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STRATIFICATION THEORY FROM THE NEWTON
POLYHEDRON POINT OF VIEW

by OULD M. ABDERRAHMANE*

A stratification of a variety V is an expression of V' as the disjoint
union of a locally finite set of connected analytic manifolds, called strata,
such that the frontier of each stratum is the union of a set of lower-
dimensional strata. The most important notion in stratification theory
is the regularity condition between strata. The notion of (w)-regularity
introduced by Verdier in [15] plays a very important role in the study
of algebraic and analytic varieties. Moreover, he showed that the (w)-
regularity condition implies the Whitney (b)-regularity condition. The
(c)-regularity, defined by K. Bekka in [2], is weaker than the Whitney
(b)-regularity, and he showed that the (c)-regularity condition implies
topological triviality. In this paper, we will investigate these regularity
conditions relative to a Newton filtration in terms of the defining equations
of the strata. The article is organized as follows. In Section 1 we present
a characterization for Bekka’s (c)-regularity condition. Next we give a
criterion for regularity conditions in terms of the defining equations of
the strata, following [1] we introduce a pseudo-metric adapted to the
Newton polyhedron in Section 2. Using this construction we obtain versions
relative to the Newton filtration of the Fukui-Paunescu Theorem (Theorem
4 below). In this approach it is possible to consider a version relative to
a Newton filtration of the (w)-regularity condition. We show that this
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236 OULD M. ABDERRAHMANE

condition implies the (c)-regularity condition. In Section 3, using the
criterion of the regularity condition given in Section 2, we prove that the
J. Damon and T. Gaflney condition in ([5], Theorem 1) implies the (w)-
regularity condition related to the Newton polyhedron.

Since complex varieties can be considered as real varieties, we shall
only consider the real case.

Notation.— To simplify the notation, we will adopt the following
conventions: for a function g(z,t), we denote by Og the gradient of g
and by 0,¢ the gradient of g with respect to the variables z. For a non
zero vector v of R™, we denote by L(v) the line spanned by v. Also, let
R? = {(%1,...,2n) € R", each z; > 0,9 =1,...,n} and Q} = Q" NRY,
7y =7 NQY.

Let ¢,¢: (R™,0) — (R,0) be two functions. We say that |p(z)| <
[(z)| if there exists a constant C such that |p(x)| < C|¢¥(z)|. We write

lol ~ 9] if [p(@)] < [¥(z)] and |¢(z)| S lp(z)]. Finally, [p(z)] < |[¥(z)]
when z tends to zg means lim,_,,, % =0.

1. Stratification.

In this section, we recall some definitions about stratification. The
stratification theory has been introduced by H. Whitney [16] and R. Thom
[13].

Let M be a smooth manifold, and let X, Y be smooth submanifolds
of M such that Y C X and X NY = 0.

(i) (Whitney (a)-regularity)
(X,Y) is (a)-regular at yo € Y if:
for each sequence of points {x;} which tends to yo such that the
sequence of tangent spaces {T;, X} tends in the Grassman space of
(dim X)-planes to some plane 7, then T, Y C 7. We say (X,Y) is
(a)-regular if it is (a)-regular at any point yo € Y.

(ii) (Bekka (c)-regularity)
Let p be a smooth non-negative function such that p=1(0) = Y. (X,Y)
is (¢)-regular at yo € Y for the control function p if:
for each sequence of points {z;} which tends to yo such that the
sequence of tangent spaces {Kerdp(z;)NT,, X } tends in the Grassman
space of (dim X — 1)-planes to some plane 7, then T, Y C 7. (X,Y)
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STRATIFICATION THEORY 237

is (¢)-regular at yq if it is (c)-regular for some control function p. We
say (X,Y) is (c)-regular if it is (c)-regular at any point yo € Y.

