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MAPPING CLASS GROUP AND THE
CASSON INVARIANT

by Bernard PERRON

We use freely notations and results of [Pe].

0. Introduction.

0.1. — Let S, (resp Sg,1) be a closed oriented surface (resp. with
one boundary component) of genus g. Let M, (resp. My 1) denote
the mapping class group of S, (resp. Sg1), that is the group of
isotopy classes of homeomorphisms of Sy (resp. Sy 1; in this case we
consider homeomorphisms equal to the identity on the boundary, the
isotopies being also identity onoaSgyl). Since Sg1 can be seen as a
submanifold of Sy such that Sy — S, 1 = D?, we have a natural (surjective)
map My, — M, by extending a homeomorphism of Sy ; by identity on
the 2-disc D?.

0.2. —  Consider the standard embedding of S, in R3 given
by Figure 0.1 and let H; denote the oriented handlebody of genus g
bounded by Sy. Let i4:.S; — Sy be a homeomorphism which exchanges x;
and y; (¢ = 1,2,...,¢g), where x; and y; are the oriented circles defined
by Figure 0.1. One can take for i, the composition p; o - - - o p; where

pi = D(x;)D(y;) D(x;)

(D(z) is the Dehn twist along the circle x). Then HylJ; (—Hy) is
homeomorphic to S®, (—H,) being the handlebody H, with opposite
orientation.

Keywords : Mapping class group — Johnson — Morita homeomorphismes — Homology

spheres — Casson invariant.
Math. classification : 57TMO05.



1108 Bernard PERRON

Figure 0.1

0.3. — TFor f € My let f denote its extension (by identity)
to Sg. Let M7 denote the 3-manifold obtained by gluing two copies of H,
by the homeomorphism i, o f. It is obvious that, if f induces the identity
at the homological level (e.g. f belongs to the Torelli group Z, 1 of Sy 1),
then M7 is a Z-homology sphere. Morita [Mol] shows that any Z-homology
sphere is homeomorphic to M7 for some f belonging to 7,1 = M(3) C I, 1,
where M(3) is defined in [J1] (see also [Pe], Lemma 3.4).

Let N1 (resp. N¢;) denote the subgroup of M, consisting of
homeomorphisms f of S, ; such that f extends to a homeomorphism of H,
(resp. S3 — H,).

It is well-known that if f, g € M, are such that f = {gn, with
£ € N}, and n € Ny 1, then the manifolds M5 and M are homeomorphic.

0.4. — Now, for any Z-homology sphere ¥, Casson [C] (see
also [GM]) defines an invariant belonging to Z, denoted by A(M). This
allows us to define a map A*: Z, 1 — Z by setting

X*(f) = MMj).

0.5. — We want to express A*(f) using Johnson’s homomorphisms
(see [Pe], Chap.4). Recall from [Mol], §1, or [Pe], 6.2, that T" denotes the
subgroup of (A\2H)® H® H (where H = H;(S,,1;7Z)) generated by elements
of the following form

(aAb)?=aAb®aAb and (aAb)« (cAd)
where

(anb) o (cAd)=(anb)@(cNd)+ (cANd)® (aNb),
aANb=a®b—-b®a when aNbe H®H.

ANNALES DE L’INSTITUT FOURIER



MAPPING CLASS GROUP AND THE CASSON INVARIANT 1109

Then Morita [Mol], §4, defines a homomorphism 8y : T — Z by setting
bo((a A b)?) = £(a,a) £(b,b) — £(a,b) £(b, a),
Oo(anb < cAd) = £(a,c) £(b,d)+£(c,a) £(d,b)—£(a,d) £(b,c) —£(d,a) {(c, D)
where
¢(a,b) = link(a,b™)

is defined as follows. Let S, be standardly embedded in R3 (Figure 0.1),
v a non singular normal vector field on Sy, pointing outside Hy.
For b € H = H1(S,; Z), let bt be the 1-chain pushed out of S, along v.
Then #(a, b) is the linking number in R3 of @ and b™. It is easy to see that

Go(aiAaijiAbj):l (’L#])

and 0y = 0 for the other basis elements of T'.

0.6. — Recall the main result of [J3], Theorem 5: the subgroup
T,1 = M(3) C Z,, is normally generated by the Dehn twists D(f1)
and D(f2), where the circles fi, fo are defined by Figure0.1. So any
element f of 7, can be written, up to order

(H eiD(f1) ¢ )deg (F2)2%; 1 (pi,v; € Mga).
Our first main result is:
TueoREM 0.1. — For f € 7,1 we have
. 1 A RS
)\(f):—ﬁﬂo(aoA 52
where A} (resp. o) is the map

Al Mgli»( 2H)®H®H®——>(/\2 YO H® H
defined in [Pe, (6.1)], resp. o: (A\’H) ® H ® H — T is the map defined by
oclaNb®c®d)=aAbe—cAd

(see [Pe], (7.1)).

COROLLARY 0.2. — The map §:Ty,1 — Z defined by §(f) = 31" | e,
is a well-defined homomorphism, where up to order,

- ([Tewtret) (flwpwr o).
i=1 3=l

TOME 54 (2004), FASCICULE 4



1110 Bernard PERRON

0.7. Remark. — The above homomorphism §:7, 1 — Z has a more
intrinsic definition. In fact, Morita [Mol], §5, using Meyer’s 2-cocycle
(see [Mel]), defines a map d: My, — Z, such that, when restricted
to 74,1, it becomes a homomorphism and such that if ¢ € 7 ; is a Dehn
twist along a simple closed curve in S;; bounding a surface of genus h,
then d(v) = 4h(h — 1).

It follows from the definition of 4, that d|7, ; = 85. So Theorem 0.1
becomes:

N () = oo M) + () for f€ T,

0.8. Remark. — Formula above is a rephrasing (in a simpler way)
of Morita’s formula [Mol], Theorem 6.1:

N (1) = (00 + 38) (1) + 7dlf) for f € T,

(here 73(f) € T is the third Johnson’s homomorphism, and T a certain
quotient of T').

0.9. — Next we want to compute A*(f) for any f € T, 1, so extending
the formula of Theorem 0.1 (or equivalently Morita’s formula (0.8)).
For any f € Mg, set

A(f) = ~=500(0 0 A4(1)) + 57D

For f € Z,1, defined in [Pe], Corollary 4.5, an element A;(f) € NSH
®3H, where ASH is the injective image of the homomorphism A3 H — @3H
given by x1 A 2 A 3 — Zaegs €(0) To(1) ® To(2) ® To(3), where Gg is the
group of permutations of the set {1,2,3}. Moreover A;(f) = —72(f) where
Ty is the second Johnson’s homomorphism. Write for f € 7 ;:

A= > aljainaina+ D BLbiAb A+ R,
1<1<j<k<g 1<i<j<k<g

where (a,,b,, i = 1,...,g) is the symplectic basis of H = Hy(S,,1;Z),
respectively equal to the homology class of the oriented circles z;, y; of
Figure 0.1, and R/ is a sum of terms of the form a AbA b and a Aa Ab.
This basis verifies a; - a; = b; - b; =0, a; - b; = —b, - a, = d;, (the Kronecker
symbol). Then we have the following:

ANNALES DE L’INSTITUT FOURIER
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THEOREM 0.3. — Let f € Z, 1, with A,(f) € ASH C ®%H written as
above. Then

N =AU+ > a8l

1<i<j<k<g

The proof of Theorem 0.3 will use the main result of [Mo2],
Theorem 4.3:

TueoreMm 0.4. — For f,g € I, | we have

N9 =X+ + 2 ) Bliod,

1<i<j<k<g

(Be aware that in [Mo2], the role of f;x and a;j, have been
interchanged.)

