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ON REDUCTION OF HILBERT-BLUMENTHAL
VARIETIES

by Chia-Fu YU

Introduction.

Let F be a totally real number field of degree g and Op be its ring
of integers. A Hilbert-Blumenthal variety parameterizes the isomorphism
classes of abelian Og-varieties of dimension g with a certain condition
(and with certain additional structure). The purpose of the condition is
to exclude some bad points in characteristic p such that the integral model
becomes flat. In [R], Rapoport used the condition that the Lie algebra of the
abelian Op-scheme over a base scheme S is a locally free Op ® S-module. We
will call it the Rapoport condition and the Rapoport locus for the defined
moduli space. The condition was modified later by Deligne and Pappas [DP]
in order to confirm the properness of the compactification constructed in
[R] in the case of bad reduction. The moduli spaces defined by Deligne and
Pappas are usually referred as the Deligne-Pappas spaces. The irreducibility
and singularities of the Deligne-Pappas spaces are determined in [DP]. In
the present paper we study the reduction of these moduli spaces modulo
a fixed rational prime p. More precisely, we consider the moduli spaces of
abelian Op-varieties of dimension g equipped with a compatible prime-to-p
polarization. The geometry of reduction of these moduli spaces have been
studied by E. Goren and F. Oort in [GO] when p is unramified in Op.

Keywords: Hilbert-Blumenthal varieties — Dieudonné modules — Stratifications — Defor-
mations.
Math. classification: 14G35 — 14L05.
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Let MPF denote the moduli stack over SpecZ, of separably po-
larized abelian Og-varieties of dimension g. This is a separated Deligne-
Mumford algebraic stack locally of finite type and one can identify the
moduli space defined in [DP] as a connected component of MPF | see [DP,
2.1]. We will call it the Deligne-Pappas space. Let M® denote the Rapoport
locus of MPFP | which parameterizes the objects in MPF satisfying the
Rapoport condition. Let MDF := MPP @ F, and M := M @ F,, be the
reduction of MPF and M® modulo p respectively. Let O := Op ® Z,, and
k be an algebraically closed field of characteristic p.

To each abelian Op-variety A over k, we define two natural invariants
called the Lie type and a-type. Lie types are the invariants that classify
the Lie algebras Lie(A4) of A as O ® k-modules, and a-types are those
classifying the a-groups of A [LO]. One purpose of this paper is to under-
stand these invariants (including the Newton polygons) using Dieudonné
modules. Some results on the relation among these invariants and related
conditions are obtained in Sections 2-3.

A natural problem is whether these invariants arising from the
Dieudonné modules in question can be realized by abelian varieties with
the additional structure (cf. 1.5). This is the integral analogue of a problem
of Manin, see [02]. The following theorem (7.4) answers it affirmatively.

THEOREM 1.— Any quasi-polarized p-divisible O-group (H,\,t)
(1.4) over k is isomorphic to the p-divisible attached to a polarized abelian
Og-variety.

This result implies that the strata defined by these invariants are
all non-empty. As an application of Theorem 1, we construct an explicit
example of a point s in the complement of the Rapoport locus, which is both
the specialization of a point ¢; in characteristic 0 and also the specialization
of an ordinary point ¢5. Notice that both t; and 5 are in the Rapoport
locus. This example directly shows that the construction ME of Rapoport
is not proper over SpecZ,) and a modification of the moduli space is
needed. Furthermore, it was pointed out in [DP] that the construction of
Rapoport compactifies the Deligne-Pappas space.

The proof of the algebraization theorem goes as follows. We first show
that the formal isogeny classes are determined by the Newton polygons
using a result of Rapoport-Zink [RZ] and of Rapoport-Richartz [RR]. Then
we prove the weak Grothendieck conjecture (see 1.13). It follows that any
possible Newton polygon can be realized by an abelian variety in question.
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By the result on formal isogenies and a theorem of Tate, all the p-divisible
groups with additional structures can be realized by abelian Og-varieties
in question.

The main part of this paper is studying the strata induced from
these three invariants. The stratification by Lie types coincides with the
stratification studied by Deligne and Pappas [DP]. The largest stratum is
the Rapoport locus. We define a scheme-theoretic stratification by a-types
on the Rapoport locus. The relation between the alpha stratification and
the slope stratification on the Rapoport locus is given. As the Rapoport
locus is the whole space in the case of good reduction, we recover the main
results of E. Goren and F. Oort [GO] on the stratifications.

We now state the results. Write O := O ® Z,, = @v|p(’)v and let
e, and f, be the ramification index and residue degree of v respectively.
Let A be an abelian Op-variety over k and let A[p™] = ®,,H, be the
decomposition of the associated p-divisible group (with respect to the O-
action). We define in (1.9) the a-type a(H,) for each component H, and
put a(A) := (a(H,))». When A satisfies the Rapoport condition, the a-type
a(H,) of each component is of the form (a%);cz,s,7, Where 0 < a}, < e, for
all ¢ € Z/ f,Z. There is a natural partial order on the set of these a-types.
The reduced a-number of H, is defined to be dim(ay, Hy[my]) (1.9), where
7, is a uniformizer of Q,.

THEOREM 2. — Let a be an a-type which occurs in M. The closed
subscheme M3, of M that consists of objects with a-type > a is smooth
over SpecF,, of pure dimension g — |a| (Theorem 5.4).

Let a = (a,)» be an a-type which occurs in M. We call a, = (at);
is spaced if aa’t! = 0 for all i € Z/f,Z and a is spaced if a, is spaced for
all v|p. We put A(a,) := max{|,|; b, < a,,b, is spaced} (cf. [GO, p. 112]).
We refer to (1.10) for the definition of the function s,, which sends certain

rational numbers to possible slope sequences at v.

THEOREM 3. — (1) If a = (a,)v Is spaced, then the subset of M,
consisting of points whose slope sequence is (sy(|a,|)). is dense in M3,
(Theorem 6.8).

(2) The generic point of each irreducible component of M, has slope
sequence > (sy(A(a,))» (Corollary 6.9).

TueoreM 4.— (1) Let U be the subset of M consisting of points
with reduced a-number at most one for each component v|p. Then the
strong Grothendieck conjecture holds for U (Theorem 6.13).
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(2) The weak Grothendieck conjecture for M holds (Corollary 6.16).

(3) The strong Grothendieck conjecture for MEP holds when all the
residue fields of Oy are IF,, (Theorem 6.20).

For the statement of the Grothendieck conjectures, we refer to [GO,
5.1] or (1.13).

The methods are based on the previous works of F. Oort [02],
E. Goren and F. Oort [GO], and the author [Y1]. Using the explicit
deformation method developed by Norman [N], Norman-Oort [NO], and
T. Zink [Z2], we construct the universal deformation of any Dieudonné
module in the Rapoport locus. Then we study systematically the alpha
stratification and the slope stratification on the formal neighborhood
around the point. The results above are extracted from the formula of
iterating the Frobenius map. It is possible to extract finer information
beyond the reduced a-number one from our formula. We leave this possible
generalization in the future when the finer information becomes useful.
We follow the approach of [O2] and [Y1], which is different from that of
Goren and Oort [GO]. Therefore, we do not repeat the computation done in
loc. cite. F. Andreatta and E. Goren earlier obtained similar results in the
case when p is totally ramified. Our work is independent from their results.

In [C], C.-L. Chai studied the combinatorial properties of Newton
points for connected reductive quasi-split algebraic groups, inspired by
earlier works of R. Kottwitz [K1], K.-Z. Li and F. Oort [LO], M. Rapoport
and M. Richartz [RR]. He gave a group-theoretic conjectural description
of the dimensions of Newton strata of good reduction of Shimura varieties.
The main motivation of this work is to examine whether his group-theoretic
description of Newton strata for quasi-split groups applies for the simplest
case of bad reduction. Our results support his description even when the
reductive group G in question is no longer unramified. One may expect
that Chai’s description applies for the bad reduction case as well, under
the assumption of the existence of good integral models of Shimura varieties
for certain special subgroups K, C G(Q,). We answer a question of Chai
affirmatively [C, Question 7.6, p. 984] on the dimensions of Newton strata
in the Hilbert-Blumenthal cases when p is totally ramified.

The results of this work reveal an important feature: the stratifications
on the smooth locus of bad reduction of Hilbert-Blumenthal varieties
behave very similarly as those on the good reduction. The reader can
compare the results stated above and those of [GO] for the good reduction
case. A fundamental question is whether this feature holds for more general
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PEL-type Shimura varieties. We have no idea but expect that the cases of
type C still hold.

The following is the structure of this paper. In Section 2 we describe
the structure of the Dieudonné module of general polarized abelian Op-
varieties of dimension g. In Section 3 we classify the formal isogeny classes
explicitly. In Section 4 we provide the normal forms of the Dieudonné mod-
ules in the Rapoport locus. In Section 5 we give the natural generalization
the alpha stratification on the Rapoport locus and study its properties.
In Section 6 we study systematically the alpha stratification and the slope
stratification on formal neighborhoods in the Rapoport locus, by the meth-
ods of [N], [NOJ, [Z2], and [02] as explained before. In Section 7 we establish
a theorem of algebraization concerning the p-divisible groups in question.
In Section 8 we give the explicit example as explained before. In the last
section we perform a computation of the Hecke correspondence. Using this
result, we describe the singularities of the supersingular locus near the su-
perspecial point constructed in Section 8.

We should note that there is no assumption of p in this paper. As most
of the time we are dealing with conditions and properties of the associated
p-divisible group and local properties of the moduli spaces. It is enough
to treat each component of the p-divisible groups and that of the local
moduli spaces by the Serre-Tate Theorem. Without loss of generality we
may assume that there is one prime over p. It is clear how to state the
results in this paper without this assumption of p. We feel not necessary
to repeat this.

We use the convenient language of algebraic stacks. The reader is free
to replace the word “algebraic stack(s)” by “scheme(s)” in this paper by
adding an auxiliary level structure. All schemes here are implicitly assumed
to be locally noetherian.

Acknowledgments. — This paper grows out from a letter to C.-
L. Chai responding his questions in March 2001. I am very grateful to him
for his stimulating questions and encouragements. I would like to thank
M. Rapoport for his comments and inspiring questions concerning the
Kottwitz condition. Special thanks are due to G. Kings for useful comments
on an earlier manuscript. The manuscript was completed during my stay at
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environment. Finally, I would like to thank the referee for helpful comments
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1. Notations, terminologies and definitions.

1.1. Fix a rational prime p. Let F be a totally real field of degree g
and Or be the ring of integers. Let v be a prime of Or over p. Let F,, denote
the completion of F at v and O, denote the ring of integers. Denote by e,
and f, the ramification index and residue degree of v respectively. Denote
by 7, a uniformizer of the ring of integers O, and write g, := [F, : Q,].

Let v1,...,vs be the primes of O over p, F, = F®Q, =F,, ®...®
F,,and O : =05 ®Zp =0, ®...®0,,. Write g; := g, = [F,, : Qp] and
g:= (gv)'u|p'

1.2. Let k be a perfect field of characteristic p. Denote by W :=
W (k) the ring of Witt vectors and B(k) its field of fractions. Let ¢ be the
Frobenius map on W.

1.3. Let B be a finite dimensional semi-simple algebra over Q with a
positive involution *. Let Op be an order of B stable under the involution
*. Recall that a polarized abelian Op-variety [Z3] is a triple (A, A, ¢) where
A is an abelian variety, ¢ : Op — End(A) is a ring monomorphism
and A : A — A! is a polarization satisfying the compatible condition
Au(b*) = u(b)tX for all b € Op.

Let A be an abelian variety up to isogeny with ¢ : B — End(A). Then
the dual abelian variety A® admits a natural B-action by (!(b) := ¢(b*)".
The compatible condition above is saying that the polarization A : A — A*
is Op-linear.