1.1. A criterion for (c)-regularity.

We suppose now that M = R™*™ and 0 € Y C X — X (the regularity
conditions are defined locally). Modulo an analytic transformation of R*+™
near 0, if necessary, we may assume that Y coincides with its tangent space
ToY . Let (x,t) = (21,...,%n,t1,.- ., tm) denote a system of coordinates of
R™™_ For notational convenience we also use x, s = ts. We assume that

Y ={(z,t) eR"™™ |2y =... = 2,, = 0}

Then we can characterize (c)-regularity as follows:

THEOREM 1.— The pair (X,Y) is (c)-regular at 0 for the control
function p if and only if (X,Y) is (a)-regular at 0 and |0:(p|, )(z,t)| <
lgrad (p|x )(z,t)] as (z,t) € X and (z,t) — 0.

The following proof is inspired by the proof of Bekka-Koike ([3],
Theorem 2.4)

Proof. — At first, we have the following equality:
Tioy X = (Kerdp(z,t) 0 T2y X) & K(z1)

where K(w,t) = (Kerdp(z,t) ﬂT(zyt)X)‘L N T(m’t)X = L(@(pb()(w,t)) ie, a
line spanned by the gradient of the function p|, .

(=) Let (z;,t;) be a sequence of points X which tends to 0 such
that T(, )X tends to some (dim X)-dimensional space 7. Taking a
subsequence if necessary we can suppose that Kerdp(zs,t;) N T(g, 1) X
tends to some (dim X — 1)-dimensional space 7/ and K, ¢,) tends to
some one-dimensional space L. By Bekka (c)-regularity {0} x R™ C 7’
Since Ker dp(z,t;) N Tz, )X C T(a, )X and K, +,) is orthogonal to
Kerdp(x;, t;) N Ty, +,)X, we have {0} x R™ C 7 and L is orthogonal to
{0} x R™ which means (X,Y) is (a)-regular at 0 and | 9:(p|x )(z, 1) | K

| 0(P1x )@t |-

(<) Let (z4,t;) be a sequence of points X which tends to 0 such that
Kerdp(z;,t;) N T(g, 4, X tends to some (dim X — 1)-dimensional space 7.
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238 OULD M. ABDERRAHMANE

When passing to a subsequence one can suppose that all the T, ;yX have
the same dimension (dim X), and that this sequence of space converges
to some space 7’ and K(z,,t,) tends to some one-dimensional space L.
By the Whitney (a)-regularity {0} x R™ C 7. Since | 9:(p|4 )(z,,t,) | €
| 0(p|x ) (z.,t,) |, which implies L C R™ x {0}, L is orthogonal to {0} x R™.
Hence we have {0} x R™ C 7.

This completes the proof of the theorem. a
1.2. Ratio test conditions and (w)-regularity.

For X, Y as above, we say X is (r)-regular (resp. (w)-regular) over
Y at 0, if for any unit vector v tangent to Y

|mp(v)| |(z,t)| < |z| as p = (z,t) € X and (z,t) — 0

(resp. |mp(v)] < |z| when p = (z,t) € X near 0) where 7, denotes the
orthogonal projection of R**™ to the normal space of X at p € X. We can
find a lot of information about this in [6, 8, 14].

Let F: (R™ x R™, {0} x R™) — (RP,0) be an analytic map-germ.
We denote by Vp the variety of the zero locus of F. One can note that
S(Vr) = {F710) — {0} x R™, {0} x R™} gives a stratification of Vg
around {0} x R™. Hereafter, we will assume that

X =F710) - {0} xR™ and Y = {0} x R™.

Setting F' := (F1,...,Fp), assume that the Jacobi matrix of F' has rank
k on X near 0, where k£ < p is the codimension of X in R**™. We note
that the normal space to X is generated by the gradient of the functions
F; (j=1,...,p) at each P € X near 0. Let us recall some definitions and
notations, used by Fukui and Paunescu in [6].

