R4,
S /%7(
O b
‘; )

@O

ANNALES

DE

L INSTITUT FOURIER

AN

Lluis ALSEDA & Antonio FALCO

On the topological dynamics and phase-locking renormalization of
Lorenz-like maps

Tome 53, n° 3 (2003), p. 859-883.
<http://aif.cedram.org/item?id=AIF_2003__53_3_859_0>

© Association des Annales de I’institut Fourier, 2003, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie cet article sous quelque forme que ce
soit pour tout usage autre que I’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2003__53_3_859_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
53, 3 (2003), 859-883

ON THE TOPOLOGICAL DYNAMICS AND
PHASE-LOCKING RENORMALIZATION
OF LORENZ-LIKE MAPS

by L1. ALSEDA & A. FALCO

1. Introduction.

An important question in the theory of dynamical systems is whether
small scale geometric properties of a dynamical system are determined
by the combinatorial properties of the system. In the case of unimodal
maps such universality was discovered by Coullet and Tresser and
Feigenbaum independently. In both cases renormalization ideas that arose
from statistical physics were used. The idea is to study dynamical or
parameter scaling laws by iterating certain renormalization operator acting
in the space of dynamical systems. This operator acts as a microscope: the
image under renormalization is another map in the class of maps under
consideration which describes the geometry and dynamics on a smaller
scale. In the case of unimodal maps the universality was understood by
conjecturing that the renormalization operator has a unique hyperbolic
fixed point whose invariant manifolds have certain “good” properties.

On the other hand, in the recent years some attention has been paid
to Lorenz maps and (-transformations due to the fact that they help in
understanding the dynamics of important three dimensional flows (see [22]
and [18]). Lorenz maps were obtained by Lorenz when studying geometric
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Figure 1. A Lorenz map (a) and its representation as a degree one lifting (b).

models of the Lorenz equations (see [13], [10], [11], [21] and [22]). A Lorenz
map is a map f from the unit interval of the real line into itself which has
the following three properties (see Figure 1 (a)):

1) f is differentiable and monotonic for z # ¢, ¢ € (0, 1);
2) limgq. f(x) =1, limy . f(xz) =0 and f(c) = 0;
3) there exists € > Osuch that f/(x) > 1+ ¢ for z # c.

Also, a map verifying 1), 2) and being topologically expansive (see [12]
for a definition) is called a topologically expansive Lorenz map. The
topological dynamics of such maps as well as more general classes of maps
(still verifying 1) and 2)) have been studied extensively in the literature
(see [8], [9], [12], [15] and [18]).

We observe that if f is a Lorenz map then the map F:R — R defined
by
f(z) ifz €[0,¢),
fl@)+1 ifzelql),

and F(z) = F(x — E(x)) + E(z), where E(-) denotes the integer part
function (see Figure 1) is the lifting of a (discontinuous) circle map of
degree one. This map allows us to use the whole theory of rotation numbers
for degree one circle maps in the study of the Lorenz maps. This is, precisely,
the framework developed in [3]. Following this strategy, in this paper, we
will formalize the Lorenz maps as a subclass of the class of Lorenz-like
maps (see Section 2 for a precise definition). This class extends the Lorenz
maps on the interval and the topologically expansive Lorenz maps, while
reformulating them as (discontinuous) degree one circle maps.

Flion(z) = {
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RENORMALIZATION OF LORENZ-LIKE MAPS 861

The main goal of this paper is twofold. First, by using Kneading
Theory, we give a classification of the Lorenz-like maps as dynamical
systems. We recall that this technique was introduced essentially by Milnor
and Thurston [16] and it is based in the notion of the kneading invariant.
The set of all these kneading invariants provides a representation of all
maps in the class under consideration as dynamical systems at the symbolic
level. The study of the topological dynamics is often much easier when done
by using the symbolic representation of the maps as kneading invariants
instead of the maps themselves. In [12] this strategy was used to provide
a topological classification of the topologically expansive Lorenz maps. For
this class of maps, a characterization of the set of all kneading pairs was
obtained ([12], Theorem 1) and the dynamics of each map in the class was
completely described by characterizing the set of all itineraries of the map
in terms of its kneading pair ([12], Theorem 2*). The first main result of
this paper is an extension of [12], Theorem 1, to the Lorenz-like maps (see
Theorem A in Subsection 2.1). This extension is obtained as a consequence
of the proof of the main result of [1]. To prove Theorem A we will use the
coding introduced by Alseda and Mafiosas in [5] which is an extension of the
Kneading Theory for continuous bimodal degree one circle maps introduced
by the same authors in [4]. This coding, in the case of the Lorenz maps, is
the natural one used by Hubbard and Sparrow in [12]. On the other hand,
in [5], Theorem 2* of [12] was extended to the class of Lorenz-like maps (see
Proposition 4) and the rotation interval of such maps was characterized in
terms of the kneading pair (see Corollary 5).

The second goal of this paper is to study the theory of renormalization
for the class of Lorenz maps. To this end, for each rational number
0 < a < 1, we introduce an *-like product (see [6]), denoted by a®, acting
on the set of kneading pairs of the Lorenz maps. The main properties of
the a® product are given by Theorem B which is the second main result
of this paper. It is stated in Subsection 2.3. Afterwards, much in the
spirit of [9], a notion of renormalizable Lorenz map is introduced for the
class of Lorenz maps whose rotation interval is degenerate to a rational
in (0,1). Theorem C, which is the last main result of the paper, gives a
characterization of the renormalizable Lorenz maps. Essentially, a Lorenz
map is renormalizable if and only if its kneading invariant is a® times
the kneading invariant of another Lorenz map. Thus the a® product is
the symbolic version of the geometric renormalization operator and, hence,
the renormalization domain of the class of Lorenz maps is characterized
as the image of the a® product for some a. Theorem C (c) is devoted to
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862 Ll. ALSEDA & A. FALCO

show the existence of periodic points of any combinatorial type for the
renormalization operator (at the kneading invariants level). We remark
that this result is the analogue (at the symbolic level) of Martens Theorem
for unimodal maps (see [14]).