1.4. Let B, be a finite dimensional semi-simple algebra over Q, with
an involution *. Let O, be an order of B, stable under the involution *.
A quasi-polarized p-divisible O,-group is a triple (H, A,t) where H is a p-
divisible group, ¢ : O, — End(H) is a ring monomorphism and A : H — H*
is a quasi-polarization (i.e. \* = —\) such that A¢(b*) = ¢(b)*A for all
b€ O,

For convenience, we also introduce the term “quasi-polarized
Dieudonné O,-modules” for the associated Dieudonné module to a quasi-
polarized p-divisible Op,-group over k. It is a Dieudonné module M over k,
equipped with a W-valued non-degenerate alternating pairing { , ) and a
W-linear action by Op, that satisfies the usual condition (az,y) = (z,a*y)
and (Fz,y) = (z,Vy)? for all a € Op and z,y € M.
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1.5. When B, = B®Q, and O, = O ® Z,. We call a quasi-
polarized p-divisible Op,-group (H,\,¢) over k algebraizable if there is a
polarized abelian Opg-variety (A4, A4,t4) over k such that the associated
p-divisible group (A(p),Aa(p),ta(p)) is isomorphic to (H, A, ¢) with the
additional structure over k.

1.6. Let S be a base scheme and A be an abelian Ogp-scheme of
relative dimension g over S. Recall that the abelian Op-scheme A satisfies
the Rapoport condition [R] if the Lie algebra Lie(A) is a locally free
Or ®z Og-module. Clearly this condition is local and open on S.

We denote by P(A) := Hompg (4, A*)®™ the module of Og-linear
symmetric homomorphisms from A to its dual A® over S. Notice that
P(A) is the module of global sections of the polarization sheaf. If S is
connected and P(A) is non-zero, then P(A) is a rank one projective Op-
module together with a notion of positivity. It is shown [R, Prop. 1.12] that
P(A) is non-zero when S is the spectrum of a field or an artinian ring.

We say the abelian Op-scheme A satisfies the Deligne-Pappas condi-
tion if for any connected component S’ of S, the module P(Ag-) is non-zero
and the induced morphism

'P(ASI) Rop AS/ — AtS/

is isomorphic.

When S is a Z,)-scheme, the following simpler condition plays a
similar role: the abelian Op-scheme A admits an Op-linear prime-to-p
degree polarization.

1.7. For the reader’s convenience, we recall the Kottwitz determinant
condition [K2, Sect. 5]. Let V be a one-dimensional F-vector space. Let
{e;} be a Z-basis of O and X = (X;) be some indeterminants. We define
f(X) :=det(> e; X;; V). The polynomial f is in Z[X], loc. cit. We say that
the Lie algebra Lie(A) (or the abelian Op-scheme A) satisfies the Kottwitz
determinant condition if

det (Z eiXs; Lie(A)> = f(X)

in Og[X]. This condition does not depend on the choice of the basis, and
it is a closed condition in a family of abelian Og-varieties. If [Lie(A4)] =
[Or ® Og] in the Grothendieck group of Or ® Og-modules of finite type,
then A satisfies the Kottwitz determinant condition.

TOME 53 (2003), FASCICULE 7
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1.8. Suppose that the ground field k£ contains the residue fields of
Or over p. We fix a place v of O dividing p. Let H be a p-divisible O,-
group of height 2g, over k and M be its associated covariant Dieudonné
module. Note that M is a free W ®z, O,-module of rank two. This follows
from that the Frobenius operator F' induces a bijection on M ® B(k). We
identify the set of embeddings Hom(Oy", W) with Z/f,Z in a way that
o 4+ i+ 1, where O)F is the maximal étale extension of Z, in O,. We

write O, ®z,, k = @iez/5,2 klmo]/(75°).
The Lie type of H is defined to be

e(H) = ({e}, €5} )icz/ 1.2

Lie(H) ~ P (k[m]/(mf;)@k[ﬂu]/(ﬁ;))

i€Z/fol

as O, ® k-modules for some integers et €.

1.9. Let H and M be as above. The a-type of H is defined to be

a(H) = ({a1,05})icz/ 1.2

if
M/FVIM= @ (klm)/(n5}) @ kim) /(x5
i€Z/ fol
as O, ® k-modules for some integers a, a}. The usual a-number is denoted
by |a(H)|, the dimensional of the k-vector space M/(F,V)M.

If H satisfies the Rapoport condition, that is, Lie(H) is a free
0,®z, k-module, then the a-type a(H) is of the form ({0,a’}); and we write
a(H) = (a*); instead. In this case, we define the partial order: (a’) < (b°)
if a* < b* for all i € Z/f,Z, and define t(H) := dimy M/((F,V)M + n,M),
called the reduced (usual) a-number of H.

1.10. The slope sequence (the Newton polygon) of H we denote

by slope(H). It is either {giv,..., o %T_l’”" 9;7—'} for some integer
0<i<gp/2,0r{%,...,1} (Lemma 3.1).

We often identify a Newton polygon with its slope sequence. Let S(g,)
denote the subset of Q:

S(gy) := {z’eZ;Ogig?}u{E}.

ANNALES DE L’INSTITUT FOURIER
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) 9,7 gy
e 9‘;7_’ }. The map s, identifies the set S(g,) with that of possible slope

sequences arising from p-divisible O,-groups. The order on S(g,) induced

from Q is compatible with the Grothendieck specialization theorem.

For each i € S(g,), we denote by s, (%) the slope sequence { glv,. .

There are two possible definitions for the slopes of a Dieudonné
module. One uses the slopes of the p-divisible group (that is, the F-
slopes of the contravariant Dieudonné module, or the V-slopes of the
covariant one). The other just uses its F-slopes, no matter which Dieudonné
theory (covariant or contravariant) one chooses. We adopt the latter. As
Dieudonné modules considered in this paper are symmetric, the choice will
not effect the results.

1.11. Let A be an abelian Ogp-variety k. The associated p-divisible
group A(p) := A[p] has the decomposition

A(p) = 69’1}[1)}11;-
We define the Lie type and a-type of A by

e(A) == (e(Hv))vlps  a(A) := (a(Hy))v|p-

Set S(g) := [}, S(9v), and for each i = (iy), € S(g), we write
8(2) := (8y(%y))y. The map s identifies the set S(g) with that of possible
Newton polygons arising from abelian OF—varieti—és of dimension g. The
slope sequence of A is denoted by

slope(A) := (slope(Hy))y-

1.12. Let MPP denote the moduli stack over SpecZ ) of separa-
bly polarized abelian Og-varieties of dimension g. Let M% denote the
Rapoport locus of MPF | which parameterizes the objects in MPF satisfy-
ing the Rapoport condition. Let k(p) be the smallest finite field containing
all the residue fields k(v;). Denote by M?P the reduction MPF ®y k(p) of
MPP and M the reduction M ®gz k(p) of the Rapoport locus M%.

Let 8 be an admissible Newton polygon, that is 8 € S(g). We denote
by MP (resp. M>P) the reduced algebraic substack of M that consists of
points with Newton polygon 3 (resp. that lies over or equals 3).

TOME 53 (2003), FASCICULE 7
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Let @ be an a-type on M. Let M, denote the reduced algebraic
substack of M that consists of points with a-type a. In Section 5, we define
a closed substack, denoted by Ms,, of M so that z € M4 (k) if and only
if a(z) > a.

1.13.  We recall the statement of the Grothendieck conjectures [GO,
5.1] and [O2, Sect. 6]. Let U be an open subset of MEF. We say the (strong)
Grothendieck conjecture holds for U if for any x € U and any admissible
Newton polygon 3 < slope(z), then for any neighborhood V of z, there is
a point in V whose Newton polygon is 3. We say the weak Grothendieck
conjecture holds for U if given any chain of admissible Newton polygons
Y1 < 2 < ... < s, then there exists a chain of irreducible subschemes of
U: Vi D Va D -+ D V; such that slope(Ay,) = 7;, where 7, is the generic
point of V; and A,, is the corresponding abelian variety.

2. Dieudonné modules.

2.1. Let F be a totally real number field of degree g and O be its
ring of integers. To simplify notations, we will work on the case that there
is one prime of O over p in Sections 2-6. The other cases can be reduced to
this case if the problem is local, as stated before. Let e be the ramification
index and f be the residue degree of this prime v, thus g = f. Denote by
F, the completion of F at v and O the ring of integers in F,. Let O
denote the maximal étale extension of Z, in O. The ring O is isomorphic
to W(F,s). Let 7 be a uniformizer of O. The element 7 can be chosen from
Or and to be totally positive, by the weak approximation. Let P(T) be
the monic irreducible polynomial of m over O™.

2.2. Let (A, \,¢) be a polarized abelian Op-variety of dimension g
over a perfect field k containing IF,,s, and let M be its covariant Dieudonné
module. The Dieudonné module M is a free O ®z, W (k)-module of rank
two equipped with a non-degenerate alternating pairing

M x M — W(k)

such that on which the Frobenius F' and Verschiebung V' commute with
the action of O, and that (az,y) = (z,ay) and (Fz,y) = (z,Vy)? for

ANNALES DE L’INSTITUT FOURIER
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all z,y € M and a € O. We call it briefly a quasi-polarized Dieudonné
O-module.

The ring O @z, W (k) is isomorphic to

D WkIT)/(0i(P(T)),

i€Z/fZ

where 0,1 € Z/ fZ, are embeddings of O" into W (k), arranged in a way
that oo; = 0i11. Set W* := W(k)[T]/(0:(P(T)) and denote again by =
the image of T in W*. The action of the Frobenius map o on O ®z, W (k)
through the right factor gives a map o : W¢ — W**! which sends a — a°
for a € W(k) and o(mr) = m. We also have W' @y k = k[r]/(n®) and
O®z, k= @icz, szk[n]/(m¢). Let

M'":={x € M|az = 0;(a)z, Va € O}

be the o;-component of M, which is a free W*-module of rank two. We
have the decomposition

M=MoM@. oM !

in which F : M* — M*!' V : M1 — M? The summands M? M7
are orthogonal with respect to the pairing ( , ) for ¢ # j. Conversely, a
Dieudonné module together with such a decomposition and these properties
is a quasi-polarized Dieudonné O-module.

2.3 Let e(A) = ({ei,eb}); be the Lie type of A defined in (1.8). The
invariant e(A) has the property that 0 < ez. Kefori€Z/fZ and j=1,2,
>, et +eb = g, and that the invariant e? +€ is a locally constant function in
a family. The last one follows from the fact that the o;-component Lie(A)®
of Lie(A) is a locally free sheaf.

In [DP], Deligne and Pappas showed that the stratum of each Lie
type ({ei,es})s, in the Deligne-Pappas space, is a smooth locally closed
subscheme, and has dimension g — 2", min{e}, e} provided the stratum
is non-empty. We will see that indeed these strata are non-empty (7.4).

2.4. Let (H,\,¢) be the p-divisible group attached to (A, A,:). If
A1 is another O-linear quasi-polarization on H, then A; = Aa for some
a € Ey := Endo(H) ® Q, with a* = a, where * is the involution induced
by X. We will show that a € F,. Let Ao be an O-linear quasi-polarization

TOME 53 (2003), FASCICULE 7
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of minimal degree. Then any O-linear quasi-polarization is of the form Aga
for some a € O.

The algebra End(H) ® Q, has rank < 4¢? over Q,. Therefore,
[Eo : Fy] < 4. If [Ep : F,] = 4, then H is supersingular and Ej is a
quaternion algebra over F,. In this case, the involution is canonical. If
[Eo : F,] = 2, then the involution on Ej is non-trivial. This follows from
the non-degeneracy of the alternating pairing. In either case we show that
the fixed elements by * lie in F,,.