0.10. — Finally we want to restrict our attention to a special
subgroup of M, 1, the hyperelliptic mapping class group, denoted by H, ;.
This is the subgroup of M, ; generated by the Dehn twists along the circles
Zi,...,%g,%1,C1,,...,Cg—1 defined by Figure 0.1. Remark that these
circles are invariant by the symmetry s, along the axis 'z of Figure 0.1.

In [PV], it is proved that H, ; is isomorphic to the usual braid group
Byg+1. The isomorphism can be described as follows.

Let {0;; i = 1,...,2¢} be the canonical generators of Bag;1: send
o9i on D(z;) (1 <i<g), o1 0onD(y1) and 09,41 on D(C;) (1 <i<g—1).

Moreover a homeomorphism f € M, belongs to H,; if and only
if f commutes (up to isotopy) with the symmetry s,.

Lemma 0.5. — The second Johnson’s homomorphism
L+ 3
Ty = —gAlng,lmIg,l:Hg7l r‘lIg)l — AN°H

is zero. So Hy 1 NZg1 = Hg1 N Ty 1 (see [J1] for the definition of 75 and
[Pe], (4.6), for the definition of Ay).

Remark. — Hg41MZ,,1, when identified to Bag41MNZg 1, is the kernel of
the reduced Burau representation (see [B], §3.3) when evaluated at t = —1.

TOME 54 (2004), FASCICULE 4



1112 Bernard PERRON

0.11. — Finally, we have a simple geometric interpretation of the
mapping d: M, 1 — Z, when restricted to Hy, ;. As we have seen above, d is
the core of Casson’s invariant, and quoting Morita, d is a rather mysterious
invariant. Morita [Mo6] gives a geometric interpretation of d(y) in terms
of Hirzebruch’s signature defect of the mapping torus of ¢, with respect
to a certain canonical framing of it tangent bundle. But it seems that this
interpretation does not help for computations. Pitsch [Pi] gives a purely
cohomological construction of the mapping d.

Our last result gives a very simple geometric interpretation of d, when
restricted to H,, 1, using a nice formula of Gambaudo-Ghys [GG].

ProposITION 0.6. — For f € Hy 1 =~ Bygy1, we have the following
formula

d(f) = 3s(F) +ulf) +2n(f)
where:
1) f is the link in R3 obtained by closing the braid f, and s is the
classical signature of a link.

2) u(f) = Bo(f)(dy) - 64, where (-) is the symplectic intersection
form on H = H1(S4,1;Z), Bo(f) is the isomorphism induced by f at the
homological level and 6, = (9 —1)ag+ (9 —2)ag—1 +---+az € H, where a;
is the homology class of the circle x, of Figure0.1.

3) m:Bagy1 — Z is the abelianization homomorphism sending each
generatoro;(i =1,...,2g) on1 € Z.

THEOREM 0.7. — One has d(D(z;)) = d(D(y;)) =2 fori=1,... .9
and d(D(C;)) =3 fori =1,...,9 — 1, where z,, y;, C; are the circles
defined by Figure 0.1.

Notation. — In the remainder of this paper, for f € Mg 1, we will
denote by f. the isomorphism of H = H;(S,,1;Z) induced by f. We used
the notation By(f) instead of f, in [Pe].

1. The mapping d: My 1 — Z.

1.1. — We use the notations of [Pe}, Chapter 3. For f in Mg,
let B(f) denote the Fox matrix of f (Definition 3.1 of [Pe]). This belongs

ANNALES DE L’ INSTITUT FOURIER
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to GLgg(Z[I']) where T' = m1(Sy,1,*). Applying the abelianization homo-
morphism I' — H, we get a matrix B(f)*® € GLqoy(Z[H]). We set

k(f) = det[B(£)**].
LEMMA 1.1. — k is a crossed homomorphism, that is satisfies

k(fg) = k(f) x f..- k(g) € Z[H],
where f,g € Mg 1 and X is the operation in Z[H) induced by the law in H.

Proof. — From Lemma 3.2 of [Pe], we see that

B(fg)* = B(f)™ x **[B(9)™],
where 7~ (a;;) = (f.(a,;)). Lemma 1.1 follows. O
Recall that we have defined in (0.9) an embedding A>H - ®°H,
whose image is denoted by ASH. We also have the canonical projection

m: ® H — A3H. It is obvious that m o i = 6id(A3H). On A3H we define
the contraction map C: A> H — H by the formula

ClanbAc)=2[(b-c)a+ (c-a)b+ (a-b)].

In [Pe], Chapter 4, we have defined a map A;: My — ®3H such
that Ai|z, , is a homomorphism whose image is A°H. Also, in [Pe], (4.6),

we have set ;4: = 7o A;. The maps Ay, :4V1 satisfy the following property
(crossed product, see Lemma 4.1 of [Pe}):

A (fg) = Av(f) + FoAlg),  Ai(fg) = AL(f) + FoArlg).

‘We then have:

LemMA 1.2. — One has:
(a) For f € Mg 1, k(f) belongs to H (a priori, it belongs to Z[H]).
(b) For f € T,1, k(f) = C(Ai(f)) (Ai(f) € A3H),
(c) For f € My, k(f) = LC(A1(f)).
Proof. — By Lemma 1.1, k(f) is a unit of Z[H], sent by the
augmentation homomorphism ¢ : Z|H] — Z onto det (Bo(f)) = 1. So k(f)
belongs to H, proving (a). Point (b) is proved in Proposition 6.15 of [Mo5]

(remark that A; = —72, where 7, is the second Johnson’s homomorphism,
Proposition 4.4 of [Pe]).

TOME 54 (2004), FASCICULE 4



1114 Bernard PERRON

1.2. — To prove point (c) of Lemma 1.1, using computations in the
proof of Proposition 5.1 of [Pe] (or the proof of Proposition 6.15 of [Mo5]),
we can verify that k(D(z;)) = k(D(y:)) = 0 and k(D(c;)) = b;q — by, using
additive notations for H. On the other hand, again using computations in
the proof of Proposition 5.1 of [Pe], we have

ZI(D(LL))) = Z(D(yz)) = 0, E(D(Cl)) = —3(ai -+ (IH_]_) A bi+1 A bz
By the definition of C', point (c) is true for D(z;), D(y;), D(C;). Since these
Dehn twists generate M, 1, and since k and %C o Ay are both crossed
products (that is satisfy ¢(fg) = o(f) + f«v(g)), point (c} follows. a

Remark. — In the remainder of this paper, considering Lemma 1.2 (a),

formula of Lemma 1.1 will be written k(fg) = k(f) + f.k(g) where + is the
law in H.

1.3. — Now we can define a 2-cocycle on Mg, with values in Z
(the action of M, ; on Z being trivial):

c(f.g) =k(f7Y) k(g) = =71 (K(f)) - k(g) = —k(f) - f. (k(g))

where (. ) is the symplectic form on H.

Remark that this 2-cocycle coincides with the 2-cocycle of Morita
[Mo1], §5, since k(f) = k(f~!) by definition.

