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INITIAL BOUNDARY VALUE PROBLEM
FOR THE mKdV EQUATION ON A FINITE INTERVAL

by Anne BOUTET de MONVEL and Dmitry SHEPELSKY

A Louis

1. Introduction.

The general method that was announced in [4] for analyzing initial-
boundary value problems for two-dimensional linear and integrable non-
linear PDEs and was further developed in [5, 6, 7, 10] is based on the
simultaneous spectral analysis of the two eigenvalue equations of the as-
sociated Lax pair. It expresses the solution in terms of the solution of a
matrix Riemann-Hilbert (RH) problem formulated in the complex plane of
the spectral parameter. The spectral functions determining the RH problem
are expressed in terms of the initial and boundary values of the solution.
The fact that these initial and boundary values are in general related can
be expressed in a simple way in terms of an algebraic relation satisfied by
the corresponding spectral functions. This relation can be used to char-
acterize a part of boundary values which, on the one hand, are involved
in the construction of the solution of the boundary value problem but, on
the other hand, are not given as boundary data for a well-posed boundary
value problem [2].

The rigorous implementation of the method to the modified Korteweg-
de Vries (mKdV) equation

(11) Qt — Qzzz + 6>‘q2qz =0, A=+1

Keywords: Modified Korteweg-de Vries equation — Initial-boundary value problem —
Global relation — Finite interval — Riemann-Hilbert problem.
Math. classification: 35Q53 — 37K15 — 35Q15 — 34A55 — 34L25.



1478 Anne BOUTET de MONVEL & Dmitry SHEPELSKY

on the half-line 0 < z < oo is presented in [1]. In the present paper,
this methodology is applied to the mKdV equation on a finite interval,
0 < x < L. The main result was announced in [3]. The similar problem for
the nonlinear Schrodinger equation is studied in [9].

The problem we are dealing with is the initial-boundary value problem
for the mKdV equation in the domain {0 <z < L, 0 <t < T} with L < oo,
T < 0co. We follow the scheme below.

Step 1. Assuming that the solution of the mKdV equation, g(z,t),
exists, carry out the direct spectral analysis. For this purpose:

o Define appropriate solutions of (2.5) (eigenfunctions) analytic and boun-
ded (in k) in domains forming a partition of the Riemann sphere C' =
C U {o0}.

e Define spectral functions s(k), S(k), and S; (k) such that:
1. s(k) is determined by the initial conditions q(z,0) = go(z), 0 < z < L.

2. S(k) is determined by the boundary values ¢(0,t) = go(t), ¢5(0,t) =
g1(t), sz(oat) = 92(t)7 0<t<T.

3. Si(k) is determined by the boundary values g(L,t) = fo(t), ¢z(L,t) =
f1(8); gzz(L,t) = fo(t), 0 <t <T.

e Show that the spectral functions satisfy an algebraic relation, called global
relation, expressing the fact that go(z), go(t), g1(¢), 92(t), fo(t), f1(t), and
f2(t) being the initial and boundary values for the mKdV equation, cannot
be chosen arbitrary.

Step 2. Given s(k), S(k), and S;(k), determine a regular Riemann-
Hilbert problem, the solution of which gives a solution of the mKdV equa-
tion.

Step 3. Assuming that {g;(t)}3_, and {f;(t)}3_, are such that the
associated S(k) and S; (k) together with s(k) satisfy the “global relation”,
prove that the function g(z, t) obtained from the solution of the RH problem
solves the initial boundary value problem for the mKdV equation with
initial data g(z,0) = go(z) and boundary data ¢(0,t) = go(t), ¢2(0,t) =
91(t), QEz(O’t) = 92(t)’ q(L7 t) = fO(t)’ ‘I:v(Lat) = fl(t)a wa(La t) = f2(t)’

In Section 2 we define appropriate eigenfunctions of the associated

Lax pair and spectral functions and study their properties. In particular,
we show that the spectral functions satisfy an algebraic relation, the “global
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IBV PROBLEM FOR mKdV ON A FINITE INTERVAL 1479

relation”. In Section 3, we express the solution of the initial boundary value
problem for the mKdV equation in terms of a matrix-valued Riemann-
Hilbert (RH) problem. We show that the solution of this RH problem gives
the solution of the mKdV equation with prescribed initial and boundary
values provided that the spectral functions satisfy the “global relation”.