Let j1...,Jx be integers with 1 < j; < .-+ < jg < p. We set
J:{jlv'-'ajk}v FJ:(Fjla"'7ij) and

n+m6F'
dFJ:dFjl/\/\dFyk> WheredFj: -é~—Jd£L‘i,
-1 9%
de Fy =d F;, N+ Nd F; hy dF'*Xn:a—Fid'
gL'y = Qg L'j) x L, WNHEre dpt; = A Ly

i=1

and we define d*F; by dFy = d, F + d*F}.
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STRATIFICATION THEORY 239

For I c{l,...,n}, SC{l,...,m}, J C{l,...,p} with #I + #S =
#J = k, we set 5%:—15—) to be the Jacobian of F; with respect to the
variables z; (i € I), and ts(s € S). When S = (), we simply denote it by

%{l. We then define ||dF|}, ||[d.F|| and ||d*F|| by the following formulae:

2

OF
dF|? = § dF 112 h 2 _ J
lldF || . |dFs||*  where |dF;l IES s i)
dF; |
2 _ 2 2
ldoF'||* = EJ ldzFs||* where ||d.F|* = EI e
lld®F||* = E |d®Fy||*>  where ||d"Fy|? = E _OF; :
o(zr,ts)

I1,S:S+#0

For a matrix M we denote by |M| the absolute value of its determinant.

Then we have a simple criterion for the regularity conditions of ¥(Vr)
as follows:

THEOREM 2. — For X, Y as above, we have the following equivalences

(i) (X,Y) is (a)-regular at 0 if and only if |d* F|| < ||dF|| when (z,t) — 0
on X.

(ii) (X,Y) is (r)-regular at 0 if and only if ||d*F|| |(z,t)| < |z|||dzF]|
when (z,t) — 0 on X.

(iii) (X,Y) is (w)-regular at 0 if and only if ||d*F|| < |z| ||d. F|| holds on
X near 0.

(iv) (X,Y) is (c)-regular at O for the function p if and only if ||d°F|| <«
|dF|| and |0:p, | < L T;;;ﬁpll as (z,t) € X, (z,t) — 0.

Here, |[4F A dp|* = 32, [4F; A dpl*

Proof.— Since (i), (ii) and (iii) have already been obtained in [6],
we only have to prove (iv). Indeed, following ([6], lemma 1.4), one get that
the orthogonal projection 7 of v € T(, )M to the tangent space T(; X is
expressed by the following form:

’% S {dFy Adzi,dFs Av) D
[dF |2 dz;

(1.1)

TOME 54 (2004), FASCICULE 2



240 OULD M. ABDERRAHMANE

| dFAdp|®

Since dp|, = m(0p), we can easily see that (dp|,,0p) = ~aEnE > but
Op = Op|x +0p|, (where N denotes the normal space to X), which implies
dF A dp||?
1.2 Ap > = (0p|,0p) = N dF A dpl®
Hence, we can deduce from Theorem 1 that (iv) holds. O

We next state one sufficient condition for (c)-regularity.

COROLLARY 3.— Suppose that dyp = 0, then X is (c)-regular over Y’
at 0, if

[ dF A dp]|

(1.3) [d°Fl| < 97

as (z,t) € X, (z,t) — 0.

Note that when p = k = 1, this inequality is a necessary condition
for (c)-regularity.

Proof. — Tt is trivial that (1.3) implies (X,Y) is (a)-regular at 0. We
first remark, by (1.1) the following equality:

9 _ ZJ<dFJ/\dtj,dFJ/\dp> i
BT [dF? ot;

_ Sy 2 Y (dFy Adty,dFy Nda) 9

[dF]* ot

Then, by Cauchy-Schwartz inequality, we have

op| ||d*F )
mtyplx‘ = %H_F”—“ forj=1,...,m.

We now assume (1.3). We then have [0;p|,| < i%(lllpn as (z,t) € X,

(z,t) — 0. It follows from the equivalence in (iv) of Theorem 2 that (X,Y’)
is (¢)-regular at 0. O

2. (w)-regularity and (c)-regularity relative
to the Newton filtration.

Let us recall some basic definitions and properties of the Newton
filtration (see [1, 5, 7] for details). Let A C Q7. A Newton polyhedron

ANNALES DE L’INSTITUT FOURIER



STRATIFICATION THEORY 241

I'y(A) C R is defined by {the convex closure of A + R%}. The Newton
boundary of A, T'(A) is the union of the compact faces of I'y(A). We
let F(A) denote the union of the top dimensional faces of I'(4). The
Newton vertex Ver(.A) is defined by {a : « is vertex of I'(A)}. A is called
convenient if the intersection of I'y (A) with each coordinate axis is non-
empty. Throughout, we suppose that A is convenient.

