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1756 K. IOHARA AND Y. KOGA

1. Introduction.

In this paper, following [IK2], we continue our study on the N =1
super Virasoro algebras. There, we have analyzed the structure of Verma
modules, and here we will analyze the structure of Fock modules over the
N = 1 super Virasoro algebras. In the case of the Virasoro algebra, the
modules realized on the space of semi-infinite forms are investigated by
B. Feigin and D. Fuchs [FeFu]. Motivated by their work, Tsuchiya and
Kanie [TK] constructed the representations of the Virasoro algebra on
bosonic Fock spaces via Boson-Fermion correspondence. Here, we first recall
the Fock modules of the N = 1 super Virasoro algebras, and study their
structures. As an application, we will construct the Bechi-Rouet-Stora-
Tyutin (BRST for short) type resolutions announced in [IK1], in detail.

The main idea to study the structure of Fock modules is a gener-
alization of the Jantzen filtration [Ja]. This filtration was used in [FeFu]
to study the structure of Virasoro modules realized on the space of semi-
infinite forms. Here, we reformulate their generalization and state some
general properties of the construction (see §2.3). By our reformulation, in
particular the duality stated in Proposition 2.3, we could even simplify the
original arguments done for the Virasoro algebra. One of the technical dif-
ficulties here arises at the so-called super-symmetric point, and we could
resolve this difficulties by a technique we have developed in our previous
paper [IK2].

Concerning the BRST type resolutions, we use the detailed structure
of Fock modules studied in §4 to construct BRST type complex. Our
proof here is different from those given by [Fel] and [BP] for the Virasoro
case in an essential point, viz., we do not use the so-called screening
operators to construct the complex itself. We can prove the existence of
the coboundary maps by an abstract manner, and we see that the explicit
form of the coboundary maps is given by the screening operators under a
weak assumption. Thus, in particular, our proof is new even for the Virasoro
case.

We consider the supersymmetric point and non-supersymmetric
points separately. The proof for the supersymmetric point uses our
construction of the Jantzen filtration & la Feigin and Fuchs (see [FeFu]
and §2.3). On the other hand the proof for the non-supersymmetric point
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FOCK MODULES OVER NS AND R ALGEBRAS 1757

is rather similar to the Virasoro case due to [Fel] and [BP] except for the
point where it is not necessary to use the screening operators to construct
the complex itself.

This paper is organized as follows. In §2.1, we will recall the definition
of the N = 1 super Virasoro algebras and their Fock modules. §2.2 is
a collection of the necessary facts that follow from the results stated in
[IK2]. §2.3 is the core of this paper where we describe a generalization of
the Jantzen filtration. In §3, we will study basic tools, such as screening
operators and the determinant formulae. In §4, we first state the results
on the BRST type resolutions and the proofs for the supersymmetric point
and non-supersymmetric points are given in different subsections. In §A,
we provide some data which will be used in the main body of the paper.

2. Preliminary.

In this section, we present our framework of the representation theory
of the N = 1 super Virasoro algebras.

In §2.1, we introduce all of the objects considered in this article.
§2.2 is devoted to a reformulation of the Jantzen filtration that fits to our
arguments developed in the further sections.

2.1. Definitions.

Here, we recall the objects that will be considered in this article, the
N =1 super Virasoro algebras, Verma modules and Fock modules etc.

The Lie superalgebras we are going to consider are the following:

DEeFINITION 2.1.— The N = 1 super Virasoro algebras Vir,
(e = 1,0) are the Lie superalgebras

Vir, .= @ CL, & P CGn@Ce,

neZ mee+7Z

TOME 53 (2003), FASCICULE 6



1758 K. IOHARA AND Y. KOGA

which satisfy the following commutation relations:

degL, =0 (n€Z), degGn=1 (mee+7Z), degc=0,
1
[Lin, Ln] = (m — n) Lypgn + 5m+n,05(m3 - m)c,

[Gm,Ln] = (m - %n) Gm+n,

1 1
[Gm’ G"] =2Lpyn + 5m+n,0§ <m2 N Z) c,

[Vire, ¢] = {0}.

Vir% and Virg are called the Neveu-Schwarz and the Ramond algebras
respectively. Furthermore, Vir, is Z-graded by setting

h:=CLy®Cc

and
(CL%n if n € 22\ {0},

(Vir%)n =49 CGy, ifne2Z+1, (Virg), ::{
h if n =0,

CL,®CG, ifn#0,
h & CGo if n = 0.

By definition, Vir, satisfies the following decomposition:

Vi = Vil @ Virl, Vil .= @ CL, ®Ce, Vil = P CGn.
neZ mee+7Z

Moreover, Vir, possesses the following triangular decomposition:

Vire = (Vire)4 @ (Vire)o @ (Vire)—,  (Vir)z = € (Vire)a.
+ne(l—e)Zso
Below, we define the objects that will be treated in this article.
Namely, we introduce Fock-modules of Vir,.

As a preliminary step, we define the Heisenberg algebra H. Let
H = @,z Can ® CKy be the Lie algebra over the field C whose
commutation relations are given by

dega, :=0, degKy =0,
[am,an] = 6m+n,0mK7‘t7 [H»KH] = {0}
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FOCK MODULES OVER NS AND R ALGEBRAS 1759

If we put Hy = ®in€Z>o Ca, and Hy := Cag ® CKy, then we have a
triangular decomposition

H=H_&Ho®H,.

Further we set Hs := Ho ® H4, He := H_ & Hp.

For e = %,0, let D, = @n€E+Z Cy,, @ CKp be the Lie superalgebra
over the field C satisfying the following commutation relations:

degp, :=1, degKp :=0,
[LPm,‘Pn] = m+n,0Kp, [DEvKD] = {0}

If we set

CKp ife=1

D . = . = 2

sei= D Con Deo { Cpo ®CKp ife =0,
+n€Zso—e

k)

then we have a triangular decomposition
D, = DE;— 2 DE;O @ DEH—-

We also set De.> := Deyo @ Deyy, Dei< i= De;— @ Deyp.
Recall the so-called Fock modules of H and D..
For n € C, let C,, := C1,, be the one-dimensional H;-module given by
1. deg1, = 0.
2. an.1y) = nbnoly, (n € Zso).
3. K1, =1,,.

We consider the induced module
FE = IndZZ(Cn.
For e = %,O, let

)

ce . [C12 if e =1
D C10® Cypp.1° ife =0,

be the D,.>-module whose structure is defined by

TOME 53 (2003), FASCICULE 6



1760 K. IOHARA AND Y. KOGA

1. deg1® = 0.
2. pn.1€ = 0if n > 0.
3. Kp.1¢ = 1¢.

Furthermore, we set
D = Indg;(cep.
We define the space F7¢ on which Vir, acts.

DEerINITION 2.2. — For n € C, we set
Fr€ = F"Q Fp,

and call it a Fock module.

Setting

a(z) = Z Anz "L ©¥(z) := Z cpnz_"‘%,

neZ n€l+e

Vire-module structures on the space F7°¢ can be described as follows:

LemMMA 2.1.— Fore = %,0 and A,k € C, we set
10 20 -1 1 -2
T5 . (2) = 50@(2) o+ (A0, + k2 Ha(z) + En(n —2)\)z
1 3
+50(0:0)(2)¢" ()5 + 27 159" (2)%,
Se(2) = a(2)p®(2) + k27" (2) + 220,97 (2),

AKiE ,—n—2 ,__ e A\KiE ,—m—3 . e
E Ln z i T)\,n(z)’ Z Gm z 2= )\,n(z)7
neZ mee+Z

where we set

. {akal (k‘ < l),

o o .__ PEPl (k < l)’
aar (k’ > l), oPkPlo = {

oakag
Then we have
1. Vir. acts on the space F¢ via
L,— L:‘l”“e, Gy — G,’){”:E, c — zxidgne
where zy := 3 (1 — 8)?).

ANNALES DE L’INSTITUT FOURIER



FOCK MODULES OVER NS AND R ALGEBRAS 1761

L)\NE( ®1 )®(1®16):h;l“f‘fc,f(l@ln)@(l@ls)v
G““(l@l ) ® (1® ¢i).10)

- (%) (n+r-N101,)01® e 1% (i=0,1),

where we set

i(1 — 2¢).

e = —2)
n( )+ T

2

When we regard the space F7°¢ as a Vir, module via the above action,
we denote it by F)';

2.2. Some results on Verma modules.

In this subsection, we will summarize some results on Verma modules
Mc(z,h) used in later sections that are not stated in [IK2] but are
immediate consequences of the results. A result on singular vectors in pre-
Verma module N(z, h) will be also given.

The first result that we are going to state is the explicit form of
submodules of Verma modules which belong to Class R*. Let p,q € Z~g
be integers satisfying p — ¢ € 2Z and (%3%,q) = 1, and fix the following

central charge:
15
Z = — —3(E+2>.
2 q p

TuEOREM 2.1. — Let us fix (r,s) € K.

1. Suppose that (r,s) does not belong to Case 5*. Then, any proper
submodule of M.(z, h;;c) is one of the following forms:

(i) If (r,s) belongs to Case 11 (i € Z), then we have

ME(z7h/j;E)7 ME('Z7 h—j;6)7 Ms(zvh]’;s) +M5(Z,h_j;5)
(J € Z>0, j > lil).

(i) If (r, s) belongs to Case 2% (i € Zso), then we have
M (2, hjse) (j € Z>o, § >1).

TOME 53 (2003), FASCICULE 6



1762 K. IOHARA AND Y. KOGA
(iii) If (r, s) belongs to Case 3% (i € Zx), then we have
ME(Z’h(_l)J—lj;E) (] € Z~g, J > |Z|)

(iv) If (r, s) belongs to Case 4.1% (i € 2Zsg), then we have

(v) If (r,s) belongs to Case 4.2% (i € 2Z«), then we have
M&(z7hj;s) (.] S 2Z<0? .] < Z)
2. Suppose that (r, s) belongs to Case 5% (i € Zsg).
(i) If i = 0, then any submodule of My(z, ho,o) is of the form:
Imp; where ¢;: Mo(z, hj0) — Mo(2, hoyp)
: non-injective map (j € Zo).
(ii) Any submodule of M(z, ho0) is of the form:

Im(pja HIHISOIC’ Im(pj GBHImQOka MO(Za hj;O)»
(jvk € Z>07 ]7k > 7’)

(iii) If ¢ > 0, then any submodule of My(z, hi,p) is of the form:

W) GO W Mo(z o),

2cp+cq? cQ 2cp+cq @ cQ
(.]7k € Z>07 ]7k > 7’),

where Wz(g,)a +eg? Wc(é) are submodules generated by an even singular vector

(PGo +Q).(1®1;p,,) of Lo-weight hj,o whose coefficients cp, cq of P,Q
expanded with respect to the basis 82] o—h., defined in §3 of [IK2]

P=cpG_ LMoot o
Q — CQL}iJl;O_hz,O e,

satisfy 2cp +cg = 0 ( resp. cg = 0).

The second result that we will use later is the multiplicities
[Me(2, hise) : Le(z, hyie))

ANNALES DE I’INSTITUT FOURIER



FOCK MODULES OVER NS AND R ALGEBRAS 1763

in the case when they belong to Class R*. Let K(O) be the Grothendieck
group of the category O, and we denote the element of K (QO) corresponding
to an object V of O by [V]. By Theorem 5.2 and (17) of [IK2], we obtain
the following formulae:

LemMMA 2.2. — Let us fix (r,s) € K. .