Similarly, we can show that given an abelian Og-variety and let
Ao be an Op-linear polarization of minimal degree at p, then any Og-
linear polarization has the form Aga for some totally positive element a in
Or ® Z(p).-

2.5. Let D~! = (7~%) be the inverse of the different of O over Z,,.
There is a unique W ® O-bilinear pairing (,) : M x M — W®D~1! such that
(z,y) = Trwgo,w (x,y). From the uniqueness, we have (Fz,y) = (x,Vy)°
for z,y € M. For each W'-basis z},zy of M*, the m-adic valuation
ord,(z%,z%) is independent of the choice of basis and the degree of the
quasi-polarization is p? [S, Chap. 1, Prop. 12], where

D=2 Z ordeormWi/W(Wd(wliamiz»
i€/ fZ

We can choose two Wi-bases {z%,z%}, {y},vs} of M* for each i €
Z/fZ such that
i+l _ _eb

i+l el i i
Vyim =71y, Vyy  =m"2z3.

It follows from (Vz,Vy) = p(x,y)°  that we get
ordx(yi*, y5™) = orda (i, z3) + (ef + €5 —e).

If min;ez, pzord, (2%, 25) = —d (the exponent of the inverse different), say
that ¢ = 0 achieves the minimum, then

i1
ord, (2}, z5) = —d + Z(e’f +eb—e)
k=0
and
F-1i-1
(2.5.1) D= QZZ(e’f +ek—e).
i=1 k=0
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If min;ez,/sz0rd, (2}, 24) > —d, then we can divide the pairing (,) by a
power of m such that min;ez, szord, (z}, 24) = —d.

LEMMA 2.6.— (1) There exists a number N, depending only on g,
with the following property: for any abelian Og-variety (A, ) of dimension
g, there is an Op-linear polarization A such that ord,(degA) < N.

(2) An abelian Og-variety (A, ) over k admits an separable Og-linear
polarization if and only if dim(A)* are the same for i € Z/ 7.

Proof. — (1) The statement holds as well without the assumption
(2.1), so we prove the general case instead. Let (A,:) be an abelian Og-
variety. By the weak approximation, we can choose an Og-linear polariza-
tion A such that on each component H, of A(p) the quasi-polarization A,
has the minimal degree. Then the exponent of the local degree is given in
(2.5.1), and let N’ be the sum of these local exponents. The number N’
only depends on the Lie type but not on the abelian variety. As there are
finitely many possible Lie types with a fixed dimension g, we take N to be
the maximal one among all N'.

(2) This follows immediately from (2.5.1). O

LemMA 2.7.— Let S be the spectrum of an artinian ring R with
residue field of characteristic p. Let (A, ) be an abelian Og-scheme over S.

Then for any prime £ # p, there exists an prime-to-f Op-linear polarization
on A.

Proof. — We first reduce to the case that R is a field k. Let R be
a small extension of Ry. Suppose there is a prime-to-£ polarization A on
A ®Rr Ry, then p\ extends over R. This follows from that the obstruction
class lies in H%(Ak, Oa4, ), which is annihilated by p.

As the map Hom(Ag, By) — Hom(Aj, Bj) is co-torsion free, the
map P(Ax) — P(Ag) is co-torsion free. It follows that P(Ax) ~ P(Ag).
Therefore, we need to verify the case that k is algebraically closed.

Let X be an Og-linear polarization on A and (,) the induced pairing
on the Tate module T(A). Write Ty(A) = @,,(¢Tw into the decomposition
for Or ® Zy = @y¢Ow. Each factor T, is a free rank two O,-module
and and the pairing (,) induces a non-degenerated pairing on T,. Write
(z,y) = Tro,z, (1% (z,y)) for a unique lifting (,) : Tw X Ty — Oy
and let ¢, := ordy(e;,ez), where —d,, is the exponent of the inverse
different D! of O, over Z, and {e1,es} is a O,-basis for T,,. By the
weak approximation, we can choose a totally positive element a in OF[%]
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such that ord,(a) = —c¢,, for all w|¢. Then Aa is an Op-linear polarization
of degree prime-to-¢. O

ProposITION 2.8.— Let (A, ) be an abelian Og-variety over k. Then
the following conditions are equivalent:

(1) A satisfies the Deligne-Pappas condition.
(2) A admits a separable Og-linear polarization.

(3) [Lie(A)] = [Or ® k| in the Grothendieck group of O ® k-modules
of finite type.

(4) A satisfies the Kottwitz determinant condition.
(5) dimy, Lie(A)* are the same for all i € Z/ fZ.

Proof. — We first remark that (1)=>(3) is given in [DP, Prop. 2.7].
The following does not depend on this result.

Let A € P(A) and let (A\) denote the submodule generated by A. Then
the composition (A\) ® A — P(A) ® A — A? is A. It follows that the degree
of the isogeny P(A4) ® A — A divides that of \. It follows from Lemma 2.7
that the isogeny P(A) ® A — A? has degree a power of p. This shows that
(1) <= (2).

The assertion (2) <= (5) is Lemma 2.6 (2). It is clear that (3)==(4),
as the determinant function factors through the Grothendieck group.

The semi-simplification of Lie(A), as an Op ®k-module, is ®;cz,/ 57, ki,
where d; = dimy, Lie(A)®. It follows that (3) <= (5).

If A satisfies the Kottwitz determinant condition. Then Lie(A) is a
free 0" ® k-module. Then (5) follows. This completes the proof. a

2.9. Let S be a Zy-scheme and let (4,¢) be an abelian Og-scheme
over S. We consider the similar conditions (1) —(5') for (4, ¢) over S, where
(1", (2'), and (4') are the same as (1), (2), and (4) in (2.8) and

(3') Locally for the Zariski topology, Lie(A) and Or ® Og are the
same in the Grothendieck group of Or ® Og-modules of finite type;

(5') Lie(A) is a locally free O ®z Os-module.

It clear that (5’) is an open condition and we have the following
implications: (1’) = (2') and (3') = (4') = (5').
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LeEmMMA 2.10.— If S = Spec R, where R is a noetherian local ring
over Zy), then the condition (2') implies the condition (3").

Proof. — If A satisfies the condition (2’), then we have, by [DP,
Prop. 2.7, Remark 2.8], that 2[Lie(A)] = 2[Or ® R] in the Grothendieck
group. We may assume that R is complete, as R is faithfully flat over R.
Then it suffices to check that [Lie(A)g,] = [Or ® Ry] for all R, = R/m".
This follows immediately from the consequence of the Jordan-Horder
Theorem that the Grothendieck group of R’-modules (for any artinian ring
R') of finite length is torsion-free. a

LemMA 2.11. — Let R be a noetherian local ring and let k be the
residue field. Let A and B be abelian schemes over R. The restriction map
identifies Hom(A, B) as a subgroup of Hom(Ag, Bx). Then for any prime
¢ # char(k), the quotient abelian group Hom(Ay, By)/Hom(A, B) has no
{-torsions.

Proof. — This is a slightly modification of [O4, Lemma 2.1]. We refer
to loc. cit. for the proof. O

THEOREM 2.12. — Let S be an Z,)-scheme and (A, ) be an abelian
Opr-scheme over S. If A admits a separable Og-linear polarization, then A
satisfies the Deligne-Pappas condition.

Proof. — Write P’ for the group scheme over S that represents the
functor T' — P(Ar). We first show that if A satisfies the Deligne-Pappas
condition, then P’ is a locally constant group scheme over S. We may
assume that S is connected and it suffices to show that for any connected
open subset U of S, the restriction map r : P'(S) — P/(U) is an
isomorphism. It is clear that r is injective. As the Deligne-Pappas condition
is satisfied, the composition P'(S)® Ay — P'(U)® Ay — A}, is isomorphic.
This shows that P'(U) ® Ay ~ A}, and P'(S) ~ P'(U).

We now show the statement when S = SpecR, where R is a
noetherian local Z;)-algebra. Let k be the residue field of R and we identify
P’(R) as a subgroup of P’(k). It follows from Lemma 2.11 that if a prime
¢ # char(k), then P’(k)/P’(R) is ¢-torsion-free. As A admits an separable
Og-polarization, P’ (k)/P’(R) is torsion free. It follows that P’(R) = P’ (k),
hence that A satisfies the Deligne-Pappas condition.

We now show the statement. We may first assume that S is connected.
Let s be a point of S. Then there is a Zariski-open connected neighborhood
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Us of s such that P’ (Us) ~ P’'(SpecOss), as the latter is generated as a Op-
module by finitely many sections. It follows that Ay, satisfies the Deligne-
Pappas condition, hence that 73{]8 is a constant group scheme. This shows
that P’ is constant and P’'(S) = P'(Us) for any s. Therefore, A satisfies
the Deligne-Pappas condition. O

2.13. Let Def[A, ] denote the equi-characteristic deformation func-
tor of the abelian Og-variety (A, ¢) over k. It follows from crystalline theory
that Def[A, (] (k[e]) = Homggor (VM/pM, M/V M). From dimy Homy/re
(k[r]/(7), k[r]/(n®)) = min{a, b}, we compute that

(2.13.1) dimy, Def[A, ¢](k[e]) = Z Z mln{ej,e et}
1€Z)fZ 1<],k<2

If (A, ) satisfies the Deligne-Pappas condition, then

(2.13.2) dimg, Def[A, ¢|(kle]) = ef + 2 Z min{el, eb}.
€L/ fL

2.14. Assume that (A, \,¢) is a separably polarized abelian Op-
variety, that is, it lies in the Deligne-Pappas space. Let Def[A4, ), ¢] denote
the equi-characteristic deformation functor of (A4, A,:). We can choose
a k[r]/(n®)-basis {z},zi} of (M/pM)! for each i € Z/fZ such that
(VM/pM)? is generated by {n®1x%, n¢2z3} and that (7°'2},23) = 1 and
(r*xt xi) =0forall i € Z/fZ and 0 < k < e — 1. The first order universal
deformation (over the deformation ring R) of the abelian Op-variety (4, ¢)
is given by the following data:

P’}i"’l c H;:ris(A/R)’ P/‘\;l — @F,‘\i/lzy P/‘\ﬂz =< XLX; >R[7'r]/(1re)7

where ,
ej—1 e5—1
X =7n%z] + E a;mzy + g bimizy,
Jj=0 Jj=0
e;—1 ej—1
1 €5 i U P i _jt+es—el i
Xy =m2z5 + 5 grlzi + E dim z5.
=0 =0

Here we assume that e! < e, for simplicity. The condition Fil being
isotropic is given by (X}, m*X3) = 0 for 0 < k < e — 1. When k > €t, the
condition (X%, 7% X3) = 0 is automatic. For 0 < k < €} — 1, the condition
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(X% 7k X3i) = 0 gives the equation dii—k—l + ail_k_l = 0. From this we
1 1

conclude that

(2.14.1) dimg Def[4, A, ] (kle]) = ef + > min{e}, eb}.

i€Z/fZ

This shows that dimy Def[A, A, ¢](k[e]) = g if and only if (A, A, ) satisfies
the Rapoport condition.

ProrosiTiON 2.15. — The Rapoport locus is the smooth locus in the
Deligne-Pappas space.

Proof. — This follows from the dimension statement of [DP, Thm.
2.2] and (2.14.1). O

We will compare the Kottwitz determinant condition with the
Deligne-Pappas condition in an infinitesimal neighborhood. The following
lemma will be used for Proposition 2.17.

LEmMMA 2.16.— (1) Let N be an n X n matrix with entries in a ring
R such that the product of any two entries is zero. Let U = U,,, where U,
denotes the following lower triangular matrix:

Y 0 0
: o
Yn Yn—l }/1

for some indeterminants Y;. Then

(2.16.1) det(U + N) =Y{" + Y (Trg_1 N)Uy &
k=1

where Trg N :=nq 146+ +np_n (TrgN := 0 if k > n) and Uy 1, denotes
the (1, k)t*-cofactor of U.