2. Eigenfunctions and spectral functions.

2.1. Lax pair
The modified Korteweg-de Vries equation

(1.1) G — Quzz +6X¢°¢; =0, A =%l

is the compatibility condition for the Lax pair

(2.1a) P — ikosp = Q(z, )¢,
(2.1b) Wy + 4ikPostp = Q(z, t, k)
where
1 0

7= (0 —1) ’

_ 0 q(z,1)
(22) 20400 “57)
(2.3)
50 b k) = —2iAg%k —4qk2+2iqu-2)\q3+qm>
Qe t.k) = (A(—4qk2—2iqu—2)\q3+qm) 2iAg%k '

We denote 63 the commutation operation ad o3:

6‘3A = [0’3,A] = 0'3A - AG'3

for any 2 x 2 matrix A. The Lax pair (2.1) can be rewritten as

(2.4a) pz — ikG3p = Q(z,t),
(2.4b) e + 4ik363p = Q(z, t, k),
where

= ¢ei(—kx+4k3t)as_

TOME 54 (2004), FASCICULE 5



1480 Anne BOUTET de MONVEL & Dmitry SHEPELSKY

In turn, (2.4) can be written as
(25) d (ei(—k$+4k3t)a‘3u) — W,
where

€% A = e%3 Ae™ 3,

and W is the exact 1-form defined by

(2.6) W (z,t, k) = e/("Fe+4°093 (045 + Quadt).

2.2. Eigenfunctions

Assume that there exists a smooth real-valued function ¢(z,t) satis-
fying (1.1) in {0 < z < L,0 < t < T} (if T = oo then it is also assumed
a sufficient decay of q(z,t) as t — o0). Define p,(z,t,k), n = 1,2,3,4 as
2 x 2-matrix-valued solutions of the integral equations

(z,t) )
(2.7 pn(z, t, k) =1 +/ e!(kz—4k3t)03W(y’ 7, k),

(Tn,tn)
where (z1,t1) = (0,T), (z2,t2) = (0,0), (z3,t3) = (L,0), (z4,ts) = (L, T),
and the paths of integration are chosen to be parallel to the x and ¢ axes:

(2’80') /Ll(xvt7k) =1 +/ eik(z—y)&a(Qﬂl)(yat’k)dy
0

T
= eitets [ et Q) 0,7, D)
t
(280) oo k) =1+ / =07 (Qpia) (y, £, K)dy
0

t
+e”““A’3/0 e~ 4K (=135 (1) (0, 7, k) dr,

L
(2.8¢) us(z,t k) =1 —/ e* @973 (Qus) (y, t, k)dy

T

t
+ efk(z-L)0s / &K =15 (Qus) (L, 7, k)dr,
0

L
(2.84)  pa(z,tk)=1- / @V (Qug) (v, t, k)dy

T

T
_e;k(z—L)c“rg/ e—4ik3(t—7)63(Qu4)(L,7’,k)dT.
t
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IBV PROBLEM FOR mKdV ON A FINITE INTERVAL 1481

The domains where the exponentials are bounded, are separated by the
three lines Lo, L1, Ly where Imk® vanishes: Ly UL, ULy = {k € C |
Im k3 = 0}. The relevant domains in the k-plane are labelled 1,11, . .., VI,
see Fig. 1.

L

111 1
Lo

v VI

L,

Figure 1: Domains of analyticity and boundedness of eigenfunctions

Let us denote ), 4 the columns of a 2x2 matrix p = (p  p®).
Then the columns of u,, are analytic and bounded in the following domains
in the complex k-plane (where the exponentials involved in the correspond-
ing integral equations are bounded):

eigenfunctions domains of analyticity and boundedness

pd and p  {k|Imk <0, Imk® < 0} = IVU VI,

u?) and ugl) {k|Imk >0, Imk® > 0} = TUTII,

Y and 4 {k|Imk <0, Imk® >0} =V,

p$? and 4V {k|Imk >0, Imk® < 0} =1L
Thus, in each domain I,..., VI, one has an analytic and bounded 2 x 2
matrix-valued eigenfunction, consisting of the appropriate vectors u(nj ), n=
1,2,3,4,j=1,2.

