all 0 < v < 1, then B??> =0 and

(41) M (B[l 1+ B2 /[bs] 73) > 0,

where M = sign m*®".

Let us return to the case where, for a given r, s1s3m*"(6;w,vy) > 0
for allw > 0 and 0 < v < 1. Let us examine the case where k = y~1 < 1. In
this case, the formula for m®"(0;w,vy) can be obtained from m*"(8;w, k)
by interchanging the subscripts 1 and 3 everywhere. Equation (37) becomes

71" |b21 : " 7I' ST (.
$183 K ia—Q—I wh_'n;o sinh (E) m*>" (0w, k)
(42) = B®,/|bs| r3x "1 dn,(8) + B*\/|b1| 1 cnk(6).

Taking the limit as kK — 1 shows that s153m*"(6;w,v) > 0 for all w > 0
and v > 1, also. Arguments similar to those above now prove that

(43) B23\/ |b3| r3 + B21\/ Ibll r1 > 0.

Since the case where s1s3m®"(0;w,vy) < 0 for 0 < v < 1 is similar,
we can combine inequalities (40, 43) and conclude that

LEMMA 2.8.— If for some s and r, the Melnikov function § —
m®>"(0;w,vy) is nowhere zero for all values of w > 0 and v > 0, then
B2, /|by| 11 = B®./|b3| r3 and B?? = 0.

ProposITION 2.9.— There does not exist a Melnikov function m®"
such that for all s,r € {£1} x {£1} and all w,y > 0, the function
0 — m®"(0;w,~) is nowhere zero.

Proof.— If such an m®" existed, then because II?_ja;b; # O,
Lemma (2.8) implies that B% = 0 for i = 1,2, 3. Therefore, for all s and r
and w, vy, m*"(6;w,y) is a zero-mean function (equation 31). Absurd. O
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THEOREM A.-— Suppose that I € S%(g}) and J € S?(g}) satisfy
II,—1a:b; # 0. Let B : g2 — g1 be a non-zero linear map. For all
sufficiently small € > 0, the topological entropy of the Hamiltonian flow of
H, := H; j+eHpg on an open set of regular coadjoint orbits of g = g1 & g2
is positive; if f: g — R is a C¥ first integral of H,, then f is functionally
dependent on H.,C; and Cs. If B2 B?3 = 0 then given a regular coadjoint
orbit O, ., with ¢; or cy positive there exists ¢ > 0 such that for all
0 < € < ¢ the topological entropy of the Hamiltonian flow of H. is positive
on O, ¢,

Proof. — Let ¢f : g — g denote the flow of Xy, and let c;cq # 0.
Suppose that hyop(¢5]|Oc, ¢,) = 0, for all ¢1co # 0. Then, for each pair (r, s)
and all w,v > 0 m*>"(0;w,~) is either nowhere zero or it is identically zero.
This is impossible by Propositions 2.4 and 2.9. Therefore, there is an (r, s)
and y,w > 0 such that m®"(0;w,v) crosses zero. By continuity, there is
an open set of regular coadjoint orbits such that m®7(6;c1, hy, o) crosses
ZErOo.

If B2! =0 (resp. B%* = 0), then for v < 1 (resp. y > 1) and all w > 0
m”™*(6;w,y) is a zero-mean, non-identically zero function. O

2.9. Remarks.

Remark 2.10. — Let us consider several well-known families of in-
tegrable geodesic flows on so(4). Let A : so(4) — so(4) be a symmetric,
non-degenerate linear map that is diagonal in the standard basis of so(4),
with distinct eigenvalues A;;. If there exist diagonal matrices a, 8 with the
eigenvalues of o pairwise distinct such that VX € so(4),

(44) [X, 8]+ o, AX] =0,

then A;; = % The Hamiltonian 2h(X) = >_,_, Ai; X7 has an addi-

Qy
tional family of independent first integrals >, _ j ;“:Zj ij for arbitrary
K 7

v € R [2, 1, 10]. The Mischenko-Manakov [19, 17] case of the rigid body
is of this form with 8 = o?.

Let R C C*(so(4)) denote the set of h = ha described in the previous
paragraph. We will now show that for each Hy ; satisfying the hypothesis
of Theorem A, there is an open neighbourhood of H; ; in the complement
of R — since R is closed, it suffices to establish that all such H; ; € R°.
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Let X € so(4) be given by

0 U1 —Ug V3
—Uu1 0 us V2
45 X =
( ) U2 —Uus 0 (%1 ’
—vg3 —vg —v; O

and define the map ¢ : X — @ y € s0(3) ® so(3) by

0 ur +v1 —Ug + v
HNX)= | —uy —v1 0 uz + vs
Uy — Vg  —U3z — U3 0
0 U — V1 —Ug — Vg
(46) D | —ug +v1 0 uz —v3 |,
Ug + V2 —Us3 + U3 0

which is a Lie algebra isomorphism. The Hamiltonian 2h(z @ y) =
23 La? + Jy2 is transformed to 2h o ¢(X) = S (I + Jo) (w2 +02) +
2(=1)"*Y(I; — J;)usv;. For I # J, ho ¢ is non-diagonal. For I = J, a simple
argument shows that if

(47) A2 =Ass = 21,

(48) Az =2~7Ax = 2D,

(49) A23 = A14 = 2]3, and
Qi — QO

then ajasas = 0, i.e., the coefficients I, are not all distinct.