This paper is organized as follows. In Section2 we will introduce
the necessary notation, state all the main results of the paper and prove
Theorem A. Section 3 is devoted to prove Theorem B. Finally, Theorem C
is proved in Section 4.

2. Definitions and statements of the main results.

Given a map F:R — R we denote lim,, F(y) by F(z*) and
limy1, F(y) by F(x~), if they exist.
Now, we introduce the class £ of Lorenz-like maps as follows (see
Figure 2). We say that F € L if
(i) F(zx+1) = F(x) + 1 for each z € R;
(ii) F)(o,1)is bounded, continuous, non-decreasing and F'(1~)>F(0%)+1.
We observe that, when defining the class £ we have removed the
assumption that F(07) € [0,1). This is not relevant since the map
F — E(F(0%)) also belongs to £ and verifies this restriction. Also note
that F'(0) is not determined by the above conditions. So, in what follows
we will assume that F(0) is F(0T), F(07), or both, if necessary. On the

other hand, we are not imposing any condition on the derivative of F' since
for our purposes this will be irrelevant.

A Lorenz map will be a map F from £ such that F(0*) € [0,1) and
F(17) < F(1%) + 1. The class of all Lorenz maps will be denoted by Lm.
As it has been said before, the class of Lorenz maps extends the (interval)
Lorenz maps and the topologically expansive Lorenz maps.

2.1. A characterization of the kneading pair for Lorenz-like maps.

Now, we follow [5] to introduce the coding for the class £. For F € L,
z € Rand i > 1, let d; = E(F(z)) — E(Fi~!(z)). Then the reduced
itinerary of z, denoted by I (), is defined as

didy--+d, if D(Fi(z)) #0forie {l,...,n—1} and D(F"(z)) = 0,
where D(z) denotes the function z — E(z). Note that, since F' € £ we have

{d1d2 o if D(Fi(z)) #0 for alli > 1,
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-1 0 1 2

Figure 2. A Lorenz-like map.

IF(m) = IF(m + k) for all k € Z. Observe also that IF(O) is the empty
sequence.

Let & = ajay - - be a finite or infinite sequence of integers. We say
that « is admissible if it is either finite (or empty) or infinite and there
exists k € N such that |a;| < k for all ¢ > 1. The set of admissible sequences
will be denoted by AD. Notice that any reduced itinerary is an admissible
sequence.

Now we shall introduce some notation for admissible sequences (and
hence for reduced itineraries). The cardinality of an admissible sequence o
will be denoted by |a| (if « is infinite we write |a| = c0). We denote by S
the shift operator which acts on the set of admissible sequences of length
greater than one as follows:

S(g):a2a3... if a=qiag- .

We will write S* for the k-th iterate of S. Obviously S* is only defined for
admissible sequences of length greater than k. Clearly, for each z € R we
have

SM(Ip(2)) = Ip(F*(2)) if |Ip(z)|>n.

Let @« = aqoe--- o and 8 = B182 -+ be two sequences of integers.
We shall write a8 to denote the concatenation of o and § (that is, to
denote the sequence ayas - - - i, 3152 - - -). We also shall use the notation o™
to denote the concatenation of a n times and a® to denote a o ---.

Now we endow the set of admissible sequences with a total ordering.
Let @ = ajas -+ and B = (102--- be two admissible sequences such
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that o # 3. We say that

either there exists n such that «; = 3;
a<p if fori=1,2,...,n—1and o, < 3,
or |Q| =n—1 a'ndzg = Qg an—lﬁnﬁn+l Tt

To define the kneading pair of a map F' € £ we introduce the following
notation. For a point z € R we define the sequences I p(zt) and ZF(x‘)
as follows. For each n > 0 there exists §(n) > 0 such that d(F"~1(y)) takes
constant value for each y € (z,z + 6(n)) (resp. y € (z — §(n),x)). Denote
this value by d(F"~!(z%)) (resp. d(F"~1(z™))). Then we set

IF(x+) =d(z*)d(F(z"))--- and ZF(QL'_) =d(z7)d(F(z7))---
Clearly, Z p(zt) and _TF(ac“) are infinite admissible sequences and
L@ =Ip(@+ k") and Ip@)=Ip(@+k))

for all k € Z. Moreover, for each € R we have

Ip(z7) < Ip(z) < Tp(at)

~ ~

and if |ZF(;17)| = oo then ZF(l‘+) = I.(z7) = I.(z). We note that for
each z € R we have I ,(z%) = d(z%)I,((F(z*))*). Consequently, for each
n € N we have

Io(@t) = d(@®)d(F(z®)) - d(F" (@%) T (F™ (2*)) ).

Let F € L. The pair (1,(0%),1,(07)) will be called the kneading
pair of F and will be denoted by K(F'). Clearly, for each F' € £ we have
K(F) € AD x AD.

Let o, 8,v € AD be such that o and § are infinite. We will say that
v is quasidominated by (o, B) if and only if

a< S*v)< g forall n<|al

We also will say that v is dominated by (a,f) if and only if v is
quasidominated by (a,) and the above inequalities are strict. Finally
we will say that v is quasidominated (respectively dominated) by F if it is
quasidominated (respectively dominated) by (_TF(O+), 1 #(07)).

The next result, due to Alsedd and Marfiosas [5], Proposition 4,
characterizes the set of reduced itineraries (and hence the dynamics) of
amap F € £ in terms of the kneading pair. It extends [12], Theorem 2*, to
the class L.
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ProposiTion 2.1. — For F' € L the following statements hold:
(a) If £ € R\ Z then _TF(ar) is quasidominated by F';
(b) If « € AD is dominated by F then there exists x € (0,1) such that

p(@) = a

From this proposition it arises naturally the question of characterizing
the set of all kneading pairs of all maps from class L. The following result,
which follows from [1], Proposition 3.3, gives a first approach to this
problem.