For particular values of z or t, the domains of boundedness of the
eigenfunctions are larger than indicated above. In particular, for ¢ = 0, the
domains of boundedness of uy and g are:

eigenfunctions domains of boundedness
p$(z,0,k) and p$P (2,0,k)  {k|Imk <0} =IVUV U VI,
18 (2,0,k) and p{(2,0,k)  {k|Imk >0} = TUIIUIII,

for z = 0, the domains of boundedness of p; and pg are:

TOME 54 (2004), FASCICULE 5



1482 Anne BOUTET de MONVEL & Dmitry SHEPELSKY

eigenfunctions domains of boundedness
p$(0,¢, k) and p$?(0,6,k)  {k|Imk® <0} =IIUIVU VI,
120, ¢, k) and p$V(0,¢,k)  {k|Imk® >0} =TUIIIUYV,
for £ = L, the domains of boundedness of u3 and p4 are:
eigenfunctions domains of boundedness
pP (Lt k) and p$?(L,t,k)  {k|Imk® <0} =IIUIVU VI,
p (Lt k) and p$(L,¢,k)  {k|Imk® >0} =IUIIIUV.

2.3. Spectral functions

Since the eigenfunctions p; are solutions of the system of differential
equations (2.4), they are simply related (in the domains where they are
defined):

(2.9a) ps(z,t,k) = po(@, t, k)e k=45 055 45(0, 0, k),
(2.96) (2, t,k) = pa(z, t, k) F==45°0%5 (0,0, k)

= pa(a,t, k)ei(km—4k3t)&3 (e4ik3T&3M2(0, T,k)) —1,
(29¢) pa(z,t, k) = ps(z,t, k)ei(kx"“kat)&?*e“ikwam(L,0, k)

= ps(a,t, k)ei(kx——4k3t)63e—ikL&3 (ezulcsT&aug(L7 T, k))_l.

Relations (2.9) suggest the introduction of the 2 x 2-matrix-valued spectral
functions

(2.10a) s(k) == p3(0,0,k),

1

(2.100)  S(k) = S(k;T) := p1(0,0,k) = (¢*¥°T%145(0, T, k)) ",

(2.10¢) S1(k) = Sy(k;T) := pa(L, 0,k) = (€9 7% pu3(L, T, k))

From (2.9) and (2.10) it follows that s(k) is determined by the initial values
of q(z,t), whereas S(k) and Si(k) are determined by the boundary values
at £ = 0 and z = L. Namely,

L N "
(2.11) s(ky=T- /0 e=k993 (Qug) (y, 0, K}y,

ANNALES DE L’INSTITUT FOURIER
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where p3(z,0,k), 0 < < L is the solution of the integral equation

L
(2.12) pa(z,0,k) =T — / e*==% (Qus)(y, 0, k)dy.

T

Similarly,

T s . -1

(2.13a) S(k;T) = (I+ / e* %793 (Qu,)(0, T, k)dT) ,
0

-1

T
(2.13b) Si(k;T) = <I+ /0 e4ik3’&3(Qp3)(L,T,k)dr) ,

where (12(0,t, k) and p3(L,t, k), 0 <t < T are the solutions of the integral
equations

t
e~ =D (Quy ) (0, 7, k)dr,
t

e~k (t=")53 (Qug) (L, 7, k)dr,

(2.14a) u2(0,t,k) = I+/
0

(2.14b)  ps(L,t, k) =1+ /
0

respectively. Note that Q(z,0) is determined by ¢(z,0), whereas Q(0,t, k)
is determined by ¢(0,¢), ¢-(0,t), and ¢4,(0,t), and Q(L,t, k) is determined
by q(L,t), gz(L,t), and gu(L,t).

