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COHERENT SHEAVES WITH PARABOLIC STRUCTURE
AND CONSTRUCTION OF HECKE EIGENSHEAVES
FOR SOME RAMIFIED LOCAL SYSTEMS

by Jochen HEINLOTH

Introduction.

Before explaining the main result (Theorem 2.5) of this article in
more detail, I would like to recall the setting of the geometric Langlands
correspondence as in [23].

Let C be a smooth projective curve over a finite field Fy. (As pointed
out in [11] and [23], a lot of the arguments carry over to the case
when C is defined over the complex numbers.) Then the Langlands
correspondence — as proven by Lafforgue [18] — provides a bijection between
irreducible f¢-adic local systems defined on some open subset U C C
and certain irreducible representations of GL,(A) contained in the
space C*( GLy (k(C))\ GLyn(A)) called the space of automorphic functions.
Here we denoted by A := H;ec K, the ring of adeles of the function
field k(C) of C, and by C*°( GLy(k(C))\ GLn(A)) the space of functions
(with values in Q,) that are right invariant under some compact open
subgroup of GL,(A) (for notations see Section 0). More precisely it is
known (see e.g. {22]) that for any representation mg corresponding to some
local system E there is a compact open subgroup K such that mg contains
a K-invariant function Ag, often unique up to scalar. Further, this compact
subgroup is determined by the ramification of E. Finally, note that the
group GL,(A) does not act on the K-invariant functions, but the algebra

Keywords: Parabolic vector bundles — Automorphic sheaves — Geometric Langlands
correspondence.
Math. classification: 11R39 — 11F70 — 11H60 — 22E55.



2236 Jochen HEINLOTH

of K-bi-invariant functions acts on these by convolution. This is the action
of the K-Hecke algebra. The function A is an eigenvector for this action,
and it is determined by this condition.

Drinfeld noted [8] that this correspondence should have a geometric
interpretation. First consider the case K = GL,,(O). Weil explained that the
double quotient GL,(k(C))\ GL.(A)/ GL,(O) can be identified with the
set of isomorphism classes of vector bundles on C (choose a trivialisation
at all local rings of C' and at the generic point of C, the transition functions
give an adele):

Bun, (Fq) = GL,(k(C))\ GL,(A)/ GL,(0O).
Furthermore, Grothendieck explained that any complex A of £-adic sheaves
on a scheme X g, gives rise to a function on the set of its points by
trace : D*(X) — H Funct(X (Fgn)),
neN
A +— tra(z) := trace(Frobr,., A|;)
and an irreducible perverse complex is determined by this function (see [21]).

Thus, Drinfeld expected that the above Ag should be of the form
trag for some irreducible perverse sheaf Ag on the moduli space of vector
bundles on C. He proved this for unramified local systems of rank 2.
Later Laumon [20] gave a conjectural construction of Ag for local systems
of arbitrary rank, and recently Frenkel, Gaitsgory and Vilonen [11], [13],
proved that by Laumon’s construction one indeed obtains a sheaf Ag.

Moreover, the action of the Hecke algebra also has a geometric
interpretation in this case. Consider for example the characteristic function
of the double coset GL,,(O0,) (3 72; ) GL,(O), where 7, is a local parameter
at some point z € C. For a vector bundle £ the multiplication of the
corresponding adele by an element of this set produces a subbundle & C £
such that the cokernel is k(z). Further, every such subbundle can be
obtained in this way. Drinfeld therefore considered the stack Hecke®
classifying pairs of bundles £ C £ such that the cokernel has length 1,
i.e. deg(&’) = deg(€) — 1 =: d — 1. This has forgetful maps

PTypig

pr, X quot —
Bun® «——— Hecke! ===t 237, Bun~! xC

With this definition the sheaf Ag has the additional property that
R(prypman X quot) pry;, A = Ag B E[-n + 1](—n + 1),
and a similar definition works for more general Hecke stacks. One says
that Ag is a Hecke eigensheaf.

smal
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SOME HECKE EIGENSHEAVES 2237

Drinfeld [9] also proved an analogous result for local systems of rank 2
with unipotent ramification at a finite set of points S C C(F,), this time
producing a complex Ag on the moduli space of vector bundles of rank 2
with parabolic structure at S. The purpose of this article is to generalize
this result.

We will start with an irreducible local system E with unipotent
ramification at a finite set of points S C C(F,), and we further have to
assume that the ramification group at these points acts indecomposably,
i.e. that the sheaf j,.E (where j: C — S — C) has 1 dimensional stalks at all
points p € S. This additional condition is the reason why for the moment
we can only prove our main theorem for local systems of rank < 3.

In this case the corresponding automorphic function should be defined
on the space GL,,(k(C))\ GL.(A)/Kg, where

Ks= J[GLn(O:) x [] Iws

zeC-S z€S
and Iw, C GL,(0O;) is the subgroup of matrices which are upper triangular
mod z. As before we can interpret this set as vector bundles with the
additional structure of a complete flag of subspaces of the stalks at all
points in S:

Bun, s(T) :== <(57 (Vip)i=1,...n, pes) | € € Bun,;
0CVipC-- CVn,p:g@k(P»-

This is usually called the stack of vector bundles with (quasi-)parabolic
structure. Note that this can also be described as:

Buny, 5(T) := <(5> (S(i’p))i=1,...,n, pes) | € € Buny,;
£ C g(LP) C.--C g("yl’) — g(p)>

which has a simple generalization to coherent sheaves: one only has to
replace “C” by arbitrary maps “—” and to add the condition that the
induced maps £5P) — £(P)(p) are the natural ones. This reformulation
made our construction possible.

The first step of our construction is to recall that in principle a
candidate for the automorphic function Ag is known, but we do not know
of an explicit calculation of this function. Therefore, we have to prove
an explicit formula (Proposition 1.2). This motivates a generalization of
Laumon’s construction, and —as a by-product of the notion of parabolic
torsion sheaf —we get a geometric interpretation of some Hecke operators
for the group K, i.e. of the Iwahori-Hecke algebra. Our main result is then
the following:

TOME 54 (2004), FASCICULE 7



2238 Jochen HEINLOTH

THEOREM 2.5. — For any irreducible local system E of rank n < 3
on C — S with indecomposable unipotent ramification at S there is an
irreducible perverse sheaf Ag on Bun, s which is an eigensheaf for the
Iwahori-Hecke algebra.

The strategy of the proof is the same as in [11], using parabolic sheaves
instead of coherent sheaves, but some additional problems arise from the
ramification of E. We reduce the theorem to an analogue (Proposition 7.1)
of the vanishing conjecture of loc. cit. In particular, we show that the above
theorem would follow for local systems of general rank if this analogue held
in general.

The structure of the article is as follows. We start with the calculation
of the Whittaker function for the Steinberg representation given in first
section. This is an elementary calculation which served as motivation for
our construction.

In the second section we introduce the notion of a coherent sheaf with
parabolic structure and prove the results needed to give an analogue of
Laumon’s “fundamental diagram” and of Laumon’s Whittaker sheaf £&.
As in the unramified situation we then define two candidates for an
automorphic sheaf. At the end of this section we define the geometric Hecke
operators corresponding to operators of the Iwahori-Hecke algebra which
are needed to give a precise formulation of our main Theorem 2.5.

After this short exposition of our results we try to clarify the notion of
parabolic sheaves in Section 3. We explain the general structure of parabolic
torsion sheaves. Further, we give an explicit description of the corresponding
moduli stack, and finally we note some semicontinuity results. We then use
these basic results to prove some properties of the Whittaker sheaf ,C‘é
(Section 4). Here we give a substitute for the Springer resolution in the case
of parabolic sheaves which can be used to calculate this sheaf, and we prove
a Hecke property of £&. The problem arising in the proof of these results is
that in our situation the above resolution is not small and the ramification
of E also generates additional cohomology. By simultaneously proving the
Hecke property and the fact that £ can be calculated via the resolution
we see that the two effects cancel out.

In the fifth section we then compare the geometric construction of
Section 2 with the calculation of the Whittaker function. The key idea
here is to define an analogue of Drinfeld’s compactification as given in [11].
However, we can not copy the proofs of loc. cit., which use results on
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SOME HECKE EIGENSHEAVES 2239

the affine Grassmannian for which we do not know the corresponding
statements for the affine flag manifold. Instead, we give an elementary
proof of a much weaker result, sufficient for our purpose.

With these results available we can follow the strategy of [11] again
and apply Lafforgue’s result to deduce the existence of a Hecke eigensheaf
on the moduli space of parabolic vector bundles whenever we know that
the two candidates constructed coincide. This is the content of Section 6.

In the last two sections we then prove a generalization of the vanishing
theorem of [11] for local systems of rank < 3 and deduce the assumption
needed to prove our theorem in Section 6. This is again very similar to the
arguments in loc.cit., however we have to take care of the Iwahori-Hecke
operators, for example we have to prove that some of them are central
elements of the algebra (see Lemma 7.6).

Acknowledgments. — First of all I would like to thank my advisor
G. Harder for teaching mathematics to me for such a long time. Furthermore
I would like to thank G. Laumon for his help and encouragement during a
wonderful visit to the Université Paris-Sud. Without his help I would never
have been able to start this project. I would like to thank the mathematics
department of Paris Sud for the kind hospitality, and the DAAD and
the Graduiertenkolleg in Bonn for giving me the possibility to stay there.
I would like to thank G.Faltings and the referee for suggesting many
improvements.

0. Notations and preliminary remarks.

We want to fix some notations used throughout this article.

0.1. The curve and its rings.

We fix a smooth projective, geometrically irreducible curve C defined
over a finite field kK = F, and a finite (non-empty) set of points § C C. For
simplicity we will assume that these points are rational. This assumption is
not essential, since we could extend & to make the points rational and then
descend the final result back to k. We denote by:

e k(C) the field of rational functions on C;

o O, (resp. 6p) the local ring (resp. the complete local ring) at a
point p € C';

o« K = Quot(@,,);

TOME 54 (2004), FASCICULE 7



2240 Jochen HEINLOTH
o A= H;ec K, the ring of adeles of k(C);

o O:= Hpec Op;
2 := Q¢4 the sheaf of differentials on C.

0.2. Groups.
+ We note by GL,, the algebraic group of invertible n X n matrices;
e B, C GL,, the group of upper-triangular matrices;
e N, C B,, the group of unipotent upper triangular matrices;

e Py C GL, the subgroup fixing the subspace spanned by the first
n — 1 base vectors and acting trivially on the quotient by this
subspace, i.e.

Py (R) = {(g1 V)| A€ GLs(B), ve R},

o Iw, C GLn(@p) the group of matrices which are upper triangular
mod p.
We will further fix a non-trivial additive character ¢ : F, — Q.

Choosing a meromorphic differential form w this defines

U : N, (k(C))\Nr(4) — @,
n—1
U((Up)peo) =[] ¢(tra€ek(p)/wq (ReSp (Zup,i,i-i-l)w))a
peC i=1

where up ; ;11 is the i-th entry of the first upper diagonal of the matrix U,.

To avoid the choice of a meromorphic differential form we will (as
in [10]) often replace the group GL,, xC/C by the group

GLS := Aut (égm—i).

=1

More precisely, GL, xC = Aut(O®") is the automorphism group of the tri-
vial vector bundle over C, since for any ring R the automorphisms of the
trivial rank n-bundle over Spec(R) are the same as elements of GL,(R).
In the same way points of GLS are invertible matrices in which the
(i,7)-th entry is a section of Hom(Q®:~1 Q®i~1) o O®i~¢ I particular,
the choice of a meromorphic differential w induces a group isomorphism
GL,(A) = GLE(A).

ANNALES DE L’INSTITUT FOURIER



SOME HECKE EIGENSHEAVES 2241

Denote by Nt GL? the upper triangular matrices, with diagonal
entries 1 € Hom(Q2?, %), then ¥ is given by the composition

NA(A) 5 N2(A) 22 F, 2 @,

where the first map is the restriction of the above isomorphism to unipotent
matrices and Y Res is the sum of the residues of the upper diagonal entries.

0.3. Fourier transform.

For the additive character ¢: F; — @Z chosen above we denote by Ly,
the Artin-Schreier sheaf on Al. Let

AS:A' — Al z+—2i—1z

be the Artin-Schreier covering with structure group Fg, then L, is the
y-isotypic component of AS, Q,. This is additive in the sense that for the
addition map +: A x A’ — A we have +*Ly = Ly X Ly.

For a vector bundle E % X of rank n on a scheme (or algebraic stack)
denote by p¥: EY — X the dual bundle and by {.,.): E xx E¥ — Al the
contraction. The Fourier transform defined in [21] is given by

Four : DY(E) — DYEY), Kr— RPEV,!(P*EK ® (., )*L¢)[n]

0.4. The trace function of a complex.

For a complex K of Q,-adic sheaves on a scheme (or algebraic stack) X
we denote by trk the function:

trg : H X(Fgn) — Qq, x+— trk(z) := trace(Frob,, Kj,).
n>0

0.5. Algebraic stacks.

For the general theory of algebraic stacks we refer to the book of
Laumon and Moret-Bailly [24]. In particular, an algebraic stack will be a
stack that admits a smooth representable covering by a scheme.

We will view stacks as sheaves of categories for the fppf-topology.
Thus to define a stack M over k, we usually give the category of T-valued
points of M for any scheme T over k and denote this as M(T") := (objects),
where we use the brackets ( ) instead of { } to denote the category of objects
in which the only morphisms are isomorphisms of the objects.

TOME 54 (2004), FASCICULE 7



2242 Jochen HEINLOTH

Sometimes it is easier to give the T-valued points of a stack only for
affine schemes T over the given base, which is equivalent to the data for all
schemes by the descent condition for stacks. This point of view is used as
definition in loc. cit.

To use the usual operations on constructible sheaves and the
corresponding derived categories given in loc. cit. we need that our stacks
satisfy the Bernstein-Lunts condition, i.e. for every n € N we can find n-
acyclic presentations for these stacks.

In our case we will often know that our stacks have a presentation
as quotients [X/G], where G is a reductive algebraic group acting on
a scheme X. Stacks of this form satisfy the Bernstein Lunts condition
(see [24], 18.7.5). For the moduli stack of vector bundles over a curve this
is not true, but we have an ascending open covering Uy C Us C -+ C Bun‘,il
in which each of the U; & [X;/G;] is a Bernstein-Lunts stack. For us this
will be sufficient, since our sheaves will be supported in such a subset.