1. If (r, s) belongs to Case 17, then we have

[Me(z, hi;s)] = [Le(z, hi;é)] + Z [L(z, hk;é)] (i € Z).

kEZ, |k|>|i|

2. If (r, s) belongs to Case 2%, then we have

[Me (2, hize)] = Z[Le(z7 hie)] (i € Z3o).

k>i
3. If (r, s) belongs to Case 3%, then we have

[ME(Z,h(~1)1—1i;£)] = Z[Ls(zvh(—l)kflk;s)] (7' € Z20)'

k>i
4. If (r, s) belongs to Case 4.1%, then we have

[Me(2, hos 1)l = D [Le(2,hogs )] (i € Zso)-

k>i
5. If (r, s) belongs to Case 4.2%, then we have

[Mc(2, haie)l = > _[Le(z,hame)] (i € Zico).

k<i
6. If (r,s) belongs to Case 5, then we have

[Mo(2, hoo)] = [Lo(2, hoo)l + Y (Lo (2, hso)),
k>0

[Mo(2, hio)] = [Lo(z, hio)l + 2D [Lo(2, hio)] (i € Zo)-
k>1i

Let C be the category C(Z:h) introduced in §2 of [IK2]. The third result
that we will use later is the extension:

TOME 53 (2003), FASCICULE 6



1764 K. IOHARA AND Y. KOGA

LeEmma 2.3. — Suppose that (r,s) € K}, belongs either to Case 1*
or to Case 5%. For m,n € Z and o,T € Zy, we have

EXttlf(Le(Z, hm;e; 0’)7 Ls(27 hn;a; T))

C? [lm|—n|l=1 A e=0A (r,s)=(%,5) A mn#0,
s)

~ e=0A {
= 9C  ml=Inll=1 A (rs)

o™
Il
[
>
[\]
=
3
L)
|
>
S
Q)
~—
=
I
Q
|
!

{0}  otherwise.

Proof. — First, we note that for z,h,h’ € C and 0,7 € Zo, one can
compute Ext}(M.(z, h; o), L.(z,h'; 7)) as a direct consequence of Proposi-
tion 2.1 and Theorem 5.1 in [IK2] if either € # 0 or h # 34 z is satisfied. If
e=0and h = i z, then by the short exact sequence

1 - 1 1
— —2z;1- — —z; — M, —z; —
0 My (z, o z; 1 cr> N(z, o z,a) 0 <z, 2 z,a) 0,

we have the next exact sequence

1
Home | N ( 2, —z;0 ) ,Lo(z, ;1)
24
1 - /
— Home | My | 2, ﬂz;l —o0),Lo(z,h'57)
1
— Ext} (Mg (z, 2—4z;a) ,Lo(z,h';'r))
1
— Ext (N (z, ﬂz;a) ,Lo(z,h';r)) .
By Proposition 2.1 and Theorem 5.1 in [IK2], we get
1 1 '
Exte | V| 2, Ykl ,Lo(z,h";7) ) = {0},
from which it follows that
1 1 /
Extg (MO (z, ﬁz;a) , Lo(z, h ;T))

ANNALES DE L’INSTITUT FOURIER
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FOCK MODULES OVER NS AND R ALGEBRAS 1765
Second, by the short exact sequence
0 — M. (2, hmie;0)(1) — Mc(2, hme;0) — Le(2, hmie; 0) — 0,
we get the following long exact sequence:

Home (M (2, hmie;0), Le(2, hnse; 7))
— Home (M (2, hmye;0)(1), Le (2, hnye; 7))
— Bxtg (Le (2, hnie; 0), Le (2, hnie; 7))
— Exté(ME(z,hm;s;a), Le(z, hne; 7))
— Extg (Me(2, hine; 0)(1), Le (2, hpoe; 7).

Now, suppose ||m| — |n|| # 1. Then, by Theorem 4.1 in [IK2], we have
HomC(Me(z7hm;5;U)(1)7Le(z n;ey T {O}

Moreover, if at least one of the conditions ¢ = 1, (r,s) # (,2),
(m,n) # (0,0) and 7 = o is satisfied, we have

Exté(ME(z, hmie; 0), Le(2, hne; 7)) = {0}.
Otherwise, we have an inclusion
Extg(Lo(z, ho.0; 0), Lo(2, ho,o; 7)) < Exte(Mo(z, ho,o; o), Lo(2, ho,o; 7)) = C.

Assume that EXté(Lo(Z,h();();O'),Lo(Z,h();O;T)) # {0}, and let EL be
the corresponding non-trivial extension. Then, there exist a non-trivial
extension Fj; which corresponds to a non-zero element of Exté(MO
(2, hoy0; ), Lo(2, ho,0; 7)) and a surjective morphism 7 : E)y — Ep. But,
this is impossible since Fj; is the co-kernel of the map

Mo(z, hoy0; 7)(1) = N(z, ho,o; 0),

there is no submodule of E)j; whose character is the same as the character
of Kerm by Proposition 6.1 in [IK2]. Thus, we get the result in this case.
Next, if we have |m| — |n| = =1, we get

Homc(M( mg,U) Ls(z n;es T )) = {0}

and
EXté(ME(z»hm;s;U)7Le(z nie; 7)) = {0}

TOME 53 (2003), FASCICULE 6



1766 K. IOHARA AND Y. KOGA
from which it follows that
EXté (LE (27 Pomses 0)7 Ls(z, hn;e; T)) = Hom¢ (ME(Z, Pmie; 0)(1)7 L (Z7 hn;a§ T))

Hence, the result follows from Theorem 4.1 in [IK2].

Next, if we have |m| — |n| = 1, it follows from Theorem 4.1 in [IK2]
that
HomC(ME(z, Pme; o)(1), LE(Z’ hne; T)) = {0}
Let 04 € Zy be the elements satisfying 2(ha(jm|+1);e — Pmie)-1 = 0+ — 0.
Again by Theorem 4.1 in [IK2], we have the following short exact sequence:

0 — M(z, hm;e;a)(2) — M (z, h|m|+1;e;0+) 2] Ms(zah—(|m|+1);e§g—)
— ME(Z,hm;e;a)(l) — 0,

from which we get the following exact sequence:

Home (M (z, hm;e; 0)(2), Le (2, hnie; 7))
- EXté’(ME(thm;EQO')(l)aLs(z7 hn;s?"_))
— Exte(Me(2, hjmj+1,6504) © Me(2, he(jm)11);65 0 ), Le (2, Bnge; 7))

Thus, by assumption, we get
Exté(Ms(Z, Pmie; 0)(1), Le(2, hpye; 7)) = {0}
which implies

Exté(LE(z, himies 0)y Le (2, hnse; 7)) = Exté(Me(z,hm;E;o),LE(z, hne;7)). O

Finally, we state a result on singular vectors of N(z, h). It can be easily
seen by Proposition 3.2 in [IK2] and its proof that an even (resp. an odd)
singular vector of N(z, h) can be parametrized by a certain two dimensional
vector space. Here, we specify a one dimensional subspace which in fact
parametrizes an even (resp. odd) singular vector at non-supersymmetric
points, i.e., except for the case when it belongs to Case 5%.

Recall that for € € {3,0}, o, 3 € Z> satisfying o — 8 € 1 — 26 + 2Z
and t € C*, we defined complex numbers z(t) and hq g.c(t) by

15

2(t) = — = 3(t+t71),

oelt) 1= (07 — 1)t = (0B ~ 1) + (6 = e~ +3.(1— 22),

=

(1)

oo
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FOCK MODULES OVER NS AND R ALGEBRAS 1767

Remark that we have the following symmetry:

(2) hﬂ,a;O(t_l) = ha,B;O(t)'

As one can see from the determinant formulae (see, e.g., Lemma 6.1 in
(IK2]), the pre-Verma module N(z(t),hq,p0(t)) contains even and odd
singular vectors of level %aﬁ. Let us describe the even singular vector
in this case. Let |z, h) € N(z,h) be an even highest weight vector:

Lo.|z,h) = h|z,h), c.|z,h) = z|z,h).

Let wa,g 1= (Xa,8Go+Ya,8).|2(t), ha,po(t)) € N(2(t), ha,po(t)) be an even
singular vector of level %aﬁ which is regular in t*!. Expanding Wq,g With
respect to the basis B}  ; defined in §6 of [IK2],

2

lap-1 1
Xop =X G aL2 T 4] Yap=cl L3P 4.,
we see that the coefficients cgi 8 c}:’ 5 satisfy the following quadratic relation:

(3) ((at - ﬂ)ci{,ﬂ + atcg,ﬁ)((a - ﬁt‘l)ciﬁ - ﬂt‘lc};ﬁ) =0

by Lemma 3.3 in [IK2|. Indeed, we can say more about the coefficients
cé{ 8 c};’ 5 as follows:

PROPOSITION 2.1. — Suppose that (2(t), ha,g:0(t)) does not belong to
Case 5*. Then, the coefficients ci 8 cg’ g satisfy

(at—,@)ciﬁ—katc};’ﬁzo a=0(2),
(a=pt=1)ek;—pt~lcl ;=0 a=1(2).

Proof.— By the symmetry (2), we may assume a > (3 without loss
of generality.

We prove this proposition by induction on the level n := %aﬁ.

The first step (@, 3) = (2, 1) can be checked by direct computation. Assume
that we could prove the statement up to level n—1. To prove the statement
for level n, we use the embedding diagram (Figure 2 in [IK2]) for Case
2+,3%,4.2%. Since we already know that the coefficients ¢ 5, c?; 5 satisfy
the relation (3), we have only to check the statement at a special value.

TOME 53 (2003), FASCICULE 6



1768 K. IOHARA AND Y. KOGA

For each (a, 3) € (Z)? satisfying a3 = 2n and o — 3 € —1 + 2Z~, there
exist t € C*, (o/, B), (", 8") € (Z>0)? satisfying

o —B,a" —B" € -1+ 27,
1
har,50(8) = hayp(t),  harprio(t) = ha prio(t) + 5o/,
al/@/ +a1/181/ — aﬂ.
(The choice of such t, (¢, 3),(a”,"”) will be given in Appendix A.2.)

These conditions imply the existence of the following commutative diagram:

N, ha:grod+5aB)

N(z(0).ha g0+ %a "B ——>N((),ha"g":0(1)) ——> N(z(®),hag::0(1))

NGz ha p:0(0)+5-B) * —> Nz ha,p;0(0)

Figure 1. Splitting of singular vectors
This commutative diagram ensures the following relations:

Ci{ﬂ :20551/1ﬂucg{(/“8/ + C«i(”,ﬁ”c}x/’,ﬂ’ + Caxlwﬂlcgllvﬁll,
CZ,B :c)afl,ﬁ/c();",ﬁ” .

Thus, the statement follows from these formulae and the induction hypo-
thesis. O

2.3. Jantzen filtration a la Feigin & Fuchs.

In this subsection, we will formulate a generalization of the Jantzen
filtration [Ja] & la Feigin and Fuchs [FeFu]. Here, we assume that our ground
field K is of any characteristic.

Let S be an algebraic variety, and V,W be vector bundles over S
of the same rank, say r. Suppose that a morphism of the vector bundles
f:V— Wis given.

We denote the sheaf of sections of V, W by V (resp. W).

ANNALES DE L’INSTITUT FOURIER



FOCK MODULES OVER NS AND R ALGEBRAS 1769

Now, let us fix a regular point P € S and a curve C' C S containing the
point P as a regular point. We denote the restrictions of V, W, V, W and f
to the fixed curve C by Vo, We, Vo, We and fe respectively. Moreover, the
restriction of them to the point P are also denoted by Vp, Wp, Vo p, We, p
and fc p respectively. Here, we assume the following:

Ass The rank of Imfc p is of full, i.e., 7.

We regard the map fc p as a morphism Vg p — We p. Since the
map fc,p and fp are the same morphism, regarded as a morphism between
the fibres Vp — Wp, we denote it by fp in this case. Let O¢ be the
structure sheaf of C. Then, by assumption, O¢ p is a discrete valuation
ring with its unique maximal ideal mp = (¢) with a uniformizing element
te Oc’p.

Under the above setting, we can formulate the Jantzen filtration a la
Feigin & Fuchs as follows:

DEFINITION-PROPOSITION 2.1.— For n € Zyo, we define an O¢ p-
submodule V¢ p(n) of Vo,p and a K-vector subspace Ve ,p(n) of Vp as
follows:

Ve,p(n) = {u € Ve, plfo,p(u) € mpWe p},

Ve,p(n) :={u(P) € Vplu € Ve p(n)}.

Similarly, we define an O¢ p-submodule ZK¢ p(n) of We p and a K-vector
subspace IKc,p(n) of Wp by

IKc,p(n) :=t"" (mpWe p NImfc p),
IKc,p(n) := {u(P) € Wplu € IK¢,p(n)}.

We set IKc,p(0) := Imfc p. Then, the quotient space W¢ p(n) of Wp is
defined by

Wc,p(n) = WP/HKC?P(’R — 1)

Let m, be the canonical projection Wp —» W¢ p(n). We define the ‘n-th.
derivative of f’

fé’f}: :Ve,p(n) — We p(n)
by
Eop(u) = ma((¢7" fo,p () (P)),
where 4 is a ‘lift’ of u € V¢ p(n), i.e., @ is an element of V¢, p(n) satisfying

w(P) = u.