In what follows, s(k), S(k), and S;(k) will be used to construct a
Riemann-Hilbert problem (more precisely, a family of Riemann-Hilbert

problems parametrized by = and t), whose solution gives the eigenfunc-
tions p, and hence g(z, t), the solution of the mKdV problem.

2.4. Symmetry properties

Due to the particular symmetries of the equations of the Lax pair
(2.1), the spectral matrices s(k), S(k), and S;(k) can be written as

(2.150) ““=<§%'$2)
(2.15b) S(k) = (,\% igg)
(2.15¢) Si(k) = ()\Bl(l_c) Al(k))'

TOME 54 (2004), FASCICULE 5
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2.5. Global relation

Evaluating eqs. (2.9¢) and (2.92) at z =0, t = T, we find
(2.16a)  pa(0,T, k) = p3(0, T, k)e FLose=4ik*Tos (T 0 k),

(216)  p3(0,T, k) = p2(0, T, k)e™ 474150, 0, k).

Writing £3(0,0, k), u2(0,T, k), and pa(L,0,k) in terms of s(k), S(k), and
Si1(k), respectively (see equations (2.10)), and using eq. (2.8d) to evaluate
14(0,T, k), eq. (2.16a) becomes

ST (k)s(k) [~ %92 Sy (k)] = 4K T2 44 (0, T, k)
L
(2.17) =1 -t /0 e~ (Qug) (3, T, k) dy.

e For T < oo, the (1,2) coefficient of (2.17) is, for k € C,
(218) e **(a(k)A(k) — Ab(R)B(k)) By (k) — (a(k)B(k)
—b(k)A(K)) A1 (k) = €5 Te(k),

where

L
(k) = e(5T) = [ & (Qua)na(y. T, R)y
0
is an entire function which is O ((1 + e~2*L)/k) as k — oo.

e For T = oo, the (1,2) coefficient of (2.17) becomes
(219) e ** (a(R)A(k) — Ab(k)B(k)) B (k)

—(a(k)B(k) - b(k)A(k)) A1 () = 0,
which is valid for £ € TUIITU V.

Equation (2.18) for T' < oo, resp. (2.19) for T' = oo, is an algebraic
relation between the spectral functions. We call it “global relation”, because
it express, in spectral terms, the relations between the initial and boundary
values of a solution of the mKdV equation.

2.6. Direct and inverse spectral maps
e The spectral maps S, Q. The direct spectral map
(2.20) S:{qo(x)} — {a(k), b(k)}
is defined following (2.10a), (2.15a), by the second column of the solution
us(z,0, k) of equation (2.12) where Q = Q(z,0) is given by (2.2) with go(x)
instead of q(z,t):
0 qdo (CL‘) )

©= (Aqo@:) 0

ANNALES DE I’INSTITUT FOURIER
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Thus, this direct spectral map is the same as in the inverse scattering theory
on the whole line for the Dirac equation

. _ 0 qo(x)
Py — ikogh = (/\qo(m) 0 ) P
restricted to the potentials with support on the finite interval [0, L]. The
analysis of the linear Volterra integral equation (2.12) gives the following
properties of a(k) and b(k):

e a(k) and b(k) are entire functions, bounded for Imk < 0;

e they have the asymptotic behavior, as k¥ — oo:

221)  a(k)=140 (%i) . bk =0 (iﬂjl> .

The fact that Q has zero trace together with the behavior as k — oo given
above imply that det s(k) = 1 which, in terms of a(k) and b(k), reads

o a(k)a(k) — \b(k)b(k) =1, k € C;

o a(—k) = a(k), b(—k) = b(k).

Define a sectionally holomorphic, matrix-valued function M (z, k):

&)
(ugl)(z,(),k) M) k| > R Imk > 0,

a(k)
(2.22) MP(z,k) = ¢ (1) (z,0,k)
a(k)
pa(z,0, k) k| < R,
where R is chosen to be sufficiently large such that the disk {k € C'| |k| <
R} contains all the zeros of a(k) with Imk < 0.