0.6. Some remarks on generalized vector bundles.

Recall that for a flat algebraic group G acting on a scheme X there
is a quotient stack [X/G] classifying principal G-bundles together with
a G-equivariant morphism to X. In this section we will be concerned
with the particular case of two vector bundles Fy, 1 over some base and
a homomorphism of Oc-modules Ey 4, E;. We take G := Ejy acting via ¢
on X := Ey:

DEFINITION 0.1 (see [3]). — Let Ey %, E1 be an O¢-module homomor-
phism between two vector bundles on a scheme (or an algebraic stack) X.
Then the quotient stack [E; /Ey] is called a generalized vector bundle over X .

LEmMA 0.1. — Let FEy 4, E;, be an Og-module homomorphism
between two vector bundles on some scheme (or algebraic stack) X.
The stack [E1/Ep] can be described as follows. For any affine scheme
T = Spec(A) 4, X over X:

By Bo)(T) = <objects ={s € H%T,f*E:)} and for s,t € HO(T,f*E1)>

/=0 Hom(s,t) = {h € HY(T,f*Ey) | s + ¢(h) = t}
Moreover, any quasi-isomorphism of such complexes gives rise to an
equivalence of the corresponding stacks, thus the stack [E1/FEp] depends
only on the class of the complex Ey — FE; in the derived category of
coherent sheaves on X .

ANNALES DE L’INSTITUT FOURIER



SOME HECKE EIGENSHEAVES 2243

Example. — Let C 2 X be a smooth projective curve over some
noetherian base scheme X, and let F;,F, be coherent sheaves on C, flat
over X. By [16] the complex Rp.(Hom(F;,F2)) can be represented by a
homomorphism of vector bundles & — &; on X. By abuse of notation we
denote by Ext(F;, F2) the corresponding generalized vector bundle on X.

Note that this is well defined by the above lemma. The description
of the categories of sections given in the lemma tells us that this stack

classifies extensions 0 — F —» F — F; — 0, i.e. for any T' END'S

Ext(F1, F2)(T) = (0 — f*Fo — F — f*F1 — 0 exact sequence on T').

Proof of Lemma 0.1. — First note that the claimed description of
[E1/Ep) defines a stack:

1) We can glue morphisms, because sections of Ey form a sheaf.

2) Any descent datum of objects is effective (i.e. we can glue objects):
let U; be an affine covering of the affine scheme 7. A descent datum
for this covering is a collection of objects s; € I'(U;, f*E1) together
with morphisms h;; € T'(Usj, f*Eo) such that s;y,, + #(hij) = s,
and hik|UUk = h‘jk|U”k + hiﬂUUk'

This implies that h;; is a 1-cocycle, and since T is affine it must be a
coboundary, i.e. we can find h; € HO(U;, f*Eg) with h; — h; = hi; on Uy;.
Therefore we may define s} := s; — ¢(h;), and this collection of sections
glues to give s € HO(T, f*E;) with s|y, = ..

Thus we may define a morphism of stacks

objects = {8 € HO(T, f*E )} and for s,t€ HO(T, f*E )
< Hom(s,t) = {h € H°1(T, F*Eo) | s+ ¢(h) =t} 1 > = [Er/Eol(T)

mapping a section T — F; to the composition T — E; — [E}/Eyp].

Since HY(T, f*Ep) = 0 for any affine T, any s € [E1/Eo)(T) is
isomorphic to some s’ € H°(T,E;) and by definition any morphism
between two elements s,t in the image of this functor is given by a
section of H%(T, Ep). Thus the morphism is an equivalence of stacks.

The above description of the stack [E;/Ep] also shows that a quasi-
isomorphism of complexes induces an equivalence of the categories of points
of the corresponding stacks. O

TOME 54 (2004), FASCICULE 7



2244 Jochen HEINLOTH

LeMmMa 0.2. — Let

;b Po 1
0— Ey —— Ey —» Ej —0

l é l & l o
i1 P1

0— E{ — FE; —» E/ —0

be an exact sequence of (2 term-)complexes of locally free sheaves on some
(quasi-separated) scheme X. Denote by

B} /By~ [Ev/Eo) -2 [EY JEY)

the induced morphisms of the generalized bundles, and let s" : X — [EY / E{]]
be a section. Then locally over X the stack

p—l(sl/) — [EI/EO] X{EiI/E(I)I] X

is isomorphic to [E{/Eg]. More precisely such an isomorphism exists over
any U — X such that there is a lift s; € T'(U,E,) with p(s;) = s"|y.

Remark. — We might state the above as “p~!(s”) is a principal

homogeneous space for [E}/E{]”. More generally, we will call a morphism
of stacks a generalized affine space bundle if it can be factored into a
sequence of maps each of them locally (over the target space) isomorphic
to a generalized vector bundle.

Proof. — We may assume that X = U, such that there exists s; in
HO(U, Ey) with p(s;) = s” (e.g. we can take U affine). Let f:T - U = X
be an affine U-scheme. Using the previous lemma, we find that p~1(s")(T)
is the category with:

objects = {(s, ") € I(T, fE1) x I(T, fEg) | pa(s) + ¢" (R") = s1 },
Hom((s, 1), (t,g")) = {h € O(T, f*Eo) | s + ¢(h) = ¢
and po(h) = h" — ¢g"}.
Thus we define [E}/E}] — py*(s") by
HYT,E}) 3 s' — (i1(s') + 51,0) and HO(T,E}) 5 b — do(R).

This is essentially surjective, since for affine T' and any h” € HO(T, f*E{))
there is an h € H%T,f*Ep) with po(h) = h”, and therefore any
(s,h”) = (s — ¢(h),0). Morphisms of two objects in the image of the above
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map are given by H(T, E}) = ker(H°(T, Eq) — H(T, E})), therefore the
above map is an equivalence of categories. O
Application. — We will apply this lemma in the following situation:

consider the morphism of stacks classifying diagrams (with exact lines and
columns) of torsion sheaves on a curve C:

T T
‘E forget l
,Tl — 'Tz —» ’Igl 2 ,Tl
oo 4
7—1// SN 7—21/ s 7?5// 7—1// AN 7-—2// s ,2;’//

where the degree of each torsion sheaf is fixed.

On the right hand stack the exact triangle of complexes
R Hom(7{',T;) — RHom(7;,T;) 2> RHom(7;',7;")

can be represented by an exact sequence of 2-term complexes of vector
bundles. There is a canonical s” of R Hom(73’, 7") given by the extension
in the lower line, and the projection map from p~1(s”) to the base stack is
the map forgetr,.

Thus, by the above lemma, we see that the fibres of this morphism
are isomorphic to the stack Ext(73’, 77). These stacks are generalized affine
spaces, in particular the étale cohomology of the fibres is one-dimensional.

0.7. A lemma used more than once...

The following general lemma is stated in [11], a similar calculation is
done in [6]. I would like to thank Sergey Lysenko for explanations about
this.

LemMa 0.3. — Let £ & X be a (generalized) vector bundle, and
denote by sq: X — & the zero-section of €. Let further K € DY (€)
be a complex of étale sheaves on £ such that the restriction of K to the
complement of the zero-section descends to the projective bundle P(E)
(e.g. a Gp,-invariant complex of sheaves on £). Then

Rp.K = stK.

Proof. — We may assume that £ is a vector bundle, since for a
generalized vector bundle [£;/&p] the functor Rp, is defined via an acyclic

TOME 54 (2004), FASCICULE 7



2246 Jochen HEINLOTH

representable covering of the bundle, i.e. by definition we may replace
[E1/&] by &1. Let j: E% := € — 50(X) — & be the inclusion. Then we have
an exact triangle

(1]

— i K — K — 50,450 K — .

For the first term j;5*K we have to prove that Rp,jj*K = 0. If we
can show this we are done, since the lemma is true for the last term, and
the right hand map then gives the claimed isomorphism.

~

Write K® := j*K. Then by assumption K° 2 proj*(K), where
proj : £° — P(£) is the projection to the projectivized bundle and K
is a sheaf on P(€). To get a relation between £ and P(E) , blow-up the
zero-section of £, and denote the blow-up by Bl,, (€):

Bl,, (€) prace,
bll \\
€ J

X P

Note that prp(g) : Bls,(£) — P(€) is the line bundle O(—1) over P(£).
Let sp(ey: P(E) — Bls,(£) be the zero-section (i.e. the inclusion of the
special fibre of the blow-up). Since

P(£).

ji proj*(K) = R bl j, proj*(K) 222 R} 5 proj*(K),

we need to show that R(p o bl),(7, proj*(K)) = 0. But this is easy, since —
as before — there is an exact triangle on Bl (£)

—)j, proj*R —_— pr];(g) R S SIP(E),*R —,
and if we apply R prp(¢) then the natural map induces

proj. formula

RPTP(&),* Pri;(g) K K= Rprw(z),* SP(£) % K.

Thus R prp(g) . Ji proj*K = 0, and therefore R(p o bl), 7, proj*K = 0,
since p o bl factors through P(£). O
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1. The Whittaker function for the Steinberg
representation.

As indicated in the introduction, for any local system E of rank n
on C' — S with indecomposable unipotent ramification at points in S there
is a particular function fg on GL,(A) which one expects to span the
automorphic representation corresponding to E.

In this section we will give a formula for this function, more precisely
we will give an explicit formula for a function Wg from which fg may
be obtained by some explicit transformation. This formula served as
motivation for our construction, whereas it is not needed to define the
geometric construction. The reader might want to skip the simple, but
lengthy calculation.

1.1. The Whittaker space.

We will denote by C*°(GL,(A)) the space of functions f on
GL,(A) with values in Q, such that there exists a compact open
subgroup K C GL,(A) (depending on f) such that f(zk) = f(z) for
all z € GL(A),k € K. The same notation will be used for other locally
compact groups.

Recall that we have chosen a particular additive character ¥ on N, (A)
(see 0.2). The space of functions

C°(GLA(A)""*Y = {f € C*(GLn(A)) giueg)mj(i()?;fégéLn(A)}

is called Whittaker representation of GLy(A). A subrepresentation 7 of this
representation of GL,(A) is called a Whittaker model for the isomorphism
class of .

Similarly let Cog,(GLn (A))P1(E(C) be the space of functions which

are P1(k(C))-invariant and cuspidal)) (see [10]). Recall the theorem of
Shalika [25], 5.9, as stated in loc.cit.:

THeoREM 1.1 (Shalika). — There is an isomorphism of representations
of GL,(A)

N, (A),¥ P1(k(C))

— C®

cusp (GLﬂ (A))
given by f — ®(£)(9) := X yen,_, k(@) GLn_1 ey F((H 1))

®:C(GL,(A))

(1) A reader unfamiliar with this notion may ignore it for the moment, it will be ex-
plained again.
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Since the character W is a product of characters of the groups N, (K,),
we may construct functions in the Whittaker representation as products of
functions on GL,,(Kp) which satisfy the analogous transformation condition
for elements of N,(Kp). Thus, using Shalika’s theorem, the strategy to
construct automorphic functions has been to construct functions in the
Whittaker model, then to apply ® and try to prove that the resulting
function is not only invariant under the action of P;(k(C)) but really
invariant under the action of GL,,(k(C)).

In this chapter we will only be concerned with the local question,
i.e. with representations of GL,(K)) for one fixed prime p. The global
Whittaker function

We(g) = [ Weplgp) for g = (gp)pec € GLn(A)
peC

corresponding to our local system will be given as the product of the
local functions W p. For all p € C — S these are given by the formula of
Shintani and Casselman, Shalika (see [10]), whereas for p € S the local
factor is the Whittaker function of the Steinberg representation (twisted
by the eigenvalue A, of Frob, on the one-dimensional stalk (j.E)p) which
is calculated below.

1.2. The Steinberg representation.
Fix a point p € S € C and choose a local parameter 7 at p. Let
O (K5O — Ty (n) s AZ [ ,
i<j
This may be viewed as a character of B,(K,), by applying d» to the

diagonal entries of an element of B,(K,). In this interpretation &y is the
modulus character multiplied by Avaluation(det)

The (twisted) Steinberg representation Sty of GL,(K}) is the unique
irreducible subrepresentation of the induced representation

bg) = ox(b
Indgf('}gg”)dk = {f € C*®(GLy(Kp)) éé :)Bn(f)%i)?];(i) GL,(K,) } ‘

Here again C*°(GL,(K},)) denotes the Q,-valued functions which are
invariant under some compact open subgroup. For this representation
there is a unique (up to scalar) nontrivial Iw-invariant vector, which is an
eigenvector of the Iwahori-Hecke algebra [5]. We denote this vector by fiy.
Furthermore we know that this representation has a Whittaker model,
and we denote the Iw-invariant vector in the Whittaker model by W and
normalize it by the condition that W (1) = 1.
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1.3. The Whittaker function — statement of the formula.
For any d = (dy,...,d,) € Z" denote by

nh
diag(n9) := ( )
7Td"

the diagonal matrix and by o the permutation matrix corresponding to the
permutation o(e;) = e,(;) (where e; are the standard basis of Z™).

PropPOSITION 1.2. — The unique Iw-invariant function Wy in the
Whittaker model of Sty, normalized by W (1) = 1, is given by

sign(o) Aid:

g><s% = yol(Iw o Tw)

W) (diag(r?)-0) =

if di > dit1 — 0p-1(i)>0-13i+1) and Wy (diag(r%)-o) = 0 otherwise.

Here 8,-1(3y>0-1(i41) = 1 if 671(i) > 07'(i + 1) , i.e. the entry in
line i of o is right of the entry below and 0,-1(;)>o-1(i4+1) = 0 otherwise;
the volume is normalized by vol(Iw) = 1.

Remark. — The proposition is sufficient to calculate W since

GLn(Kp) = Bn(Kp) GLn(0p) = | Bu(Kp) Iwolw
UeSn

= |J BalKp)Na(Op)oTw = | Bn(Kp)oTw.
og€ESy o€ES,

Example. — For GLy we have

W)\((ﬂdl Wdz)) _ {qd2_d1)\d1+d2 if dy > da,

0 otherwise,
W)\(( . ﬂdl)) _ {_qd2_d1_1)\d1+d2 ifd, >dy—1,
e 0 otherwise.

This is the formula used in Drinfeld’s article [9].

1.4. Eigenvalues of some Hecke operators on the
Steinberg representation.
To calculate Wy, we need to compute the eigenvalues of the Hecke
operators on the Iw-invariant vector in Sty. To this end we use the
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function fi. For an element g € GL,(K,) we denote by T, the Hecke
operator given by convolution with the characteristic function of the double
coset Iw g Iw, i.e.