1.4. —  We now come to Meyer 2-cocycle on the symplectic
group Sp(2g,7Z) (see [Mel] or [Me2]). For a pair of symplectic matrices
A, B € Sp(2g,Z), define a R-vector space V4 g by

Vap={(z,y) eR¥ xR*; (A" — Dz + (B—-1)y=0}.
Consider the (possibly degenerated) symmetric bilinear form:

()aB:VapxVap—R

given by ((z1,91), (2,92)) = (a1 +31)- (I~ By where (. is the symplectic
form, whose matrix is (°, é) Then we set:

7(A, B) = signature(Va,5;(,)4,8).

ANNALES DE L’INSTITUT FOURIER



MAPPING CLASS GROUP AND THE CASSON INVARIANT 1115

Lemma 1.3 (see [Mel], [Me2]). — The signature 2-cocycle satisfies the
following properties:

1) 7(A,B) + 7(AB,C) = 7(A,BC) + 7(B,C) (2-cocycle property),

2) (A I)=7(A,A7Y) =0,

3) (A, B) = 7(B,A),

4) 7(A~1,B7") = ~7(A,B),

5) T(CAC L CBC™1) =1(A,B).

This defines a 2-cocycle on M, ; via the representation
By: Mg1 — Sp(2¢,Z).

The remarkable fact, noted in [Mol], §5, is that the 2-cocycle ¢+371 on My,
is in fact a coboundary. So there exists a 1-cochain d: M, 1 — Z (necessarily
unique, since My is perfect for g > 3 by [Po]) such that éd = ¢ + 37.

1.5. — The mapping d satisfies the following properties.

PROPOSITION 1.4 (see [Mol], Proposition 5.1). — For any f,g € Mg 1
we have:

(i) d(fg) = d(f) +d(g) + k(f) - fo(k(g)) — 37(f..9.),
(i) d(f~) = —d(f),
(i) d(fgf") = d(g) +k(f)- [fog: " (k(9)) + fu(k(9)) — Frge i (R())].

Having in mind that %(a) = k(a™1) this is exactly Proposition 5.1
of [Mol].

ProprosiTioN 1.5 (see [Mol], Proposition 5.3). — Let T, 1 = M(3)
be the subgroup of M, 1 generated by all Dehn twists on bounding simple
closed curves. Then the mapping d|79’1:7g’1 — Z is a homomorphism.
Moreover if f € 7, 1 is a Dehn twist on a bounding simple closed curve of
genus h, then d(f) = 4h(h — 1).

1.6. — In Chapter 3, we will need the following result.

LEMMA 1.6. — 1) Let u be the simple closed curve given by Figure 1.1.
Then d(D(u)) = d(D(z2)) + 4, where x5 is the curve defined by Figure 0.1.

2) One has d(D(y4)) = d(D(y2)) + 4, where y2,y4 are curves defined
by Figure 0.1.

TOME 54 (2004), FASCICULE 4



1116 Bernard PERRON

Figure 1.1

Proof of 1). — Recall that {a;,b;; ¢ = 1,...,g} is the symplectic
basis of H = H1(S4,1;Z) defined in 0.9, verifying a; - a; = b; - b; = 0,
a; -b; = =b, - a; = §;; (the Kronecker symbol).

It is easy to see that

u = D(y3) o D(ya) ' [x2].

Setting § = D(y2) o D(y3) ™", we then have D(u) = §~' o D(z3) 4. By (1.2),
k(D(z2)) = 0. By Proposition 1.4 (iii), we get

d(D(u)) = d(D(zs)) = k(57") - D(u).k(5 ).

Since ¢ € Z41, by Lemma 1.1, Lemma 1.2 (b) and Lemma 4B of [J1], we
have

k(67") = —k(8) = Clay Aby Aby) = 2bs.

So d(D(w)) = d(D(x2)) — 4bs - u.(b2). But u.(be) = [u] + by = a2 + bo
(where [u] denotes the homology class of u) and the result follows.

1.7. Proof of 2). — Let s, be the symmetry of S, along the
axis 'z (Figure0.1). Let S; | be the surface obtained from S, ; by adding
the collar 95,1 x [0, 1] along 05,1 x {0}. Extend the map s : Sg.1 — Sg,1 by
the map S : S, 1 %[0, 1] — 0S5, 1 %[0, 1] defined by S(e®, ) = (e¥+7(1=1) ),
for e € S' ~ 9S,, and t € [0,1]. Then the map s, [[S represents an
element of M, 1, denoted A2

It is well known that Ag can be expressed as the composition
2g9+1
[D(y1) D(21)D(C1) D(x2) - - D(Cog-1)D(z)]
(see Figure 0.1 for the definition of y;, z;, C;).

ANNALES DE L’INSTITUT FOURIER
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The reason for the notation A2 is that A2 is the square of a
homeomorphism A, € M, ; which will be used later.

Since yh = A2(y;) we have D(yy) = A2 D(yy) (A2)~'. Using
again (1.2) and Proposition 1.4 (iii) we obtain

d(D(y3)) = d(D(y2)) — k(A7) - D(w3)- (k(A7).

We will see that %(Ag) =2[(g—1)ag+(9—2)ag—1+ -+ az] in Chapter 4,
§4.2. The Dehn twist D(y5) act non trivially only on ag by

D(y3)«(a2) = az + [yh] = a2 — ba.

So D(y).(k(A2)) = k(A2) — 2b;. Lemma 1.6, 2) follows. O
2. Proof of Theorem 0.1.

Theorem 0.1 depends on two results of Morita.

ProprosiTiON 2.1 (see [Mol], Proposition 3.5). — The mapping
)\*/7;,117;’1 — Z

defined in 0.4 is a homomorphism.
ProPOSITION 2.2 (see [Mol], Proposition 4.5). — Let ¢ € T, 1 be a
Dehn twist along a bounding simple closed curve -y of genus h of Sg,1. Let

(u1,...,un;v1, ...v,) be asymplectic basis of the homology of the compact
surface bounded by 7. Then

)= (L)),

where (Z?ﬂ“z A vi)z is seen in T (see 0.3) and 0y has been defined in 0.5.

2.1. — Let fy be the simple closed curve of genus h, given by
Figure 0.1. By a fundamental result of Johnson [J3], Theorem 5, any
element f of 7 ; can be written, up to order, as

(ﬁ %’D(fl)sl%_l) (ﬁ ij(f2)erj_l)a @i, P € Mg
i=1 j=1

TOME 54 (2004), FASCICULE 4



1118 Bernard PERRON

By Corollary 4.3 and Lemma 6.2 of [Pe] we have
AL (piD(f1)7 07 ") = ipin (A4 (D(f1))) = 3eiis [(a1 Ab1)?] €T,
Ay (1/13‘1)(132)6J Vﬁfl) =€ [3%*((@1 ANby +az A 52)2> - %‘*(31)] €T,

where s; is the following element of T (see [Pe], (6.2))
sy = (a1 Aby) « (a2 N bg) — (a1 A (IQ) — (b1 A bg) -+ (a1 A bz) — (bl /\ag).

Using Propositions 2.1 and 2.2 we obtain
1 m
N (f) = ~500(45(5) - gz e300 (t(51))

We claim that 6p(¢;4(s1)) = —1. To see this, set a; = 1;.(a,) and
b; = 1;+(b,). By the definition of 6y given in 0.5 and the well-known formula
£(u,v) — l(v,u) = —u - v we find

00 (14 (1)) = €(a), b)) (ay - by) — £(b], a))(ay - by).