Indeed, if there is a solution to these four equations, then the set of
oy, B; satisfying the four equations is 3-dimensional, due to the invariance
under the 3-dimensional group of transformations a; — ca; + a, §; —
cfB; +b. This implies that the rank of the matrix

r

-1 0 0 L -IL O 0 7
1 -1 0 0 L -
-1 0 I, 0 -Ib 0

0 I 0 -1

-1 0 0 I3 -—-I3 O

0 -1 I3 0 0 I3

= O O O e

S ==
o
|
_

is less than or equal to 5. The determinant of the 6 x 6 matrix obtained by
striking columns 1 and 5 from A is 2(I5 — ) (Is — I1)(Ix — I1) = —2ajazas.
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This shows that H; ; € R implies that I = J and ayaza3 = 0. Thus, if Hj ;
satisfies the hypothesis that IT3_, a,b, # 0 of Theorem A, then H; ; € R°.

Remark 2.11. — One construction of Mishchenko-Fomenko [20] of
integrable quadratic Hamiltonians on real semi-simple Lie algebras g can
be described quite succinctly. Let t be a maximal abelian subalgebra, and
let g = t+ p be an adi-invariant decomposition of g. For ¢ € t in general
position, ad; : p — p is a linear isomorphism. We let a, b € t be two elements
in general position and let ¢ : t — t be a non-degenerate, symmetric linear
map. Then, we define for all x =t +p € t+ p,

(52) Hgap(x) = (6(t),1) + (ad, ' 0 ad,p, p),

where (,) is the Cartan-Killing form on g. Mischenko-Fomenko [21] show
that these Hamiltonians are integrable on all semi-simple g. Indeed, their
proof shows that Hy , 4 is adi-invariant, which implies that Hy 45 has rank
g linear first integrals.

Let us consider the case when g = so(3) @ so(3) is a real form
of sl(2;C) @ sl(2;C). In this case, rank g = 2

subalgebras are conjugate to the standard t = s0(2) @ s0(2). Hg,qap is
s0(2) @ so(2) invariant, and relative to the decomposition g = so(3) ®so(3),
we have that

and all maximal abelian

2Hy 0 p(T ®Y) =125 + 2d127191 + P22y}
(53) + oz + 23) + B(ad + 3),

where a = o1 X; + oY1, b = 51 X1 + (oY1, a = %‘11, 8 = %2% and

o, B, ¢i; € R. It is clear that Hy j is of this form iff Iy = J3, I3 = J3
and H?:laibi = 0.
The remaining cases are similar.

Remark 2.12. — In [1], Adler and van Moerbeke claim that on
g = so(4) = so(3) & so(3), there exist integrable Hamiltonians of the form

6 3
(54) 2H = Z )\izf + Z i it32i%i43,
i=1 i=1

for certain choices of the coefficients \;;13, depending on the A;. In the
notation of the current paper, z = (z,y), \i = I, A3y, = J;, and
Aiit3 = B for i = 1,2,3. Their conditions are that
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(Ags — Azg)? (Aze — A14)? (A1a — Azs)?
E

55) (A14, A5, A3 F2:< ) )
(55) (Alas A5, A3e) AszAgs Aq3A46 Ag1 Asg

and
(56) EXi4Xa5A36 # 0,

where Aij = /\z - /\j, E = A32A65A13A46A21A54 and F = A46A32 —
AgsA1s.

If \; = a + ci, then A;; = ¢(i — j) and one readily computes that
F =0, E #0, and conditions (55, 56) are satisfied for all values of X; ;43
such that )\14)\25)\36 # 0.

In the notation of the current paper, IT_, a;b; = 4c®, so Theorem A
implies that there does not exist an additional, independent real-analytic
first integral of the Hamiltonian (54) for A; = a+ci and all A; ;13 sufficiently
small — which contradicts Theorem 3, part 2 of [1]. We assume that part 2
requires the additional hypothesis that F # 0, but we are unable to see
why.

Remark 2.13. — In [4], Bogoyavlenskij constructs a number of exam-
ples of integrable quadratic Hamiltonians on g = g1 & g2, g; =~ so(3) or
sl(2). The Hamiltonians he considers, in the notation employed here, are
of the form

3
(57) 2H (z,y) = Z Lix? + 2Bz, + Jiy?t.

=1

Bogoyavlenskij shows that for each pair (I,J) with the property that
II3_,a;b; # 0, there exists a non-zero choice of the coefficients B*" such
that the Hamiltonian H is integrable with a second quadratic integral.

3. Embeddings of a real form of si(2;C) & si(2;C)
into semi-simple Lie algebras.
We will prove the following theorem:

TureoreM B. — Ifh is a real semi-simple Lie algebra not isomorphic
to a real form of ay = sl(2;C), az = sl(3;C) or to a; or as, then there
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exists an injection of Lie algebras g — b, where g is a real form of
sl(2; C)@sl(2; C), i.e., g is a real Lie algebra ismorphic to one of so(3)®so(3),
50(3) @ sl(2) or sl(2) @ sl(2).

Assuming this theorem, we prove:

CoRroLLARY. — If  is a real semi-simple Lie algebra not isomorphic
to a real form of a; = sl(2;C), ag = sl(3;C) or to a; or ag, then b admits a
non-degenerate quadratic Hamiltonian whose flow has positive topological
entropy, and contains a subsystem isomorphic to a subshift of finite type.

