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THE NULL SPACE OF THE 6-NEUMANN OPERATOR

by Lars HORMANDER

1. Introduction.

Let Q be a relatively compact open subset with C*° boundary of
a complex analytic manifold of dimension n with a hermitian metric. As
usual we denote by O the part of the exterior differential operator which
maps forms of type (p, ¢) to forms of type (p,g+1), and we denote by ? the
formal adjoint from forms of type (p,q+ 1) to forms of type (p, q), defined
with respect to the L? scalar products given by the metric. We shall also
use the notation d for the closure in L? of the d operator initially defined
for forms in C*(Q) and 9, for the closure of ? defined initially on forms in
C§° (). The §-Neumann operator is then the self-adjoint operator in the

space L2 () of L? forms of type (p, q)
(1.1) 0 = v, + 0.0.

If the Levi form of Q2 has everywhere at least n — ¢ positive or at least
q+ 1 negative eigenvalues, then the null space Ker[ is a finite dimensional
subspace of C’gf’q(ﬁ), and for every form f € L2 4(€2) which is orthogonal
to Ker [ the equation Ou = f has a solution in Lf,,q(Q) with first order
derivatives in L2. (Here the Levi form of 9 is defined in local coordinates
by 3% ke 020/02;0zttk, Y 1 00/0z;t; = 0, where p is a defining function
of 2, that is, p < 0in ©, p = 0 and dp # 0 on 9N.) If the derivatives of f
of order < s are in L? then those of u of order < s+ 1 are in L?. (See e.g.
(H1], [K], [KN], [CS].)

Keywords: 8-Neumann operator — Reproducing kernel.
Math. classification: 32W05 — 32A25.



1306 Lars HORMANDER

The starting point for this paper was the observation that by expan-
sion in spherical harmonics as done for the ball already in [KS] one can
obtain an explicit formula for Ker O in L3 ,,_,(Q2) when Q C C™ is a spher-
ical shell (Theorem 2.2); the signature of the Levi form is then (0,7 —1) on
the inner boundary. (The referee has given a very short and elegant proof
which only relies on an elementary integration by parts and avoids spher-
ical harmonics expansions completely.) Using this formula we determine
the kernel of the orthogonal projection on Ker (J modulo kernels which are
real analytic in a neighborhood of Q. In order to find a similar model for
manifolds such that the Levi form of the boundary has signature n—q—1, ¢
for a general ¢ we also study the open set

Q={zeC%R2 < —|Z>+|")? < R},
2 =(z1,...,2n—g-1); 2" = (Zn—q---,2n)
Using spherical harmonics expansions in 2’ and in 2" separately we deter-
mine Ker ( in L§ ,(©2) when n # 2¢+1. (We are indebted to the referee for
pointing out that the discussion does not only work when n > 2¢ +2.) The
result motivates the proof in Section 3 that the null space of O in L%’q(Q),
where 0 < ¢ < n, has infinite dimension for any complex hermitian mani-
fold 2 such that the range is closed and the signature of the Levi form has
the excluded signature (n — ¢ — 1,q) at some smooth boundary point.

For a spherical shell 2 C C™ Theorem 2.2 shows the remarkable fact
that Ker(D C L§,_,(Q) has n independent multipliers. In Section 4 we
prove that the only open bounded subsets Q of C™ with this property
are shells bounded by two confocal ellipsoids (Theorems 4.1 and 4.3). For
these sets it follows that there is a description of Ker( C L§, ,(Q)
which is close to that for a spherical shell (Theorem 4.1). This allows
us to determine the boundary behavior of the kernel of the orthogonal
projection on Ker(J C L3, _;(€) when the range of O is closed, at a
boundary point 2° of a complex hermitian manifold Q of dimension n
where 0f2 is smooth and the Levi form has signature (0,n — 1). (If only
Theorem 2.2 had been available it would have been necessary to assume
some compatibility between the hermitian metric and the curvature of 99.)
However, the results in Section 4 are incomplete in the sense that we only
give asymptotics of the kernel of the projection in a distribution sense. This
is probably all that can be extracted from the explicit formulas for confocal
elliptic shells. A careful microlocal analysis along the lines of [BMS] should
remove this flaw and also give analogues for Ker 0 C L%,q(ﬂ) when the Levi
form has signature (n—g— 1, ¢) at some boundary point. We end Section 4

ANNALES DE L’INSTITUT FOURIER
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with conjectures on the boundary behavior of the projection kernel in that
case. By a crude microlocal analysis we prove in Section 5 bounds of the
right order of magnitude for the kernel but a proof of these conjectures
must require a much more refined analysis where the Levi form of 652
enters decisively.

There are three appendices. Appendix A contains some elementary
observations on how orthogonal projections in a Hilbert space change if
the norm is changed. They are needed at the end of Section 4. Appendix
B contains some remarks on pseudodifferential calculus used in Section 5.
In Appendix C finally we discuss for the sake of comparison the kernels of
projections on harmonic functions or forms. They are probably well known
although not easy to locate in the literature.

2. Spherical and hyperbolic shells.

In the first part of this section Q will be a spherical shell @ = {z €
C™" Ry < |z| < R1} where 0 < Ry < R; and |z| is the euclidean norm
which we also take as hermitian metric in §2. The Levi form of 2 has n—1
positive eigenvalues at the outer boundary but n — 1 negative eigenvalues
at the inner one, so it has there the signature excluded in the results on
the O-Neumann operator on (0,1 — 1) forms mentioned in the introduction.
Before discussing this operator we shall first prove that the range of the 0
operator acting on functions in L%(Q) is closed.

Let Y be a harmonic polynomial in R?” = C™ which is homogeneous
of degree m. We have a unique decomposition Y =3 _ V), where Y, ,
has bidegree p,q in z,z. Since AY,, = 43 62Y, ,/02;0%; has bidegree
p—1,q—1 we have AY,, = 0 because AY = 0. If Y, ; and Y} o are
bihomogeneous, then the substitution z — €z gives

[ YeSwwds—etomessd) [y, vas,

|z]=1 |z]=1

so the integral vanishes unless p — ¢ = p' — ¢. If p+q = p’ + ¢ this
implies p = p’ and q¢ = ¢'. Since spherical harmonics of different degrees
are orthogonal it follows that we can find a basis Y, v = 1,2,..., for
harmonic polynomials such that every Y, is bihomogeneous, of bidegree
Pv, 4y, and they yield an orthonormal basis for L2(S?7~1).

A general function u € C*(Q) can now be written uniquely as a sum
u =Y, ¢, (r)Y, where r = |z|, thus Or/0z; = xz;/r if z; are the real

TOME 54 (2004), FASCICULE 5
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coordinates, and Or/0%; = z;/2r. Since Zf" z;0Y, /0z; = (p, +¢,)Y, and
AY, =0, it follows that

Au=3"(o)(r) + (2n — 1 + 2p, +2q,)¢, (r)/7)Y,

v

A partial integration noting that —0H (R?—|2|2)/8z; = Z; /(2R;) 6(R1—|z|)
and the analogue for H(|z|>— R3) (where H is the Heaviside function) gives

= 1
8u2d/\=——/Auud/\+—/ zZ;0u/0z; udS
[ 1o 1 |lelZJ/J

~R. /z szau/azjudS

[=Ro 7

where d\ denotes the Lebesgue measure and dS the Euclidean surface
measure. Introducing the spherical harmonics expansion we obtain

_ 1 243}
Bul? d) = — © / "
Jy o an== 33 [ et
+ (20 +2p, +2q, — 1)¢;(r)/r>mr2”"“q"“"*l dr

142( g”’ V( ) SO:J( ))SDV(IJ) v -2

This complete separation of the different terms in the expansion makes it
easy to proceed. With r = e*, dr = e’ dt, and writing ®,(¢) = ¢, (r), we
have ®/,(t) = r¢l,(r), ®!(t) = r2<p’,,’( ) + ¢, (r), and the formula becomes

J outter=- i) @
+2(n+p, +q, — 1)P,(2)®,
+ E Z(QQV(I’u(t) + @ (1)), (t)e2PrHatn- 1)tJ

v

t)e 2pvtaut+n—1)t gy

1

to
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where R; = e's. If we set 1, (t) = ®, (t)ePrta+n=1t it simplifies to

/ |Oul? dX = ——Z/t YU(E) = (o + au + 1 — 1)20, ()9, (0) dt
+ %[Z((qy —py —n+ 1), (t) + 111,’,(t))¢7(t5]t1
4Z(f (oL ) + (v + qv +n — 1)?[1h,(8)]?) dt

+ (@ = - n+ DILOF]))
- %; (/t: ([, () + (@ — pv — n+ D) (¢)°

+4q,(py +n — 1)I¢V(t)|2) dt.

When ¢, # 0 we get at once an estimate of 1,,. However, the case ¢, = 0 is
exceptional, for then Y, is holomorphic so 9(y, (r)Y,) = Y, (r)(z,dz)/2r,
and the square of the L? norm is

1 [
3 [l mpreian
4 /g,

If u is orthogonal to holomorphic functions, in particular to Y,, then

Ry Ry Ry
[ oo tar =0 bence [ o mPrtar < [ et

Ry Ro Ro
where p = 2p, +2n and ©%(r) = ¢, (r) — ¢, (R;). Integration by parts gives
R] R1
w1 Pretdr = —ll(Ro) PR~ 2Re [ @il ar
0 0

and using the Cauchy-Schwarz inequality we obtain

Ry
[ epre et < o [P ar
0 0

R,
<o+ 2R [l

Ry
If the decomposition of u only involves holomorphic harmonic polynomials
Y,, that is, ¢, = 0, and u is orthogonal to holomorphic functions, we

conclude that
/|u|2dA<4n-2R§/ |Ou|? dX.
Q Q

On the other hand, if ¢, # 0 for all terms then

(n—l)/ |u|2|z1—2dA</ |Ou|? d.
Q Q

TOME 54 (2004), FASCICULE 5
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Combining the two estimates and using the orthogonality we obtain since
n—1<n?/4

(2.1) (n— 1)/ lu|? dX < Rf/ |Ou|? d,

Q Q
when u is orthogonal to the holomorphic functions in €. Smooth functions
are dense in this space so we have proved:

THEOREM 2.1. — For the spherical shell Q the range of the 0
operator acting in L?(fY) is closed, and (2.1) is valid when u is in the
domain of 0 and orthogonal to the null space.

When ¢ > 1 and n > 2 then g(p+n — 1) > g + p, which easily leads
even to a bound for the norm [|ul| 1 (3) in the Sobolev space H1 y(€2). We omit
the details since this is not a new result (cf. [S1], [S2], [BS], [CS] ). We gave
a proof of Theorem 2.1 just to prepare for the use of spherical harmonics to
study the O-Neumann operator, and nothing is new in Theorem 2.1 except
possibly the rather precise constant.

We shall now study the 8-Neumann operator on (0, Q) forms f where
0 < @ < n. We shall write

f=Yfi(2)d7’, dz’ =dz;, N... AdZi, T = (1, .., q)-

IJ1=Q

The components f; are defined for all () tuples J and are antisymmetric in
the indices; >’ means summation for increasing indices. By a basic identity
due to Morrey and Kohn we have for smooth (0,Q) forms in the domain
of d. (cf. [H1, Prop. 2.1.2])

/ (81 + PP ar=) =3 Y / 05/0%1 dA(2)

J=11J|=Q

+ Z / Zag/azjazzfgkfmds

|K|=@-1799 j1=1
where o(z) = max(|z| — R1, Ro — |2|); since }_; f;x90/0z; = 0 on 9 this
gives

oI + 1517
Q
- X (froneare g [ intas—gg [ i as).

As in the proof of Theorem 2.1 we expand f; in spherical harmonics as
fr =3, @5, (r)Y,, and obtain with @, (et)e®@+0+n=Dt =4, (1) that

4(RcfIP+19£12) ZZ( / (W65 O+ ot au+n=121 ()

ANNALES DE L’INSTITUT FOURIER
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+@ —p = n+ D], +20lw0 0],

Here the last term comes from the integrals over 99 involving the Levi
form. Since

(Pv+av+n =17 =(0 —pr —n+142Q)* = 4(g» + Q)(p + 1~ 1~ Q)

we obtain

locfI? + 187]2 = Z / S0 ®) + (@ = =+ 1+ 2Q0 ()

+(@+Q)(p, +n—1- Q)|¢Ju(t)]2) dt

This remains true for all f in the intersection of the domains of & and of
0. in L%,Q(Q) for forms in C§S Q( ) are dense in the graph norm. Hence

(2.2) Q(n—1-QIfI* < Ri(lofII* + I10£1I)

when f is in the domain of d and in the domain of 9,. When Q = n — 1
this is vacuous for a good reason. Then the right-hand side of (2.2)
vanishes if and only if p, = 0 and ¥,,(t) = cje (*"1t®) that is,
Qa(eh) = cpe 21D or g (r) = cgr 2 "149) when @j, # 0.
This means that ¢, ()Y, = cj,|2|~2*"VY, (2/|2|?) where Y, is regarded
as a polynomial of degree g, in Z.

Before proceeding we change notation and write
n
F=>(-1Yfjdzs A...NdZj A... NdZn.
1

where ~ denotes a factor which should be omitted. This means that
fi=(=1)yf; when J =1,...,7,...,n with our earlier notation. We have
proved that

£(2) =272 65,0, ¢ = 2/|2,
u=0

where g;,,(¢) is a homogeneous polynomial of degree x in . The sum is L?
convergent in Q, so g;(¢) = Y77 95.(¢) is L? convergent in {¢;1/R; <
|¢] < 1/Ro}. By Hartogs’ theorem it follows that g, is holomorphic in the
ball @ = {¢;|¢] < 1/Ro} and that the series converges locally uniformly
there. That f is in the domain of 9. implies that Z; fx — Zx f; vanishes on 0
in a weak sense, so it follows that (xg;(¢) — (]gk(C) = 0 when [{| = 1/R;
and therefore by analytic continuation when ¢ € Q. Since g;({) vanishes
when (; = 0, it follows that g;(¢)/(; is a holomorphic function independent

TOME 54 (2004), FASCICULE 5
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of j, so we have proved that a form f € L3 () is in the null space of d
and 0., that is, in the null space of the 9-Neumann operator if and only if

(2.3) F=Y (-1)zdz A AdZ AL A dEF(Z]]2]7)]2] 727,
1

where F' is a holomorphic function in L?(Q), Q = {¢ € C™;|¢| < 1/Ro}.
When f is orthogonal to this null space we have

(2.4) max(n — 2, D[ f1* < B (I10£1> + o),

provided that f is in the domain of the operators in the right-hand side.
This follows from elementary functional analysis (cf. [H1], Section 1.1) if
we prove that for forms g € L§ ,,(€2) we have

(2.5) (n—1)gl* < Ri[focyll?
when ¢ is in the domain of 9., and that
(2.6) max(n —2,1)|[A2 < B9k

when h € L%,n_z(m is in the domain of d and orthogonal to its null space.
The estimate (2.6) follows from (2.1) when n = 2 and from (2.2) when
n > 2. It suffices to prove (2.5) when g =udz; A...Ad%, and u € C®(Q)
vanishes on the boundary. Then the inequality means that

(n— 1)/ 2 d) < Rf/ Oul? d) = lRf/(—Au)ad)\,
Q Q 4 7 Jo

that is, that the lowest eigenvalue of the Dirichlet problem in € is >
4(n — 1)/R2. The lowest eigenvalue is simple so the eigenfunction has
rotational symmetry, which means that it suffices to prove the estimate
when v is a function of r = |z|. Then

Ry Ry
/ [u(r)>r*"tdr = —n~! Re ' (r)u(r)r?™ dr,
Ro Ro
and by the Cauchy-Schwarz inequality it follows that n?||ul|? < R3||«/|?,
and since n? > 4(n — 1) we obtain (2.5), hence (2.4). (If the boundary
conditions for 0. were satisfied by the sum of the terms with p, = 0
in the expansion, we would obtain (2.4) with the constant on the left-
hand side replaced by n — 1. However, this splitting cannot be expected
in general, for if ¢ is a polynomial in Z of degree ¢ + 1 and j # k, then
Y = 2;0¢p/0%, — 2,00/0%; is harmonic, and z;Y — [2[°0¢/0z/(n + q) is
harmonic of bidegree 1,¢ + 1. In the boundary conditions 2z f; — Z; fr =0
the terms of bidegree 1,q will therefore be mixed with those of bidegree

0,q.)

ANNALES DE L’INSTITUT FOURIER
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We have now proved:

THEOREM 2.2. — WhenQ = {z € C*; Ry < |z| < Ry} is a spherical
shell then the -Neumann operator in L3 () is invertible if 0 < Q < n—1,
and the norm of the inverse is < R1/4/Q(n—1—Q). When Q = n — 1
the null space consists of the forms (2.3) where F is a square integrable
holomorphic function in the ball Q@ = {¢ € C*|¢(| < 1/Ro}. The o-
Neumann operator is invertible on the orthogonal complement and the
norm of the inverse is < R/ max(y/n — 2, 1).

The only novelty in this theorem is the explicit determination of the
null space and possibly the explicit constants given: If Qy € Q; are bounded
open strictly pseudoconvex sets in C™ with smooth boundaries, the same
qualitative results are known for Q = Q; \ Qp, even with estimates in the
Sobolev space H(y) (see [S1], [S2], [BS], [CS]).