From the Newton polyhedron, we construct the Newton filtration.
We first observe that by the convenience assumption on A, any face
F € F(A), dimF = n — 1. So let w" be the unique vector of Q7 such
that F = {be '+(A) : (b, wF) = 1}. We can suppose that the vertices
of A are sufficiently close to the origin so that all the wf € Z% . We will
suppose henceforth that A satisfies this property. Then, we construct the
following map ¢: R} — R, . The restriction of ¢ to each cone C(F')(where
C(F) denotes the cone of half-rays emanating from 0 and passing through
F) is defined as follows:

Plowm (@) = (@, wf,  for all a € C(F).
We extend this map to R as follows:
(2.1) ¢(a) =min{(a, w") : FeF(A)}, forall acRY.

The map ¢ is linear on each cone C(F') (where F' € F(A)), and the value
of ¢ along each point over I'(A) is equal to 1 and ¢(Z%}) C Z,. This is
called the Newton filtration induced by A.

For any monomial z%, we define fil(z*) = ¢{«). This extends to a
filtration on the ring C, of analytic function germs : (R™,0) — (R,0) (via
Taylor expansion) by defining

(2.2) fil (Z cax“) = min{¢(a) : ¢o # 0}.

We denote the set of g with fil(g) > I in C,, by A;. The number fil(g) will
be also called the level of g with respect to A.

Now we introduce the control functions associated to A as follows:

(2.3) p(a:):( Z 9v27"°‘)iF and p(z) = Z 2P,

a€Ver(A) a€Ver(A)

where p a positive integer. Moreover if p is big enough (it suffices, for
example, that pa € Z7), p will be C*.

TOME 54 (2004), FASCICULE 2



242 OULD M. ABDERRAHMANE

Note that for an element ¢ = ) cqz® € C,, the support of g
is supp(9) = {a : co # 0}; it is clear that g € A; if and only if
supp(g) C I'y(l.A) which is also equivalent to |g| < p* (see [1, 5] for details).
Thus A; can be written as

(2.4) Ar={g€C, :supp(g) CTL(IA)} ={g€Cpn : gl $P'}.

We say that an analytic function germ g € C,, is an A-form of degree
d if supp(g) C I'(dA) (i.e., g € Aqg \ Ags+1). Furthermore, for f € C,, , we
denote the Taylor expansion of f(x) at the origin by ), ¢, «¥. Setting

Hj(z) = Z oz’ €L,
vel'(j.A)

we can write f(z) = >_, H;(z) (Newton filtration), where H; is A-form
of degree j. Also if #F(A) = 1, we can replace the Newton filtration
associated with A by the weighted filtration associated to w¥. Moreover, if

wF = (1,...,1), this Newton filtration coincides with the usual filtration.

2.1. Compensation factor.

Let p;: (R™,0) — (R,0) be a continuous function. We say that p; is
the ith compensation factor associated with A if for each g € C,,, we have
that |p;0, g| < p119). Next we give some examples of compensation factors
associated with A.

(i) Here, we have the trivial example for the compensation factors, given
by
pi(z)=x; for i=1,...,n.

(ii) Let L; = L(z;) denote the z;-axis. We then put o/ = L; N T(A)
for j =1,...,n (the axial vertices of I'(A)). We define the weight of
the variable z;, A(i) = A(z;) = max{w! : F € F(A)}. We may
introduce the compensation factors as follows:

Ar)
2p

2p
Pi(x)Z(aiiA“) + Z x2”a> , i=1,...,n

a€Ver(A)\{a*}

It is easy to check that these functions p; are compensation factors
associated with A (see [1, 11] for details).
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STRATIFICATION THEORY 243

(iii) The following compensation factors are inspired by the work of
Damon-Gafney in [5]. For all integers [ > 0, we let

R,i={aeQ} : (a,wF)y > l+w], VF e F(A)} fori=1,...,n.