Proof.— Let b be a real semi-simple Lie algebra not isomorphic
to one of the named Lie algebras. Then there exists a real form g of
sl(2; C) @ sl(2; C) that injects into h. Let ¢ : g — b denote this injection. Let
(,) denote the Cartan-Killing form on §, and ((,)) denote the induced ad-
invariant bilinear form on g. Because g is semi-simple, ((,)) is ad-invariant,
and ¢ is injective, ((,)) is non-degenerate. This implies that (,) is non-
degenerate on i(g)t C b, too. Let h = i(g) +i(g)* be the (,)-orthogonal
decompostion. We write x € h as the unique sum z = y + 2 for y € i(g)
and z € i(g)*. Then we define

(58) H(z) := He(y) + F(2),

where H(y) = Hy j(y) + eHp(y) in the notation of the previous section
and F(z) = 3 (z,z). Because (,) is non-degenerate on i(g)*, for all B and
all € sufficiently small, H is a non-degenerate quadratic form on §. The
associated Hamiltonian vector field is

(59) Xu(y+2)=[VyHe,y+ 2]+ [2,9],

for all z € b. In the case that z = 0, we have Xy (y) = [V, He,y|, which
since i(g) is a subalgebra and y, V,H, € i(g) for all z = y + 2z € b, we see
that i(g) is invariant under Xy and Xgli(g) = T9(Xpy,). We now apply
the work of the previous section. O

3.1. Rank > 3 case.

Let b be a real, semi-simple Lie algebra, h* = §h ®r C be its
complexification. Recall that a real form of a complex Lie algebra c is a real
Lie algebra b such that hC is isomorphic to ¢ as a complex Lie algebra. A
real form of s1(2; C) is a real Lie algebra isomorphic to either su(2)= so(3)
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or sI(2). In the following, g will denote a real form of s1(2; C) & sI(2; C), so
g =~ g1 D g2 where g; ~ so(3) or sl(2).

Let ¢ be a semi-simple, complex Lie algebra. Let ¢ = t + ZaGA ¢® be
the root-space decomposition of ¢ relative to a Cartan subalgebra t. Here
tq is the unique element in t such that for all ¢ € t, a(t) = (t4,t), where
(,) is the Cartan-Killing form. Since (,) is non-degenerate on t, it induces
a non-degenerate bilinear form (,) on t*. The element z* is a basis of ¢*
such that [z% z7%] = 2¢, and ad;z®* = «(t)z® for each a € A. The set
A C t* is the set of roots of ¢. A set B C A is a basis of A if it spans t*
and for each o € A, there exist unique integers n, g, all of the same sign,
such that a = 35 na g0 The matrix A = [Ay 5] with Aq g 1= 2 égg;
for all o, 3 € B is called the Cartan matrix [13]. Finally, the rank of ¢ is
the dimension of t.

Let us introduce the following notion: we will say that a real semi-
simple Lie algebra § has compact rank r if there exists an r-dimensional,
maximal compact abelian subalgebra s C §. If the compact rank of h equals
the rank of hC, then sC is a Cartan subalgebra of hC. Conversely, if s C b
is a compact abelian subalgebra of § and sC is a Cartan subalgebra of hC,
then the compact rank of § equals the rank of He.

LemMa 3.1.— Let b be a semi-simple, real Lie algebra of compact
rank > 2; suppose that the compact rank of h equals the rank of [)(C. If
there exist roots o, 8 € A(hC) such that o + 3 ¢ A(hC), then there exists
a real form g of s1(2;C) @ sl(2;C) and an embedding i : g — b.

Let us remark that if o, 3 € A and a+ 3 € A, then (a,3) = 0.

Proof.— Let s C h be a maximal abelian compact subalgebra such
that sC is a Cartan subalgebra of hC. Let ¢4, ig € sC denote the elements
such that ¢ = (¢t,,.) for ¢ = a, 3. Since s is a compact subalgebra of b,
it is clear that ity,itg € s. Since sC is a Cartan subalgebra, there exists
a unique subspace h*C (resp. hﬁ’(c) of 2 complex dimensions in hC that is
ad,-invariant for all s € s© and ad, has eigenvalues a(s) on h>C (resp.
+04(s) on bﬁ’c). Let 7 := h2C N h for 0 = o, B. For each s € s, ad, is a
real transformation that has eigenvalues +o(s) on o€ hence, ad, leaves
h? invariant for o = «, 8. In particular, the subspaces b, and h® are both
invariant under it,, and itg. By hypothesis, 0 = (a, ) = a(tg) = B(ta),
so the action of it, on h? is trivial and vice versa. Since a + 3 ¢ A,
[5*C,5%C] = 0 and so [h*,§7] = 0. Finally, since [§°C, h7C] = Ct,, and h°
is real, it follows that [§7, 7] = Ct, Nh = Rit, for o = a, 5.
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Therefore, g := Rit, + h* + Ritg + h? C b is a real form of
sl(2;C) @ s1(2; C). O

COROLLARY 3.2.— Let b be a real, semi-simple but not simple Lie
algebra. Then there is an embedding of a real form of sl(2;C) & sI(2;C)
into b.

Proof. — Since b is not simple, h = h; @ hy where each bh; is semi-
simple and non-trivial. Because the Cartan-Killing form is not positive-
definite on h;, each h; has compact rank > 1. In addition, A(H©)

A(BT) ® A(hT) is an (,) direct sum with the property that if o € A(h$),
B € A(HS) then o+ 6 ¢ A(H©). =
COROLLARY 3.3.— Let u be a compact real form of one of a;, by,

¢, 0y for [ > 3 or by, go, f4, €6, €7, ¢s. Then u admits an embedding of
50(3) @ s0(3).

Proof. — Let u denote a compact real form of one of the listed Lie
algebras — with the exception of by and go. The compact rank of u equals
the rank of u®. The rank of each of the algebras in question is ! which is
> 3. An examination of the Cartan matrix of each of these Lie algebras
reveals that there are o, € B such that A, g = 0, which implies that
(o, 8) = 0. Since @« — B ¢ A by the definition of B, their orthogonality
implies that a &+ 8 & A. Hence, u satisfies the conditions of Lemma 3.1,
and since the real form of sI(2; C) @ sl(2; C) must be compact, this lemma
follows for the considered algebras.