For every open set & C C" (or any complex hermitian manifold)
the null space of the -Neumann operator [J in L2 () is continuously
embedded in Cp%,(92), so it has a reproducing kernel, the kernel of the
orthogonal projection on Ker [J. Using Theorem 2.2 we shall now calculate
the kernel when p = 0 and ¢ = n — 1 for the spherical shell

Q={z€C™Ry < |z| < Ry}

where 0 < Ry < R;. Every f € Ker[O can then be written in the form (2.3)
with F holomorphic in Q = {¢ € C*;1/R; < |{| < 1/Ro}, and

(2.7) llfll2=/0IF(€)|2|zI2‘4"d/\(Z)=/QIF(C)|2ICI‘2d/\(C), ¢=z/|2”.

Here we have used that d\(¢) = |2|~4" dA(z) since the inversion z — ( is
conformal with dilation factor |z|=2 in the radial direction. We can easily
calculate the Bergman kernel K of () with the norm in the right-hand side
of (2.7), for if F(¢) is holomorphic when |(| < 1/Rp then F({) =Y caC®
and

QP 30 = oL

_ |2 -2
L = /Q 1 PIC]2dA(Q)

n -1 1/R]
:w"/ta(th) dt=7r"/1 T|a|+"_2dT/ta5(th ~1) dt

1 /Rf 1

where t = (|¢1]?,...,|¢al?) € R® and 1/R? < >"Tt; < 1/R% in the middle
integral. The inner integral on the right is equal to o!/(Ja| + n —1)!, a

TOME 54 (2004), FASCICULE 5
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higher dimensional beta function. Since the monomials (*/+/I, are an
orthonormal basis in the Hilbert space of holomorphic functions F' with
the norm defined by (2.7), it follows that

K((,0) =) ¢*6%/1,
= oy B b = DL gm0 (R B+,
k=0 )

¢,0€e.

The series can be summed explicitly if one omits the last denominator, and
since

1/(1 - (RE/R3)+71) — 1 = (RB/RD-1/(1 - (BE/ R+,
the error then committed is real analytic when R2|(¢,0)| < R?/R32. Hence
K(¢,0) = " R3" 2 (n(1 - R3(¢,0)) "' = (n— 1)!(1 - R3(¢,0))™")

is real analytic in a neighborhood of the closure of § x €.

For every holomorphic function F € L?(£2) we have
F(Q) = [ KCOFO)02ax0).

If we write ¢ = Z/|z|? and § = w/|w|?, recall that dA\(f) = |w|~4" dA\(w),
and multiply by |z|=2", we obtain

2|7 F(2/2]*)
= /Q |2 72 K (2/ |27, @/ |wl?) | 2 F (@] Jw]?)lw] ") wedk dA(w).
1

Set
Kjk(2,w) = 22| 2K (2/|21?, @/ |w|* )wk [w] =™

Writing (0,n — 1) forms f as

n
F=3 (-1 fidzs Ave - AdZj A N2y

i=1
and identifying f with (fi1,..., fn) we conclude that
n n
(28) £ (X [ Kancopmaw)
k=1

reproduces Ker [J, since all its elements are of the form (2.3). The range
is in Ker(J since this is true for (Kjx(z,w))}_, for fixed w and k, and

ANNALES DE L’INSTITUT FOURIER
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the operator is hermitian symmetric so it is the orthogonal projection on
Ker (. The difference

(29) Kjir(z,w) — ﬂ_”Rg"_ZZj (n!lz|2(|z|2|w|2 — R%(z, w))_""1|w|2

— (n = D!(|2*|w]* — R3(Z,w)) ™) wy,
is real analytic in a neighborhood of the closure of 2 x Q which means
that we have a complete description of the singularities of the reproducing

kernel in the case of the spherical shell. In Section 4 it will serve as a model
for more general manifolds (2.

As a preparation for discussing manifolds where the Levi form of the
boundary has signature (n — ¢ — 1, ¢q) for some ¢ < n — 1 we shall now try
to adapt the study of the spherical shell to the set

(2.10) Q={zeC%R2<—|Z]*+|2")? < R%},

where 2 = (21,...,2n—q-1), 2’ = (#n—q; .- ., Zn). The signature of the Levi
form is (n — g — 1, q) on the inner boundary and (¢,n — g — 1) on the outer
boundary. We want to study the 6-Neumann operator in L ,(€2) which

is in the exceptional case on the inner boundary and also on the outer
boundary if 2¢ =n — 1.

In the computations we introduce polar coordinates r = |2’| and s =
|2”| so that € is defined by R2 < —r? + s? < R? with 0 < r < s. Note that
on the boundaries s = /12 + R? =7+ R?/(s +r) =7+ R3/2r + O(1/r?)
so for large r the two bounding hyperbolas are very close.

Choose spherical harmonics Y, (2’) and Z,(2") as before, and write a

function v € C*®(2) with compact support as
u= zuw, Upp = Cup(r, 8)Y,(2') Z,(2");
v

the bidegree of Y, is p;,q, and that of Z, is pj,q,. Since spherical
harmonics are orthogonal to all polynomials of lower degree it follows that
cuu(r, 8) is smooth even when r = 0. To examine the range of 0 on scalars
we write with the notationn’ =n—-—q¢—-1,n" =q¢+1=n—-n’

dul|? = S u/0z;)? z Y u/0%; |2
16ull? = /Q > 10u/05P X + /Q S (0u/0% 2 dA(2).

n’/+1
In the first sum we integrate first with respect to 2’ for fixed 2" and then
with respect to z”, and in the second sum we integrate in the opposite
order. Introducing the notation

U !’ /_ " ' II_ / //
Yo', ") = cyu(r, s)rPvtatn lgPutautn™=1 " ¢/ —Jogr, t’ =logs,

TOME 54 (2004), FASCICULE 5
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we obtain by the old identities in the case where ¢ = n — 1 that [|ful|? =

5 182,
211) 4100l = [ (0u/O +(d, ~ F, — ' + il
+ 4q,,(p), +n' — 1)Iwuu|2)e2t” dt' dt"
+ [ (0wnf0t + (g 1=+ 1

+4q,,(p), +n" — 1)[1/},,“|2)62t dt’ dt".

Assume to exclude an exceptional case that n’ > 2 and that n” > 2. Since
e2t" > o2t = 2(t'+t") /o2t it follows that

13> > max(g),, g / 122 |2 A (2).

When g, = g, = 0 then Y, (2')Z,(2") is holomorphic, and since |9r/02'| =
|9s/02"| = 3, we have then

4| Ouyp|® = // (10cu /O [? + |8c, ) Ds|?)r2Put 2 =1 2pu+2n" =1 g g,

where w = {(r,s);R3 < —r? +s? < R?, 0 < r < s}. We introduce
new coordinates (r,S) with s = /5% +r2 which makes w defined by
Ry < S < R; and r > 0; we have D(r,s)/D(r,S) = 0s/3S = S/s. If
f(r,s) = F(r,S) then OF/0r = 8f /0r + (r/s)0f/0s, for ds = rdr/s when
dS = 0. Hence |0F/0r|*> < |f'|?, so

’ 1" Rl R ’ "
/ I (r,8)|?r* s* drds 2/ SdS/ |OF/or|*r* s* ~ldr,s=1/S% + r2.
w Ro 0

With a positive increasing function M to be defined in a moment we observe
that when F(r, S) = 0 for large r we have

o0 oo
/ |F|2M’ dr = [M|F|2]g°—2/ M Re FF'dr
0 0
(o] (o] %
2(/ |F|2M’ dr/ (Mz/M')[F’Ier> ,
0 0
where S is regarded as a parameter, hence

/ |FI2M'dr < 4/ (M?/M') |F'|? dr.
0 0
Assuming that X' + X" > 2 we define M by

M(r)_1 = / 7'_)‘/(52 + 7'2)(1_’\“)/2 dr, thus MQ/M' = N1
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Since M'(r) = M(r)2r—> s1=*" we need to estimate M from below, that
is, 1/M from above. We claim that

M(T)-l < 'I‘_X(SQ + ,r,2)(2—/\”)/2/)\/

if M > 0. It suffices to prove the opposite inequality for the derivatives,
that is,

rN (82 4 r2)(1-ND/2 ¢ N S1 (g2 4 2y (22X /2

_1_7,1—)\'(52 + ,,,2)—)('/2()\// _ 2)/)\/’
or equivalently 1 < A+ A~}(\’ —2)/N where A =+/S2 +7r2/r > 1. This
is obvious if A" > 2, and then it follows that

S 4 — 1" ’ II_
M’(’I") >r A 31 A 1,,2>\ 32(A 2))\/2

which proves that

)\/2/ |f(7" s)|2,r,>\’s)\/l_2 drds < 4// |f’(1‘, s)‘Z,,,)\’S,\// drds.

Applying this to ¢,, with ) = 2p, +2n’ — 1 and A" = 2pj; + 2n" — 1 we
have \' > 3 so 4/X? < 1, and we obtain

[Pl d3e) < 208u?
Q

without using the minimizing condition but with u smooth and of compact
support. It extends right away to all u € L2 _ for which the left-hand side

is finite and du € L?(Q), first by cutting off with a function x(g|z|) with
£ — 0 and then smoothing as usual. (Note that |2”|? < |2|? < 2|2"|2.)

We shall now study the 0-Neumann operator in L%y 4(Q), first for forms
fe C’gf;(ﬁ) with compact support. Let 3,2 denote the inner boundary
where p(z) = |#/|? — |2”’|2 + R is a defining function and let 8;Q be the

outer boundary where g(z) = —|2'|2 + |2”|? — R? is one. We write as usual
F=Y"f(x)dz", dz' =dz, A AdE, I=(ir,...,1,),
[I|=q

where Z/ indicates summation for increasing sequences I of indices but f;
is defined for all I and antisymmetric in I. The basic estimate of Morrey
and Kohn for the 8-Neumann operator states that for an arbitrary defining
function p

(2.12)

18712 +1loef12 = SNOHIE+ S /8 S Pojon0asFrdoi

|I|=q |K|=¢-1 Jl=1
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where 4 is the Dirac measure at the origin and

n
Z&g(z)/@zjfﬂ((z) =0, z€dQ,
=1
since f is assumed to be in the minimal domain of 9. Let I = I’ I”
where the indices in I’ are < n/ and those in I” are > n’, so that
dz! = dz'" Adz"!". Then

n
Y'Y 8%0/0%0m i fuc = (—1)7 D (I = 1I")If1]* on 8,9,
|K|=¢—13j=1 [Tl=q
for defining K by omitting an index j € I gives a contribution =+|f;x|?
with the sign depending on whether j < n’ or j > n’. If f; is decomposed
in the same way as u above we obtain

/ |11%8(0) A
8,02

= Z / ey (r, s)|2r2@lraAn) =1 2k +n")~15(_42 4 2 B2 grds

_Z/W"up t t”)|27"35( 7' +3 R?,)drds,

where ¢, and 1,,, depend on I also. If we use r as parameter then
rsé(—r? +s* — R2) = rsé(s — \/r2 + R2)/(s + /72 + R2)
= %rd(s — /1?2 + R2),

and if we use s as parameter we obtain similarly rsé(—r? + s2 — R%) =

386(r — /s* — R2). Hence
1 /
foliro@an=35 [ it topeat

— Z / WJVM t t" ,2 2t"’ dt”

where w = {(t/,t"); R3 < —e*' + e2t < R?} and Oyw, 1w are the two
parts of the boundary. Since ¢’ is a decreasing function of R, for fixed t”
while ¢ is increasing for fixed ¢/, we have

[ 1nPseran- / |F126(0) d
810 92

=Y / Re 0, (', ") /0"y (¢, ) dt’ dt”
vu Y
=-> / Re 0y, ,,(t', ") /0ty (t', 1) dt’ dt”.
v,u VW
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Note that 1,,(t',t") = O(e"') as t' — —oco unless n/ = 1, ¢/, = pl, = 0; the
last equality may not be valid then. If |I'| — |I"| = a],, — a}, and a;,, =0
if n — 1 = ¢}, = p|, = 0, the contribution of 9, to the last term in (2.12)
is equal to

[ @ Repnlt /0T T

+al), 0%, (t 1) /0"y, (1)) dt'dt”,

and we add the contribution to the preceding term in (2.12) expressed
by (2.11). Altogether the contribution becomes, if we now also temporarily
drop the subscripts v and p of 1, and a;,,, a;;,, in addition to the subscript
I which we already suppressed,

1
/ (Zlaw(t’, t")/0t + (q, — pi, — ' + 14 2a")p(t',¢")[?
+ (@ +a)@, +n' =1 -t t")?) e dt' dt”
1
+/ (Zlaw(t’,t”)/at” + (qz _pZ _ n/l + 1 + 2all)¢(t/,tll)|2

+(a" +q) (0 +n" —1—a")|p(t, t”)|2)e2t' dt' dt".

Next we shall examine if, for arbitrary I with |I| = ¢ and arbitrary
q,,,,4), P, it is possible to choose a’,a” so that the coefficients of [4|*
are at least non-negative, for if that is the case we should be able to find
the null space of the d-Neumann operator by examining each such term
(depending on I,v, u) separately. Note that the preceding decomposition
extends by continuity to all f in the domain of the d-Neumann operator
in L ().

The first problem is to decide if it is possible for arbitrary pi,, q;,, p/;, g,
to choose o’ and a” with o’ — a” = |I'| — |I"| so that

(2.13) —q,<d <p,+n -1, —qZ <d’ gp::—i—n"——l.
These inequalities imply that
I~ |1 = o —a” <, 7'~ 1+,
and when p;, = g, = 0 this requires that
A" —g=I'|-|I"|<n'—-1=n-q-2,

that is, 2|I'| < n—2. Since |I'| < min(g,n—¢—1) this is true if n > 2¢+2,
that is, n’ > n”, or n < 2q, that is, n’ < n” — 2. If n # 29+ 1, as
we shall assume from now on, it follows that |I'| — |[I”| < n’ — 1, and
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then (2.13) is fulfilled with o’ = |I'| — [I"|, @” = 0 if |I'| — |I"] > 0 and
a =0,d" =|I"|—|I'| if |I"| > |I'|. We shall now examine when one can
add the same quantity € to these values of a’,a” so that the inequalities
(2.13) remain valid and one of them is fulfilled with strict inequalities. This
will yield an estimate of [ |¢(t’,t")|?€? dt’ dt” so that the component in
question is absent for elements in the null space of the 9-Neumann operator
0. At first we shall assume that n/ > 1.

QU0 I"| <n'—1and a = |I'| - |I"| + %, a” = § then
all inequalities (2.13) become strict so that 1 = 0 if f is in the null space
of O. If |I'| = |[I"| = n' — 1 then |I'| = ¢, |[I"| = 0and n = 2+ 2¢, or
[I'l =n—q—1=n/, |I"| =1, thus n = 2q. We postpone discussion of
these cases.

(ii) If |I'| < |[I"| < q then we can take a’ = 3, a” = [I"|— |I'| + 1 and
conclude that 9 = 0 if f is in the null space of [J.

(iif) If |[I'| = 0, |[I”| = q we get strict inequalities (2.13) if a’ = £3
and a” = g+ 1 provided that Py, > 0 or g, # 0 respectively, so ¢ = 0 unless
g, = pj, = 0. Then we must take a’ = 0 and a” = ¢ and observe that if f
is in the null space of [J then

/ot = (p, +n' — 1), /A" = —(q, + q)¥,
where we have used that n” — 1 = q. This means that there is a constant

C such that
() = Celltn'—DE—a+a)"

If we reintroduce the subscripts v, p this means that
’ ’ " ’ ’ 1"
(r, s)rp,,+n —lga +a — Cwﬂ'p"+n —ls—(q,,+q),

Cop

that is, ¢, (r,s) = Cyus 2% 29, so that

CU#(T, s)Y,,(z')Z#(z") = CV;AYV(ZI)ZM(Z,,/lzulz)'zlll——2q'
Here Y, is a holomorphic homogeneous polynomial of degree p), and Z,, is
an antiholomorphic homogeneous polynomial of degree q;j. The L? norm is
finite if and only if

/ ! " "
(2.14) // 2Py T2 15720, —4q+ 2071 g s < 0.
RZ+712<s2<R}+r2

Since n” = g+1 the exponent of s is —2qL’~2q+1 so the integral with respect
to s is (552(]“_2(1+2 — 31_2q“_2q+2)/(2ql’: +2q — 2) where s; = (R? + r2)z,
hence s; — s = (R? — R%)/(s1 + so) is asymptotic to (R? — R3)/2r. In

the remaining integral with respect to r the integrand is asymptotic to a
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constant times 7" when 7 — 400 where 7 = —2¢;,—2¢+2p},+2(n—q—1)—1.
Convergence requires that 7 < —1, that is, 7 < —3 since 7 is odd, which
means that p/, +n < qz + 2q. Hence, introducing also the dependence on
I in the notation now, we have when |I'| = 0 and |I”| = q, after some
changes of the labels v, u,

f1(2) =127 gnu(Q), ¢ =(¢¢") =, 2"/12"),
v,

where gr,,, is a bihomogeneous holomorphic polynomial in ¢ = (¢’,¢"”) of
bidegree v, u where v +n < u+ 2q and the sum is L? convergent in . By
Hartogs’ theorem it follows that

91($) = g1uu(€)

is locally convergent to a function g; which is holomorphic in €,
(2.15) Qy ={CeCHI¢"PR+ () -1<0}, o=0,1

This is a strictly pseudoconvex domain, for the Levi form of the defining
function

|<~/l|2itl|2 + [C/|21t//|2 + 2R€(tl, C/)(C,/a tl/) + R§|t1/|2

> (IC"I1E'] = €187 )? + R 1"
can only vanish when ¢ = 0 and |¢"|t’ = 0, and ¢” # 0 on the boundary.
As in the proof of Theorem 2.2 we can now use the minimal boundary
condition for ? at the outer boundary to conclude that g7(¢) = (—1)7¢;9(¢)

if n’ < j ¢ I, where g is also holomorphic in € and is a locally uniformly
convergent sum of monomials ¢'*¢""# with |a| +n < |B] + 1 + 2q. We have

(216) f= > (-1)zdz A...NdZ A Adzag(2, 2" /|22
n’+1

where we recall that n”’ = ¢+ 1. As in (2.7) we have
(217) 1912 = [ la@PIC X0,
Q0\

Every monomial in the Taylor expansion has a norm < ||f|| which again
gives the condition |a| +n — 2¢ — 1 < |B| for the monomials ¢/*¢”"# which
can occur in the expansion of g.