T, : C®(GL,(Kp)/ Tw) — C®(GL,(K,)/ Iw),
fre (D))= > f(z-h).

helw glw / Iw

The Hecke operators given by the following particular matrices t.; will be
very useful®:
1
mee; ifj=1,
tsi(ej) =4 €5-1 if1< 7 <1, ie. tei=|nx
€; lfj >4

]-n—z'
The following — presumably well-known — lemma gives the eigenvalues

of some of the operators T, on fiw:

LemMa 1.3. — 1) For all d € Z™ withd; > --- > d,, one has
T(diag(w‘_i))flw = AEdlfIw-

2) Ty fiw = sign(o) fiw for allo € S,,.
3) Tts«;flw = (_1)i_1)‘f1w-

Unfortunately, most of the results on Hecke algebras in the literature
are formulated only for semi-simple groups. However, the Iwahori-Hecke
algebra for GL, differs from the one for SL, only by the additional
element T;_, .

Proof. — First we note that Borel shows in [5] that the eigenvalue
of T, is

(T5) fiw = sign(o) fiw for o € Sy.

Further, we may assume fiw (1) = 1, since f1(1) = 0 would imply that fiy
is identically 0 (see the calculations below), thus for u € N,(K) and d € Z"

frw(diag(rd)u) = ABdgHicad=d (7).

) In case i = n the corresponding operation on parabolic bundles is the upper
modification.
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We apply this in the case d; > --- > d,, to calculate

Tdiag(ﬂii)flw(l) = Z fIw(g)

g€lwdiag(m2) Iw / Iw

= Z fIw(g)

gENL(O) diag(n?) Iw / Iw
vol (N, (0O) diag(m¢) Iw ) 6 (diag(n?)) frw(1)
= ¢ di—da)g(diag(ﬂé))flw(l) = X g ().

Here we used that an element of Iw is a product of an element in N, (O)
and a lower diagonal matrix contained in Iw, and that fordy > --- > d,,

1 0 1 0
<p )diag(wg) = diag(n?) [ ndr—d2p - € diag(n¢)Iw.
p p 1 gh—dnp gd2—dny |

Finally, to compute the eigenvalue of the operator T;_, we first note that
by 2):

sign(o) = Ty fiw(1) = Z fiw(g) = vol(Iw o Iw) fiw (o).

gelwolw /1w

Further we need a description of the corresponding double coset
Iw-t<; - Iw / Iw. Take an element k € Iw and look at k - t;:

Tw; o Iw; -t O

(5 ) (e

P I Tp p Twng
———

first column

Tw; 7O «— first line
—tei o .
T-p P Iwn—;

~—~—

first column

Thus, the matrices of the form

1

1;| 7 vy '7T_1’l}n._¢ «—first line

0 ) (% € ]FQ7
‘ 1n~i

form a set of representatives for Iw it ;Iw /Iw. We denote the right

tsi
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hand unipotent matrix by wu, with v € ]Fg_i and the permutation
o<; = (t<;diag(r=1,1,...,1)) then we have

,Ttnglw(a';il): Z fIw(Us_iltgiuv): Z fIW(diag(ﬂ-ala-'-»l)u'u)

veFg ™" veF; ™"
— qn—iAq-—(n—l) — q—i+1>\. O

1.5. The Whittaker function — proof of the formula.

First we show the vanishing assertion. For u € N,(K),y € Iw and
a permutation o we know that

W (udiag(r%)oy) = 1(u) Wy (diag(r%)o).

Thus if 0! diag(n¢) ~tu diag(n¢)o € Iw then we must either have ¢(u) = 1
or Wy (diag(r%)o) = 0, i.e. if 071(4) > 0~1(i + 1) our function W), can be
non-zero only if

(7rd‘“ - di)ui €Ep — ReS(Ui) =0,
that is d; > diy1 — 1 and if 071(i) < 071(i + 1), we need d; > d;1;. This
gives the necessary condition for W) # 0 claimed in the lemma.

Next, we note that our formula holds for diagonal matrices with
dy > dg > -+ > d,, because (as in the proof of Lemma 1.3)

)\Edz W’\(l) = Tdiag(wg)w)\(l) = Z W)\(g)
gEN(O) diag(n 2)-Iw / Iw

= W) (diag(79)) - vol(Iw - diag(r9) - Iw) = W (diag(m?)) - g¥<s h =,
Now we proceed by descending induction on the number ¢ such that o(j) = j
for all j > i: assume that o(j) = j for all j > i and o~ 1(3) < i.

We apply the Hecke operator T;_ . to express the value of
W (diag(r9) - o) for elements o with ¢=1(i) = i — k in terms of the
value of W), at points with 0~!(i) = i — k + 1, which we know by induction.
Since W)y is an eigenfunction for T;_,, with eigenvalue (—1)*~'\, we get

(—1)"" ') - Wy (diag(n9)0) = (T;W)) (diag(n9)o)
= Z W) (diag(79)o - k).

kelwic, Iw /Iw
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In the proof of Lemma 1.3 we used representatives of Iw t; Iw / Iw given as

71'_1’[]1 oo 7r_1'Un~i «first line

0 = toiUy, VE ]Fg_i.
' 171—2'

1

tsi

We write t.;, = o0;diag(m,1,...,1). Then the above equals

T Wy (diag(r%)o) = Z W (diag(r4)oo.; diag(m, 1,. .., 1)u,)
veFy ™"

= Z W) (diag(r(@demr i) og u,).
veFg ™"

Where we used oo<;(1) = 0(i). Now 0o<;u,(00o<;)™! is a unipotent
matrix in which all the entries of the first upper diagonal are zero (the non
trivial entries are in line o(¢) which is < ¢ and columns > 7). The character
1) vanishes on such elements. Therefore

T ;Wi (diag(r%)o) = ¢" "W, (diag(r®, ..., a0  rd)oo 2!

Note that (oo<;)71(i) = 071(i) + 1 therefore by induction this last
expression is non-zero if d,(;)—1 > dy(s) = dy(i)4+1 — 1, or equivalently

do(iy—1 +1 < doy +1 < do(iy41

which gives the sufficient condition for Wy (diag(7¢)o) to be non zero. To
conclude we have to check that we get the right power of ¢ in the induction
step:

1) vol(oo; =: 0’) = g#1+<ilo’'(®)>"()} and we have
#{k<jlo'(k)>d(N}=#{k<jlok)>o()}—(i—0(@@)+(o@i)-1).
2) Write d ;) := do(;) + 1 and &} := d; for j # o(i). Then

Zk(]dk (k< di—dj)+(n—o ()= (o (9)=1)

J_q

So these terms differ by a factor ¢"~¢, which is what we needed to
show. O
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2. An analogue of Laumon’s construction.

We fix an irreducible local system E of rank n on our curve C — S,
ramified at a finite set of points S C C(Fy), such that the ramification
group at any point p € S acts unipotently and indecomposably. We will
state this condition as “E has indecomposable unipotent ramification at S”.

We want to give a geometric construction for an irreducible perverse
sheaf corresponding to the Fourier transform ®(Wg) of the Whittaker
function Wg, computed in the previous section. We will follow Laumon’s
construction closely, the only new ingredient needed for the construction
being the notion of a coherent sheaf with parabolic structure. We will also
need to prove generalizations of some results on vector bundles to the case
of quasi-parabolic vector bundles.

2.1. Parabolic vector bundles.

Denote by Bun‘fl, g the moduli space (algebraic stack) of vector bundles
of rank n and degree d on C with a full flag at the points of S, i.e. for any
scheme Ty

Bun{ ¢(T) := <(5»5(i’p))i=1,..,,n-1,pes
£,E%P) yector bundles on C x T,
ECcELP) ... cgn-1p) ~ E(p),
EWP) /€ flat over T,

rank & = n, deg(€) = d, deg(EP)) = d + i >

Remark. — Usually one defines a vector bundle with full (quasi-)
parabolic structure to be a vector bundle £ together with a full flag
VipG - GVap = € ® k(p) of subspaces of the stalk of £ at p. This is
equivalent to the above definition — set V; ,, := ker (E®k(p) — £GP @k(p))
and conversely £4P := (ker(€ — £ ® k(p)/Vip))(p)-

From this reformulation we get a description of the points of Bunflv g
Denote as before K := [[,¢c_ g5y GLn(Op) X [[es Iwp, then(®

Bun? (Fg) = GLy(k(C))\ GLy(A)m™@0=d/K,

() Recall that given a vector bundle £ one can choose a trivialisation of £ at the
generic point and at all complete local rings of C. The transition functions then give
an element of GLy (A), the double quotient is obtained by forgetting the trivialisations,
keeping the flags at S.
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And the double quotient P1(F)\ GL,(A)/K contains the points of the
bundle Hom™(0, ) — Bun? ;.

Notations.
1) We will write £* := (£,E0P))i1, n1,pes-

2) Since & C £4P) C E(p) we also get E(p) C EEGP)(p), thus a
parabolic bundle is a chain of vector bundles

EWP) c giHlp) ... c gmL) c g(p) c EXP)(p) C -+,

where the cokernel of every inclusion is of length 1. For any integer k € Z
we denote by £(kn+ip) .= £(P) (kp).

Note furthermore that since the map € — £(p) is an isomorphism
on C — {p}, for two distinct points p,q € S the vector bundle
£GP) 4 £6:9) © £(p+ q) is a vector bundle of degree d + i + j. We denote
it by £@P)*+G:9) - Analogously we define £S5 ;= £Xpes(ip),

Thus we can shift the whole complex to obtain parabolic structures
on the vector bundle £(P) for all 5. This is called the i-th upper modification
of £°.

3) E(Lp) == (£GP gGDHEP), ;1 es. This notation might
be justified, because £(+P) is of degree d +i = d + n(i/n) and for i = n
we get the canonical parabolic structure on the vector bundle &(p).

We now want to mimic Laumon’s construction of automorphic sheaves
for unramified local systems. Consider for example the case of bundles of
rank 2. We will view ®(Wg) as a function on vector bundles together with
a meromorphic section of Q. At a point  — & such that Q@ — & and
Q — £15) are both maximal embeddings ®(Wg) is defined as the sum
over all sections of £/ with at most simple poles at S. But the line bundle
(£/Q)(S) = £1:9) /Q, thus we might equivalently sum over all holomorphic
sections of £(1:5)/Q.

To apply a similar consideration to bundles of larger rank, our
calculation of W suggests that we need to consider quotients of £°
by subsheaves which are not maximal. We therefore look for a notion
of coherent sheaves with parabolic structure(®) which allows the operation
F* s F*(LS). This is easy with the above definition of parabolic structure.

(4) While I was thinking about this, Norbert Hoffmann explained to me that one can
formally adjoin quotients of vector bundles with parabolic structure to the category of
such bundles to obtain an abelian category. The definition below may be viewed as a
geometric interpretation of these quotients. I would like to thank him for the helpful
discussion.
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2.2. Parabolic coherent sheaves.

DEeFINITION 2.1. — A coherent sheaf on C with n-step parabolic
structure at S — also called parabolic sheaf for short — is a collection of
coherent sheaves

Fe o= (]: — .7:(0,17)7]:(1',12))

i=1,...,n—1;p€eS

together with morphisms ¢(4P): FG—1.p)  F@p) for 4 = 1,... n and
p € S (where F(™P) := F(p)) such that in the resulting sequence

¢(2,p)

) ¢(n,p)(_p) o ¢(1qp) f(l,p)

n—1,p n.P .»)
A gt 2T, pp) £, )

(i,p) .0t t1ipP) )
#7" ploo9 F(©:P) (p) is the natural

the composition of n maps F(-?)
morphism.

Notes. — 1) If the sheaf F' (:P) is not torsion free at p for some 3,
then the natural map F(P) — F(P)(p) is not injective, so at least one of
the ¢*’s is not injective (see the examples below). However, by the same
argument we see that all ¢(*P) are isomorphisms on C — S, in particular
all the F(*P) have the same generic rank, thus we define the rank of F*
as rank(FO-»)).

2) The degree of F* is defined as the collection
deg(F*) := (deg(FP)))

0<i<n,p€ES.

3) We denote by Cohf{ c,s the algebraic stack of coherent sheaves
of rank r on C with n-step parabolic structure at S and (multi-)degree
d= (d(i’p))0§i<n,p€8~ Since we usually fix the curve C, we will omit it and
write Cohf{ g to shorten this lengthy notation.

4) We denote by Bun:‘i s C Coh :-i s the substack of torsion free sheaves,
i.e. the substack where all F(?) are vector bundles. Note that these stacks
include the stacks of vector bundles with partial parabolic structure at S,
in particular for constant degree d = (d,...,d) this substack is the moduli
stack of vector bundles without additional structure.

Usually we will consider Bung’ g only in the case where dP) =d+4

for some d € Z and r = n, but the other stacks will arise in connection with
Hecke operators.

ANNALES DE L’INSTITUT FOURIER



SOME HECKE EIGENSHEAVES 2257

5) As in the case of vector bundles we define
Fr)+6.a) .= (Fr) g FOO)/F
(for the diagonal embedding of F). Note that this quotient is the sheaf
isomorphic to FP) on C — ¢q and isomorphic to FU:® on C — p. These

sheaves glue, since both are canonically isomorphic to F on C — {p,q}.
Analogously we define F(55),

6) Again we define upper modifications as

]:-(;L_ p) = (FOP), FUQ+ERy o

Example. — In our case, given an injection Q®("~1) — £ we get an
induced parabolic structure on the quotient £/ Q®(—1)_ We only use that
E(p)/Q2TD(p) = (£/Q2CV)(p) to get

gem-1 4, gem-n 2,1 gem-1) _, gom-1)(p)

l ¢(1,P) l ¢(2,p) l 4,(%17) J’

(21) € £p) Em-1p) _—  , g(p)

| | | |

g/Qen—1) _, gLp)/@(n—1) ... gln=1p)/OB(n=1) _, (£/Q®("—1)(p).

Note that we can view Q®(~1) (or any coherent sheaf) as parabolic sheaf
by defining
O®-1)(Ep) . O®(n-1)

for i =0,...,n — 1. With this definition the above diagram is an extension
of parabolic sheaves.

From this example we see that:

LeMMA-DEFINITION 2.1. — The category of (quasi-)coherent sheaves
with n-step parabolic structure is abelian.

We denote homomorphisms of parabolic sheaves by Hompara(.,.), and

1
the same for Ext ., etc.

The category of quasi-coherent sheaves has enough injectives.

Proof. — The kernel and cokernel of a morphism can be defined
componentwise. All compatibilities thus follow from the corresponding ones
for coherent sheaves and we conclude that the category of sheaves with
parabolic structure is abelian. Furthermore the above example shows that:
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Remark 2.2. — The stack Coh‘,ic classifying coherent sheaves of
rank &k and degree d on C can be embedded into the stack of parabolic

sheaves:
j: Cohf e Cohlg?, F o F* = (F,FOP = F).