@2) If U = (Vm U?n?) and N' = (%; N.2) (of same block partition),

where N’ has the same property as N above and n = mj + mgq, then
det(U’ + N’) = Yln + ZZ=1(’I‘I‘]C~1N11 + Tl‘k_lNQQ)U{,k.
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Proof. — (1) Write U = (uy,...,u,) and N = (nq,...,ny,). Then

det(U4+N)=(u1+n1) A ... A (up+ny,)

2.16.2 n
( ) =up AL Aty A AMAU A At

=1

It follows from (2.16.2) and the column expansions that det(U+ N) =
Yln + Zigj nijUij. From Uz‘J = Ui+1,j+1 (Z < ]), we get (2161)
(2) It follows from (2.16.2) and (2.16.1) that

(2.16.3)
det(U' + N/) = det(Uml + Nll) det(Um,, + N22)

mi ma
= <Y1m1 + ZTfk—lNll (Uml)l,k> (Ylm2 + ZTrk—lsz (Um2)1,k>

k=1 k=1

n
=Y+ > (Tre—1Niy - (Umy)1k - Y7 + Trxo1Nag - (Upmy)1k - Y7™).
k=1

Then the statement follows from (Up,)1,k - Y7 = (Uny )1,k - Y72 =
1k O
ProrosITION 2.17.— Let (A, \,¢) be a separably polarized abelian
Og-variety. Let Def[A, (]* denote the subfunctor of Def[A, ¢| that classifies
the objects satisfying the Kottwitz condition. Then Def[A, ¥ (k[e]) =
Def[A, ), ](k[e]).
Proof.— Let notations be as in (2.14). Let (A,%) be the universal
object over R, which is written as ®;cz, fZRi. We want to compute the
equations defined by the condition

det (ijle};Lie(g)i) = det (Z’/rj_le; (Or ® k‘)’)
j=1 j=1

in F,[Y], for i € Z/f7Z. As [Fil'] = [Lie(A)?] and the right hand side is Y,
it reduces to the condition

det (ij_ll/};}?‘;ﬁ> =Y .

=1
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It suffices to compute the defining equations on each factor R'. To ease
notations, we suppress the index 3.

‘We have
R = klai, bj, ck,dg 5 0 < ik, £ < e1,0 < j < ea]/(ai, bj, ck, de)?,

Fil =< X7, X2 > Rix]/(we)
=< X1, 7Xq,..., 727 X1, Xo, 7 Xo, ..., T 71Xy >p,

as a free R-module and write B for this R-basis. We compute from (2.14)
that

es—1 e;1—1
fore; <k<e X = Z j—fte, ™ X1 + E bj— ke, ™ Xo
j=k—e1 j=k—e2
(2.17.1) a1 o1
fore; <k<e, m°Xy= Z Cj—kte, ™ X1 +Z ke, ™ Xo.
Jj=k—e1 j=k—e1

For k > 1, let vy (resp. v} ) be the column vector for 7¥~1X; (resp. 7% 71X5)
with respect to the basis B. The vectors vy (resp. v;,) have coordinates in
mpg except for k < eg (resp. for k < e1). In the exceptional case, vy = Ej
and vj, = E.,4k, where {E;} is the standard basis. The representative
matrix of the endomorphism 7%~ on the R-module Fil with respect to the
basis B is

[T = (Vky -+« s Vktea—15Vks - - - » Vkpoy —1)-

‘We have

€

Z[ﬂ.j_l]y.vj = (f17"'7f€27f{7"'7fé1)7

i=1
e ’ e ’ .
where fi =0, Yjvj1k-1 and f =305 Vi, . Write

es—k+1 e
fe =up +ng, up = E Yjvjih-1, mk= E Yvj4k-1;
Jj=1 j=ea—k+2
e1—k+1 e
o ' r / r "
fk=up+ng, up= § Yjvjpor np = § , Yivjik—1
j=1 j=e1—k+2
and put
! !
U= (Ul,...,Uep W)U ),
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N N
N = L o,nl) = H - :
(Tll, )y Teyy My, ’nel) <N21 Nj2

Then by Lemma 2.16 (2), we have

e €2
(2.17.2)  det (Z[?‘l’]_l]Y}'> =Y¢+ Z(Trk—1N11 + Trg—1N22)Us .-

j=1 k=1

One directly computes that for 1 < k < ey,

ey —k+1

Tryp_1N11 + Trg_1Nog = Z J(tey—k41-5 + dey—kt1-5)Y;.
j=1

As the defining equations of Def[A, A, ¢|(k[e]) are a; +d; = 0 for 0 < ¢ <
e1 — 1, one has Def[4, \, |(k[e]) C Def[A, ] (k[e]). Conversely, let Y; = 0
for ¢ > 3, we have

Ui = (—1)k+lYle_kY2k_1,

Trr—1N11 + Tre—1Nog = (Gey —k + dey—k) Y1 + 2(@ey—k—1 + dey—k-1)Ya.

By comparing the coefficients of (2.17.2) with Y;¢, we obtain the equations
a; +d; = 0 for 0 < i < ey — 1, thus Def[A, A, ¢](k[e]) D Def[A, (] (k[e]).
This completes the proof. O

Remark 2.18.— (1) It is known [R, Prop. 1.9] that the forgetful
morphism Def[A, A, ] — Def[A, ] is formally étale if (A, \,¢) satisfies the
Rapoport condition, and that the Rapoport locus is smooth. In [DP, Thm
2.2, Deligne and Pappas concluded that the singular locus had codimension
two. However, they actually showed that the complement of the Rapoport
locus had codimension two. Proposition 2.15 fills the harmless gap of their
assertion on the dimension of the singular locus.

(2) From (2.13.2) and (2.14.1), one can see that the forgetful mor-
phism Def[A, A\, ¢] — Def[A, ] is not formally étale anymore when (4, A, ¢)
does not satisfy the Rapoport condition. In this case, the first order uni-
versal deformation (X,T) of (A, ) does not satisfy the Deligne-Pappas con-
dition nor the Kottwitz determinant condition, but the condition (5') in
(2.9) still holds for (A, 7).

(3) It seems that the conditions (1’) —(4’) in (2.9) are equivalent when
S is the spectrum of a complete local Noetherian ring. Proposition 2.17
shows some evidence. One can verify this by comparing the defining
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equations from condition (2') and (4’) in local charts, in the sense of
Rapoport and Zink. In fact, it is not hard to verify the equivalence when
e = 2. However, it is quite complicated in general using this method and
we do not attempt to provide the proof here.

2.19. Let a(A) denote the a-module of A, which is defined to be the
cokernel of the Frobenius map F on Lie(A) = M/V M:

M/VM—LE5M/VM — a(A) — 0.

Note that in the covariant theory, the Frobenius map F' is induced from
the Verschiebung morphism V : A®) — A via the covariant functor.

Let each o;-component of a(A) be
a(A)’ = kln]/ () @ k[x]/(n*2)

for some integers {a%, a}}. We define the a-type a(A) of A to be the invariant
a(A) = ({a%,at})i, (1.9). Let |a(A)| denote the total a-number of A, which
is the dimension of the k-vector space Homy(ay,, A?). If the abelian Op-
variety (A,t) satisfies the Rapoport condition, then g(A) is of the form
({0,a%}); and we write a(A) = (a*); instead.

LEMMA 2.20. — The a-module a(A) is canonically isomorphic to the
k-linear dual Homyg(ap, A*)* of Homg(ayp, AY) as k @z Op-modules.

Proof. — Let M* denote the contravariant Dieudonné functor. Then
we have

HOIIlk (ap, At) = HoleF’V](M* (At), k‘) >~ HOmwlF’V](M(A), k')
— Homy (M(A)/(F, V)M(A), k) = a(A)".

O
2.21. Let a(A) = ({a¢,a’});, with a¢ < a%, be the a-type of A and
1,03 1S0

e(A) = ({e},es}): be the Lie type. It follows from the elementary divisor
lemma that there are two W-bases {z%, x5}, {v},y5} of M* such that

. P v . - =1 a1
VMt =<zt 722 > and FM'"™ ' =< n® % gy}, n® % yb > .
. . i i—1 .
We may assume that e} < e} hence e —es ' < e — ™! for each i.
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If e <e—ey !, write ¢ = azh + bk, yh = cxl + dxl, then
J — ; K3 - 2 : _ 1 . _et—1 .
FM*©7 4+ VM =< nigl, nah, 77 bah,m % dah > .

Note that one of b and d is a unit. From this we obtain a bound for a-
types: aj = €] and min{e}, e — elz_l} < a; < min{e}, e - e} when
el < e—es ! Conversely if e — e5™' < e! then we have ai = e — eb™!

and min{e — {7}, €4} < ah < min{e — i1, ed}.

2.22. If A is superspecial, that is |a(A)| = g = ef. We know that
FM = VM, in other words that FM'~! = VM**! for all i € Z/fZ. This
gives {ei,es} = {e —e' ' e —e5 '} and {ai,a}} = {et,eb} for all i. There
are two possibilities:

1. If f is odd, then a(A) = e(A) = ({e1, e2}); for some nonnegative
integers e; and es with e; +ex = e.

2. If f is even, then there are two nonnegative integers e;, eg,
with 0 < e;,ea < e, so that a(4) = e(A) = ({e1,e2},{e —e1,e —
ea}, {e1,ea},...,{e —e1,e —e2}).

LEmMMA 2.23. — Let a(A) = ({a},a}}); and e(A) = ({e},€es});. Then
e(At) = ({e — €i,e — eb}); and the a-type ({bi,b3}); of the dual abelian
variety Al is given as follows: b = min{e — e}, e — eb, e ! e '} and
b+ 05 = (af +a§) + (e +e5 ") = (el +eh).

Proof.— Write M = M/pM and Mt = M*/pM?, where M? is the
Dieudonné module of A’. From the definition of e(4) = ({e},eb})s, one
concludes that V M+ is isomorphic to k[7]/(7°¢1) @ k[x]/(7®~¢2). The
perfect pairing M x Mt — k induces a perfect pairing

VM x M5 /VMEH - k,

thus e(A?) = ({e —et,e — €4 })s.

Let 7% := FM—1NV M+ in M*. We have dimy T* = dimy FM1+
dimy, VM —dimg (FM= 14+ VM) = (a +ab)+ (i~ +eb ) — (el +eb).
The perfect pairing M x M? — k induces a perfect pairing

T* x (M?/(F,V)M*)' -k,
thus b + b5 = (ai + ab) + (ef”' + es 1) — (ef + €b). The assertion
b = min{e — ei,e — e}, e}"!, €57} is obtained from (2.21) and e(4') =

({e —¢€t,e—ei});. O
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3. Formal isogeny classes.

In the rest of this paper, k¥ denotes an algebraically closed field of
characteristic p > 0.

LemMA 3.1.— Let M be a quasi-polarized Dieudonné O-module.
Then the slope sequence slope(M) of M is either { ; é 9—9_—’ sy 2 3
for some integer 0 <i < g/2, or {3,..., 3}

Proof.— Suppose that M is not supersingular. The F-isocrystal
M ® B(k) contains M7, & My ,, where M, is the simple F-isocrystal of
single slope a/(a+b) for some integers a, b. We want to show that 2(a+b)r =
2g. We first have an embedding F, — End(M;,) = M;(Da/(a+b)) and
any maximal commutative subalgebra of the latter has Q,-dimension
r(a +b), so g|r(a + b). On the other hand, we have 2g > 2r(a + b), from
M ® B(k) > M, & Mj ,. Hence M ® B(k) = M, , ® My ,. This completes
the proof. O

3.2. Let S(g) denote the subset of Q which parameterizes possible
slope sequences arising from abelian Op-varieties

S(g)::{ieZ;Osigg}U{g}.
i g=i

For each i € S(g), we denote by s(i) the slope sequence { é, R TR afRERS

i;—i }. The (linear) order on S(g) induced from Q is compatible with the
Grothendieck specialization theorem.