If u is the compact real form of by = so(5; C), then u = so(5) admits
the obvious embedding of so(3) @ so(3) = so(4). (One can also employ
Lemma 3.1 here, but this is overkill).

Finally, let u be the compact real form of go. The root system of go is
Alge) = {xa, £0, £(a + 8), £(8+ 2a), £(8 + 3a), £(28 + 3a)} and the
roots a, 2 + 3« are (,)-orthogonal [13]. Hence, we can apply Lemma 3.1
to obtain the injection. O

We note that up to isomorphism the only complex, simple Lie
algebras missing from the list in the previous lemma are a; = sl(2;C)
and ap; = sl(3;C). Clearly, a compact real form of a; (= so(3)) cannot
admit an embedding of s0(3) @ so(3). We will now establish that there is
no embedding of any real form of sl(2;C) @ sl(2;C) into a compact real
form of as.
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3.2. Rank 2 case.

LeMMA 3.4.— Let b be a semi-simple, real Lie algebra of rank 2. If
there exists an embedding of a real form of sl(2;C) @ sl(2;C), then there
exist non-zero roots a, 8 € A(hC) that are (, )-orthogonal.

Proof. — Let g denote the real form of sl(2; C) & sl(2; C) that injects
into b, and let ¢ be the injection. Then i€ : g€ < BT extends to an
injection of the complexified Lie algebras. Let ty denote the standard
Cartan subalgebra of g€ = s1(2;C) @ s1(2;C) and t; = iC(t). Because
the rank of b is two, t; is a Cartan subalgebra of hC.

By the injectiveness of iC, there exists a 6-dimensional subalgebra, of
hC with basis hy, hy, >, 2E# such that [z7,27°] = 2h, for 0 = \p,
and [hy,h,] = 0, [z*,2*#] = [z7*,z%#] = 0. The Cartan subalgebra
t; = span{hy,h,} since the rank of hC is two. In addition, there exist
linear functionals a, 8 € t} such that [h, 2**] = +a(h)z** (resp. [h,zt#] =
+3(h)zt#) for all h € t;. Thus, +a,+8 € A are roots of hC and z**
(resp. z+#) spans hTC (resp. h*4:C). Therefore, [h*C, h*#C] = 0 and so
a+ 3 ¢ A which implies (a, 5) = 0. O

COROLLARY 3.5. — Let b be a real, simple Lie algebra with compact
rank 2. Then b admits an embedding of a real form of sl(2; C) @ sl(2; C) iff
A(HC) possesses two non-zero (,) orthogonal roots.

In particular, no real form of as = sl(3;C) admits an embedding of a
real form of s1(2; C) & sl(2; C).

A real form b of the exceptional Lie algebra g admits an embedding of
a real form of sl(2; C) @ sl(2; C) iff there is a maximal compact subalgebra
¢ C b of rank 2. In particular, the compact real form of gy admits an
embedding of s0(3) & so(3).

Proof. — The necessity of the condition on the compact rank of h and
A(bc) follows from Lemma 3.4. Their sufficiency derives from inspection of
the root systems of rank 2 simple Lie algebras, along with Lemma 3.1. Since
the root system A(as) = {+a, +8, £(a + ()}, the orthogonality condition
on the roots of A(as) cannot be satisfied for any real form of ap. The
remaining claim follows from Lemma 3.1. O

3.3. Noncompact case.

Let b be a real, semi-simple Lie algebra such that § does not admit
an embedding of a real form of s1(2; C) @sl(2; C). By Corollary 3.2, b must
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be simple. It is known that a real simple Lie algebra is either a complex
simple Lie algebra viewed as a real Lie algebra, or it is a real form of a
complex simple Lie algebra. We now examine a these alternatives for b.

e Case 1.— If b is a complex simple Lie algebra, viewed as a real
Lie algebra, then the compact real form of h is a real subalgebra of §. By
Lemma 3.3, only the compact real forms of a; = sl(2; C) and ag = sl(3;C)
do not admit a real embedding of a real from of sl(2;C) @ sl(2; C). Hence
[’) ~ aq Oor asg.

o Case 2-i. — If b is a real form of a complex simple Lie algebra, then
either it is compact or not. If h is compact, then Corollary 3.3 implies that
b is a compact real form of a; or as.

e Case 2-ii.— If b is a real non-compact, simple Lie algebra, then
let € be a maximal compact subalgebra of h and let h = £ + p denote the
(, )}-orthogonal Cartan decomposition of h with respect to ¢. Since £ admits
an ad-invariant, non-degenerate bilinear form, it is reductive so ¢ =adu
where a is abelian and u is semi-simple. It is possible that either a = {0}
or u = {0} but both cannot simultaneously be trivial. Since h does not
admit an embedding of a real form of sl(2; C) @ sl(2; C), neither does u, so
Corollary 3.2 implies that u is simple. Lemma 3.3 therefore implies that u
is a compact real form of a; or ag if it is non-trivial. Thus, u ~ {0}, su(2),
or su(3).

Table V, p. 518 in [13] provides a list of all complex simple Lie
algebras, their real forms, and the maximal compact subalgebras of these
real forms. By inspection, the only non-compact simple real Lie algebras
with maximal compact subalgebra isomorphic to one of a, a @ su(2) or
a @ su(3) for some abelian algebra a are: (AI) h =~ sI(2;R),sl(3;R);
(AII) b ~ su(1,1), su(2,1), su(3,1), su(2,2), su(3,2); (BDI) h ~ so(2,1),
s0(3,1), s0(2,2), s0(3,2); (DHI) b ~ so*(4), so*(6); (CI) h = sp(1;R),
sp(2;R), sp(3;R) where sp(n;R) is the Lie algebra of symplectic linear
transformations of R?™. This exhausts the list of real, simple non-compact
Lie algebras that may not admit an embedding of a real form of sI(2;C) ¢
sl(2; C).