(iv) If n = 2(q + 1) so that n’ = n” = ¢ + 1 the arguments above
allow another possibility with |I'| = ¢, |I"] = 0, p,, = 0, g;, = 0 which
leads to ¢, (7, s) = C,,r~ 2924, Since this does not give a function in L2
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if Cy,, # 0 it follows that (2.16) determines Ker 0 completely even in this
case.

(v) If n = 2q, |[I'l > |I"”| we encountered the possibility that
[I'' =n—q—1=gq—1, |I"] = 1. Then q > 3 since we have assumed
that n’ > 1. With a’ = ¢ — 2 + ¢ and a” = ¢ the inequalities (2.13) become

4, <q-2+e<p,+q-2, —q,<e<p,+q
If p!, > 0 we make them strict by taking ¢ = %, and if g;; > 0 we can do so
bytaking[s:—%.lfpf,=q;’=0, a =q—2,a” =0 then

’ ’
P = Cet (“a ' =1=2(n"~1)+t" (p+a) — Cp—(gutn'=1) gPl+a

which gives ¢,,(r,s) = C,,r~ 2%+ =1 The L? norm of ¢,,(r,s)Y,(z')
Z,(2") is not finite when C,, # 0 unless

’ ! ’ ! /! "
// 7-_4(%"'" —1)+2q,,+2n —1s2pu+2n -1 drds < oo.
R2+12<s2<R%+r2?

Since the exponent of 7 is < —1 when n’ > 2, this does not happen, so
(2.16) is still a complete description of Ker (1.

(vi) The remaining case n’ = 1 can be handled along the same lines
but requires a detailed and lengthy study of several cases. We shall omit it
since the complete description (2.16) of the null space of the J-Neumann
operator for (0, q) forms in (2.10) when n # 2¢+1 and n’ # 1 is an ample
motivation for the constructions in Section 3.

3. Infinite dimensionality of the null space
of the 0-Neumann operator.

Although the representation (2.3) of the null space of the -Neumann
operator in a spherical shell is very exceptional, we shall now show that it
has quite general consequences:

THEOREM 3.1. — Let Q2 be an open subset of a complex analytic
hermitian manifold of dimension n, and let 2° be a point in the boundary
O where it is in C® and the Levi form has n—q— 1 positive and q negative
eigenvalues where 1 < ¢ < n — 1. Then the null space of the 3-Neumann
operator 9,0 + 00, in Lqu has infinite dimension if the range is closed.

The crucial assumption that the range is closed is a global condition
which in general is very difficult to check, for example if the Levi form does
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not have a constant signature. Thus the theorem just affirms that when the
Levi form has the critical signature at some point, then the d-Neumann
operator is flawed in the sense that either the dimension of the null space is
infinite or else the range is not closed (or both). Since the range of a closed
linear operator between Banach spaces is closed if it has finite codimension,
the theorem means precisely that the critical signature of the Levi form at
z° implies that the range of the d operator from L ,_,(Q) to L /() has
infinite codimension in the null space of the d operator from L§ () to
L§ 441(D)-

We shall prepare the proof with two lemmas. The first is a very special
case of the classification of hypersurfaces in [CM] but the proof is so short
and elementary that we give it in detail for the convenience of the reader,
in a form which will be useful later on but is more precise than necessary
now.

LEMMA 3.2. — At a point 2° € 0Q where 0Q € C® and the Levi
form is non-degenerate one can choose local complex coordinates vanishing
at 20 and a defining function g such that the metric is Y 7 |dz;|? at 2° and

n—1

(3.1) o(z) =2Imz, + Z)\j]zjiz +o(|z)?),

where \; #0 for j=1,...,n— 1.

Proof. — Starting from a defining function ¢ € C® such that
|00(2°)| = 1 we first choose z, so that dp = dz,/i at 2° and extend to
a local coordinate system orthonormal at z°, which gives

o(z) = 2Im z, + H(Z') + Re A(z) + Re(2,B(2)) + O(|z]?),
where H is a hermitian symmetric quadratic form in 2’ = (z1,...,2,-1),
A(z) is a holomorphic quadratic form, and B(z) is a complex linear form.
Since H is nonsingular by assumption we can by a unitary change of the 2’
variables attain that H(z') = ?—1 Ajlzj|? with A; # 0. Replacing Z, by
Zn — 2iIm z,, we obtain

n—1
0(2) = (1+1m B(2)) ( Tm(2z0 +iA(2) +i2aB(2) + Y Ajlz1?) + O(2F%).
1

If we divide ¢ by (1 + Im B(2)) and take 2z, + 3iA(z) + 3i2,B(2) as a
new coordinate instead of z,, we obtain a C* defining function in the new

variables of the form
n—1 n

0(2) = 2Tmz, + Y Ajlz|* + Re do(2) +2 ) Re(z4;(2)) +o(|2°)
1 1
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where Ap is a holomorphic cubic form and Aj,..., A, are holomorphic
quadratic forms. Hence

0(z) = (1 + 2Im A, (2)) (Im(22,, + iAo (2) + 2i2nAn(2))

+ 3" Nlz + 42 /0 ) + oll=).

If we divide p(z) by 1+ 2Im A,(z) and introduce
(21 + Al(z)/)\l, ey Bp—1 + An_l(z)/)\n_l, 2Zn + %ZA()(Z) + ZZnAn(Z))

as new coordinates, we obtain a new C® defining function such that
(3.1) is valid with the new coordinates. The coordinates have remained
orthonormal at 20 in every step of the proof.

If one allows a change of the hermitian metric at 2° then one can
choose \; = %1, so the quadratic form in the right-hand side is determined
by the signature of the Levi form apart from the order of the terms.

It is more natural to state the next lemma in terms of real variables:

LEMMA 3.3. — Let p be a real valued and ¥ a complex valued
function, both in C? in a neighborhood of 0 € RY, and assume that at 0

o(z) = 2en + A(z) +o(|z]?), 9(z) = zn-1 +izy + B(z) + o(|z[*),

where A and B are quadratic forms and Q(z) = 1A(z) — ImB(z)
is positive definite when zny = 0. If x is a continuous function with
support close to the origin, k > 0, and ® is a continuous function with
|®(2)] < C(1 +|2z|])~*"1=1N when z € C and Rez > 0, then
. k+1+inN k(s 2
Jim Y [ @ et i
k—1+iN

= X(0) / N 9y )P dy” / W dy.
yn>0 Q(ylvo)<1

where y' = (y1,...,yn—2) and ¥’ = (yn—-1,YN).

Proof. — We can take xy_1 + Re B(z) and zy + Im B(z) as new
coordinates instead of zy_; and xn in a neighborhood of the origin. The
Jacobian of the change of variables is then equal to one at the origin, so we
may assume in what follows that B = 0. Then Q(z) = 3A(z) is positive
definite when z = 0, and the condition g(z) < 0 can be written

zn + Q' zn_1,0) + o(|2'|? + 2% _1) <0,
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so it implies that |z|? < C(—zn) for some constant C if |z| is sufficiently
small. Hence Reiy(z) = —zn + o(zn) > 0 and |¢(z)| = || + o(zn) >
|z''|/2 then. Hence the expression in the left-hand side of the statement is
well defined if supp x is sufficiently close to the origin, and with the new
variables ¥’ = /72’ and y" = 72" it becomes

/ WP WP eGPy

Since |iTy(z)] > |y”|/2 and |y'|> < C(—yn) when o(z) < 0 and x(zx) # 0,
we have an integrable majorant by the assumed bound for ®, and when
T — oo the limit becomes

/ O PH @iy 1 — yn ) dy,
y~n+Q(y’,0)<0

which proves the lemma if we first integrate with respect to 3’, changing
the sign of yu.

Before beginning the proof of Theorem 3.1 we shall also rewrite
Theorem 2.2 with Ry = 1 by moving the origin to 20 = (0,...,0, —%). Then
the defining function 1— |2|2 at the inner boundary becomes 1— |z +2°|? =
21Im z, — |z|2. The nth component of the argument of F' in (2.3) becomes

(Zn +9)/(1+ |2]* = 2Im 2,) =i + 2, + 22, Im 2, — i]2]2 + O(|2]3).
If we set
(3.2) ¥(2) = (Zn+4)/(1+]2]2—2Im 2,)—i = 2, +22y, Im 2, —i|2|*+O(|2[*),

and set o(z) = 2Im 2, — |2|? it follows that for every 7 > 0 and &

(3.3)

n

=" (~1)Y00/0z; dziA. . AdZA. . Ndzn(1+iT1h(2)) " (14| 2|2 ~2Im2,) "
1

is annihilated by 0 and 9, when p < 0, and in fact annihilated by d and ®
in a neighborhood of 0.

Proof of Theorem 3.1. — If T is the maximal & operator from
(0,q —1) forms to (0, q) forms and S is the maximal 8 operator from (0, q)
forms to (0, g+ 1) forms, in L2, then the range of the d-Neumann operator
TT* + S*S is closed if and only if the range of T" and the range of S are
closed, and then the null space has the same dimension as the quotient of
the null space of S by the range of T. (See e.g. [H1], Section 1.1.) Thus
the hypothesis and conclusion in the theorem do not change if we locally
replace the hermitian metric by an equivalent one, so we may later on
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assume that the metric at z° is whatever will prove convenient. By [H1],
Theorem 1.1.3, what must be proved is that there is a sequence fy of (0, q)
forms which is bounded in L? but has no convergent subsequence although
9fc — 0and Of; — 0 in L2.

Assume at first that ¢ = n — 1 and choose local complex coordinates
vanishing at z° such that a C® defining function g for Q in a neighborhood
of 2° has the form

0(z) = 2Imz, — 2> +7(2), r(2) = o(2),
which is possible by Lemma 3.2. We may assume that the hermitian metric
is the standard Euclidean metric in these coordinates. With this function ¢
and a function x € C§° with support in a small neighborhood of the origin
which is equal to 1 in another neighborhood, we now set, following (3.3),
with some k > %n +3

fr =T 25(2) S (1) 80/0z; d7L A .. N dZ; A ... A dZn
1

(A +imp(2)) * (1 +|2]* = 2Im z,) 7",
and we define f, = 0 outside supp x. Then the boundary condition for
0. is fulfilled since f; is the inner product of a (0,n) form with dp. We
can apply Lemma 3.3 with N = 2n and yy_1 = Rez,, ynv = Im z,; then
A(2) = —|2|? and B(z) = 22, Im 2,, — i|2|?, thus
Q(2) = 3A(2) —Im B(2) = —1|2|* — 2(Im 2,)* + |2[* = |2|* — 2(Im z,,)?
which is positive definite when Im z, = 0. Hence || f.|| has a positive limit
when 7 — +00, and since f; — 0 uniformly outside any neighborhood of 0
there is no L? convergent subsequence. In df, and . f, the terms where x
is differentiated also converge to 0, and in the other terms we can replace
o by the remainder term r. Then the terms where r is differentiated twice
have coefficients o(|z|) and those where r is only differentiated once have
coefficients o(|z|?)7, so it follows from Lemma 3.3, with k = 1 or k = 2, that
their L2 norms converge to 0. Thus [|0f.|| + [|[0cf-|| — 0 when 7 — 400,
which completes the proof when ¢ =n — 1.

In the general case we can choose the local coordinates so that
o(z) = 2Imz, + [2|* — [2"> +7(2), r(2) = o(|2%),
where 2/ = (21,...,2n—-g-1), 2" = (Zn—q;- .., 2n). As suggested by (2.16)
we define
n
fr =700/ 25(2) Z(—l)jag/ﬁzjdin_q A ANAZ AL AdZ
n—q

(A4 irp(2") (1 + |22 — 2Im 2,) 77!
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where ¥(2") = (2, +4)/(1 + |2”|> — 2Im 2,,) — i. The only change in the
argument for the case ¢ = n — 1 is that now we have A(z) = |2/|2 — |2"|?
while B(z) = 22, Im z,, — i|2”|?. Since Q(z) = |2|? — 2(Im z,,)? is positive
definite when Im z, = 0, it follows as before that f;, is in the domain of d.
and that ||d.f;||+/0f-|| — 0 while || f-|| has a positive limit when 7 — +o0,
and there is no L? convergent subsequence. The proof is complete.

If the range of the 9-Neumann operator in Lg‘ 4(€) is closed then one
can find g, with dg, = 0f, and 0.9, = 0. f, such that ||g.|| — 0 as 7 — co.
Then F, = f, — g, is in the null space of the O-Neumann operator and
Hm, 400 || Fr]| = imr o400 || f-|| > 0. If we write

F, =Y F,(2)dz’
[T]=q

in terms of the local coordinates at 2%, then

,’_—(n+1)/2 Z FT,I(Zl/\/;, Zn/T) dZI

l=q
- %(—1)”‘1d2n_q Ao NdZn1(1+ (20 + Bi(2'))) "
locally in L? when 2Imz, + A(2,0) < 0 and 7 — +oo. Here 2/ =
(21,-++,2n-1), and By(2') = —i ZZ:; |zj|2. In fact, the contribution from

g- tends to 0 since ||g-|| — 0. (Note that we have not pulled F, back as a
form.) We shall prove in Section 5 that the left-hand side is bounded on
compact subsets for every L? bounded sequence F, in the null space of the
0-Neumann operator.

4. Confocal ellipsoidal shells.

If Q9 € 2, are bounded connected open sets in C"® with smooth
boundaries, then the special case of (2.3) with a constant F' has an analogue
for Q = Q; \ Qo, for let H be the harmonic function in  which is equal to
1 on 94 and 0 on 99, and set

(4.1) f= (-1)0H/0z;dz A...NdZ; A... AdZp.

1
Then 0f = — 3.7 8°H/82;0%;dz A ... A dz, = 0 since H is harmonic,
and 0f = O since (0H/0z;)/0z = O(0H/0z)/0z;. Since H(H — 1)
is a defining function for 2, it follows that f is in the minimal domain

of 0, so f is in the null space of the 9-Neumann operator. The formula
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(2.3) for the spherical shell, with a constant F, is a special case for
H(z) = (R — o220 /(RS2 — R3~2"),

However, (2.3) also implies that for the spherical shell there are n
functions z;/|z|%, 7 = 1,...,n, which are multipliers on the null space of
the 0-Neumann operator, and this is a very special property. In fact, for
Q=0;\ Qo and H as above, a multiplier ¢ € C*(Q) must satisfy

(4.2) Z 6H/c’)zj a(p/aij =0,
1

0H[0z; 0p/0z, — OH [0z, 0p/0z; =0, j,k=1,...,n,

and we shall prove that these equations cannot have n solutions with
linearly independent differentials unless 2 is a confocal ellipsoidal shell as
described in Theorem 4.1 below. There are n linearly independent equations
(4.2) for dp at a point where dH # 0. The second set of equations in
(4.2) means that an operator >} a;0/9z; annihilates ¢ if it annihilates H,
which amounts to n — 1 linearly independent conditions. The commutator
of two such operators is of the same type since it also annihilates H.
However, we cannot have n solutions of (4.2) with linearly independent
differentials unless every commutator of ) | dH/0z;0/0z; and an operator
0H/02;0/0z,, — OH/0z,0/0z; is a linear combination of the operators
in (4.2) (the Frobenius condition). With 0/0z; and 0/0Z; denoted by
subscripts j and k, we have

[Z H,8/9%, H;0/0z — Hka/azj] =" Hy(H;10/02), — Hyd/0z)
=1 =1
- Z(HjHlk - HkHlj)a/c‘)Zl,
=1
which is in the span of the operators in (4.2) if and only if
(4.3)

ZHI(Hj;Hk—HM-Hj) =0, (HjHyx—HyHyj)Hpy, = (HjHpm, — HyHpn ) Hi,
=1

for all 5,k,m,l. If H, # 0 for example, it suffices to take k = n, j < n,
and m = n, | < n (in the second condition). At a point where H; # 0 for
every j, the second condition in (4.3) means that H; Hy;/H;, — HyH,;/H,
is independent of [, which gives if we take [ = j and [ = k that

(4.4) 2H/H;Hy, = H;;/H? + Hyr/HE,

Conversely, (4.4) implies that H;Hy,/H, — HcH,j/H, = §(H;Hy,/Hy —
HyH,;;/H;) which does not depend on [, so (4.4) is equivalent to the
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second part of (4.3). We shall use this to integrate the equations (4.3)
when 2 is a Reinhardt domain, that is, invariant under rotation in each of
the coordinates z;. Then the harmonic function H which is equal to 1 on
0Q; and 0 on 99y must also be invariant under these rotations, that is,
H(z) = h(ty,...,t,) where t; = |z;|>. With the notation h;(t) = Oh/dt;,
hjk(t) = 82h(t)/0t;0t; we have OH/dz; = h;Z;, and the equations (4.4)
become
1 .
(4.5) hjk/hjhy = 5(h,,-/h? +hee/B2), G k=1,...,n.

