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ON THE INTEGER SOLUTIONS OF
EXPONENTIAL EQUATIONS IN FUNCTION FIELDS

by Umberto ZANNIER

1. Introduction and statements.

It is a rather well-known problem in Number Theory to estimate
the number of zeros of linear recurrences of algebraic numbers or, more
generally, of polynomial-exponential equations over number fields. We do
not pause here on references, since the subject has been widely investigated,
but we refer to [Schm)] for this and for a general overview.

For recurrences and polynomial-exponential equations over function
fields similar results are available. Sometimes they may be reduced to the
number-field case by means of specialization arguments, as e.g. in [Schm,
§9]. However, for equations which are “truly” defined over function fields
other (more elementary) tools seem more efficient (as in the abe-theorem -
see [BrM]).

For example, in [BMZ, Thm. 2] a method with derivations has been
applied to estimate the number of zeros of recurrences in one variable.
(See also [Schm, §10] for an analogous approach.) The purpose of the
present paper is to carry out a similar analysis for polynomial-exponential
equations in several variables. We stress that the alluded proofs do not work
automatically for several variables; we briefly outline the main points. The
approach in [BMZ] or [Schm, §10] relied in an essential way on viewing the
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850 Umberto ZANNIER

solutions in question as (integer) zeros of a certain (Wronskian) polynomial
in one variable; their number was then bounded by the degree of that
polynomial. Naturally, for several variables such a principle is not sufficient.
We have succeeded in adapting the approach at the cost of analyzing first
the whole set of solutions in complex numbers. The corresponding equations
are not even well-defined in that extended context, and so we have found
it convenient to embed first the relevant fields into fields of complex-valued
algebraic functions in one variable, in order to obtain meaningful notions.
(See §2 and Remark 2 below.)

In this way we have obtained bounds which, for a given number of
variables, have polynomial growth in the number of terms; this substan-
tially improves on the known estimates over number fields (see [Schm]). As
for the dependence on the number of variables, the estimates are simply-
exponential, like for number fields (see [ESS]). On the other hand, we have
no significant lower bounds so we do not know to what extent the present
estimates might possibly be improved.

Among others, we have given applications to the number of zeros of
certain recurrences over function fields and to a problem studied in the
recent paper [FPT].

Some notation. — We let k be an algebraically closed field, supposed
to be embedded in C. We let L/k be a field extension of transcendence
degree 1; L is the function field of a certain nonsingular curve over k.
Actually, the results below hold for arbitrary finitely generated extensions
L/k. However the present case suffices for many applications. For this
reason we shall give complete proofs for the case in question and just a
hint of the general case in Remark 3 below.

We shall work with vectors A = (aq,...,a,) € (L*)", using coordi-
natewise multiplication. For notational convenience we shall use the rule
A% = aft - a¥ for a vector u = (uy,...,u,) of integers. (In the course of

§2 this notation will be suitably extended to complex vectors u € C".)

For given A;,...,Ap € (L*)" and Py,..., P, € LIX| = L[Xy,..., X,],
rather than dealing directly with equations Z?zl P;(m)A™ = 0, we shall
be concerned with the set of integral vectors m € Z” such that the
P,(m)A®, i = 1,...,h, are linearly dependent over k. This will turn out

more convenient and also will lead to sharper conclusions. Let us then
formally state:
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INTEGER SOLUTIONS OVER FUNCTION FIELDS 851

DEFINITION 1. — For Ay,..., Ay € (L*)" and Py,..., P, € L[X] =
LiXy,...,X,] welet S = S(Ay,Pi,..., Ay, Py) be the subset of Z" made
up of the vectors m € Z" such that the P;(m)A™, i =1,..., h, are linearly
dependent over k.

Plainly, when for example all the AiAj_1 lie in k", the question reduces
to the dependence of the P;(m) over k. More generally, it may happen that
for a proper subset B of {1,...,h} the elements P;(m)A, i € B, are
already linearly dependent over k; again, if the quotients AiAj—l, i,j € B,
lie in k7, the question amounts to the dependence of the polynomial terms.
This suggests to group the relevant integral vectors into classes. We do this

according to the following definition.

DEFINITION 2. — For Ay,...,An, Py,..., P, as above, let B be a
nonempty subset of {1,...,h}. We say that a set S’ C Z" is a class relative
to B if the following conditions are verified: (i) For m € S’ the elements
P;(m)A™, i € B, are linearly dependent over k; (ii) for some my € S’, the
set S’ consists of all the m satisfying (i) and such that for i, j € B we have
(AiA]_l)m_mO € k*.

Observe that for given i, the set of vectors m € Z” such that
(A,Aj_l)m € k* is a subgroup of Z"; hence, observe that if (ii) is true
for some mg € S’ then it is true for any mg € S’. As a further motivation
to this definition note that when for instance the P,’s are constant, then
if §' is a class relative to B, and mg a fixed element of S’, the linear
dependence over k of the P,A™, i € B, for any m € S’ is equivalent to the
linear dependence over k of the P;A™, i € B. Now the classes consist of
certain cosets of the alluded subgroups.

We remark that for “general” A;’s in (L*)" these subgroups may well
be trivial as soon as i # j. In these cases the classes consist of single points
if #B > 1.

Further, note that certainly S may be expressed as a union of classes,
but this representation needs not to be unique, nor the relevant classes
need to be disjoint.

With these conventions we state our main result.

THEOREM 1. — Let Ay,..., Ay € (L*)" and let Py,..., P, € L[X]
satisfy deg P; < d;. Then the above set S may be expressed as a union of
no more than (d1 + 4 dp + (g))r classes.
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852 Umberto ZANNIER

In a given class in practice we have to establish the dependence over
k of polynomials in m, defined over L. Of course this may lead to any
possible diophantine equation, so there is no hope to describe this point in
a satisfactory way; however the exponentials disappear from the context.
Also, as remarked above, when for instance the P;’s are constant, a class
is determined by a single point in it and by certain explicit multiplicative
relations among the coordinates of the A;’s.

We shall now present some corollaries. Our choice is however rather
special and it will be clear that Theorem 1 allows several other possibilities,
not taken into account here.

Naturally, when each class consist of a single point, which “often”
holds as remarked above, Theorem 1 gives an estimate for #S. For instance
we have the following:

COROLLARY 1. — Let Py,..., Py, Ay,..., Ay be as in Theorem 1.
Assume that for all i # j the coordinates of AiAj_1 are multiplicatively
independent modulo k*. Then:

(a) There are at most (dy + -+ + dp + (g))T solutions m € Z" to the
equation Zle P,(m)A™ =0 with Pi(m)-- - P,(m) # 0.

(b) If we also assume that the coordinates of each A; are multiplica-
tively independent modulo k*, then there are at most (dy+- - -+dp+ (”;1) )

integer points such that Z?zl P,(m)A™ is in k and Py(m) - -- P,(m) # 0.

(c) Let P; have at most t; terms. Then there are at most ("7, 7™)"

solutions m € Z" to ZlePi(m)Af‘ = 0 such that not all the P;(in)
vanish.