3.3. Example. Let M = M° @ ... ® M/~! be a Dieudonné O-
module, where M* is a free W*-module of rank two generated by z%,x?
with 24 € VM1, Let

1 it1 1t
Fai = a1zt 4 aiftalt

3.3.1
&30 ol = et + patfl

be the action of the Frobenius F'. Then

Ff2l = oz + Bxd

3.3.2
( ) F'a = yal + 629,
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where

a B\ _ 40— 40 [ ey _
(7 5>_A1 AW Ap, A= P pib , A = Aq.

Here we write A(™ for A°". Note that M satisfies the Rapoport condition.

Let a,b€Z,a+b=9,0<a<b Writea=de+r,0<r <e. Take

Ai=<0 1) for 1 <7< 2d,

1 1 . a1
Ai_(—-p 0) f0r2d<z<f,andAf—<_p O)'

Then we have
f
a B\ _, aafe B o B (71
(’Y 5>_( VP <’Y/ &)\ & _i—12_d[+1A1 0 0 mod

Note that A7 = A; for all ¢ € Z/fZ. The characteristic polynomial of
Ffis X% — (a+ 0)X + p/ and ord,(a + §) = %. Therefore slope(M) =

a a b b
G g g gt

Remark 3.4.— The example constructed above is non-trivial, due
to the following constraint. Let M = M, ® Mpq,a+b = g,a # b
be a Dieudonné O-module which satisfies the Rapoport condition, where
M, (resp. Mp,) is a Dieudonné submodule of single slope GLH, (resp.
+4%)- Then a is a multiple of e. Therefore, one can not construct a
special Dieudonné module, in the sense of Manin, with an O-action which
satisfies the Rapoport condition and has arbitrary possible slope sequences

in Lemma 3.1. The proof of this fact is as follows.

Let My p = M°@...&M7?~! asin (2.2), where M is a free W*-module
of rank one. We can choose a basis z; for M such that Vz;,; = n™x; for
1<i< f—1and V) = uyn™xy, for some ug € (W°)*. As M satisfies
the Rapoport condition, we have n; = 0 or e. As the slope of M, is al_,_b,
we have V/zy = m%ux for some unit u hence a =ng + ... +n f—1, which
is a multiple of e.
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3.5. Let V be a 2-dimensional F,-vector space with a non-degenerate
alternating form ¢ on V with values in Q, such that ¥(az,y) = ¥(z,ay)
fora € F,, z,y € V. Let G be the algebraic group of F,-linear similitudes
over Q, and let G be the derived group of G. The algebraic group G, is
simply-connected and it is the kernel of the multiplier map ¢: G — Gy,.

Let M be a quasi-polarized Dieudonné O-module. We choose an
isomorphism between M ®w B(k) and V ®q, B(k) for skew-symmetric
F,-modules over B(k). Let b € G(B(k)) be the element obtained by
the transport of structure of the Frobenius FF on M. The o-conjugacy
class B(QG) classifies the (F-)isocrystals with G-structure. The fibre of v/(b)
under the Newton map v : B(G) — S(g) is classified by H'(Qp, Js) [RR,
Prop. 1.17], where J;, be the algebraic group over Q, which represents the
group functor [RZ, Prop. 1.12]

R~ {g € G(R®q, B(k)); g(bo) = (bo)g}-

LemMA 3.6.— H*(Qy, Jp) =0.

Proof.— Let N := M ® B(k) be the isocrystal with G-structure.
The group Jp is Autg(N), viewed as an algebraic group over Q. If M is
supersingular, then Autg(N) is the multiplicative group of a quaternion

algebra over F, with reduced norm in Q. If M is not supersingular, then
Autg(N) = F¥ x QY. In both cases, H'(Q,, J;) = 0. a

COROLLARY 3.7.— Let M; and M, be two quasi-polarized Dieudonné
O-modules. If slope(M) = slope(My), then My @w B(k) and My ®w B(k)
are isomorphic as quasi-polarized isocrystals with the action by F,,.

CoROLLARY 3.8. — Any polarized abelian Og-variety over k is isoge-
nous to one which satisfies the Rapoport condition.

Proof. — Tt follows from (3.3) and Corollary 3.7 that the statement
holds for the associated p-divisible group. Then the assertion follows from
a theorem of Tate. O

4. Normal forms.

4.1. Let M be a non-ordinary separably quasi-polarized Dieudonné
O-module over k which satisfies the Rapoport condition. Let a(M) = (a);

TOME 53 (2003), FASCICULE 7



2130 CHIA-FU YU

be the a-type of M. Note that the Lie type of M is ({0,e}); and the
constraint for the a-type is 0 < a® < e. Denote by 7(M) the a-index of M,
which is defined to be the subset of Z/ fZ:

7(M) := {i € Z)fZ;a" # 0}.

Write 7 for 7(M).

Let D! = (7~%) be the inverse of the different of O over Z,. There
is a unique W ® O-bilinear pairing (,) : M x M — W ® O such that
(z,y) = Trwgo,w(r~%(z,y)). Write M := M/mM. The module M is
a 2f-dimensional vector space over k together with a k-linear action by
O/m = O"/p that commutes with the action of F' and V. The perfect
pairing (,) on M induces an perfect pairing (,) on M that satisfies
(Fz,y) = (z,Vy)? and (az,y) = (z,ay) for all z,y € M,a € O /p.
The decomposition of M (2.2) into o;-eigenspaces

M= @iGZ/fZMZ

respects the perfect pairing as before (2.2).

As M satisfies the Rapoport condition, VM and FM are free k@ O™-
module of rank one, and we have that FM = kerV and VM = ker F.
Consider M as a k[F, V]-module, it is isomorphic to N/pN for a separably
quasi-polarized Dieudonné O™ -module N over k of rank 2f with the same
a-index as M.

PropPosITION 4.2. — There exists a k-basis {x;,y;} of M’ for each
i € Z/ fZ such that
o (zi,y;)=1andy; € VM for alli € Z/ fZ,

{xi—i-l ifi+1¢gr

Fa; =
*EE T~y fitler

Yyi—1 ifigrT Yi—1 IfieT
— Vl: . . .
Vi {O ifier o {0 ifigr

Proof. — 1t follows from [Y1, Prop. 4.1]. O

Note that this proposition gives the classification of the m-torsion
subgroup scheme A[n] of separably polarized abelian Op-varieties over k,
classified by the a-indices.
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The following results generalize [Y1, Prop. 4.1, Prop. 4.2, Lemma 4.3,
the proofs are the same and omitted.

PROPOSITION 4.3.— There exists a W-basis {X;,Y;} of M for each
i € Z/ fZ such that

(i) (X;,Y;)=1andY; € (VM) Vie Z/fZ,

Y tennXyn ifitler,
FY - pYiy1 ifi+1¢rT
* pXi+1 If’L + 1 c T,

for some c; 1 € WL,

PROPOSITION 4.4. — There exists a W'-basis {X;, Y;} of M* for each
i € Z/ fZ such that

(i) (X:,Y:) € (W)X and Y; € (VM):, Vi € Z/fZ,

- [ X ifi+1¢gr
(ll) FXZ_{}Q+1+CZ‘+17TX2'+1 1f'l+1€T,

i [Tl g
X,y ifi+ler,
for some c; 41 € Wi,

Note that the i-th component a* of a(M) is min{e,ord,(c;7)} for
1E€T.

LEMMA 4.5.— If M is superspecial (2.22) (in this case a' = e,
Vi€ Z/fZ), then

(1) There exists a W-basis {X;,Y;} of M* for each i € Z/fZ such
that

oY, € (VM) and (X;,Y;) =1,
o FX; =-Yiu1, FYi = pXit1,
for all i € Z) fZ.

(2) There exists a Wi-basis {X;,Y;} of M* for each i € Z/fZ such
that

oY, € (VM) and (X;,Y;) = u; € (W)X with uf = u;, where
r =lem(2, f),

o FX;=Yin, FY;=pXit1,
for alli € Z/fZ.

TOME 53 (2003), FASCICULE 7



2132 CHIA-FU YU

For applications, we need to classify all quasi-polarized superspecial
Dieudonné O-modules, not just separably-polarized ones or those satisfying
the Rapoport condition.

LEmMMA 4.6.— Let M be a quasi-polarized superspecial Dieudonné
O-module over k and let ey, ey be as in (2.22).

(1) If f is even, then there is a W'-basis X;,Y; for M* for each
i € Z/ fZ such that

. "
(1) (Xi7 Y;) = { qnte—ei—es
some n € Z.

if 1 is odd,

if i is even, for all i € Z/fZ and

) 3 _7[.61}/1:_’_1 ifiis Odd7
(ii) FX; = { —mweé=e2Y,; 1 ifi is even,

FY, — v X1 if 7 is odd,
T lvreTe Xy, ifi is even,

where vm® = p.
(2) If f is odd, then there is a Wt-basis X;, Y; for M* for eachi € Z/ fZ
such that
(i) (X;,Y;) =™ for some n € Z.
(ii) FX; =—7Y;41, FY; = vn?Y;4, fori € Z/fZ,
where vw® = p.

Proof.— The proof is similar to that of [Y1, Lemma 4.3], hence is
sketched.

(1) Write f = 2c and let M’ := {z € M| F°z = (—1)°V°z }. Since
M is superspecial, we have F2M’ = pM’ and M’ Bw(F, ;) W(k) ~ M. We
can choose bases { Xo, Yo}, {X1, Y1} for (M), (M’)! respectively such that
FXo = —7*~*2Y;, FYy = vr® 2 Xy, and (X1,Y1) = 7" for some n € Z.

Define X,,Y; recursively for 2 < ¢ < f by (ii). Then it is straight
forward to verify that X; = Xo, Yy =Y, and (i).

(2) Write f = 2c+ 1 and let M’ := {z € M|F?z + p/z = 0}.
From (ii), Y} is required to be (—1)*t1x—¢1p~°Ff X,. Let X, Zo be a basis
for (M')° such that FX, = n®* X1, FZy = n°2Y] for some basis {X7{,Y{}.
Let Yy := (—1)c+17r_“’1p—°FfX0. If e; < ey, then Xg,Yy form a basis. If
e1 = ey, then we can choose again X, such that X;,Y; form a basis for
(M")°. Define X;,Y; recursively for 1 < ¢ < f by (ii) and it is easy to check
that X; = X, and Y; = Y. We found a basis satisfying (ii).
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Write (Xo,Yy) = un™ for some unit p and some integer n. It follows
from (Ff X, FfYy) = pf (X0, Yp)°” that po” = p. If we replace X, by AXo,
then g will change to AA®’ 4. Since B(F 25 )[7]/B(Fps)[m] is a quadratic
unramified extension, we can adjust X, by choosing a suitable X such that
(Xo,Yo) = 7™, hence (i) is satisfied. g

4.7. Let M be a non-ordinary separably quasi-polarized Dieudonné
O-module satisfying the Rapoport condition. Let a(M) = (a') be the
a-type of M and 7 = 7(M) = {ni,ng,...n:} be the a-index of M,
where t = |a(M/mM)|, the reduced a-number of M. We assume that
0<n <ng <...<mng < fandletnyg :=mn— f and ng41 = ny.
Denote by A(e, f) the set of possible a-types on the Rapoport locus

Ale, f) :=={(a");i € Z/fZ,a"* € Z,0 < a* < e},
with the partial order that (a%) < (b?) if a® < b%, Vi € Z/fZ. An a-type

(a*) € A(e, f) is called spaced if a*a’™! = 0, Vi € Z/fZ, cf. [GO, Sect. 1,
p.112).

