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ON SUMMABILITY OF MEASURES
WITH THIN SPECTRA

by Maria ROGINSKAYA & Michat WOJCIECHOWSKI

1. Introduction.

According to the general uncertainty principle a distribution (a
measure in our case) and its Fourier transform can not be both too
concentrated. In particular, if the Fourier transform of a measure is
supported on a set of a special form then it has no singular part. We call a
set with this property a Riesz set. Many different sufficient conditions for
Riesz sets are known - we refer to [M], [Sh], [A], [HJ], where the conditions
for T¢ are given - roughly speaking the set should be concentrated on a
halfspace and it can not contain a line. Another sufficient condition (both
for R and T¢) is given in [R], where the set is required to be strongly
antisymmetric. In the present paper we study phenomena which occur only
in the non-compact setting. We give a new class of examples of Riesz sets
on R? which are both symmetric and also include a lot of lines.

In Section 2 we prove the following criterion inspired by the de Leeuw
transference method, on which the examples of Riesz sets are based.

THEOREM 1. — Suppose that ajKﬁZd is a Riesz set in Z® for every
j=1,2,... for some K C R and a sequence a; — 00. Then K is a Riesz
set in R¢.

Supported in part by KVA grant 11 29 3 551 and KBN grant 2 PO3A 036 14.
Keywords: Rietz sets — Singular measures — Support of Fourier transform.
Math. classification: 42B10 — 42A55.



414 Maria ROGINSKAYA & Michal WOJCIECHOWSKI

As a direct application of the above criterion we prove that so called
f-poles are Riesz sets for every f : R, — R, which decreases to 0. For any
positive, decreasing function f : Ry — Ry we call a set an f-pole iff it is
an image of the set Ky = {(z1,2') € R? : |z/| < f(|z1])} under a linear
transformation.

COROLLARY 1. — For each function f : Ry — R, decreasing to 0,
every f-pole is a Riesz set.

We also give an example of a Riesz set in R? (d > 2) whose
interior contains all lines in one direction except for lines passing through
a set of small (d — 1)-dimensional Hausdorff measure, which disproves the
conjecture, that a Riesz set in R? can not contain a line, as it does in the
T? case.

The formulation of Theorem 1 is in the spirit of the criterion given by
Meyer for compact group (cf. [M]). However, instead of using an argument
of a topological nature, we transfer the results from tori to the Euclidean
spaces.

In Section 3 we study special cases of Riesz sets for which the L!-
summability can be improved. It is easy to see that if the Fourier-Stieltjes
transform of a measure u € M(R?) is supported on a set K C R? of finite
Lebesgue measure, then p is a bounded continuous function and belongs
to LP(R?) for 1 < p < oo. Moreover, [|ull, < |K)"% ||ullas. We consider
the class of sets K C R? such that the function assigning to ¢t € R the
(d — 1)-dimensional Lebesgue measure of the intersection of K with the
hyperplane {z; = t} is LP-summable. We prove the following result.

THEOREM 2. — Let 1 < p <2, K C R? is a closed set and suppose
that there exists y € R? such that the function

h(t) = ma_1 (K N {€:< y,& >=t}),

where mgq_1 is (d — 1)-dimensional Hausdorff measure, belongs to LP(R).
Then any finite measure with Fourier transform supported in K is locally
L' -summable where % + 1% =1.

We also give in Section 3 several results about the sharpness of
Theorem 2. Among them, we show that there exists a Riesz set K which is
not a Hardy set, i.e. there exists a summable function with Fourier-Stieltjes
transform supported on K, which does not belong to the class H!(R%).
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In Section 4 we study conditions on the set of zeros of the Fourier-
Stieltjes transform of a measure which imply that the measure is absolutely
continuous. We call a sequence A C R? a co-Riesz sequence iff every
finite measure with Fourier-Stieltjes transform vanishing on A is absolutely
continuous with respect to Lebesgue measure. We prove that the co-Riesz
sequences exist.

THEOREM 3. — No matter how slowly the sequence r,, tends to 0,
there exists a co-Riesz sequence A such that dist(A,, A\{\.}) > rp,.

On the other hand, the fact that the sequence of differences of a
sequence A tends to 0, that doesn’t guarantee, that the sequence A is a

co-Riesz sequence. An example of such a sequence was provided to us by
J.-P. Kahane.

Later in Section 4, we show that vanishing of the Fourier transform
of a function on any sequence without limit points does not guarantee any
additional summability of the function (compare with the Theorem 2).
We also study some properties of co-Riesz sequences and formulate some
problems.