TOME 53 (2003), FASCICULE 6



1770 K. IOHARA AND Y. KOGA

Then, we have the following:
1. The map f™ is well-defined, i.e.,

((t_nfc’p)(ﬂ))(P) S HKC’p(TL — 1) (v’lNL € chp(’n,) N mch,p).

2. We have the following filtration:

Vp = Ve,p(0) DVe,p(l) DVep(2) >, () Ver(n) ={0}.
n=1

3. We have the following co-filtration:
Wp =: WC,P(O) —» WC,P(I) —» WC,P(2) e,

We call the above filtration {V¢ p(n)} of Vp the Jantzen filtration of
(Vp,Wp; f;C), and the above co-filtration {W¢ p(n)} of Wp the Jantzen
co-filtration of (Vp,Wp; f;C).

We remark that a choice of uniformizing element is rather inessential
to define the higher derivatives fénl),, i.e., they are defined up to a scalar
multiplication.

This (co-)filtration enjoys more properties:

PrRoOPOSITION 2.2. — For any n € Z~g, we have
1. Vg p(n) = Kerfgj;l),
2. We,p(n) = Coker f((jyyl;l).

This proposition suggests the following duality between the Jantzen
filtration and the co-filtration. Namely, let VY, WY be the dual vector
bundles to V (resp. W), and let

tfowY — vV

be the transpose of f (to be precise, ' f is the transpose of the morphism
f at each fibre). Then it defines the Jantzen filtration {W¢, p(n)} and the
co-filtration {V¢ p(n)} of (Wp,Vi;tf;C). By the duality, we mean the
following proposition:

ProposITION 2.3. — For any n € Z~g, we have
W¢ p(n) = Wep(n)', V& p(n) = Vep(n),

ANNALES DE L'INSTITUT FOURIER



FOCK MODULES OVER NS AND R ALGEBRAS 1771

where * signifies the dual as K-vector space.

The proof of the above three propositions is rather straightforward,
and we will omit it here.

Now, for each s € C, let U C C be an open neighborhood of s over
which the vector bundles Vo and W become trivial. Let {m;}1¢icr C
(U, Ve), {ni}1<icr € T(U,W¢) be T'(U, O¢)-free basis of I'(U, V¢) (resp.
(U, W¢)). We define det fc s € Oc,s by

(det fo,s)ni Ang A+ Ang = fos(m1) A fo,s(m2) A+ A fo,s(my).

We remark that det fc s is well-defined up to a multiplication by the units
Of -

The next statement follows by an argument similar to the case of the
original Jantzen filtration [Ja], and is called the character sum formula. Let
vp be the valuation of (O¢ p, mp) satisfying vp(mp \ m%) = {1} C Z.

LEMMA 2.4.

vp(det fo,p) = Y dimg Vo p(n).

n=1

3. Fock modules I: basic properties.

In this section, we will study some basic properties of Fock modules.
3.1. Screening operators.

Let us first recall isomorphisms among Fock modules.

Lemma 3.1 (cf. [IK2]).— For A\,n,x € C and € € {0, 3}, we have
1. .7-'/’\72 = .7:,7\7:5“;6,

2. Fe = FolE L,
3. (F) = FIS aan

In particular, it follows that

(]:;I;E)c ~ ]:fk—?’l;f?.
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Proof.— The first isomorphism is induced by the automorphism of
the Lie algebra H defined by

Qp, — Qp + KOp 0K, Ky — Ky.

The second isomorphism is induced by the automorphism of the Lie algebra
'H defined by
Ay — —Qnp, Ky — Ky,

and the automorphism of the Lie superalgebra D, defined by

Pk —Qk, Kp — Kp.

The third isomorphism is induced by the isomorphism (F7€)¢ = F€ ag
(H & D.)-module, where the anti-involutions o4, 0p, of U(H) and U (D)
respectively are defined by

or(an) = a—n, orn(Kn) = Ky,
op, (Pk) = Pk, op.(Kp,) := Kp,.
O

By this lemma, it is enough to study the properties of Fock module
F® instead of seemingly general F)';.

Our arguments in the rest of this subsection follow [TK], where they
considered the Virasoro algebra. For p € C and an indeterminate ¢, we

define the operators e#?, (#%° € End¢ <€Bne c _7:n;e> by

e.(191,)®(1e1%):= (18 11,) ®(1®1°),
"0 (191,) @ (1®1°) =*1(191,)® (1o 1°).
The operators X, (¢) and Sj,(¢) are defined by
— A—k k Ak .k a
o (s ) e (1 e
k>0 k>0

Sa(€) = Xu (¥ (C)-

The commutation relations between S (¢) and Vir. can be computed by
the direct computation.
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LEMMA 3.2.— Forn € Z and m € € + Z, we have

0
a "

G 550 = ¢ {7t + (a =20+ D) X0

(L, S5(0)] = c"{ e —2m+1>(n+1>}s,i(o,

where [ , |4 signifies the anti-commutator.

For a € Z1, the composition of the operators X, ((;) (i = 1,---,a)
is given by

Xu(C) Xl = ] G-

1<i<j<a

X exp (uz Lok ZC,) exp (—ﬂZ%iC{’“)

k>0 k>0 i=1
Hao
x cama (H gi) .
=1

We remark that the left hand side of this formula converges on {(¢1,- -+, (a)]
[¢1] > |¢2| > - -+ > |Ca| > 0}, and the right hand side provides us its analy-
tical continuation. Motivated by this formula and Lemma 3.2, for 1 < j < a
we set

)

—pao— 3 (a—1)(p*+1)
Ke(p;C1,- -5 Ca) := S5 (G1) - (H g,)

pao— 3 (a—1)(p*+1)

Kéj)(,u;CIa"'vCa) = SZ(Cl) (CJ SE Ca (H (z) )

where in the second formula only the j-th factor is replaced by X,(¢;).
Then, Lemma 3.2 implies the following commutation relations:

LEMMA 3.3.— Forn € Z and m € € + Z, we have

L Ko, = 67 { iy + 50 = 2+ D+ 1)
i=1

+ o = 3 D+ (0= D Koo,
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[Gm,Ke(u;cl,-~-,ca)]+=2<-1>"‘1<5"_l{ g 2 (”” %)
=1
+ap — %(a +Du+ %(a - 1)ﬂ_1} KO (;¢1,-++,Ca)-

Next, we will look at the Fourier components of K (u; (1, -,(,). For
a € Zoq, set

Mg :={(C1, -, Ga) € (C)IG # ¢ (i #4)}-

Let S, be the local system with coefficient in C associated to the mon-
odromy group of the multi-valued function

H HHHC (al(u+1

1<i<j<a

and S be its dual. For each cycle I' € H,(M,,S)/) and half integers
le(——6)+Z( i < a), we set

Ol L) = [ Kelpiore 6 JT 67
=1

By Lemma 3.3 and integration by parts, we get

ProposITION 3.1.— If A\;n and I;’s (1 < ¢ < a) satisfy A = %(N _
p ), n—\= —%a,u—b,u_l andl; =b— %a for some u € C*, then we have

Oc (i Tsl, -, La) € Hom{, ('S, FH).

Here and after, we fix the relation between A and p as in Proposition
3.1.

DeriNiTION 3.1. — The operator

1
Se(1;T5a,b) := O | ;156 — 5 b-a

is called the screening operator associated to the cycle I' € H,(M,,S);).

ANNALES DE L’INSTITUT FOURIER



FOCK MODULES OVER NS AND R ALGEBRAS 1775

We will consider when the operator S (u;T;a,b) is non-trivial. We
may assume that a > 1, since the case a = 1 is trivial. By looking at the
contribution from the fermions

{‘Ps"'tp(a71)+e b> 0,
P—(a—1)—e """ P—e b <0,

it turns out that the non-triviality of the operator S¢(u;I';a,b) can be
observed by the non-triviality of

2 a e a CZ
(4) / -6 Bla-D+) e

If 1(u?+ 1) € Z, then the local system S,/ becomes trivial, and we may
take the residue around (; = --- = ({, = 0 which is non-trivial. Thus, we
may assume that 1 (u? +1) & Z. Set

l<z<3<a

Yoo1 = {(21, 1 2a—1) € (C*)* Mzi # 2; (i # ), z # 1}.

Then, by the change of variables

G =g, Gi:=Czi-1 (1<i<a),

the above integrand becomes

H (v—z“‘HH L ——(a 1)(u+1)H dzzxdfg

1<i<j<a 1<i<a 1<i<a 2

which is a multi-valued function on Y,_; and define the local system SV“
with coefficients in C associated to_the monodromy group of the above
integrand. We denote the dual of S, by §. Then, Lemma 3.9 in [TK]
implies

Ha(Ma,S;/) = Hafl(Ya_l,S,\L/) ® Hl((C*, C)
This means that for a cycle I' € Ha(Ma,S;’), there exist I'y € H,_
(Yo-1, g)j) and 'y € H1(C*, C) such that the integration (4) is equal to

a— dz; d¢
=z u+1 1-2z u+ : L(a-1)(p?+1) 2/ @
[ 1 [T -2 I

z
i 1<z<]<a 1<i<a 1<i<a
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Thus, we have reduced the problem to the non-triviality of the first factor.
Set

1
Qg := {ueCl%d(d%»l);ﬂ%Z, Ed(d—a)(u2+1)¢Z 0<d<a}.

Then, Proposition 4.2 in [TK] and [Sel] ensure the following:

ProposITION 3.2. — There exist cyclesT',, € Ha_l(Ya‘l,gl\j) defined
on ), such that

1. T'y, is holomorphic on €),.

2. The following formula holds:

2 .
/ H (2 — zj)“2+1 H (1- Zi)u2+1zi—%(a—1)(# +1) H dz;
r

P
H1gi<j<a 1<i<a 1gi<a *

(=m)*'T (a(u® +1) +1)
(a—DIT (3 (p2+1)+ I)GHKKG sin Ld(u2 + D’

where I'(s) in the formula is the Euler Gamma function. Take an integer
a € Zo, a half integer b € 1Z satisfying b— 1a € (3 —¢) +Z and a

complex number p € ,. Take acycleI'; =T, € Ha_l(Ya_l,S/\j), and set

I' =T, x I where I'" is a generator of H,(C*,C). Under this situation, we
have

THEOREM 3.1. — The screening operator

A—Lap—bu~tie A+ Lap—bp~tie
Se(u;Tia,b) : Fy 2 — F, 2

is non-trivial, i.e.,
1. for b > 0, the image of (1®15_14u—pu-1)®(P—(a-1)—c "+ P-e®1%)
. . Lap—bu~1;
is a non-zero vector in .7-')’\\+ 2ATOHE D and
. . A— %au—bu‘l;s
2. for b < 0, there exists a vector in F,

(1 ® 1)\+ %au—bu—l) & (W—(a—l)—e e ® 16)-

One can prove this theorem by a way similar to those given in [TK].

whose image is
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3.2. Determinant formulae.
For (z,h) € C?, set

M.(z,h) :=

—~ {M%(z,h) EZ%,
M(z,h) e=0

In this subsection, we will compute the determinants of two maps
M. (23, hT¢) — FJ€ and F)® — M.(2x, h]€)¢, whose composition is
the map S, pme : Me(2x, hY'") — Mc(2x, h])° defined by

1917, e v (1817 )’y (181], ) (181T, ) = (~1)70s,r

for 0,7 € Zy. Clearly, the modules Ma(z,h),ﬁg(z, h)¢ and the map gz,h
are Z x Zo-graded for (z,h) € C2. Thus, for n € (1 —€)Z and 7 € Zy, we
set

M.(z,h)T := {u € Mc(2,h)|Lou= (h+n)u, degu=r},
(Mo, h)_C)T = {u € Mu(2,h)°|Lou = (h+n)u, degu=r},

(Sz,h):, = Sz,h

Me(2,h)],

Fixing basis of M, (z,h)7, (Ms(z, h)c);, we define the determinant of the

map (§Z k)7, which is denoted by (Ets(z, h)7 . This determinant can be easily
computed, and the result looks as follows:

LEMMA 3.4.— Forn € (1 —€)Zso and T € Zy, we have

(ize/’ce(z,h):L x H @a’g;g(z,h)p‘("_%aﬁ).

o,BELq,
1<afB<2n,
a—BEl-2s+22>0

Next, we introduce our basic tools to study Fock modules.