,,Lg?)(x,o,k)) k| > R, Imk < 0,

Let £(®) be the oriented contour in the complex k-plane consisting of
the real axis and the circle T'r = {k | |k| = R} of radius R, and let Q(f) be
the sectors bounded by £(®), see Fig. 2.

o o
o

> < Ry
Q(I)

Q(l) + Q(_’?)

Figure 2: The contour =(=)

TOME 54 (2004), FASCICULE 5



1486 Anne BOUTET de MONVEL & Dmitry SHEPELSKY

Similarly to ps(z,0,k), ua(z,0,k) in (2.22) is determined by (2.8b)
for ¢ = 0, where ¢(z,0) in Q(z,0) is replaced by go(z). Then the limits
My)(m,g) of M®)(x, k) as k approaches ¢ € £®) from ng) are related by
the jump matrix J* (z,¢):

(2.23) M (z,¢) = M7 (2,0)T D (z,¢), ¢ €5,
where
(2.24)
( 1 _b(k) o2ike
a(k)
) , | |kl>R, Imk=o0,
a(k) a(k)
I k| < R, Imk =0,
J@) (2, k) =4 a(k) 0
S ) k|=R, Imk >0,
b(B) e~2ke L ¥ "
a(k)
a(k) —b(k) e?k=
0 1 k| = R, Imk < 0.
\ a(k)

The inverse spectral map
Q: {a(k),b(k)} — {qo(w)}
is defined as

(2.25) qo(2) = ~2i lim k(M©)(z,k)),,,

where M(®)(z, k) is the solution of the following RH problem:
e M®)(z,k) is a sectionally holomorphic function relative to the contour

2@,

o The limits Mf) (z,¢) of M@ (z, k) as k approaches ¢ € (@) from Q4
are related by (2.23), where the jump matrix J®(z,¢) is constructed from
a(k) and b(k) following (2.24).

e M@ (z,k)=I1+0(1), k— oo

Remark 1. — In [1] the corresponding inverse spectral map was
defined via the solution of a singular RH problem, where M®)(z, k) can
have poles (at possible zeros of a and @). In that case, residue relations
were also added to the formulation of the RH problem. Here we give a

ANNALES DE L’INSTITUT FOURIER
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formulation of the inverse map which is based on the solution of a regular
RH problem relative to a contour containing the circle I'r as additional
part (see [13]). In such a formulation, we do not need any assumption on
the zeros of a(k). Notice that the cyclic conditions for the jump matrices at
k = R and k = —R, the intersection points of £(*)| which are necessary for
the solvability of the Riemann-Hilbert problem, are automatically satisfied
by the construction of J(®).

e The spectral maps S, @ and S;, Q;. The direct spectral map
(2.26) S:{g0(t), 91(t), 92(t) } — {A(k), B(k)}

is defined following (2.10b), (2.15b), by the second column of the solution
12(0,t, k) of equation (2.14a) where @ = Q(0,t, k) is determined by (2.3)
with g, ¢z, and g, replaced by go(t), g1(t), and g2(¢), respectively:

( —e KT B(k)

(2.27) i® ) = (0,7, k).

Similarly, the direct spectral map

(2.28) Si:{fo(t), A1(t), f2(t)} — {A1(k), By (k)}

is defined following (2.10c), (2.15¢), by the second column of the solution
us(L,t, k) of equation (2.14b) where Q = Q(L, t, k) is determined by (2.3)
with g, ¢, and g, replaced by fo(t), fi(t), and f2(t), respectively:

—e " TB(K)\ _ @)
( A1 (E) ) = K3 (Lv T7 k)

(2.29)

The properties of A and B are discussed in [1}, and A; and B; have the
same properties. In particular:

o A(—k) = A(k), B(—k)=B(k).

o If T < 0o, A(k) and B(k) are entire functions, bounded in TUIITU V.
If T = oo, A(k) and B(k) are only defined in IUIIIUV, being analytic and
bounded there.

e A(k) and B(k) have the asymptotic behavior, as k — oo:

(2.30) Alk) =1+ o(l—t‘jc-gif) B(k) = o(”—‘;:k—T)

e A(k) and B(k) are related by the relation
(2.31)  A(k)A(k) — AB(k)B(k) = 1, k € C (with Imk*=0 if T=00).