(We recall that elements Ay,..., A, € L* are said to be multiplica-
tively independent modulo k* if no relation A{*---A% € k* holds with
integers a; not all zero.)

Part (b) answers a question of W.M. Schmidt. (For the case of a single
variable this was remarked in [BMZ], §5.) We also note that the conclusions
in [Schm, §10], or [BMZ, Thm. 2, Thm. 3] are easy corollaries of Theorem 1,
with r = 1 (see Lemma 2 below for an instance).

Other applications are to recurrence sequences. We illustrate this with
an example which will be useful for Corollary 3. Let G(n), H(n) be simple
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INTEGER SOLUTIONS OVER FUNCTION FIELDS 853
linear recurrences over L, i.e. power sums
P q
G(n)=> i}, H(n)=Y b, pg>1,
i=1 i=1
where a;, b;, o, 3; € L*, for a field L as above. Then we have:

COROLLARY 2. — Assume that no «; or 3; and no ratio «;/a; or
Bi/B,, i # j, lies in k*. Then:

. . +q\3
(a) The equation G(u) = H(v) in integers u,v has at most (”Zq)
solutions, unless there are integers ug,vg,r, s, with rs # 0, such that the
identity G(ug + rm) = H(vg + sm) holds for m € Z.

(b) The equation G(u) = cH(v), ¢ = c(u,v) € k* has at most (”;”’)3
solutions (u,v) € Z2, unless there are integers ug, vo, 7, s, with rs # 0, and
elements £, n € k* such that the identity G(ug + rm) = né™H (vo + sm)
holds for m € Z.

Plainly, the identity G{ug +rm) = H(vg + sm) for m € Z in part (a)
(respectively G(up+rm) = nE™H(vo+sm) for m € Z with £, € k* in part
(b)) implies that p = ¢ and that the pairs (a;;°, o) coincide in some order
with the pairs (b;3;°, 37) (respectively (nb;3;°,£€37) in (b)). The proof also
easily shows that in any case there are at most (7";”’)3 solutions which do
not “come” from such an identity; and it is also rather easily seen that all
such identities come from a “minimal” one by substitution m — a+bm. We
do not give the easy proofs of these sharpenings since they fall somewhat

outside the scope of the paper.

As announced we shall apply the result to the main problem treated in
[FPT]| (and in previous papers quoted therein); we use in part the notation
therein. We let Ag(X), ..., Aq(X) € k[X] and we consider a recurrence of
polynomials G,,(X) € k[X] satisfying

Gnid(X) = Aa-1(X)Gnya-1(X) + -+ Ao(X)Gr(X), neN.

We assume that d is minimal and as in [FPT] we assume that the
characteristic polynomial

Q(X,T) :=T¢ - Ag_1(X)T ! — ... — Ag(X) € k[X][T]

has no multiple roots; we let ay, ..., a4 be its distinct roots in a fixed finite
algebraic extension L of k(X). Then G, admits a representation

Gn(X) = a1at + - - + aqay,

TOME 54 (2004), FASCICULE 4



854 Umberto ZANNIER

where a, are also in L*. Further, let P(X) € k[X]. We shall deal with the
equation in u,v € N,

(*) G,=c-G,0oP, wuveEN,

where ¢ = ¢(u,v) € k* may depend on u,v. In [FPT] the authors use deep
results of Evertse-Gyory [EG] and of Evertse-Schlickewei-Schmidt [ESS] to
give, under various conditions (see [FPT], Thms. 2.1-2.7) an upper bound
for the number of solutions (u,v) € N? of ().

We do not repeat here the conditions, nor the bounds, which are
somewhat complicated to state. As remarked in [FPT] some assumption is
necessary for finiteness, in view of the equation T, (X) = T,,(2X2 —1), any
n € N, valid for the Chebyshev polynomials T;,(X) = cos(n arccos X); in
fact, this equation holds more generally as T, 0T}, = T}, (see [S]) and there
is also a simpler example, obtained by putting G,,(X) = X", P(X) = XP.
Plainly these examples lead to more general similar ones by summation; e.g.
we have G, (T,(X)) = Gpp(X) when G, is a linear combination > ¢, 7T,
of Chebyshev polynomials and similarly for the other case. Also, we may
change linearly the variable X. Roughly speaking, we shall call these cases
and analogous ones the Chebyshev case and the Cyclic case respectively.

Here, with the present essentially self-contained methods, we shall
improve on the paper [FPT] in two respects:

(i) We shall substantially sharpen the doubly exponential bounds
of [FPT, Thms. 2.1, 2.3, obtaining a polynomial bound; also, we shall
completely eliminate the dependence on deg P and on the degree of the
discriminant of ) (with respect to T').

(ii) We shall show that the Cyclic and Chebyshev cases are the only
ones when infinitely many solutions may arise, describing completely the
matter.

More precisely we have, with the above notation:

COROLLARY 3. — Suppose that deg P > 2 and that no «, and no
ratio a; /oy, i # j, lies in k. Then if there are only finitely many solutions

3
(u,v) for equation (x), their number is at most (22d) < 8dS.

If there are infinitely many solutions then for suitable r,s € N we
have an identity

Gontoo (P(X)) = 16" Grnguo(X), neN, |r|=[s|deg P >0,

for suitable £,m € k*, and two cases may occur.
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INTEGER SOLUTIONS OVER FUNCTION FIELDS 855

Case A: We are in the “Cyclic case”, namely P is of the form X o XPo )\
for suitable \, N € Aut(Py) = PGLy(k). Also, the «; are in k(X), of the
form ¢; X% o \, for integers 6; and ¢; € k.

Case B: We are in the “Chebyshev case”, namely P(X) = XN oT,0 A,
A, X' as above. The «; are quadratic over k(X) and of the form c,(X +

VXZ-1)% o\

We omit even more explicit formulas that can be written down for
G,(X), in order not to complicate further the already long statement;
we believe that the present one is sufficiently illustrative. Also, as in the
remarks after Corollary 2 above, the result may be made even sharper, by
classifying the infinite families of solutions (as coming from substitutions
in an identity of the stated type) and by bounding the number of the
remaining ones. Moreover, it is possible to discuss the case deg P = 1:
now there may be infinitely many solutions only if P has finite order by
composition and the polynomial @ is “essentially” invariant by X — P(X).
We do not pursue however in the task of giving the complete proofs of these
further conclusions, since our main purpose for introducing these corollaries
is to exemplify some applications of Theorem 1.

Further corollaries of Theorem 1 may be obtained about the solutions
of x1 + -+ 4+ zp = 1 where the z, lie in a subgroup of L* which is finitely
generated modulo k*. However, of course we cannot treat with the present
methods the constant solutions, which give rise to an extraordinarily deeper
problem, solved to a large extent by Evertse, Schlickewei and Schmidt
[ESS], who give quite remarkable estimates; also, Evertse and Gyéry [EG|
have studied a function-field analogue. Here we just give an instance, by
considering an equation in two variables, of S-unit type.

COROLLARY 4. — Let A\,p € L* and let I' be a subgroup of L*
containing k* such that T'/k* has rank r. Then the equation Az + uy = 1,
x,y € ', has at most 9" solutions such that A\xz/py & k*.