DEFINITION 3.2.— For (A,n) € C? and € € {0, }, we define two
Vir.-module maps Ty ,.c, LM as follows:

A i€ ;€
P)\,n;s .ME(Z)\,hZ ) b .7:/\ ,

1012 e — (101,) ® (1©1°),
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in particular, we have
PAYT’;O(l ® lzhhzﬂ) =po(l1® 177) (1 10).

. . e TN 2 mie o —~ .
LA e :}-/1\7,5 o~ (_7:/3/\ nYE)c A 2A—mie Ma(thhi/\ n,s)c — Me(ZMhK’s)C-

Note that the Fock module F)'® is Z X Zs-graded, and the maps
Cames LA7€ are also Z x Zg-graded. Hence, for n € (1 —¢€)Zso and 7 € Zg,
we set

(FI0 o= {u € FJ¥|Lou = (R + n)u, degu =,
Camie)n = Cxmell iz, oy peyy * Me(2a: B0 — (FX)7,

(A7) o= (LA (R — (Meon, b))

Nz .

We denote the determinants of the maps (I'x,.c)n and (L»€)7 by
det(T'x ,.c)7 and det(L*™€)7 respectively.

The explicit formulae of det(I'x,.c), and det(LM€)7 can be de-
scribed as follows. For A € C, set A4 := A+ VA2 + 1.

TuEOREM 3.2. — For (\,n) € C%, ¢ € {0, 3}, n € (1 — €)Zso and
T € Zo, we have

Lrs)

i 1 pe(n—
det(Tx pie )y X H (m—XA)+ 3 (ray + s)\‘)} ,

™SELSQ,
1<rs<2n,
r—s€(l1—2e)+2Z

. 1 pe(n—1%rs)
det(LM™€)T o 11 {(n —A) = (A + s)\_)} .

™SELSQ,
1<rs<2n,
r—s€(1—2¢e)+2Z

Proof. — The proof of this theorem is based on the results of § 3.1.
In fact, one can easily show that the left hand sides are divisible by the
right hand sides. But since we have L»"€ oIy .. = 2x,h7¢ > We have

(5) dete (23, hJ); = det(LAT)] x det(Tx psc);

by a suitable choice of basis. Hence, we conclude that the left hand sides
coincide with the right hand sides by Lemma 3.4.

The details are left to the reader. O
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4. Fock modules II: structure theorem.

In this section, we will study the detailed structure of the Fock
modules F€.

4.1. Classification of weights.

In this subsection, we will classify the pair (A, n) of parameters which
specify the module F,'.

First, for T € C* and (o, 3) € Z2, we set

MNT):= = (T -T71Y), Nap(T) :== = (aT — BT7Y).

DO | =
N[ =

These AN(T),0q,3(T) and z(t), hqa,pe(t) recalled in §2.2 are related by

AMT)ENa,s(T);
(6) any = 2T, gy T = hape (T2).

Thus, by abuse of notation, we say that a pair (), n) belongs to Class
* if the corresponding weight (zx, h7¢) does.

If the pair (A, n) belongs to Class V, we have nothing to do.

If the pair (), n) belongs to Class I, then there exist (o, 8) € (Zs0)?
and T € C* satisfying

a—fel-2+4+2Z T*¢Q, A=XT), n=XNT)=xnqs(T).

If the pair (\,7) belongs to Class R*, then there exist p,q € Zsg
satisfying p — q € 2Z, (E5%,q) =1 and

v (o).

wy =1, w_ = (=1)2.

where we set

First, if the pair (A, 7n) belongs to Class R™, then by Theorem 3.2, it turns
out that both of the maps I'y ;.. and "¢ can never degenerate at the
same time. This means, in this case, the Fock module F}*° is isomorphic
to either the module Ms(z,\, h1) or its contragredient dual Ms(z)‘, h7)e.
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Thus, the structure of the Fock module F}* has already been investigated
in §4 of [IK2]. Hence, we will classify the only pair (\,7) that belongs to
Class Rt below.

Set
0
0

"R
——

K, q:= {(r,s) € 7?

For each (r,s) € K 4, we set

N N
NN

SRS
~—

D n(i—l)q+7‘,~s ( i =1 mod 2,
)+

n(r, ;1) := A < = Tigrs (\/g) i =0 mod 2.

q
According to the degeneracy of the weights n(r, s;1), we regroup K, 4 into
four groups as follows:

TaABLE 1. — Classification of K, ,

O0<r<g ANO0<s<p

Group #
(r,s) # (4, %)

Group © r=4 ANs=2%&
Group b || (r=0(q) A sZ0(p)V (r£0(q) A s=0(p))
Group ¢ r=0(qg) N s=0(p)
Remark 4.1. — The degeneration of 7(r, s;i) are summarized in the

following table:

Group & | 7 =0 (q) n(0,s;4) = n(q,p — 531 — 1)
_ n(r,0;i+ 1) =n(r,0;7) =0 (2)
SEOW i) =) i=1(2)

Group ¢ Vs n(0,s;%) = n(g,p — 835 — 1)
v n(r, 04+ 1) =n(r,0;4) =0 (2)

n(r,p;i+1) =n(r,pi) i=1(2)
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Thus, we may assume that the range of ¢ in n(r, s;4) for each case is given
by the following table:

Group || #
Range || Z |Z |2Z | 2Z

G
&
<

Remark 4.2. — The automorphism of K, ; defined by
(’I", 3) — (q -np- S)

has the following meaning. It can be checked directly that we have

n(q—r,p—s;i)—/\< g) = - (n(r,S;—i)—/\< g))

which implies that

prla=mp=siiie _ pn(r,si—i)ie
A A :

This, in particular for ¢ = 0, is nothing but the symmetry of the Kac table,
and at the level of the Fock modules, we have

]_-;\I(Q—T,P—S;i);f ) (]:')7\1(7'73§—i)§€)c
by Lemma 3.1. This observation simplifies the arguments given in § 4.3.
Remark 4.3. — Setting
o pn(rsii)ie
h(r,s;i)e := hy

for (r,s) € Kpq and i € Z, the Lo-weights h(r, s;¢). and h;. defined in
[IK2] are related as follows. Set

o:Kpq— K}, {(rs)}—{(r,s),(g—rp—39)} NKS,.
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Then, for (r,s) € K, 4, the weights {h(r, s;4)c} and the weights {h;..} for
o(r,s) € K, are related, and their explicit relations are given by the
following table:

Group | (r,s) € Kp 4 h(r, s;%)e o(r,s)
3 rp+ sq < pq hi.e (r, )
rp+ sq > pq h_ie (g—7r,p—3s)
hi.o 1 >0
o | 5D P (3.3)
hi—q—zye i21-2% (¢,p—s) r=0
= i q
& r=0{ —z‘—gq;e i<1l-¢ (g,8) r=gq
s=0 (p) hsgn(sq—rp)(i—%);s t > % (q - p) s=0
hsgn(sq—rp)(i-{—(l—%));s 1 < Ié;, (Tap) S b
h_i El 12 s
O | rp—sg#0 g 78 (0,p)
z+23 e P
h,.1 120
p—sq=0 "rico (a,p)
_1’75 N

The list of the lattice points on the line I7 ., (o € {£}) defined by
the factors of determinant

osi ¢ (n(r,sn’) —A< g)) - QL\/p—q(m—qﬂ) =0

in the first quadrant of the (a, 3)-plane for Class R* is given in §A.1.
4.2. Structure of Fock modules: simple cases.

In this subsection, we will set up the necessary tools to study the
structure of the Fock modules F}**. In particular, we will also study the
case when (\,7n) does not belong to Class RT.

For each ¢ € {0, %}, let M, F,M¢ be the trivial vector bundles on
D = C? whose fibres at a point (\,n7) € D are M,(zx,h7¢),F}* and
M, (zx, h]®)€ respectively. Moreover, let ', L be the morphisms of bundles
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M Y F X wMme

NS
D

whose restriction to the fibre over a point (\,n) € D are T'y ;.. and L»"¢
respectively. We define the morphism of vector bundles S : M — M€ by
S := Lol Since each fibre of M, F, M€ is a graded vector space with finite
dimensional graded subspaces and the morphisms preserve this grading, we
can apply the method developed in § 2.3 and define the Jantzen filtration
and the co-filtration in a natural way. For each point P := (\g,n0) € D,
let Cp be the line defined by

)\—*77—()\0—7’]0)20.

Let {ME (ZA()? hz(;;s)(n)}neZwv {ME(Z)\O’ hzz;a)(n]}ndw and {-7'-23;6 [n)}n€Z>o
be the Jantzen filtration of the quadruples {Mp,M%;S,Cp} (resp.
{Mp,Fp;T',Cp} and {Fp,M%;L,Cp}), and let {Mc(2x,, h3)")°(n) Inez.o
{FL*(n]}nez,, and {M.(2»,, h30%)[n) }nez., be the Jantzen co-filtration
of the quadruples {Mp,Mp; S, Cp}, {Mp,Fp;T',Cp} and {Fp,Mp; L, Cp}
respectively. We remark that since the maps SzA,hT% Ty e and LM€ are
Vir.-module morphisms, it follows that the Jantzen filtrations and the co-
filtrations defined above are sequences of Vir.-modules.

For (\,n) € C? and each n € Zso, set

PI‘(n) : ME(Z)‘, hZ;E)C —» ME(Z)U hz;&)c(n)’
pr™ . FJE — FFE(n],
Prl™ : M, (2, BT€)° - M. (25, hT€)[n).

Fixing a uniformizing element t of O¢, p, the n-th. derivative of S’thhzye,
I'xne and LM are defined, and we denote them by Sin)h,,;s,f‘g\"]_ and
s »hY €

Lf;;;”s respectively.

LemMA 4.1 ([FeFu]).— Let k,l € Zso, and assume there exists a
vector

w € {Me(z,h)(k SO\ M.(2,h)(k+ 1+ 1)}

N { Bz, )R\ Mz, ) (k411
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where we set (z,h) = (zx, h7°). Then, there exist vectors w' € FV°[l)\
FLEl+ 1) and w® € Mc(z,h)¢ \ {0} satisfying

k
1. Pri¥l(w/) =1 (w),
2. Prik+D (ye) = ng;l)(w) and Prl (w°) = L[)z’)";é(wf).

Proof.— Set P := (A\,n) € D and (z,h) = (2x,h]"). Let
Mecp p, Fep,p and Mg, p be the stalk of the sheaves of sections of M¢,
(resp. Fop and Mg,,,) at the point P. For each n € Zo, we set

MCP,P(n) = {u S MCP,p ISCP,P(U) c m’}éMCCP,P} R
Mcp p(n] :={u € Mc, p|lcy p(u) € mpFc, P},
]:CP,P[n) = {u € fcpyp |LCP’P(U) S mTIL’M((:Z’p,P} .

Then, since we have
{U(P) u€ Mc, plk+1)\ MC',,,P(/C +1+1), }
u € Mcp,p(k]\ Mcp p(k+1].

- {Mgu, WY(k + 1)\ Ma(z, h)(k + 1 + 1)} N {Ma(z, h) (k] \ M. (2, h)(k + 1]}

by definition, we can take
u€ {Mcpplk+ )\ Mcppk+1+1)} N {Mc, p(k]\ Mc,,p(k+ 1]}
satisfying u(P) = w. Now, setting
w! = ((t*Tep,p)@)(P),  w®:= (7" Sc, p)(w)(P),

where ¢ is the fixed uniformizing element of O¢,, p, it is easy to check that
these wf, w® satisfy the properties in the lemma. O

Let us study the structure of the Fock modules F)’° in each case.
First, if a point (A\,n) € D belongs to Class V, then the module F)*° is
irreducible. Hence, we have

LEMMA 4.2.

FT€ = M, (25, hT€) 22 M, (25, BT€)°.
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Second, if a point (A,n) € D belongs to either Class I or Class R,
then only one of T'y ,; and LM€ can vanish. To be precise, take T' € C*
satisfying A = A(T') and (o, 8) € (Z>0)? satisfying n € {\(T) £ na5(T)}.
Then, by the determinant formulae (Theorem 3.2), we obtain the following
lemma:

LEMMA 4.3. — Under the above setting,

1. if n = XT) + 0o, s(T), then we have

F€ o2 M, (25, K7€),

2. ifn = ANT) — 0a,p(T), then we have

FJE = M (2, hT°)".