We will now eliminate several of these candidates. By the special
isomorphism s0(2,2) =~ sl(2) @ sI(2) ([13], p. 520) we see that s0(2,2),
50(3,2) ~ sp(2; R), su(2,2), sp(3;R) and su(3,2) all admit an embedding
of a real form of sl(2;C) & sl(2;C) (again, Lemma 3.1 can be applied
directly, but this is not needed). In addition, so*(4) ~ su(2) @ sl(2). For
su(3,1), we have &€ = s(u(3) @ u(1)); therefore the compact rank of su(3, 1)
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is at least 3. Because su(3,1) is a real form of ag = sl(4;C), we see that
the compact rank of su(3,1) equals the rank of su(3, l)C. In addition, by
inspection of the Cartan matrix of ag there exist roots o, 3 € A(as) such
that o+ 8 ¢ A(az). By Lemma 3.1, su(3,1) admits an embedding of a real
form of sl(2;C) & sI(2; C). Finally, we have so*(6) ~ su(3,1).

To summarize case 2-ii: The non-compact, real forms of complex
simple Lie algebras (up to isomorphism) that may not admit an embedding
of a real form of sI(2; C)®sl(2; C) are: sl(2;R) ~ su(1,1) ~ so(2, 1), sl(3; R),
su(2,1), s0(3,1) =~ sI(2; C). Each of the listed Lie algebras has compact rank
< 1, so none admit an embedding of a real form of sl(2;C) & sI(2;C).

Therefore, combining Cases 1 and 2, the only real semi-simple Lie
algebras (up to isomorphism) that do not admit an embedding of a real
form of s1(2; C)®sl(2; C) are: s1(2; R) ~ su(1,1) =~ so(2, 1), sI(3; R), su(2,1),
so(3,1) ~ sl(2;C), sl(3;C), su(2), and su(3). That is, we have proven
Theorem B.

4. Collective motion.

Let K be a connected Lie group acting on a Poisson manifold M
by Hamiltonian transformations. Let ¢ : M — ¥* denote the associated
moment map. Recall that a Hamiltonian H on M is said to be collective
if it is a pullback by the moment map of a smooth function f on €, i.e.,

H=foq.

Let us explain what ingredients go into the solution of a collective
Hamiltonian. The discussion below is taken from [8].

Recall that a function f € C°(€*) defines a map Ly : & — ¢
by the formula: L¢(c)(a) = dfc(a). The map Ly is sometimes known as
the Legendre transformation associated with f. The following important
relation holds:

(60) Xu(z)=Li(y(z))m(z) forallee M.

It follows from equation (60) that if x(t) denotes the trajectory of the
Hamiltonian system X g with 2(0) = x, then x(¢) lies entirely on the orbit
of K through z and hence ¢ (x(t)) lies entirely on the orbit O through
¥(x). Moreover v(t) = t(z(t)) is a solution of the Hamiltonian system
corresponding to fo := f|o. Set £(¢) := Ls(v(t)), then equation (60) says
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that #(t) = £(¢t)a(z(t)). So we can find the solution curve by applying the
following three steps:

(1) Find the orbit O through ¥(x).

(2) Find the solution to the Hamiltonian system on O corresponding to
fo passing through v (z) at t = 0. Call this curve ~(t).

(3) Compute the curve £(t) = Ls(7(t)). This is a curve in £. Solve the
differential equation (i.e. find the curve in K satisfying)

a(t) = £(t)ma(t), a(0) =e.
Then a(t)x is the desired solution curve.

Remark 4.1. — Suppose for instance that f is invariant. Then, on each
orbit O, v(t) is constant, but the map L; need not be trivial. Thus £(t)
will be a constant element of ¢, and a(t) will be a one-parameter subgroup.
Therefore the motion corresponding to f o1 when f is invariant is given
by the action of a one-parameter subgroup, the one-parameter subgroup
depending on z.

4.1. Entropy formula for collective Hamiltonians.

Let K be a compact Lie group. Let M be a Poisson manifold on which
K acts by Hamiltonian transformations with moment map ¢ : M — &,
Take a collective Hamiltonian H = f o and let ¢; denote the flow of X .
In what follows, for a subset A C M, we will denote hiop(®, A) also by
hiop(H, A).

Recall that O, denotes the orbit through ¢ under the coadjoint action,
and fo,_ stands for the restriction of f to O..

ProrosiTioN 4.2. — If A C M is any compact ¢.-invariant subset we
have
htop(H, A) = sup hiop(fo,, Oc N1p(A)).
cEY(A)

Proof.— As we mentioned in the last section, ¢, leaves the orbits of
K invariant. Hence it follows from Corollary 18 in [6] that

(61) htop(H> A) = sup htop(H; A n Oz),
TEA

where O, denotes the orbit of K through z. Let us compute now hyop(H,
ANOy).
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Consider the map 7 := 1|0, : O — Oy(z). By Theorem 17 in [6] we
deduce that

htop(H, Oz) < htOp(wa(x)’Ow(:c)) + sup htOp(Hvﬂ'ﬂl(c))-
€0y (a)

But now, according to the description of collective motion that we gave
above, the curve a(t) is the same for every z € ¢ ~!(c). Hence for any
x € P~ c), ¢z = a(t)z and since K is compact this clearly implies
hop(H,m~1(c)) = 0. Thus

htop(H, OI) < htop(f(’)w(z) ’ O"/’(z))

But note that the reverse inequality also holds since 1 takes orbits of H to
orbits of f. Thus

htop(H) Oz) = htop(fowz) ) Ow(m))a
and also

h/t0p(H7 Om N A) = htop(fow(w) ) Ow(z) n w(A))
This equation together with equation (61) implies

h/top(Hv A) = sup htop(fo,p(m) ) Ow(ac) ﬁl/’(A)) = Ssup htop(f@,; ) O:N 1/)(14))
z€EA ceEP(A)
|

COROLLARY 4.3. — Suppose the energy level H™'(a) = v~ (f~1(a))
is compact. Then

htop(H’ Hil(a)) = JScuP( )h’top(focaf(;:(a))'
c€f~a

Let us discuss some applications.