This slightly improves on a result by Evertse [E], who obtained the
estimate 2-7%° when I is the group Oy of S-units in L*, for a set S of places
with #5 = s (note that O%5/k* has rank < s — 1). The same method used
here for the proof yields analogous results on the structure of the solutions
in several variables, with estimates independent of the genus of L/k (see
also the Acknowledgment below).

We finally remark that the present methods, though sometimes
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856 Umberto ZANNIER

efficient in estimating the number of solutions, do not give informations
about heights of solutions; for that purpose other tools are available, as
for instance the multidimensional extension of Mason’s abc-theorem due to
Brownawell and Masser [BrM] (see also [Z]).

Acknowledgment. — I wish to thank Prof. J.-H. Evertse for his kind
interest and several most important comments. He has also pointed out a
possible application of the methods to a certain generalization of Corollary
4 to linear equations in several unknowns from a group I' as above; such a
result is now the topic of a joint preprint with Evertse [EZ].

It is also a pleasure to thank an anonymous referee for an extremely
detailed and helpful review, which led in particular to a substantial im-
provement in the presentation of the proof of Corollary 2.

2. A complex-numbers analogue.

This section will analyze an analogue problem for complex numbers
in place of integers; it will be a crucial tool for the proof of the main results.
As a preliminary, we introduce certain conventions about exponentials, to
be used only in the proofs of Lemma 1 and Proposition 1.

We let L be a finite extension of C(z), where z is transcendental over
C; we denote by J the derivation d/dz and extend it to L; for notational
convenience we put a? := d(a) for o € L.

Warning. — This field L need not be the same as that from Theo-
rem 1; however, we shall embed the field from Theorem 1 into one of the
shape introduced here; this will be done in the deduction of Theorem 1
from Proposition 1 below.

In the proof of the next Lemma 1 and Proposition 1 we shall need to
define expressions a* for a € L* and u € C; actually, at each time we shall
need such definitions only for the «’s in a fixed finitely generated subgroup
I' of L*. We proceed in two steps, as follows. We first express I' as a direct
product of (possibly finite) cyclic groups generated by v1,. .., 7, say. It will
then suffice to define 7} and to extend by linearity the definition to all I':
namely, to put, for v =7 ---" € I, v* := [[1;*"; of course this is not
well defined on a possible finite cyclic factor (v;) = Z/(m), but we may
agree to choose the integer exponent a, in [0,m — 1] in that case.
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INTEGER SOLUTIONS OVER FUNCTION FIELDS 857

Now, to define v}, recall that, as is well known (see [Ch, Ch. VII]), we
may view L as a field of meromorphic functions of z on a suitable simply
connected open set {2 C C; e.g. we may take ) as a disk not containing any
branch point for L/C(z). By shrinking Q) we may assume that the elements
Y, ¢ = 1,...,1, are holomorphic functions of the variable z, without zeros
in 2. Then we may define the functions log~;, ¢ = 1,...,[, as holomorphic
functions on Q and put (7*)(z) := exp(ulogvi(z)). ) Note that with
this definition we have (v*)?/(v*) = u(y?/7) € L for any v € T} also, if
u = m € Z the definition is consistent with the usual meaning.

Moreover, this definition will not affect the usual properties of expo-
nentials if one restricts to the free part of I'; in any case the properties
are satisfled modulo constants. Namely, we have v“*% = ~%~? and, up
to nonzero constant factors, (v*)™ = (y™)* = 4™, (yy)* = 4%y for
v,v" € T'; also, v* € C* for v € C* NT. These properties will amply suffice

for our purposes.

Recall also the convention A" := [[_; ai" for A = (a1,...,ar),
a; €T, u=(uy,...,u).

In analogy with Definition 1 above, given A;,..., A, € I'" and
Py,...,P, € L[X], we let S be the set of points u € C” such that the
P,(u)A" are linearly dependent over C. Also, we define a class as a set
S’ € C" similarly to Definition 2 above, namely

DEFINITION 3. — For Ay,...,An, P1,..., P, as above, let B be a
nonempty subset of {1,...,h}. We say that a set S’ C C7 is a class relative
to B if the following conditions are verified: (i) For u € 8’ the elements
P;(u)AY, i € B, are linearly dependent over k; (ii) there exists ug € Q"

such that S’ consists of all the u satisfying (i) and such that for i,j € B
we have (A,Aj'l)“_“c’ e Cr.

We remark that now the conditions (AlAj_l)“ € C* define a vector
subspace of C". (It will be shown in the course of the proof of Lemma 1
that this subspace is defined over Q.) So for instance in this context, when
the P;’s are constant, the classes are certain cosets of vector subspaces.

With these preliminaries we have the following crucial:

LEMMA 1. — Let Ay,...,Ap €T and let Py,...,P,e L[X5,..., X,].
Then S is a union of finitely many classes.

(1) In the preprint [EZ] the definition is given differently, in terms of formal power series,
applying to fields other than C.
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Proof. — We shall argue by double induction, first on r, then on h.
We remark that the inductive assumption will hold for all finite extensions
L of C(z); in fact, at some steps in the proof the field L will have to be
enlarged.

For r = 0 the statement is true (and in fact empty). Let then r > 0
be arbitrary and suppose the statement true up to r — 1 (and all h). (The
arguments now will not substantially differ from the case r = 1.)

Let us now argue by induction on h. For h = 1 the statement is again
true, since there is only one possible class. Let us then suppose h > 1 and
the statement true up to h — 1.

Let u € § and let B be a minimal nonempty subset of {1,...,h} such
that the P;(u) AP are, for ¢ € B, linearly dependent over C. By induction
on h we may suppose that B = {1,...,h}. Let Sy be the subset of such
u’s.

Dividing each term P;(u)A! by A} has the effect to replace A;
with A4;A; ', Therefore we may suppose A4, = (1,...,1). If P(u) = 0
then P,(u)AY is linearly dependent, against the present assumption of
minimality. Then P;(u) # 0 for u € Sp and in particular we may divide

by Py(u) obtaining a dependence relation among the R;(u)AY, where
R.(X) := P,(X)P, 1(X) € L(X).

Observe that Rp(u)A} = 1; hence, differentiating the relation and
setting

T aa
A, = (1. .., ), RZ(X):R?(X)%-RI(X)(ZX], u)

Q5

we obtain that O(R;(u)A®) = R;(u)AY, whence the R,(u)AY, i =1,...,

h — 1, are linearly dependent over C, for u € Sy.

Note that no proper subset of the R;(u)A¥, i = 1,...,h — 1, may
be dependent, for otherwise a proper subset of the R;(u}A! together with
1 = Rp(u)A} would be dependent, against the assumption that u lies in
the subset Sy of S.

Note also that, though the R; and R; are rational functions, their
denominators divide P?(X) and so do not vanish at u. Therefore we may
multiply by P? and reduce to the polynomial case.

By the inductive assumption (on h) we can then include Sy in a finite
number of classes with respect to Ay, ..., Ay_1, PRy, ..., P?R;_1. Hence
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INTEGER SOLUTIONS OVER FUNCTION FIELDS 859

in proving the lemma we may restrict to a single class (with respect to the
new data).