For a coherent sheaf F on C' we will write (F)* for its image j(F). The
functors (.)* and (.)(©%) are adjoint functors:

Hompara ((F)*,G*) = Homo,, (F,G"9),

Hompara (g‘, (.7-')’) = Homoc(g(”_l’s),]:).
For an injective sheaf 7 the adjunction property yields

Hompara (F*, (Z)") = Homoy, (F"' =19, 1),

Since the functor (.)(®~15) is exact we conclude that Hom(., (Z)*) is exact.
Thus choosing embeddings G*P — Z, ,, into injective sheaves Z; , we get an
embedding G* — @ (Z; ) (21 S+ ";T’L_—l p) of G into an injective parabolic
sheaf. ad

By the above we also have:

LemMMma 2.3. — The extensions of a parabolic sheaf F* by a line
bundle L are classified by Extp (F("~15) L), i.e.

EXtéara(j:.v(‘C).) = EXt%Qc (-7:(”_173)75).

Proof. — By the above remark any injective resolution of £ defines
an injective resolution of (£)*, and to such a resolution we may apply the
adjunction formula. ]

Note that we could give another proof of this lemma, calculating the
Yoneda-Ext groups directly via the diagram (2.1). The only thing one has
to check is that in this diagram we have

S(i’p) = g(n—l,p) X(E(n—1,p) /Q®n-1) (g(i,p)/thm—l).

CoOROLLARY 2.4. — Let F* be a parabolic sheaf and let L be a line
bundle on C. Then we have by Serre duality

Ext} .o (F*,(£)*) = (Hompara (L ® Q71)* (= 251 5), 7*)) .

para
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Proof. — This is just an application of the adjunction isomorphism to

EXt(lj)c (f("—l,s)’ﬁ) = Homoc (E ® Q—l7f(n—1,5))v. 0

The above version of Serre duality (Corollary 2.4) suggests to denote
O =(0), Q:= (Q)’(@ilS)
and analogously Q** := (Q®F)*(k2=1S). Then we can put £ := Q%F

to deduce from the corollary that

(Fe, Q% k) Hompara(Q"k_l,]:")v.

para

2.3. The fundamental diagram.

Reformulating the preceding calculations for families of parabolic
sheaves allows us to construct a variant of Laumon’s “fundamental diagram”
as follows. We will call a coherent parabolic sheaf F* good if

Hompara(]:.a Q.’n_H—l) =0 foralll<i<n-1.
By Serre duality this condition guarantees that

Ext Qe:n—i ]_-o) Ext%/)c (Qn—i’]:(—(n—z’)(n—l),S)) =0,

para(
and moreover the same will be true for any quotient of F°.

We denote by Bun®°? ¢ Bun? 5 and Coh ’gOOd C Coh- s the open
substacks of good parabohc sheaves.

Denote by &3, (resp. .3“’) the universal parabolic sheaf on
Bu nd good L o (resp. on Coh,’ ’goo xC) and let p; be the projection to
the - th factor.

We can view the sheaf py ,(Hom(p3Q®™~1,£2.,)) as the classifying

stack for good parabolic vector bundles £°* together with a homo-
morphism Q*"~1 — £°. Denote this stack by

Hom,, := <( pr Qen—1 __>‘7_-.) | F* e Co hdgood>.

Write Hominnj for the open substack of Hom,, where ¢ is injective.

Similarly write Ext,ll for the stack classifying extensions of parabolic
sheaves by 2*":

Ext,, := (0 — pre Q*" — Fryy — F* — 0| F* € Coh, ’gOOd>.
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Note that we defined the substacks of good bundles, to guarantee that
Hom,, and Ext1 are vector bundles over Coh ’gOOd

As in Laumon’s construction we have:

1) To give a short exact sequence 0 — Q*""1 — F2 — F* — 0
it is sufficient to specify the datum 0 — Q*"~! — F2. Furthermore, if F,
is good, all of its quotients are good as well.

Thus if we denote by Ext}#°°? ¢ Extl the substack consisting of
extensions in which the middle term is a good parabolic sheaf, then have
an isomorphism I, : Hom™ = Ext}83°4,

2) Over Coh, ’gOOd the bundles Hom,, and Extl are dual vector
bundles.

Since we want to construct a sheaf on the moduli stack of vector
bundles with full parabolic structure at S, we fix a parabolic degree d given
by d(#P) = d + i for some fixed d € Z and define a fundamental diagram
(which we split into several diagrams):

JH ini I JExt
Hom, <™ Hom!™< " , Ext}89°c """, Extl

n—1
Co h ,good Co hdn 1,5, good
n—1,8
dual bundles
Extl_, "H
(2.2) Xbp_1 OMp—1
n—1,g00d
Co hn 1,8
In— 1, JExt
Hom,_; 2™ 5 Hom™ | « =1, Ext VBl T Extl
n—1,good dn—2,800d
COhn 1,8 Co hn 2,8

Here the last line is the same as the first one with n replaced by n — 1.
Thus we can continue this to end up with Coh éi’os (we drop the superscript
“good”, since all torsion sheaves are good). We have to keep track of the
degrees of the parabolic sheaves d,,_; := d — E;'=1 deg(Q*™~7), thus

d8P = (dpy—(n—i—1),dpi = (n—i—2),...,dni,...,dn;)
i+1 times
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withd,,_; :=d— Z;=1 ((n—3)(2g—2)+(n—j+1)). In particular, continuing
the above diagram to the right, the last term will be Coh g,ig’”"d").

Laumon’s construction started with a sheaf on Coh@ which
corresponds to the Whittaker function for unramified local systems. This
sheaf is pulled back to Ext(l)’g°°d, then one applies jHom, !+ 7 to the resulting
sheaf, after that one applies the Fourier transform for the bundles in (2.2)
and then continues with pull backs and intermediate extensions for the
maps jHom and jExt in the upper line of the diagram until one ends up with
a sheaf on Hom,,.

To do the same in our situation we need to find a sheaf on Coh gf’s
that corresponds to the Whittaker function as calculated in Section 1.

2.4. The Whittaker sheaf L.

As noted in Section 2.2, there is an open embedding of torsion sheaves
of degree dp on C' — S to parabolic torsion sheaves:

ji Cohdy_g e Cohdy, T+ T* = (7,70 .= T).

The map j is open, since the condition that supp(7 (®%)) ¢ C — S is open.

Furthermore we have Laumon’s Whittaker sheaf C‘é‘l’ s
Cohg?c_s. Recall the definition of E‘é‘ic_sz let (C — §)(%) be the do-

th symmetric product of C' — S and denote by

on

jo-s:(C = 8)) — Cohd,_¢, D~ 0/O(-D),

which is almost an embedding (see [20]). Let Ejo_g(%) be the symmetric
power of E restricted to the symmetric product (C—8)(@) of the curve C—S,
then Eté(])C—S = jcﬁs,g*E|c_S(d°).

DEFINITION 2.2. — We define the Whittaker sheaf corresponding to E
to be

LE = j!*ﬁ‘liqc-s = (j o jo-5)(Ejc—s).

We will prove some properties of the Whittaker sheaf justifying its
name in Section 4.
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2.5. Putting everything together: the Fourier transform of £¢.

Now let quot : Exty — Cohg:)s, (O* = F; —-T*)—T* be the
quotient map and denote the Fourier transform (recalled in 0.3) by
Four : D*(Homy,) — DY(Ext}). Following the fundamental diagram (2.2)
from right to left we define:

DerFINITION 2.3. — We inductively define the sheaves FE and FE,
on the connected components of Hom,” which occur in the fundamental

diagram as

FE := Ijhyequot™ L [do] =: FE y,
F’ICE-'_1 = Il)c.:(—l—LjExt four(jHom NE FIE)7
Fhtl.

E,! T I 4+ e Four (Jtom ,!F’E,!)-

We define FE and F’E,! to be zero on all other connected components
of Hom}".

Note that to keep track of the parabolic degrees we formulated
the construction of FE on Hom{¥ above a fixed connected component
Coh ;;ifs’gOOd C Coh %‘,’gd. However, we will consider F§ and Hom," as defined
above all the connected components corresponding to the special degrees dy,
that occur in the definition of the fundamental diagram together and for
convenience we defined FE and F’E’ | to be zero on the other components.

The restriction of the sheaf Fg to the stack of vector bundles with a
section of 2*™~! will be our candidate to descend to an automorphic sheaf
on Bun, s. By construction this is a perverse sheaf, which is irreducible
on all connected components of Horniknj (because we assumed that E is
irreducible, therefore £¢ is an irreducible perverse sheaf and this property
is preserved by Four, jHom,!x and jf.)-

As in [19] we also define the sheaves F’EJ, because it will be easy to
prove that these have a Hecke eigensheaf property, and finally (in Section 8)
we will show that they are isomorphic to FE for k < n < 3.

To end this section we want to state our main theorem. To do this
we need to define geometric Hecke operators for parabolic sheaves. We first
give an example indicating the relation between parabolic torsion sheaves
and the Iwahori-Hecke algebra:
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2.6. Parabolic torsion sheaves and Hecke operators.

Assume for the moment that n = 2, § = {p}, and consider the
stack Cohé:;. Take any T* € Cohtl,::,. If supp(T) = q # p, then T* = (kg)*
where k; is the residue field at g. But if supp(7) = p, then 7 is isomorphic
to exactly one of the following sheaves:

1) To=ky 5T =k, % To(p) S by - -

2) To=hy =T =ky -5 To(p) X by > -,

3) To=ky T =k, — To(p) Xkp — -

We want to relate these sheaves to some Hecke operators of the
Iwahori-Hecke algebra at p, acting on parabolic vector bundles of rank 2.
To do this, we consider torsion free extensions of a parabolic vector
bundle £’® by the first complex:

L gp ey gl(O»p)(p) N g’(lm)(p) .

| |7 !

1 . 2 1
o g0n P eum P gomp) 2P gump)
SR R .
o ky kp kp kpy — e

The middle map in the lower sequence is 0, therefore ¢? factors
through £(:2) — £(0P)(p). Since all the bundles £(?) are locally free this
map is injective, and since the two bundles have the same degree it is an
isomorphism.

The same argument shows that ¢! does not factor through £(1:P),
so the upper line is given by a parabolic structure on the vector bundle
E0p) = g/0p)(p), different from the canonical structure £’*(p). Thus
extensions of this type are the set indexing the summation of the Hecke-
Operator T'(01y o T'(0 1). According to Lemma 1.3 this operator acts with
eigenvalue trace(Frob,, (j<E)p) on the Whittaker function. Analogously we
find that summing over extensions of parabolic bundles by the second
torsion sheaf calculates T(g 1yo T Finally the third torsion sheaf gives
the Hecke operator 7' o 1) which acts with eigenvalue — trace(Froby, (j.E)p)
on the Whittaker function. Note that this torsion sheaf is a point of
codimension 2 in Coh(l)zzl,, and thus the perverse sheaf Lt will have some H!
at this point. The minus sign of the eigenvalue will come from taking the
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trace of Frob on this cohomology group of odd degree (see Corollary 4.5).
Therefore we define generalized Hecke operators as follows.

Fix non negative degrees d = dj + da, and let Hecke 292 be the stack

n
classifying extensions of parabolic sheaves of degree ds by torsion sheaves
of degree dj, i.e.
Hecke 2% .= (0 —» F'* > F* —» T* - 0)
| F'* € Coh s, T"* € Coh ).

The forgetful maps give rise to a correspondence

‘_i1+é2 Prbig 41 l_ig Prgman X quot (_12 (_11
Coh#1§# ™ Heckedtd2 Plemat X9, cyppy 42 Qo & |

1,d2

DEFINITION 2.4. — The generalized Hecke operator H,%i is defined as

H% . pb(Coh? 5) — Db(Coh g x Coh's),
K — HI %K := R(preman x quot); o pri, K.

To define operators on parabolic vector bundles which correspond to
the action of the Iwahori-Hecke algebra on functions on Bunflys(]Fq) we
have to forget the scalar automorphisms of our sheaves as follows:

Let € be a parabolic degree satisfying (0,...,0) < ¢ < (1,...,1).
(Here € < (1,...,1) is a short hand for the condition that for any torsion
sheaf T* of degree ¢ we have deg(7(“P)t9)) < 1 for all 4, € Z, p,q € S.
In case that €©®P) = 1 this is equivalent to e®?) < 1 for all 4,p,
but if () = 0 we add the condition e®P) + €9 < 1 for p # q.)

Note that on every non-trivial parabolic sheaf we have a free action
of scalar automorphisms. In the language of stacks this means that G,
acts freely by 2-automorphisms on Cohg’s. We can quotient out these
automorphisms (see [1]) and we denote the quotient stack by

Coh a g = Coha s /diagonal G,,-automorphisms.

In our situation this stack can also be defined as follows: choose
(0, p0) with €;, p, = 1 then we have

(ﬂl_g’s = <T‘7¢: E— HO(C, T(io,Po)) | T € Cohg’s>,
The morphism COh(g),S - Cﬁé, g is given by
T — (T° ® (T(io,Po))—l’ ¢: k = HO(C, 7 (v,po) ® (T(io,po))—l))‘
For different choices of (ig,po) the resulting stacks are canonically

isomorphic (tensor with (7 (¢1:p1))=1),
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The morphism supp : Cohas — C' which maps a sheaf 7° to its
support (for our choice of ¢ all 7(+P) are either zero or concentrated in a
single point which does not depend on (4, p)}), factors through a morphism
supp : C_()—hg,s - C.

We define more Hecke correspondences:

. d
<£'° g | £ €BunLs >
£ c Buné_sg
ly Tsmall X V \sma]l X Ppre
_ id X supp _
Bun Bun* 5 xCohO g — Bun- < xC.

DeFiNTTION 2.5. — The Hecke operator HE is defined by
H§:Db(Bung,S) — Db(Bung,_Sg XC—oﬁas),
K+ HK := R(prgy, X quot); o pry;, K.
Fore=(1,...,1) =: 1 we set
HE: Db(Bun- s) — D’(Bun "S— xC),
Kr— HCK = R(prsmall X prC)! ° prbig K.

Finally note that the sheaf £} descends to a sheaf £} on (E(ll,s'
Denote by jo: C — S < C the inclusion. We will prove the following:

THEOREM 2.5. — Let E be an irreducible local system on the curve

C — S with indecomposable unipotent ramification at S and assume
n = rank(E) < 3. Then

1) FReeFR,.

2) FE descends to a nonzero perverse sheaf A2°? on Bunf°%y'.