In Section 5 we apply the method developed in the previous sections
to co-Lebesgue sequences. A sequence A C R? is a co-Lebesgue iff for every
measure p € M(R?) with Fourier-Stieltjes transform vanishing on A, the
Fourier-Stieltjes transforms of its singular and absolutely continuous parts
also vanish on A. We establish a criterion for being co-Lebesgue and apply
it to the sequences (n'/*)%2, (k =2,3,...) and (logn),.

Notation. — We denote by R? the d-dimensional Euclidean space
with the scalar product (-,-) and Euclidean norm | - |. By T¢ we denote
d-dimensional torus identified naturally with the unit cube in R¢. All
measures are supposed to be finite Borel measures. The space of finite
Borel measures of bounded total variation on R? is denoted by M(R¢). By
| - || we denote the usual norm on this space, i.e. the total variation of a
measure. We denote by us the part of p singular with respect to Lebesgue
measure (cf. [HR, Chapt. III, Th. 14.22]). If a measure g is absolutely
continuous with respect to Lebesgue measure mg, there exists f € L'(R?)
such that du = fdmg. In this case we write for shortness p € L'(RY),
i.e we identify the measure with f. The restriction of a measure u to a
Borel set  is denoted by ulo. By fi(¢) = [ e~ 2?78 du(z) we denote the
Fourier-Stieltjes transform of the measure u € M(R%). For A, B C R? by
A + B we denote the Minkowski sum {z +y : 2 € A,y € B}; rA denotes
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the set {ra € R : a € A} (r € R). By dist(x, A) we denote the distance
between z € R? and the nonempty set A C R?%. The symbol C (possibly
with indexes) denotes a non-negative constant which can change in value
from one occurrence to another.

2. Symmetric Riesz sets.

We begin with the proof of Theorem 1.

Proof of Theorem 1. — Suppose that K is not a Riesz set. Then
there exists 4 € M(R?) such that suppi C K and ps # 0. Let us choose
an integer j such that |ps|(c;1%) > 2||ps|| (here I¢ = {z € R? : —§ <z <
1. Let v € M(T?) be the measure defined by v(E) = u(a; E + o;Z%)
for E C T9. It is easy to see that D(¢) = ﬁ(fj—) for every ¢ € Z4. Since
supp it C K, the Fourier-Stieltjes transform of v vanishes outside a Riesz
subset of Z¢. Hence vs = 0. But v5(E) = Y ccgapts(o;E + o;€) and

therefore
1
Ivsll = (el Il = (LR \ a; I%) ]| > 3 llusll > 0.

This contradiction completes the proof. a

Corollary 1 is a direct consequence of Theorem 1. Linear transfor-
mation preserve Riesz sets, and one always can shift the f-pole in such a
way that it does not contain any line with rational points. For this shifted
f-pole the sequence a; = j is the sequence required in Theorem 1.

Example 1. — Given € > 0 there exists a closed symmetric (with
respect to the origin) subset E of the hyperplane L = {z; = 0} C R% and a
Riesz set K C R? such that mz(L\E) < ¢ and Rx E = {(x1,2') : (0,2') €
E}CIntK.

Let A C L be an open symmetric set of measure mp(4) < ¢
containing all the rational points in L and A; C As C ... C A be a

sequence of open symmetric sets such that %Zd NLC A, and 4, C A for
n=1,2,.... Then we put K = R?\ | F}, where

_ / d. n__ /
Fn_{(xl,x)ER .|w1[>1+|x,| 1 and (O,x)eAn}.

We put E = L\ A. Clearly nK NZ% C {|z1] < n_frz_’i — n} which is a
finite subset of Z?. Hence, by Theorem 1, K is a Riesz set. The remaining
property, R x E C Int K, is obvious. a
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It might happen (however we do not know it) that a strengthened
form of Corollary 1 is valid: every L! function with the Fourier transform
supported by an f-pole is better than L! integrable (e.g., belongs to some
fixed Orlicz space), and this could be the reason for being a Riesz set.
Theorem 2 being applied to f-poles supports this conjecture. The next
result shows however that this possible improvement cannot be uniform
for all functions f.

Let ® be a Young function which defines the Orlicz norm on R%;
we denote the corresponding Orlicz space by L®(RY) (cf. [RR]). We say
that a function f belongs to L (R?) iff for every z € R? there exists a
neighbourhood U such that f - xy € LE(R9).