We may introduce the compensation factors as follows:

1

:L,Za 2 )
pl’i(w):( Z —) , i=1,...,n.

21
aeVer(Ry,) p

It is easy to see that for any integers [ > 0, we have that p;;(z) <
p™ (), where m; = minper(a{w!}, which implies that p; is
continuous at the origin. On the other hand, by the construction of
p1,; we can deduce that |p;;0;,9] < pil9) for all g € C,,. Hence, we get
that these functions p;; are compensation factors associated with A.

Observation.— We should note that in the case where #F(A) =1
(i.e., weighted filtration associated with w = (wy,...,w,)), the natural
choice of compensation factor is that given by L. Paunescu in [10] as follows:

Wa

pi=pY for i=1,...,n.

Moreover, for any other compensation factors &5, . . . , &, associated with the
weighted filtration, we have that & < p*», i = 1,...,n. Unfortunately, in
the general case we have not succeeded in finding the best compensation
factors p1, ..., pn such that for any other compensation factors £1,...,&,,
we have that & < p;. However, for each v € Q} such that the monomial
z7 is ith compensation factor, we have |x7| < pi;, where p;; are the
compensation factors defined in (iii).

Now we fix the compensation factors p; for i = 1,..., n relative to the
Newton filtration, and consider the singular metric of M = R"*™ defined
by

9 O . o 1 ifi=j

Zj
o 0 g 0
—, =)= d{—, =) =20d:;
<8$i ’ 6tj > 0 an <6t, ’ (9tj > J
Here, (z,t) = (x1,...,%n,t1,...,tp) denotes a system of coordinates of

R"*™. By elementary calculation we have
(2.5) (dziy N+ Ndxgy , dagy A+ Ndxg,) = pr = pi, - Py -

TOME 54 (2004), FASCICULE 2



244 OULD M. ABDERRAHMANE

2.2. (w)-regularity associated with A.

Let F:(R™ x R™, {0} x R™) — (RP,0) be analytic. We next assume
that

(26) Y ={(z,t) eR"xR™ 12y =---2, =0} and X =F"1(0)-Y.

Setting F' := (F1,...,Fy), assume that the Jacobi matrix of F has rank
k on X near 0, where & < p is the codimension of X in R™™™. We
note that the normal space of X is generated by the gradient of the
functions F; (j =1,...,p) at each P € X near 0. Following [6], we define
|dF |4, lldzF|l.a, ||d°F||4 and D4(¢) by the following formulae:

2.7)

- s _oFy_[\?

HdF||A—;“dFJHA here [|dFy (% IZ;(’” 8($I,ts)> ’
OF;

).

ldoFl% = S llda Pyl where [doFyl% = 3 <p,
J

7 83;‘]

oF 2
&F|2% = d*Fy||%  where ||[d°Fy| = ( “—i~>
I =D N where JEG = 30 (o gy
St S#0
and
(2.8) DA(£)=Z Z (plt oFy >2 Here P1=H,0A
: 6(.’1)[,755‘) - "

J 1,S:#S5=¢ iel

We first remark that (dF , dF) = [|dF ||} and (d.F, d,F) = ||d.F|%.
Now using the above construction, we state the version relative to the

Newton filtration of the Fukui-Paunescu Theorem ([6], Theorem 2.1).

THEOREM 4. — The following conditions are equivalent
(i) Da(m) S Da(m—1) <+ £ D4(1) £ D4(0) holds on X near 0.
(i) |d®F'||a S [|deF||.4 holds on X near 0.
(iii) For any Cl-functions ¢; (j =1,...,p) near 0, and s =1,...m,

p a};}
> g
j=1

p
7.

E Oj & holds on X near 0.

=1 (91’,

n
< Zpi
i=1 j=
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STRATIFICATION THEORY 245

(iv) For J C {1,...,p}, I = {i1,...,ik—1} C {l,...,n} with 1 < 4; <
e <ig—1<n,s=1,...,m,

OF;

Bty S ||dzF|la  holds on X near 0.

prI

(v) For J C{l,...,p},i=1,...,n,s=1,...,m,

(dFy Adz;, dFy Adts)| S pil|doF||%  holds on X near 0.