3) AgEOOd extends to a Hecke eigensheaf Ag on Bun, g, i.e. there is a

unique extension Ag of A%OOd to Bun,, s such that

HAE 2 A ® LE[-n+ 1](—n + 1),

HEAE=0 for 0<e<],

HEAE 2 Ae R jo «E[-n+1](—n+ 1)
and the isomorphism

H} o HEAe 22 Ae R jo «E B jo «E[—2n + 2](—2n + 2)

is Sa-equivariant.
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Note that we have chosen to define the operators H€ in such a way
that they correspond to the usual Hecke operators for functions whereas
in [11] the operators are normalized such that they preserve perversity.
Furthermore we defined non zero F§ and thus Ag only on the connected
components of Bung’s satisfying d(*?) = d(©P) 4  for all 4,p, i.e. which
parameterize vector bundles with full parabolic structure at S. The Hecke
property for the operators H¢ justifies the definition of FE and Ag to be
zero on the other components.

We will show (Corollary 4.5) that the theorem implies that the
function tra. is an eigenfunction for the action of the Iwahori-Hecke
algebra. Indeed, by the example given above we have already seen that
the points of (TO—H%’ s give a set of generators for the Iwahori-Hecke
algebra (the invertible element corresponding to ®O( % p) and the operators
corresponding to the transpositions in S,, generate the algebra).

To emphasize which part of the proof depends on the assumption
n = rank(E) < 3, we divide it into several parts. Proposition 6.7 proves
the above theorem under the assumption that Fg = Fg . In Section 8 we
deduce this assumption from a vanishing theorem 7.1. All this works for
general n, but the proof of this vanishing theorem given in Section 7 relies
on the assumption n < 3.

3. Some properties of parabolic sheaves.

This section is an attempt to clarify the notion of parabolic sheaves.
First we give a description of the isomorphism classes of parabolic torsion
sheaves, then we prove some lemmata concerning homological algebra of
parabolic sheaves. At the end of this section we give an explicit description
of the moduli space of torsion sheaves on A! with parabolic structure at 0.
All these results are simple, but for completeness they are collected in this
paragraph.

3.1. The structure of parabolic torsion sheaves.

The structure theorem for modules over principal ideal domains shows
that any torsion sheaf on a curve C/k is a direct sum of sheaves of the form
O/(p?) =: Ogj, for some prime ideals p. A similar result holds for parabolic
torsion sheaves. The constituents of a sheaf 7* supported in p € S will be

, (4,p) .
of the form (we only give the sequence - - - — T (=1P) AN (RN )

'_’O/Pd—’"'—’(’)/pd—»(?/p(d‘l)—'>"'—>0/p(d“1)qO/pdﬁ...
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More precisely these are isomorphic to Oj, /n(% p) == O*(Lp)/O*(=Ep)
for some 0 < k < ¢ € N (in the sequence above d = [k/n] is the smallest
integer bigger than k/n). We call

= Z deg(TP))

1=0,...,n—1;p€S

|deg(7™)

the total degree of a parabolic torsion sheaf.

First we consider parabolic torsion sheaves supported at a single point
p € S and we choose a local parameter 7 at p. Then the complete local
ring at p is Og,, & k[[n]]. To simplify the original argument G.Faltings
remarked that in this situation a parabolic torsion sheaf 7* supported at p is
the same as the Z/nZ-graded k[[T = 7'/)] module M := @7~ TP with
multiplication by T given by (¢(“P)),—o, . . Here the structure of k[[T]}-
modules implies that every cyclic submodule k[[T]]/(T*) C M of maximal
length is a direct summand. Further any such submodule may be used
to define a graded inclusion k[[T]]/(T*) — M and any splitting of this
inclusion as k[[T]]-module also gives rise to a graded splitting. Translating
this back into a statement of parabolic sheaves we get:

LEMmMA 3.1. — Let 7° be a parabolic torsion sheaf supportedinp € S,
and let further Oy, /n( Lp) ¥, T* be an inclusion such that the total degree
| deg(Of,/n ( p))| is maximal. Then there is a splitting of 1. a

From this lemma we get:

ProposITION 3.2 (Structure of parabolic torsion sheaves). — 1) Any
parabolic torsion sheaf is a direct sum of sheaves of the form

Ojp/n(Ep)" = O*(£p)/O*(FLp), i,jEN,peS
and sheaves supported outside S.

2) Any parabolic torsion sheaf T* has a filtration T C T C --- C
T* such that the filtration quotients 7% /T are isomorphic to one of the

following:
(a) T, /T = (k(g))* and ¢ & S;
(b) thereisapg € S and 0 < iy < n such that

k(po) i=iomodn,p=p €S,
Jj+1

T(iyp)/T(i7P) — {
J

0 else;
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3) any parabolic torsion sheaf T® of constant degree degT*® =
(d,...,d) has a filtration T C --- C T C --- C T* such that
deg(7;*) = (3, ... ,%).

Proof. — Since for any torsion sheaf 7 we have a canonical
decomposition T = @ csupp(r) 7 ® Oc,p, we may assume that 7° is a
parabolic torsion sheaf concentrated in a single point g, i.e. supp(7 (i”’)) =gq

for any (3, p).

If ¢ ¢ S, we know that all the 7(®) are isomorphic because the
functor ® Oc(S) is the identity functor on sheaves supported in C — S.
Hence 7° = (7(?))* and for torsion sheaves without extra structure the
lemma holds.

For torsion sheaves supported in S the previous lemma implies 1) and
the sheaves Oy, (L p) have a filtration satisfying 2).

To prove 3) by induction on d pick a summand O} (ﬁ p) of T°.

jp/n
Shifting 7* we may assume that ¢ = 0. If j/n > 1 then this has a submodule
of degree (1,...,1) and we are done. Otherwise a complement 7’® to this

summand will have degree d’ with

dl(k,q)_{d_l for0<k<j qe€S8,
-~ d forj<k<mn,q€S.

But then the map 77("~1P) — T"(%.P)(p) must have a non zero kernel. Take
a summand O}, /n(% p) of T'® contributing to this kernel. Again unless
j' < n — j this contains a subsheaf of degree (0,...,0,1,...,1) where 1 is
repeated n — j times. Thus, doing one more induction we find a subsheaf 7;°
of T* of degree (1,...,1). O

Finally note that for an arbitrary parabolic sheaf the torsion
subsheaves are always a direct summand:

Remark 3.3. — Let F* be a parabolic sheaf on C/k. Then
F* = & @ T°*, where T* is a parabolic torsion sheaf and all £&P) are
torsion free.

Proof. — We know that T := torsion(F*) C F* is a parabolic torsion
sheaf and F(0:5) o 70,5 g£(0:5)  And since the ¢{**) are isomorphisms over
the generic fibre of C the images ¢*?(£(°P)) can be used to define maximal
torsion free subsheaves of F(#P) these define the desired decomposition. O
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3.2. Homological algebra of parabolic sheaves.

’ LEMMA 3.4. — For coherent parabolic sheaves on Cy, the functors
Ext .., vanish fori > 1.

Proof.— Let F* be a parabolic sheaf. We prove that Ext?__ (., F*) = 0

para
for ¢ > 1 by descending induction on the rank and degree of F°.

For a line bundle £ on C' the functor Hompaza (., (£)®(£.5)) coincides
with a Hom-functor on coherent sheaves, and for Ext,_ the lemma holds.
By induction, we may therefore assume that F* is a parabolic torsion sheaf.
By Proposition 3.2 giving the structure of parabolic torsion sheaves, we
may further assume that F* is a quotient of a line bundle by a subsheaf,
both of arbitrarily high degree, which establishes the claim. |

LeEmMmaA 3.5. — Let T* be a parabolic torsion sheaf and £°* a parabolic
vector bundle. Then:

1) dim(Ext;ara(T',E')) and dim(Hompara(€°,7°)) only depend on
rank(€°), deg(€®) and deg(T*).

2) More precisely, for T®P?) = k(py) if (i,p) = (i9,po) and T(P) =0
otherwise, we have

dim(Extlljara(T',é")) = deg(g('i-lrl,p)) _ deg(g(i,p)),
dim(Hompara (£°,7°)) = deg(£@P)) — deg(£1-1P)).

3) If deg(T*) = (d) is constant, we get

dim (Ext 1

para

(T*,€%)) = d-rank(€*) = dim(Hompara (£°,7°)).

Proof. — We give a proof of the statements on Extllaaw, the case of
homomorphisms is even simpler. Since £* is torsion free, Hompara (7, €*) is
zero. Thus for any exact sequence 0 — 77* — T* — 7T * — 0 the sequence

(TN', £*) — Ext}

para

0 — Ext!

para

(T°,&) — Extll)ara(T“,S’) —0

is exact as well.

To prove the lemma, apply this remark to the filtration 7,* C 7°
constructed in Proposition 3.2 1) and reduce to the case 74P = k(po)
if (i,p) = (io, po) and T(P) = 0 otherwise. We may shift £*,7* and assume
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that 4o = 0. Write 7 = (£)*/(£)*(—1po) for some line bundle £ and for
simplicity choose deg(L) < 0 such that Ext, o(L,ECPY =0 forallp € 8,
—1 < i< n. Then

dim (Ext,,o (7, €%)) = x (R Hompara (£*(— L po), £*))
— x(RHomp,:a(£°, &)

= x(R Homop,, (L, 8(1’7’0)))
- X(RHomoc (L, 8(0’p°)))

= dim (Homo (£, E179))) — dim (Homo (£, £0po)y)
= deg(g(lypo)) _ deg(g(o,po)) 0

3.3. The moduli stack of parabolic torsion sheaves.

First let us consider the moduli stack of torsion sheaves on A! with
parabolic structure at p = 0 as an example:

This stack classifies sequences of torsion sheaves(®):
1 2 3 n—1 n 1
..—>T0LT1L’]ﬂL...ﬁ__)Tn—l‘ﬁ_)To(p) '),

with the property that the induced maps 7; — 7T;(p) are the natural ones.

Recall that a single torsion sheaf 7 on A! can be described by giving its
vector space of global sections H°(A!, T) together with the endomorphism
given by multiplication by the coordinate ¢ of A’ = Spec(k[t]). Hence we
get a presentation of the moduli space of torsion sheaves of degree d on A!:

Cohg,A1 & [Matg,q / GL4],

where GLg acts on Matg 4 by conjugation. (Under this identification the
support of a sheaf is given by the eigenvalues of the corresponding matrix,
and the length of the indecomposable summands is given by the Jordan
decomposition.)

For torsion sheaves with parabolic structure we can define a similar
presentation as follows: The coordinate ¢ induces isomorphisms 7 (p) = T
and under this identification the natural map 7° — T*(p) — 7* is given
by the multiplication by t. Thus for any collection (¢¢: k®%i-1 — g&d)n_|
we may define 77 by (k%% ¢/ o ¢p'~t... ¢l o g™ 0 -0 ¢'t!) and with
this definition the ¢* automatically define homomorphisms 7¢~1 — 7
of Op1-modules. This proves:

(5) I drop the upper index p since we have assumed that S = {p} = {0}.
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LEMMA 3.6. — There is an isomorphism

Cohg?{’]'a”}’d’“1 = [Maty, 4, X Matg, 4, X - - x Matgy 4, ,
/(GLgy x -+ x GLq,_,)],

where an element (go,...,gn-1) € GLg, x--- x GLg
(¢, ...,0") € Matg, 4y X Matg, 4, X - -+ X Matg, 4, , as

(9os - 1Gn=1) - (§, ..., 8") == (10" 95 ", 920%g7 ", ... 909"9521). O

operates on

n—1

CoRrROLLARY 3.7. — For any smooth curve C and any finite set
S C C(k) the stack Cohg’ g Iis smooth. In case d is constant it is of
dimension 0.

Proof. — To show the lifting property for smoothness at a point
T° € Cohg’ 5, we only need to consider sheaves on Spec(Ilyesupp(7) @c,q).
But for a smooth curve we know that O¢,g = k[[t] & Op1 o, and therefore
it is sufficient to prove the corollary in case C = Al and S = {0}, which is
proven in the previous lemma. O

In case one does not want to consider deformations of parabolic
sheaves one could use the above lemma and the fundamental diagram to
get smooth presentations of the stacks Coh ;‘i g

CoroLLARY 3.8. — For any smooth curve C and any finite set
S C C(k) the stacks Coh 5, g are smooth algebraic stacks. O

4. Properties of the Whittaker sheaf L‘é.

Our main goal in this section is to prove a Hecke property of the
sheaf £¢ defined in 2.2 (Proposition 4.8). In the case of unramified local
systems Laumon [19] proved this in two steps: first he introduced a small
resolution of the stack of torsion sheaves, defined as the stack classifying
torsion sheaves, together with a full flag of subsheaves. Thereby he obtained
a geometric description of the Whittaker sheaf, which he then used to prove
the Hecke property.

Translating this into our situation we encounter two problems. The
first one is that L1 is already a complex of sheaves. The second problem
is that the analogue of Laumon’s resolution is not small in the case of
parabolic torsion sheaves.
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Since L‘é is a perverse sheaf on the moduli stack of parabolic torsion
sheaves and most of the questions are local in the étale topology we will
often be able to reduce to the case that our curve is A' and our local system
is ramified only at the point 0. Therefore our first aim is to calculate £¢ in
this case. After translating these results into the general situation we then
proceed with Laumon’s strategy as described above. Here we simultaneously
prove that the Hecke property of £ holds and that we can give a geometric
description (Lemma 4.10) of £E.

4.1. Calculation of the sheaf j,E on COh%),N,O-

Consider the case C = A! and S = {0}. Let E,, be the n-dimensional
local system on G,,, ramified at 0, such that the ramification group acts
unipotently and indecomposably — i.e. the invariants under the ramification
group are 1-dimensional — constructed as follows: we have

Extg, (Qe(—1),Q¢) = H (Gm, Qe(1)) = H' (G, Qe)(1) = Qo

and therefore there is a canonical nontrivial extension E; of the sheaf
Q¢(—1) by the constant sheaf Q. The long exact cohomology sequence
corresponding to this extension gives H'(G,,, Ez) = Q(—2), thus we can
repeat this argument to define E,, filtered by Q = E; C E; C --- C
E,-1 C E, with subquotients E;/E;_1 = Q(—i + 1). Alternatively we
could describe this as Sym™ ' (Es).

Since Coh(l)’Gm — the stack of torsion sheaves of length 1 on G,, — is
isomorphic to [G,,/G,] for the trivial action of G,, on G,,, the sheaf E,
descends to a sheaf on Coh(l),Gm which we denote again by E,.