Example 4.4. — Let X be a compact Hamiltonian SO(3)-space.
In this case the coadjoint orbits are two-spheres. Hence for any smooth
function on so(3)* we have hiop(fo,) = 0. Thus we deduce that for any
collective Hamiltonian H, hiop(H) = 0.

Example 4.5. — Let K be a compact Lie group endowed with a
left invariant metric. Then it is known that its associated Hamiltonian
is collective for the right action [8, page 219]. Let f denote the quadratic
form on &* that defines the left invariant metric. Then, the corollary implies
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that the topological entropy of the geodesic flow defined by a left invariant
metric g is given by
htop(g) = Sup htop(f(')cvf(;cl(l))'
ce€f=1(1)
We deduce for example, that for K = SO(3), hiop(g) = 0. However, the
results in Section 3 show that for most compact semi-simple Lie groups
there will be left invariant metrics with positive topological entropy.

Example 4.6. — Let X be a compact Hamiltonian G-space with
moment map ¥ : X — g*. Let K C G be a closed subgroup. The inclusion
¢t — g induces a projection 7 : g* — €*. This projection, restricted to a
coadjoint orbit O, can be viewed as the moment map corresponding to
Hamiltonian action of K on O. Now let f : & — R be a function invariant
under the coadjoint action of K on ¥*. Set H = f o w o 4. Apply now the
proposition twice; once to deduce that heop(f 0 70, O.) = 0 and again to
obtain hop(H) = 0.

Collective functions like H, i.e., Hamiltonians defined by means
of a subalgebra and the corresponding projection, were introduced by
Thimm [24] to prove the complete integrability of certain geodesic flows
on homogeneous spaces.

4.2. Submersions and collective metrics.

Let M be a Riemannian manifold on which the group H acts freely,
properly and by isometries. Consider the quotient B = H\M and let
p : M — B be the canonical projection. Endow B with the submersion
metric. The metrics on M and B induce canonical maps TM X3 T*M and
TBX3T*B. Suppose now that K is a group acting on M and its action
commutes with the action of H. Then there is a naturally induced action
on B. In this way, by lifting to the corresponding cotangent bundles, we
have two moment maps: ¥k : T*M — € and ¢% : T*B — ¢*.

PROPOSITION 4.7.— The equality 1% o x2 o dp = 9} o x1 holds on
the set of horizontal vectors in T M.

Proof. — Recall that the moment map v} is given by ¢} (m,p)({) =
p(Car(m)), where (p is the vector field on M induced by ¢ € £. Similarly
?% (b,u)(¢) = u(¢p(b)). Hence we need to prove that if v € T, M is
horizontal, then

(dmp(v),¢B(p(M))) = (v,(m(m)).
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But observe that (g(p(m)) = dmp(Car(m)). Hence

(dmp(v),CB(P(M))) = (dmp(v), dmp(Car(m))).

But since v is horizontal by the definition of the submersion metric

{dmp(v), dmp(Cr(m))) = (v, Crr(m))

as desired. O

We apply the proposition to the following situation. Let K be a
Lie group with a left-invariant metric. Then TK UK gives rise to a
left-invariant Hamiltonian on T*K. Then it is known that the latter is
collective for the right action of K on T*K [8, page 219]. In other words
our Hamiltonian can be written as f o} where f is some positive definite
quadratic form on £*. Now let H be a subgroup of K acting from the left.
Then we can endow H\ K with the submersion metric. Clearly there is also
an induced action of K on 7*(H\K) with moment map %%. Then from
the proposition we deduce that f o w%( is the Hamiltonian associated with
the submersion metric on H\ K. We have proved:

COROLLARY 4.8.-— The Hamiltonian associated with the submersion
metric on H\K is collective for the canonical action of K on T*(H\K), and
its defining function is the same one that defines the left-invariant metric
on K.

Remark 4.9. — Collective metrics in general are not invariant under
the right action of K on H\K because the quadratic Hamiltonians in £ do
not need to be Adg-invariant.

4.3. The Poisson sphere.

In this subsection we will study collective Riemannian metrics on S2.
All these metrics are completely integrable and their geodesic flows have
zero topological entropy.

Let H; be the Hamiltonian on so(3) given by

T2 1'2 .132
2H,(x) = }ll + 1—22 [—;”

We will assume in what follows that I3 > Iy > I; > 0.
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The above inner product gives rise to a left invariant metric on
SO(3). Let E be the ellipsoid on R?® = s0(3) given by 2H; = 1. If we
set z = 2% + 23 + 22 then formula (21) gives the period 7 of the periodic
orbits of Xy, on E. We have

- 4\/111213/ T du
-

12 xXr — 11) - (IQ — [1)(.[3 - $) SiIlZU7
(62) z € (I3, I3).

For € (I;,1I2) the formula for 7 is obtained from the above by
permuting the indices 1 and 3.