ProposITION 2.2. — For each F' € L, _TF(OJ’) and ZF(O_) are quasi-
dominated by F.

To characterize the pairs of admissible sequences that can occur as a
kneading pair of a map from £ we will define a set £ C AD x AD which
turns to be the set of all kneading pairs of maps from L. To define the set £
we introduce the following notation.

Let @ = ajas--- be an admissible sequence. We will denote by
o' the sequence (a3 + 1l)ag---. Now, let £€* be the set of all pairs
(v1,v2) € AD x AD such that |v,| = co for ¢ = 1,2 and the following
conditions hold:

(KP]-) 2/1 < vz
(KP2) v, is quasidominated by (v1,v2) for all i € {1, 2}.

Condition (KP2) says, in particular, that vy and vs are minimal and
maximal, respectively, according to the following definition. For @ € AD
we say that « is minimal (resp. mazimal) if and only if o < S5"(a)
(resp. o > S™(a)) for all n < ||

As we will see, the above set contains (among others) the kneading
pairs of maps from £ with non-degenerate rotation interval. To deal with
some special kneading pairs associated to maps with degenerate rotation
interval we introduce the following sets.

For a € R we set

gi(a) = E(ia) — E((i —1)a) and &,(a) = E(ia) — E((z —1)a),
where E:R — Z is defined as E(z) when = ¢ Z and & — 1 otherwise. Also,

we set

J(a) =e1(a)ez(a)---en(a)--- and _Té(a):(51(@)62(a)~-6n(a)~--

I~
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866 Ll. ALSEDA & A. FALCO

Set I (@) = (I, .(a)) and let T*( ) denote the sequence which satisfies
(Ié(a)) = Z (a ) Now, for each a € R, we set
. _[ld (a)Jg‘(a)) (I3 (a), Iy(@), (I.(a), Is(@))} ifa€Q,
¢ {(T:(a), I,(a))} otherwise.

We note that & N E* = § for each a € R, because condition (KP1) does
not hold for any of the elements of £,. Finally we denote by £ the set
E* U (U,er &a)-

The following result characterizes the kneading pairs of maps from L.

THEOREM A. — For F € L we have K(F) € £. Conversely, for each
(v1,v2) € € there exists F € L such that K(F) = (v1,v2).

Proof. — Assume that F' € £ and set K(F) = (v1,v2). From
Proposition 2.2 it follows that (KP2) holds. If (KP1) holds then we are
done. Otherwise, we have v{ > vo. From [1], Theorem A, it follows that
if v} = vs then

~

Ta,I*a,f*a,fa ifa e Q,

wrvn € {{E@ L@, G@.L@) facq
{(I;(a),Is(a))} otherwise.

So assume that v} > vy. Recall that if F(11) = F(07) + 1 < F(17) then

v} < vy.Hence, F(1*) = F(17) and F is continuous. Then in a similar way

to the proof of Theorem 5.1 of [1] it follows that K(F') € &, for some a € R.

Now, assume that (v1,v2) € €. If (v1,v2) € &, for some a € R then
the theorem follows from [1], Theorem 5.1. So assume that (v1,v3) € £*.
Set v; =d;1di2- - diy--- for i =1,2. Since v; and v, are admissible there
exist k1,k2 € Z such that k; < d;; < ko for all j > 1 and ¢ € {1,2}. Let
F € L be such that F(07) = k; — 1 and F(17) = kg + 1. Clearly

K(F) = ((ki — 1), (k2 + 1)(k; — 1))
and v; is dominated by F for i = 1, 2. From Proposition 2.1 (b) there exists
€ (0,1) such that I.(x;) = v; for i = 1,2. By [5], Lemma 1, we have
that 0 < 7 < 22 < 1 and F(z2) > F(x1) + 1 because v1 < V] < va. Then
consider the map F* € L defined by

F(l‘l) if0<$SCC1,

Foy(z) =4 F(z) ifz1 <z <,
F(zy) fzo<z<l
Clearly, K(F*) = (v1,v2) and the theorem holds. O
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To define the ambient space of the set £ we introduce the sets:

& = {a € AD: there exists 8 € AD such that (o, 8) € £},
Es = {B € AD: there exists o € AD such that (e, 3) € £}.

The following result characterizes the sets & and & (see [Falcol,
Theorem 3.1.1).

ProPOSITION 2.3. — The following statements hold.
(a) a € & if and only if it is minimal,

(b) B € &s if and only if it is maximal.

Remark 2.4. — The sequence 1°° is the unique minimal sequence
starting with 1 and 0°° is the unique maximal one starting with 0. Therefore,
in view of Proposition 2.3, we see that each sequence from &, \ {1°°} (resp.
from & \ {0°°}) starts with 0 (resp. 1).

We consider £, and & endowed with the order topology and let
E. x Es be with the product topology. We note that £ is strictly contained
in & x &s. To see this consider for example the set A = {0°°,1°} of
admissible sequences. Since

((—1)007000)7 (Ooo’ 100)7 (1007 200) € 57

we have that A C & and A C &s. In consequence {(0°°,1°°), (1°°,0%°)} C
E. x Es. However, (0°°,1%°) € £ but (1°°,0°) ¢ £.

2.2. Rotation interval, twist periodic orbits and kneading pair.

We warn the reader that most of the results we are quoting from
other authors will be written in terms of class £ unlike the original versions
which are stated for circle maps of degree one.

The notion of rotation number was introduced by Poincaré [19] for
homeomorphisms of the circle of degree one. This notion will be used to
characterize the set of periods of circle maps of degree one. Let F' € L.
For x € R we define the rotation number of x as

F'(xz) —x
lim sup —L

n—oo

and we denote it by p(z) or pr(z). We denote by Rr the set of all rotation
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868 Ll. ALSEDA & A. FALCO

numbers of F. From [17] (see also [20]) it follows that Rr = [a(F),b(F)]
with

a(F) = inf liminf F_(:I:)—_x7 and
z€R n—oo n
F(z)—=z

b(F') = sup lim sup

z€R n—oo
Therefore, in what follows the set Rr will be called the rotation interval
of F.