4.3. Structure of Fock modules: Class R*.

In this subsection, we study the structure of the Fock modules F}**
in the case when (A, 7n) belongs to Class R in detail.

Let us fix p, g € Z~¢ satisfying

p_(IGQZ, (p—;qu):lv

A::A(ﬁ) 2= 2

As in [IK2], we use the character sum formulae to study the structure of
Fock modules. By the duality stated in Proposition 2.3 and Remark 4.2, it
is enough to compute the character sum formulae

> chM. (2, hie ) (k).

k>0

and set

The results are given as follows:

LeMMA 4.4. — The sum

> chM, (2, h(r, s;1)e) (]

k>0
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is given by
1. Group # & Q: (i € Z),

S R (2, hr, 55 = (1l + 25 — 1)),

k>0

2. Group &: (i € 2Z),

(i) r=0 (g):

s (o 3 ()
(ii) s =0 (p):

s (o3 (o3)

3. Group $: (i € 2Z),
(i) 3 # 0:

Z chME(z, h(r,s;t+ 2(sgni)k)e),
k>0

(ii)i=0 A rp—sq#0:

Z chﬂa(z, h(r, s;2(sgn(rp — 59))k)e),
k>0

(iii)) e =0 A rp—sq=0:
Zchﬂs(z, h(r, s; £2k)).

k>0

This lemma is a simple consequence of Lemma 2.4, Theorem 3.2 and
8A.1.

Now, we first analyze the structure of the Fock module F}** where
(A, m) belongs to either Group # or Group ©. In this case, we have the
following lemma:
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LEmmMmaA 4.5 (Group & & ©).— Fori € Z and k € Z~¢, we have

M. (2, h(r, s;4)e) (k] = Mc(z, h(r, s;—(|i| + 2k — 1))e).

Proof. — We first prove the case when (A, 77) belongs to Group #. We
prove the statement by induction on k.
By Lemma 4.4, it follows that dim M. (z, h(r, s; 1)e)(Un—h(r,s;i). = {0}

for h < h(r, s;—(li| + 1))e and ME(Z7h(r’5;i)€)(I]h(r,s;—(|i|+1))s—h(r,s;z’)z #
{0}. Thus we conclude that

—~ ) (Vire) +
{ME(Z, h(r, S; Z)s)(l]h(r,s;—(|i|+l))5—h('r‘,s;i)E } 7é {0}
On the other hand, Lemma 4.4 implies that
—~ ) (Vire) 4
{ME(Z7 h(T‘, 85 'L)E)(1]h(r,s;|i|+1)g—h(r,s;i)e } = {O}a

since we have [Mg(z,h(r, $;1)e)(1] : Le(z, h(r, s;]i| + 1)e)] = 0. Thus, by
Theorem 2.1, the statement for k¥ = 1 is proved. Assume that we could
prove the statement up to k — 1. Then, it follows from Lemma 4.4 and the
hypothesis that

> ch M (2, h(r, s31)e) (1] = Y ch Me (2, h(r, s; —(Ji] + 21 — 1))e).

1>k >k

Thus, by an argument similar to the case of kK = 1, we can prove that the
statement is also true for k, and we complete the induction.

Second, we prove the case when (A, ) belongs to Group ©. Again, we
prove the statement by induction on k.

By Lemma 4.4, it follows that

. T q P . q p .
—_, = = —_—— — ]_
dim M, (z,h(2, 2,1)0) (1]h—h(g,£;i)o {0} for h < h (2, 5 (2] + ))0

and

qp. .
M, (z,h(g’ 5;1)0) (Uncg,2;-qu+1)0-n(, 23000 7 {0}-
Thus, we see that

o g PN g (Viro)
(@ dim {Mo (2.0 (5. 5:9) ) (g giqsnno-ncs. g |
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First, we prove the statement in the case ¢ = 0 and kK = 1. Let S €
; 0
U((Viro)-)}y h(3,2i—1)o—h(%,20) \{0} be an element such that S(1®1} L ,)
is an even smgular vector. Suppose S.(1 ® 12 1 ,) € Kerl'y xo. Then,

v 24
since we have S.(1 ® 1,) ® (1 ® 1°) = 0 by assumption, we see that
S is an element of the left ideal of a certain completion of U(H & Do)
generated by H,i, Do+ and ap — A. But then, it is easy to see that
GoS.(1 ® 1; 1) is also an even (non-zero) singular vector, and since
)24 B
we have Thxo0(1® 1! 4 ) = ¢o(1 ® 1)) ® (1 ® 1°), it turns out that
- )24
GoS.(1® li Lz) € KerI'y ».0. This is impossible, since we have
' 24

1 1 1
N —_— M —_
Mo( 24 ) M0<Z,24Z)@H 0(2,24Z>

and (7). Thus, by Theorem 2.1, we conclude that the statement is true in
this case.

Second, we prove the statement in the case ¢ # 0 and k = 1. Let
. 1
X € U((Viro)-)n(g, gi-(il+1)0-h(3, & o>

Y € U((Viro)-Dacg, g i—(il+1)o-h(4. B o
be elements such that (XGop + Y).(1 ® 12 (S, 5o ) is a non-zero even
singular vector. Then, it is easy to see that (n (2, Bii) = A\)Xpo+Y is an
element of the left ideal of a certaln completion of U(H @& Dy) generated
by Hy, Do+ and ao — n(%, §;4). Then, it is also easy to check that the
even singular vector GO(XGO +Y)Go.(1® lz R )0) is also an element
of Kerl'), (%, 250);00 which implies that

(8) Go(XGo+Y)Go. (1®1 (g, g;i)o)O((XGO—I—Y) (1®1zh( 2 :i)0)-

5’2

Expanding X and Y with respect to the basis Bg( q
2
as in [IK2]

&= (lil+1))o—h(§, 55i)o

—CXG Lh(gvzv—'(l |+1))0 (2’2’1)0 1+

b

Y—C L(z?zv_(ll'i'l))o h(2,2,1) +

K

ANNALES DE L’INSTITUT FOURIER



FOCK MODULES OVER NS AND R ALGEBRAS 1789

and comparing the coefficients of G_1L_} R4 _(“'H))O_h(%’%;i)o_lGo and

L}_l(lz’z _(| |+1)) h(2 I J)O , we Obtall’l

({5 50001), (3 54) ) o
0

> 4i’ck + 4ilcxey — (20| + 1)k =

by (8). This implies that cy # 0 and 2cx +cy # 0, and hence the statement
is true in this case by Theorem 2.1. Assume that we could prove the
statement up to k — 1. Then, it follows from Lemma 4.4 and the hypothesis
that

> chMo (2, h(2 :; ) )@= chiMo (z,h(g,g;—(|i|+2l—1))o).
1>k 1>k
Thus, we see that

dim{ (z h(2 2 ) )(k]h(2,2, —(Ji]+2k—1))o— (g,g;i)o}(Vir0)+ =1

Paying attention to the fact that there exists a section u €
Mcp,p(kln(g, 2, (jil+26—1))0—h(2,2:0), \ {0} such that u(P) is an element

(Viro)
of {MO 2 k(35 §i1)o )(k]h(ﬂ Bi—(Ji|+2k—1))o—h( % ,z)o} 7"\ {0}, we can

prove that the statement is “also true for k by mmﬁar arguments. Therefore,

we have completed the proof. O

First, suppose that (\,7n) belongs to Group #. For k € Z \ {0},
let wy € Ms(z, h(r,s;i)e) be a singular vector of Lg-weight being
h(r,s; (sgnk)(|i| + |k|))e. Second, when (A,n) belongs to Group ©, for
k € 2Z\ {0}, we let wy € Mg(z h(4, %;i)o) be a singular vector of Lo-
weight being h(2, §; (sgn k)(|i[+|k[))o which is an image of a highest weight
vector under an injective map (see Theorem 4.4 in [IK2]). For k € 1+42Z,
we let wy € Mo(z h(Z,%;i)0) be a smgular vector of Lo-weight being
h(%,2;—(li| — k))o which belongs to Mo(z h(%,B;i)o)(=%], and for
k€ —1+2Z~g, we let wg € Mo(z h(4,%;i)0) be a singular vector of Lo-
weight being h(Z, £;i| + k)o which is not a scalar multiple of w_x and is
an image of a highest weight vector under an injective map.

Now, for k € Z\ {0}, we define a vector w] € f;'(r’S;i);E as a vector that
corresponds to wy € Mc(z, h(r, s;i)c) in the sense of Lemma 4.1. Here we
also set wg =11, ®(1®1°).
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As an application of Lemma 4.5, we can illustrate the structure of the Fock
module F)*° in the case when it belongs to Group # or © as follows:

THEOREM 4.1 (Group # & Q). — The structure of the Fock module
FIt€ (i € 7) can be described as follows:

1. For k € Z~q, we have
U(Vilrs).wgk_1 > L. (z,h(r,s; |3 + 2k — 1),).
Thus, we set G} .= FIOD€ ) g 0 U(Virg)awf, ,, and let
T ]_-;)(r,s;i);e N gz(r,s;i);a
be the canonical projection.

2. For | € Z, we have

Le(z, h(r, s; (sgnl)(|i| + 2)1]))e) 1#£0,

U(Virs).’/r(wétl) = { L.(z,h(r, s;1)e) -0

Hence, we set Gz(r’sﬂ);g = g;’(“”)?e/ Diez U(Virs).ﬂ(wgl), and let

— n(r,s;i);e —=n(r,s;i)ie
T Q/\( Ve, Gy

be the canonical projection.

3. We have the following isomorphisms:

=1(7,834); c N =
Gy U @ U(Vire). 7o 7r(wf2k+1),
kJEZ>0

U(Vire) 7o m(w! ) = Le(z,h(r, s —([i| + 2k — 1)) (k € Zso).

T,8;1);€

Remark 4.4. — Pictorially, the structure of the Fock module .7:;'(
that belongs to either Group # or Group © can be illustrated as follows:
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e G Gre
.’/\O\O X .\Q X ; ®
L \g o/o x x
>] NG

?\ o — X o — X ]
> .

O\ @) o ? X X

<) N

....’
X
O
X
[ ]

Figure 2. Group & & Q
Here, e and x denote a singular vector, and the zero vector in the
indicated quotient respectively. The arrow

v—w

signifies the fact that the vector w lies in U(Vire).v in an appropriate
quotient module. The existence of these arrows is the direct consequences
of Propositions 2.2, 2.3 and Lemma 4.5. Indeed, we have

M. (2, h(r, s;9):) (k] & M (z, h(r, s; —(|i| + 2k — 1)).),

M. (2, h(r, 8;9))°[k) 2= M (2, h(r, s; [i| + 2k — 1).)°
in this case.

Now, let us prove Theorem 4.1.

Proof. — By the fact that we mentioned in Remark 4.4 and Lemma
4.1, it is easy to see the following facts:

A) The character of the modules .F"(T’S;i);a k) and KerPr®l for
A
k € Z~q can be expressed as follows:

chFy " (k) = chM. (2, h(r, s; |i] + 2k — 1).),
chKerPr®! = chM,(z, h(r, s;4)e) — chM.(z, h(r, s; —(|i] + 2k — 1)).).
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(B) For k € Z~o and | € Z, we have

wi € FITEk) = 1< -2k V [>2k—1.

(C) For k € Z~o and | € Z, we have
wl € KerPr® «— —2(k-1)<I<2k—1.

Hence, to prove the first statement of the theorem, we have only to consider
the modules
FIrs)€ k) A KerPr® (k€ Zsy).

In fact, it follows from (B) and (C) that for k € Z>o and [ € Z,
wl € FIE k) A KerPr® = 1 =2k —1.

Moreover, (A) and (B) guarantee that the vector 'w2fk_1 is a singular vector.
Thus, the module

U(Vira).wg,c~1 C f;"(r’sﬂ);e [k) N KerPr*!
is a highest weight module with highest Lo-weight h(r, s; |¢| + 2k — 1).. We
remark that this module is non-zero, and the following inequalities hold

(Vh € C):

[U(Vire)w!, | ¢ Le(z,h)] < [FI€(k) : Lo (2, b)),
[U(Vire).wl, | : Le(2,h)] < [KerPr®) : L (z,h)].