Since the symplectic form (.) is invariant by elements of My, it follows
that

00 (1)« (s1)) = (b - a}) x (ab, by) = (by - a1)(ag - b)) = —1.

Now recall that we have defined in [Pe], (7.1), a homomorphism o : (A\2H) ®
H® H — T by setting c((a Ab)®c®d) = (aAb) — (cAd) € T. When
restricted to T, o|r is 4id7. So we have proved Theorem 0.1.

Corollary 0.2 is obvious, since A*(f) and A5(f) do not depend on
a particular writing of f as a product (up to order) (lelD(fl)Echz_l) .
[1; (43 D(f2)= ;).

As observed in 0.7, the homomorphism 6:7,; — Z defined by
6(f) = >j=, e is the restriction of td, where d is the map defined
in Chapter 1 (use Proposition 1.5).

COROLLARY 2.3. — For f € 1, 1 we have

N(f) = — 5600 0 A4(F) + 5301,

ANNALES DE L'INSTITUT FOURIER
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2.2. Remark. — This is a reformulation of a formula of Morita
[Mo1], Theorem 6.1, put in a simpler way. Morita’s formula is

N () = (80 + 52) (7o) + ().

where 13: 7,1 — T=T/ 1, is the third Johnson homomorphism. Here Ty
is the subgroup of T' generated by elements of the form (u Av) < (wAt) —
(uAw) & WAL+ (uAt) < (vAw) (remark that s; € Tp). Since
the homomorphism 6y:T — Z does not factor through T, Morita has
to correct §y by a homomorphism d:T — Z such that 6y + %& factors
through T. The main advantage of the method of [Pe] is that we have an
invariant o o A5(f) at the T level, and so a unified formula.

Of course we have

(60 + 5) (rs()) = ~ 55000 0 44(5)]

since we have proved in [Pe], Lemma 7.1, that po o o A} = —1273, where
p:T —>T= T /Ty is the canonical projection.

3. Proof of Theorem 0.3.

3.1. — For f belonging to Z 1, set

G =X -AH - Y o8l e

1<i<j<k<g

(the difference between the first and second member of the desired equality
of Theorem 0.3). Thus, we have to show that G = 0 on Z,; ;. We will
first prove that G:Z,; — Q is a homomorphism. For this we need some
computations.

3.2. — Let W,, W,, Ws denote the subgroups of NSH (~ AH,
see 0.9) generated respectively by {a; A a, A ax} (a only), {c Aa; Ab;}
(at least one a and one b), {b; Ab; A by} (b only). Of course we have a
decomposition

NH =W, & Wap & W
Notation. — Set, for f € Z,:, fi = Ai(f) € NSH (see [Pe],
Corollary 4.5) and decompose f1 as fiq + fiab + f1p, Where fia € Wi,
flab € Wyp and fl,b € Wh.
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3.3. — In [Pe], Lemma 4.2, we have defined a bilinear map
F:(®*H)® (2°H) — ®*H by setting F' = C34 — To3 0 C35 where
034(331 K- ®l‘6) = (1173 CT4)T1 ® To @ Ty Q Tg,
C35(21 ® -+ ®36) = (T3 75)T1 @ T2 ® Ty ® T,

To3(21 @ L2 @23 Qx4) =21 QT3 Q T3 ® Tg.

~ T®id pu
We also consider the map & = oo (7 ®id): ®*H —— AN?*H ® H® H-"-T,
where 7 is the canonical projection and o is the map defined in Theorem 0.1.
We will need to compute 05 o F' on the subspace (ASH)® (A3H) of @ H.

3.4. — Recall (see 0.5) that 6y:T — Z is defined by
Oo(ai Naj < b; ANbj) =1 for 4,5 € {1,...,9}, i # j and 6y = 0 on
the other basis elements of T.

Two subspaces A, B of ASH are said to be orthogonal for g0 o F
if goc o F(a,B8) =0 for any (o,5) € Ax BUB x A.

LeMmma 3.1.

1) The subspace W, (resp. W) is orthogonal to W, & Wy, (resp.
Wb S Wab)'

2) If the sets of indices {i,j,k}, {i',j',k'} are different,
BpoaoF(a;Na; Nag,b,y Nbj Abyr) = Bgoa o F(by Aby Abyr,a, Aay Aay) = 0.
3) For i,j,k different,
BpoG o F(a;AajAag,b; NbjAbg) = —0g0a 0 F(b; Abj Abk,a; AajAay) = 12.

4) For a,8 € Wap, we have 05 0 F(a,8) = $C(a) - C(3) where C is
the contraction on A3H defined by C(xAyAz) = 2[(z-y)z+(y-2)x+(z-x)y],
and (.) the symplectic intersection form on H.

3.5. Proof. — By definition of F and 6, it is clear that
eoogoF(Cl /\CQ/\C3,d1/\d2/\d3) =0

unless the set {c;, d;; ¢,j = 1,2,3} is the union of three pairs {ax, b},
ke {1,2,---,g}. This proves points 1) and 2).
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3.6. —  The construction of the term corresponding to Cs4 in
oo o F(a; Aaj Aag,b; Abj Aby) is non zero only when a term a on the left
is coupled with a term b on the right with same index. This contribution
is easily seen to be equal to 12.

The contribution of the term —7o3 0 C3s is easily seen to be zero. This
proves 3).

3.7. — To prove 4), we have only to consider the case & = a; Aa;j Abs
and 3 = by Abj Aay and the case when a and [ are permuted. This amounts
to exchange a and b: this changes the sign of 6o o F (e, 3) and %C’(a) -C(0)
since (. ) is antisymmetric.

3.8. — Using 3.4 we have only to consider the following three cases:
1) g0 o F(a; Aaj Nbg,b; ANbj Aayg) for i, j, k distinct;

2) Og oo F(a; Naj ANbj,b; Nbg Aay) for 4, j, k distinct;
3)6pocoF(a; Naj Abj, b Abj Aaj) for i, j distinct.

3.9. — The contribution of the term corresponding to C34 in each
case is non zero only if the b term on the left is coupled with the a term on
the right with same index. This contribution is respectively —4, 0, —4.

3.10. — The contribution of the term corresponding to —723 0 Cs5
in each case is non zero only if an a term on the left is coupled with the b
term on the right with same index. For the cases 1), 2), 3), the contribution
is respectively 4, —2, 2.

Then point 4) of Lemma 3.1 follows immediately. O

3.11. — We are now ready to prove:

Lemma 3.2, — G:Z,1 — Q is a homomorphism, equal to 0 on
Ty, = M(3).