PROPOSITION 2. — Let the Young function ® be such that L'(R%)
¢ L®(RY). Then there exists f : Ry — R, and a function F € L'(R?)
with the Fourier-Stieltjes transform supported on the f-pole K¢, such that
F Q Lloc( )

Proof. — Let vy € C”(Rd) be a positive function such that ||¢||; =1
and its Fourier transform ¢ is positive and supported on the unit cube I¢.
We can get such a function as the square of an L! function with smooth
positive Fourier transform supported on %I 4. Clearly we have v)(z) > o > 0
for a fixed small enough constant o for z € rI?¢ for some r > 0. Let
f : Ry — Ry be a function decreasing to 0 (to be fixed later). For

n=1,2,... we define 9, by /
-~ ~rzy (d—1x
balar,a) = B3, (f(z—_)l))
where = = (z1,2') with z; € R, 2/ € R3~L.
Note that
1) supp ¥n C Ky
2) Yn 20
3) ¥ > 2°(d— 1)~V 120 Yo on B, = 27T x ({G2ey) 147
4) |lthn]lr = 1.
Then we put

1
F=Z—.§¢n]»
=17

where the increasing sequence of integers (n;) will be fixed later. We are
going to show that if f is chosen properly then [ ,, ®(a|F|) = oo for every

TOME 54 (2004), FASCICULE 2
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e > 0and a > 0. Put ¢(t) = t~1®(¢). Since L'(R?) ¢ L?(R?), we have
¢(t) — oo as t — oo. Since ® is superadditive, we have

/5 B(alF) Z/ aw

Thus, using properties 1) - 4), we get that for j such that n; > j2(ao)~1(d—
D&l ef(2v ) < (d—1)rand 2™ > L

o4 (67
P — n > o —2om -1 —(d—1) pd—1/9n,—1
/eId ( 7Y “) /sldenJ (J2 @-1) F@ )0)

r o, d 1 e —
> 9-dgd- 12njq)<j_22 2(d — 1)~ pa=1(gm, 1)0)

— 2_d6d—17"%0'(d _ 1)—(d—1)fd—1(2n1—1)
J

#(527 (@ = )" o).

Put now

o= { sl ) et

i
2 d
¢~ 4(%7)) for t < 2¢.
Choose the sequence (n;) such that ¢(2"Jnj_d) > j4 and n; > j3.

Then, using the above estimation and the definition of f, we get for the
large values of j

(e _ _ —
/ 0(m, ) > 270N (d - 1)@ D So A @) (20 )
eld J J
> 2744 1(d - 1)_(d_1)raaj_2¢% (2" nj_d)
> 2% (d - 1)"@ Vpag - j7L

Hence the integral [ ,, ®(a|F]) is estimated from below by a tail of the
divergent series. O

&= 7
n.l»—'

max (

Using now the well known fact that H}(R?) C (LlogL)ioc(R?) (cf.
[St, Chap. II1.5.3]) and that the constructed function F is positive, we get
as a corollary that on R¢ the class of Riesz sets is slightly larger that the
class of Hardy sets:

COROLLARY 2. — There exists an f-pole Ky C R? which is not a
Hardy set, i.e. there exists F € L'(R?) with Fourier transform supported
by Ky such that F ¢ H'(R?).
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3. Proof of Theorem 2.

We can assume that y = (1,0,...,0). Let g € M(RY) satisfy
suppi C K. For ¢ > 0 we put uy = p * Py, where {P;};~¢ are Poisson
kernels. Clearly p; € L'(R%) N C®(RY) and ||ps]l1 < ||pl|- It is also clear
that supp fi; C K and fi; € L*(R?) N C(R?). We have

ue(z) = / (€)@ g
Ré

— [ P e dg

—00

= (P(fie(€1, )€™ )N (—1),

where

P = [ S dmen @)

Since |,(£)e*™ = V| < |luelly < llull, and my—1({z € K : 21 = s}) = h(s),
we get

IP@e (&1, )™ N | agy) < el - 1Pl
Hence, if % + 1% =1, by the Hausdorff—Young inequality,

(P (e (&1, )™ M) Ml < flell - 1l
Thus [|ue(, &)l < [lll - bl for every o’ € R

Let y = (y1,7') € R and U = R x Q be an open neighborhood of
y such that Q € R%"! is an open neighborhood of 3’ with finite (d — 1)-
dimensional Lebesgue measure. Then

[l dma = / / ez, 2P darda’
U QJR

< ma-1(Q) - |l 115 -
Hence there exists C' > 0 such that for ¢ > 0,

el Lo 0y < C-
By assumption (p:)jy — pju in the x-weak topology. Since ||(ut) vy is
bounded for t > 0, we get that pj; € LP (U). O

The f-pole with f(¢) = min{1,¢" q<qd——1>} is called a g-pole.