From (4.5) it follows that

> hykdtjdte =Y hjj/hydt; Y hedty =0 when > hydty =0,
1 1

k=1 1

which means that the level surfaces of h are hyperplanes. Conversely, this
implies (4.5).

Next we shall examine the first condition (4.3). Since
Z HlHjl_Hk ZZ hlzla(fjhj)/aflhkzk = hijhjthk +Z hlzlzjhjlzlhkzk
=1 =1 =1

the condition reduces to

hih? + > hehihjity = hihi + Y hjhibiity, jk=1,...,n.
=1 =1

Division by hjhi gives the equivalent condition

hi+ Y hi(hji/hshote = hi + Y b7 (bt / hicha)ta.

If we use (4.5) and drop .} hut;/2 on both sides, we obtain

1 = 1 & ,
(4.6) hj+§hjj/h§z:hl2tl=hk+§hkk/h%2h?tl, 5 k=1,...,n.
=1 =1

Since the level surfaces of h; are hyperplanes, we have (at least locally)

n
h(t) =s when Zaj(s)tj =1,
1
for some smooth functions a; of one variable. Differentiation gives

n n
hj =3$/6tj=—aj/N1, N1=Za§ctk, 8N1/3tj —a}zthz, Ng:Zafc’tk,
1 1
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hjj = —a;h]'/Nl + aj(a; + h]Ng)/le = —2a;»hj/N1 — h?Ng/Nl

When we divide by h]2-, the second term becomes independent of j, and
(4.6) means that

—Ni(aj — ax) + (a}/a; — aj/ax) iaftl =0, jk=1,...,n
when »°, a;(s)t; = 1, hence by the hom(l)gleneity for all t. The coefficient of
t; divided by a; is
(ak — aj)aj/ai + (a}/a; — aj/ar)ai,
so this must vanish for all j, k,l. Thus we must have a relation
a(s)/a(s) =y(s)a(s), 1=1,...,n,
that is, d(1/a;(s))/ds = —v(s), and this is also sufficient. If I''(s) = —7(s)

it follows that there are constants C; such that 1/a;(s) = C; +I'(s), that
is,

(47) 1= 3 ;/(C+T(s)) = 3 [%*/(C;+T(s)) = h(t) = H(z) = s.
1 1
Thus the level surfaces of H are ellipsoids in a family of confocal quadrics.

We pause a moment to recall some classical facts on this notion.

If C; < C; < ... < C, are real numbers then the quadrics in R™
defined by

1

with a fixed A are said to be confocal, for reasons which are obvious when
n = 2. If x € R™ and all coordinates are different from 0, this equation
of order n for A has n different real roots for there is one with precisely &
negative denominators for kK = 0,...,n — 1. Taking these n roots as local
coordinates one obtains an orthogonal coordinate system which implies
that the Laplacian has a simple expression in terms of them.

Here we shall only use the coordinate which corresponds to ellipsoids.
Let by, ..., b, be positive numbers and let

Q={z€CH) |z /b2+7) <1< |%/b2}

where v > 0 be the shell between two confocal ellipsoids. In a neighborhood
of Q the equation

i |21/ (b5 + A) =1
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defines A as an analytic function of t; = |z;|?, j = 1,...,n, which is equal
to 0 and to -y on the two boundaries. With the modified notation

N, =) t;/(b2 +A),
1

differentiation of the equation N; = 1 gives if A; = OA/0t; and Aj; =
82A/6t§
1/(62 + A) = NoAj,  —(b3 +A)72A; = (b3 + A)2A; — 2N3A% + NaAj,
hence
N2y ;A3 =1, Np) t;A;; =2N3/Ny — 2N3/N; = 0.
1 1
The harmonic function H must have the same level surfaces as A, so we
have H(z) = ¥(A(|21]?, ..., |2a|?)) for some v, which gives
6H/8zj e w'(A)Aij, 62H/62j2j = ’l/)I(A)(AJ + tjAjj) + 'l/)”(A)A?tJ

Hence

1 n n
FAH =" (A) D A2+ (A) Y (A5 + A)
1 1

= (¥"(A) +¢'(4) Xn:(bi +A)7) /Ny,
1
so H is harmonic if and only if for some constant C
Y(A)=C ﬁ(bg +A)~L
1
Since we require that H = 0 and H = 1 on the two boundaries, we have

the boundary condition %(0) = 0, and C~* = [/ [[7(b? + A)~! dA.

Next we shall determine the multipliers on the null space of (0 which
we know must exist. For j = 1,...,n it is clear that ¢(z) = Z;x(A) satisfies
the second set of equations (4.2), and ¢ satisfies the first equation (4.2)
also if

> Mad(E ()07 = A;Zix(A) + Y MiZixX (M)At = 0,
=1 =1

which simplifies to

X (A)/x(A) = =A;/ Y 6Af = —1/(b5 + A)
=1
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with the solution x(A) = 1/(b3 + A). Thus ¢; = z;/(03 + A) is a
multiplier. Note that » ) z;¢; = 1, that dH/9z; = 9'(A)A,Z;, and that
A;(b% + A) = 1/N, = 1/|¢|*. Since solutions of (4.2) form an algebra, this
proves finally that

4.8)f=F() [J®7 + M) S (—1Y¢;/ICP dzr A ... Adz A ... A dzn,
1

1
G =2/ (b5 + A),

is in the null space of O acting on forms in L ,, () if F is a holomorphic
polynomial or just a holomorphic square integrable function in {¢ €
C™; 31 b2|¢5|* < 1}. The formula becomes even simpler if one introduces
the ¢ variables throughout. In fact, we have

dz; = (b3 + A)d(; + ¢ dA,

and in working out the exterior product in (4.8) we can only choose the
dA term in one of the factors. The product of dA with all (b7 + A)d(; in
increasing order for | # 7 and [ # k can be obtained in two ways. If j < k
it will appear with a factor (—1)7¢;(—1)*¥~2¢; from the jth term and with
the factor (—1)¥¢(—1)7~1¢; from the kth term, and they cancel. Hence

48)  f=F(Q) Y (-17¢G/((F + MK A AdG A .. NG

which is even simpler than (4.8). The function A is hidden in the trans-
formation z; = (;(b? + A) where Y 7 |(;?(b3 + A) = 1, that is, Al¢]* =
1 — Y7 b2[¢5[?, which implies that (b2 + A)[¢]* = 1+ Y-, (b3 — b7)[¢i[2
This is equal to 1 in the spherical case.

It remains to prove that every element in the null space is of the form
(4.8). To do so we must prove that every f € L§, () NDsgN Dy, is a
sum of an element in the range of d acting on L§ (), an element in
the range of 9. acting on Lg’n(Q), and an element of the form (4.8). In the
proof we may assume that f € ng’n_l(ﬂ) for this is a dense subset in the
graph norm. The component of f in the range of 9. is equal to 9.(90.) "9 f
where (00.)~! is the Green operator for the Dirichlet problem in Q. Hence
it is in Cgf’n_l(ﬂ), and replacing f by f — 0.(80.)"10f we may assume in
what follows that 8f = 0. The representation of the orthogonal projection
on the space of forms (4.8) by a Bergman kernel given below shows that
the component of f there is also in Cgf’n_l(fl). What remains to prove is
thus that if f € C§3,_,(Q), f = 0, and f is orthogonal to all elements
in the null space of the form (4.8), then f is in the range of . This will
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follow if we prove that f can be extended to a O closed form in the ellipsoid
which is the convex hull of Q. Such an extension is possible if and only if
for every multiindex o we have

(4.9) / Pdz A Ndep A f =0,
A=0

(Cf. [CS], Theorem 9.2.2 and the references to earlier literature given there.)
Now orthogonality of f = Y"7(—1)7 f;dz1 A...AdZ; A ... AdZz, to the form
(4.8) with F(¢) = ¢* means that

/ Z £ ()G /IGP22 /8 + )% dA(2) = .

Since ;/|C[* = z;/((b% + A)N2) = Ajz; = OA/8%;, this is equivalent to
/Q i fi0M/0z;9' (M) (b* + A)* 2% d\(2) = 0.

If we define m(A) so that m/(A) = ¢/'(A)/(b? + A)* = C T} (b2 + A)~%~1

and m(y) = 0, then m(0) # 0 and the integral differs only by a constant
factor from

/zadzl A...Ndzy A fAOmM(A),
Q

which by Stokes’ formula is a non-zero constant times (4.9). This completes
the proof of the following extension of the main point in Theorem 2.2:

THEOREM 4.1. — Let Q be a shell bounded by two confocal ellip-
soids,

(4.10) Q= {z ey 5P/ @+ <1<y |zj|2/b§.}.

Then the null space of the 0-Neumann operator in LY, () consists of
the forms (4.8) where F is a square integrable holomorphic function in the
ellipsoid

Q= {( € (C";zn:bf-KjF < 1}.
1

There is a natural extension with ellipsoids replaced by paraboloids
such as

n—1
Z |2;1%/b% = 2Im z,.
1
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Adding a term €2|z,|? with a small € > 0 we get the ellipsoid

n—1

D 12202 + |z — i/E% €72 = 1/

1
The confocal ellipsoids are defined by

n—1

D1zl 03 /€ + M) + Lz — i/e?/(1/e* + Ae) = 1.
1

When ¢ — 0 and €2A, — A this converges to the paraboloid

n—1

3 I2i?/(82 + A) = 2Im 2, + A.
1

Note that this equation determines A as a decreasing function of Im z,,.
Our ellipsoidal multipliers Z;/(b?/e? + A.) converge to z;/(b? + A) after
division by €2, when 1 < j < n. The last multiplier
(Zn +13/€%)/(1/e* + A.) = €%(e22, + 1) /(1 + €*A)

=e2(i +€%(2, — ie?A.) /(1 + €*A,))
converges to z, —iA after subtraction of the constant ie? and division by &*.

The harmonic function converges after appropriate normalization to ¥(A)

where
n—1

YA =C[[@+M)
1
We have dA/8z; = (;/|¢|* where ¢; = 2;/(b? + A) when 1 < j < n and
¢n = t. We denote by ( = Z, — A the substitute for the trivial multiplier
(n found above and write (; = (; when 1 < j < n. In the paraboloidal
shell

n—1

n—1
Q= {z €T 5P/ > 2Imz, > Y |z [2/(02 + ) —7},
1 1

where v > 0, the preceding arguments suggest and it is easy to verify that
the form

n—1 n
F=F) IO +80) Y (-1Y¢/ICPdz A ... AdZ A .. Adzn
1 1

is in the null space of the -Neumann operator in € if it is in L? and F is
holomorphic in

n—1

n—1
0= {g € C% 31 P < ~2ImGy < 3 (G262 + ) +7}.
1 1
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It seems plausible that this describes the null space completely, but we
leave this question aside in order to return to a general discussion of the
integrability condition (4.3).

Recall that (4.3) describes the Frobenius integrability condition for
the system (4.2). To find the most general solutions we shall examine a
neighborhood of a point where H is real analytic, the differential is not
equal to 0, and the level surface of H has a definite Levi form. We can place
the point in question at the origin and choose the orthonormal coordinate
system in C™ so that H;(0) = 0 when j # n, thus H,(0) # 0; as above,
subscript k (resp. k) will denote differentiation with respect to zj (resp. Zx).
In a neighborhood of 0 the conditions (4.3) with kK = m = n can be written
(4.11)

n—1 n—1
Hjs =~ HymHjm/Hy+ HjHpn/Hy + Y HoymH;Ho/H?,  j <n,
m=1 m=1

(4.12) Hyj = H;Hy,/H, + HHjn/H, — H{jHiHpn/H2, j<mn,1<n,
and since H is harmonic we also have

n—1
(4.13) Hpn=—Y  Hmm.
m=1

In particular this gives H;z(0) = 0 when j < n and H;;(0) = 0 when I < n,
j < n, so the last sum in (4.11) vanishes of third order at the origin. By
Taylor’s formula

H(z) — H(0) = Hn(0)zn + Ha(0)Zn + Y H;5(0)z;2

+Re Y H;x(0)z;2 + O(|2).

7,k=1
Here > 7, Hik(0)zj2x = zn(Hnn(0)2n + 22” ! H;n(0)z;) by (4.12).
Multiplication by o(z) = 1 — Re ((22 n(0)2; + Hpn (0)2,) /Hn(0)>

gives

o(2)(H(2) — H(0)) = Hn(0)2n + Ha(0)Z, + En: a;kziZ + O(|2°),

Frk=1
where a;, is hermitian symmetric and
Hjl’c(o)a when j<n, k<n
ajp = —H;n(0)Hz(0)/ Hn(0), when j <n, k=n
—H;;(0)Hn(0)/Hz(0), when j=n, k<n,

H,7(0) — Re(Hnn(0)Hr(0)/Hn(0)), when j=Fk=n.
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Thus the level surface {z; H(z) = H(0)} is tangent of second order to the
ellipsoid (or paraboloid) ¥ defined by

2Re(H, Z ajrzjZx =0,
7,k=1

for this is O(|2|®) on the surface. It is not true for any other hermitian
symmetric matrix (ajn + bjx), for if Y7, bjxzZx = 0 in the real
hyperplane where Re(H,,(0)z,) = 0 then this is true for all z. Note that, in
view of (4.11) — (4.13), (a;x) and H,(0) determine the second order Taylor
expansion of H — H(0) at 0 apart from the fact that only the real part and
not the imaginary part of H,,(0)/H,(0)? is determined.

By a unitary change of variables and a translation we can transform ¥
to an ellipsoid or paraboloid Y for which we have already found a harmonic
function satisfying (4.3) and vanishing on ¥y. Going back to the original
variables this gives a solution H of the equations (4.11)—(4.13) vanishing
on ¥. After multiplying H by a suitable real constant we conclude that the
derivatives of H—H(0) and of H of order < 2 are the same at the origin with
the possible exception that Im(H.,,(0)/H,(0)?) and Im(H,,(0)/H,(0)?)
might differ. The following proposition will prove that H — H (0) is equal
to H though.

PROPOSITION 4.2. — Suppose that H is a real valued solution of
(4.11), (4.12), (4.13) in a neighborhood of 0 € C™ such that H;(0) = 0
for j < mn but H,(0) # 0, and the Levi form of the level surface where
H = H(0) is non-degenerate at the origin. Then H — H(0) is uniquely
determined by H,(0), Re(Hnn(0)/Hy(0)?), Hjn(0) for j < n, and H;z(0)
for j, k < n.

Proof. — As a harmonic function H is real analytic so it suffices to
prove that all derivatives can be calculated at the origin. When doing so it
is no restriction to assume that the Levi form at the origin is diagonalized,
that is, that H j,;(O) = 0 when j < k < n, which implies that the diagonal
elements H;; with j < n are not equal to 0. We shall write

H*P = 911+l (0)/02207°, a = (a1,...,om), 8= (B1,...,0n),

and use the notation o = (aq,...,an-1), 8/ = (61,...,0n—1). Taking
into account the consequences of (4.11), (4.12) at 0 we know H®# when
1 < |of +|8] < 2 except when a,, = 2 or §, = 2; and we also know
Re(H,,,,(0)/H,(0)?). We shall prove recursively that H*# can be calculated
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for arbitrary «, . By the hermitian symmetry we may of course always
assume that |a| > |3].

First let |a| + |3| = 3. Then H*P is obtained by differentiation of
(4.12) if |&/| > 2. If |@’| =1 then |B] < 1, and if || = 1 then a,, = 1 and
we can calculate H*# by differentiating (4.11) or its complex conjugate
instead when 3, = 1 or |#'| = 1. If &’ = 0 and a,, = 2 we can find H*? by
differentiating the complex conjugate of (4.11) when |8'| = 1. If 8, =1 we
can use (4.13) to reduce to cases with |@’| = 1 and |3'| = 1 which we have
already studied. This gives all H*# with |a|+ |B| = 3 and |a| > |3| except
those with 8 =0 and «,, > 2.