Let 81 be the intersection of Sy with such a class. Then S; is a subset
of Sy such that for some ug € Q" we have (AiAj_l)“““O € C*for allu € Sy,
ije{l,... . h—1}.

Plainly these last conditions hold precisely if u — up belongs to
a certain vector subspace V. C C". We pause to note that this vector
space is defined over Q. In fact, for elements aq,...,a, € T, the fact
that ¢ = [],_; " € C* amounts to the vanishing of the differential
S u;(doy/a;) (which equals (37 ui(a? /ai)dz = (92 /p)dz). This is a priori
a differential over L with only simple poles. Let V' be the vector space of
the u € C” such that all residues of this differential vanish. Then V' > V
and V' is defined over Q because the residues of the da;/a; are integers.
On the other hand if u € V'NZ" then plainly [];_, ;" is constant since it
lies in L and has no zeros or poles. Then V' NZ" is contained in V. Since
V’ has a basis in Z" this proves that V' = V and the claim. (This also

follows from a general theorem of Ax [A, Thm. 3].)

Let us then write u = ug + v, where v € V. Setting A := Ay, B; =
A;AT  for i =1,...,h — 1 we rewrite R;(u)A¥ as R;(up + v)A¥ AVBY.(2)
Then, since BY € C* we have that 1 and the R,(up + v)A;°AY,
i = 1,...,h — 1, are linearly dependent over C. Also, no proper subset
is linearly dependent. It will suffice to show that such set Sy of vectors u
is contained in a union of finitely many classes.

A first case now occurs when AY € C* for all v € V. Then this
set &7 is contained in a single class with respect to the original data
A, P ..., A, P, and we are done. So, we suppose in the sequel that
AV ¢ C* for at least one v e V.

We may parametrize linearly V', with integer coeflicients, without
affecting the problem; in fact recall that V is defined over Q, so we may
choose a parametrization so that it has integer coefficients, transforming A
into another element in I'". In other words we may assume that V = C*
for a certain s < r and that A = (a,...,as), with a; € I'; note that we
may assume that not all the «; lie in C* because otherwise AV € C* for all
veV.

Further, put T;(v) = P;(ug + v)A}°. Observe that since up € Q" the

(2) This holds in fact only up to nonzero constants, but this does not affect our
conclusions.
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860 Umberto ZANNIER

T; will have coefficients in a certain finite radical extension of L. We may
then enlarge L and suppose that the T; are actually defined over L. In the
new notation, we have, for the v in question, the linear dependence over C
of Th(v)AY,...,Th_1(V)AY, Py(ug + v).

Recall that such set of v, which we denote Sy consists of those v € C*
such that the above elements, but no proper subset of them, are linearly
dependent over C.

Observe also that if it happens that s < r we can use the inductive
assumption with respect to r. This need not be the case however, so we
shall lower the dimension by another procedure.

Since not all the «; lie in C there exists a pole 7w for at least one
of them. (We view here 7w as a point of the complex nonsingular curve
corresponding to the function field L.) Let a; = ord, a; so ay,...,as are
integers not all zero. Also, let £ € L* be a uniformizer at 7. We may write
expansions

T(Y) =Y U, ()&, i=1,...,h—1
J=e€

where e is some integer and U;, are polynomials in Y = (Y3,...,Y;) with
coefficients in C.

For a purpose which will be soon clear, we now introduce certain
algebraic subvarieties of C®. Precisely, for any integer [ > e we let W) be
the algebraic variety consisting of the v € C® such that the rank of the
matrix (U;;(v)),i=1,...,h—1,j=e,...,l,islessthan h—1. Forl <e
we agree that W; = C°. We have that these varieties form a descending
chain, so the chain stabilizes and we shall have W = W, for all { larger
than a certain lg, where W is a certain algebraic subvariety of C*.

Let v € W. Then there exist ¢q,...,cy_1 € C, not all zero, such that
Z’;—ll ¢;iU;j(v) =0 for all j > e. But then the above expansions show that
Zz‘:—ll ¢;T;(v) = 0, so that the T;(v}, and also the T;(v)AY, are linearly
dependent over C. This shows that W N Sy is empty. In particular, for
v € S the order at 7 of a nontrivial linear combination Z;:ll ¢;T,(v) must
be at most Iy and has therefore finitely many possibilities, independently

of v € & and of the complex coefficients ¢,, not all zero.

A similar and simpler argument shows that the order at = of
P, (ug + v) has finitely many possibilities independently of v € Ss.

Let now v € Sy and write a nontrivial vanishing linear combination
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in the form .
-1
AY (Z ciTi(v)) = cPr(ug + v).
=1

Taking the logarithmic derivative of both sides, multiplying by dz and
taking residues at 7 of the resulting differentials of L/k we obtain a relation

s h—1
Z v;a; = ord,(Pp(ug + v)) — ord, (Z ciTi(v))
i=1 i=1

We have just shown that the right side has a finite number of possibilities,
independently of the ¢;’s or of v € Sy. Therefore we may partition Sy in a
finite number of subsets according to the value of the right side. Each of
these subsets will be defined in S; by a linear equation

s
E via; = a,
=1

where a is a fixed integer (depending on the subset); recall that the a; are
integers not all zero, so this equation defines a translate of a proper vector
subspace of C*®, defined over Q. We may now write parametrizations

s—1
’Uz':bl-i—sz‘jtj, 1=1,...,s,
Jj=1

with integer coefficients b;; and rationals b;. Substituting for v in the terms
Pr(ug + v) and T;(v)AY we see that we may view Sy as embedded in a
space C*~! of strictly lower dimension than C". (Note that if the b; do
not all lie in Z but just in Q, we may have again to enlarge the field L
and go to a finite radical extension.) By the inductive assumption on the
dimension we may infer that So is contained in a union of finitely many
classes, relative to the “new context”; however it is immediate to realize
that the each “new” class corresponds to an “old” one: in fact, we may
write AV = APB?® for b = (by,...,bs) € Q°, for a suitable B € (L*)*~! and
for t = (t1,...,ts—1) € C*71; then, for t in a “new” class we have, for a
suitable tg € Q°~! depending only on the class, Bt~t & C*. Defining now
vg with the above equations, with tg in place of t, we have vg € Q° and
Av—Vvo = (APBY)(APBt)~! = Bt~to ¢ C*, concluding the proof.

Remark 1. — This lemma is purely qualitative; however, in the
present approach, it represents a necessary tool for a quantitative version
of itself, which we state as the next result. The arguments for Lemma 1
can be quantified, but this leads to estimates inferior to the sought ones.
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ProposiTiON 1. — Let Ay,...,A, € I'" and let P,...,P, €
L[Xy,...,X,] have degrees at most di,...,d; respectively. Then S may

T
be expressed as a union of no more than (dl +- 4 dp+ (g)) classes.

Proof. — We use at once Lemma 1 and express the set S as a union
of finitely many classes S1,...,S;. We start by proving that each S is a
closed algebraic subvariety of C”.