If AC R and z € R, we shall write z + A or A+ x to denote the
set {x +a:a € A}. Also, if B C R we shall write A + B to denote the set
{a+b:a€ A, be B}.

We shall say that a point z € R is periodic (mod. 1) of period q with
rotation number p/q for a map F € L if Fi(z) —x =pand Fi(z) —x ¢ Z
for i = 1,...,¢ — 1. A periodic (mod. 1) point of period 1 will be called
fized (mod. 1). Let F' € L and let z € R. The set {F"(z):n € Z*} +Z
will be called the (mod. 1) orbit of x by F. It is not difficult to prove that
each point from an orbit (mod. 1) P has the same rotation number. Thus,
we can speak about the rotation number of P. If x is a periodic (mod. 1)
point of F' of period ¢ with rotation number p/q then its (mod. 1) orbit is
called a periodic (mod. 1) orbit of F of period q with rotation number p/q.
If P is a (mod. 1) orbit of F' then we denote by P, the set PN [i,i+ 1) for
all 4 € Z. Obviously P, = i + Py and, if P has period ¢, then Card(P;) = ¢
for all i € Z.

Let P be a (mod. 1) orbit of a map F' € £. We say that P is a twist
orbit if F restricted to P is increasing. If a periodic (mod. 1) orbit is twist
then we say that P is a twist periodic orbit. The following result gives a
geometrical interpretation of the twist periodic orbits (see for instance [2]).

LEMME 2.5. — Let P = {...,2_2,2_1,%,Z1,%2,...} be a twist
periodic orbit with period q and rotation number p/q. Then (p,q) = 1.
Moreover, if we assume that x; < x; if and only if i < j then F(x;) = Tijp.

The following result, given in [3], Lemma 1, studies the relation
between the rotation number and twist orbits.

LEMME 2.6. — Let F' € L and let a be an endpoint of Rg. Then there
exists a twist orbit of F' with rotation number a which is contained in a
union of closed intervals on which F is increasing. Moreover, if a = p/q € Q
then this orbit can be chosen periodic (mod. 1) with period q.
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Now, we will study the basic properties of the sequences
za(a),_fé(a),_f: (a) and zg (a). These sequences give the characterization
of the rotation interval by means of the kneading pair. The following result
is due to Alsedd and Mariosas (see [5], Theorem 6).

THEOREM 2.7. — Let F € L. Then Rp = [a,b] if and only if

I;(a) < T.(0%) <TI.(a) and Iy(b)<1,(07)<I:(b).

2.3. The ®-product: an x-like product for the class of
Lorenz maps.

In the unimodal framework one of the main tools to explain the
renormalization properties is the well-known x-product. By using this
product it is possible to define, for each periodic kneading sequence A, a
map A x () from the set of all kneading sequences into itself. Then, if f is
a unimodal map having A * B as a kneading sequence, it follows that f is
renormalizable and the renormalization operator R acts in such a way that
the kneading sequence of R(f) is B. Thus, in some sense the *-product is
the inverse of the renormalization operator.

The main goal of this section is to construct an *-like product (called
the ®-product) for the class of Lorenz maps by using the symbolic properties
of the twist periodic orbits.

We recall that £m denotes the class of all Lorenz maps which consists
on all maps F' € £ such that F(07) € [0,1) and F(17) < F(1*)+1. The set
of all admissible sequences of maps from Lm, denoted by ADy 1, is the set
Y5 = {0, 1} union the set of finite sequences in the symbols {0, 1}. We take
EX = (EZan&)\ {1} and & = (X2 N Es) \ {0} . From Proposition 2.3 we
have that £ U {1°°} (resp. £ U {0°°}) are all the minimal (resp. maximal)
sequences in Y.

We endow Y, with the topology defined by the metric

|di B tl|
21’,

d((dldg ), (trtg - .)) - Z
=1

This topology is compatible with the order topology given by the
lexicographical order in 5. With this topology 32 is a compact metric
space. Let S:¥; — 3o denote the usual shift transformation restricted
to Xg. Clearly, S is continuous. Set

o1 = (E;ng)ﬁg = (SQ(EQXZQ))\{((_I,@):Q =1%or g = OOO} C YoxXg

TOME 53 (2003), FASCICULE 3
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and consider & ; endowed with the product topology of 5 x X given by
d ((9’@)7 (27 E)) = max{d(97’_/)’ d(@, 5)}

For a € R we will denote a — E(a) by D(a). Also, QN (0,1) will
be denoted by Q*. To simplify the use of the sequences T (a), 1 6(a), I6 (a)
and [ 5( ) the following lemma will be helpful (see [4], (4.1)-(4.3)).

LeEmMA 2.8. — For any a € R the following statements hold:

(a) If a ¢ Z then 61(a) = €1(a )—I— 1. Furthermore, if a ¢ Q then

6i(a) = €;(a) for all i > 1. That is, 1; (a)_I()andI()—I(a)
Ifa = p/q with (p, )—1andq>1thensl( y=6i(a) fori=2,...,q—1,
8q(a) = g4(a) — 1 and, €;44(a) = €;(a) and 6;44(a) = §;(a) for all i € N.

(b) Ifa € Z then €;(a) = §;(a) = a for all ¢ > 0.
We note that from this lemma it follows that if a = p/q € Q*
with ( ) = 1 and ¢ > 2 then the finite sequences e3(a) - - -€4-1(a) and

82(a)-+-84-1(a) are equal. We will denote this finite sequence by r(a).
We also define (1) to be the empty sequence.

Now we are ready to define the ®—operator. Given d € {0,1} we will
denote 1 — d by d. Then, for a € Q* and oy - -+ € ADg 1, we define

arr(a)aiair(a)azds -« if [o| =

ae(alaz...)z{

arr(a)ar@ir(a)azdsr(a) - Anar(e)an  if o] =mn,
and a®a = a15(a G a).