Calculating H*? when |a| + || = 4 by two differentiations of
(4.11), (4.12), (4.13) requires some care since we do not even know H,,,(0)
completely and have not yet found Hj,,(0). Taking | = j in (4.12) and
noting that H,;(0) = 0, we obtain at the origin

(4.14) Hy;55 = 2H,;55Hjn/Hy + 4H5H,5/Hy, — 2H 5% Hyr /He.
Differentiation of (4.11) gives at the origin
n—1
Hjﬁj =- Z |Hm3|2/Hn + HnﬁHJE/Hny
m=1

so Hy, Hz; is real, hence Hj,;/H, is real at the origin. By (4.12) we have
at the origin

Hjj5 = 2H;5Hjn/Hp,

so 2H;53H;n/H, = 4H;5|H;n|?/|Hy|? is real. Using (4.14) we can now
conclude that H,,(0)/H,(0)? is real which means that H,,(0) is also

known. Next we shall calculate H;,,(0) when j < n by observing that

H;j3, = (Hj,)j; can be calculated at the origin by two differentiations of
(4.11). On the other hand, if we differentiate
(4.15) Hj; =2H;H;n/H, — H:Hyn /H?

with respect to z, and z; then third derivatives will only appear at the
origin in the terms

2HﬁnHjn/Hn + 2HﬁHj,m/Hn + 2HjnHjnj/Hn,
and only the middle term is not already calculated. Since H;;(0) # 0 this
means that we have now calculated H*# when |a| + || = 3 except when
a, = 3 or B, = 3. This implies that only already known terms will appear
in the right-hand side of (4.11) or (4.12) when we differentiate twice, for
one derivative must fall on each factor Hy with k < n.
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If |o| +|B| = 4, || < |a| we can thus calculate H*P by differentiation
of (4.12) or its complex conjugate unless |o/| < 1 and |3'| < 1. Then a,, > 1
and we can use the complex conjugate of (4.11) unless 8’ = 0, and if B, # 0
we can use (4.11) unless o = 0. This leaves only the case |o/| =1, 8 =0,
on =3,and thecase &’ =0, 8 =0, a, > 2. If a,, < 4 in the latter case
then B, > 0 and we can use (4.13) to reduce to the cases already handled.
Hence we have calculated H** for all o, 3 with |a|+|8| < 4 and |3| < ||
except those with 8 =0 and a, > 3.

We claim now that using the equations (4.11)—(4.13), their complex
conjugates, and the derivatives at the origin of order < N, we can for every
N > 2 calculate all H*? with |a| + |8| < N +2, |3] < |a| and a;, < N
if 8 = 0. This is what we have just done for N = 2, so we may assume
that V > 2 and that the statement has been verified with N replaced by
N — 1. Then we know H*P when |a| + |3| = N except when a, = N (or
Br = N), and when |a| + |8] = N + 1 except when 3 =0 and o, > N (or
the complex conjugate). Our first task is to calculate H*? when 8 = 0 and
o =0, a, = N by differentiating (4.15) twice with respect to z; and N —2
times with respect to z,. To produce a non-zero term at least one derivative
must fall on the factor H; in the first term, and if the remaining N — 1 all
fall on the factor H;, then one of them is a derivative with respect to Z; and
we obtain a derivative of order N + 1 which is already known; if only the
N —2 derivatives with respect to z, fall on H;, we get a derivative of order
N which is already known. In the second term in (4.15) two derivatives
must fall on H]2 to produce a non-zero term, so all terms obtained are
already calculated except —2H%8N H/0z /H2. Expressing Hj, as the
complex conjugate of (4.11) we find that 8N +2H(0)/9270z302) % can be
calculated, hence we have found that 8 H(0)/8z can be calculated.

Next we shall calculate 9N+ H(0)/8z;0zY when j < n by differen-
tiating (4.15) once with respect to Z; and N — 1 times with respect to zy,.
On one hand, this can be calculated using (4.11) as a derivative of Hj,,
on the other hand we see from (4.15) that at the origin the only term
obtained which involves a derivative of order N 4+ 1 with no Z derivative
is 2H;;0N Y H/02;0z /H,, so we have calculated H*# when 3 = 0 and
|o/| =1, an = N. Thus H*# is now known when |a|+|3] < N + 1 except
when a,, = N+ 1 (or B, = N +1).

We are now free to differentiate (4.11) and (4.12) as we did before
when N = 2, so the argument made then can be repeated. If |a|+|8] = N+2
and |8 < |a|, differentiation of (4.12) gives H*# unless |o’| < 1 and
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|6'] < 1. Then «,, > N/2 and we can use the complex conjugate of (4.11)
instead unless 8’ = 0. If 3,, = 0 too, then o, > N +1, and if 3, > 0 we can
use (4.13) to pass to terms with o’ # 0 and 8’ # 0 which we have already
handled. This completes the inductive proof.

Summing up, we have proved:

THEOREM 4.3. — If Qy € 23 € C™ are open sets with smooth
boundary, = Q3 \ Qo, and the null space of the O-Neumann operator
acting in L§, () admits n independent multipliers, then Q is with
suitable orthonormal coordinates a confocal ellipsoidal shell as described
in Theorem 4.1.

Our next goal is to prove an analogue of (2.9) for the confocal
ellipsoidal shell Q defined by (4.10). By Theorem 4.1 the null space of
Oin L ,,_; () consists of the forms (4.8) where F' is a holomorphic square
integrable function in

a={cech Y BIGIR <1< Y02 +IG 2,
1 1
hence also in its convex hull. We have
1712 = /Q F@PdAE) = /Q F(Q)PRICI2 [T + A)~2 dA2),
1

¢ =7/ (0] + A2)).
To pass entirely to the ¢ variables we observe that since z; = (]-(b? +A) we
have
dz; = (b2 + A)d(; + (dA,  dz; = (b2 + A)d(; + (dA,
dzj Adz; = (b3 + A)*d(; A dC; + (b3 + A)dA A ((dCs — ¢5dG;),
and since Y7 |¢1|2(bf + A) = 1 we have

n

IC2dA == (67 + NI, dIGP A (Gdd — Gdd) = 21¢1 dd; A dg.
1
This gives
dzy AdzL A+ Ndzn NdZy = = [[ (82 + A)?d0i AdG A -+ A dln A d,
1

for the factor d{; A d(; annihilates d|(;|?, and 1 — 237 |¢12/I¢> = —1.
Hence dA(z) = []7 (b2 + A)?dX(¢), and (cf. (2.7))

(4.16) 1712 = /Q IFOPRICI2 dA Q).
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For the norm (4.16) in L?(2) the Bergman kernel K (¢, #) can be computed
along the same lines as for the spherical shell in Section 2 if one introduces

b;j(; = w; as new variables. With these variables {2 is defined by

n
D lwi? <1< jwi P+ y/02).
1 1

The computation of the reproducing kernel K depends as in the spherical
case on evaluation of integrals I, and summation of a power series with
coefficients 1/I,. The details of this are given in [H2], and we content
ourselves here with listing the main singularities of the kernel obtained
after returning to the ( variable:

K ’9 —— i} A b2 ny‘l<<79_>_

(n—1)! - .

(1= 7 b3¢;0,)" 21: ™ J)
is O((1 — Y7 b2¢;6;)'~™) in a neighborhood of the diagonal of the outer
boundary of € and smooth elsewhere. (The leading term on the diagonal
follows from [H1], Theorem 3.5.1, and the results of [BMS] imply that the
remainder is O((1 — 3.7 b2¢;6;)™™).) When F € L?*() is holomorphic we
have

/Kce 6)[61-2 dA(0).

With ¢; = z;/(b3 + A(2)) and 6; = w;/(b3 + A(w)), and the shorthand
notation ¢ = z/(b% + A(2)), 0 = w/(b* + A(w)), it follows that

F(¢) H b + A2)) 7 ¢G1¢I 7
=1
:Z/Kjk(z,w (6) TT(6% + A(w)) 811612 dA(w),
=1

Kjr(z,w) = ¢l¢| 2H(b2+A(z> () Hb2+A )"1010]72.

=1 =1

As in the spherical case it follows that (K ) is the kernel of the orthogonal
projection on Ker 0 in L ,_;(f?). Since

I—Zb 1GI7 =" (1a/ (6 + A2) = b/ (b + A(2))?)
=1
lezl /(6 + A(2))* = A(2)[¢]?
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we obtain the main singularities of Kjx(z, z) at the inner boundary of the
annulus 2

(4.17)  Kji(2,2) =W‘""’(i |zl’2/b?) o
=1

607 205 2 akbi *A2) T+ O(A(2) ™).
1=1
For the sake of brevity we have only used the leading singularity of K(z, z)
at the diagonal, which as already pointed out is easy to justify. We shall now
see that (4.17) has an interesting interpretation in terms of the curvature of
the inner ellipsoidal boundary, where A = 0. Since 37 |z|2/(b7 +A(2)) = 1
we have

> lal/of 1= A2) Y |/ (0 + A(2)))
1 1

= A(2) > al* /bt = A(2)* Y 2/ (61 (6 + A(2)))-
When A = 0 it follows that 1 1
NoOA [0z = z;/b, Ny = i 1| /b7,
so (4.17) can be written 1
Kjk(z,2) = 7 "nINy " ﬁ b 20A(2)/02j0M(2)/9zkA(z) "+ O(A(2) ™).
1

We shall compare this with the product of the eigenvalues of the Levi form
for A in the complex tangent plane of {z; A(z) = 0}, that is, the product
of the eigenvalues of

1 & n,
(4.18) A Z lfj|2/b§ when ijZj/b? =0,
1 1

for NoA(z + 2) = 37 |21 + 212 /b2 — 1 + O(|2[®) when A(z + 2) = O(|2[?).
Quite generally, if H is a hermitian symmetric n X n matrix and 0 #
w € C", then the product of the eigenvalues of the form (Hz,z) = (Hz, Z)
restricted to the orthogonal space of w is equal to
(det H)(H *w,w)/(w,w), if det H # 0.

In the proof we may assume that w is the unit vector e,, along the z, axis
so that the orthogonal space is defined by z, = 0. When 2, =0 and t € C
then

(H(z+tH Ye,), 2+ tH Ye,) = (Hz,2) + [t|*(H e, €n),
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and as a hermitian form in C*~! @ C = C" the determinant of the
corresponding matrix is equal to the product & of the eigenvalues of (Hz, 2)
when z, =0 and (H 'e,, e,). The determinant of the map

C"3>z+ (21,...,2n-1,0) + 2z, H le, € C"

is (H ey, en), so it follows that (H 'en, e,)? det H = k(H ey, e,), which
proves the claim. Since H ! det H is the algebraic complement of H which
is always well defined, it makes sense as a limiting case for arbitrary H.
Hence it follows that the product k of the eigenvalues of the Levi form
(4.18) is

n n n n
k=N}" Hbl_2 Z b?|2j|2/b?/ Z |2k|?/bf = Ny ™ Hbl_2.

1 1 1 1
Since |0A/0z|*> = 1/N, it follows that
(4.19)  Kjr(z,2)A(2)"T — 17 "nlkOA(2)/02;0A(2) /0% = O(A(2)).
Note that multiplication of A by a positive constant v would change both
terms by the same factor 4y**!, so (4.19) remains valid with A replaced by
any function ¢ such that —p is a defining function for €2 at the boundary
point considered. On the diagonal the matrix (Kjk(2,2))} -, defines a
hermitian symmetric form on (0,n — 1) forms at z. Since (Kg,g) is the

supremum of |(f, g)|* when f € L§, (), Of =0, and || f|| < 1, we have
as a limiting case when supp g tends to z

Y Kz, 2)tet; = sup{|(£(2),0):1% f € L§ o1 (), BF = 0, | f] <1},
7,k=1

teC?,
where f is identified with (f1,. .., fa)- Thus /(K (2, 2)t, t) is the supporting
function of the range of f(z) when f € KerO and ||f|| < 1, which is
obviously convex. By (4.19) the product of the form by p(z)"*! is equal to

" nlk(2)[(t, 0o(2)/92)* + O(e(2)It),

where £(z) is the product of the eigenvalues of 377, _, 0%0(2)/02;0%z5;5k
restricted to the plane where Y.} do(z)/9z;s; = 0. Changing notation we
conclude that
(420)  o(2)"M(f(2),1):* < 7 nlk(2)[t A De(2)|* + Oe(2)It*)

when f € L}, () is in Ker[, ||f|| < 1, and ¢ is now a form of type
(0,n — 1) at 2. As a first step toward a localization we shall prove:

PROPOSITION 4.4. — Let 2° be on the inner boundary of the
ellipsoidal shell Q@ C C™ defined by (4.10) (n > 2), and let wy € w; be

ANNALES DE L’INSTITUT FOURIER



THE NULL SPACE OF THE O-NEUMANN OPERATOR 1343

open neighborhoods of 2°. If f € L ,,_(2Nwy), 8f =0,0f =0in QNwy,
and the minimal boundary conditions for 0 are satisfied in wy N 0N, then
(4.20) is valid when z € Q Nwy if || fllanw, < 1.

Proof. — Choose x € C§°(w1) equal to 1 in a neighborhood wy of wo
so that 0 < x < 1. Then xf, defined as 0 outside supp ¥, is in the domain
of . and that of & in Q, ||[xf|| < 1, and d(xf) = 0, .(xf) = 0 in wy. If
f is the orthogonal projection in L§ ,,_1(Q) of xf on Ker(J, then 71l <1,
and (4.20) is valid with f(z) replaced by f(z). Since n > 2 by assumption
we have

(4.21) f=xf = ONu20:(xf) — 0:NaO(xS)

where N,_o and N, denote the inverses of the O-Neumann operator
in L, 5(Q) and in Lf,(Q); the latter is essentially just the solution
operator for the Dirichlet problem. The two terms subtracted from xf
are respectively the orthogonal projection on the range of the d operator
from (0, — 2) forms and the 9. operator from (0,n) forms. The operators
ONy—2 and 0 N, are both L? continuous, and we have bounds for d.(x f)
and O(xf) in L?; both vanish in QN wi. By the local regularity theory
of the -Neumann problem (Theorems 4 and 5 in [KN]) we conclude that
the terms subtracted from xf in (4.21) are bounded in C*° (2 Nwy ), hence
uniformly bounded in QNwp. Thus we have a uniform bound for f(z)— f(z)
when z € Q Nwy, so |[(f(2),1):] < |(F(2),t).| + C|t| for some constant C,
and since

o(2)" T (I(F(2),1):] + ClE)? < 2(2)" (1 + 0(2))I(f(2), 1)+
+C?[t2(2)" (1 + 0(2))

the statement follows.

Remark. — When n = 2 we still have a decomposition like (4.21);
the range of d acting in L?(Q) is closed and N should be interpreted as
the inverse of 9.0 on the orthogonal space of the holomorphic functions.
However, we lack a reference to a local regularity theorem which could
replace those of [KN] used in the preceding argument.

Proposition 4.4 gives an upper bound for the kernel of the orthogonal
projection in L%,n_l(ﬁ) on Kerd when Q C C" is an arbitrary open set
which is equal to the ellipsoidal shell Q defined by (4.3) near a boundary
point. When the range of O in Lg’n_l(ﬁ) is closed, there is a lower bound
of the same kind:
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PROPOSITION 4.5. — Let 2° be a point on the inner boundary of
the ellipsoidal shell Q C C™ defined by (4.10) (n > 2), and let Q C C™ be
another open subset of C™ such that the range of O in Lan_l(fl) is closed.
IfQNw=QNw for some open neighborhood w of 2°, then

(4.22) o(z)" sup{|(f(2),t):|% f € L§,,_1 (), Of =0, || £ < 1}
=n "nlk(2)|t A 5@(z)|2 + O(g(z)|t|2)

in a neighborhood of 2°.Here —p is a defining function for Q and k(z) is
the product of the eigenvalues of Z?,k:l 020(2)/02;07ks;3) restricted to
the plane where Y} 0o(z)/0zjs; = 0.

Proof. — By Proposition 4.4 we have an upper bound of the form
(4.22), for if f € L3 ,_1 () and || f|| < 1, then the L? norm of the restriction
to QNw =QNwis < 1, so (4.20) is applicable. The lower bound in (4.22)
is trivial unless |t A do(2)|? > o(2)[t|?.

Choose x € C§°(w) equal to 1 in an open neighborhood w; of 2° so
that 0 < x < 1, and let wy € w; be another open neighborhood of 2°. With
w € wy and a (0,n — 1) form ¢ at w with [{| =1 let

Juwt(2) = K(z,w)t

where K is the kernel of the orthogonal projection on Ker O in Lj ,,_,(9),
which also acts on distribution forms of compact support. Since K is the
kernel of a self-adjoint projection we have

||fw,t||2 = (IC(w,w)t,t), wa,t =0.

The support of the form O(x(2)fw,:(2)) is contained in w \ @y, and it has
a uniform bound independent of w € wy since K is smooth outside the
diagonal, which implies a uniform bound for the norm in L%’n,l(fl). Since
by hypothesis the range of the d-Neumann operator O is closed there, it
follows that we can find g, € Lgyn_l((?) with Ogy :(2) = O(x(2) fw,:(2))
and ||guw ¢|| < C. Hence fu1(2) = X(2) fuw,t(2) — guw+(2) is in the null space
of O in Lgyn_l(fl), and since Ogy ¢(2) = 0 when z € w; NQ = w; NQ,
it follows from Proposition 4.4 that |g, (w)| < C'o(w)~ 2D for some
constant C’. Hence

| Fwt ] < (K(w, w)t, )% +C, |(Fue(w), )] = (K(w, w)t, t) — C'o(w) =21
here

(K(w,w)t, t) = o(w) ™"t "nlk(w)|t A o(w)|* + O(o(w)™™).
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As observed at the beginning of the proof there is nothing to prove unless
(K(w,w)t, t) > o(w)™™, and then we have

|(fue(w), )2 = (K(w, w)t, t)* - 2C" (wr%("“)(uw,w)t,t),
||fw,t||_2> (1-2C/v/ (K(w,w)t, 1))/ (K(w,w)t, t),

hence

| (ot (), )2/ 1| Fo,t 1 = (K (w, w)t, £)=2C /(K (w, w)t, 1) —2C" p(w) ~2HD),

w € wo,
which implies a lower bound as in (4.22) and completes the proof.