By Proposition 4.4, we can choose a Wi-basis {X;, Y;} of M for each

i € Z/ fZ such that
FX; X
= Ai )
FY; 4 Y;

1 0 e 1
A; = 1fz¢'r, A; = ifiET,
0 =n° ™ 0

for some ¢; € W' for i € 7 and c¢; is a unit if a* < e.

where

Let 4, :=n; —n;_1 for 1 < i < t. We have

FhX,, 7%y, 1Y\ [ Xn,
= , VI<i<t.
F4Y, | w0 Y.,
For 1 < s < t, suppose that

Fes+£s+1+~--+ftan_l ol ,83 Xnt
Flottontottiy, - vs G Y., )’
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for some coefficients ag, Bs,7s, 0s. It follows from

ls+Ls 2 ls+Ls s
Féstlst1+...+ tan—z Flstlst1+ +Z:(Ff 1an_2)
Fes+£s+1+--~+ft Yns—2 Flstlspit...+L (Fes—l Yns—z)

(4.7.1)
Wans—lcg:j-lfs-{—l"r...-f‘et) 1 F[5+€s+1+”.+ltX’ns_1
N qels—1 0 ) A
that
as_1 /Bs—l Us—1 1 (e P ﬁs
Ys—1 O0s—1 rebs-1 () ¥s s 7
(4.7.2)

(s 7 ,Bt Wantcnt 1
Yt (St WElt 0 '
where us_; = w9 et bt Recall that we write o™ for "

(3.3). Therefore,
(4.7.3)

(aﬂ._alﬁl_ull ug 1 TP |
N 5 = - 51 - 7_[_@(’1 0 7refz 0) e ﬂ.e& 0 .

4.8. Consider the case that ¢; = 0 for all ¢ € 7. If ¢ is even, write
t = 2d, then we have

a f ge(latlat . +L2a) 0
v 4 - 0 ﬂe(e1+[3+-..+€2d_l)

and slope(M) = s(i) (3.2), where i = min{e(}_; ;<4 025),€(X1<jca b2i-1)}-
If t is odd, write t = 2d + 1, then we have

G-

ProprosITION 4.9. — Let M be a separably quasi-polarized Dieudonné
O-module over k that satisfies the Rapoport condition. If a(M) is spaced,
that is £; > 2 for all 1 < i < t, then slope(M) > s(la(M)]) (3.2).

and M is supersingular.
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Proof. — We may assume that M is non-ordinary. It follows from
(4.7.3) that

R WY L A N
= A s = Az = & o i)
FIy,, Yo, 1l I

Let N be the Dieudonné O-submodule of M generated by 7¢X,,, Y,,. As
FI(N) c 7leMIN, we get slope(M) > s(|a(M)]). 0

In general the slope sequence slope(M) is not determined by a(M).
This is known even in the unramified case [GO]. We will see in (6.8) that
the bound in (4.9) is sharp for spaced a-types, while it is not the case for
non-spaced ones, see (6.10).

4.10. When t = |7| =1, say 7 = {0}, we have

F f XO Co 1 X 0
Fiy,) \x0 o) \v
for some ¢g € WO, It is easy to see that M satisfies a Cayley-Hamilton

equation ([02],[Y1]) F?/ X, —céf)Fon — 719Xy = 0, thus slope(M) = s(i),
where ¢ = min{ g, ord,(co)}.

4.11. When t = |7| =2, say 7 = {0,423} and ¢35 < {1, we have

F’f)(g1 Uy 1 U 1 X[l
Fiy, ) \=xt o) \z2 0)\v, )’
for some coefficients uq,us (u; = c(()b), ug = ¢g, ). Then

a f upug + ey
(4.11.1) = .
v 0 b2y, mwebe

77582

If w; = 0, then the matrix is (ﬂ'eelu2 9¢.), hence slope(M) = s(efs).
If uy # 0, then we have the Cayley-Hamilton equation

BF* X, — (86 + BaFI Xy, + B (ad — B8) X,, = 0.
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As ord,(6) = ely > §, we see that slope(M) = s(i), where { =
min{£,ord.(al"))}. In both cases we have that slope(M) = s(i), where
i = min{ £, ord. (uyuz + 7¢%2)}.

5. Alpha stratification.

5.1. Let p be a fixed prime number. Let MP? denote the moduli
stack over SpecZy) of polarized abelian Op-varieties (4, A, ¢) of dimension
g = [F : Q] with the polarization A of prime-to-p degree. It is a separated
Deligne-Mumford algebraic stack over SpecZ,) locally of finite type. In
[DP], Deligne and Pappas showed that the algebraic stack MPF is flat and
a locally complete intersection over SpecZ,) of relative dimension g, and
the closed fibre MPF @ F,, is geometrically normal and has singularities of
codimension at least two. It follows from Deligne-Pappas’ results and the
compactification of Rapoport that the irreducible components of geomet-
ric special fibre MPF @ Fp are in bijection correspondence with those of
geometric generic fibre MPP ® Q. Those are parameterized by the isomor-
phism classes of non-degenerate skew-symmetric Op-modules H; (A(C), Z)
for all (A, \,t) € MPF(C).

Let MP% denote the Rapoport locus of MPF_ It is the smooth locus
of MPP (2.15). Let M denote the reduction MZ®y k(v) of ME modulo v,
where k(v) is the residue field of Or at v. We will define the stratification
on M by a-types scheme-theoretically, (cf. [Y1, Sect. 3]).

5.2. Let S be a locally noetherian scheme over Speck(v) and 74 :
(A, A ) = S € M(S) a polarized abelian Og-scheme over S. The sheaf
RY(m4)«(04) is a locally free rank one O ® Og-module. It admits a
decomposition (2.2),

R'(74)e(0a) = €D R'(ma)(Oa)
i€Z/fZL

with respect to the action by Op. Each component R!(m4).(04)¢ is a
locally free Og[n]/(7®)-module of rank one and it admits a filtration of
locally free Og-modules

RY(ma)u(0a) = F P D Fol o .. D F¢ =0, F":=kerm® .
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Let Fy/5: A— A®) be relative Frobenius morphism over S, where A®P) :=
A xg r,,. S and Fups is the absolute Frobenius morphism on S. It induces
an Og ® O-linear morphism F g : RY(74)2(04)P) — RY(m4).(O4).

Let a = (a*) € A(e, f) (4.7) be an a-type. Let M, denote the
substack of M whose objects m4 : (A,\,¢t) — S satisfy the following
condition:

(5.2.1) Fis (R1 (m)*(oA)@)vi) c Fo' VieZ/fZ.

It is clear that the condition (5.2.1) is closed and locally for Zariski topology
M, is defined by finitely many equations. Therefore My, is a closed
algebraic substack of M.

It is clear that M., is non-empty as it contains £ ® O with a prime-
to-p polarization, where E is a supersingular elliptic curve.

LEmMMA 5.3.— Let (A4, ),¢) € M(k) and a(A) = (a*) be the a-type
of A (2.19). Then cokerFy = @iGZ/fzk[ﬂ']/(ﬂ'a’l).

Proof. — Let M* denote the contravariant Dieudonné module of A.
We identify M*/pM* = H},(A/k) and have H'(A,04) = M*/V M* and
cokerF7 . = M* J(F,V)M*. On the other hand, the quasi-polarization
gives an isomorphism M =~ M™* of Dieudonné O-modules, which induces
an isomorphism M/(F, V)M ~ M*/(F,V)M* of O ® k-modules. |

THEOREM 5.4. — The algebraic stack M, is smooth over Spec k(v)
of pure dimension g — | a|.

Proof.— Let z : Speck — M4 be a geometric point. Then there
is an affine open neighborhood U of z and a polarized abelian Op-scheme
(A,),1) € M(U) such that R (74)«(04)® and R'(ma).(O4) are free
Oy ®Op-modules. Let ) and z; be Oy [rr]/(m¢)-bases of Rl (14)+(04)®)
and R'(m4).«(Oa)® respectively for each i € Z/fZ. Let

F,ft/s(mz('p)) = Z fijmzi,  fij € Oy.

0gj<e

Then locally M, is defined by the equations f;;, where (i,j) € I =
{(i,5);i € Z/fZ,0 < j < a*}. Therefore, dimy Msq > g —|I| =g —|a|.
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Let M := H!.

cris

the Hodge filtration:

(Aa/k), M® .= HL (AP /k) = M @ k. We have

cris

0 — Fil® — 7P QW) .= H(4,,04)® —— 0

B -

0 — Fil — M — Q:=HY(A;,04,) — 0

By Proposition 4.3 and Lemma 5.3, we can choose a k[r|/(7¢)-basis {z;, y; }
be of (M) for each i € Z/ fZ such that y; € Fil* and F*(x;®1) = —y;+ciz;
for some ¢; € 7 k[n]/(n¢). For any PD-extension R of k, the differential
forms z;, y; have unique horizontal liftings in M := H!. (A/R) with respect
to the Gauss-Manin connection, which we will denote the liftings by z;, y;
again.

Let R := k[[t]]/(t)? be the first order universal deformation ring of

(Az, Az, tz), where t = (t;;),1 € Z/fZ,0 < j < e. The first order universal
deformation (A4, A, 1) gives rise to

0 — Y . me» QP —— 0

e F

0—>Ff‘\i/l——~—>M—>Q—>0

= (P) :
where Fil = span Z/z+Zo<J<e ijmx;), FilI' = span( yz+20<]<e tijmlx;)
® 1) = span(y; ® 1), Q = span([z;]), and QP = span([z; ® 1]) for all

i € Z/fZ. Here the bracket [ ] denotes the class modulo Fil and ﬁ(p). It

follows from
F*(x; ® 1)) =[] = Z t”ﬂ'avz

0g<ji<e

that R/(t; ;) j)er is the first order deformation ring of My, at « and the
tangent space has dimension g — | a | < dim,; My,. The assertion follows. O

COROLLARY 5.5.— The ordinary points are dense in MPF @ F,,.
Proof. — Note that for ordinary points a* = 0,Vi € Z/fZ. The

statement follows from Theorem 5.4 and the density of the Rapoport locus.
O
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5.6. Let M, denote the subset of M that consists of points with a-
type a. It is a locally closed subset of M, hence regarded as a locally closed
algebraic substack of M with the reduced induced structure. Lemma 5.3
says that (A,A,t) € Msq(k) if and only if a(A) > a. It follows from
Theorem 5.4 that M, is a dense open substack of M, and M5, is the
scheme-theoretic closure of M, in M. This justifies our notation.

6. Deformations of Dieudonné modules.

6.1. We follow the convenient setting of [N, Sect. 0] and [CN, Sect. 2,
p. 1011]. As we will only deal with smooth functors, the deformation theory
developed by P. Norman [N] and Norman-Oort [NOJ is enough for our
purpose. We refer the reader to Zink [Z2] for the generalized theory of
displays over more general base ring.

Let R be a commutative ring of characteristic p. Let W(R) denote
the ring of Witt vectors over R, equipped with the Verschiebung 7 and

Frobenius o
((10,(1.1, e .)T = (O,ag,al, .o )

(ag,a1,...)7 = (af,al,...).
Let Cart,(R) denote the Cartier ring W(R)[F][V] modulo the relations

e 'V =pand VaF =a",
e Fa=a’F and Va" = aV, Va € W(R).

A left Cart,(R)-module is uniform if it is complete and separated
in the V-adic topology. A uniform Cart,(R)-module M is reduced if V is
injective on M and M/V M is a free R-module. A Dieudonné module over R
is a finitely generated reduced uniform Cart,(R)-module.

There is an equivalence of categories between the category of finite di-
mensional commutative formal group over R and the category of Dieudonné
module over R. We denote this functor by D,. The tangent space of a for-
mal group G is canonically isomorphic to D,(G)/VD.(G).