In fact such a class S, say relative to a subset B = B, C {1,...,h},
is defined by two conditions: the first condition is that for u € Sy the
P,(u)A", i € B, are linearly dependent over C; the second condition is
that for u € S; we have (AzAj_l)“_“O € C* for all 7,7 € B. Now, by the
second condition the first one is equivalent to the fact that the P;(u)A},
i € B, are linearly dependent. By the Wronskian criterion this amounts to
the vanishing of the Wronskian determinant of the elements in question.
Plainly this determinant is the value at X = u of a certain polynomial in
L[X], and this gives a first algebraic condition on u.(%)

As to the second condition, we have already remarked that it defines
the translation by up of a vector subspace of C". (This vector space is
actually defined over @, as we have shown in the course of the proof
of Lemma 1; this is however immaterial now.) In conclusion, S, is the
intersection of the above pair of algebraic subsets, proving the claim.

Next, we show that the whole § is a closed algebraic subset of C"
defined by equations over C, each of degree < dy +---+dj, + (g)

For a natural number ¢ define inductively polynomials P;, as follows.
Set Po(X) = P,(X) and, for £ > 0 put

P, o1 (X) = PH(X) + Py(X <ZX aﬂ)

ju
The definition is given so that for u € C” the formula P, .41 (u)A} =
(P,e(u)A¥)? holds.

Consider the matrix (Py(X)), fori=1,...,h, £=0,..., ,h—1, and its
determinant A € L[X]. Then it is immediately checked that A(u) equals,
up to H?zl A £ 0, the Wronskian determinant of the P,(u)A}.

(3) Note that this condition is over L and corresponds to several conditions defined
over C.
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We write, as we may, A(X) = v Ay (X)+- - -+7,44(X), where v; € L*
are linearly independent over C and where A;(X) € C[X] for j =1,...,q
(possibly g = 0).

Plainly, deg A < dy + -+ +dp + (g), so the same estimate holds for
the degrees of the A;.

Observe now that, by the Wronskian criterion again, for a u € C”, we
have u € S if and only if A(u) = 0; in turn this amounts to the equations
A,(u) =0for j =1,...,q. This proves our contention about the variety S.

Further, each irreducible component of S is contained in some class
S,, because the S, are (finitely many!) algebraic varieties (not necessarily
irreducible) in C” whose union contain S. For each component of S, let us
pick one class containing it; at the end of the process let us omit the classes,
if any, which we have not met so far; the union of the chosen classes will
contain the union of the irreducible components of S, hence it will continue
to contain the whole S. Also, the number of such classes will not exceed
the number of components of S.

To conclude the argument, it will then suffice to estimate suitably the
number of components of S. We shall prove first the following claim from
elementary algebraic geometry:

There exists an algebraic variety W in C" defined by at most r
equations of degree < di + -+ + dp, + (g) such that each component of
S is a component of W.

The argument below is certainly well known but missing a reference
we describe it.

We prove by induction on p = 0,1,...,r that there exists a variety
W, containing S and defined by at most p equations of degree < dy +---+
dp, + (g) such that each component of S of dimension s is contained in a
component of W, of dimension < max(s,r — p).

For p = 0 just take W, = C". Assume now the existence of W,
for a positive p < r; we shall construct a suitable Wj,,, concluding
the induction. Let V be a component of S. By induction, V' will be
contained in a component V' of W, of dimension < max(dimV,r — p).
If V' #V (hence dim V’ > dim V and so dim V' < r — p) there exists some
polynomial A, as constructed above, such that A, vanishes on V' but not
on the whole V'. Let AV denote such a A,. Observe that A" has degree
<dy+- - Adp+ (;) Choose such a polynomial for each V' and form a linear
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combination A := 3", cy AV, with coefficients cy € C. Plainly, since there
are only finitely many components V', for a “general” choice of the cy, the
polynomial A will not vanish identically, on any V' such that V' # V. For
such V', the polynomial A will define in V' a proper subvariety, hence of
dimension < dim V' —1 < r—p—1, still containing V. Defining then W44
as the variety determined by A in W), concludes the induction step.

Putting now W = W, gives immediately the above claim.

Finally, by the generalized Bezout Theorem (see e.g. [D, Ch. III, 2.1])
we have that the sum of the degrees of all the components of such a variety
W does not exceed (di + -~ + dp, + ())"; Since each component of S is a
component of W, the same bound follows for the number of components of
S and, as remarked above, for the number of relevant classes; this completes
the proof.

Remark 2.

(i) In the present paper we are interested in the integer points u,
rather than the complex points appearing in the statements proved so
far. By the way, the complex points complicate the whole thing, since the
meaning of expressions like a* for complex « is not always well defined, and
in fact we had to introduce some preliminaries for that reason. However,
we needed to use the whole complex points in question, in order to better
investigate the structure of the variety S; of course, if we had Lemma 1
just for the integer points, no quantitative conclusion could be reached since
the integer points in the classes of S could be a priori not Zariski dense
on any component of the variety determined by the Wronskian. (The only
exception occurs in the one-variable case.)

(ii) Note also that in the case when the P,’s are constant, the classes
are cosets of vector spaces, so Lemma 1 implies that all the components of
the variety S are linear (and over Q).

3. Proofs of main results.

We start by proving Theorem 1. For this we want to suitably embed
the relevant field and elements in a finite extension of C(z}, so to apply
Proposition 1. (See also [Ch, Ch. V] for a detailed theory of extension of
the field of constants.)
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The field k is already supposed to be embedded in C. Since L has
transcendence degree 1 over k, we may view L as a finite extension of
k(t), where t is transcendental over k. Let L’ be the quotient field of the
ring L ®; C; it is easily verified that in fact this ring is a domain, since
k is algebraically closed. Then k, L are embedded in L’; let ¢ denote this
embedding. Since ¢ is transcendental over k, z := ¢(t) is transcendental
over C and L' is a finite extension of C(z). For A;, P; as in the theorem,
define now A, := ¢(A;), P!/ := ¢(P,). We now apply Proposition 1 to L’
and the A}, P/. We let S be as in Proposition 1 and express S as the union

of classes Sy,...,Sn, where N < <d1 +-o+dp + (g))r

Let now S be the set of Theorem 1 and let m € S, so the P;(m)A™
are linearly dependent over k. Then the P/(m)A,™ are linearly dependent
over C. In particular, m lies in S and hence in one of the classes, say it
lies in &;. If §; is relative to a set By C {1,...,h} this means that the
P!/(m)A;™, i € B;, are linearly dependent over C and that, if mg € Z" is
any element of §; NZ" we have (A;/A})™ ™ € C for all 4,5 € B;.

Now, if x1,...,zn € L are such that ¢(z1),...,¢(zs) are linearly
dependent over C, then z1,...,x, must in fact be linearly dependent over
k. This follows immediately by the fact that a basis for the tensor product
of vector spaces over k consists of the products of basis elements for the
vector spaces.

In particular, if € L is such that ¢(z) € C, then z € k; namely,
¢~ 1C = k.

Therefore we deduce that the P;(m)A™, i € By, are linearly depen-

dent over k and that (A4;/A;)™ ™ € k for i,j € B;.