The supremum in the left-hand side of (4.22) is equal to (K(z, z)t, t)
if £ is the kernel of the orthogonal projection on Ker( in L§,._ ().
We would like to extend the conclusion to an arbitrary open relatively
compact subset © of a complex hermitian manifold of dimension n > 2
such that the 9-Neumann operator O in L3 ,,_; () has a closed range and
2% is a boundary point where 9Q € C* and the Levi form is negative
definite. However, the methods used in this paper only allow us to give

corresponding asymptotics for K(z,w) in the distribution sense:

THEOREM 4.6. — Under the preceding hypotheses on € and 2° let
21,...,2n be complex analytic coordinates at z° vanishing at 2z° such that
0z1, ..., Oz, are orthonormal at z° and the complex tangent plane is

defined by 0z, = 0. Set 2’ = (21,...,2n-1), write (0,n — 1) forms f as
f= Z Vifida A...Ndz A ... \dz,

in a neighborhood of 2°, and let K;(z,w) be the corresponding matrix of
the projection K in L ,,_;(€2) on Ker (. If —p is a defining function of Q
at 2° then

(4.23) 2V K i ((e2',€%2,), (ew', e%wy,))
— 1 "nlk00(0)/82;00(0) )0z F (2,w) ™' in D' (Qo x Qo)

when € — + 0. Here

(4.24)
F(z,w)=00(0)/0z, zn+ "z:l 0%0(0)/02;0z, 22k +00(0) / 0z, Wn
jk 1
—i—1 "z‘:l 0(0)/0%;0Z wjwi+ "Z:l 0%0(0)/02;0z (22 +wj Wk — w;Zk),
2j,k=1 jik=1
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K is the product of the eigenvalues of Z;Lkll 9%0(0)/0z;0zt i), and
(4.25)
Qo :{z € C™; 2Re(80(0)/02n 2n)
n—1
+Re Z 020(0)/0202 252 + Y, 0%0(0)/02,07 237 > 0}.
Jrk=1 J.k=1

Proof. — The first step is to show that the statement is independent
of the choice of the local coordinates z1,...,2, and the defining function
—p. If we multiply o by a positive constant ¢ then & is replaced by ¢ 'k
and F' by cF, so the statement is unchanged. If p is multiplied by 1 + o
where 0(0) = 0 then F is unchanged since op vanishes of second order at the
origin, of third order when z, = 0, which proves the 1ndependence of p. The
Taylor expansion of order two 09(0)/0zy, 2, + 5 ZJ o1 020(0)/ 0202k z; 2k
as well as its complex conjugate are 1nvarlant under analytic changes of
coordinates, and so is the Levi form in the complex tangent plane, which
completes the proof of the invariance of the statement in Theorem 4.6. The
right-hand side of (4.23) is well defined in Qg x g, for

n—1
2Re F(z,w) = 2Re(00(0)/0zn, zn) + Re Z 9%0(0)/02;0z, zj 2
7,k=1
n—1 n—1
+ Z 0%0(0)/02;0%k 2 Z1+2 Re(90(0) /02y, wy )+ Re Z 820(0) /020 zrwjwy
J,k=1 Jk=1
n—1
+ Z 0%0(0)/02;0% i + Y, 8*0(0)/020%k(2; — w;) (2 — W)
k=1 k=1

is positive if z,w € Q.

The next step is to verify the statement when 2 is the ellipsoidal shell
(4.10), 2° is a point on the inner boundary and the metric is the standard
Euclidean metric in C®. With z,..., 2, now denoting the coordinates in
C" we have when |z — 2°| = O(¢) and |w — 2°| = O(¢) and K}y is defined
accordingly, since b2(;/|¢|* = 2; /Ny = b30A/0z; when A =0

Kjp(z,w) = (6A(z0) /02;0M(2°) /9% ﬁ bt + O(e))K(C, 9)
K(¢,0) =n""n! l_nI bl2(1 + O(e)) N2 (1 - zn: bl2€l§l> —n—1
(1+o(1 -y taa)).
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Here Ny = Y 7 |202/bf = |0A(2°)/02| 2. If 2 =2°+ Z and w = 2° + W
and A(z) + A(w) = O(e?) then

n

- Zbl2<l9_l

|20 |2 /b7 — Zb? + Z0) () + Wi)/ (67 + A(2)) (6] + A(w)))

20170, + A(w)) —ZZ?bFQZz - AW,
1 1

= bW+ O(EY).
1

£
R

The first order terms are
N2 (2Re(0A(2°)/0z, Z) + 2Re(OA(2°) /02, W) — (OA(2°) /0%, Z)
—(8A(z°)/8z, W)) = N2(<8A(z°)/6z, Z) + (BA(zO)/E)Z,W>),

and the Taylor expansion of Y 7 |z|?/b? — 1 in the complex tangent plane
at 20 is N times that of A. If we recall that k = N, ™[]} b; 2 it follows
that

Kik(z,w) = (w—"n'maA( 9)/82;0A(2°)/9zk, + O(€)) ((0A(2°) /02, Z)

+(OA(2°) /07, W) + 282 0)/020%m(ZeZm+ WeWm ~WeZm)) ",

¢,m=1

which gives (4.23) when Z = ¢Z’+¢2Z" where Z' is in the complex tangent
plane at z° and Z” is in the orthogonal direction dA(2°)/0z. (Note that
cross product terms involving both Z’' and Z” are of higher order and
play no role, and that the second order tangential derivatives of A(z) with
respect to z vanish for Y Ajxs;jsp = 0if ) Ajs; = 0 since the level surfaces
are hyperplanes, and OA/0z; = z;A;, 8°A/02;0z, = Z;ZkAjk.)

Now we turn to the general proof. By Lemma 3.2 we can choose
local complex coordinates at z° so that the coordinates of 20 give a
point on the unit sphere and there is a defining function —p of Q at 2°
such that g(z) = |2|2 — 1 + O(]z — 2°|*). The hermitian metric at 2° is
a positive definite quadratic form. By a unitary transformation we can
bring it to diagonal form Y7 b?|dz|?, so we may assume that the metric
at 20 has this form. If we take b;z; as new coordinates the hermitian
metric becomes the standard Euclidean metric, 20 becomes a point on the
ellipsoid 3.7 |2|2/b = 1, and Q2 has a defining function —p at 2° such that
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o(z) = 37 |z1]?/b? — 14+ O(|z — 2°|*). What remains is to prove that the
limit (4.23) will be the same for the projection in L, _,(f) as for that in
Lg’n_l(ﬁ) where € is the ellipsoidal shell defined by (4.3) with some v > 0.

Let f be a (0,n — 1) form with constant coefficients in C* and norm
1 (at a fixed point), let ¢ € C§°(£2) and set

fe(2) = fee(2)e™™ Y @e(2® +eZ' +6%2") = o(Z' + Z"),

where Z’ is in the complex tangent space at 2° and Z” is orthogonal to
it. Then supp f. C QN € when e > 0 is sufficiently small, and the norm
| fellg in Lg’n_l(fl) is equal to the L? norm of ¢, which is also equal to the
limit as € — 0 of || f¢||q. Here we use the given hermitian metric in  and
the standard Euclidean metric in Q. Recall that they coincide at 2°. Let P
(resp. P) be the orthogonal projection in L3 ,_;(Q) (resp. L ,,_,(2)) on
Ker . By the case of (4.23) already proved we have

el_ig_lo(pftss fe)ﬁ
— " nls|(90(0)/0%, f)? / /Q P(aw) ™ R e(w) dA ) dAw),

if f is considered as a vector in C™. Conversely, this implies (4.23) for
Q at 29, for by polarization it follows that (4.23) is valid for the scalar
product with 1(z)¢p(z) when p, 9 € C§°(€), and this implies convergence
in D'( x Qo) by the Schwartz kernel theorem. In the same way (4.23)

will follow for 2 if we prove that

(Pfe, fe)a — (pfa,fg)fl — 0 when ¢ — 0.

In the proof we may assume that the hermitian metric of Q2 expressed in the
local coordinates at 2° is equal to the euclidean metric in a neighborhood
of 2° and not only at 2°. In fact, for every § > 0 we can choose a metric
in Q with this property which lies between 1+ § and 1 — § times the given
metric. If P® is the corresponding projection and (-, -), the corresponding
scalar product in L3, _,(€) we shall then have

(P5f67fe)gz - (Pfsafs)fz —0, e—0,

and |(P? f., f.)&,—(Pfe, f-)a| < C4 by Lemma A.1. Hence it will follow that
(Pfe, f-)a— (Pf., f)q — 0 when & — 0. (From Lemma A.2 it follows that
the inverse of the -Neumann operator in L3 ,,_1(2) on the orthogonal
space of the null space, defined with the modified metric, has a bound
independent of §.) To simplify notation we assume in what follows that the
given metric in Q is itself the Euclidean metric in a neighborhood of 2°
with the fixed local coordinates.
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In the local coordinates o(z) = Y7 |21|?/b% — 147 (z) where D%r(z) =
O(|z — 2°|*71ol) when |a| < 4. We have 9p/dz; = z;/b% + 0r/0z;, and
when o(z) = 0 then A(z) = r(2)A(2)/(1 — 3°7 |z1|2/b?) = r0(2) where
D?ro(z) = O(|z — 2°|*~1°l) when |a| < 4. Since ¢; = z;/(b2 + A) it follows
that
80/0z; = (j(1+10/b?) + Or/dz; = (j +r; when g =0.
Here D%r; = O(|z — 2°3~12) when |a| < 3.

The representation of Pf. by the kernel shows that it is O(e"*!)
outside any neighborhood of z° and well defined in © N w for small
if w is a sufficiently small neighborhood of 2°. If v € C§°(w) is equal
to 1 in another neighborhood of z° then (1 — ¢)Pf. and its derivatives
are O(e™t1). If we replace (; by (; + 7; in the kernel of P then 9 Pf.
becomes an element g, in the domain of the d-Neumann operator in €.
To estimate dg. and ?.g. we note that the terms where derivatives fall on
the cutoff function 1 are O(¢"*!). In the others we may replace ; + 7;
by 7; because P = 0 and 0P = 0. (Here we assume that the metric for
Q2 is the Euclidean metric in suppt.) When r; is differentiated we have a
bound O(|z — 2°|2) for the derivatives, and derivatives falling on the other
factors in the kernel of P give at most a loss of a factor |z — 2°|2 in the
estimates while r; = O(|z — 2°|3). Hence it follows that ||0g:|lo = O(e)
and that |[9.g:]la = O(¢); the subscript § refers to L? norms in 2 with
the given hermitian metric. (Cf. the proof of Theorem 3.1.) The hypothesis
that the range of O in L%’n_l(Q) is closed implies that the & operators
from L3, () to L§ ,,_,(Q) and from Lf, _;(Q2) to L ,(Q) have a closed
range, so it follows that ||Pge — ge|la = O(e). Hence

(9, fe)al = 1(9e, Pfe)a + (9 = Pge, fe)al < llgellallPfella + O(e).
Since |lgello < [[¥Pfellg + O(e) = [[Pfellg + O(e) and
“PfEH?';=(Pfe,fe)fzz(¢Pfe, f)a=(ge, fe)at+0(e) <||gellall P fella+O(e),
it follows that

- - 1, - 1

1Pfellg < IPfellalPfella + O(e) < SIPLellg + 511Pfellé + OCe),

hence that
(Pfe’ fe)s’z = “Pfs”% < ”Pfe”?z + O(e) = (Pfe, fe)a + O(e),
which is the desired lower bound for (Pfe, f.)a.

To give an upper bound for (Pfe, fc)o we assume at first that
QNw C QN w for some neighborhood w of 2°. As before we choose
¥ € C§°(w) equal to 1 in another neighborhood of 2°. In 2 we have

fe=Pf. +8ge +che
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where g. € L ,_,(Q), d.g: = 0, and h. € L, () vanishes on Q. When
e — 0 we have g. — 0 weakly in L3 ,,_,(Q) and h. — 0 weakly in L3 (%),
for fo — 0 weakly in L3, _;(). Since dd.he = Of. it follows from the
regularity of solutions of the Dirichlet problem for the Laplacian that
he — 0 in C®(Q\ wy) if w; is any neighborhood of z°, and that h, is
bounded in the Sobolev space H(l)(fl) which implies that [|he|lg — 0 when
¢ — 0. Since 9.9. = 0 and 9g. = f. — Pf. — 0.h. we also have g. — 0 in
C>(Q\ w1) by Theorems 4 and 5 in [KN]. Hence

fe =YPfe +0(¥ge) + 0c(Yhe) +1e, T = [¢a8]ga + [¢7Dc]hsa
where 7. — 0 in C*(Q). Here d(3g.) is orthogonal to Pf., and since
OPf. = 0 we can estimate (Pf,0.(1he)) by the product of the norm in
H -1 of the restriction to 90 of Pf. and that of the restriction of ©h. in
H(1). The former is bounded since || Pf.[ls < 1 and Pf. satisfies an elliptic
differential equation. An elementary but tedious estimate of h. using local
estimates of Green’s function in 2 shows that

|he(2)] < Co(2)e ™ 1™ (|2 — 2°12 +€%)™™ when §(2) < |z — 2°|%,
where §(z) denotes the distance from z €  to 9. This is applicable on
09 when |z — 29| is small since §(z) = O(|z — 2°|*) then. For first order
tangential derivatives of eh. along 02 we have similar estimates which
implies that the norm in H(1y of the restriction of he to 9 is O(£?). Thus

IPfllg = (Pfe, fo)a = (Pfe, P fe)a + o(1) < |PfellallPfellg + o(1)
which proves that ||Pf.||3 < H}st“% +0(1) as claimed.

If there is no neighborhood w of z° with QNw C QNw we can replace
Q by a slightly larger Q and repeat the argument above to complete the
proof. The only difference then is that we can only achieve a small positive
bound § for the H 1) norm of h. on 0F, but since § is an arbitrary positive
number the conclusion is not affected.

The preceding proof is admittedly very sketchy but there seems to be
no point in elaborating it further, for the right approach must be a detailed
microlocal analysis which should yield Theorem 4.6 in full generality with
C* convergence. The restriction n > 2 above should then disappear, and
an analogue for (0, ¢) forms when the Levi form has signature (n—g—1, q) at
some boundary point should emerge. We shall now give a formal argument
suggesting what the analogue of the results on the boundary behavior when
g =n — 1 might be in general.

Let © be a relatively compact open subset of a complex hermitian
manifold of dimension n and let 2° be a boundary point where 5 is smooth
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and the Levi form has signature (n—g—1, q). By Lemma 3.2 we can choose
local coordinates vanishing at 2° and a defining function p there such that

n—1

o(z) = 2Imz, + Y Ajlz[* + O(J2[*),
1

the hermitian metric is the Euclidean metric at 2 and A; > 0 when
J <n—q—1while \; <0 when n — ¢ < j < n — 1. For reasons which
will be explained later we assume that A,y = ... = Ap_1, and we set
An = An—1 = —1/R. Adding \,|z,|? does not change this local normal
form, which means that we can as well assume that

n—1

0(z) = Y Ajlzi® + Anlzn + i/ Anl* = 1/An + O(J2]*).
1

If we take 2, + i/\, as a new variable instead of z, then 20 =

(0,...,0,i/An) = (0,...,0,—iR) and
n—qg—1

o(z)= Y Al + R—|2"P/R+0(z = 2°*), 2" = (zn—gs---, 20),
1

at 20 with the new coordinates. Thus {2 is locally well approximated by
n—q—1
0= {z €eCHR< — Z Ajlzi2 + |z"|2/R}
1
which is essentially of the form discussed in Section 2. Set (; = z; for
1<j<n—g—1and ¢; =%;/|2"|> when n — ¢ < j < n. As suggested by
(2.16) and (4.8) it follows that

(4.26) £ =g(Ql"|72@D S (<1)5dzn—g A ... AdZj A ... NdEn

n—gq

is in the null space of the §-Neumann operator O in Lg,q(fl) if g is
holomorphic in

n—q—1
Q= {C €eCh(R+ Y NIGPRIC < 1},
1
and there is some reason to believe that every element in the null space is

of this form.

If K is the reproducing kernel of Ker J in L%,q(()) and t is a 0, g form
then

(4.27) (K(z,2)t,t) = sup |(£,):*/IfII*.

0#f€KerO
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When 2z = (1 +6)2° = (0,...,0,—iR — §iR), 0 < § < 1, and f is of the
form (4.26) then only the part of ¢ which is a form in dz” will contribute,
and (f,t) does not change if ¢y, is replaced by e®*(, when 1 <k < n—q¢—1
and 0 < 6, < 27. The average over all such rotations is independent of
the first n — g — 1 variables, and the norm is at most equal to that of f.
In examining the supremum in (4.27) it is therefore enough to consider
forms (4.26) where g is a holomorphic function of (" when |¢”| < 1/R. In
computing the norm of f we have to take into account that
n—qg—1
m{(zl, e Enege1) €CYTTY ST Nl < 2 2/R - R}
1
n—g—1 "1

1! I »'"P/R—Ry~ ot
B |

C(n—qg—
This gives that if f is defined by (4.26) then

Y

n—qg—1

W
If11? = Il Ay / | 1/R ¢)PIC
"<

(1/(RIC"?) — R)™ "1 dA(C").