Remark 2.9. — Let a = ajag---,8 = f182--- € ADy 1 be such that
a3 =0and B = 1. Then (a ©® @)’ < a ® G for each a € Q*.

The next result, which we will be proved in Section 3, gives a first
motivation to the ®-product.

ProposiTioN 2.10. — Let a € Q*. Then
a®0% =1;(a), a0 1% =1 (a), a0 0™ = I;(a), a©1° =I}(a).

The next theorem and corollary state the main properties of the
(®-product.
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THEOREM B. — For any a € Q* the following statements hold :

(a) Let o, 3 € ADgy ;1 be such that o < 3. Then

ad®a<a®p.

Moreover, for each a = ajay--- € ADy 1, we have Z;(a) <a®
ifa; =0and Ij(a) <a®a< I (a)ifa; =1.

(b) a® & CE& anda® & C &;.

o)
IN
I~

o
8

(c) If k is quasidominated by (a, 8) € &1 then a @ k is quasidominated
by (a © @,a © B).

COROLLARY 2.11. — Let a € Q* and let (o, 8) € €,1- Then
(a@g,a@,@) €&1NEr.

Proof. — From the definition of & 1, Theorem B (b) and Remarks 2.4
and 2.9 it follows that (a®a,a® ) € £ x &} and (a® ) < a® B. On the
other hand, since (¢, 8) € &, from Theorem A and Proposition 2.2, we get
that o and 8 are quasidominated by (a,3). Thus from Theorem B (¢) we
see that a ©® a and a © g are quasidominated by (a © @, e © 3). Therefore,
(a®a,a® B) € £* by definition. 0

The above corollary motivates the following notation. In what follows,
given a € Q* and (¢, 8) € &1, we will denote the kneading pair (a®a, a®g)
by a ® (@, 8).

Now we will start the study of the renormalization which undergoes
from the combinatorial structure of & ; given by the ® product. Let
F € Lm and assume that Rr = {p/q} with p/q € Q* and (p,q) = 1. By
Lemma 2.6 we know that F' has a twist periodic orbit P of period ¢ and
rotation number p/q. Let J be the closed interval between two consecutive
points of P which contains 0 and denote the map F? — p by G. One can
easily show that

(i) G fixes the endpoints of J

(ii) G is discontinuous at 0 and G is continuous and increasing on the
intervals [min J,0) and (0, max J].

(ii) G(0™) > G(0*) (see Figure 3).
We will say that the map F is renormalizable (compare with [9])

if minJ < G(0*) < 0 < G(07) < maxJ and G([G(0%),G(07)]) C
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Figure 3. An example of renormalization with p/q = 1/2.

[G(0T),G(07)]. In such a case, for z € [0, 1] we define

prl(x) = (GO07) = GOF))z + G(0) € [G(07),G(07)]
and R, (F) € Lm by (see Figure 3)
Glor@)  ifoe 0.7 1),
G(pr(z))+1 ifze [¢F1(1),1)

Ra(F)(2) = Ra(F)jjo(z — E(z)) + E(2).
The map R, (F') will be called the renormalized map of F. It turns out that
this renormalization process is very well described at a symbolic level by
the ® product as shown by the following theorem.

Ra(F)jo1(z) = {

Given a = (a1, a2, ...,a,) € (Q*)" and a € ADy ; we will denote

an® (a2 (a1 ®a)--) by a®a.
Of course, given (a, §) € £,1, a © (a, B) stands for (a ©® a,a ® 3). Observe
that, in view of Corollary 2.11, a ® («, ) is well defined and belongs to & ;.
Moreover, if (a, ) € £* then, a ® (a, 3) also belongs to £*.

A map F € Lm will be called symbolically expansive if the map ZF()
from (0,1) to ADy, is injective. Such a condition is guaranteed by
usual topological conditions like F' being topologically expansive or having
negative Schwarzian derivative.
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TueorREM C. — Let F € Lm be such that Rp = {a}. Then the
following statements hold:

(a) If F is renormalizable then K(F) = a ® K(F)[Rq(F)].

(b) If F is symbolically expansive and K(F) = a ® (a,3) with
(o, B) € &o.1 then F is renormalizable.
(¢) For each a € (Q*)™, a ® (-) is a contractive map from the compact

space £y,1 N E™ into itself. Therefore, there exists (o, B)a € Eo,1 NE™ such

As it has been said before this theorem gives a characterization of the
renormalizable Lorenz maps in terms of the kneading pairs. Theorem C (c)
is important because it gives a partial answer (at the symbolic level) to
Conjecture 1.16 (1-2) of [15].

3. Proof of Theorem B.

We start this section by proving some preliminary results and
Proposition 2.10. Finally we will prove Theorem B.

The following lemma is due to Alsedd and Mafiosas [4].

LeMmMmA 3.1. — The following statements hold :

(a) If a = p/q with (p,q) = lthenI()andI()
with period q (i.e., Sq(_ (@) =1 .(a) and Sq(Ié( a)) = Is(a)).
I

(b) Let a,b € R with a < b. Then IE(a) <1 (b),
I2(a) < IZ(b) and I5(a) < I5(b).

are periodic
( ) < lb(b)7

From Theorem A and Proposit\ion 2.3 we have the following.

LemMA 3.2. — Let a € R. Then I} s(a), IE( a) € & are minimal and
I(a),I.(a) € & are maximal.

'€

LemMA 3.3. — Let a € R. Then £1(a) < ¢,(a) < £1(a) +1 and
61(a) —1 < 6,(a) < 61(a) forall i > 1.