Proof. — By definition, for f,g € 7,1
G(fg) = N(fo) — (Alfg)— D aliBl%).
1<i<j<k<g
By Theorem 0.4, A*(fg) = M(f) + A*(9) + 221§¢<g<k§gﬁifjk afjk.
By additivity of A; on Z 1, afjgk = alfjk +a?, and ﬂfjgk =8 + Bk

ik ijk
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3.12. — From the properties of A} (see [Pe], Lemma 4.2) and d
(see Proposition 1.4) we have:

A(f9) = ~ 35 (Bo 0 00 Ay(f3)) + gy fo)
= _%90 05 [Ax(fg)] + id(fg) (see Theorem 0.1).
= — 205 Aa(1) + Aslg) + F(A(f), Ar(9))]

+ i [d(f) + d(9) + k(f) - k(g)]

1 _ ~
=A(f) + Alg) = 1500 05 0 F(Ai(f), Au(9)) + 5 k(F) - k(g).
So G(fg) — G(f) — G(g) is equal to
1 ~ 1~ ~
> Aol = aly B+ 50070 F(AI(S), A1(9) = k(S -K(g).
1<i<j<k<g
3.13. — With the notations of 3.2 and Lemma 3.1 we get

o0 o F(AL(f), A1(g9)) = 0005 0 F(fia + fib + frabs G1a + g16 + Gras)
= 0000 0 F(fia,91) + 0007 0 F(f1p,91a)
+ 00 07 © F(fiab, g1ab)-
By definition of fi,, a{jk and Lemma 3.1:
0p05 0 F(fiagn) =12 Y ol B9,
1<i<y<k<g

0y 05 0 F(fiv,g1a) = =12 Y Bl ad,
1<i<j<k<g

- 1
0o 07 o F(frab, g1ap) = EC(flab) - C(g1ab)-

By the definition of C' (Lemma 3.1) and Lemma 1.2 it is easy to see that
C(frar) = C(f1) = k(f) and C(g1as) = C(g1) = k(g)-
This proves that G(fg) — G(f) — G(g) = 0.
The last part of Lemma 3.2 follows from Theorem 0.1. O
3.14. — By Lemma 3.2, the homomorphism G factors through a

homomorphism G: A3H — Q such that G = G o A, because of the exact
sequence

A —
1— M(3) =Ty — Ty) —— APH — 1.
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3.15. — So, to prove that G = 0, it is sufficient to show that G = 0.
For this purpose we will study some symmetries of G.

LEMMA 3.3. — Let Sy;.1 C R3 be the surface of genus g, with one
boundary component, standardly embedded in R® as shown by Figure 3.2
below. Then:

(a) For each pair (s,t) (1 < s <t < g), there exists a homeomorphism
ps,t € Ng1 NN 1 C Mg 1 (see 0.3 for the definition of Ny 1 and N ),
which exchanges the handles hs and hy of Figure 3.2. More precisely, at the
fundamental group level the action of p; ; is

ps,t(zi) = Ol(S,t,Zi> Z(s,t)(3) Oé(S,t,Zi)_l
where z; = x; or y;, (s,t) is the transposition of s and t, and «a(s,t,z;) is a
product of commutators.
(b) Ay(ps,+) =0 and k(ps,+) = 0, for any pair (s,t).
3.16. — Proof: It is easy to construct an isotopy ;. (i = 1,2,

u € [0,1]) of R® fixed outside a big compact set such that 7; = 7, ; has the
following properties:

(i) 7, leaves invariant the surface S ; of genus 2 of Figure 3.1;
(ii) Ti|s,, is the identity outside the disk 2D;;

(iii) 74| p,un, is the rotation of angle 7 around the axis Z;.

3.17. — It is also easy to construct an isotopy p., (u € [0, 1]) of R3,
fixed outside a big compact of R3 such that p} verifies:

(1) p} leaves the surface Sy ; of Figure 3.1 invariant;

(i1) pl|s,, is the identity on 9(2D);
(ili) P} DUh,uR, is the rotation of angle 7 around the axis Z.

3.18. — Now set p = 13 07130 p;. Then p is time 1 of an isotopy
of R3 which has the following properties:

(i) p leaves invariant the surface Sy 1;

(ii) p is the identity on 953 ;
(iii) p exchanges the handles h; and h,.
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At the fundamental group level, p satisfies the formula of Lemma 3.3,
with s = 1 and ¢ = 2. We can even arrange things such that

plx1) = fTla2fi, plaez) =21, plyr) = filefis ply2) = w1
where f; is the homotopy class of 2D; (with suitable orientation and path).

Figure 3.1

3.19. — Now let (s,t) be a pair of integers such that 1 < s <t < g,
and vy be an embedded circle on Sy ; surrounding only the feet of the handles
hs, hy (see Figure 3.2). Then + is the boundary of a genus 2 subsurface %
of Sy1. Then there is an isotopy H, (u € [0,1]) of R?® such that H;
preserves S, ; and sends X onto S seen as a subsurface of S, ;. Then
pst = H ' op; o Hy satisfies point 1) of Lemma 3.3.

Figure 3.2

3.20. — Then, using the definition of A; (see [Pe], Chapter 4) and
the fact that a(s,t,z;) is a product of commutators, it is easy to see that
A1 (psy) = 0. Then k(ps;) = 0 by Lemma 1.2 (c). This finishes the proof of
Lemma 3.3. O
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_ Lemma 34. — For p € Iy,1, f € Mg,1 such that A;(f) =0 (and so
k(f) = 0) we have:

1) Ao(fof™1) = fu. A2(0);
2) d(fof™') = d(p).

Proof. — Part 1) comes from Lemma 7.1 of [Pe] and 2) from
Proposition 1.4. 0O

LEMmMA 3.5. — For f € Z,,; we have

1) Glpstfoe') = G(f);

2) G = G o (pst«.) where pst. = Bo(pst) and psi. stands for the action
of st on N3H.

Proof. — By Lemma 3.4 we have A (psi fps') = pstx A2(f). Therefore

_ 1 - 1
A(pst © f © pstl) = _an(pst*a(AQ(f))) + ﬁd(f)
Since the effect of pgi« on H is to permute as with a; and b; with by, it
follows from the definition of 6y (see 0.5) that A(ps o f 0 pi) = A(f)-

Since pst € Ng1 NN, (Lemma 3.3), from 0.3, it follows that
X (pst 0 fopzt) =X (f).
On the other hand, it is easy to see that
fonf _
D olwBl= > oy B
1<i<j<k<g 1<i<j<k<g
where g = pgt ofo ps_tl.

This proves point 1) of Lemma 3.5. Point 2) follows from the definition
of G and the formula: A; (ps; 0 f o psy) = psts A1(f) (see [Pe], Lemma 4.1).

From Lemma 3.5, we deduce that G(a; Aaj Abk) = G(aj Aa; Aby) =0,
for k # 1, j. We have the same result by replacing a by b, and when we have
three a or three b. So, to prove that G is identically 0 on A3 H, we have just
to show that g(a1 N asg AN b1> = Q(a1 N bl A bz) =0.

3.21. Computation of G(a1 A az A by).

LEMMA 3.6.

1) G(ay Aag Ab1) = G(D(z2) ' D(u)), where zo and u are the simple
closed curves given by Figure 3.3;

2) Q(al Nag N\ bl) =0.
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Figure 3.3

Proof. — The same letter u, z,y, f will denote either the closed path
or the element of the fundamental group I' = m1(Sy,1,*), equipped with
paths as indicated in Figure 3.3.

3.22. — Then straightforward computations show that

J2 = [y2, 2] - [y, 1] €T
(where [a, b] denotes the commutator aba='b~') and u = 2o fy € T
[D(x2) "' D(w)](21) = wzru™,  [D(x2) "' D(w)](y1) = ugru™",
[D(x2)_1D(u)]($2) = T2, [D(;rg)“lD(u)](yQ) = f2x2y2562—1,

(composition of paths is written from left to right).

3.23. —  This proves that D(z2)™! D(u) € NyjaiNZy1 by a
result of [G], Theorem 10.1, which says that a homeomorphism of S, ;
belongs to Ny 1 if and only if it leaves the normal subgroup of I" generated
by {y1,...,ys} invariant. This implies that A*(D(z2)~! D(u) = 0.