We can compare this with

/ 9(C) P AAQ)
[¢I<1/R

Wn—q_l 1\1(2 —2 "2\n—q—1 "
= R - =LA (")
a1 o 9P B N
Since
IC//I—Z(I/(RIC//P) _ R)n—q—l — IC//|—2(n—q)Rn-q—1(R—2 _ ICN|2)n—q—1’

and |¢"|72(*~9) Rr—a-1 = R3(n=9)=1 when |¢"| = 1/R, and since
9(CF < T IR (1 — R2|CVR) / 19(C") 2 dA(0),
[¢|<1/R

by the well known formula for the Bergman kernel in a ball, we are led to

the bound
n—q—1

9P < IFIPR2C0 TT Xy a7 nlR™ (1~ B¢ ™ (1 +0(1)),
1

when z = (1 +6)2° — 20. Here 1 — R?|¢"|> = 1 - R?/|2"]? = (|2"|*/R -
R)R/|2"|%, so this can be rewritten as
n—qg—1

9P < IFIPR*? [T A nlle(2)l (1 +o(1)).
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We have

(), )7 = g(¢") 12" @V " P |(dZng A - . A dZp1, 8)]?
which finally suggests that when z = (1+ 6)z° — 2°,
(4.28) lo(2)|" (K (2, 2)t,t) <7 "nlk(20) [t A Do(2°))% + o(1)|t]%,

where k(2°) = R™I[[7 797" \; = [} " |\;] is the product of the absolute
values of the eigenvalues of the Levi form and |y|- stands for the norm
of the restriction of a form « at 2° to the orthogonal complement of the
space spanned by the n — g — 1 eigenvectors corresponding to positive
eigenvalues of the Levi form of g at 2°. (The formal arguments above give
no real support for this unless all the negative eigenvalues are equal or
g =n — 1, for otherwise Ker (J contains no element which is a form in dz”
since confocal quadrics are never homothetic except in the spherical case.)
If (4.28) is true one might also ask if the inequality can be replaced by an
equality when the range of [J is closed.

5. A crude microlocal approach.

If u is a square integrable harmonic function in an open set @ C RY
then by the mean value property

(5.1) lu(@)]? < |lul®d(z)~"/Cn, ze€Q,

where ||u|| is the norm of u in L?(f2), Cy is the volume of the unit ball in
RY, and d(z) is the distance from z to Q. The best bound for

K (z,z) = sup [u(z)[*/|ul®
u#0

is smaller by a factor 22~V (N —1)/N at a C* boundary by Proposition C.1.
A crude bound of the same order of magnitude can be obtained as follows
when 952 is smooth. The restriction u° to 02 of a harmonic function u in
Q with [lu] <1 is bounded in the Sobolev space H(_y1(09), and u = Ku°
where K is a Poisson operator. In terms of local coordinates at a point
in 9Q such that Q is defined by zny > 0 the Poisson operator is of the
form K, (z', D") where the symbol K, (z’,¢’) satisfies the hypotheses of
Proposition B.2 with NV replaced by N — 1. Taking s = —% and a = 0 we
have u = N — 1 there and obtain a bound of the form (5.1).

The justification for this more complicated proof of a weaker result is
that it can be adapted to other situations. If Q@ ¢ C® = R?" and 992 € C?
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then the simplest estimate of the Bergman kernel gives an estimate of the
form

lu(2)[* < Cllul?d(z)™"7", zeq,

when u is holomorphic in €2, and the exponent n + 1 of 1/d here is smaller
than the exponent 2n provided by (5.1) if n > 1. This can be also be
derived from Proposition B.2 as follows. If u is a harmonic function in Q
with boundary value u° then the boundary value of Ju/0%Z; is equal to
Zju® where Z; is a first order pseudodifferential operator in 9Q. If u is
holomorphic then Z;u® =0 for j = 1,...,n, hence

(5.2) A =0, A=) Z;Z;
1

We shall prove that the hypotheses of Proposition B.2 (with N = 2n — 1)
are fulfilled for this operator with g = 1, and then 2s— (N +p)/2 =-1—-n
which gives an estimate of the desired form. It suffices to calculate the
principal symbol of the operator in (5.2) at one point in 92, which we
place at the origin so that Im 2, > O(|z|?) in Q. In a neighborhood of the
origin we can take z; = Rez; and yx = Im 25 as local coordinates on 02,
with j < n and k < n; we use the notation z and ¢’ for them and let £ and ’
be the dual variables. In terms of these coordinates u® — 9(Ku®)/dyn|s0
is a pseudodifferential operator in 9 with principal symbol —= where
E = /[€]? + |7'|? at the origin. The principal symbol of 2Z; is i&; — n;
when j < n and £, — iZ when j = n, so the principal symbol of the
operator in (5.2) is at the origin

n—1 n—1

D lig; =il +1en =S = D (& + ) + l6a —EP 2 €7 + In'.

1 1

The form on the right vanishes only on the &,, axis which proves the claim.
(The full principal symbol vanishes only on the positive &, axis.)

Again this is a much too complicated proof of an elementary fact.
However, it has the virtue that it can adapted to the study of the null
space of the 9-Neumann problem. Let f € Lg,q(ﬂ) and 0f =0, 0.f = 0,

and write as usual
f=73'fraz"
H|=q

Since 90 + 00 = —A/4, the coefficients f; are harmonic functions so they
have boundary values f7 € H_ %)(BQ). Let

fo="f1dz" € H_1)(30,A%(C")).

=g
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That 0f = 0 in  means that

(5.3) zn: > 'Z;f7 dz; Adz' = 0.

j=1Il=q

To express the condition 0.f = 0 in terms of f° we need a lemma.

LEMMA 5.1. — Ifu € L?(f) is a harmonic function with boundary
value u° then the boundary value of Ou/0z; is Zju® where Z; is a first
order pseudodifferential operator and

Zju® + Zju® — 2M(00/0zju°) = Rju’.

Here R; is a pseudodifferential operator of order 0, g is a defining function
of Q with |¢'| =1 on 89, and A is the square root of —Asq.

Proof. — 1t suffices to examine the principal symbol at 0 € 9
assuming that dp = —dy, there. With the notation used before in this
section the principal symbol of 2Zj is there i{; +n; for j < n and &, +i=
for j = n while that of 277 is —i§; —n; for j < n and —i, + 4= for j = n.
Hence the principal symbol of Z(Zj + Z5) is equal to 0 at the origin when
J < n but equal to 2= when j = n. Since 99(0)/9z; = 0 when j < n and
00(0)/0z, = i/2 the lemma is proved.

The equation 9 f = 0 can be written
n
— 0fik/0z =0, |K|=q—1,
j=1

which means that —Z?zl ij;-’K = 0 on 00 If o.f = 0 then
Z;’zl 00/0z; fix =0, so it follows from Lemma 5.1 that

n n
(5.4) N Zifj = Rifix, |K|=q-1.
j=1

j=1
From (5.3) and (5.4) it follows by the usual proof that 90 + 90 = —A/4
that
(5.5) Af° = Rf°,

where A is the operator in (5.2) acting on each component f7 and R is a
first order (Z) X (Z) matrix of first order pseudodifferential operators. The
proof of Proposition B.2 remains valid for such a weakly coupled system,
so we obtain:

TOME 54 (2004), FASCICULE 5



1356 Lars HORMANDER

THEOREM 5.2. — IfQ C C™ is bounded and 90X} is smooth then
(5.6) 1) < Cd(2)" | fl72, 2€,

when f is in the null space of the 8-Neumann operator in L§ ,(Q). Here
d(z) denotes the distance from z to 9.

Only minor modifications would be required to prove that Theo-
rem 5.2 remains valid when 2 is an open relatively compact subset with
smooth boundary of a complex hermitian manifold. The arguments in Sec-
tion 4 suggest that d(z) ™! can be replaced by o(d(z)~"!) when z ap-
proaches a boundary point where the signature of the Levi form is not
n —q — 1,q. We have also suggested in (4.28) an upper bound depending
on the eigenvalues of the Levi form at such points which might be opti-
mal when the range of the 8-Neumann operator is closed. A study of these
questions must obviously require a much more detailed discussion of the
boundary reduction than the calculation of principal symbols above, for the
eigenvalues of the Levi form only occur at the next level in the symbols.

Appendix A. Generalities on orthogonal projections.

In this appendix we shall present two elementary functional analytic
lemmas needed in the main text.

LEMMA A.1. — Let H be a Hilbert space, let Hy, H; be two closed
subspaces, Hy C Hy C H, and denote by P the orthogonal projection in
H on Hy © Hy. Let H be the space H with an equivalent norm,

(L= )llullg <llullg <A +0)|ulla, weH,
where 0 < § < 1, and let P be the H orthogonal projection in H on the H

orthogonal complement of Hy in Hy. Then

(41) 1Pul%, — |1Pull}| < 28l ue H.

Proof. — If P; and f’j denote the H and H orthogonal projections
of H on H;, j =1,2, then
< (1+6)infyeq, [Ju— v||%
= 1+ 0)(llullf — I1Pul?),
> (1-6)infyen, |lu—v%
= (1= 0)(lully — 1PjullF)-

2 SIP) . 2
lully = I1Psully = jnf flu—olz
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Hence
2 5 5 < 20l + |1Pull?
P 2 _ P, 2 _ P 2 =X H H
which proves (A.1).

The next lemma concerns a short complex of operators in Hilbert
spaces. Let Hy, Hy, H3 be Hilbert spaces and let T' : Hy — H, and
S : Hy — Hj be closed linear operators with ST = 0. Then (see e.g.
[H1, Section 1.1]) the range of T and the range of S are both closed if and
only if there is a constant C such that
I£1F, < C*(IT* fII%, +I1Sf1,), f€ Dr- NDs,

fLN={g€ HyT"g=0,5 =0},
which is equivalent to the estimate
£z, < COfllb,, f€Dn, O=TT*+5*S, f 1L N =Ker(,
and that [ has a closed range. Another equivalent condition is that
“u”Hl < C“Tu”Hza u € Dr N Rr-, ”f”Hz < C“Sf”Hm f € Ds N Rs-,
which again is equivalent to

Tin_f ”u”H1 < C”f”Hw f € Rr, in_f “f”Hz < C“g”Hm g € Rs.
u=f Sf=g

In this formulation there are no orthogonal spaces involved. If H ; are the
spaces H; with equivalent norms,

(4.2) (1 =)ulla, <llulg, <@ +0)lulln,, we Hj,

then the last estimates remains valid with C replaced by C(1+6)/(1 —6).
If (1 is the analogue of [J defined with respect to the norms in H; ;, it follows
that

I£llg, < (CL+8)/Q—-0)0fa,, f€DafLN=Kelin H.

Thus we have proved:

LEMMA A.2. — Suppose that the selfadjoint operator (0 = TT* +
S*S on Hy has a closed range and let M be a bound for the inverse on the
H, orthogonal space of Ker 0. Denote by (] the analogous operator defined
with Hilbert spaces H ; equal to H; but with equivalent norms satisfying
(A.2). Then it follows that O also has a closed range, and the inverse in the
H, orthogonal space of the null space has the bound M((1+ 6)/(1 — §))2.
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Appendix B. Some metrics and weights.

In this appendix we shall discuss some metrics and weights which
are useful in the microlocal study of reproducing kernels in Section 5. Let
p € 51 (RN x RY) and assume that

(B.1) (€ <p(z,6), z,£€RY,

where (£) = (1 + |€]?)2. (We use the notation of [H3], Chapter 18.) From
the inequality

lg'(0)> < g(0)(g(0) + 2&}3 lg"(®))), g€C*(-1,1),9>0,
applied with g(t) = p(z, & +tn), [n| = (§), or g(t) = p(z + ty, &), ly| =1, it
follows then that
(B.2)
|0p(z,€)/0¢| < C\/p(, €), |0p(x,£)/0z| < C/p(x,€)(€), =, € RY.
Since /pd./p = dp/2 we obtain

V/P(@,€) — Vo M| < 5C(z ~ yl(e) +1€ ), hence
%\/p(x,i) <Vpy,m) < g\/p(x, §), if [z —y|(€) +E—nl <ev/p(z,€), eC < 1.

Since /p(z, &) < C'(£) we also have

SO < <3, el <evpEm,eC < 1.

Hence the metric

(©? 2, 1dEf®\ _ (€)%|daf® | |dg]?
B. = ——||d =
B3 =gl ) = e e
is slowly varying (see [H3], Def. 18.4.1), and p(z,&) as well as (£) is G
continuous (see [H3], Def. 18.4.2). Since

¢ = p(x,&)ldz|” + p(z, €)(€) ?|d¢?

we have H(z,¢)? = Go¢/G7 . = ({€)/p(2,€))? < 1, and since p(z,£)/(€)?
is bounded it follows from [H3|, Prop. 18.5.6 that G is o temperate (see
[H3], Def. 18.5.1). However, we shall give a direct verification in the simple
case at hand that more precisely

(B.4) Gyn < CGre(1+ Gy, (x—y,&—n)),
o (z— 9.6 — 1) = ply,m)la — P + %—?w P
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Since G is slowly varying this is true if G, ¢(z — y,£ — 1) is small enough,
so we may assume that for some constant ¢ > 0

_ (2 € —nl?
C<Gx,§($—y,§—77)—p(x’£) (Iw—y|2+ <§>2 )
a) If 5(n) < (€) < 2(y) then
(€)? I | W (P
c< (. 6) (Iw ylI* + e ) = 4p(x’€) Gy o(x —y,&—n)/p(y,n).
Since (£)? < p(x,€)? and (n)? < p(y,n)?, this implies
cep(y,n) < 4p(z,€)Gy (z—y,&—m), ¢ (n)” <4 € g (z—y,&—n)
’ o ©oply,m) Cop(z,6) YT ’ ’
hence
o) SAEC (e —p.6 1), s < Gl (e~ y.E ),

p(y,m) ~ pl(x,€)

which verifies (B.4) as well as its analogues for p(z,§), 1/p(z,£) and (£) in
this case.

b) If (€) > 2(n) then (§) < (n) +[€ —n| < (§)/2 + |€ — nl, hence
I€ = nl > (€)/2 and GY, (z — y,& —n) > §p(y,n)(€)?/(n)?, which implies
that
(B.5) p(y,m) ™" < Cp(x,£)"'Gy \(z —y,€ —n),

for p(z,€) < Cp(y,m)2(€)?/(n)* when p(z,€) < ;C(€)*. The estimate
(B.5) remains valid with another factor (n)? in the left-hand side and (£)?
in the right-hand side, which gives (B.4) in this case.

c) If (n) > 2(£) then [§ —n| > (n)/2, hence G, (z —y,& —n) >
p(y,1n)/4. Since (€)2/p(z, £) has a positive lower bound and (n)?/p(y,n) <
p(y,n) it follows that

(m?/p(y,m) < C(€)*/p(z,€) Gy, (z — y, & — n),
which completes the proof of (B.4).

In the course of the proof we have also verified that 1/p is 0,G
temperate (see [H3], Def. 18.5.1). This is also obvious for £ — (£), in case
¢) because (1) < p(y,n). Summing up, we have proved:

PROPOSITION B.1. — When p € 57,(RY x RY) satisfies (B.1) it
follows that the metric G defined by (B.3) is o-temperate. Moreover, the
weights p(z, &) and € — (£) are 0,G temperate.
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Let a € S§ (RN x RY) be a symbol with real non-negative positively
homogeneous principal symbol az. To study the solutions of the equation
(B.6) a(z,D)u=0
we choose p € 57 ,(RN x RV) satisfying (B.1) with principal symbol a;.
Then a € S(p,G) since a —p € SIIWO(RN xRN) c S(p,G), p € S(p,G), and
g = p~ ! € S(p7!,G). The equation (B.6) implies g(z, D)a(z, D)u = 0,
and ¢(z,D)a(z,D) = Id—R(z,D) where R € S(H,G) and H(z,£) =
({)/p(w,{), for q(:v,{)a(x,{) -1= (a(zaé) - p(:l‘,{))/p(m,{) can be es-
timated by H, and it follows from the calculus that 1 — R(z,§) —
q(z,8)a(z,€) € S(H,G). Hence it follows from (B.6) that for every pos-
itive integer v

(B.7) u = R(z,D)"u, R(z,D)” € OpS(H",G).
Assuming that u € H;)(R") we want to estimate K;(x, D)u where
(B-8) Ki(z,€) € S((1 +tlg)) ™, ldaf® + |d€]?/(€)?)

for every v, uniformly in the parameter ¢t € (0,1). (This is true for the
Poisson operator for the Laplacian, with ¢ equal to the boundary distance.)
Since

K. (z, D)u(z) = (2m) Y / 0O K, (z, £)a(€) de,

Julfsy = 2n) > [ la@)R e de,
it follows that
(Ko, Dyu(o)? < (2m) ™ [ 1Ko, €))7 de ul,
If u satisfies (B.6), hence (B.7), then
Ki(z, D)u = Ky(z, D)R(z, D)"u = K" (z, D)u
where Kt(") is bounded in S((1+¢|€]|)"VH(z, &)Y, G) for fixed v, so we have
|Ke(z, D)u(z)?/|[ullty < C. /(1 + 1) 7 H (z, )™ (€) 7 d&.