6.2. Let a = (a°) be an a-type and (Ao, Ao, t0) € Msq(k) (1.12)
(5.2) be a non-ordinary polarized abelian Op-variety. By Lemma 3.1, the
associated p-divisible group Gy = Ag[p™] is connected, hence it is a smooth
formal group. As the forgetful functor Def[Ag, Ao, to] — Def[Ay, 1o] induces
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an equivalence of deformation functors, we will consider deformations of
abelian Op-varieties and their associated formal groups.

Let I be the set {(la])!l € Z/fZaai < .7 < e — 1} and let R =
k[t: 1, j)er- We have

O ®z, W(R) = @ W(R)T]/(0:(P(T)).
€L/ fL

Set W}, := W(R)[T]/(0:(P(T))) and denote again by 7 the image of T in
Wh.
Let My be the covariant Dieudonné module of Ag. Let b = (b%) be

the a-type of Ag and T be the a-index of My. By Proposition 4.4, we can
choose a Wi-basis of M¢ for each i € Z/fZ such that

X; ifigr 7Y, ifigr
(6.2.1) FX;, 1= FY,_, =
aX;+Y;, ifier

X, ifier,
for some ¢; € 7 W*.

By [NO, Lemma 0.2], we construct a Dieudonné module Mg over R
with a Cart,(R)-linear action by O as follows. It is the Cart,(R)-module
generated by {79 X;, 1Y, },ez, 57,0 j<e With the relations

Xi if 4 g T
6.2.2 FX,_ 1= )
( ) ot cX; + (K + Zai<j<e T%,jﬂ'JXi) ifier

VulY; + e, eTi,'ﬂ'in ifigr
(6.2.3) Yi—1={ ( > <j<e L ) &

VulX; ifier,

where T ; is the Teichmiiller lift of ¢; ;, V(i,j) € I, and u = p~!w®. We
impose the natural W}-module structure on the free W (R)-submodule gen-
erated by {7 X;, 7Y, }o<j<e, and impose the trivial WE-module structure
on this submodule for k # . The action of O on Mg comes from the natural
embedding O — O ®z, W(R).

LeEMMA 6.3.— The Dieudonné O-module Mg over R is isomorphic
to the universal deformation of My for Ms,.
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Proof. — 1t is clear that Carty (k) ®cart,(r)y MR = Mo. On Mr/V Mg,
we have

FiXia]=clX]+ Y tm[X], Vier

a'<j<e

By the Serre-Tate theorem, we obtain a morphism SpfR — M>a z BY
[N, Thm. 1], this construction induces an injection of tangent spaces. By
Theorem 5.4, M, is smooth and dim M, = dim R. Hence the morphism
is an isomorphism. d

Remark 6.4. — Another construction of Mg is using tensor products
modulo relations. Let Pg is a free O ®7 W /(R)-module of rank two, with
a Wi-basis {X;,Y;} for each component Pj. Then we construct Mg to be

the quotient of Cart,(R) ®w gy Pr modulo the relations (6.2.2) and (6.2.3).

6.5. Let Mg be as in (6.2). Let

(6.5.1) T — { Larcjce Tig™ ifigr

Cit Yggjce Ligm® fi€T.

FX;, X
= A; s
FY;_1 Y;
1 0 T, 1
i = lf’LgT, Aiz ifier.
T;m¢ ¢ ™ 0

LeEMMA 6.6.— The non-ordinary locus of M2 is defined by [];

Then we have

where

zET

=0.
Proof. — Take a = (0,0,...,0). On Mg/(VMpg + mMg), we have

F[Xi_l] = [Xl] if ¢ g T; F[Xi—ll = ti,O[Xi] ifi €.

As each slope stratum is reduced, it induces a closed reduced subscheme, if
not empty, of MZ2. A point p € Spec R is in the non-ordinary locus if and
only if any of ¢;0,¢ € 7, vanishes on R/p. Therefore the defining equation

is HiE‘r ti70 =0. O
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6.7. We continue with (6.5). Let ¢ = |a(My/mMy)| and 7 =
{n1,ng,...n;}. We assume that 0 < n; < ny < ... < my < f and let
no:=mn; — f and ngy1 = ny. Let £, :=n; —n;—; for 1 < i <t (4.7).

From (6.5), we have

s e e

‘ﬂl 1 n7_ 1+1 'nl 144, —-17r ™
T, 1\ [ X,
Yo,

0
(6.7.1)
1 0 Ul 1 X,
= Vi, We(ei—l) € 0 <Yn, )
U/ 1 Xn,
ot v )\ v
where
2,—1 N
U :=T,, and V/:= ZT ’lij

Recall that we write 7 for T°" (3.3) (4.7). For 1 < s < t, suppose that

FZS+ZS+1+"'+£‘X71871 Qs /Bs Xnt
( Fletbonitotliy, - vs O Y,, ’
for some coefficients as, 8s,7vs, 0s in Wg'. It follows from the same compu-
tation (4.7.1) of (4.7) that

Q51 ﬂs—l Us—l 1 (673 ﬂs
Vs—1 Os-1 Us—1Veo1 + b=t V4 Vs s

o B U; 1
(6.7.3) = ,
Y O UV, + ¢t V,
where
£s—1
U o Tt tatoct) ad Vym ST 00
i=1
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Therefore,

a B ay ¢ 1
(6.7.4) (7 5)':<71 51) EI(UVM&[ V)

THEOREM 6.8.— If g = (a%) is spaced, then the points in M3, with
slope sequence s(|a|) are dense in M,.

Proof.— We will show that for each point z = (Ao, Ao, to) € Ma(k),
there is a deformation in M3, whose generic point has slope sequence s(|a/).
Let My be the Dieudonné module of Ag. Let R = k[t; ,:],i € 7(Mo). We
construct a deformation Mg by (6.2) with T; ; = 0 except for ¢ € 7(Mo)
and j = a’. Note that V; =0 in (6.7.4). We have (cf. 4.9)

FfWeXnt ¢ X, e
= rrlal4 , A= H )
Fiy,, Yo, rett—1)- 0

where U; = (cn, + T, qn. ) B+t Tor2t+8) for some c,, in W™, We may
assume that e({; — 1) > a™ for some 4, otherwise |a| = % and there is
nothing to prove. Assume that e(¢; — 1) > a™', we have

U1 0 U2 * Ut *
modn
0 O * 0 * 0
P x
modmr
0 0

where P is a nonzero polynomial in U;’s. Hence P is a unit in W (K)[n],
where K is the perfection of Frac(R). Therefore My = Carty,(K) ®cart, (R)
MTE has slope sequence s(|a]). a

(6.8.1)

CoOROLLARY 6.9.— The generic point of each irreducible compo-
nent of My, has slope sequence > s(A(a)), where A\(a) := max{[b];b <
a,b is spaced}.

Proof. — This follows from Proposition 4.9 and Grothendieck’s spe-
cialization theorem. O

PROPOSITION 6.10. — Let a = (a*) be an a-type with a* < [e/2] for
all i € Z/fZ. Let x = (Ag, Mo,t0) € M(k) such that Ag is superspecial.
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Then in every open neighborhood of ¥ in M4 there exists a point of slope
sequence s(|a|).

Proof.— Let ¢ := [e/2] and My be the Dieudonné module of Ay. By
Lemma, 4.5 (2), we can choose a basis {X;,Y;} for M* such that

()=o) (5)
= , VieZ/fZ.
FYi_, ™ 0)\Y

Let R = k[t;];cz/5z- We construct a deformation Mg of Mo by (6.2):

FXi_l Waln 1 Xz
= , VieZ/fz,
FY; 4 me 0 Y;

where T is the Teichmiiller lift of ¢;. We have (cf. 4.9, 6.10)

FineX,_ cx ., f-1 U c—a’
< " fl):nlg—lA<7r fl), A:H ’ " )
Fiv;_, Y1 e \meme=a’ 0
where U; =T, i(f 179 We may assume that a < e/2 for some i, otherwise
la| = £ and there is nothing to prove. Say a° < e/2, we have

U() * U1 * Uf_l *
mod
0 O * 0 * 0
P x
mod
0 O

where P is a nonzero polynomial in U;’s. Hence P is a unit in W(K)[n],
where K is the perfection of Frac(R). Therefore Mg = Cart,(K) ®cart, (r)
Mp, has slope sequence s(|al). |

A

(6.10.1)

Remark 6.11.— Goren and Qort showed [GO, Thm. 5.4.11] that
when p is inert in F, the inequality > in Corollary 6.9 can be strengthened
by equality =. However, the equality does not hold in general by Propo-
sition 6.10. It will be interesting to have the sharp formula of the slope
sequence of the generic points of any alpha stratum. When the a-types are
spaced, the equality can be achieved as it stands in Theorem 6.8.

6.12. Let z = (Ao, Ao, t0) and My be as in (6.2). Suppose that the
reduced a-number t := |7| of x is one, where T is the a-index of M. We
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assume that 7 = {0} for simplicity. By Proposition 4.4, we choose a basis
for My as in (6.2.1) of (6.2).

Let £ = ord,(cp). We have a° = min{e,¢} and slope(My) =
s(min{ §,¢}) by (4.10).

Take ¢ = (0,0, ...0) and construct the universal deformation Mg of
My for M by (6.2). It is the Dieudonné module of the formal group attached
to the universal formal deformation (4, A,7) over M4, = Spf R. For each
m € S(g), m < £, let M2°*™ denote the reduced closed subscheme (in
M?2) consisting of points with slope sequence > s(m) (1.12). We will find
the defining equations of the subscheme M3* ™) and show that the generic

: >s(m)

point of Mz has slope sequence s(m).

From (6.7.4), we have
FfX, Uy 1 Xo
FfYE) B Uii+n9 W Yo ’

f-1
Ui=Tp and Vi=Y T Inei,

=1

where

Therefore we have the Cayley-Hamilton equation F2f Xo—(U l(f ) +WV1)Ff Xo—
79 = (. The subscheme Mis(m) is defined by the equations obtained from
“ord (U + V1) = m”.

From (6.5.1) of (6.5), write

f—-le-1
Ul(f) +V; = C(()f) + Z ZTi(,g_Z)Wei_l—j
i=0 =0
(6.12.1)

g—1
— C(Of) + ZTkﬂ.k
=0

where T}, := Crz’(j_i)vtk =t,; for k =ei+j,0<j<e—1 We can see that
the defining equations for M2 arety =t; = ...tm—1 = 0. Let K,, be
the perfection of the generic residue field of M2*™ . The element T,, is a
unit in W (K,,), therefore the generic point of M25™) has slope sequence

s(m).
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THEOREM 6.13.— Let x : Speck — M be a geometric point of
reduced a-number one. Then each closed subscheme Mis(m), for m €
S(g), s(m) < slope(z) (3.2), is formally smooth of codimension [m] and
its generic point has slope sequence s(m), where [m| denotes the smallest

integer not less than m.

CoROLLARY 6.14. — Let U be the subset of M consisting of points
with reduced a-number < 1. Then the strong Grothendieck conjecture holds
for U (1.13).

COROLLARY 6.15. — The strong Grothendieck conjecture for M holds
when p is totally ramified in F (1.13).

COROLLARY 6.16. — The weak Grothendieck conjecture for M holds
(1.13).

Proof.— It follows from Lemma 7.2 that there is a supersingular
point of reduced a-number one. Then the assertion follows from Theo-
rem 6.13. O

6.17. In the rest of this section we assume that p is totally ramified
in F. Denote by MPP the reduction MP?¥ ®g k(v) of MPF modulo v. Let
z = (Ao, Mo, t0) € MPF(k) be a geometric point and let e(Ap) = {e1, ez}
and a(Ap) = {a1,a2}. We assume that e; < ez and a; < az. Let My be the
covariant Dieudonné module of Ag. We can choose two W[r] = O®W-bases
{Xl,Xz}, {Yl,YQ} of Mo such that

VuY, =7%2X; and VuYs =7 X5,

where pu = 7¢. We have
FX1 = ﬂ'elYl and FX2 = 71'62Y2.