COROLLARY 3. — Let 2 < p < oo. If the support of the Fourier
transform of a measure yu is contained in a finite union of g-poles, where
q > p, then p € LY (R?).

TOME 54 (2004), FASCICULE 2
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Corollary 3 gives another proof that g-poles are Riesz sets for g > 2.
However, by applying Theorem 2, one can construct Riesz sets which do
not seem to be treated by Theorem 1.

Example 2. — Let K € R? be any g-pole (¢ > 2) which does not
contain a line orthogonal to the first coordinate. Let K,, = KN {n < 1 <
n+ 1} If (r,)$2_ o C RY is any sequence with bounded first coordinate,
then the set |J,cz(Kyn + 7,) satisfies the assumption of Theorem 2 for
p>q.

Corollary 3 shows that every g-pole is a “local” A, for every ¢ > p > 2.
The next remark shows that (a) Agioc € Ap for 2 < g < oo and 1 < p < oo,
and (b) Aploc # Agioc for p,g > 2 and p # q.

PROPOSITION 3. —

a) Let 1 < g < oo. There exists a function F € L'(R?) with the
Fourier transform supported on a g-pole, such that F ¢ LP(RY) for any
1 <p<oo.

b) Let 1 < q < oo. There exists a function F with the Fourier
transform supported on a g-pole, such that F' ¢ L} (R?) for every p > q.
Proof. — We use the function F' constructed in the proof of Propo-
q—1
sition 2. We let f(¢) = min(1,¢ s@=D

1Fll > 572151
> 57 (1B, |- (2 (d = 1)~ @ No)p) P

p—

— j—27.d/pa(2j (d _ 1)—(d—1)fd—1(2j—1))T

= 22" (4 - 1) "V 20TV oo

) and n; = j . Then

as j — oo. This proves part (a). For part (b) we have for j such that
ef(271) < (d- 1),

/ |FP > 572 / |51
eld eld

> eI N Byl (2 (d— 1) A @)
— j_?‘&‘d_lr(ﬂ’?p—l(d _ 1)—P(d-1)2(j—1)(§—1) — 00

as j — oo for any fixed € > 0. O
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4. co-Riesz sequences on R.

We call A = (\,)%; C R? a co-Riesz sequence iff every measure
p € M(R?) such that fi(A) = 0 for A € A is absolutely continuous with
respect to the Lebesgue measure on R9.

Though a number of results in this section make the impression that
every sequence A = (A,)52; C R such that lim|;|_,o dist(A,z) = O (resp.
limg_, oo dist(A, ) = 0, which, in case when A is monotone, is equivalent to
limy, 00 |An, — Ant1] = 0) should be a co-Riesz sequence, this is not true.
That is shown by Example 3 below, which was provided by J.-P. Kahane
to the previous version of this manuscript (and appears here with his kind
permission). The further study of co-Riesz sequences in connection with
Helson sets is provided in the forthcoming paper [W].

On the other hand we can show that a number particular sequences
from this class are indeed co-Riesz. This is in the case when Theorem 1
could be applied. Note that, despite the fact that Theorem 1 is formulated
for Riesz sets, which by definition are closed, it remains valid in this setting
~ in the proof of Theorem 1 we only use the values of the Fourier transform
at the points from some special (countable) set.

Proof of Theorem 3. — Without loss of generality we can assume
that (r;) is a non-increasing sequence consisting of powers of 2. Moreover
we can assume that ) 7; = co. Then we put A, = 37 7 forn=1,2,....
It is easy to check that for every n = 1,2,... the intersection 2"(R\ A)NZ
is a set contained in a halfline (i.e. bounded from above). Hence it follows
from the theorem of F. and M. Riesz (cf. [HJ, 1.1.3, p.13]) and Theorem 1
that A is a co-Riesz sequence. a

Remark. — An obvious modification of the proof of Theorem 3 gives
its analogue for several variables. Namely, one can prove that for every
sequence (r,,) decreasing to 0 there exists a co-Riesz sequence A = (A,) C
R? such that dist(An, A\ {\n}) >7rn forn=1,2,....

Contrasting to the example given by the Theorem 3 is the following
example.

Example 3. — There exists a non co-Riesz set A, which is yet “thick”
at infinity, i.e., limz_ o0 d(z, A) = 0.

TOME 54 (2004), FASCICULE 2
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Proof. — Let us start from a sequence of Riesz products
o
pn(x) = H(l + ¢jn cos 2md ),
Jj=1

where

()O<Cjn<1 Z] 1 gn:Oov
and

(2) lim; o0 = oo for each n.