Proof. — We recall that
ei(a) = E(ia) — E((i — 1)a) = E(a+ (i — 1)a) — E((i — 1)a).
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Then, from the fact that F(z) + E(y)
z,y € R, we have that €1(a) < ¢;(a)
way we can prove that é1(a) — 1 < §;

E(z+y) < E(z)+ E(y) + 1 for all
1(a) + 1 for all i > 1. In a similar
(a) < 61(a) for all i > 1. O

<
<e

LEMMA 3.4. — Let a € (0,1) Then zs(a), 1;(a), I4(a), I’ (a) € .
Proof. — The statement follows from Lemmas 3.1 (a) and 2.8, the fact

that €1(a) = é61(a) — 1 = E(a) = E(a) for each a ¢ Z and Lemma 3.3.
O

Now, from Lemmas 3.4 and 3.2 we obtain:

COROLLARY 3.5. — Let a € (0,1). Then I (a),I;(a) € & and
I,(a),I:(a) € &.

LEMMA 3.6. — Let a € Q* be with (p,q) = 1. Thene4(a) = €1(a) + 1.
Proof. — If e4(a) # €1(a) + 1 then, by Lemma 3.3, we can assume

that e4(a) = €1(a). By Lemma 3.1 (a), I (a) = (e1(a)r(a)e1(a))*> and, by
Lemma 3.2,

$971(1(a) = (e1()e1(@)r(a) ™ 2 I (a).

Thus, by Lemma 3.3, e3(a) = £1(a) and, proceeding inductively, we obtain
that I_(a) = (¢1(a))®; a contradiction by Lemma 3.1 (a). a
The following remark already allows us to prove Proposition 2.10.

Remark 3.7. — For each a € Q*, in view of Lemmas 2.8 and 3.6, we
can write

)

I;(a) = e1(a)r(a) (e1(a) (e1(a) + 1)r(a)) ™,
I_(a) = (e1(a)r(a)(e1(a) + 1)),

I5(a) = ((e1(a) + Dr(a)ei(a))™, and

IZ(a) = (e1(a) + Dr(a)((e1(a) + Der(a)r(a)) ™

Proof of Proposition 2.10. — It follows from Remark 3.7 and the fact
that £1(a) = 0. a
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LemmAa 3.8. — Let a = p/q € Q* be with (p,q) = 1. Then the
following statements hold:
() {61(0)(61(0) + D)r(a) > e1(a)r(a)er(a),
(e1(a) + Der(a)r(a) < (e1(a) + )r(a)(e1(a) + 1).

(b) For1 < j < gq—1 we have

gj(a)---eg-1(a)er(a)(e1(a) + 1)ez(a) - -gj-1(a) > er(a)r(a)er(a),
ej(a)---eq-1(a)(e1(a) + 1)e1(a)ez(a) - - €j_1(a) > er(a)r(a)(ei(a) + 1),
ej(a)---eg-1(a)(e1(a) + 1)ei(a)ea(a) - - €j-1(a)

1
)

[ V)

o

< (e1(a) + 1)r(a)(e1(a) + 1),
gj(a)---eq-1(a)er(a)(e1(a) + 1)ez(a) ---€5-1(a) < (e1(a) + 1)r(a)er(a).

Proof. — Since, by Remark 3.7 and Lemma 3.2, we have that

I;(a) = ex(@)r(a) (e1(a)(e1 (a) + 1r(a) ™
and it is minimal, then e1(a)(ei(a) + )r(a) > ei1(a)r(a)ei(a). If
e1(a)(e1(a) + Dr(a) = e1(a)r(a)e1(a), then

o~

I5(a) = ex(a)r(a)er(a)(er(a) + 1) ..
> e1(a )(El(a)+1) (@)er(a)... = ST (15 (a));
a contradiction with the minimality of l s(a). This ends the proof of
the first inequality of (a). Now we prove the first inequality of (b).
Again by the minimality of I;(a), for 1 < j < g — 1, we have
gj(a)---eq-1(a)er(a)(e1(a) + L)ea(a) -+ -€5-1(a) > e1(a)r(a)er(a). If the
equality holds, then we have
SI7H(I; (a) = £j(a) -+~ e4-1(a)e1(a) (1 (a) + 1)ea(a) - - - ;-1 (a)es(a) - -
= e1(a)r(a)ei(a)er(a) - < ex(a)r(a)er(a)(e1(a) + 1)r(a) -
= I5(a);
a contradiction. Hence,

gj(a)---gq-1(a)e1(a)(e1(a) + 1)ez(a) - -~ €5_1(a) > e1(a)r(a)es(a).

To prove the second inequality of (b) note that, by Remark3.7 and
Lemma 3.2, we have that

I(a) = (e1(a)r(a)(e1(a) + 1))~
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and it is periodic of period ¢ and minimal. Then, for 1 < j < g—1, we have
$9-Y(I (a)) > I (a). Thus,

gj(a) - eg—1(a)(e1(a) + 1)e1(a)ea(a) - - - gj-1(a) > er(a)r(a)(c1(a) + 1)

since otherwise the equality holds and, consequently, S? ‘l(zg(a)) = Zg(a)
with j < ¢; a contradiction. This concludes the proof of the second
inequality of statement (b). The remaining inequalities of the lemma follow
in a similar way by using the sequences Z:(a) and _fé(a) instead of I s(a)
and T (a). a

Proof of Theorem B. — We start proving (a). Set

oa=oag- - and g:ﬂlﬂQ

Since o < (, there exists £ > 1 such that ajas...ax—1 = Bi1f2...Brk—1
and ap < Bx. Then, from the definition of the ®-product it follows
that a ©® @ < a ® . We note that in particular, from Proposition 2.10,
we have proved that

Ij(a)=a®0® <a®a<a®1®=1(a)

whenever a; = 0 and

~

Ia)=a®0® <a®a<a®l®=1(a)

whenever a; = 1. This ends the proof of (a).

Now we prove (b). We only will prove the first statement of (b). The
second one follows similarly. From Theorem 2.7 and Lemma 3.2 we have
a® 0% € & C &. Therefore, we may assume that o = ajas--- # 0°°. By
Remark 2.4 we have oy = 0. Consequently,

a©® a = 0r(a)0lr(a)azasr(a) - .