This means that m, mg lie in the same class relative to k, L. In other
words, the set S is partioned into classes in the same way the set S is
partitioned into the classes S;. This completes the proof of Theorem 1.

Remark 3. — If one develops the arguments of §2 for arbitrary
function fields L, namely for finite extensions of C(z1, ..., 2,), Theorem 1
follows for all finitely generated extensions L/k. This program needs few
changes with respect to the present treatment. One has however to use
the Wronskian criterion for several variables; this can be found e.g. in [C,
p. 112] for the case of rational functions, but the extension to algebraic
functions needs no substantial change.

Proof of Corollary 1. — We start with part (a). Let S; C Z" be the
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set of solutions as in the statement. Then S; is contained in the set S
consisting of the m € Z" such that the P;(m)A™ are linearly dependent
over k. By Theorem 1 we obtain that S, and henrce S1, may be included
in the union of at most (dl + o+ dy + (g)) classes. Suppose first
that m € S; belongs to a class corresponding to the subset B = {i};
then P;(m) = 0, a contradiction. If #B > 2 and the class contains two
distinct elements mg, m; of S, then we have, for 4, distinct elements of
B, (A;A71)y™i—mo ¢ k* However we are assuming that the coordinates
of A;A7" are multiplicatively independent modulo k* for ¢ # j; therefore
we have a contradiction. This shows that the class contains at most one
element. We deduce that S7 has no more elements than there are classes
and the sought estimate follows.

Part (b) is obtained in the same way, but by applying Theorem 1
to the P;(m)A™, ¢ = 1,...,h, together with another pair P,y = 1,
Ah+1 = (1,,1)

As to part (c), write P;(X) = Y%, 7 Qu(X), where, for each i, the
my € L*, 1 =1,...,u, are linearly independent over k and the @,,(X) lie in
k[X]. Since P; has < t; terms, we may take u, < t;. Now, if m is a solution
to the equation and not all the P;(m) vanish, then not all the Q,,(m)
vanish. Then the elements 7; A™ (i = 1,...,h, I =1,...,u,) are linearly
dependent over k. We then apply Theorem 1, with 3 u, in place of h, with
the same A;’s, except that now A, is counted u, times, and with the 7, in
place of the P,, in the appropriate order. Let €2 be a class, relative to the set
B of indices (taken now among the pairs (i,{), i =1,...,h, I =1,...,u,).
Since the A,»Aj_l have multiplicatively independent mod &* coordinates for
1 # j, we see that the class cannot contain two distinct elements, unless all
the indices (7,1) in the set B all have the same “/”. But then the elements
mi, L = 1,...,u;, cannot be dependent over k, a contradiction. This proves
that each class has at most one element, and the required estimate again
follows.

Proof of Corollary 2. — Let us assume that there are no integers
Ug, Vo, T, 8 with rs # 0 such that G(ug + mr) = H(vg + ms) for all m € Z
(in the proof of part (a)) and no integers ug, vg, r, s with rs # 0 and &, € k*
such that G(up + mr) = n&™H(vg + ms) for all m € Z (in the proof of
part (b)). On these assumptions we shall prove the stated bounds for the
number of relevant solutions.

We define vectors A; € (L*)2?, for i = 1,...,p + q by setting
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A = (1) for 1 < i< pand 4 = (1,5_p) for p+1 < i < p+gq.
Similarly, we define constants P; € L* by P; = a; for 1 < i < p and
Po=b_pforp+1<i<p+gq.

A solution m = (u,v) € Z? of G(u) = H(v) (or of G(u) = cH(v))
gives an element of the set S made up of the integral vectors m € Z? such
that the P,A™, i = 1,...,p + g, are linearly dependent over k. The set S
is, by Theorem 1, contained in the union of no more than (? ;rq)z classes as

in Definition 2. This gives a corresponding partition of the set of solutions
(in both cases (a) and (b) of Corollary 2).

Let 2 be a class, corresponding to the subset B = B C {1,...,p+q}
and let us estimate the number Mg of solutions belonging to that class.

The set B cannot contain a single element because no term vanishes.
Suppose first that B contains two distinct integers 4,j in [1,p] and let
my = (ug,v),m = (u,v) € Q. Then (AZ»AJ'"l)m_m0 = (ou/a;)" " € k*.
Since a;/a; & k, we see that u = ug. Therefore for the (u,v) € Q we have
G(up) = H(v) (resp. G(ug) = cH(v)); if G{ug) = 0 we have that H(v) € k
while if G(up) # 0 we have that G~!(ug)H (v) lies in k. In both cases, by
Corollary 1(b) there are at most (“5') < (P19) such integers v. The same
argument works if B contains two distinct integers in [p+ 1, p+ g|, proving
that in these cases Mq < (P19)

Suppose now that B consists precisely of two elements ig, jo + p with
I<ip<p, 1<jo<q.

Setting m = (u,v), mo = (ug,vo) we have ai “F°"" € k*. This
holds precisely if (u,v) — (ug, vo) runs over a certain subgroup of Z2. This
subgroup cannot be trivial if we have at least two distinct solutions in €,
as we assume, and it cannot have rank 2 because otherwise oy, 3, would
lie in k*. Therefore the subgroup has rank 1 and is generated by a vector
(r,s) € Z%, rs # 0.

Then the class Q consists of the vectors (u,v) = (ug + mr,vg + ms),
m € Z. Our solutions in the class Q then correspond to integers m such
that G(ug + mr) = H(vg + ms) (resp. G(ug + mr) = cH(vg + ms)). This
again reduces our problem to the one-variable case.

We could now appeal to the results in [Schm, §10]; however, for com-
pleteness we reprove what we need as a simple consequence of Theorem 1,
stating it as a lemma.

LEMMA 2. — Let 7yy,...,v € L* be such that ~;/~; & k* for i # j.
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Fori = 1,...,0, let ¢,j € L*, j = 1,...,4;. Suppose that for each i,

¢i1y- - -, Cij, are linearly independent over k Then there are at most (Z2j‘)
integers m such that the c;,v;" are linearly dependent over k.

The proof is very similar to that for Cor. 1 (c); by Theorem 1 (with
r=1h= Zizl Jji, with the P;’s equal to the ¢;; and the A;’s equal to
the ~;’s counted 7, times) such integers m can be grouped into at most (g)
classes. If a class which contains two distinct elements mg, my corresponds
to the set B we have in particular that (A4;/A;)™ "™ € k* for ¢,j € B.
Then A; and A; cannot be distinct, because two distinct ones among the
7v:’s cannot have their ratio in k*. Then B must be such that A; = A; for
i,j € B and therefore for some £ we would have A; = v, for all i« € B.
But then the elements c;1, ..., ce j, would be linearly dependent over &, a
contradiction.

Therefore each class can contain at most one relevant integer, whence
the result.