We want to calculate the middle extension ji.E, with respect to
the inclusion j: Cohéme — Cohé:A";}{O} (where Cohé:g'{’l{o} is the stack
of torsion sheaves with k-step parabolic structure — in this section we
allow n # k). Because of the theorem on smooth base change it is sufficient
to do this on a smooth representation of these stacks. We will use the
presentation A*F 5 Cohg 1,10y given by the quotient construction in
Lemma 3.6. This fits into a cartesian square

% Gl ——
G, l . l
/Gm-trivm 1,..,1

1 J ;
Cohgg,,— Cohg¥,
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where m is the multiplication map. So we are left calculating j.m*E,
on A¥ and to simplify notations we will often denote m*E,, again by E,.

We use the standard notations D; := {r; = 0} C AF and for
a subset I C {1,...,k} define D; := ();c; D;. Finally denote by
U; .= AF — U# 1—; D1. This stratification of the complement of Gk, gives
rise to open immersions j;: U; — U;41:

Jk Ak

Gt =0, 2% Uy, 2 B U = AF — (0, 0)
And ji.m*E, = T<kRjk,*T<k‘1Rjk_1--~T<1Rj1,*m*En (this is a
definition in Intersection Homology II [14] and a proposition (2.1.11) in
Faisceaux Pervers [4]).
For k = 1 we have RPj.E,|o = Q¢ if p = 0 and RPj,Ey|o = Q¢(—n)
ifp=1onAl
Therefore on AF the stalk at 0 is
*
RPj Enjo -0 HP(AE | Rj.E,) = H*(G* _ E,)
~ q m,itq
and this isomorphism is compatible with the action of the Galois group.

The isomorphism (*) holds, because E,, is an extension of constant sheaves,
for which the two cohomology groups are canonically isomorphic.

To calculate the latter cohomology group, we can factor m into
an isomorphism GE, — Gk, (a;) — (Ha;,as,...,a,), followed by the
projection onto the first factor, to obtain:

H*GE ,m*E,) = H'GE  pr} E,) & HGm, E,) @ HY(GF 1, Q)

Qe if x =0,
= Qu(-1)® 1 @ Qp(—n) ifx =1,
etc.

Analogously we get a formula for the stalk of RPj.E, at a point lying
on exactly r of the divisors:

.....

If the terms of weight > 2n did not appear, then the truncation functors 7<*
used in the definition of 5, E, would be trivial and Rj.E, would “be an
irreducible perverse sheaf”. But these terms do disappear if we pass to the

inductive limit of all the E,, — E, 1 — ---. Therefore define
Ew = lim E,.
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ProPOSITION 4.1. — For n > k there is an exact triangle of complexes
on AF:

Proof (inductively calculating 7<'Rj; «). — We use the shorthand
Ji..1:=jio---0j;. We start with the exact sequence of sheaves on (an:
0—E, — Ex — Ex(—m) — 0.
Applying j1,1. = 7<'Ryj1,« = j1,« we get on U
0 — j1,+En — j1.4Eco — j1,1Eso(—n) — 0.
Using the previous calculation j; «Eoo = RjJ1 «Eoo and ji . = j1,1. we get

- jl,!* E, — le,*Eco — jl,!Eoo(_n) _1]' .

Now j;..11Ec(—n) is an extension of j; 11Q¢(—n — r) with r > 0,
thus to do the induction we will need to calculate Rj; 11 .7;...1,1Q¢. We use
the resolution of j;_. Q¢ on Ak

k
0= jk.1,Q — Q — Q — P Qp,
j=1

,,,,,

where Q¢ p, is the constant sheaf on D;. (We will often use this shorthand:

for a closed subscheme Z < X and a sheaf K on X we write K|z = i4i*K.)

Restricting this resolution to U;41 all terms Qg p, with |I| > 4 dis-
appear and thus on U;;; we have a resolution

k
0= ji1,Q — Q. — P Quyp, = — P Qup, — 0.
Jj=1

LEMMA 4.2. — For any m > ¢ > 0 the complex jm.. it1,1+7i..1,1Q¢
is quasi-isomorphic to

k
jm...i+1,*(0 - Qp— G}QtleJ — = @ Q¢|p, — 0)-
j=1

Ic{1,...,k}
11]=2
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Proof. — For i = 0 there is nothing to prove, so we may assume i > 0.
Note that
QND[ if b= O,

D, = D Qk—i-1)p, ifp=20E+1-|I])-1,
R 5it1,+(Qeip,)) I'SI, | |=k+1 !

0 otherwise.

because j;+1 adds a smooth boundary of codimension ¢ + 1 — |I| to Dy.
Therefore looking at the spectral sequence calculating Ry;i1,+7:...1,/Qe
via our resolution of j; 11Q we see that the only terms appearing
in cohomological dimension < % + 1 are as claimed. This proves the
lemma for m = ¢ + 1. Inductively we may apply the same argument
for m to see that in our spectral sequence the cohomology in degrees p
withi+1<p<2(m—1i)—1+i=2m— (i + 1) vanishes. i

We will use the last statement of the above proof again:

LEMmMA 4.3. — For m > ¢+ 1 we have
oyt (11,10 .1,1Qe) =2 T2 CDRG L (Gt i1 10 i1,0Qe) O
To finish the proof of Proposition 4.1, we still have to calculate
7‘<i+1Rji+1,*( — Ji.1,xEn = Ryji.1,4Eco = Ji..1,1Eco(—7) 4, )

By our calculation (Lemma 4.2) of ji1,1x0i..1, Qe = <M Ryiq1,4Ji..1,Qe
we know that

Jir1..11Eo(—n) if p=0,
Rpji-{—l,*ji...l,!Eoo(_n) = 0 if 0< D < ia
of weight > 2n if p=1i.
Considering the long exact cohomology sequence for
Rjit1,+Ji..1,4En — Riig1..1,+Eco — Riig1,4Ji..1,1Ecc(—n) —

this calculation implies that the map

Rijit1.14Eco — R'jit1,4i..1,Eco(—1)

must be zero because the weights of the two sheaves are distinct (here we
use n > k > i+ 1). Thus we have proven the proposition. O

Later we will need the following description of (ji«Ec)|p,, which is
implicit in the above:
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LEMMA 4.4. — On Uz = A* — (U,,; Di;) the morphism

jl,*EOO - iDl’* 7:"‘Dljl,* Eew = iD1,*(QZ!D10U2)
induces an isomorphism (Rj+Ec)|p, — Ryk. 2,+Qe|p,nv,. Therefore
if n > k we have
(j!* En)|D1‘;Rjk...Z*QZIDlﬂUg’

and more generally
(jEn) Dy, . — Rik.41,2 (Rie...2,«Qe Dy00s) 1Dy, oV ) -

Proof. — For the first statement consider jp, : Uy — AF —J,5; D;
and j} : A* —J,.; D; — U,. This induces an exact sequence

0— ley!EOO le,* Eo iDl,*Q‘e’Dl — 0.

We therefore have to show that (R(jk,,,z 0 41)+JDy E(,<,)|D1 = 0. Again we
first show that the stalk at 0 vanishes. We know that

RP(jk...2 © §1)+JD1 1 Ecolo = HP (Ak -U Diale,!Eoo>7
i>1
because this is true for the other two sheaves in the sequence above (for the
middle term we proved this to calculate Rj.Es ). The cartesian diagram
J
Gk, 1, Al x GE
(a.)—(Ma,,az,...a) l = %l (a;)—(Ia,,az,...ax)

ip;
k 1 k-1
Gk — 1 LAl x Gk:

pPry l l pry

IGm
Gpm — Al

shows that
H*(A' x GF71 jp, 1Eo) = HYA! x G&1 prijg,, 1Eoo)
= H*(AlJGm,!EOO) ® H*(Gicn-l? @2) =0,
because H*(A!,jg, 1Ex) = 0 (we know that H*A!,jg, Q) = 0 and
that E, is an extension of constant sheaves).

Analogously we get that the fibre of the above complex at a
point lying on D; and exactly c¢ other divisors is isomorphic to
HY(A, jg,. 1Es) ® HYGE¢71 Q,) = 0. So we have proven, the first part
of the lemma. The second part is then immediate using Proposition 4.1.
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The description of (ji.E,)|p, follows, because by the second part we
only have to prove that

Rjk~--2a*(Qf|DlﬂU2)|D1.,.£ = Rik...o41,% (Rj&n?* (Q“Dl ﬂU2)|D1..4zﬂUE+1) :

Now Dy NU; = an‘l and thus this is an easy statement for the direct
image the constant sheaf on G¥! under j: GF; ! — AF-1. O

COROLLARY 4.5. — For an arbitrary curve C, let E be a rank n
local system with indecomposable unipotent ramification at a finite set of
points S C C. Let I C {1,...,k} and let Dy , C Coh%,s be the substack
defined by (¢*P = 0)scs (i.e. for C = Al this is the substack defined by
Dy C A¥) and denote by DY , the substack defined by ¢'9P) # 0 for j & I.

Finally let pr : Coh%’s — Coh}, T* — T(0:5) be the projection. Then the
following holds:

1) For 0 < |I| < k we have Rpr,(ji.E|p, ,) = 0.

2) There is a canonical isomorphism Rypr,ji.E = 7.E, where
7:C — S — Cohy is the inclusion.

3) Rpri(jEjpy ) = (1E)jpe(py,,)[ 1| — 1] for any I and again the
isomorphism is canonical.
Proof. — In the special case (C,S) = (A1, {0}) the corollary follows

from Lemma 4.4 which shows that

(4.1) JxEn)po = (JuEn)|p ® H*(G;III_I, Q,) is constant and
(4-2) j!*EnlDI = RjD"%D,*(j!* En]D‘})-
Combining these formulas we see that on Dj, we have

H}(Dy, (jisEn)|p,) =0
for 0 < |I| < k. This follows using the Kiinneth formula and the fact
that for j: G,, — A! we have H*(A', Rj.Q,) = 0.
Now to prove the first part of the corollary we can base change the
map pr by the map Al — Coha a1 and restrict this to the fibre above 0:
D,

|

COhé,{O},Al [D1/(GE™)]

or’ l l or’

Coh(lLAl «——— Spec(Fy).

o
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We have to show that H([Dr/(GE1)], n%ji1.Ey) = 0. Since

H: (D[, (]'* En)|D1) =0

the spectral sequence calculating the cohomology of a stack from the
cohomology of a presentation gives this result. The second assertion follows
because by 1) the cohomology of ji. E, restricted to the complement of the
section 7 — (7')* vanishes. This follows because there is a resolution

Qi — P Qin, — P Qip, — -~ Qup, , =0
2<i<k 2<i,j<k
i#j
and we just saw that Ropr (jiE,|p,) = 0 for all D; occurring in this
resolution.

Moreover this proves (still assuming C' = A!) that the canonical
morphism ji.E, — Rpr, ji.E, given by the section Coh(l) — Coh(‘l)’ g is an
isomorphism.

To prove 3) we mnote that H*Gn,,Q,) = H!(G,,,Q,)[1] and
compare (4.1) with the Leray spectral sequence for

bt /Gy] [pt /Gi] = DY

P

pr|p9
id IDL,

[pt /Grm] = pr(DY,).

Thus jiuEn|pe = (RmQ¢) ® (j+En)|p[l — 1] and therefore
Rpr!(j!*EnID?m) = Rpr, Rm(j* En)lp[|I| - 1] = (7« En)pr(Dz,p) Hll - 1]-

Again this isomorphism is induced from the canonical map
Rpr(j«Enip,,) — Rpr(jiEjpy ) restricted to the —(|I| — 1)-th co-
homology.

The general case follows from these calculations, because the state-
ments are local in the étale topology on CohaC (= [C/Gm]). Therefore
it is a problem which is local in the étale topology on C, thus to check
that the morphisms given above are isomorphisms we may assume that
C = Ch isstrictly henselian and S = {p},i.e. (C,p) = (A%’h, 0). In this case
any irreducibly ramified sheaf on A%;h is isomorphic to our sheaf E,,. O
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Remark. — Part 3) of this corollary implies that for any parabolic
torsion sheaf 7° of degree one tr(Froby.(z+), Rpr(jisE|7+)) is the
eigenvalue of the Hecke operator corresponding to 7°* applied to the
Whittaker function We, i.e. writing p = supp(7*) this is

(_l)dim(Aut(T°))—1 tr(Frobp,j*E|p).

To end this section we will prove two more corollaries to the above
calculations. First we take up the situation of Proposition 4.1, i.e. (C,S) =
(A',{0}), and we keep the notations j;: A* ——; D1 = A¥ U 12541 Dr
and Jk..i 1= jk © " Jit+1 0 Ji-

We have the following description of ji.E,, for m < k:

COROLLARY 4.6. — For any 0 < m < k:

1) On A* —Ujcqi,... .k} D1 there is a distinguished triangle of
[I]=m+1
complexes

{1

- jm...l,!* Em — jm...l,!* Ek — jm...l,!Ek—m(—m) - .

2) For all m + r < k we have
jm+r...1,!* E, = T<ijm+r,*jm+'r——1...1,!* En
2r—17y ; .
& pEmA2r R]m+r,*.7m+r—1,..1,!* En.
Moreover, there is an exact triangle

. . . . 1
— Jtx Erm—1 — JisEmp — Jk...m,!*]m—l...l,!@i u’ .

Proof. — The first part of the corollary has been proven above.
We may also recover it by comparing the triangle from Proposition 4.1
for E; with the one for E,,.

To prove the second part, recall that by Lemma 4.3

. . < 2r+1 - . .
]m+r+1,.‘.,m—i—l,!*]m,...,l,!Qé o pemArd R.]m+r+1,*]m+r,...,m+1,!*]m...1,!@2-

Combined with Lemma 4.2 this implies that this complex has no
cohomology in degrees m +1,...m + 2r 4+ 1.

Now we use induction on m: for m = 1 the sheaf E; is constant, thus
the claim is true. By 1) we have an exact triangle on Uy, 4

. . ) (1]
— Jm.. 1,0 En — Jm... 1, Em+1 B ]m...l,!Ql(—m) _— .
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Apply Rjm+1,+ to this complex. Then by induction we know that the left
hand term has no cohomology in degrees m,m + 1 and the right hand term
has no cohomology in degree m + 1. Thus — since jm41,1 = 7<" M1 Rijm41,4
— we get that the following sequence is still exact:
. . , ) (1]
= Jm41...1,1% En — Im+1...1,!% Em+1 — ]m+1,!*]m...1Q€ —_.

Furthermore by induction the three functors 7<™ 1Ry, 12 «, 75" 2Ry 12 4
and 42,1« give the the same result if we apply them to the left or right
hand term of the triangle, thus the same is true for the middle term and
again by induction we are done. a

Finally we note that there is a — perhaps surprising — analogue of
Corollary 4.5 for the tensor product ji«Ey, ® jiEn+x which will be needed
later on:

COROLLARY 4.7. — Let (C,S) be a curve together with a finite set
of points, and let E,,,Ey,, be local systems of rank m < k and k+n
on C — S with indecomposable unipotent ramification at all points in S.
Let pr: Cohé’s — Coh(lJ be the map forgetting the k-step parabolic
structure of the torsion sheaves, and denote by j: Coh(l)’ c—s ™ Cohé’ c the
inclusion. Then

Rpr (L, ® Lt,, ) = J«(Em ® Extn).