To end the proof statement (b) we have to prove that S7(a ® @) > a® «
for each j > 1. Let a = p/q with (p,q) = 1 and m > 1. Then

ST (a® @) = Amr(a)@m41Qmi1-

If a,, = 1, then &,, = 0 and, since « is minimal, we have S7™(a®a) > aGa.
If a;, = 0 and @,,, = 1 then clearly, we are done. Now we look at

qufl(a ©a)= A Q7 (@)1 Qg -+ -
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If a,, = 1, obviously S™ 1(a ® a) > a ® a. Assume that a,, = 0. Then”
Qm G = 01 and the desired inequality follows from Lemma 3.8(a) (recall
that a € Q*; that is 1(a) = 0). Now, assume that 1 < j < ¢ — 1. Then

5(m—l)q+j—1(a Ga)= Ej(a) .. .gq_l(a)amam ..

and, from Lemma 3.8 (b), we get S(™~141-1(q ® a) > a ® a. This ends
the proof of statement (b).

Finally we prove (c¢). Assume that a = p/q with (p,q) = 1 and set
a=aoaaz-, f=LF1P2-- and kK = K1k - -. Since 8™ (a) < k, we obtain
S™"(a®a) < a®k in a similar way as above by using Lemma 3.8 (¢) instead
of Lemma 3.8 (a) and Lemma 3.8 (d) instead of Lemma 3.8 (b). On the other
hand, from S™(f3) > & and Lemma 3.8 (a)—(b) we obtain S"(a® ) > a © k.
This ends the proof of the theorem. O

4. Proof of Theorem C.
To prove Theorem C we need some technical results.

LEMMA 4.1. — The sets £*, £, and &s are closed. Moreover, the set
&1 N E* is compact in Ly X Lo,

Proof. — Take {(v},v2)}nen, a sequence in £* which converges to
(v, v?). Clearly (v!,v?) € AD x AD, v7 and vy are infinite and (1!, 1?)
verifies property (KP1). Since each (v}, v2) verifies property (KP2) we have
that vI < S9(v}) <v2 forall j >0,n € Nandie {1,2}. In view of the
continuity of S, by taking limits, we have v* < S/(v*) < v? for all j > 0
and i € {1,2} (recall that the order topology is compatible with the metric
topology). Thus, (v!,v?) € £*. The facts that & and &5 are closed follow
in a similar way by using Proposition 2.3. Finally, in view of Remark 2.4 it
follows that 1°° is an isolated point of £ and 0°° is isolated in £5. Therefore,

EonNE = (E xEHNET = (B2 xB2)N (((55\{1"0}) X (55\{0"0})) 05*)
is compact. O

In the next lemma and in the proof of Theorem C we will use the
following notation. We will use the symbol s to denote +, — or @. So, for
z € R, 2° will stand for =, £~ or x, respectively. Also, if J is a closed
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interval from R such that 0 € Int(J), when writing 2° € J we will mean
that z € J but ° ¢ {(min J) ™, (max J)*,0}. Finally, for z° € J we set

0 ifz>0orz®=0"%,
1 ifr<QOorz®=0",

x(@*) = {
and X(z*) = x(z°) = 1 — x(*).

LEMMA 4.2. — Let F € Lm be such that Rp = {p/q} with p € Z,
g € N and (p,q) =1, and let J be a closed interval of R obtained from F
as in the definition of a renormalizable map. Assume that 0 € Int(J) and
set G = F'9 — p. Then the following statements hold:

@ { T p(max J) = T _(a) = Or(a)(10r(a))*,

I p(minJ) = I5(a) = 1r(a)(01r(a))™.
(b) For each z € J and s € {+, —,0} such that z° € J we have

Tp(2°) = x(2°)r(a)d(2*) I o ((G(2%))°)

with d(z*) € {0,1}. In particular,

1,(07) = 1r(a)d(07) I ((G(07))7),

~

I.(0%) = 0r(a)d(0%) I ((GOT)*).

(c) Assume that minJ < G(0%) < 0 < G(0™) < max J. Then, for each
z € J and s € {+, —, 0} such that 2°,(G(2*))° € J we have

Ip(") = x(z"r(@x((G(=9)) Ix ((6(=)")-
In particular,

Tp(07) = Ir(@)10r(@) - and T,(0%) = Or(@)0lr(a) .

Proof. — Statement (a) follows from the definition of J, from the fact
that 0 € Int(J), [4, Lemma 4.4], and Proposition 2.10. Now we prove (b).
From Theorem 2.7 and Proposition 2.10 we have

I,(a) = 1r(a)01r(a)01r(a) - - - < I(07) < I7(a) = 1r(a)10r(a)10r(a) - -
I;(a) = 0r(a)01r(a)0lr(a) - - - < 1n(0%) < I,(a) = Or(a)10r(a)10r(a) - -
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Thus
(4.1) 1,(0Y)=0r(a)-- and I(07)=1r(a): - .

Let € (min J,max J) \ {0}. From [5], Lemma 1, it follows easily that

o~

{ZF(0+) <Ip(z) < Ip(maxJ) ifz >0, and
I I Tp(

07) ifz<0.

(4.2)
Tp(minJ) < Tp(e) <

Therefore, from (4.1) and (a) we have
~ Or(a)--- ifz >0,
L@ ={ e
1r(a)--- ifz <0.
This proves (b).
Now we prove (c). We will start by showing that
Ip(07) =1r(a)10r(@)- - and I(0%) = 0r(a)01r(a) -
Since minJ < G(0%) < 0 < G(07) < maxJ, from (b) it follows that
1((G(07))7) = 0r(a)--- and I((G(0%))") = 1r(a) - - . Hence,
1,(07) = 1r(a)d(07)0r(a) .-~ and I1,(0%) = 0r(a)d(0¥)1r(a)---

Note that Is(a) < I,(07) and I,(0%) < I.(a) and, consequently,

F
d(0~) =1 and d(0") = 0.