Cpn+1
Cy,n
We can e.g. take ¢, = —1——\/- for j > 2™, ¢, = 3 otherwise. For the
Riesz products the condition (1) implies that Pr is a singular probability
measure supported by [—1 Gl 2] whose Fourier-Stieltjes transform is carried
by the set Q = {Ejzo ej4,e; = 0,%£1,J > 0} C Z. We identify p, with
a 1-periodic measure on the real line and consider o, = @p,, so that
On = @ * pn, where ¢ € C*(R), suppcp—[—§,2] 0=20,p>0,and 3 >0
on (—1,1). Note that suppd, = Q+[-1,1].
Finally, we set
Santd_a
(Z3

(3) Ta = [Z2727" Bn = Tn * ), and p = >>° | pun where
{a,} is a very rapldly increasing sequence of integers (to be chosen later).
Observe that i, (£) = 7,(€) cos(an). Moreover, as all the measures in the
sum py = Z;’il 1; are positive, the measure y is a singular probability
measure: [|ull = 357, Tl = 3202, 27" = L.

On each particular interval (w — 3, w + 3), with w = 23-7:1 g4 € Q,

— |51| |51 = :
gj = 0,%1, we have 7,/7, = Hj 1 Jn/H] —1Cjgs and 7, vanishes

outside of these intervals. So, taking into account the condition (2), we can
construct a sequence m,, such that Z?zl 7;(€) < Tay1(€) for all [€] > my,.

Now we will chose inductively the sequence a, and the sequence of
sequences A, such that

(4) (X0, 1) (M) = 0 for all A € Ay
(5) for any A € A, N [—m,, my] the distance dist(A, Apy1) < 277
and

(6) for all |&| > my,, dist(&, Apyq) < 27™

After such sequence A,, is constructed, we can take A = lim,, o, A,
(in the sense that A € A if dist(A, A,) — 0). The norm convergence of the
sum Y22 pj and (4) imply 7i]s = 0. And the conditions (5) and (6) give

ANNALES DE L’INSTITUT FOURIER
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that dist(z,A) < 27"+ for all z € [~mpi1,Mnt1] \ [~Mn, my], which
completes the proof.

To construct the sequence A, notice that outside of the intervals
(w—3%,w+3), with w € €, all the functions 7, (and so fi,,) vanishes, by the
construction, and thus the only difficulty in the choice of A,, occurs on these
intervals. Let s,, be the partial sum E;’:l ;. Note that, s, = 7 P, where P
is a trigonometric polynomial on each of the intervals under consideration.
As any trigonometric polynomial has only finitely many roots on an
interval, 3,, has finitely many roots on the interval (w—3,w+ %) for each w.
Denote the set of those roots by E,, . It is clear, that A, N (w— %,w + %) -
E, .. As for any A € E,, ,, by the definition 5,(A) = 0, for each A € E,
we can choose an interval I C (w — %,w + %) which contains A and has
length less than 27, such that |3,| < 7, on I). As there are only finitely
many intervals (w — 3,w + 1) in the interval [—~m,,,m,] and there are only
finitely many points in each interval, there are only finitely many intervals
Iy, with A € (U, Enw) N [~Mn,my]. Let 7, be the minimal length of such
an interval. Then we choose a,; = max{f—:,2"+17r}. Let Apy1 on the
intervals (w — ,w + %) be the sequence of zeros of the function 21":11 ;-
Notice that on each interval I, the function §,(§) + T+1(&) cos(an+1€)
takes a non-positive value at the point where cos(a,1£) = —1 and a non-
negative value at the point where cos(ant1€) = 1, as [8,(¢)] < Th41- For
the chosen value of a,41 we can find all the range of values of cos(a,+1€)
on the interval Iy. So there exists a root of the function Z;L;Lll 1; (and so an
element of A, 1) on each interval I, for all X € ((UEn,w)ﬂ [—mn, mn]) As
the length of all the intervals I, is less than 27" this means that condition
(5) is satisfied. Similar arguments show that condition (6) is satisfied as
well. As condition (4) is satisfied by the construction, this complete the
proof. O

It appears that there is no estimate on the growth of the distribution
of the values of a function with the Fourier transform vanishing on a
sequence A (unlike the result about f-poles).

PROPOSITION 4. — For every sequence A C R with no limit points,
and every Young function ® such that L'(R%) ¢ L®(RY), there exists
f e LMRY)\ L (R%) such that f(A) =0 for A € A.