The integral on the right for || < 1 is finite even for ¢ = 0, and when
E=rwwithr > 1 and |w| = 1 we have

H(z,£) < CIEl/ (€] + az(,§)) = 1/(1 + rag(z,w)),

so the integral can be estimated by a constant times

// (1+7(t + az(z,w))) PV "172 drdw

:/ (1 +T)—2VT,N—1—2$ dT/ (t+a2(a:,w))2s"N dw.
0 |lw]=1
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The integral converges if 2v + 2s > N. We have proved:

PROPOSITION B.2. — Let a € S7,(RY x RY) be a symbol with
real non-negative positively homogeneous principal symbol as, and let K;
be symbols depending on a parameter t € (0, 1) satisfying (B.8) uniformly
in t for every v. Then

(B9)  |Ki(w, Dyu(@)P/Iull?, < Cs /| o

for all w € Hs)(RY) such that a(z,D)u = 0. If ag(z, £) is bounded below
by a positive semidefinite quadratic form in £ with null space of dimension
w then the right-hand side is O(t?*=(N+1#)/2) if 25 — (N + p)/2 < 0.

Appendix C. Reproducing kernels
for harmonic functions and forms.

If u is a square integrable harmonic function in an open set Q ¢ RN
then
lu(z)|? < ul?d(z)""/CNn, z €,

where ||u|| is the norm of u in L?(2), Cy is the volume of the unit ball
in RY, and d(z) is the distance from z to 8. This follows at once from
the mean value property, and implies that the orthogonal projection P in
L?(2) on harmonic functions has a kernel Kgq,

Pu(z) = /Q Ko(z,y)u(y)dy, ue L2(Q),

where Kq is harmonic in # and in y, Kq(z,y) = Ka(y,z), so Kq €
C®(02 x Q). We have

sup | Pu(z) 2/ |[ul]? = / Koz, y)*dy= / Kal(z,y)Ka(y,2) dy = Ko(x, ),
uF#0 Q Q

and the supremum is attained when u(y) = Kq(z,y). It is easy to compute
the reproducing kernel Kgq(z,y) when Q is the half space RY = {z €
RY; zx > 0}; we shall denote it by K instead of KRJJ:. To do so we observe

using Fourier transforms in 2’ = (21,...,7y-1) that if u € L2(RY) and
Ay = 0 then

u(w) = (2ny = [ (e ag
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/Qlu(azr)|2 dz = (27r)1'N/x dmN/IF(g')|2e—2le§’l de’'

N>0
= (2m) Y [P de'r2le.
Hence by Cauchy-Schwarz
u(@)? < (20" [ 21¢e e de ul

if 2’ = 0 there is equality only if F(£') = C|¢'|e=*VI€'|. To calculate the
inverse Fourier transform we note that

Ula) = (2n)1 = [ e 0-tenlel g

is harmonic when z # 0 and a continuous function of 2y with distribution
values while the limit of OU/dzxn is Fd(z’) when zy — =+0. Hence
AU = —26, and since U is homogeneous we conclude that —U/2 is the
standard fundamental solution,

U(z) =2z)> Y /(N = 2)en), 0U(x)/0xn = —2zn|z|™ /e,
where ¢y = 20N/2/T(N/2) = NCy is the area of the unit sphere in RY.
This gives 02U (z)/02% = —2(|z|™N — Nz%/|z|~V~2)/cy when zy > 0,
and in particular

Ky (z,z)=(2m)' " / 20¢le~ M€l dg' = 4(N — 1)(2zn) N Jen, z € RY.

More generally, K (z,y) = 20°U(z' — ¢, zn + yn)/0x%, that is,

4 (N-D(zn+yn)* |z’ — ¢ N
C1 K, (z,y) = , T, RY.
(©1) +@y) en (Jo' — /|2 + (zn + yn)?) N+2D/2 2,y € Ry
It is now easy to prove a well known asymptotic result for more general

open sets 2:

PROPOSITION C.1. — IfQ C RY is an open set with C' boundary
and d(z) denotes the distance from z € Q to 02 then

(C.2) d(z)NKq(z,z) — 22"N(N - 1)/cn,
when z € Q and |z| is bounded while d(z) — 0.

Proof. — Assuming at first that 0 € 9Q and that ey = (0,...,0,1)
is the inner unit normal at 0 we shall prove (C.2) when = gey and € | 0.
With u,(z) = eN Kq(ex, cen) we have

/ [us(:r)|2dx=5N/|Kg(x,seN)|2da:=6NKQ(56N,56N),
Q/e Q

ANNALES DE L’INSTITUT FOURIER



THE NULL SPACE OF THE O-NEUMANN OPERATOR 1363

and uc(en) = eN Kq(cen,een). Choose a sequence €; — 0 such that

ue, (en) —>El—_i§0 €NKQ(56N,€€N) =8

and u, (z) converges in RY to a harmonic function u with u(ey) = S.
By Fatou’s lemma fRﬁ lu(z)|?dz < S, so it follows from (C.1) that
52 < 227N(N = 1)cy' S, that is, S < 22°N(N — 1)/en. This proves (C.2)
if 2 is convex, for Ko > K, then since @ C R¥. To prove (C.2) for a
general 2 with a C! boundary we also have to give a lower bound. Let
ve(z) = Ky (z,cen) which is well defined except when z = —eeyn, which is
not in Q for small €. Then

eN/lve(:v)lzdxzf K+(x,eN)2dx—>/ K, (z,ex)?*dz=K,(en,en)
Q Q/e Rf

by dominated convergence, and v, (cen) =K (cen,cen) = VK (en, en).
Since

eNKq(een,cen) > ENUE(eeN)Z// |ve(z)|? dz — Ky (en,en),
Q

the proof of (C.2)is completed when z approaches 02 along the normal at
a fixed point. A moment’s reflection proves that the conclusion is uniform
in that point as long as it belongs to a compact set, which completes the
proof.

The proof of Proposition C.1 is easily adapted to the case of “har-
monic” p forms, 0 < p < N, that is, p forms u in @ C RY such that du = 0
and d*u = 0, where d is the exterior differential operator and d* its formal
adjoint with respect to the L? scalar product of forms. These equations im-
ply that —Au = d*du+ dd*u = 0 so the components of u are harmonic and
therefore reproduced by the kernel K above, but it projects on the much
larger space of all forms with Au = 0. However, we shall now study the ker-
nel of the orthogonal projection P on the harmonic p forms H,(2) C L3(Q).
It is clear that P has a C™ kernel Kq(z,y), z,y € Q, where K(z,y) is a
linear map from p forms (at y) to p forms (at z), Ka(z,y)* = Kal(y,z),
such that Kq(z,y)e for fixed y € Q and p form ¢ at y is in Hp(Q). If ¢ is
a p form at z and 0 # u € L3(Q2), then

sup (Pu) @), )"/ ull = sup | [ (Kl y)utu), ) dol”/ul?
= sup| [ (u(w), Kalw2)e) ol /Nl = [ [alw. 2l dy

= [ (Kaw.2)¢. Kaw.2)¢) du = [ (o.Kale.9)Ka(w. 2)¢) dy
— (¢, Ka(z,2)9),
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and when the supremum is attained then u(y) = CKq(y,z)e for some
constant C'; we have u(y) = Kaq(y, )y if u is normalized so that (u(z), p) =
(Ka(z,z)p, ¢).

Again we shall begin by looking at the case of the half space
Q= ]R_]f , and we write K, instead of g then. First we shall determine

the exponential solutions
u = @8 f

where f is a constant p form, & = (&1,...,&nv—1) € RN"! and &y = i[¢).
Then du is the exterior product i(£,dz) A u, so du = 0 means that f
is divisible by this one form, f = ({,dz) A h where h is a p — 1 form.
Since &, # 0 we can replace dz, by (({,dz) — (¢',dz'))/&n in h; then h
becomes a form in dz’ only since the first term drops out. The equation
d*u = 0 means that (£,dz)s((¢,dx) A h) = 0, and since (£,€) = 0 and
(€,dz) h = (&',dz’) h this is equivalent to (£,dz) A ((¢',dz’) h) = 0. In
particular Endzy A ((£,dx'Yah) = 0, so (¢/,dz’) h = 0. Thus the most
general exponential solution is
u=e@e dx) Ahe, e =ilE],

where hgs is a p—1 form in the orthogonal space of £’ in RN 1 lifted to RY.
When N =2 and p = 1 the equations for u are equivalent to the Cauchy-
Riemann equations so the reproducing kernel can be identified with the
reproducing kernel of holomorphic functions, for u; — ius is a holomorphic
function of x1 + ix2. We shall therefore assume that N > 2 in what follows.

For the harmonic p form
u(y) = (2m)' N / etV Il (¢! da') +il¢'| dan) A he dE
we have

(u(z),p) = (2m)' N / @ =enIEl (¢ da’) +il¢ |dan) A her, ) dE,

nun?=(2w>1-N/ / I 191/ e | de” dyy = (2m) [|€]he]? de.
yn>0

Here hgs is a p — 1 form in the 2’ variables orthogonal to &£’. To determine
the supremum of |(u(z), )|?/||ul|? the first step is to maximize (((¢, dz’)+
il€'|dzN) A her, @) for fixed |hes|. Writing

o=¢o+dzny NN, o =dryi(dzn A), oN = deNp,
we have

((<£/a dJ)’) + Z|€/|d$N) A h&’a ‘P) = (h£'7 <€/a d.’L’l>_N,D()) + ilgll(hE'v SDN)v
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and in the last term we use that
€' Pon = (€', da’) S((€, da’) A ow) + (€, da’) A (€, da') spn)
where the second term is orthogonal to he: since (¢',dz’)  he: = 0. Hence
((¢¢', da’) +il¢'|dzn) A her, @) = (her, Ber),
D¢ = (€', da’) (o — i€, dx’) A on /1E']),

and to maximize we must take her = C(§')®¢s, which is indeed annihilated
by (¢, dz’)s. Then we obtain, if 2’ = 0,

Jul® = @m)tN / IC(€) P e €] de,

(u(e), ) = @n)' Y [ lo) el ag
which gives that
©3)  (Kilwo)pe) = niN [enlag Pag /e,
that C(¢&') = e~*NI€'1 /|¢’| for the extremal function, and that

Ko (y,z)p=(2m)' " / W= En ol (¢ da') +il€ |dow ) A g dE'/IE]|-
What remains is to make this result explicit.

Multiplication by &; on the Fourier transform side corresponds to
—i0/0y; when j < n, and multiplication by ¢|¢'| corresponds to —id/0yn,
o)

K4 (4, 2)p = —idy (2m)~N / W kel de! /)¢,

If on = 0 this is equal to —id, (id,U(y’,yn + Tn)po) with the notation
used in the proof of Proposition C.1. (Here we regard g as a form in dy
with constant coefficients.) If ¢g = 0 we note that

—i(¢',da’)s((€, da’) A pn) = i(€',da’) A (€], da’) spn) — il€'Pon
= i(€, dz) A ((€',da")spn) + [€|dzn A (€, dz’) o) — i€ Pon.

Since d? = 0 the first term on the right gives no contribution to K4 (y, )y,
and we obtain

K+ (y,2)p=—idy (dyn AGd}U (Y, yn+an)en+idU (v, yn+2n ) o)/ Oyn)
= _dde(U(y/’ yn + N)dyn A on),
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which differs only by the sign from the result for the other component of
. Summing up, and exchanging the roles of z and y we obtain for general
x,y € ]Rf and p form @ at y

(C4) Ki(z,y)p =dedy (U@ — ¢, xn +yn)(p — 2dzn A (deyop))).

When x = y we can also calculate (K4 (z, x)y, ) directly using (C.3) and
noting that the cross products between the two terms in @, will give no
contributions since they are odd with respect to &', which gives

(s ahpu o) = @n) Y [ 21 do') sl de €]
H(2m) N / €N da'y S((E da') A on)| dE' €.

If we expand N-1 idx;_pg|? in the first integral on the right-hand
1 30T

side then the contribution from the cross products vanishes and since

SV dzjapol? = plwol?, the integral is equal to

) [ e € pigale de' (N - )
To evaluate the second integral we observe that
€', da’)a((€', da’) A on) [P = €' PI(E, da’) Ao |
= €€ Plon]* - (€', dz")son ),
and since ¢y is a p — 1 form it follows that the integral is equal to
(2m)' = / e 2NN — p)lon 1€ de'/(N - 1),
hence
(C.5) (K4 (2, 2)p, ) = 2225) "N (plool* + (N = p)lon|*)/en-

The proof of Proposition C.1 allows us to carry (C.5) over to more general
open sets :

PROPOSITION C.2. — IfQ C RY is an open set with C' boundary,
d(x) denotes the distance from x € Q to 09, and Kq is the kernel of the
orthogonal projection in L2(Q) on the harmonic forms Hy(Q2), then

d(2)N (Ka(z, 2)e, ¢) = 2V (pleol® + (N — p)leu|?)/en

when x € Q converges to a boundary point xoy with unit normal v, ¢ is
a constant p form and ¢ = o + (v,dx) A ¢, where p, = (v,dz)p. The
convergence is uniform when xq is in a bounded set.
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We shall now discuss a complex analogue where Q C C™ is an open
set with smooth boundary and the object is to study the kernel of the
orthogonal projection in L3 () on Ho, = {u € L} ,(Q);du = 0,0u = 0},
with no boundary conditions. Here 0 < ¢ < m. This implies Au = 0 so
it is again clear that the orthogonal projection on Hy, has a C* kernel.
As in the real case we begin by examining the half space = C} of C"
where Im z,, > 0, with the Euclidean metric, and denote the kernel of the
projection by K . We write z = x + 4y and let &, be the dual variables.
Taking Fourier transforms in € and ' = (11, ...,7n—1) leads us to look at
exponential solutions

u=el@O+ym e R o eR p, =42, E= V|2 + [7)?,

where f is a constant form of type (0, ¢). Since

20/0z;({, )+{y,m) = & —in; =G5, 20/0z;((x, &) + (y,m)) = & +in; =,
where (fj = (_j when j < n but not when j = n, it is clear that
du = 1(¢,dz) A u, so the equation Ju = 0 means that f = ((,dz) A k¢
where h¢ is of type 0, — 1. From now on we assume that ¢ = 1 which
is a great simplification of the calculations but still allows us to show the
essential difference from the real case. Then h is just a complex number
and u automatically satisfies the equation du = 0 since (¢,() = 0, and we
can write every u € Hg1(C%) in the form

u(z) = (2m)12n / / @O+ T ~unZ (¢ dzh(e, ) dE dn,
Jul? = 2m)t2 / / / SR d o dy,
— (@m)1-2n / / IhI2ICP?/(22) de dif.

With ¢ = Y 7 ¢;dz; denoting a 0,1 form with constant coefficients
and Z = (0,...,0,4t), t > 0, we want to determine (K4 (Z,2)yp,¢) =
sup |(u(2), ¢)|*/||u]|* where

(w2).0) = > [[ =g pphaean.
By Cauchy-Schwarz we obtain
©6) Kz 2pe) = [ HEC 2= ds ar

and since equality occurs when h = e~*5(p, ¢)2Z[¢| 72 it follows that

(C.7)
K4 (2, Z)p=(2m) 12 / @O+ )= (m =t 02(¢ 2 (15, €)25|| 2 dE diy.
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If we expand | Y (j¢;|? in (C.6) the cross product terms give no contribu-
tion since they will be odd in at least one variable (; with 7 < n. What
remains is therefore to evaluate

I = (2m)} -2 / / TGP de i, =1, 0,

where T' = 2t. 1t is clear that I; = ... = I,,_1, and we have

L+ +1,=02rn)" // e TEo=de dry,

I, = (2m)'~ 2"// “TE(E - &) dedn’ = (2m)'” 2n// “TERdedy,

where we have used that [¢|2 = 22 — €2 4 (2 - &,)? = 25(E — &,). With
N = 2n we now obtain using the earlier expressions for the derivatives of
U that

L+ . 4+1,=2-2(N=1)/(ecnT"), I,=2(N-1)/(cnTV),
hence Iy = ... =1, 1 = 2(N —1)/((n — 1)eyT"), which gives

(12, 2)p, ) = 2651 (20) (zw + (= Dleal?) (N = 1)/ (n = 1),

or since cgp,/2n = 7™ /n!

(C.8) (Ki(Z,2)p, )
n—1
— (n—2)!(2n — 1)71'_"(2 0|2 + (n — 1);%|2)/(2 Im Z,)*", Z € C".
1

The Fourier transform of the distribution limit of the harmonic function
K4+(z,Z) when Imz, — 0 has the components (;(x2Z[¢|72 = ¢ (E —
&.)71, equal to —¢; if k = n and j < n, equal to E + ¢, if j = k = n; if
4,k < n we can also write them in the form ;i (E+&,)/(1€'|?+|n'|?). They
are positively homogeneous of degree 1. When j, k < n the wave front set
outside the origin is the conormal bundle of the half line where £ =7’ =0
and &, > 0. By [H3], Theorem 8.1.8 it follows that the wave front set of
the boundary values of K (z, Z) outside the origin is equal to one half of
the conormal bundle of the complex tangent plane defined by z, = 0, so
the singular support is equal to that plane. Since Kq(z, z) increases when
Q decreases the arguments in the first part of the proof of Proposition C.1
can still be applied to give an analogue of (C.8) for the asymptotic behavior
of Ko at the boundary when Q is convex, but the fact that Kq(z, Z)
cannot be extended across the complex plane {z € C";z, = 0} makes
the argument used in the non-convex case break down. It seems plausible
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that the result remains true if Q2 € C? is strictly pseudoconvex, for it
should then be possible to localize and change coordinates locally to make
the boundary convex. However, we shall not pursue this argument since the
main purpose of this appendix has been to emphasize how important the
boundary condition for d in the d-Neumann problem is for the boundary
behavior of the kernel of the orthogonal projection on the null space.
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