Now we prove the first statement of (c). Since (G(2*))® € J, from (b)
we have

T.(2*) = x(2*)r(a)d(z*)x ((G(2*))r(a) - --

Therefore, we have to see that d(z°)x((G(z°))*) ¢ {00,11}. Assume
that x(2°) = 1. From the definition of x and (4.2) it follows that
IF(min J) £ _TF(zs) < ZF(O_). Therefore, from (a) and the part of (c)
already proved, we get

1r(a)0lr(a) - - < 1r(a)d(z*)x((G(2*))")r(a) - -- < 1r(a)10r(a)-- -,

which shows that d(2*)x ((G(2°))*) ¢ {00, 11} when x(z°) = 1. If x(2°) =0
then we obtain d(z 5)x((G(zS)) ) ¢ {00, 11} in a similar way. This ends the
proof of the lemma. O
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Proof of Theorem C. — We start by proving (a). We have to show
that

~

Ip(0") =a0Ig,(07) and I.(07)=a0l, (07)).

Since F is renormalizable, we have minJ < G(0%) < 0 < G(07) < max J
and G*(07),G*(0") € [G(0T),G(07)] C [minJ, maxJ] for each i € N.
Therefore, from the iterative use of Lemma 4.2 (¢) we obtain

r(07) = 1r(a)10r(a)dy dy r(a)d dy - -,

p(07) = 0r(a)01r(a)d] df r(a)dfdy -,

) I~

I~

where, for i = 2,3,... we have that d; (resp. d;j) is 1 if G'(07) > 0
(resp. G*(0%) > 0) and 0 if G*(0~) < 0 (resp. G*(0*) < 0). So,

_TF(O_) =a®(ldyd; ---) and _TF(0+) =a®(0dfds ).

On the other hand,

~

In, (»(07) =1dydy -~ and In.m(0F) =0d3dy -
(observe that G(0~) and G(0") play the role of 0~ and 0% for R,(F),
respectively). This ends the proof of (a).

To prove (b) we start by taking J as in the definition of a

~

renormalizable map. Since K(F) = a ® (o, ), Ip(0t) = a ® @ and
I1.(07) = a® B. Thus, since (a,8) € &y,1, by Proposition2.10 and
Remark 2.4 we have

I:(07) =a®a = 0r(a)0lr(a) -~ < 0r(a)(10r(a))™ = a® 1 = I (a)

and, similarly, ZF(O‘) > 2\5 (a). On the other hand, from [4], Lemma4.4,
it follows that if minJ = 0 (respectively, max.J = 0) then I(07) = I (a)
(respectively, 1,.(0%) = I_(a)). In consequence, min J < 0 < max J.

Now, to prove (b) it suffices to show that

minJ < G(0") <0< G(07) <maxJ and
G([G(07),G(07)]) € [G(0T),G(07)].

Note that, since G is increasing and continuous on [min J,0) and (0, max J]
it is enough to show that minJ < G(0t) < 0 < G(07) < maxJ,
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G(0%) < G(G(0™)) and G(G(07)) < G(07). We only will prove the
statements about G(07 ). The other ones follow similarly.

First we will prove that 0 < G(07) < maxJ. Observe that

if 8= 1Bz then I,(07) = Bir(a)Bifir(a)---. Consequently, by
Lemma4.2 (b),

o~

1p(07) = 1x(a)1 L ((G(07))")
with I5((G(07))7) = Or(a)B2f2r(a) - --

Note that G(07) # 0. Otherwise, by Theorem 2.7, ZF((G(O_))_) =
I1.(07) > Is(a)=1---; a contradiction.

Assume that G(0~) < 0. Since G(minJ) = minJ and G is
increasing in [min J,0) we have G(0~) > minJ. Then, by Lemma 4.2 (b),
1,.((G(07))") starts with 1; a contradiction. Thus, G(0~) > 0. Assume
now that G(0~) > max J. By Lemma4.2 (a) we know that

0r(a)10r(a)10r(a) - -+ = I,(a) = I p(max J).
Moreover, from [5], Lemma 1 (since F is symbolically expansive and
G(07) > maxJ) it follows that I (maxJ) < I.(G(07)). Thus, since
I,.(maxJ) is infinite, it follows that I,(maxJ) < I,((G(07))”) and,
consequently,

0r(a)107(a)10r(a) -~ < Or(a)BBar(a) -
So, there exists i > 2 such that ﬂ,ﬁi = 11; a contradiction. Hence, we have
proved that 0 < G(07) < max J.

Now we will prove that G(G(07)) < G(07). To this end we
assume that G(G(07)) > G(07). Then, there exists 0 < z < G(07)
such that G(z) = z. Thus, G([z,max J]) = [z, max J] and, consequently,
G'(z) € [z,maxJ] for each i > 0 and z € [z,maxJ]. Therefore, by
Lemma 4.2 (a,c) we see that

Ip(x) = 0r(@)10r(a)10- - = I () = I p(max J)
for each z € [z,max J]. This contradicts the fact that F is symbolically
expansive and, hence, G(G(07)) < G(07). This ends the proof of (b).

Now we prove (c). Let @ € Q* and o, € ADg;. Set a = wjan- -

and g = B102 - -- and suppose that a; = 31. Then

1
dla®a,a®p) = Z(qu 5Z|+21q+1| ﬁz|)
=2

1 1 1 1
7t 2 510~ Bl = g den) < Fdla )
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Thus,

dlaca,a®p) < 2—|1,_1—,d(947@)

for each @ € (Q*)™. Observe that by Lemma 4.1 and Corollary 2.11 we
have that & 1 N E* is compact and a © (€1 NE*) C &1 NE*. Moreover, if
(,8),(a",8") € &,1 N E* then, by Remark 2.4,

&(ao(e,8),a0 (" 8") < —a d'((@,8), (", 8").

9!

This ends the proof of the theorem. O
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