Proof. — Put ¢(t) = t~1®(t). Since L'(RY) # L2 (R?), ¢(t) — oo as
t — oo. Let ¢ be the function from the proof of Proposition 2 which is,
additionally, decreasing to 0 at infinity (this requirement is equivalent to

TOME 54 (2004), FASCICULE 2
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smoothness of 17)\) Let 2o = (1,0,...,0) € R% and put for m,k € Z
Fmk(x) = 2M4ep(2™x) — 2™ Np(2™x + 2™ ko).

Obviously fr, x(€) = (1 — e?27h(6:20) )h(£2=™). Thus the Fourier transform
of fm.k is supported on the cube 2™I¢, and |fp k| = |1 — ?2mk(&20)| for
& € RY Since 9p > 0 and v is decreasing at infinity, for every m € Z
there exists K = K(m) € Z such that f, s is positive on the cube I¢ and
frmk(x) > 2™do for £ € r2=™I%, for all |k| > K (m). Since the set AN2™I¢
is finite, for every € > 0 we can always find an (arbitrarily large) integer
N such that dist(N (), z¢),Z) < € for A\ € AN 2™I% Hence there exists
integer k,, such that we have fm,km (A) < & for A € An2mI¢, where
M = #(AN2mI%). Clearly fm.k,. (A) =0 for A € A\ 2™I¢. Put

hy = Z n_lzfmn,kmn,

where the numbers m,, (n = 1,2,...) are going to be chosen later. We
prove that for every a > 0 the function ®(ah,) is not integrable on any
fixed neighbourhood of the origin, say aI? (note that we can assume that
h, is positive in aI?). Since ® is a superadditive function,

/an ®(ahy) > Z/m @(%fmmkmn).

If r27™» < a we have

(0% oo
o(hnnn)> [, 225
/QId TL2 fmn,kmn ro—mn ]d 77/2

_,.Q0 fao . g
= 2r270(Tz2m).

If m,, is chosen to satisfy ¢(n~32™"%) > n, then for n sufficiently large

o
/ q)<ﬁfmmkmn) > 2raon'.
ald

Thus h; € L _(R?). Let us consider now the functions g,,, defined by

loc
I - < e
Im., (§) = Z S oy, (AW (\/62 ?)a
A€AN2™n Jd "
where 7, = min{1,|A = X|: AN € An(2™ +1)I¢ X # X'}. Then,
obviously, Gm., (A) = frm, km, (A) for all X € A. Also
lgmalh < D" sk, VI <L,
AEAN2™n [4

and R
G, fl1

<
< Y Nk, WA V9]

A€AN2Mn [d

< Va-4||g;.

1gm lloo
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Thus the function hy = Zﬁlggmn is bounded, summable, and /ﬁl()\) =
ha(A) for all A € A. Hence the function f = hy — hy € L}(R?), its Fourier
transform vanishes on A and f is still not in LE (R%). O
Remark. — If ®(z) = xlog(z + 1), then one can modify the above
construction to get a function which does not belong to H!(R).

Proof. — After some minor modification we can assume that hg is
continuously differentiable. Indeed, during the construction, when we define
numbers k,,, we replace the condition fm,km (A) < 37 by the condition
fAm,km ) < (_W-I%WM Then we get the estimate on the gradient of g, in
the same way as the estimate for the sup norm of g, in the proof above.
Let x be a smooth function supported on 2/¢ such that x = 1 on I¢. Since
the function

hs(x) = ha(z)x(x) — ha{z — 3z0)x(z — 3zp)

belongs to the space H', the function f belongs to H! iff f 4+ h3 does. The
function f + h3 is positive on the cube I¢, because it coincides there with
hi. Hence, by [St, Chapt. II1.5.3], the restriction (f + h3)|;a = h1|7e should
agree with an Llog L-summable function on every compact subset of 19,
which is not the case. O

In the proof of Theorem 3 the arithmetic relations between elements
of A were crucial, as we used the fact that all but finitely many elements
of a;lz belong to A. On the other hand, the set of non co-Riesz sequences
is open in the following sense.

PROPOSITION 5. — For any function f on Ry, which decreases to
0, and any sequence A = (A\,) C R which has no limit points, there
exists a sequence of positive numbers (r,) such that for every measure
w € M(R), for which ||u]} =1 and |p|(R\ [-r,r]) < f(r) and any sequence
A = (X,) C R such that |\, — A,| < 1, (n = 1,2,...), there exists a
measure pi' € M(R) such that p(\,) = @'(A),) forn=1,2,... and ps = ..