Let us now go back to the proof of Corollary 2 and consider the
solutions (u,v) in the class €. As observed above, we may express such
solutions as (ug + mr, vg + ms) with ug, vg, 7, s fixed, and m € Z. Thus we
have to consider the set of integers m for which there is ¢ € £* such that
(1) G(ug +mr) —cH(vg + ms) =0
where in part (a) of Corollary 2 we assume ¢ = 1. Writing as above
G(u) =30 auap, H(v) =30 b8y, (1) can be rewritten as

P q
> a(ap)™m = e b (3" =
pu=1 v=1

where a;, = a 0}, b, = b,3.°. We partition the set of o, (1 =1,...,p)
and (2 ( = 1,...,q) into groups such that two elements from this set

belong to the same group if and only if their quotient is in k£*. By our
assumption on the a,, £,, a group consists either of one element, or of one
aj, and one ;. This implies that (after reindexing) (1) can be rewritten as

£ y4 q
> (al, = oo ) an)™ = Y allap)m = Y bl (8)™ =
u=1 p=L+1 v=~0+1

where 0 < £ < min(p, g), the §,, are in £* and where no two distinct elements
of {a, (n=1,...,p),B(v={+1,...,q)} are in k"

If p > £ or ¢ > £ then by Lemma 2 there are at most (? ;q) integers m
such that (1) with some ¢ € k* holds. Assume henceforth that £ = p = ¢.
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If at least one pair ait,bL is linearly independent over k then again by
Lemma 2 there are at most (*}9) integers m for which there is ¢ € k* such
that (1) holds. Now, suppose that all pairs a;,,b), (1 = 1,...,£) are linearly
dependent over k. By Lemma 2 (but now with Y j; < £) there are at most
() integers m for which there is ¢ € k* such that (1) holds, and at least
one of the coefficients a;, — cd};'b;, is non-zero. We show below that there is
at most one m such that these coefficients are all 0. Thus there are at most
1+ (5) < (7 ;’q) possibilities for m. Then it follows that each class Q has
at most (p '2”) solutions, and so in view of the upper bound obtained above
for the number of classes, our original equation G(u) = H(v) (in case (a))
or G(u) = cH(v) with ¢ = ¢(u,v) € k* (in case (b)) in u,v € Z has at most
* ;rq)?) solutions.

Now suppose that there are at least two distinct m’s for which there
exists ¢ € k* such that all coefficients a), — c6]'b), (n = 1,...,¢) are 0.
We have to distinguish between the cases (a) and (b) of Corollary 2. First
consider the most difficult case (b). Then there are integers m; < mg such
that there are ¢1,c; € k* with a), = ¢;0,7b), for p=1,...,4,j =1,2. Tt
follows that 6;27™ = ¢1/cp for p = 1,...,¢. Taking n = ¢, § = ca/c,
it follows that for every t € Z we have a), = V]Etd:flﬁt(mrml)b; for u =
1,...,£. But then tracing back it follows that G (ug+ (m1+t(mga—m4))r) =
n€* H(vo + (m1 + t(mg — my))s) for all ¢ € Z, which was excluded by the
assumption made in the beginning of our proof of Corollary 2.

Now consider case (a); thus we consider those m such that (1) holds
with ¢ = 1. We can repeat the argument from above, and arrive at the
same conclusion, but with ¢ =7 = 1. Thus, G(ug + (m1 +t(mz —mq))r) =
H(vg + (m1 +t(mg —my))s) for all t € Z, which was again excluded by the
assumption at the beginning of our proof.

Proof of Corollary 3. — The polynomials G, (P(X)) will of course
satisfy a recurrence obtained by substituting P(X) in place of X in the
recurrence for G, (X). Accordingly, we shall have formulas
(2)  Gu(X)=a10] +- - +aqag, Gu(P(X))=b0]+ -+ bafy.
For a nonconstant polynomial R(X) € k[X] we let Lr(x) be the splitting
field of Q(R(X),T) over k(R(X)); these fields are all isomorphic over k.
Then the a;, a; € Lx, while the b,, 3; lie in Lp(x). (The notation a; (P(X))
for the f3,’s is is not well-defined a priori; this can be done only locally.
This is why we shall work with complete sets of roots rather than single
elements.)
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Now, consider the equation G,(X) = ¢G,(P(X)), u,v € Z, for
¢ = c(u,v) € k*. In view of the present assumptions we can apply

Corollary 2(b) to G(u) = Gu(X), H(v) := G,(P(X)). Now we have
p = q = d and we obtain that there are at most (22d)3 solutions (u,v)

unless for some 7, £ € k* and integers wug, v, 7, s with rs # 0, we have
(3) Gu0+rm(X) = Ufvaon(P(X))

identically in m € Z. Plainly if equation (3) holds we have infinitely many
solutions; in particular, this proves the first part of Corollary 3. In the
sequel we shall assume equation (3).

We shall use the notation « ~ 3 if the ratio a/8 € k*. We extend
this to finite sets on putting {ay,...,aq} ~ {B1,...,Ba} if there exists a
permutation o of the indices so that a; ~ B, for i =1,...,d.

Further, we shall use the notation Ry(X) (for a rational function R)
to indicate its ¢-th iterate under composition Ro---o R.

Let «,, denote the roots of Q(F(X),T), so Lp(X) = k(P(X),
Q1. .., 0q0). Take an integer ¢ > 1 and substitute in (3) X — Pr_(X);
we have in particular (as remarked after Corollary 2)

(4) {ajpi=1,...,d} ~{aj, 4 :i=1,...,d},
whence by induction we get
(o i=1,...,d}~{a i=1....d}.

Now, for a fixed i, let afk ~ aj[é The degree [Lx (o) : k:(ozjéé)] is
divisible by [k(a,r) : k(ajfz)] and hence by s‘. Therefore s’ divides
[Lx : k(ajfe)][LX(aj,g) : Lx]. The factor on the right is bounded by
[k(X.a, ) : k(X)] < d, while the factor on the left equals [Lx : k(a{z)] =
[Lx : k(a,)]r’. We deduce that s’ divides ¢ times a non-zero factor
independent of £. Letting ¢ grow, we deduce that s divides r; let us put
r = gs; then (4) for £ = 1 entails

(5) {Bizi=1,....d} ~{af i =1,...,d}.

In particular Lp(y) (denoted Lp from now on) is contained in Ly. Let us
show that Lx/Lp is somewhere ramified. Consider the point at infinity of
k(P(X)), denoted cop. This point lifts to the point co of £(X) and is totally
ramified below it, with index [k(X) : k(P)] = deg P = p. Let now M be
the maximum ramification index above ocp in Lp. Then M is as well the
maximum ramification index above oo in Lx. Suppose that Lx/Lp were
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unramified everywhere. Then the maximum ramification index above cop
in Lx would continue to be M. On the other hand this ramification index
is at least M[k(X) : k(P)] = Mp. Since we are assuming p (= deg P) > 1
we have a contradiction.

Now, the fields Lx and Lp are isomorphic over k, hence have the same
genus g. Since the extension Lx/Lp is somewhere ramified, and thus has
a degree > 1, the Hurwitz genus formula yields 29 —2 > [Lx : Lp](2g —2);
we deduce that the genus is zero.(®)

Then Lx = k(t) for some ¢t € Lx. There exists a field-isomorphism
¢ : Lx — Lp over k such that X¥ = P(X) and of = 8, for some
permutation 7. Let m = #?. Since Lp C Lx = k(t) we have m = 7(¢t) € k(t)
and Lp = k(n(t)). Also, if X = B(t) then P(B(t)) = P(X) = X¥ =
B(t?) = B(x(t)), so PoB = Bom; in particular, we have p = deg P = deg 7.