The derivative of 7 is easy to compute. One finds that for z € (I3, I5),
47 (x) > 0 and for z € (I, I3), % (z) < 0. We also get

: I 1713
63 7(I) = lim 7(z) =27 ,
(6 ()= b 7o) \/(11 “L)(L — Io)
_ . I 1>1;5
64 7(I3) = lim 7(x) =2~ ,
6 Us) e—I; (@) \/(13*12)(13—11)
(65) linll T(z) = oc0.

One can check that 7(I]7) > 7(I;) if and only if I, < ng—li

Consider now the left invariant metric on SO(3) defined by Hj.
Let SO(2) be any one-parameter subgroup. Then SO(2) acts on SO(3)
from the left by isometries. The quotient, My, 1, 1, is a 2-sphere, and we
endow it with the submersion metric. This corresponds to the classical
“Poisson reduction” and M is called the Poisson sphere [3]. It follows from
a theorem of Lusternik and Schnirelmann [15] and estimates of Klingenberg
and Toponogov that any convex metric on S? whose Gaussian curvature
satisfies 1/A < K < A, has at least three geometrically different closed
geodesics with length in (27/v/A, 2y/A). That this is optimal is shown by
a result of Morse:

Given any constant N > 27 there exists an € > 0 such that any prime
closed geodesic on an ellipsoid

alx% + agxg + ag,x§ =1, a1 <a; <ag

and | 1 —a; |< €, is either a principal ellipse or it has length larger than N.
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Using the observations from the previous section we will prove a
similar result for the Poisson sphere. It should be noted that the Poisson
sphere and the ellipsoid are not isometric. In fact their geodesic flows are
not topologically conjugate even though there is a homeomorphism that
takes orbits into orbits [5], [22].

THEOREM 4.10. — Given N > 27 there exists an € > 0 such that any
prime closed geodesic on the Poisson sphere My, 1, 1, with | 1—I; |< € has
length > N, except for three closed geodesics with length close to 2.

Proof. — According to Corollary 4.8 the Hamiltonian associated with
the metric on My, 1, 1, is collective for the canonical action of SO(3)
on T*(M) and its defining function is f = % + % + % Consider
the sphere bundle S in T*(M). Then the moment map 1 of the SO(3)-

action on T*(M) is a submersion from S to E where E is the ellipsoid
2

2 2
3;_11 + z—; + % = 1. Let us apply the description of collective motion from

T
Section 4. We know that the Hamiltonian flow of f restricted to F has
six critical points, 4 heteroclinic connections and closed orbits with period

7(x) where x = x? + 2% + z3.

The six critical points give rise to geodesics which are orbits of one-
parameter subgroups, namely the one-parameter subgroups generated by
(£v11,0,0), (0,412, 0) and (0,0, ++/I3). Geometrically we only get three
different closed geodesics whose length is clearly close to 27 if | 1 — I; |< €.
Note that since ¥ : S — E is a submersion, those are the only geodesics
which are orbits of one-parameter subgroups.

Now, suppose z(t) is a closed geodesic with length L, different from
the ones described above. Then ¢(z(t)) is a closed curve in E. Thus
L > 7(z) for all z € (I;,13) and all z € (I, I3). In other words

L > min{r(I3),7(I{)}.
But from the equations (63) and (64) we see that given N there exists e > 0
so that if | 1 — I; |< e then min{r(I3),7(I;)} > N. O

4.4. Criterion 1.

Let g be a real form of s1(2;C) @ sl(2;C) and let G be a semi-simple
Lie group with Lie algebra g. Let (M,P) be a Hamiltonian G manifold.
Recall that this means there is a Poisson map ¢ : (M, P) — (g*, Pcan) such
that v is G-equivariant.
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We will say that the G action on M is full if there exists an m € M
such that dim G.m > 4.

CRITERION 1.— Let M be a Hamiltonian G space, and assume that
the G action is full. Then, ¥(M) contains regular coadjoint orbits.

Proof. — Because G’s action is Hamiltonian, the actions of G; and
G4 are also Hamiltonian. The moment maps are 9; : M — g; given by
v, = m; o1, where m; : g* — g7 is the transpose of the inclusion map.
Equivalently, v = 1; @ 12 where g7 is canonically identified with the
.Subspace of g* that vanishes on g, and vice versa for g3.

We wish to show that (M) contains a regular element. We will do
this by reductio ad absurdum. Let R := {m € M : dimG.m > 4}. By
hypothesis, R # @, and since R contains the regular G orbits, it is open and
dense in M. Assume that for all m € R, that dim O, < 2 where p = 9)(m).
Let us remark that if dim O, < 2 for all p € (M), then dimO, = 0
and so (M) = {0}. This implies that the Hamiltonians induced by G’s
action are all trivial, hence the G action is trivial. Absurd. Thus, there
exists an m € R such that either ¢;(m) # 0 or ¥o(m) # 0. Without
loss of generality, we may suppose that 12(m) # 0. Consequently, the set
S:={m € R : 12(m) # 0} is open and dense in M.

Let m € S. Then, since dim O, < 2, and 3(m) # 0, we have that
¥1(m) = 0. This shows that ¢;|S = 0, and hence ¢ = 0. Therefore
G acts trivially on M, which implies that for all m € M, dimG.m =
dim Go.m < 3. Absurd. Therefore, ¥ (M) contains regular, 4-dimensional
coadjoint orbits. O

4.5. Criterion 2.

Suppose that H is a semi-simple Lie group, h =Lie(H), and a real
form g of sl(2;C) & sI(2; C) embeds into b; let G < H be a subgroup with
Lie algebra g. Let T*H be trivialized by the left action of H, so that
T*H = H x bh*. The moment map of the right action of H on T* H in this
trivialization is just projection onto the second factor: ¥ g(h,p) = p. The
moment map of the left action is given by the coadjoint action of H on h*:
¥r(h,p) = Ad;p. Let K C H be a closed subgroup, t<5 p its Lie algebra
and 7 : h* — B* the transpose of the inclusion map. The moment map of
K’s left action on H is given by 91, kx(h,p) = mr(h,p). Let X = K\H.
Then T*X is symplectomorphic to K\q/)Z}K(O) = K\(H x t'). The right
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action of H commutes with K’s left action on 7% H, and so we can define
the moment map of H’s right action on 7*X. We have

(66) Yr1x (K(id,p)) = i1 (p)

where p € €1 is a representative of the coset K(id,p) € T*X and
i, : - — b* is the inclusion map. If we let mg : b* — g* denote the
transpose to the inclusion map ¢, : g — b, then we have that the moment

map of G’s right action on T* X satisfies

(67) Yr 1 x,6(K(id,p)) = 75 0iL(p).