Now, by Lemma 2.2 and (A), it turns out that
U(Virg).wgk_1 > L.(z, h(r,s; 1] + 2k — 1))

and the first statement is proved. In fact, we have proved the existence of
an isomorphism:

FL50E k) N KerPr® = Lo (2, h(r, s;|i] + 2k — 1)e).

Similarly, to prove the second statement, we have only to consider the
modules ‘
FIHE k) nKerPr® ] (k € Zs).
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In fact, similar arguments show that
chﬂ{f;’(r’sﬂ);e[k) N KerPrk+1} = Z chLe(z, h(r, s;1)e).
le{+2k}

Now, the second statement follows from Lemma 2.3.

The third statement can be proved by noting the fact that for k € Z~ and
l € Z, we have

0# Fom(wf) € ®on{FI [k — 1) N KerPr* 1} = 1= —(2k —1).

O

Second, we analyze the case when (A,7) belongs to group &. In this
case, we have the following lemma which can be proved in a way similar to
the case of Group &:

LEMMA 4.6 (Group &).— For i € 2Z and k € Zsq, we have the
following:

1. s# 0 (p):
)i>0V [i=0 A r=q,

M. (z, h(r, s;1)e)(k] & M. (2, h(r, s;i + 2k).).

() i<O0V [i=0 A r=0],
M.(z, h(r, s;7)e ) (k] = M. <z,h (r,s; —i42 <k - g))) .

2.7 #0 (¢):
()i>0V [1=0 A s=0],

M. (2, h(r, s;1):)(K] = M. <z h (r,s; -2 (k - ;))) .

(i)i<0V [i=0A s=p],

M. (z, h(r, s;1)e)(k] & M. (2, h(r, s;i — 2k).).
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As an application of this lemma, we can show the following structure
theorem of the Fock module F' when (A,7) belongs to Group é:

Tueorem 4.2 (Group &).— The structure of the Fock module
fg(r’sﬂ)’e (i € 2Z) can be described as follows:

L.[r=0(q) Ali>0 V[i=0Ar=gq)]] V[s=0(p) Ali<O V
[i=0 A s=p|]]:

(i) For k € Z~¢, we have

L. (z,h(r,s;—i—2k+2<1—

}'n(r’sﬂ);s[k)ﬂKerPr(k] o
A L€<z,h(r,s;*i+2k—2<1—

Yle I3
N——
N——
™
N——
V)
Il
o o
—~
i
~

Thus, we set QZ(T’S;“;E = f;'(r’sgi);a/ OkeZoo f;'(r’sﬂ);s[k) N KerPr(k], and
let

T ]_-;r\]('r',s;z);e - g;\](r,s;i);a‘
be the canonical projection.

(ii) We have

g;‘)(r,s;i);f _ @ F{f;\y(r,s;i);s[l) A KerPr(l+1]},
leZ;O

ﬂ{fj\l(r’sﬂ);s[l) n Kerpr(H—l]} o~ { LE(Zv h(’f', st + 2l)£) r=0 (q)’

L.(z,h(r,s;i—2l)¢) s =0 (p).

2.r=0(q) A[i<O V[i=0AT=0]] V [s=0(p) Ali>0V
=0 A s=0]]:

(i) For k € Zsp, we have

L.(z,h(r,s;i — 2k).) r=0 (q),

n(r,s51);€ (k+1] ~
Fx [k) 1 KerPr - { L.(z,h(r,s;1+ 2k)e) s=0 (p).

Thus, we set g;'("“)?a = f;\’(r’sﬂ);e/ OreZso fg(r’sﬂ);s [k) N KerPr**1 and
let
e f:\)(r,s;i);a _ gz(r,s;i);s

be the canonical projection.
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(ii) We have

g;(r,s;i);s — @ 7r{]_.;\;(r,s;i);e[l _ 1) A KerPI‘(H_I]},
lEZ>0

W{}'z(r’s‘i);e[l -1)nN KerPr(lH]}
L. (z,h (r,s;—i+2 (l—

: =0 (q)
L5<z,h(r,s;~—i—2(l+%))e) s=0 (p).

One can prove this theorem by a similar way to the proof of Theorem 4.1,
so we will omit its proof here.

[a"]

Third, we analyze the case when (A, n) belongs to group <». In this
case, we have the following lemma which can be proved in a way similar to
the case of Group #:

LemMA 4.7 (Group ). — For i € 2Z and k € Zso, we have the
following:

1.i>0V [i=0 A rp—sq>0]:

Ms(z, h(r, s;1)e)(k] = M(z, h(r, s;i + 2k)e).
2.i<0V [i=0 A rp—sg<0]:
Mg(z, h(r, s;i)e) (k] = M, (2, h(r, s;i — 2k)e).
Remark 4.5.— According to our choice of the space of parameters
(i.e, {(A,m)}), one has to be careful when one study the Jantzen filtration

{Me(z,h(r,s;i)s)(k)}kez>0. In fact, in the case when (\,7n) belongs to
Group <, one can check that the following hold:

1Li>0V [i=0 A rp—sq> 0]
M. (2, h(r, s;9)e)(k) = M. <z’h (T’S;i+2 V—;ED ) .

2.i<0V [i=0 A rp—sq<0:

M_(z, h(r,s;i)) (k) = M, <z,h (r,s;i -2 [k—g—l])) .
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This happens because of the ramification of the covering

(C2 B C27 ()‘7 "7) — (z/\vhz;s)'

Note that this is the only subtle case, i.e., the case where the results require
some modifications. (Compare this with Theorem 4.1 in [IK2].)

By Lemma 4.7 and Remark 4.5, the following theorem can be shown
in a way similar to the proof of Theorem 4.1:

TueorEM 4.3 (Group ¢).— The Fock module F1"** js semi-
simple, and we have

}.;\](r,s;i);a o~ @ f;\y(r,s;i);E[k_ _ 1) n KerPr(k],
k€Z>O

fg(r’sﬂ);g[k — 1) N KerPr*!

o [ Le(z,h(r,s;i+2k).) >0V [i=0 A rp—sqg>0],
T Le(z, h(r, 851 —2k).) i<0V [i=0A rp—sqg<0l.
Remark 4.6.— The following diagrams illustrate the structure
of the Fock modules in the case when (A,7) belongs to Group & or
Group $:
w1 &2 ! 0
I
9'17;8 g;l;e 7/'17;5 6,117;6 E f/’lm
I
O ° T. x °
l i
|
!
] X O  J | [
I
I | '
i
o — @ T. — > X E [
J_ |
|
® x O e | o
I | i
O { o x 1 o

Figure 3. Group & & <

Here, & : 1 (resp. & : 2) signifies the classification in Theorem 4.2.
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5. Bechi-Rouet-Stora-Tyutin resolution.

In this section, we construct Bechi-Rouet-Stora-Tyutin (BRST) reso-
lution for the minimal cases.

5.1. Bechi-Rouet-Stora-Tyutin complex.

Let us fix p,q € Z~ satisfying p — ¢ € 2Z and (p—gq,q) = 1. For
a,B €Z and (r,s) € Kp 4, we set

e PV DT
WD) '

Moreover, for (z,h) € C2, we set

= Lo(z,h;0) @ Lo(z, ;1) e=0Ah= 2
Le(z,h) == B ) 247
(2:) {Le(% h). otherwise.

Then, we have the following theorem:

THEOREM 5.1. — Let us fix (r,s) € K, 4 satisfying (0 < r < ¢,0 <
s < p). Take k € Z> and j € {xk}.

1. We have the following complex:

d__2 d—l
o e 3 3
C: 7 S go2,Bok-2 ]:a—k—lﬁ—k—l }—OLJ B,
do - d; c do
— —

ak+1,8k+1 k42,8 +2 )

where ay, 8; (I € Z) and the BRST differentials
di := Se(p; Tus ar, by)

are given by one of the following two cases:

(I) For |l € Z, we have

s | =0 mod 2,

ap = -lg+r, ﬂziz{p_s =1 mod 2.

In this case, we have
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1798 K. IOHARA AND Y. KOGA

and the numbers a; and b; are given by

(i) ifl € Z\ {— 24},

ap = MP _ (—1)k+l8 by = %(7’ —(=k+1+1)q)
i | %(r—(k+l+1)q)
(i) if j = —k,
1)k
ap = (k)—|— 1"‘( 1) )p—(—l)ks, bOZ%(T’—q),

(iii) if j = k,

1—(=1)*

a—1 = (k‘+ 5

)p+ (<1)ks, b= ir

provided that p is an element of Q,, for each l € Z.
(II) For | € Z, we have

r !l =0 mod 2, B = —lp+s
o= g—r l=1mod 2, L= TS
In this case, we have
_ \/?
M= U]
q
and the numbers a; and b, are given by
(i) il € Z\ {52},
1+ (=1 k+1
a = ———(2 ) q— (—1)k+l7’7
1
5(s—(~k+l+1)p) 1<0,
by =
1
—2-(5—(k+l+1)p) >0,
(ii) if j = —k,
1+ (=1)* P 1
ap = k+ — qg—(=1)%r, bg:= §(s—p),
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(iil) if j = k,

1-(

~1) k
a_1:= | k+ Y g+ (=1)r, b_q:= =s,

provided that p is an element of ), for each l € Z.

Here, in both cases, the twisted cycles Ty € Hg, (M,, SL/) are so chosen that
the co-boundary operators d; are non-trivial morphisms.

2. The cohomologies of the complex C
H'(C) := Ker d;/Im d;_;

can be described as follows:

(a) For i = 0, we have

) for (I),
j

~ EE(Z’h(T75; _J)
) = {~ 1)) for (II).

€
Le(z, h(r,s;(—1)
(b) For i # 0, we have

H!(C) = {0}

Remark 5.1. — As we will see in the next subsection, we do not use
screening operators to construct the BRST complex. The existence of a non-
trivial screening operators for any (r,s) satisfying 0 < r < ¢, 0 < s < p
is rather subtle, and it seems that there are some cases whose existence
problem has not solved yet. The same situation also happens even for the
ordinary Virasoro algebra.

5.2. Existence of the coboundary maps.

In this subsection, we prove the existence of a non-trivial morphism
Ci —_— Ci+1 for all 7 € Z.

To be precise, we will prove the following proposition:
ProrosiTioN 5.1.— Take k € Zso, and let j € Z be an integer
satisfying j € {£k}. We have

dim Homvy;,, (f27k~l,ﬁ—k71’fég)ﬁ]) =1,
dim Homy;,, (.F;],ﬁj,]:ngﬂkH) =1.
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Let us fix (r,s) € Kp 4 satisfying 0 <7 < ¢, 0 < s < p. We first note
that we have the following formulae:

for (I),

n(r,s; 1)
A(\/§>+nal,ﬁl( /B): n(r, s;1) for (II) A 1 =0 mod 2,
1 1 for (I1) A I = 1 mod 2.

n(g—r,p—sl)
Below, we will only study a non-trivial morphism

n(r,s;l+1)5e n(r,s;l);e
Fy — F,

for I € Zo, since the other cases can be treated by a similar manner.

For ¢ =1+ 1,1 and k € Z, we denote the element of f;’(r’sﬂ);s introduced
before Theorem 4.1 as w,’: by w}: (7). By Theorem 4.1, it follows that any

n(r,s;l+1)5e n(r,s;l)ie n(r,s;l+1)5e
Fy to F g, ,

morphism from factors through ie.,

we have the following figure: Fplesid e

O

\
/

TA gln(r,x;H 1);e

N RN
e S
e S QU S|
(> 11>

e X

First, we will show that the arrows — in the above diagram is in
fact an isomorphism in the case when (r,s) belongs to Group #, i.e.,
(r,s) # (4,%). In this case, it follows from Theorem 4.1 that there is
no singular vector in ]-';(T’S;l);s whose Lo-weight is the same as that of
w{Zk(l + 1) for k € Z¢. Thus, in this case, any morphism

n(r,s;l+1);e n(r,s;l);e
Fy — F
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factors through .T;\'(T’S;HI);E/ > k>0 U(Virg).w(f_l)k_lk(l +1). Let

J f‘;‘l(r,s;l+1);€ N f;‘)(r,s;l-i-l);s/ Z U(Vira).w(f_l)k_lk(l +1)
k>0

be the canonical projection. For j € Zq, we set

23 2]
Fj = UNVire)wl_sin®s Gi= U(Vire)m(w]_y e (141))-
k=0 k=0

Below, we will prove that F; is isomorphic to G; for each j € Zy¢. Let V;
be one of F;,G;. Then, for k € Z, it satisfies the following short exact
sequences:

0 — Vi1 — Vi/Le(2,h(r,s;l + 2k + 1),)

(9) — Lo(z,h(r,s; —(1 + 2k))e) — 0,

0 — L.(z,h(r,s;l +2k+ 1)) — V4

(10)
— Vi/Le(2z, h(r,s;1 + 2k + 1)) — 0.