Proof. — We have to show that Rpr, (£t ® L1 is the (middle
! En Exin

extension of its restriction to Coh(l,,c_ g to prove the corollary. This is a
local problem on C, thus we may assume as before that (C, S) = (Al, {0})
and that E,,, and Eg, are the unipotently ramified sheaves on G,, defined
at the beginning of this section.(®) We use the filtration

JxEm—1 — i Em — Jk.m e dm—1...1,Qe(—m + 1)

given by the previous corollary. We tensor this with ji. E,+x and apply R pr,
to prove the corollary by induction on m.

For the right hand term we use Lemma 4.2 to replace

jk...m,!* jm—l...l,! QK(_m + 1)

(6) In this case note that 7«(Em @ Exyp) & e}:l:)l J« Em4kan—2i(—i). This is just the
Jordan decomposition for a tensor product (see for example [12], Exercise 11.11).
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by the complex

(@~ P @iip, — = B Qeip, ) (-m+1).

[I|=m—1

By Corollary 4.5 we know that Rpr((jiEnts) ® Qep,) = 0 for
0 < |I| < m < k. Therefore

Rpr! (j!*En-l—k ® jk...m,!*jm—l..,l,!@[<—m + 1))
= Rpry (juEnsk @ Qe(—=m +1)) = L Epyi(—m +1).

Now we apply the induction hypothesis to the right hand term of the
filtration of ji. E., to get an exact triangle

1
~ 7e(Emo1 ® Engk) — Rpn(Ch, ® L) ~— LEnik(—m+1) 5.

This proves that the middle term is a sheaf and that its dual its dual is a
sheaf as well, thus it is a perverse sheaf which is the middle extension of its
restriction to Coh(l),c_ g- O

4.2. A Hecke property on Cohéi’ 5

Consider as before S C C and a rank n local system E on C — S
with indecomposable unipotent ramification at S. To reduce the number of
constants we will assume that we are looking at n-step parabolic sheaves
(it would be sufficient to assume that rank(E) > length of structure).

Using the Definition 2.4 of the generalized Hecke operators the aim of
this section is to prove:

ProPosITION 4.8. — E‘é is a Hecke eigensheaf on Cohg:g’d, ie. for
all non-negative degrees d = d' + d" with d = (d, ... ,d) we have

4 d E‘él X E‘éz if d’, d" are constant
HO_ = ‘CE =

otherwise.

To prove this, we need an analogue of Laumon’s description of the

— d
Whittaker sheaf ££. Let Cohg g be the stack classifying parabolic torsion
sheaves on (C, S) together with a complete flag of subsheaves:

Coh s Byernsd
COhavS = <7;1. o ’Z—d.—l 20 7;.. IIZ;. S COhg),’S ’ )>.
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We have maps
Coh0 g =, Hl Coh0 S
st | :
Coh g’ g
where
o forget,, ((7;*)i=1,...,a) == 7 is the forgetful map and
o gr((T")i=1,...a) = (7. /T2 1 )i=1,....a with Tg" = 0.
And define the sheaf
LE = R forgetg, . gr(LE)

on Cohg‘ s- Note that the map forgetg,, is projective but not small (nor
semi-small) in general.

PROPOSITION 4.6. — For any decomposition d = d' + d" we have

d” dlﬁd @Sd/(sd/ XSd//) Z(é, E‘é” If d, = (dl7 e ’d,) iS constant,
0 otherwise.

Proof. — Extend the diagram used to define the Hecke-operators as
follows:

/ gt
Hecked'?" X Gohd CohOS —— Hecke? 4

~ grExt Wblg Tsmall X qQUOt
Bl flag

L er orgetﬂag &
(COhé,s) A COho s S x Cohyg g

Using the base change theorem for the proper map forgetq,,, we see that

dd’ = X
Hy'? L¢ = Rty 1 6nale" -

g1t N d
The fibre product Hecke &4 x cond . Cohg s classifies
0,8

(T CcT* >T*, I c---CTp,CT*).
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For every such collection of torsion sheaves we can pull back the
filtration of 7° to 77°, and by fixing the degrees d; of the resulting torsion
sheaves we obtain a stratification of the above stack

—d ,
da COhO,S)t_i',

v gt —~— d v gt
Hecke®4" x 4 Cohgg=| | (Hecke %4 x
’ Coh
0,8

Coh 0.5 -
4

P ——d
where the substacks of Hecke ¢4 x cond  Cohg g are defined as
0,8

! 31! Né ’
(Hecke #9'x 4 Cohoys)él

Cohy ¢
_ T*>T° - T”. 1o o\ _
—<(:r;c7- )| des(z*nT) = dt).
o Fisrt case: d, = (d},...,d}) is constant for all i. — We have a

commutative diagram

& forget g, d’ da’
coh0 o) —, Gonl ¢ x Coh g

/ &rgetﬂ ag X forget, .

(Coh} 5)*? = (Cohd ¢)*¢ x (Coh} ¢)*"  Coh ¢ x Cohdg

did
(Hecke®™® x 45

/I

Where forgetExt maps (7, C 7°,7"*,T *) to the induced filtrations
on 7' and 7"'*. By Lemma 0.2 the map forgetExt is smooth, the
fibres being generalized affine spaces. These are of dimension 0,
since both stacks are smooth of dimension 0, thus

~d/ ~d//
— _ pd d
RgrExt' grﬂag(‘c l(Heck 44" ><C W g Cohas)‘—i; = ‘CE X £E .
°"o,s

o Second case: d); not a constant sequence for some i. — Let Flag(gi)
be the stack, classifying torsion sheaves 7’* of degree d’' together
with a flag of subsheaves 7.® of degree (d});=1,...,4. Then we can still
factor the restriction of grg,, to the correspondlng stratum into

dd" A d \d
(Hecke X Gon | Coh g)

forget g,

Flag(®) x Flag(%) — Coh s x Cohgy.

TOME 54 (2004), FASCICULE 7



2284 Jochen HEINLOTH

1,Xd
g =0

Claim: Rforgetp,, 61 haeL

As in the first case the map fofr\—/getEx,c is smooth, and the fibres are
generalized affine spaces: for a fixed point (7;, ’Z;"‘) € Flag(%) x Flag(¢:)
the fibre of forgety,, over this point consists of extensions

l]—ll. c s C ']:i/:lc T/.

[ L]

7’1. L_;...c.__)’zzi'_lg__) T‘

! Lo

,]11/. . 7:i//—.l T”.

Let gr; T7'® := T/*/T/*,. Then we may factor f(;;g_:atExt into

T Nd /
(Hecke ¥4 x4 Coh, )%
ohg ¢ )

C
d
_EExt, H Ext(gr; T”’, gr, 7'*) — Flag(—d;) X Flagdi’,

i=1

where Ext(gr; 7', gr, T'*) is the generalized vector bundle over Flag(éi) X
Flag(‘-i:/) classifying extensions of the filtration quotients. Furthermore
Lemma 0.2 shows that gry,, is a generalized affine space bundle, which can
be factored into maps with fibres Ext(gr; 7' *, T;"*,).

Since gry,, also factors through grg,, the sheaf @rﬁagZ‘é is constant
on the fibres of gry,, and thus by the Kiinneth formula it is sufficient to
prove that for d = 1 and any non-trivial decomposition

d=1,...,0)={(e1,...,en)+ {1 —€1,...,1— &)

7 -

=:d' =:d"

we have Héi:g”[,llE = 0. But here we can apply the calculation of L}|p,
given in Corollary 4.4 to establish the claim.

Now we have shown that H[;-“"E‘é has a filtration such that the
subquotients are isomorphic to the sheaves Z‘éj D Z‘é”. Furthermore we
know that over the substack where supp(7”*) U supp(7 *) consists of d
distinct points, this extension splits. The proof of the following lemma, will
only use this fact to show that all these sheaves are perverse sheaves which
are the middle extension of their restrictions to any open subset. Therefore
the filtration splits globally. O
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LEMMA 4.10. — The complex £& = R forget, gr*(([l,ls)gd) is a perverse
sheaf which is the intermediate extension of its restriction to Cohgyc_ g

~ & . ~
LE = Rforget gr*((Ly)" = Jie(LE1cond o))
In particular, it carries a natural action of the symmetric group Sy and

£t = (L.

Again we denoted by j: Coh gyc_ g — Coh gy g the inclusion.

Proof of Lemma 4.10. — By Laumon’s results [19] we know that the
restriction of Lg to Coh gyc_ g is indeed a perverse sheaf which is the middle
extension of its restriction to every open subset.

Since the question is local on Coh gy g We may assume that our local
system E is pure. Then L} is pure (it is irreducible and perverse) and
thus, by Deligne’s theorem (see [7], 6.2.6) E‘é is also pure. Therefore
we may apply the Decomposition Theorem (see [4], 5.4.6) to decompose
LE = jij*Le @ restd.

We prove the lemma by induction on d. Assume that rest® = 0 for
all k < d. (By definition of L] the statement is true for d = 1.) By the
induction hypothesis and the fact that the restriction of E‘é to Cohg,c_ gis
perverse we furthermore know that supp(rest?) C (7°|supp(7°) = p € S).
The preceding proposition shows a Hecke property of E‘é and this implies

in particular that H2 ¥ rest? = 0 for all i > 0.

Choose 7°* € supp(rest?) such that the degree of a maximal
indecomposable summand of 7* is maximal. Write 7* = O3, ( % pyeT™,
such that OF /n( % p) is a direct summand of maximal degree (this is possible
by Lemma 3.1). Note that 7* % O;, since the latter sheaf has a unique
filtration with subquotients of degree (1,...,1). Now define d’ := deg(7"'*)
and look at the fibre F' of the Hecke-correspondence Hecke 3“4 =4 over the
point (T",(Dip/n(% D)) € Cohg’ls X Cohg’;g/. Then 7°* is the only sheaf
contained in supp(rest?) N F, because every non-trivial extension of the two
sheaves contradicts our maximality assumption (again by Lemma 3.1).

Therefore if restd|7— # 0 then Hé-i’g_é rest? # 0, contradicting our
assumption that all the LE are irreducible perverse sheaves for k <d. O

Proof of Proposition 4.8. — This now follows from the above lemma
by taking Sg-invariants in the Hecke property of L‘é. )
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5. The sheaf F¢, corresponds to the function ® ().

The aim of this section is to explain the relation between the
function trrp ~and Shalika’s definition of ®(We). As in the case of
unramified local systems, the problem to compare the two functions stems
from the fact that the interpretation of Laumon’s diagram in terms of adeles
does not immediately correspond to the definition of ®. The main ingredient
needed to solve this problem is an analogue of Drinfeld’s compactification
as defined in [11]. This moduli space is on the one hand related to the
fundamental diagram and on the other hand its points have a simple adelic
description. All this follows easily from [11].

However, to prove that the function tr Fz, is indeed a non-zero multiple
of the function ®(WEg), we cannot copy the proof of [10], since this argument
uses results on the affine Grassmannian for which we do not know analogous
statements for the affine flag manifold. We will use an elementary approach
instead to obtain an inductive argument to calculate the function tr Fz,
on a subset of its support which is sufficiently big to conclude the proof of
our main theorem once we have calculated the whole function for n — 1. We
will then give a calculation for n < 2.

5.1. An analogue of Drinfeld’s compactification.

First we rewrite the inductive definition of FE’! as in the appendix
of [19] and [11]:
Denote by (Q2- Ext C £°) the stack classifying
AN Bund -good , J €Bun; g
(Q—Extc£‘>:=< Jgcyc---cIrcCé& >
a;: JP )T — Q"¢ a fixed isomorphism

We may define maps

quot : (Q-Ext C &*) — Cohg,s, (& (T)i=1,..n) ¥— E° /T3,

and
n—1
ext : ((-Ext C &*) — H Ext:,am(Q””_l‘i,Q""_i) _ZRes, Al
i=1
n—1
(€ (Timt,m) ¥ D(Q" T Ty [Ty — Q0T
=1

(here we used Lemma 2.3 to identify the Exty,,.,-group with H(C, Q) = A!
and denote this residue map by Res);
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forget : (Q-Ext C £°) — Hom™

n 7

(€%, (T)imt,m) — QL2 T2 s £9),
Then by definition of Fg; we have
(5.1) Fg . = Rforget,(quot*Lg ® ext™ Ly )[c],
where c is the dimension of the fibres of forget.

Remark. — We have an adelic description of the points of the stack
(Q-Ext C &°):

(Q-Ext C £°)(Fy) C Np(k(C)\Nr(A) x N0y GLr (A)/(GLn(Oc—s) x Iws).
We will not need this (it is the same as in [10], Section 3), but note that

this is not the set which is used in the definition of the function ®(Wg).

To define a moduli space whose points will be a subset of
N, (E(C))\ GL,(A)/ GL,(O¢c-s % Iwg)

we argue as in [11] and define a moduli space classifying parabolic vector
bundles together with a full flag of subspaces of the generic fibre of the
bundle, satisfying some regularity condition:

For a parabolic vector bundle £* we denote by /\’c E* its k-th exterior
power, which is defined as the collection of the sequences of vector bundles

k k
- /\g(i’p) — /\5(”1”’) — .- forallpeS.

Analogously, denote for parabolic bundles £7 ® £ the tensor product taken
componentwise, together with the natural maps.

DermNiTION 5.1 (Drinfeld’s compactification). — The stack €2-Plicker

classifies d
E* e Bun;l, s

s Qe g0
5007 e @O AKES L.
50"l ®... 00 Q0 — A"E*

Q-Pliicker 1=

such that the s; satisfy the Pliicker relations.
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Recall that the Pliicker relations are given by the condition that over
the generic point of C the maps s; define a full flag of subspaces of one (or
equivalently all) £GP, In particular we have a map

forgeto,, : (@ — Ext C £°) — Q-Pliicker,
. . Q' . .
(£ (T 0i)im1,m) > (E7,500 @] QW7 == AT o NTET).
Furthermore if all the s; are maximal embeddings (i.e. if the cokernel of s;

is torsion free in every degree (j,p)), then the s; define a full flag of £ at
every point of the curve, i.e. the s; define a full flag of subbundles of £°.