TOME 54 (2004), FASCICULE 5



1488 Anne BOUTET de MONVEL & Dmitry SHEPELSKY

Define a sectionally holomorphic, matrix-valued function

(2)
<:U’§1)(Oatak) /112_(_0_3;3_]{;_)_) |k‘| > R, Imk3 < 0,
A(k)
(2:32) MO(t,k) = ( S (0,1, k)
A(k)

p2(0,t, k) |k| < R,

uf)(o,t,k)) k| > R, Imk® > 0,

where R is again chosen to be sufficiently large such that the disk {k € C'|
|k| < R} contains all the zeros of A(k) with Imk3 > 0.

Let ¥ be the oriented contour in the complex k-plane consisting of
the lines Lo, L1, Ly and the circle 'y = {k | |k| = R} of radius R, and let
Q4 be the sectors bounded by 3, see Fig. 3.

II I

Q_

Figure 3: The contour ¥

Similarly to p2(0,¢, k), u1(0,¢, k) in (2.32) is determined by (2.8a) for
z = 0, where ¢(0,t), ¢, (0,t), and ¢z (0,t) in C}(O, t, k) are replaced by go(t),
g1(t), and g2(t), respectively. Then the limits Mj(:t ) (t,¢) of M®(t, k) as k
approaches ( € ¥ from the domains Q. are related by the jump matrix
JO(t,0):

(2.33) MB(t,¢) = MP(t,0)I0(t,0), Cex,
where

ANNALES DE L'INSTITUT FOURIER
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(2.34)
B(k) 8ik3t
A(k
S *) Imk3=0, |[k| >R
AB(k)  gikse 1
A(k) A(k)A(k)
© 1 Imk® =0, |k| <R
t _ .
J (t, k?) = 4 A(k}) ——B(k) e—81k3t
0 1 Imk® >0, |[k|=R
A(k)
A(k) 0
/\E—(?) eSikat 1 Imk3 < 0, Ikl = R.
{ A(k)
The map

Q: {A(k), B(k)} — {g0(t), 91(2), 92() }
inverse to S is defined as follows:
(2:350)  go(t) = ~21(M;") (1),
(2:35)  g1(¢) = 4(M”) () — 2igo(t) (M) (0),
(235¢)  ga(t) = Ag3(t) +BiM) 5 (8) + 490(8) (M) (1)
~ 2ig1 (£) (M), (8),
where M ;t)(t, k), 7 = 1,2,3 are given by the large k-asymptotic expansion

+O(£‘I), k — oo,

M) MO | MO
k k2 k3
of the solution M®) (¢, k) of the following RH problem:

MOt k) =1+

e M®(t, k) is a sectionally holomorphic function relative to the contour X.

e The limits M:(Et)(t,g) of M®(t,k) as k approaches ¢ € ¥ from Q4 are
related by (2.33), where the jump matrix J®(t, ¢) is constructed from A(k)
and B(k) following (2.34).

e M®(t,k)=I+0(%), k— oo
The spectral map

O1: {A1(k), B1(k)} — {fo(t), fr(t), f2(t) },
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inverse to S; is defined via the solution of a similar RH problem, with g,
A, B replaced by fx, A1, B;.

Remark 2. — As in the case of the z-problem, the two inverse spec-
tral t-problems described above are based on regular RH problems: the
residue conditions at zeros of A in the singular RH problem [1] are re-
placed by additional jump conditions at the auxiliary part I'g of the con-
tour. Here again, the cyclic conditions for the jump matrices at the points
of self-intersection of ¥ are satisfied by the construction of J®).