(vi) For some positive Cl-functions ¢; on X with J < {1,...,p},
i=1,...,n,s=1,...,m,

> ¢s(dFs Adz;, dF; Adt)
J

S i Z¢Jllsz||?4 holds on X near 0.
J

Proof.— The proof is similar to that of Fukui-Paunescu in [6]; it is
enough to replace the ||z}|% (resp. ||z[|%!) in the proof of Theorem 2.1 [6]
by the p; (resp. pr). O

We say that X is (w)-regular over Y at 0 with respect to A (or w*-
regular), if one of the above equivalent conditions holds. When #F(A) =
1, we find that p;(z) = pwzF(x) for i = 1,...,n, hence our (w*)-
regularity reduces to the weighted (w)-regularity (see [6]). Moreover, if
w!f = (1,---,1), these coincide with the usual (w)-regularity (Verdier’s
regularity).

We shall prove the following theorem.

THEOREM 5. — For X, Y as above, if (X,Y) is (w*)-regular, then
(X,Y) is (c)-regular for the control function p (we recall that p(z) =
ZaGVer(A) m2pa)'

REMARK 6.— The converse of the theorem is false in general: (Kuo’s
example [8])

F(z,y,t) = y?—tz?—z°, X = {y? = tz?+2°} {0} xR and Y = {0} xR.

We consider the usual filtration (A = {(1,0);(0,1)}). It is easy to see that
(X,Y) is (c)-regular at 0 for the control function p(z,y) = z* + y?, but
that (X,Y) is not Verdier (w)-regular at 0 (see [14] for details).

TOME 54 (2004), FASCICULE 2



246 OULD M. ABDERRAHMANE
As an immediate corollary we have

CoROLLARY 7.— Let fi: (R™®,0) — (R,0), ¢ € R™ be a family of
weighted homogeneous polynomials defining an isolated singularity at the
origin. We set F(z,t) = fi(z), then the stratification X(Vr) is (c)-regular.

(we again recall that (Vr) = {F~1(0) — {0} x R™, {0} x R™})

Proof. — Let us put X = F~1(0)~{0} xR™ and Y = {0} x R™. Con-
sider the weighted filtration associated with 4 = {( wil ,0,--4,0),...,(0,---,
0, win )} such that f; is a weighted homogeneous polynomial with the weight
w = (w1, -, wn) € Z%. Now from the Theorem 5, it is enough to show
that (X,Y) is (w?)-regular, that is,

(2.9) |0:F| < ||dzF||4 holds on X near Y.

Since f; defines an isolated singularity at the origin, we can see that
ldoFl% = S0 (p* 8E)2 is not zero outside the origin, and this implies

=1 T,

our inequality. O

CoroOLLARY 8.— Let fi: (R™,0) — (R,0), t € R™ be a real analytic
family non-degenerate (in the sense of Kouchnirenko [7]) and T'(f:) = I'(fo),
then the stratification ¥(Vr) is (c)-regular.

Proof. — By standard argument, based on the curve selection lemma,
we can see that

“\,  OF
oFls > fﬂCQISZI%%L
aeVer(I'(fo)) i=1 ¢

Therefore, (X,Y) is (w?)-regular for any Newton filtration. In particular,
(X,Y) is usual (w)-regular (Verdier’s regular). a

Before starting the proofs of the above results, we will first illustrate
these results with several examples.

ExampLE 9 (Briancon-Speder family [4]). — Let f;: (R3,0) — (R,0),
t € J =[-1,1], be a family of weighted homogeneous polynomials defined
by
fe(m,y,2) = 2° +tylz+ 2y’ + 210
We set F(z,t) = fi(z), Y = {0} x J and X = F710) - Y. It is
easy to check that |0,F| < ||deF|la holds on X near 0, where A =
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{(1,0,0), (0, 3,0), (0,0, 3)}. Thus, by Theorem 5, we have that (X,Y)

is (c)-regular for the function p(z,y,z) = x'2 + y® + 24. (It is well known
that f; is not Whitney regular and not usual (w)-regular).