Because H is semi-simple, we identify h* ~ h via the Cartan-Killing
form (,). Then, £+ is the (,)-orthogonal complement to €, and 7, is the
orthogonal projection of h = g + g+ onto g. Thus, im ¥ - x,¢ contains a
regular element in g* ~ g iff myoi, contains a regular element iff gnNet ch
contains a regular element. This proves:

CRITERION 2. — The moment map ¢ : T*(K\H) — g* hits a regular
orbit iff g N &L contains a regular element.

A subspace V C g contains a regular element if dimV > 4. Thus, if
dimg N & > 4, then g N £+ contains a regular element and Criterion 2
can be applied.

5. Collective geodesic flows.

We now show using Criterion 1 and 2 that for all the spaces K\H
listed in Theorem C, there exists an embedding of a real form g of
sl(2;C) & sl(2;C) into b such that the moment map ¢ : T*(K\H) — g*
hits a regular orbit. A combination of this fact with a similar argument to
the one we used to prove the corollary after Theorem B and the results in
Subsection 4.1 yields Theorem C. Observe that any collective Hamiltonian
Poisson commutes with the pull back by the moment map of the Cartan-
Killing quadratic form, hence our collective Riemannian metrics Poisson
commute with the bi-invariant metric.

Stiefel manifolds.— Let H = SO(p + q), K = SO(q); the Stiefel
manifold of p-dimensional orthonormal frames in RP*? is V,i,,(R) =
K\H. For p > 1 and q > 3 or p,q > 2 we can embed K = SO(g) into
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the lower right corner and G = SO(4) into the upper right corner of H so
that

0 * kK 0 0
* 0 00 0 0
st D * 0 0 0 0 0
e 0 0 0 0 01’
| 0 0 0 0 0 --- 0]

and it is clear that g N &1 contains a regular element of g. Note that when
p =1 and ¢ = 3 (the 3-sphere) dimg N ¥+ = 3, but still g N ¢+ contains a
regular element.

BDI: Oriented Grassmannian manifolds.— Let H = SO(p + q),
K = SO(p) x SO(q); the Grassmannian manifold of oriented p-dimensional
planes in RP*? is Gpiq,p(R) = K\H. For p > 1 and q > 3 or p,q > 2, we
can embed K into the diagonal of H and G = SO(4) along the diagonal of
H so that

so(p)
0 * % Xk
gnel o * 0 00
* 0 0 0
* 0 0 O
so(q)
L |

It is clear that g N €+ contains a regular element of g.

Complex Stiefel manifolds.— Let H = SU(p + ¢q), K = SU(q);
the Stiefel manifold of p-dimensional orthonormal frames in CPT9 is
Vptqp(C) = K\H. For p > 1 and ¢ > 3, or p,q > 2, we can embed K
and G = SO(4) as in the real case.
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AIII: Complex Grassmannian manifolds.— Let H = SU(p + gq),
K = S(U(p) x U(q)); the Grassmannian manifold of p-dimensional planes
in CP*9 is Gpyqp(C) = K\H. For p > 1 and ¢ > 3, or p,q > 2, we can
embed K and G = SO(4) as in the real case.

AIL SO(m)\SU(m). — For m > 4, we can embed G = SU(2) x SU(2)
into the upper left corner of H = SU(m). Then K NG = SO(2) x SO(2),
so it is clear that g N &L contains a generic element.

AIL: Sp(m)\SU(2m).— The group K = Sp(m) is the maximal
compact subgroup of Sp(m;C). By embedding G = SO(4) in the upper
left corner of SU(2m), m > 2, we have G N K = SO(2) x SO(2). This
implies that g N €+ contains a regular element.

CL U(m)\Sp(m). — Embed the group G = Sp(1) ® Sp(1) ~ SU(2) ®
SU(2) into H = Sp(m) along the diagonal for m > 2. Then GN K =
Ul)eU(1).

CII: Sp(p) @ Sp(¢)\Sp(p + q). — The inclusion R < C — H induces
the obvious inclusion O(n;R) — O(n;C) — O(n;H) which allows us to
embed G = O(4) into Sp(n) = O(n; H) for n > 4. The condition on g N &+
is satisfied for p =1, ¢ > 3 and p,q > 2. For p = 1 and ¢ = 2 we have to
observe that Sp(1) ® Sp(2)\Sp(3) = HP2. The group G = Sp(1) & Sp(1)
acts on HP? by (g,h) * [x : y : 2] := [gx : hy : 2] where Sp(1) is identified
with the group of unit quaternions. Since the G stabilizer of [1 : 1 : 1] is
trivial, the action of G is full. Hence, we can apply Criterion 1.

DIIT: U(m)\SO(2m).— We embed G = SO(3) @ SO(3) along the
diagonal of SO(6) in the obvious way. Then KNG = A(G) = {(g,9) : g €
G}, and so g N €+ contains a regular element for m > 2.
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