Further, oy = A;(t) and (,(;) = of = Ai(n(t)). Moreover, the 3; are
up to constants a permutation of the af, whence for some permutation o
of {1,...,d} we have

Ai(m(t)) ~ AZ ;) (1),

Let us now iterate this equation obtaining A;(w(¢)) ~ Agi (i>(t) for each
positive integer £. We may take £ to be a multiple of the order of o. Also,
these equations show that 7 permutes the set Z of zeros/poles of all the
functions A; and also that 7=}(Z) C Z. Hence we may take ¢ to be a
multiple of the order of the corresponding permutation, so m, fixes each
element in such set. We obtain in particular that

Ai(me(t)) ~ AT (1), i=1,....d

and then, comparing degrees, p = |q|. Now, since 7, fixes Z and ﬂ[l(Z) C
Z, m : Py — Py is a rational map of degree p* > 1, totally ramified above
each z € Z. The Hurwitz genus formula gives immediately that Z contains
at most two elements, hence precisely two elements.

After changing ¢ with A(¢) for a suitable A\ € PGLy(k) (replacing
correspondingly 7 with AomoA™!) we may assume that Z = {0, oc}. Then
we have that each A, is proportional to a power of ¢ and the same holds for
me and 7. Namely, for certain integers d;, elements c,,c € k* and a suitable
choice of the sign we have

(6) A1) =ctd, w(t) = ct™P.

) This argument is of course well known.
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If the sign is negative, we can change ¢ into 1/t (and change consequently
min 1/7 and B(u) in B(1/u)) so to assume that the plus sign holds in (6).
We now distinguish two cases:

First case: Lx = k(X). Then k(X) = k(t), whence degB = 1
and B € PGLy(k); then the equation P(B(t)) = B(w(t)) = B(ctP)
easily implies (on comparing denominators and recalling that P is a
polynomial) that B(t) = a + btT!. Then P(a + bt*!) = a + bet™P. Also,
a; = Ai(t) = A;(B7Y(X)) = ¢;(B~1(X))% (where B~! denotes the inverse
map).

Recall that G, (X) = 3%, a;(X)a;(X)", ®whence G, (B(X)) =
Z?zlai(B(X))ciX‘;m. We have just seen that A (P(B(t))) is the cyclic
polynomial t? for a X in PGLo(k); all of this proves that we are now
reduced to the cyclic case. We remark that it is then not difficult to deduce
from (3) that the a;(B(X)) are proportional to appropriate powers of X.
We leave this further verification to the interested reader.

Second case: [Lx : k(X)] > 1. Recall that Lx is a normal extension
of k(X) (it is a splitting field). The Galois group, viewed as a group of
automorphism of k(¢), is naturally a finite subgroup of PGLsy(k). Such a
Galois group permutes the A;(t) = ¢;t%; therefore each element sends ¢ to
£t for a root of unity & € k* and some choice of the sign. Also, ¢ — &t
implies €% = 1 for all i: in fact, ¢,£%t% is some A, but Aj/A, & k for
i# j and thus i = j and &% = 1. Then &% = 1 for the gecd § of the 6,. But
B(&t) = B(t) (since X is fixed), so B is a rational function of # for the
order [ of £, which divides §. Since k(t) = Lx = k(B(t), A1(t), ..., Aq(t))
we deduce that [ = 1, so £ = 1. Hence the Galois group has order 2 and
is generated by t — +t~! for some choice of the sign. By changing ¢ into
/=1t if necessary we may suppose that the nontrivial automorphism is
t — t~1. Since B(t) has then degree 2 and is invariant by ¢ — t=1, it is
of the form b(t + t71), b € k*. Now the equation P o B = B o 7 entails
Pt +t7Y) = b(n(t) + n(t)™1) = b(ct™ + ¢~ '¢FP). Since this function is
invariant by ¢ — ¢t~! we must have ¢ = £1. But then we find that P is, up
to transformations in PG Lo (k) the Chebyshev polynomial T},. Also, from
X =b(t+t71) we find 2bt = X + /X2 — 4b2; after a linear transformation
X — 2bX we get the stated shape for ¢ and the roots «,. We see that we
fall in the Chebyshev case.

Again, we remark that with these informations it is not difficult to

(5) Now the notation is well defined.
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go further and determine the precise shape of the coefficients, but we omit
the easy though a little tedious argument.

Proof of Corollary 4. — Note first that we may assume that I'/k* is
finitely generated. In fact, assume the result true in this special case and
let g1,..., g, € I' be multiplicatively independent modulo k*; let also IV be
the group generated by k* together with the g;’s. Then I' is the union of
the groups I'y, := {g € T : g™ € T}, each of which satisfies the opening
assumption. Since the set E of solutions in question is the union of the sets
E,, of solutions with z,y € T',,, the estimates #F,, < 9" and the inclusions
E, C Epp,n,m e N, yield #F < 97, as required.

Now, since I'/k* is torsion free and finitely generated, it is free abelian.
Let then vy, ...,7, € I" be representatives for a basis of I'/k*. Then we may
write for the solutions x,y in question,

T=0 e, Y=y, EmERT, an,..,anby,. b €2

We shall apply Theorem 1 with the following data: h = 3, 2r
in place of r, P, = AP, = pu,Ps = 1, A1 = (v,...,%,1,...,1),
Agz(l,...,l,’yl,...,’%ﬂ), A3:(1,,1)

Note that if (x,y) is a solution of Az + py = 1, then P A™, P, AR,
P3 A are linearly dependent over k, where m = (ay, . .., ar, by, ..., b, )EZ*".
Thus the solutions to our equation give rise to integral exponent vectors
m which fall in at most (S)ZT = 9" classes, in the sense of Definition 2. To
conclude the proof it suffices to show that each class can correspond to at
most one solution (z,y) such that \z/uy & k*.

Assume the contrary and let (z1,y1), (2,y2) be two distinct such
solutions, whose exponent vectors, denoted m;, my € Z?", lie in a same
class. The class cannot correspond to a set B properly contained in
{1,2,3}, for otherwise two of the three terms of the equation would be
linearly dependent over k, against the present assumptions. Hence the class
corresponds to the whole set {1,2,3}, whence A7"2™™ = (AiAgl)mz“ml7
¢t = 1,2, both lie in k*. Since the ~;’s are multiplicatively independent
modulo £* by assumption, this means that m; = m,. Therefore x5 = oz,
yo = Py1 for some o, 8 € k*. Then the equations Az1 4+ puy:s = Az +pys = 1
yield (8 — a)Azy = 8 —1 and (8 — a)uyy = 1 — a. If o = 3 this implies
o = 8 = 1 and the solutions would not be distinct. Therefore a # 3,
but then we deduce that Az; and py; both lie in k, a contradiction which
completes the argument.
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