3.24. — Using Chapter 3 of [Pe] we find:
—ag 0 \ 0 —b;
_ 251 0 b1 0
Ay (D(x2) "' D(u)) = H
{(D(e2)" D) = | 51— e | S
0 O 0 0

= aAayAb € NH C @3H (using the identification Moy (H) =~
H ® (H ® H); see Lemma 1.1 of [Pe]). This proves point 1) of Lemma 3.6.

3.25. — Remark that in order to compute 6 o o o AL(f), it is only
necessary to know the terms of the matrix A5(f) on the ascending diagonal:
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this comes from the remark of 1.3 of [Pe] and the fact that 6y is non-zero
only on terms such as a; A a; « b; A b;. By 3.22 we find

x x X 2b1 A aq
7 1 . X X 2(12Ab1—‘b2/\b1 X
A4 (D)D) = | T ) -
a9 A a1 X X x

belonging to Mag(A*H) ~ A2H ® H® H (by Lemma 1.1 of [Pe]). Applying
the homomorphisms o : A\> H® H ® H — T (defined in Theorem 0.1) and
0p: T — Z (see 0.5), we find that 0y(c o AL(D(z2)"tD(u))) = 2.

By Lemmas 1.3, 1.6, Proposition 1.4 and the fact that k(D(z3)) = 0
we get d(D(z2) "t D(u)) = d(D(u)) — d(D(x2)) = 4. This finishes the proof
of Lemma 3.6. 0

3.26. Computation of G(ay A by A ba).

Lemma 3.7.

1) G(a1 A by Aby) = —G(D(y2)D(yb) 1), where ya, v are defined by
Figure 0.1.

2) Q(al /\b1 /\bz) =0

3.27. — Proof: by Proposition 4.4 of [Pe] and [J1], Lemma 4.B, we
have

A1 (D(y2)D(yh) 1) = —12(D(y2) D(y5) ") = —a1 A by Aba.

Moreover D(y2) D(y4)~t € Ny1NZ,1, since y2, y5 bound a 2-disc in the
handlebody Hg. Set 6 = D(y2)D(y5)~". Then we have

yh = xoyy 'y ] €T, 8(x1) = vy Taayh,
5(y) = 3/2 y1y27 d(x2) = [x1, y1)22,
( )' Y2.

Then AL(D(y2)D(yh)™1) € My, (A2H) is equal to

X X X 0
P X ba ANby  x
X 20,1 /\b1 X X
2bs N a1 + a1 N aq x X X
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3.28. — As in the proof of Lemma 3.6, using the isomorphism
Moy (A?H) ~ (A2H)Q H®H, we find that 6o (0 o A5 (D(y2)D(y5) 1)) = —2.

Also using properties of d, we can show (using Lemma 1.6)
that d(D(y2)D(y4)™') = d(D(y2)) — d(D(y4)) = —4. This shows that
G(D(y2)D(yz)~") = 0.

This finishes the proof of Proposition 0.3. O

Chapter 4. The hyperelliptic mapping class group.

4.1. Proof of Lemma 0.5.

4.1. — In 0.10 we have defined the hyperelliptic mapping class group
as the subgroup H, 1 of Mg 1 generated by the Dehn twists along the curves
Y1, T1,...,Zg, C1, Ca,...,Cy—1 of Figure 0.1. In [PV] we have described
an isomorphism between the usual braid group Bggy1 and Hy 1 as follows:
let {01,...,02¢4} be the standard generators of Bagi1. Then send oy
(t = 1,...,9) onto D(x;), o1 onto D(y1) and 09,41 (i = 1,...,9— 1)
onto D(C,).

4.2. — Moreover an element f € M, belongs to Hy 1 if and only
if f commutes (up to isotopy) with the symmetry s, along the axis z'z of
Figure 0.1. This symmetry can be seen as an element of M, (in fact
of Hg1 =~ Bygi1), after composition with a half-twist (see 1.7). As an
element of Hy 1, s, is represented by

A2 = (0107 029)% = (D(y1)D(21)D(C1) D(x3) - - D(Cy1)D(x))**.

The reason of the notation A2 is that A2 as an element of Bygy; is the
square of Ay = (01 02+ 04)(01 - 0g_1) - (0102)01 (see [B], §2.3).

Lemma 4.1. — For 8 € Hg,1 we have:
(I) QAl(B) = AI(A?]) — ﬂ*Al(A??) € ®3H;

(i) 2k(B) = E(Ag)—ﬂ*%(AZ) € H, where 8. = By(f3) is the isomorphism
induced by [ at the homological level (see remark below).

Proof. — By Lemma 4.1 of [Pe] we have
Ay (BAﬁ) = A1(B) + B*Al(A§)> Al(Aﬁﬂ) = Al(Aﬁ) + (Ag)*z‘h(ﬁ)-
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But (Ag)* = —idy since it represents the symmetry along the axis z'z.
Point (i) follows from the fact that 8 and A2 commutes. Point (ii) is proved
a

in the same way, using Lemma 1.1.

Lemma 0.5 is a direct corollary of Lemma, 4.1.

4.3. Remark. — For € Hy1 >~ Bagi1, B = Bo(B) is a conjugate
of the reduced Burau representation of Bagi1 eveluated at ¢t = —1 (see
[B], §3.2). In fact if we write the matrix of D(y1), D(z;), D(C;) in the
basis ([y1], [z1], [C1], ..., [zi],[Ci], . .., [x2g]) of H (where [ ] represents the
homology class), we find exactly the Burau representation when ¢t = —1.

As a consequence Hyy NZgy ;1 is identified with the kernel of the Burau
representation of Byg4q when ¢t = —1.
4.2. Computation of %(Ag)

LEmMMA 4.2. — One has %(AZ) =2[(g—Dag+(9—2)ag_1+---+a2],
where a; is the homology class of the oriented circle x; (see Figure 0.1).

Proof. — Recall that A2 is the symmetry of S, ; along the axis 'z,
followed by a half twist. We have first to find the effect of Ag on the
generators x;, y; (i = 1,2---g) of I' = w1 (54,1, *).

The image by Ag of the oriented curve y; equipped with path ~; is
the oriented curve y, of Figure 4.1 equipped with the path ..

~
N

2.
AT

v
..........................................

¢
3

0 g
Figure 4.1
4.4. — A careful inspection of Figure 4.1 shows that
Al(y) =ay -z (figy Digr -z
where fi = [yi, 23] [yi—1, Tiz1] - - - [y1, 21]. We set

_ 11 —1
ﬂi’—xg "Eg—l'“xi-‘rl’

for 1 <i < g and B, = 1, so that we get Ag(yi) = ,Bifiyi_lﬂi_l.
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4.5. — The image by AJ of the oriented curve z; (with path y;)
is z; ! with path ) given by Figure 4.2.

Figure 4.2
We finally get A%(z;) = ciz; "oy " where o = 2! 2L yi = By

Recall that k(A2) = det(B(A2)?*). By Lemma 1.2,a), we know
that %(AQ) belongs to H (rather than Z[H]). Let o = Z?imici be any
element of H. Written multiplicatively it becomes cf'* - - - c;gzg. Applying the
commutative Magnus representation (see [Pe], 2.6) and taking the term of
degree one, we recover the additive writing of a. So (1 + 75( f)) is equal
to the 1-jet (in the sense of Definition 2.1 of [Pe]), of the determinant of
(Bo(f) + B1(f))*® = Bo(f) + B1(f).