(Here and after, we omit denoting the dependency of the parity of the
highest weight vectors to simplify the notations. Thus, in particular, we
assume that the parity is chosen appropriately.) Notice that these exact
sequences are both non-splitting. Therefore, it is enough to show that

(11) Extg (Le (2, h(r, ;= (1 + 29))e), Vj—1) = C,

(12)  Extg(Vj/Le(z, h(r, s;1+ 25 + 1)), Le(z, h(r, 51+ 2j + 1)) = C.

First, we will prove (11). We remark that (11) for j = 1 is a direct
consequence of Lemma 2.3, since Vo = Lc(z, h(r,s;1 + 1)) by Theorem
4.1. From the long sequence of Ext associated to (10) for k = j — 1, it is
enough to show

Extg(Le (2, h(r, 53 —(1 +25))e), Vi—1/Le (2, h(r, 851 + 25 — 1).)) = {0},
since by definition, we have
Home (Le (2, h(r, 85 —(1 4 25))e), Vj—1/Le(2, h(r, 831 4+ 25 — 1)c)) = {0}.
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By the long sequence of Ext associated to (9) for 0 < k < j and Lemma
2.3, we get

Exty(Le(z, h(r, s; — (1 + 25))e), Vi/Le (2, h(r, 851 + 2k + 1).))

(13) EExté(LE(z,h(r,s; —(+24))e), Vi—1).

On the other hand, the long sequence of Ext associated to (10) for
0 < k < j—1 and Lemma 2.3 yields the following inclusion:

ExtL(Le(z, h(r, s;— (1 + 25))e), Vi)

(14) CExth(Le(z, h(r, 8 — (1 + 2§))e), Vi/Le (2, h(r, 5,1 + 2k + 1).)).

Now, (13), (14) together with Lemma 2.3 prove (11).

Second, we will prove (12). From the long sequence of Ext associated to
(9) for k = j, it is sufficient to show

Exté(Vi_1, Le(2, h(r, 531+ 25 + 1)) = {0},
since by definition, we have
Home(Vj—1, Le(2, h(r, s;1+ 25 + 1)) = {0}.

By the long sequence of Ext associated to (10) for 0 < k < j and Lemma
2.3, we have
Ext;(Vi/Le(2, h(r, ;1 4 2k +1).), Le (2, h(r, 8,1 + 25 + 1).))

(15) .
=Exte(Vi, Le (2, h(r, 8514+ 25 + 1)¢)).

On the other hand, the long sequence of Ext associated to (9) for 0 < k < j
and Lemma 2.3 yields the following inclusion:

Extg(Vi/Le(2, h(r,8;1 + 2k + 1)c), Le (2, h(r, s;1 4+ 25 + 1).))

(16) . :
—Exte(Vi—1, Le (2, h(r, s;1 + 25 + 1)¢)).

Now, (15), (16) together with Lemma 2.3 prove (12). Thus, to prove
Proposition 5.1 for Group #, it is sufficient to prove

Endyi, (22 G,) = C.

We will prove this together with Theorem 5.1 for Group #, and will give
it in the next subsection.
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Second, we will prove that the arrows — in the above figure is a
non-trivial morphism, which is unique up to a scalar, in the case when
(r,5) belongs to Group Q, ie., (r,s) = (4, ). In this case, let m be the
canonical projection

- f)’\l(TyS,l-‘rl);O gf\l(r,s,l+1);0_

For j € Zsy, we set

J
Z U (Virg) w2k+1(l) + Z U(Viro)-wsz(l)a
k=0 —Jj<k<g, k#0

g ::ZU(VHO). (W ooy U+ D))+ D U(Virg).m(wh, (1 +1)).
k=1

—j<k<g
Note that we have the following short exact sequences:

0 — Go — Gix/Lo (z,h(%,g;l—k?))o)@z

(a7 g p
— Lo (=h (3. 5:-0+2) ) —0,
" 0— Fo —>fk/L0(z,h<-g—,§;l+3)0)

Lo (z,h (g 1’—2’;—(l+2))0)$2 0.

We will show that dim Homv;,,(G;,F;) = 1 and a non-trivial mor-
phism in Homviy, (G5, F;) extends to Homyir, (Gjt1,Fj+1) by induction
on j.

The first step, i.e., for j = 0, the first assertion is trivial by definition.
By Lemma 2.3, (17) and (18), it follows that there exists a unique, up to
scalar, non-trivial (mono-)morphism

fo:Gi/Lo (z,h(g,g;l+3)0) L R/Lo (z h(— P 1+3)0)

Here, we denote the domain of fy and Imfy by G and Fy, respectively. By
Lemma 2.3, the long sequence of Ext associated to (17) and (18) yields

Extl (EO,LO (z,h(g,g;l+3)0)) Ext} (fg,Lo (z h(q p 1+3)0))

~ (2
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which implies the second assertion for j = 0. Hence, we have a unique
non-trivial morphism f; € Homvyir,(G1,F1). By construction, the first
statement for j = 1 is also trivial. Set

51 = gl/Kerf17 -% = Imfh
G(1) = G EET Kerfy,  m gl BETIO L g,

Letting f1 be an isomorphism g1 _ fl, it is clear that the morphism f;
factors as

1= ~10771
fi=f ;

Since Lemma 2.3 and the long sequence of Ext associated to the short exact
sequences

1

(19) 0———->L0(zh(g §,1+3)0)—+§1——>§o—»0,

2 O—>L0<z,h(g,g;l+1>o>—>§0

= o (sh (4, Zae2) ) —o,

yield

ExtC(L()(zh(g g,l 4)0>,§1) ExtC<Lo(zh(g g,l+4)0),ﬁ:‘1

~ (2

the morphism fl extends to a unique, up to a scalar, non-trivial (mono-)
morphism

f1:7m1(G2)/ Lo (Z h<2 12) l+5) )62——~>.7:2/L0(z,h<g,‘g;l+5>0).

Let us denote the domain of f; and Imf; by G; and F; respectively. Clearly,
we have the next short exact sequence

(21) O———>§1‘—’gl—>Lo(z,h<g,§;l+4)0>—>0.

By Lemma 2.3 and the long sequences of Ext associated to the short
sequences (19), (20) and (21), it follows that
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145) ) 2Bt (Fr Lo (=0 (5, 2:045) )

~ (2,

Extc (gl,LO (z h (

NJI»Q
NI’B

from which the second assertion for 7 = 1 follows.

Now, one can proceed a general step of the induction by a similar
argument. We will leave the detail to the reader.

5.3. Proof for Group &.

Before proving Theorem 5.1, let us recall an analogue of Schur’s
lemma:

LEmMA 5.1. — Let M be an object of the category O. Suppose M is
indecomposable and has a Jordan-Holder series. Then, we have

EndVirE (M) = (C

Proof. — The proof of this lemma is a consequence of the following
statement that can be proved directly:

Let K, L, N be objects of the category O. Suppose that K is indecom-
posable and Endy;,, (K) = C, and that L is irreducible. If N is a non-trivial
extension satisfying the following short exact sequence

0—K-—>N—L—0,

then we have
End\/irE (N) ~C.

0
Now, let us turn to the proof of Theorem 5.1.

By Theorem 4.1, it follows that for k € Z satisfying k¥ < j, there
exists a unique submodule of Gy which is isomorphic to G;. Moreover, since
we have

EndVlrE (g]) g
by Lemma 5.1, it turns out that

Homvy;;, (G5, lim Gi) = C.
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Hence, we get
End\/irE (hm g])

& lim Homvsy, (G5, lim Gi) = C.
Now, a concrete isomorphism from limG; to lim F; is given by Theorem
3.1 under the assumption in Theorem 5.1.

5.4. Proof for Group Q.

N Let us first state a variant of Proposition 2.1 for quasi-Verma modules
M(z,h). For (A\,n) € D (see §4.2 for the definitions), let |\, n;7) (7 € Z3)
be generators of M (2, h"’ ) satisfying

Lo\ m7) = hT\ 1), el\m7)=al\n7),  deg|\m7) =7

1 B
Go. |\, n;7) = ﬁ(n - NAn1—1).

We may assume the following equalities:

without loss of generality.

A basis of each weight subspace of M (2, hz;o) can be described as
follows. For j € Z, i; € Z>o and T,¢,€; € Zy, set

L; e =0, -
x; = {GJJ e=1 M ig,en),(in,er) “= xe—kik —11 A7)
Then, for ¢ € Z2 and n € Zxo,

. . k.
1<ty < - <y, €1, 07,6k € Lo, Z]‘:llj:n}
k = . .
E]:l 6j+7—:a? Es :1 :>Zs <Z5+1

BZ = {m‘(’-ik,Ek),"',(il,El)

form a basis of M(zy, hT°)2. For T € C*, let

wa,ﬁ(T) = Xaﬂl)‘(T)’ )‘(T) + ﬁa,B(T); I) + Ya,ﬂl)‘(T)v )‘<T) + na,ﬁ(T); 0>
€ M(2(T?), hap0(T?))

(see (6)) be an even singular vector of level _% a3 which is regular in T+
Expanding wa,g with respect to the basis BY o €t
2

1 = 1
Xaﬁ—caﬁG leaB T+ Ya,ﬁ:cgﬁLE?ﬁ'}‘
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The next proposition is a corollary of Proposition 2.1:

ProposiTiON 5.2. — Suppose that (A,n) does not belong to Group
O. Then, the coefficients &) 4,¢Y 5 satisfy

2\/563‘:[3 + O‘TEZ,B =0 a=0(2),
2V2e% ;- BT71EE ;=0  a=1(2).

Now, let us turn to the proof of Theorem 5.1 in the case when (r, s)
belongs to Group ©, i.e., (r,s) = (4, £).

First, we construct the coboundary maps that commute with higher
derivatives of I" and L.

Foro € {+},a € Zso and b € 1 Z satisfying b— 2a € 1 +7Z, let Cqy
be two rational curves in D defined by

1

7o (M=) = (ca+b)An—A) + oabr? — 1 (ca —b)? =

and 7 , : C* — D be a morphism defined by
1
lap :C" 2T — ()\(T), AT) + 3 (ocaT — le)) eD.
It can be easily checked that .7 , induce isomorphisms
tap : C" = Imug , = C7
of algebraic varieties. Let M ,,Fj ,, Ma , be vector bundles over C* whose
fibre at a point T' € C* is given by (V] ;)7 := Vig (1) (V=DM,F,M°), i
we set
Mg, o= (¢ )" (M Cg,b) v By = (g ,)” (]F Cg,b) )

MZ;’Z = (Lg,b)* (Mc Cgb) .

For | € Z and k € Z(, we define the morphisms of bundles over C*,

- +
dp ]Fat ,bi ]Faz ,bi?
and
M-, — MY, <0
ar,by ar,by ’ MG ¢+
b: MY, — M~ >0 Tk - Mak»bk Mak»bk’
ar,by ar, by =z
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as follows. The morphism ¢; (resp. 7y) restricted to each fibre is a non-trivial
embedding (resp. the canonical projection) of Virg-module. For I € Z, the
restriction of d; to each fibre is a non-trivial morphism which satisfies the
following commutative diagram:

l<0 >0
(;labl — ;_l»bl ;t,bz ll—) ]F:z,bz
r J, l r L l l L
F- _h o pt 6= T MOt
ai,b aby ai,b; ar,b;

The existence of morphisms d; are guaranteed by the fact that I" and L are
isomorphisms at the fibre over a general point.

Remark 5.2. — The existence of such morphisms d; at a special point
is given by Proposition 5.1 and its variant, and hence the global existence
of d; is guaranteed.

Second, we show that the long sequence in Theorem 5.1 is, in fact,
a complex.