Write Y7 = aX; + 6X3 and Y2 = vX; + 0 X3. Then we have
FX; o 7w p X1
FX2 B ﬂ'ez')’ T2 X2

FV)M =< 7% Xo, 7% X1, 7 aX1 >wix -
[n]

It follows that a; = e; and a; = min{es, e; + ord(a)}. As ez > £, by
the argument in (4.11) we have slope(A4g) = s(), where i = min{£,e; +

and
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ord,(a)}. Note that the a-type a(Ao) determines the invariant e(A4g) and
slope(Ao): e1 = a; and slope(Ag) = s(min{ §,az}).

6.18. In [DP], Deligne and Pappas have defined a closed algebraic
substack N; of MPF which classifies the objects of Lie type {e1,ea} with
e1 > 1. They have shown that the complement N? of M4, in N is a smooth
algebraic stack of dimension e — 2i if it is non-empty. It follows from their
results and Theorem 7.4 that points of Lie type {e;, ez} are dense in AV, .
It follows from (6.17) that any point in A, has slope sequence > s(e1).
The following lemma confirms the density of points with slope sequence

s(e1) in N, .

LEMMA 6.19.— Ifas > a,, then there is a deformation (/I, X,Z) over
k[t] of (Ao, Xo,t0) whose generic point has a-type (a1,a2 — 1).

Proof.— As the forgetful map Def[Ag, Ao, to] — Def[Ag, to] induces
an equivalence of deformation functors in N,, we will construct a defor-
mation of abelian Op-varieties in N, . By the reduction step in [DP, 4.3]
and the construction of (6.2), we can construct a Dieudonné O-module Mg
over R := k[t] of My such that

FX, =n%aX; + ﬂ'elﬂ(Xz + Tﬂ'az-el_le)
(6.19.1)
FX, =192y X) + 7°26( Xy + Tro2~ 171 X)),

where T is the Teichmiiller lift of ¢. Note that (8 is a unit in Wir]:
if 3 = 0 mod w, then a is a unit and az = a;. By base change to
K := k((t))P°", we have

(F, V)MK =< 7T81X2,7l'e2X1, (7'['610( + Waz_l/@T)Xl >W(K)[r]
thus a(Mg) = (a1, a2 — 1). This completes the proof. a

THEOREM 6.20. — The strong Grothendieck conjecture for MDP
holds when p is totally ramified in F.

Proof.— Let z € MPFP (k) be a geometric point with a-type (a1,a2)
and slope sequence s(i), where ¢ = min{$,az}. It suffices to deform the
point z to a point with slope sequence s(i — 1). If az > ay, then by
Lemma 6.19 we can deform to a point with slope sequence s(i—1). Suppose
that ag = a; = ey, we have slope(z) = s(e1). By (6.18), we can deform to
a point of Lie type {e; — 1, ez + 1}. As points with slope sequence s(e; — 1)
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are dense in N, _1, we can further deform to a point with slope sequence
s(e; — 1). a

COROLLARY 6.21.— Each Newton stratum of MPY with slope se-
quence s(m), m € S(g) (3.2), has pure dimension g — [m] when p is totally
ramified in F.

Proof. — This follows from the purity of Newton strata [dJO] and
Theorem 6.20. O

Remark 6.22. — In [C] Chai gives a group-theoretic dimension for-
mula for Newton strata arising from quasi-split groups. He expects that it
is so for good reduction of PEL-type Shimura varieties [C, Question 7.6,
p. 984]. Corollary 6.21 suggests that his description can be applied for a
larger class, not necessarily restricted to the good reduction case.

7. An algebraization theorem.

7.1. Let notations be as in (1.1) and (1.12). The set of possible
Newton polygons in question is parameterized by S(g1) x...x S(gs) (1.11),
where g; = [F,, : Q). For each abelian Og-variety A, the associated p-
divisible group A(p) := A[p*°] has a decomposition A(p) = A(p)y, ... D
A(p)w, -

Recall (1.5) that a quasi-polarized p-divisible O-group (H, A, ¢) over k
is algebraizable if it is attached to a polarized abelian Op-variety (A, A4, t4)
over k.

LEMMA 7.2. — Any supersingular quasi-polarized p-divisible O-group
(H, A\, 1) over k is algebraizable.

Proof.— Let E be a supersingular elliptic curve over k, and A’ :=
E ® Op. It is clear that A’ satisfies the Rapoport condition. By [R,
Prop. 1.10], there exists a separable Og-linear polarization A’ on A’. Let
(Hy, A1,t1) be the p-divisible group attached to (A’, N, ). It follows from
Corollary 3.7 that (Hy, A1,t1) is isogenous to (H, A, ¢). By a theorem of
Tate, there is a polarized abelian Op-variety (A, A4, t4) whose p-divisible
group is isomorphic to (H, A, ¢). O

THEOREM 7.3. — (1) The weak Grothendieck conjecture for M holds.

(2) The strong Grothendieck conjecture for MDF holds when all
residue degrees f; are one.

ANNALES DE L’INSTITUT FOURIER



HILBERT-BLUMENTHAL VARIETIES 2149

Proof.— (1) It follows from Lemma 7.2 that there is a supersingular
polarized abelian Op-variety A such that each component A(p),, of the
associated p-divisible group A(p) has reduced a-number one. Then the
assertion follows from the theorem of Serre-Tate and Theorem 6.13.

(2) This follows from the theorem of Serre-Tate and Theorem 6.20. O

THEOREM 7.4.— Any quasi-polarized p-divisible O-group (H,A,¢)
over k is algebraizable.

Proof. — It follows from Theorem 7.3 (1) that any slope sequence in
S(g1) X ... x S(gs) can be realized by a point in M. Then the theorem
follows from Corollary 3.7. O

8. An example.

In this section we construct a separably polarized abelian Og-scheme
A over a complete DVR R whose close fibre A; does not satisfy the
Rapoport condition.

Let ¢ = 2 and p > 3 be a ramified prime in the totally quadratic
real field F. We have Op ® W (k) = W(k)[r],n2 = p. Let M be a free
W (k)[r]-module generated by e;, e; with the Verschiebung action

Vel = 7I'62,V€2 = Tey,
and with the alternating form determined by
(e1,€5) = (€, e2) =1
and other pairing are 0 for the W-basis e;, €], ea, €5, where €} := me;, e} :=

mes. By the algebraization theorem, there is a polarized abelian Og-variety
Ag over k with the prescribed Dieudonné module M.

We have the Hodge filtration of M/pM = H}, p(Ao/k)*
0 — VM/pM = ké| ® key, - M/pM — M/VM = ke, ® é; — 0.

Clearly, Ao does not satisfy the Rapoport condition, as # = 0 on M/V M.

TOME 53 (2003), FASCICULE 7



2150 CHIA-FU YU

Let R := W(k)[,/p]. By Grothendieck-Messing’s theory, Serre-Tate’s
Theorem and Grothendieck’s Existence Theorem, we can lift the abelian
variety Ao with the additional structure over R by lifting the Hodge
filtration with respect to the addition structure, see [Y2, Sect. 4]. Let N
be the R-submodule of M ®w R generated by e} 4 /pe; and e} — Vpez.
It is easy to check that N is stable by Og-action, N @ g k = VM /pM and
(N, N) = 0. Thus, we get a desired polarized abelian Og-scheme over R.

9. A computation of the Hecke correspondence.

9.1. Let My be the quasi-polarized Dieudonné O-module of the
polarized abelian variety Ag in the previous section. Let N be the quasi-
polarized Dieudonné module containing My with VN = M and (,)n =
=(,). We have

Ve = meg = ¢€), Fel, = pe;
Vey = ey = ¢ Fe!| = pes
Ve, = Ve, = pey Fey=¢}
Vel =nVes = pey Fe; = €

and (e1,e5) =1,(ef,ez) = 1. From N = %FM, we have
1,1
N =< ey, ez, —€1, ~eh >w.
p D

Write X; =e1, X2 = €3, X = ;}e’l,Xé = -11;6/2, we have

MO =< X17X2apX{apXé >w

and (X1, X3)n = (X}, X4)~ = 1. Denote by N the quotient of N modulo
pN and M, the image of My in N. Write z;, 2} the image of X;, X in N.

9.2. Let X be space of m-invariant maximal isotropic “Dieudonné”
subspaces of N over k:

X (k)
{0ocMcN;dmM=2, tMc M,FM c M,VM C M,{(M,M)x = 0}.

i
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We regard X as a reduced subscheme over k. It is a closed subscheme of
the Lagrangian Grassmanian LG(2,4), hence a projective variety.

There is a finite morphism pr: X — MII?P (cf. [Y1, Sect. 6]) sending

My — (Ao, Xo, to) and the morphism pr factors through the supersingular
locus SPF of MDF.

We have My =< z1,x2 >r€ X (k). Let M; € X be the k-subspace of
N generated by

~ / / ~ ! /
T1 =1 +t1127 + 11225, T2 = X2 + 12177 + 222y,

The points M; form a Zariski open neighborhood of My in X, which we
denote by U. We will show that U ~ Speck|t;, t2, 153]/(tp+1 —t’HLI t2 +tot3).

9.3. From (M;, M)y = 0, we get t11 + tae = 0. From X! =
le; = 1X;, we have

l !

T, =z, 7r; =0,i=1,2.
One computes
TE =t11%1 + tieTa =ty &1 + tiada — (t3; + tiate1)®] — (tratiz + tiztes)Th
and concludes from 7#; € M, that
(9.3.1) 2, + tigtor = 0, and t19(t1; +tog) = 0.
Similarly from 7y € My, one gets

(9.3.2) t§2 + t19te; =0, and tzl(tll + t22) =0.

For the stability of M, by F and V, one computes
F&y = 8 g+ 18,m1 = t5, 50 + thy@) — (8,121 + thot11)T) — (8 ton + 54 1)),
and obtains

(9.3.3) th1ta1 +thot11 =0

(9.3.4) 2 tay + 1551 = 0.
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Similarly from Fi, € M;, one obtains

(9.3.5) o Bt =0

(9.3.6) thites + thot12 = 0.

Applying VM; C M;, one does not get new equations but (9.3.3)-
(9.3.6). From (9.3.4), one has t;2 = ati;,a?t! = 1. From (9.3.5), one
has tg; = Btas = —f(t11,6P! = 1. From (9.3.1), one has 1 = af. These
parameters satisfy the equations (9.3.3) and (9.3.6).

We computed that U = {(t11,t12,t21,t22) = (¢, at, —ét, —t); aPt!
= 1}, hence U =~ Speckl[ty, ta,t3]/(t2T" — 571 12 + tyt3). Compared with
a result of [BG, p. 476, 3], the morphism pr maps X onto the (p + 1)
irreducible components of SPF containing (Ag, Ao, to).

ProrosITION 9.4.— Let U be as above. There is a Zariski open
neighborhood V of 0 in U such that pr : V — SPF is an étale neighborhood
OfSDP at (Ao, )\0, 1,0).

Proof. — Choose a finite étale cover Mgi — M?P by adding
a prime-to-p level structure with n > 3. Choose a lift (Ao, Mo, t0,70)
of (Ao, Xo,t0). Then there is a lift pr : X — MDY which sends M,
to (Ao, Ao, Lo, M0). The morphism pr becomes a closed immersion as the
automorphisms of the objects are trivial. It again factors through the
supersingular locus SPP. As X and SPF are reduced schemes, X is
isomorphic to its image. The image is the union of the p + 1 irreducible
components of SPF containing (Ag, Ao, Lo, 70). Then there is a Zariski open

V of U such that the V is an étale neighborhood of SP¥ at (Ag, Ao, ). O
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