Since Bo(AZ) = —I, we obtain that %(Ag) = —trace(B;(A2)) using
properties of the determinant. Now, by 4.4 and 4.5, trace (B1(A2)) is
equal to

0A%(z5) n 0A2(y,)

degree 1 term of Z

=1 oz X, 8yj
= degree 1 term of Z gjj 1—z,)— acja;1
7=1 J g w5
op of _
+X gyt -w+ (5 -w)s!
=1
of; 4 . Oa; 08
= degree 1 term of a; '+ (52—, )8 ! since ——L = =L =0
]z; (81/] j> J (933]' ﬁyj

g
= degree 1 term of Z —x]yj_l:rg+1 Ty

=1 —
! + (1 =z g @ = YsTjer - T
g
= —(ag+---+a, —b;)+a, — (ag +---aj41 + b;) ——QZ<Z¢12)-
j=1 =1 i=j+1
This proves Lemma 4.2. O
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4.3. A formula of Gambaudo and Ghys for the signature of a link.

4.6. — Let 8 € B, (the usual braid group with n strings) and B be
the link in R3 obtained by closing 3 according to Figure 4.3:

4‘@ i
Figure 4.3

For a link & in S?, we recall the definition of the signature of k, denoted
by s(k) (see [GL], §2). Let V be an orientable surface embedded in S?,
bounded by k. Let N denote a closed tubular neighbourhood of V': this is
a I-bundle (I ~ [0,1]) over V. Let V denote the corresponding 8I-bundle
and let 7: H1(V) — Hy(V) be the transfer map. Then define the bilinear
form Gy on H; (V) by: Gy (a, 8) = linking number of (o, 7(3)). It is shown

in [GL] that Gy is symmetric. Then s(k) is the signature of Gy .

ProprosITION 4.3 (see [GG], Theorem 1.1). — Let o, € Bygy1. Then

s(af) = s(@) + s(B) — (ax,B)

where 7 is the Meyer 2-cocycle defined in 1.3, associated to «, [ identified
to elements of Hg1 (=~ Bagy1), by 4.1.

4.4. Proof of proposition 0.6.

4.7. — We now restrict d to H,1. The signature defines a map
s:Hg1 — Z by setting s(a) = s(@). From Proposition 1.4 and Proposi-
tion 4.3, the mapping d — 3s: H, 1 — Z satisfies

(d = 3s)(af) = (d—3s)(a) + (d — 35)(5) + k(a) - . k(B).
In cohomological terms, the 1-chain d — 3s on Hy,1 has it coboundary
equal to the 2-cocycle c on Hg 1 defined by c(w, 8) = —k(a) - o, k(). Using
Lemma 4.1, this 2-cocyle is given by

cla, ) = —%ﬁ(Ai) Jank(A2) — a.B.k(A2) + B.k(A2)].
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4.8. — Letu:Hy1 — Z be the 1-cochain u(a) = %a*%(Ag) E(Ag)
Obviously u satisfies u(af) = u(a) + u(3) — c(a, 8) by the above formula.
Remark that u takes a prioriits values in %Z. But we have seen in Lemma, 4.2
that %(Aﬁ) = 26, where 0, = (g — 1)ag + - + a2. So u(a) = a.(dy) - 4,
belongs to Z.

4.9. — By 4.7 the mapping d—3s—u:Hy 1 — Zis a homomorphism.
From the presentation of Hg1 =~ Bagyq, it is well known that the
abelianization of Bagy; is isomorphic to Z, the canonical homomorphism
7 : Bag+1 — Z sending each generator o; (i = 1,...,g) onto 1 € Z. So there
exists an integer ng € Z such that d — 3s — u = ngm.

4.10. — To determine the value of ng, it is enough to evaluate
the two terms of the equality above on the element D(f1) (f1 is the circle
defined by Figure 0.1). The Dehn twist D(f1) is known to be equal to
(D(z1)D(y1))° = (02 01)° € Hg,1 = Bagyr.

By Corollary 0.2, d(D(f1)) = 6(D(f1)) = 0. Since D(f1) belongs to
Ty1 ~ M(3) CZy1, w(D(f1)) = 0. Then formula 4.9 gives

—

35((0201)6) = 35((0201)6) = TLoTI‘(D(fl)) = 12ny.

Claim: s((a;;l)G) = —8 and so ng = 2. We can compute the signature
of the link (0201)® by the method of [GL], using the diagram of (o907 )®
given by the braid (0207)¢, or use the formula of Proposition 4.3.

COROLLARY 4.4. — The mapping d takes the following values on the
Lickorish generators of Mg i:

1) d(D(y1)) = d(D(z;)) =2, fori=1,...,g.
2) d(D(C;)) =3, fori=1,...,9— 1.
3)d(D(y;)) =2, fori=2,...,g.
4)d(D(y})) =6, fori=2,...,g.

(The circles x;, y;, y,, C; are defined by Figure 0.1.)

4.11. Remark. — A priori d depends on the choice of the symplectic
basis {a;, b;; i =1,...,g}. Morita [Mol] proved that d/Z, ; is independant
of the choices.
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Proof. — 1t is easy to see that u(D(y1)) = u(D(z;)) = 0 for
i=1,...,9 (uis defined in 4.8). So d(D(y1)) = d(D(z;)) = 2 by Proposi-
tion 0.6.

Since, for i = 1,..., g, the circle C; cuts transversally in one point the

circle x;, the corresponding Dehn twists D(C;) and D(x;) satisfy the usual
braid relation, which is equivalent to

D(Oz) = D(Z’z)D(Cz)D(CL’z)D(CZ)_lD(.’Ez)_l

By Lemma 1.1, Proposition 1.4 (iii) and the fact that E(D(:}:z)) = 0, we
have

d(D(Cy)) = d(D(x:)) — D(x:).k(D(C)) - D(Cy). D(2:) .k (D(Cy)).

By [Pe], 5.2, and Lemma 1.2 we get k(D(C;)) = b;1 — b;. Point 2) follows.

Point 3) follows from the same type of argument, using the fact that
the circle y; cuts transversally in one point the circle z;. Point 4) follows
from Lemma 1.6 (ii). |

4.12. Remark. — Corollary 4.4 contradicts an affirmation of [Mo1],
§5, line above Proposition 5.1, which says that the values of d on the
Lickorish generators is 3. This affirmation cannot be true, since we have
proved above that d(D(C;)) = d(D(z;)) + 1.

COROLLARY 4.5. — Let 8 € Hg1 NIy 1 (which is equivalent to say,
by Remark 4.3, that 3 belongs to the kernel of the Burau representation
when t = —1). Then the Casson invariant of the homology-sphere Mg is
given by

. 1 1 -~
X'(8) = M(Mg) = 75 (7(8) — b0 (0 0 44(8)) ) + 55(B),
where  and s are defined in Proposition 0.6.

The object of the next proposition is to describe geometrically the
3-manifold Mg when 8 € Hy1 =~ Bygy1. For a braid v € By, denote by 7
the closure by “plats” (see Figure 4.4).

Then we have:

PropOSITION 4.6. — For 3 € Hy,1 ~ Bagy1, the 3-manifold Mg is
homeomorphic to the 2-fold covering of S* branched along the link § where
v = 09024110 (remark that v belongs to Bag2).
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Figure 4.4

Proof. — Recall the construction of the 3-manifold Mg. Let 541 C S,
be standardly embedded in R3 C S* = R3 U {+oo}, bounding the
handlebody H,. Set H; = §% — Hy. Let 2’z be the symmetry axis of Hy,
intersecting S, (resp. Hy) at points P;, i = 1,...,2g + 2 (resp. segments

; = [sz_l, PQZ'}, i=1,... , g+ 1)

Denote by C the circle of S? defined by C = (2'z) U {oo}, and let
{vi;i=1,---,g+1} the trace of C on Hy. More precisely v, = [Py, Pai11]
for 1 <i < g and 441 is the segment of C with ends Ps4.2, P; containing
o € S? (see Figure 4.5).