3. The Riemann-Hilbert problem.

Relating the vector solutions of (2.4a)—(2.4b) (analytic in domains
., VI) by using (2.9) and the definitions of the spectral functions (2.11)-
(2.13), we find
(3.1) M_(2,t,k) = My (2,t,k)J(x,t,k), k€S,

where My (z,t,k) are the limit values (as k approaches ¥ from Q1) of a
sectionally holomorphic function M(z,t, k) defined as follows:

2
(ugn é_) for |k| > R, ke IUIIL
d(k)
WD) @
( “(k ’&_) for [k| > R, kell,
dq( a(k)
3.2 M= (1
(3:2) ) <; (2>> for [k| > R, keIVUVI,
d(k)
BN
(_ “(k)), for || >R, keV,
a(k)  di(k)
iz, for |k| < R,
where
(3.3a) d(k) = a(k)A(k) — \b(k)B(k), keTIUIVU VI

(3.3b) dy(k) = a(k)A1(k) + A e Z*Lp(k)By(k), keIUIIIUV.
The jump matrix J(z,t, k) has an explicit (z,t)-dependence:

(3.4) J(@,t,k) = eremik05 Jo (),

where Jy(k) is constructed from the elements of the spectral functions:
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(3.5)
eforke X, Imk >0, |kl >R,
(1 —AL(k) )( 1 0) o x o
o 1 Jomm ) MEE= 3
Jo(k) = __

P i R

eforke X, Imk >0, |k| =R,

Ak _Bk)
d(k d(k) argk ks 2z
® ), argke (0,3) U (F,7),
" (R a(k)) R
o(k) = _
a(k) 0 . )
1. bl 6 Ea_w )
AT (k) ﬁ arg (3 3)

eforke X, Imk <0,
Jo(k) = diag{—1, A} J (k) diag{—1, A},

efor ke X, |k| <R.

Jo(k) =1

Here

_ b(k)
(3.6a) 1k = 25

_ Bk
(3.6b) (k) = /\W’

e—2ikL .

(3.6¢) Ii(k) = —“‘T((%B—(@y

_ a(k) \ _awr
(3.6d) La(k) = 2%y (e7#*a(k) By (k) + b(k) A1 (k)),

and R is such that all zeros of a(k), d(k), and di(k) with Imk < 0 are in
the disk |k| < R.

Remark 3. — Since
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(3.70) T(k) = A BR)/AK)
a(k) (a(k) = Xo(k)(BE)/AGR))
(3.70) Py (k) = — & alk)(Ba (k) /Ay (k)
a(k) + X e=2*Lb(k) (B1 (k) /A1 (k)
(3.7¢) Ty(k) = a(k) e””“La(ff)(Bl(_z_/ L(K)) + bk)

a(k) + X e~ ZkLb(k) (B (k) /Ar (k)
the jump data for the RH problem (3.4) are determined by:
e a(k) and b(k) for k € C, |k| > R,

, Bk . Bi(k)
* G &0 (k)forkeIUIIIUV k| > R.

The main result on the inverse spectral problem is the following:

THEOREM. — Let go(x) € C([0, L]). Let {g;(t)}2_, and {f;(t)}3—o
be smooth functions such that:

e the associated spectral functions s(k), S(k), and Sy (k) satisfy the global
relation (2.18) for T < oo, or (2.19) for T = oo, where c(k) is an entire
function such that c(k) = O ((1+ e 2*L)/k) as |k| — oco.

Let M(z,t,k) be a solution of the following 2 x 2 matrix RH problem:
e M is sectionally holomorphic in k € C' \ X.

e At k € 3, M satisfies the jump conditions (3.1), where the jump matrix
J is defined in terms of the spectral functions a,b, A, B, A; and B; by
equations (3.4)—(3.6).

o As k — oo,
1
(3.8) M(z,t,k) = I+O<E).
Then:
1. M(x,t,k) exists and is unique;
2. q(z,t) defined in terms of M(x,t,k) by
(3.9 q(z,t) = —2i kli_)r{.lo (kM (z,t,k));o

satisfies the mKdV equation (1.1);
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3. q(z,t) satisfies the initial and boundary conditions

(3.10a) q(z,0) = go(z),
(310b) Q(Oa t) = gO(t)v qz(07 t) =0 (t)7 QZz(Ov t) =02 (t),
(3106) q(L,t) = fO(t)¢ Qx(L’t) = fl(t)a qu(La t) = f2(t)'

Proof. — The proof follows the same lines as in the case of nonlinear
integrable equations on the half-line. For the mKdV equation on the half-
line, see [1]; for a more detailed presentation, see [10] in the case of the
NLS equation. The main steps of the proof include the following.