ExampLE 10 (Oka family [9]). — Let fi: (R?,0) — (R,0),t € J =
[—1,1], be a family of polynomial functions defined by

fi(z,y,2) = a® + 910 + 218 4 12522 + 23y 23
We set F(z,t) = fi(z), Y ={0} x J , X = F71(0) = Y and

) 1

A:{(%7070)7 (07150)3 (0’0’1), (1—6,0, g)}

It is not hard to see that the inequality |0, F|* S ||du F||% = Yo7, (pi 35 )?
holds on X near Y, where p; denotes the ith compensation factor of type
(i) as defined in 2.1. It follows from Theorem 5 that (X,Y) is (c)-regular
for the control function p(z,y, z) = z*6 + 32 4+ 232 4 21024

2.3. Proof of Theorem 5.

In order to show this theorem we need the following lemma.

LeMmMA 11.
(1) \\dplla S p(z), = near 0,

(2) Pk ﬂ%%——‘ﬁﬁ” when (z,t) —» 0 on X.

Proof.— We first recall that:

it =3 (r 2 @)

i=1

Therefore, (1) is a simple consequence of the construction of the compen-
sation factors and the control functions.

Let us observe that, by (1.2) we have |0p|, | = Ud‘@—g‘ﬁ?ﬂ. On the
other hand, dp = 9p|, + 0p|, (where N denotes the normal space to X).
Since N is generated by the gradients of F; (j = 1,...,p), we have that
0P|y = 0p +mOF1 -+ +n,0F,. After this, (2) in the lemma, follows from
the following more general proposition.
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Proposrrion 12.— Let f: (R",0) — (R",0), g: (R™,0) — (R,0) be
two germs of analytic maps, setting f := (f1,..., fr). Then there exists
a real constant C such that for p € f~1(0), and sufficiently close to the
origin,

(2.10) [g(p)I<CIp| nf e [mofi(p) + -+ +n:0f(p) + 9g(p)|.

(n1,--mr

We note that if » = 1, one finds Theorem 1.1 of Adam Parusiriski
[12]. Moreover, the proof of this proposition is similar to that of Theorem
1.1 in [12] (we omit the details). O

Now we are ready to prove Theorem 5. We assume that (X,Y) is
(w?)-regular at 0. By inequality (iii) in Theorem 4, we have

n
z; . xl’tsvmz)

where § C S such that #S = #S — 1. Thus we obtain ||d*F| < [|dF||
when (z,t) —» 0 on X (i.e., (X,Y) is (a)-regular at 0), and so by Theorem
2, we only have to prove that:

(2.11)

! OF, on X near 0,

m]ats

| dF A dp]|

as (z,t) € X, (z,t) — 0.

We first remark, by (1.1) the following equality:

O(Fy,ty) O(Fy,p)

_ I(zr1,ts,tn) O(zi,ts,ty)
100,71 | = ZZ ||ndF||2 =
J I,8

and hence

5 Fva))

_ (zr1,ts,
(2.13) 10,7151 5[ D2 sz;”n
J 1,8

According to the inequality in (iii) of Theorem 4, we have

S OF; ')
< . - .
NZpl( 8(w1,t5,)

i=1

a(FJvﬁ)

l a(FJap)
6(‘2713 tSa tn)

Oxr,ts, ;)

9p
8$ i
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Thus, we obtain

a(FJ,-[_))

5o to. 1 | < NPlalldEl + > pill dF A dp
S BL | < Nallall4Fl + - ol aF A dpl

i=1

and, using (2.13), we obtain

| dF" A dp]|

on X near 0.
ldF |

(2.14) 1071 S ldplla+ 3
=1

Tt follows from Lemma 11 that (2.12) holds. This completes the proof of
Theorem 5.

3. The Damon-Gaffney condition and (c)-regularity.

In this section we describe some definitions and notations used by
Damon-Gaffney in [5].