Fix pu € {—\/_Iﬂj, \/g}. For | € Zo, let {M;U(n]}n€Z>o (resp.
{Fi,0(n]}nez.,) be the Jantzen filtration (resp. the Jantzen co-filtration)
associated to the quadruple (M‘Zl,b, (H)’FLZ,,bl i L5 Cg p,). For 1 € Zso,

let {]\/\4/1';0(72]},162>0 (resp. {F},(n]}nez.,) be the Jantzen filtration
(resp. the Jantzen co-filtration) associated to the quadruple (Kerl',« o (1)
ap,0p

CokerT',o  (,);I";CY, ), where I' is the first derivative of I in the sense
ap,by ’
of Definition-Proposition 2.1. For n € Z+¢, we set
~ KerI' n =1, Coker T' n=1,
Mo (n] = {M}m Ly onsy et tn—1] n>1

As an application of Theorem 4.1, it follows from the genericness of

the curves C7 , that the following lemma holds:

LEmMMA 5.2. — The Jantzen filtrations {M;_(n]}nGZM, {M—1;+
(n]}nez., coincide with those obtained in Lemma 4.5. Thus, in particu-
lar, the Jantzen co-filtrations {Fi,—(n|}nez.o, {Fi-1,4(n|}nez., are the
same.

Here and henceforth, we use the symbols
Mi(n] := My_(n], Fi(n]:=Fy-(n]  (n€ZLso).
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Forl € Z and n € Z~g, let
Prgn] 1 Fi = Fi(n]

be the canonical projection. By construction, we have the following key-
lemma:

LemMA 5.3. — For n € Z~(, we have the following:

1. l (S Z<().'

(i) u(My(n]) C Miy1(n).

(ii) dl(KerPrgn]) C KerPrl(i]I. Hence d; induces a morphism F;(n] —

Fi+1(n] which will be denoted by the same symbol d;.

(iii) The following diagram is commutative:

]\71("] — ]\71+1("]

(n] Jv l r(nl

Fi(n] Tl’ Fip1(n].

2.l¢e Z;QI
(i) Mi(n] C u(Myy1(n —1)).

(ii) dl(KerPrl("]) C KerPrﬁrIl]. Hence d; induces a morphism

Fi(n] — Fiy1(n — 1] which will be denoted by the same symbol d;.

(iii) The following diagram is commutative:

-1

My(n] 2~ Mya(n—1]

rnl l J r(n-1

Fn] 4 Fpaln-1).

Thus, by this lemma, ¢; induces the following morphisms:

5™ My(n]/My(n+ 1] — Myys(n]/Mipa(n+1]  (1<0, n>0),
@)1 My(n)/Mi(n + 1] — Mygi(n—1)/Misa(n] (120, n>0).

By Proposition 5.2, one can prove the following lemma:
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Lemma 5.4. — Forl € Z, we have
1.I< -1, n>0; ZI(Z)IOZE") =0.
2120, n>1; @) e @)t =0.
3.n>0; (@) lor™ =0.
Now, we show that the long sequence in Theorem 5.1 is a complex.

For [ € Z, we prove that
(22) iy 0 dy(KerPrl™) = {0} (n € Zs0)

by induction on n. The first step, i.e., n = 1 case is trivial by Theorem 4.1.
Suppose we could prove (22) up to n. By the commutative diagrams

<0
M(n)/Mi(n+1]  —> My (n)/Mya(n+1]

rnl l J, rnl

KerPrE"H] / KerPrgn] SN KerPrl(:“lLll / KerPrfi]I ,
>0

My(n)/My(n+1]  —— Myi(n—1)/My(n]

rin—1] l 1 r(n—1]

KerPrl("H]/KerPrl("] SN KerPrl(f_]1 /KerPrl(i;ll ,

and Lemma, 5.4, it follows that
dH'l ° dllKerPr§n+l]/KerPr§n] =0

which implies

KerPrl(f_]2 < -1,
di+10d; (KerPrl("H]) c { KerPr("; ! l=-1,

1+2
KerPr("> 2 1 >0.

1+2
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By Lemma 2.2 and Lemma 4.5, it turns out that there does not exist
(2,h) € C? satisfying

[KerPrl(nH]/KerPrf"] 1 Lo(z,h)] #0 A [KerPrl(Zg : Lo(z,h)] # 0,

where the positive integer n; is defined by

n < -1,
np=qn-—1 l=-1,
n—2 [>0.

Thus, induction hypothesis (22) up to n implies (22) for n + 1. Therefore,
we have proved that the long sequences in Theorem 5.1 are complexes.
Next, we compute the cohomology of the complex C in Theorem 5.1.

By Theorem 4.1, Lemma 5.3 and the definition of coboundary morphisms
dj, one can prove the next lemma:

LEMMA 5.5.— Let I € Z~o be a positive integer.
1. The complex

- - KerPr L KerprY, 2 o KerPr{! — 0

is quasi-isomorphic to the complex

-—>O—>0—>~~-—>O—>I~/0<z,h(%,g;j>o)—>0.

2. For any n € Z~, the following long sequence is exact:

— Q yy — Qi — Q1 — Qo

— Ql,n—l e Qn—l,l — Qn,O I 07
where we set

Q= KerPrl("H]/KerPrl("].

Set
Kin = KerPrl(n] ,

and consider the following commutative diagram for n € Zq:
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= K — K p1n - —=Kon — Kino1 - = Kpo110 —0

[ I |

oK a1 2 Kbt = Kont1 2 Kin - = Kpo12 = Kap —0

| | L L

= Qi —— Q1 Qojn — Qi1 - — Qno1,1 — Lo — 0.

Since the long sequence in the last row is acyclic by 2 of Lemma 5.5,
it turns out that the complexes in the first row and the second row are
quasi-isomorphic. Namely, for n € Zg, if we define the complex C(™ by

C™ oK —=Koip1n = - = Kon=Kino1 = - = Kao1,1 -0,
then C(™ and C("*1) are quasi-isomorphic. Moreover, since we have
limc™ =,

Part 2 of Theorem 5.1 follows from 1 of Lemma, 5.5.

A. Data.

In this section, we provide some numerical data used in the main
body of this article.

A.1l. Lattice points (i, 5x) on the line [

r,8;1°
In this subsection, we will supplement some data used in §4.3. In

particular, the data for Class Rt will be provided.

Let p,q be positive integers satisfying p — ¢ € 2Z and (254,q) = 1.

s (1) 2myF T

For each o € {£}, we will arrange the lattice points {(ax, Bk)}kez., of the
line 17 .. in the first quadrant of the (a, 3)-plane so that they satisfy

7,851

Fix

0<a1f <agfla <---.
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Then, one can see that the following relation always holds:

(or, Br) = (a1, B1) + (K = 1)(q, p).

Thus, we will list (a3,81) for each 0 € {£}. Moreover, we will also
list j € Z satisfying

851); 1 1837);
plrsiie 4 5 kb = s

0<a<gq

2
Group # & O (r,s) € {(a,b)EZ 0<b<p

}, (i € 2):

j=o(li| +2k - 1),

1. For 0 = +;
(ig+r,s) i=0(2) Aix0,
_ ) (n—ip+s) i=0(2) Ai<O,
(0, 1) = (ig+rp—s) i=1(2) Ai>0,
(r,—ip+p—s) i=1(2) A i<O.

2. For o0 = —;
(g—rip+p—s) i=0(2) Aiz=0,
(a1, B1) = (—ig+g—mp—s) i=0(2) A i<O,
“n o= (g—mip+s) 1=1(2) A i>0,
(—ig+q—r,3) i=1(2) Ai<O.

Group & (i € 2Z):

1.7=0(q), o=+
(ig +1,5) i>0,

(al7ﬂ1):{(q,_ip+s+%(q—r)) z<0,

(D) (-(-5)
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LG+ Dp—s+ Br) >0,
(01, ,) = (q( )p Er) _
(—ig+q—-rp—s) <0,

i+ f‘+<2k—f>_
q q

j:

_[la=riptp-s5) >0,
(a1, B1) “{(~iq+q—r+ %5’])) 1 <0,

(-3)

1#£0: j=1+ 2(sgni)k,

P20 ._{i2k rp —sq =0,
' 2(sgn(rp —sq))k  rp—sq #0,

Group ¢ (i € 2Z):

1. For 0 = +;
((i+ g+ 2 (rp—sq),p) >0,
(al’ﬁl) - (q + |7‘Z’I;13‘I| rp+ |TP’;1311' 8) i=0,
(¢,=(i—Vp— ;(rp—sq)) i<0.

2. For 0 = —;
(¢, (i + p+ L (rp - s9)) i>0,
(on, B1) = § (q+ 220 (g —r),p+ 22 (p - 5)) i=0,
(—=(i=1)g— 5 (rp - sq),p) i <0.
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A.2. Embedding pattern.

In this subsection, we will provide the data to prove the existence of
the commutative diagram (Figure 1) in §2.2.

To be precise, we have to specify the value p,q € Z~; and r €
Zsqo (resp. s € Zsg) to use the Embedding diagram in [IK2]. Thus, for
each (a,3) € (Z=0)?, we will present the following data:

1. The case where (z(t), hq,p,0(t)) belongs to.

2. The values p,q (t is related to these number by t = g) and r
(resp. s).
3. The commutative diagram together with the pairs (o/, 3'), (¢, 8").

Here, we symbolize the commutative diagram (Figure 1) as
hig «— (o, ) —hjo — (o, B") —hyo,
where i, j, k € Z satisfy
hio = ha,g(t), hjo = har g (t) + %a’ﬁ’, hro = har g (t) + %a”ﬂ".

Let o, 8 € Z~( be positive integers satisfying « — 8 € —1 + 2Z~y.
1.B=1(2) AB=25 N a#p+1:
(i) Case 3+.
(i) p=8, g=p+2F r=28+2""1—q,
(k€Zso st B+2F<a<2(B+2%)).
(iii)
hoo «— (264 2" —a, B) —hy — (= B —2%,20) —h_sy.

2.6=012) A B4 AN a#p+ 1
(i) Case 3%.
(i) p=2g=2%r=(38+1)g—q,
(k€Zsr st 28I+ 1) <a<2F(ip+1)).
(iii)

1
ho,o «— <2k <§B+ 1> B a’ﬁ> —hyo — (=25, 8+2) —h_pyo.
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.,a=pF+1 AN 326

(i) Case 3.
(i)p=B,qg=B-2,r=0-5
(i)

h0§0 — (IB - 5’ ﬁ) _hl;O — (3, 2ﬁ) —h_g;().

4. (o, B) = (6,5):
(i) Case 27.
(i) p=4, ¢=6, s =3.

(iii)

hoo «— (6,3) —h1,0 «— (12,1) —hgy.
5. (a, B) = (5,4):
(i) Case 2.
(ii)p=3, ¢g=5, s=2.
(iii)
ho,o < (5,2) —hq,0 «— (10,1) —hg,o.
6.a=0(4) A f=3
(i) Case 2%.
(ii)p=2,g=0a, s=1.
(ii)
hoyo «— (a,1) —hy,0 «— (20, 1) —hgy.

Ta=2M4) N B=3:

(i) Case 37.
(i)
B (8 a=2(12),
p=3, q—i(TﬁLO‘) T_{4 a=6,10 (12)
(ii)

a—rT
h’0§0 A (T7 3) _hl;O — (7,6) —h_g;().
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8.a=b N B=2:

(i) Case 37%.
(ii)p=2g=3(r+a), re{l,3,57} st.r=—a(8).
(iii)

a—r
hoo +— (r,2) —hy,0 — ( 5 74) —h_20.

9.a>28 AN B=1:

(i) Case 3t.
{i)p=1,g=3i(r+a), re{2,4}st.r=-a+2(4).
(iii)

hO;O — (’f‘, 1) _hl;O — (a ; r y 2) -—’L__g;().

10. (e, B) = (3,2):

(i) Case 4.2+
(i) p=q=1
(ii)

hoo «— (2,1) —hao «— (4,1) —hao.

11. (a, B) = (6,1):

(i) Case 3t.
(ii)p=1, ¢g=5, r=4.
(iii)

ho;o — (4, 1) _hl;O — (1,2) —h_g;o.
12. (o, 8) = (4,1):
(i) Case 3+.
(ii

(iii

i) p
)
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