Step 1. The RH problem in question is regular; its unique solvability
is a consequence of a “vanishing lemma” for the associated RH problem
with the vanishing condition at infinity M = O(1/k), k — oo (see [12]).

Step 2. The proof that the constructed g(z, t) solves the mKdV equa-
tion is straightforward and follows the proof in the case of the whole line
problem; see [11].

Step 3. The proof that ¢ satisfies the initial condition ¢(z,0) =
go(z) follows from the fact that it is possible to map the RH problem for
M (z,0,k) to that for M@ (z, k) such that

(3.11) M@ (g, k) = M(z,0,k)P® (z, k)

where P(®)(z,k) is piecewise holomorphic relative to ¥ and P®)(z,k) =
I+0 (%) as k — oo. For instance, for Im k > 0, one has

(1 —AT(k) e?ike

), ke IUII, |k| > R,
0 1

(312) P@(z,k) =

( ! 0) kell, |k| >R
_,\Fl(]‘g) e~2ikz 1 ) ’ ’

Now (2.21), (2.30), and (3.7) imply that T is O (4) in IUIIl and T'ye~%k* =
O (%) e#k(I=2) in I, respectively. Therefore, P(*)(z,k) = I + Pé;)(z,k),
where Pég)(x, k) is off-diagonal and exponentially decaying as k — oo for
Imk # 0, so that the asymptotics (2.25) and (3.9) for ¢t = 0 yield go(x) =
q(z,0).

Step 4. The proof that g satisfies the boundary conditions ¢(0,t) =
90(t), 4z(0,t) = g1(t), 422 (0,1) = g2(t) and q(L,t) = fo(t), aa(L,t) = f1(2),
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@zz(L,t) = f2(t) is, in turn, based on the maps M (0, t, k) — M®(t,k) and
M(L,t,k) — MO (¢, k):

(3.13) M®(t, k) = M(0,t,k)PO(t, k), M (¢t k) = M(L,t, k)P (t, k).
In this case, the fact that P®) and Pl(t) in the different sectors I,..., VI

are I + O (%), is a consequence of the global relation. For instance, for
Imk > 0, one has

( 1

—_ , |k| > R, k € TUIII,

(( )) 8ik3t d(l_c)
(3.14) PO (t,k) = <
A(k) 0
ﬂ |, k>R, ket

GR(k)a(k) ikt alk)

dy (k) A(k)

where GR(k) is the Lh.s. of the global relation (2.18). Therefore, it is the
global relation (2.18) for k € V that gives GR(k) e8%'T = O (1) for k € II

and, consequently, PQ(i)(t, k) = O (%) for k € Il and ¢ < T Similarly,

—~

(¢ 1 GR_(k) 2iKL—8ikSt
Ai(k)  d(k) ) k| > R, k e TUIIL,
0 A (k)
(315) PR = (aE) YK owr-sie
a(k)  a(k)A:(k) k| > R, kel
a(k) ’ ’
0 -
\ dl(k)

Now (2.18) in TUIII gives
GR(k) e2IkL—8ik’T _ () (l)
hence, (P{")12(t, k) = O (%) for t < T.

Finally, one obtains P®(t,k) = Péitig

(t,k) + P, )(t k), where

(t, k) is a diagonal matrix and P(ftf) (t,k) is off-diagonal and exponen-
tially decaying as k — oo, and Pgig =1+ O(4). Similarly, POt k) =
(Pl(t))diag(t, k) + (Pl(t))og(t, k) with the same properties. Now the fact that
the multiplication by a diagonal matrix does not affect the r.h.s. of (2.35)
provides the boundary conditions at * = 0 and = L. a

t
Piile
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