Proof. — We need the following lemma.

Lemma 1. — Given ¢ € (0,1), »r > 0, z € R and a measure
i1 € M(R) as in the Proposition 5, there exists a measure v = v(c,r,x) €
M (R) absolutely continuous with respect to Lebesgue measure, such that
supp? C [z — 2r,x + 2r], i(z) = (u — v)(y) for every y € (z — r,z + 1),
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and [lv|| < C(c+ f(£)), where the constant C' does not depend on c,r,z
and p.

We show first how Proposition 5 follows from the lemma. Let (r,)
and (c,) be sequences of positive numbers such that the intervals [\, —
2rp, An + 2rp] are pairwise disjoint, > ¢, < oo and Zf(%) < 0.
Then p' = u — > v(cn,rn, A\n) is a finite measure which satisfies all the
requirements.

Proof of Lemma 1 — Let ¢ € L'(R) be such that [[¢]; < C,
1V o < C, [¥'(z)| < W’ supp® C [~2,2] and 9(z) = 1 for z € [—1,1].
Put pr(z) = supye—rarr) [V (Y)]- It is easy to see that |prl:
Cymax(1, R). We denote ¥;(x) = ti(tx). Without loss of generality we
suppose that £ = 0. We consider first the case [i(0) = 0. Then we
have || * ¥r|| < Ca(c+ f(£). Indeed, since fi(0) = 0, we can represent
p = pf + pp where ug is supported on the interval [-R, R, Jrder =0
and ||pf|| < 2f(R). Then we estimate the convolution separately for pg
and p®

™ ]| < IluRII lerlls < C- f(R),
(<) @I=| [nle = ) = e @ dun| <R sup o 0)]-lunll
yElz—R,z+R]
Since supye(,— g+ r) [¥r (V)| = 72prr(r2) We get
g * (@)1 < CrRmax(1, rR)|ull.
Putting R = 7 we get the desired estimation. Hence the measure v = px1),

satisfies the conditions of the lemma. If i(0) # 0 we put v = (u—(f dp)do)*
P O

Remarks. — 1) It follows from the proof that if A satisfies the
assumption of Proposition 5 and fi(A) = 0 for A € A then there exists

¢’ € M(R) such that us = ) and i’ vanishes on some open set containing
A.

2) Proposition 5 can be easily extended to a multidimensional case.

The next result shows that in the previous proposition the sequence
(ry,) could not be chosen uniformly for all measures, without the decrease
condition.

PROPOSITION 6. — For every positive sequence (r;) there exist
sequences A = (\,) and A’ = (X;,) and p € M(R) such that [A; — Xi| < r;
and there is no u' € M(R) such that i(A,) = f'(A,) forn=1,2,....
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Proof. — Weset A’ = Z. We index the sequences A and A’ by integer
numbers rather then natural ones. Let (a,) be a decreasing sequence of
positive numbers such that 3 a, < co and (k,) be the sequence of positive
integers such that Y k,a2 = co. Put b, = a; where j is the unique index
such that k1 +...+ kj_; <n < ki +...+k;j—1 +k; (here we put kg = 0).
Set

N ifm+#£2,(G=12..)
T AmA gt ifm=2" k4. t+ka<n<k+...+k;,
where (w;) is a sequence of positive integers satisfying for j = 1,2,...
1) (2wj)lwjt1;
2) wj'l <min{ros :n <k +...+k;}.

Let pn = (20)71(8s, — 0-w,) and g = Y anu, We have fi,(t) =
sin mwpt. Hence [ij(Agn) is positive for n < ky + ... + kj_1, equals 1 for
ki+...+kj—1 <n < ki +...+k; and vanishes for k; +...+k; <n. Thus
i(Agn) > by, for n=1,2.... Clearly i(\,) =0 for n # 27, ( = 1,2,...).

Suppose to the contrary that there exists a finite measure p’ such
that 11'(j) = f(A;). By the de Leeuw transference theorem (cf. [deL], [StW,
Chapt. VII, Th. 3.8]), there exists a bounded measure v € M(T) such that
Wlarcey < N largey and () = #(n) for m = 1,2,..... But 32 [p(n)f? =
> b2 = co which contradicts the fact that A = {28 k=1,2,...}isa Ay
set, i.e. v € L2(T) and ||v||2 < C||v||am for every measure v € M(T) with
the Fourier transform vanishing outside A. O

The above construction has one more application. We can use it to
construct a sequence which does not allow co-balayage.
PROPOSITION 7. — There exists a sequence A = (\,) such that
inf dist(A, A\ {A 0
inf dist(}, A\ {A}) >0,

and measure p € M(R) such that there is no measure ' € M (R) supported
on a compact set such that i(A,) = ' (A,) forn=1,2,....