Figure 4.5

The quotient of Hy, (resp. H,) by the symmetry along zz’ (resp C)
is homeomorphic to a 3-ball B (resp. B’). The image of the fixed points
{P;; i=1,...,2g + 2} are denoted {Q;; i =1,...,2442}. The image of
the set of fixed points {e;; i =1,...,9+ 1} (resp. {vi; ¢ =1,2---,9+1})
are denoted {&;} C B (resp {¥:} C B’). They are arcs in the interior of B
(resp B’) whose ends are the points {Q;} (see Figure 4.6)

The mapping H, —— B (resp. H}, B ) is the 2-fold cyclic covering
ramified along the arcs {&;} (resp. {F;}).
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Figure 4.6

By definition, an element 8 of Mg, belongs to the hyperelliptic
mapping class group Hg 1 =~ Bogqq if B is the lift of the braid 8 € Bagy1
by the 2-fold cyclic covering m|g, | C 0Hy — 0B — D? where D? is a small
disc centered at Ppgo.

Then Mg is the 2-fold cyclic covering over B|J; B’, where § is
seen as a homeomorphism of 9B — D? (we extend it by identity on D?)
leaving {Q;; ¢ = 1,...,9 — 1} globally invariant and fixing P42, the
set of ramification being {|J, @} U {U, % }. Equivalently, if 3 € B2411 is
represented by 2¢g + 1 strings in (0B — D?) x [0,1], let 3’ be the 2¢ + 2
strings of OB x [0, 1] obtained by adding the trivial string Pag1o x [0, 1].
Let £ be the link in S® = B3U B'3 obtained from the braid 8’ by Figure 4.7
or Figure 4.8.

Clearly the link £ is isotopic to the link £’ of Figure 4.9.

The link £’ is obtained from the braid v = o5 - - - 0441 3 by closing by
plats. This concludes the proof of Proposition 4.6.

COROLLARY 4.7. — Let 8 € Bog OI/Q 1 and vy the braid of Bagyo
given by v = 03+ 0441 . Denote by M@ (F) the two-fold I cyclic covering
of S? ramified along 3. Then the Casson invariant A\(M® (3)) is given by

/\(]W(Q)@)) = %(ﬂ'(ﬂ) —bo(c 0 A5(8))) + éS(B)

Proof. — This follows from Corollary 4.5 and Proposition 4.6.
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Figure 4.8
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Q2g+2
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Figure 4.9

Final remark. — One should compare formula of Corollary 4.7 with
Mullins formula [Mu] giving the Casson invariant of the 2-fold cyclic
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covering of S? ramified along a link L

(dV/dt)(=1)

ML) = S GH 4 (D),

where V, (t) is the Jones polynomial of L (be aware that Mullins formula
in Theorem 5.1 of [Mu] gives two times Casson’s invariant).

(B]

[l
(ele)

(GL]
[G]
[GM]
(1)
[J2]

[J3]
[Mel]

[Me2]
[Mol]

[Mo2]
[Mo3]

[Mo4]

[Mo5]
[Mo6]

[Mu]

BIBLIOGRAPHY

J. BIRMAN, Braids, links and mapping class groups, Ann. of Math. Stud., vol 82,
Princeton Univ. Press, Princeton, 1974.

A. CASSON, Lectures at MSRI, 1985.

J.-M. GAMBAUDO, E. GHYS, Braids and Signatures, to appear in Bull. Math.
Soc. France.

C.M.cA. GORDON, R. Litherland, On the signature of a link, Invent. Math., 47
(1978), 53-69.

H.B. GRIFFITHS, Automorphisms of a 3-dimensional handlebody, Abh. Math.
Sem. Univ. Hamburg, 26 (1964), 191-210.

L. GUILLOU, A. MARIN, Notes sur l'invariant de Casson des sphéres d’homologie
de dimension 3, Enseign. math., 38 (1992), 233-290.

D. JOHNSON, An abelian quotient of the mapping class group Z,, Math. Ann.,
249 (1980), 225-242.

D. JOHNSON, The structure of the Torelli group I, Annals of Math., 118 (1983),
423-442.

D. JOHNSON, The structure of the Torelli group II, Topology, 24 (1985), 113-126.
W.MEYER, Die signatur von lokalen koeffizientensystemen und Faserbiindeln,
Bonner Mathematische Schriften, 53 (1972).

W. MEYER, Die signatur von Flachenbiindeln, Math. Ann., 201 (1973), 239-264.
S. MORITA, Casson’s invariant for homology 3-spheres and characteristic classes
of surface bundles I, Topology, 28 (1989), 305-323.

S. MORITA, On the structure of the Torelli group and the Casson invariant,
Topology, 30 (1991), 603-621.

S. MORITA, The extension of Johnson’s homomorphism from the Torelli group to
the mapping class group, Invent. Math., 111 (1993), 197-224.

S. MORITA, The structure of the mapping class group and characteristic classes
of surface bundles, in ‘Mapping class groups and Moduli spaces of Riemann
surfaces’, Contemp. Math., 150 (1993), 303-315.

S. MORITA, Abelian quotients of subgroups of the mapping class group of surfaces,
Duke Math. J., 70 (1993), 699-726.

S. MORITA, Casson invariant, signature defect of framed manifolds and second
characteristic classes of surface bundles, J. Diff. Geom., 47 (1997), 560-599.

D. MULLINS, The generalized Casson invariant for 2-fold branched covers of §3
and the Jones polynomial, Topology, 32 (1993), 419-438.

TOME 54 (2004), FASCICULE 4



1138 Bernard PERRON

[Pe] B.PERRON, Homomorphic extensions of Johnson homomorphisms via Fox
Calculus, this volume, 2004.

[Pij W.PITSCH, Une construction intrinséque du cceur de I'invariant de Casson, Ann.
Inst. Fourier, 51-6 (2001), 1741-1761.

[PV] B.PERRON, J.-P. VANNIER, Groupe de monodromie géométrique des singularités
simples, Math. Ann., 306 (1996), 231-245.

[Po] J. POWELL, Two theorems on the mapping class group of surfaces, Proc. Amer.
Math. Soc., 68 (1978), 347-350.

[R] D.ROLFSEN, Knots and links, Publish or Perish Inc., Berkeley CA., 1976.

[Si] J.SINGER, Three dimensional manifolds and their Heegard diagrams, Trans.
Amer. Math. Soc., 35 (1933), 88-111.

[S] S.SuzUKY, On homeomorphisms of a 3-dimensional handlebody, Can. J. Math.,
29 (1977), 111-124.

Manuscrit regu le 18 juillet 2003,
révisé le 29 janvier 2004,
accepté le 24 février 2004.

Bernard PERRON,

Université de Bourgogne

Institut de Mathématiques de Bourgogne
UMR 5584 du CNRS

UFR Sciences et Techniques

9 avenue Alain Savary

BP 47870

21078 Dijon Cedex (France).
perron@topolog.u-bourgogne.fr

ANNALES DE L’INSTITUT FOURIER