Given a Newton filtration A as above. We extend this filtration on

the ring C; of formal power series in the variables x1,...,Zn; t1,...,tm
around the origin by defining
(3.1) 10> e (t)a”) = min{d(v) : c,(t) # 0}.

Let g = > ¢, (t)z” be a series in Cy ¢, the support of g, denoted by supp(g),
is the set of points v € Z such that c,(t) # 0. We denote the set of g with
fil(g) > ! in Cz ¢ by Ay z¢. It is not difficult to see the following equality:

(3.2) Az =1{9g€Csy:supp(g) CTL (1A} ={geCoy : lgl SP'}.

We say that level A; of the Newton filtration is fit if all the vertices
of (1) are lattice points of R”}. This says that ! Ver(A) = Ver(lA) € Z7
(because of the linearity of the Newton filtration on cones). For A; which
is fit, we let

(3.3)  ver(4;) = {z® : Bisavertex of p7' (1)} = {z!* : a € Ver(A)}.

We also let

(3.4) vl,z,t={<eAz+1,x,t{a/ax,»} - C(Avas) cAz+k,x,t}7

TOME 54 (2004), FASCICULE 2



250 OULD M. ABDERRAHMANE

with A;41,2+{0/0x;} denoting the A;1; , ;-module generated by the 8/0z;,
i=1,...,n. Finally, for an element g € C; ¢, we let V, ;:(g9) = {¢(9) : ¢ €
Vl,z,t}-

Now we can announce the Damon-Gaffney Theorem.
THEOREM 13 (Damon-Gaffney [5]). — Let f:(R™"*™ 0) — (R,0) be
an analytic deformation of a germ fo: (R",0) — (R,0) (i.e.,f € Cy ). Then

a sufficient condition that f be a topologically trivial deformation is that
there exists a fit A; so that

(3.5) ver(A;) - f C Vi t(f) j=1...,m.

.7

We will call condition (3.5) the Damon-Gaffney condition. Next, our
principal goal will be to show that this condition implies a (w)-regularity
condition relative to the Newton filtration, hence, these deformations will,
in fact, satisfy the Bekka condition.

Given an analytic function f € C; ¢, we define
TR xR™) = {R* xR™ = f71(0), f7(0) — {0} x R™, {0} xR™},
which gives a stratification of R™ x R™ around {0} x R™. Then, we have

THEOREM 14. — For f € C,,, if there is a positive integer | such that

ver(A;) - ng CVizt(f), 7=1,...,m (The Damon-Gaffney condition),

then the stratification ¥ §(R™ x R™) is (c)-regular.

Proof.— Let us put ver(A;) = {z*} then we get the following
expression:

« o Zé(“) OF _ ey,

and summing over 2 € ver(A4;) we obtain

s (X )lal)]&f 3 > )| 5

a€Ver(lA a€ Ver(

f
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Since Ver(l.A) = I Ver(A), which means p' ~ 3 cver(ia) [2%]- Then we let

ggzi‘ > pHED| for i=1,...,n.

Jj=1 aeVer(lA)

It follows from (3.6) that |0, f|? < Z?zl(ﬁg—g% )2, and so by Theorem 5, it
is sufficient to show that these £/ are compensation factors associated with
A. Indeed, for any g € C,,, we have from the filtration properties of the Ef]a )
that
(e (9)) = fil(€(Ds,9) > fil(g) +1
which means
66505,9)| 5 T,

Therefore, fort = 1,...,n,
€029 S Pﬁl(g)-
This completes the proof of the Theorem O

REMARK 15.— We observe that { = E?=1 & % € Vi 4+ if and only if
supp(&;) C Ry,; (we recall that R ; = {a € Q% : (a, wF) > 1+ w], VF €
F(A)}) which is also equivalent to |&] S Y ,even(r,,) 2% Hence, the
Damon-Gaffney condition implies a (w*)-regularity condition with pii as
compensation factors, where p;; denotes the ith compensation factor of
type (iii) as defined in 2.1.

Acknowledgement. — The author wishes to express his sincere grat-
itude to T. Fukui, S. Koike, T.-C. Kuo, A. Parusiniski and L. Paunescu for
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