Proof. — Let A and p be the same as in the proof of Proposition 6
with one modification: the condition 2) on the sequence (w;) is replaced by
another condition

2) wyl <j ey
Suppose that there exists y’ € M(R) such that z@’'(\,) = f(An) for
n=1,2,... and supp ¢’ C [T, T} for some T > 0. Then the derivative of
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fi is bounded by T - ||u’||ar- Hence, for sufficiently large n, we have

@M 2 |8 2n)l =T - Il - [Agm — 27
B )| =T - 1 llag - (205) 7"

1., 1
> SlE (Aan)] = Sba.

Thus Y | (n)|?> = oo, and g/ vanish on m # 2". We finish proceeding as
in the proof of Proposition 6. O

Remarks. — 1) Note that for A = Z, the measure p’ with properties
postulated by Proposition 7 exists, and it is supported by an interval of
length 1. This is exactly what the de Leeuw theorem says:

2) We say that a sequence A C R has de Leeuw property iff for
every measure u € M(R), there exists a measure ' € M(R) with compact
support, such that /() = f(A) for every A € A. By the de Leeuw
transference theorem, for every finite set F' C R and r € R, any subset
of the set F' + rZ has the de Leeuw property. We do not know whether the
converse is true.

3) It is much easier to construct a sequence A without the de Leeuw
property if we omit the condition infyecp dist(A, A\ {A}) > 0. Moreover,
every sequence A which contains an increasing subsequence (z,) such that
lim z,, = co and lim(xs, — Z2,+1) = 0, has not de Leeuw property. Indeed,
let v € L*(R) be a measure with Fourier transform supported on the
interval [—1,1] such that D(0) = 1 and let v, € M(R) be defined by
Up(t) = U(L). Passing, if necessary, to a subsequence we can assume that

1/2
Zrn/ < oo where r, = Tap41 — Ton < Toy — Top—1 for n = 1,2,....

Put p = Y ri/%, e?mi@mt. Then we have ||u| < |v| - S2re/? < oo,
iz = 1"71/2 and fi(zan+1) = 0 for n = 1,2,.... Hence the supremum

of the derivative of i on the interval (zgn,Z2,+1) is greater then r, 172,

Therefore the derivative of i is unbounded, which means that p is not
compactly supported.

5. co-Lebesgue sequences.

We call the sequence A C R? a co-Lebesgue sequence iff for every
measure p € M(R?) such that i(¢) = 0 for £ € A, the singular part y,
shares the same property, i.e. is(§) = 0 for £ € A. Clearly every co-Riesz
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sequence is co-Lebesgue. A slight modification of Theorem 1 allows to state
the following criterion.

PROPOSITION 8. — Assume that A C R? has the following property.
For every ¢ € A there exists a € R such that Z2 \ aA is a Riesz set, and
af € Z2. Then A is a co-Lebesgue sequence.

Proof. — Let £ € A and o € R be such that of € Z¢ and Z¢\aA is a
Riesz set. Let v € M(T¢%) be the measure defined by v(E) = p(aE + oZ?)
for E C T9. Clearly vs(E) = ps(aFE + oZ?). It is easy to see that for every
ke 74,

1
ot =5(24)
v(k) = i( >
as well as 1
D,(k) = ﬁs(ak).
Since fi(€) = 0 for £ € A, the Fourier transform of v vanishes outside some
Riesz subset of Z¢. Hence, by the assumption, v, = 0. Since af € Z¢, the

above formula yields that ps(€) = vs(a€) = 0. O

Examples 4.5. — 4) Let £ = 2,3,.... Then the sequence Ay =
(n/¥)2e | C R is co-Lebesgue one. Indeed, let a € Ag. Then a* € Z.
Therefore j%a* € Z for j = 1,2,.... Hence ja € Ay for j = 1,2....
Therefore 1Ay NZ = Z,, and, by F. and M. Riesz theorem, Z \ (2Ax)
is a Riesz set.

5) Let Ag = (logn)32,. If a = logm € Ay then na = logm™ € A for
n=1,2,... and hence, similarly as in Example 4, Z\ %AO = Z_ is a Riesz
set.

Remarks. — 1) In fact, Proposition 8 together with the above exam-
ple give something more, namely if [i(£) = 0 for £ € Ay then f5(§) =0 for
£ e A U—Ay.

2) We do not know whether Ay are co-Riesz sequences.
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