Therefore the points of this stack have a simple description in terms
of the zero divisors of the maps s;: we call a formal sum

D= Z npp + Z %’p
peC—-S pES
(only finitely many n, # 0) a parabolic divisor, i.e. it is a divisor, but the
coefficients of points in S are allowed to lie in %Z. For a parabolic divisor D
we call deg(O*(D)) its degree. In the same way as usual divisors, parabolic
divisors of a fixed degree d form a sheaf Divg’ g+ and the subsheaf of effective
parabolic divisors is represented by a symmetric product of the curve.

LEMMA-DEFINITION 5.2. — The stack 2-Plicker has a stratification by
locally closed substacks indexed by degrees of parabolic divisors dy, . . . ,dpn.
The strata are given by

IS Bung’s , D; € Divg’,s
51: Q" 1(Dy) — &°
SiZQ.’n—l(Dl) K- R Q.’n_i(Dn_i) s AIE®
5,: Q"1 (D)) ® -+ @ O(D,,) — A"E®

(Q—Plﬁcker)(gl U e

such that the s; are maximal embeddings and satisfy the Pliicker relations,
and Zf=1 D; is effective for all 1 < k < n,

& e Bunff’s7 J: € Bun; 5,D; € Divg’,s

- Qi I [Ty = () (D)
¥ | D is effective for all 1 < k < n.
For fixed parabolic divisors D1, ...,D, denote by (Q-Plickerp, .. p, the
corresponding substack of the above stack. O
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Note that the above description of the strata of Q-Plicker can also be
used to describe the map forgetr,,. Namely, for a point (£°, (J)i=1,....n)
in (Q — Ext C &£°) its image under forgetp,. is (€, (J""™*))i=1,..n)
where J7™* C £* is the subbundle defined by J?. But this is only a
pointwise description.

Remark 5.2. — The points of the stack -Pliicker can be described as
a subset:

Q-Pliicker(Fy) C Np(k(C))\ GLE(A)/(CLE(Oc_s) x Tws).

Proof of Remark 5.2. — This is the same as Weil’s description of
vector bundles (see also [10]). However to compare the function Wg with a
sheaf on Q-Plicker we will need a precise form of the inclusion, therefore we
will recall the construction of the map.

Given a point (€°,s;,D;) € Q-Plickerp, ... p, Wwe define an element
of GLS}(A) as follows: let N := —(n — 1)? be the shift in the definition
of Q*"~1. Thus if all D; = 0 then the bundle £®5) is equipped with a
filtration with subquotients Q®"~(—(i — 1)S). Recall that in 0.2 we have
chosen an identification of GL,(A) with GL(A), i.e. we decided to use
@z:ol Q®* as standard bundle instead of the trivial one. Thus denote by 7
the generic point of C and choose a trivialization

n—1
e @O gt
=0

such that the image of @Ll Q%" is the subspace defined by (s;)i<;-

Further, for p € C' — S choose a trivialization
n—1
fr P00, =N 00,

i=0
again compatible with the filtration induced by the s;. Then f, lof, €
GL{(K,) will be an element of the form N, - diag(dy, p, - - -, d1,p), where N,
is a unipotent upper triangular matrix and the second term is a diagonal
matrix such that the valuations of the entries are given by the p-part of the
divisors D;.

Caution: in the definition of the adelic double quotient we divided
by N,(k(C)) from the left and we want this to correspond to the
flag at the generic point given by the s;. Thus the transition function
of f;7'fn € GLn(Kp) is also given by multiplication from the left, i.e. an
element of @?_01 Q%* is represented by a line-vector; the n-th component
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given by the coordinate of Q®"~1, Therefore the last entry of the diagonal
matrix given above is indeed dy .

For p € S we choose an isomorphism
n—1
fo: P00, = NN g0,
=0
compatible with the filtration of the stalk €% ® k(p), i.e. we choose f,
such that the induced map @7_, Q"¢ ® k(p) — EN5) ® k(p) factors
through ker (E™V5) @ k(p) — (EN+9:5) g k(p))).

Again define f;'f, € GLn(Kp). To describe this element, let
D; = (di+k;/n)p+D; withp & supp(D;}) and 0 < k; < n, and choose a local
parameter m, at p. Then f° 1£,(Q®"~1) is contained in the Op-submodule

n—1 k;—l
,n-gl(@ Q®j) @ ng'H( @ Q®j),
j=ki1 Jj=0

equivalently in the last line of the matrix f,° 1f, the first k; entries are of
the form 7%+1y with u € O% the ki + 1th is 7% u for some u € O* and
the others lie in (7?). To apply a similar consideration to 2*™~* recall that
Qr=t(V8) = O®n=i(—(; — 1)§). Thus f, ' f,(Q2®") is contained in the
subspace generated by f;* fn(@;:l Qn~1) and either

‘ n—1 ' ‘ k,+i—2 '
o @ asanon( o)
=kt (i-1) =0
for k; < n — 1 or otherwise
n—1 kl—(n—i+1)
w6 B e ot @ o).
j=k;—(n—1) j=0

Note that in this way we get an element of GL,(K,) for which we
have calculated the value of the Whittaker function in Proposition 1.2. And
the shift in the definition of Q**® assures that the support of the Whittaker
function is the subset of Q-Pliicker where Dy < Dy < --- < D,,_4. O

The map forget factors through -Pliicker:

forget : (Q-Ext C £°) —=5Ter, ) Pliicker —25%, Hom™ .

By Proposition 1.2 the intersection of the support of the Whittaker
function Wg with the points where D; > 0 lies in §)-plicker(Fy), and
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therefore the summation in the definition of ®(Wg) is the same as the
summation over the points in the fibres of forget’. Thus, to prove that tren
equals ®(WE) up to a scalar, it is sufficient to prove that (up to a scalar)

trr forgetp,,,  (quot* LE®ext* Ly) = WE.

Our first aim is to show that the left hand side of the last equation
defines an element of the space of Whittaker functions (Proposition 5.3).

We denote by Q- Extp, _p, the preimage forget., (Q-Plickerp,. . p, )-

Note that whenever we have 0 < D, < Dy < --- < D,,, we can define
asheaf Up,  p,:=exth p Ly via

n

extp,, ..p, : {&-Plickerp, .. D,
n—1 ) )
— H EXtIl)am(Q.’n_z_l(Di.f_l), Q"n~l(Di))
=1
n—1 ] '
N H EXt;am(Q.’n_l_l,Q.’n_l) 3 Res Al.
i=1
Let | D;] be the biggest divisor smaller than the parabolic divisor D; and
denote by d; its degree. Then we also have a map
div : Q-Plﬁckerglwqgn — C(dl) X C(dz_dl) X oo X C(dn_d"—l),

sending (D1,...,D,) to (|D1},|Dz2] — |D1l,---, [ Dn} — | Dn-1]). To
simplify notations we will denote the restriction of div to 2-Plickerp, ... p,
by the same symbol.

The aim of this section is to prove:

ProrositioNn 5.3. — Let D;,...,D, be parabolic divisors and
assume 0 < D;. Then:

1) If D; £ D;11 for some 4, then

R forget,, | (quot*ﬁ‘é ® ext* L¢)) |-Pliickerp, . .y = 0.

n

2) If 0 < Dy < Dy < --- < D,, then there is a sheaf Wg on
Cld) x ... x Cdrn=d1) and a constant ¢ such that

R forgetr,, (quot*ﬁ% ® ext™ Ly))) Q-Pliickerp,
= \I/Dl,.-v,Dn ® diV* WE[_QC](_C)
The sheaf Wg and the constant ¢ depend on the parabolic degrees of the
(D;)i=1,... n and will be defined explicitly in the proof.
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Note that the first assertion is the geometric reformulation of the
support condition for the Whittaker function given in 1.2 and the second
implies that the function trg forget.. ,(quot* Ligext* Ly) defines an element

in C®°(GLy, (A))N~(A)Y,

Proof. — We may assume that all D;’s are effective, since otherwise
the fibres of forget,, above §)-Plickerp, .. p, are empty.

To study the fibres of the map forget,,, we note that this map factors
through the stack Qp, . p, Extp,,,, . p,, which we define as the stack
classifying

Jrc--cJgrce
T )T — Q¥ YD;) fori <k
T2 )T, = Qv tfori>k
such that J; C £° is a maximal embedding and J; C £* lies above
Q-Plijcker[)1 ooy D+
Consider the case k = 1 and denote by
forgetp, : Q-Extp, . p, — Qp, Extp, . b,
the forgetful map, which maps
(& (T iz=1,mn) — (5 (T + T )izt,m)s
JT¥ = Q*n~1(D;) being the subbundle defined by J;.

A point in the latter stack can alternatively be described as a maximal

embedding Q*"~1(D;) — £°* together with a filtration

T3 C-CT; CEJ(Q0 (D))
and identifications J3/J;_; — Q*"7*. In this description the fibres of
forgetp, consist of the liftings of the inclusion

g./Qo,n—l ‘(_____» 5'/(9"n_1(D1)).

And & /Qen1 QBT_l(Dl) @®E*/(Q*""Y(Dy)), thus forgetp, is a torsor
for the group Hom(J5, Q3" (D1)).

To describe such liftings we first lift the inclusion Q*"~2 = J3 C
£°/(Q*m1(Dy)) to Q°"2 <X £2/Q°"1 and then lift J3/Q°"2 to
the cokernel of j. Note that for a point in a fixed fibre of forgetp, , its
image under the map ext : (Q-Ext C £°) — A! depends only on the

ANNALES DE L’INSTITUT FOURIER



SOME HECKE EIGENSHEAVES 2293

choice of 7 but not on the lift of J¢/Q%" 2, i.e. ext factors through the
stack classifying points of Qp, Extp, . p, together with a lift j. This is
because the extension of 2*"~2 by Q®"~! is given by the connecting
homomorphism:

Hom(Qo,n—Z, go/Qo,n—l) SN EXtI(Q.’n_-l, Qo,n—2).

o Assume that D1 £ Ds. We claim that in this case
(5.2) RforgetDl,!(quot*E‘é ®ext* Ly) = 0.
Write D for the effective part of Dy — Ds. Then the group
Hom(Q””_z,QB"_I(D)) - Hom(Q""‘z,QB?”l(Dl))

acts on the choices of j. Note that this action changes the
image under the map ext by the residue of the element in
Hom(Q*"~2,Q3" " (D)). However the cokernel of 7 is not affected
by this action, because by construction we have a surjective map

Hom(Q””"2(D2), QBT'_l(Dl)) — Hom(Q.’n_z, QBn_l(D))

on—1

and thus given j and s € Hom(Q*"~2, Q3" (D)) we can find an
isomorphism

Qen=? —— g0/ (Dy) @ QT (D1) —— Fay 0

ol - =

qrnt 2 g /(@0 (D) @ Q51U (D) —— Fley —0
simply by choosing a splitting of Q*7~2(Dy) <22mal, ge /(e,n—1 (Dy))
locally at D.

To see that this implies Formula (5.2), fix a lifting j, denote by F»_,
the cokernel of 7 and let Lift,,_, be the space of liftings of T2 /Qen2
to Fo_s.

Consider the preimage of the Hom(Q*"~2, Q%" !(D))-orbit of 7 in
Q-Extp,...p,. Then the above tells us that this preimage is isomorphic to
the product

Hom(Q*"~2,Q3" (D)) x Lift/n_s,
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and furthermore the restriction of quot*Lf ® ext* Ly, to this space is an
exterior product, i.e. ext factors through the projection to the first
factor and quot factors through the projection to Lift;,_o. But ext* Ly,
is nontrivial on the factor Hom(Q'*"‘z,QBn_l(D)), and therefore its
cohomology is trivial. Thereby we get that R forget Dl,!(quot*ﬁ‘é ®
ext* Ly) = 0 as well.

o Assume now that Dy < Dy. In this case we can define a map
extp, : QDl EXth,.‘.,Dn — Al
given as the composition

Qp, Extp,.  p, — Ext’(Q*""%(D,), Q> }(Dy))
n—1
~ H Eth(Qo,n—i—l, Q.,n—z’)
i=g—1
- H Eth(Qo,n—-z‘—l,Qo,n—i) 3 Res Al.
=1
We will use this map to write the restriction of ext*Ly to
Q-Extp,,. . p, as a product of two local systems. To this end
note that — because D; < D, — for any point in Qp, Extp, . p,
there is a canonical lifting j: Q*""2 — £°/Q*"~1 (choose any
lifting Q*"~2(Dy) — £°/Q*" ! and restrict this to Q*"~2 — this is
independent of the choice since D; < Ds). Moreover, for any point
in Qp, Extp, .. p, its image under extp, is the same as ext applied
to this canonical lifting.

Furthermore, for any point of this space the torsion sheaf £°/J is
equipped with a filtration induced by the J;*’s with subquotients isomorphic
to Q3" "*(D;). Denote by Ext(Dn,...,D;) the stack of parabolic torsion
sheaves together with such a filtration.

Since D; < D, we can define a residue map for sheaves in Ext(Ds, D),
because we have an exact sequence

Hom (Q*"~2(Dy), 43" (D1)) —- Hom(Q*"~2, Q3" (D))
—» Ext' (Qpr2(D2), Q3" 1(Dy)),

and therefore the usual residue map Res : Hom(2*"~2 QBZ’_I(Dl)) — Al
factors through Ext(D2,D;). Let Wiy be the pull-back of L, via the
composition

Ext(Dy, ..., D) — Ext(Dy, D1) 5 AL,
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Then we have a diagram

Q- EXtDl,...,Dn
quot
j PTrib N‘
forgetp, Fib ——————— 5 Ext(Dy,..., D7) ——— Cohg)s

pra Plbig
J pry J &'p,
qext, o

Qp, Extp,  p, ———— C) x Ext(Dy,...,Dy).

Here Fib is the fibre product making the lower square cartesian, and the
maps are the natural projections. The additivity of L implies that

ext” Ly = forgetp (ext], Ly) ® qext™¥y,.

Furthermore the map prp;, is a Hom(£*/Q%"~1(D1), Q3" ' (D1))-
bundle, because the fibres of pry;, consist of the different choices of

the dotted arrow in

Qo,n~1 j;b
Qo,n—l(Dl) < ‘cT*. 8-/90,71—1 (Dl)
)
Qp N (D) —— T 7'

Therefore the projection formula and base-change imply that
R forgetp, (ext” Ly ® quot* L)
= R forgetp, |(forgetp ext] Ly ® gext™ V1o ® quot* LE)
2 extp, Ly ® qext;,_fRegrp, (i LE © ¥i2))[-2a1](—c1),

where ¢ = dim(Hom(£*/(Q*"~1(D1), 3] ).

Now we can inductively apply the same considerations to the maps
forgetp, : Qp, .. p,_, Extp, b, — b0, Extp, 11, D, to prove:

1) R forgetp,, (ext* Ly ® quot*L¢) =0 unless 0 < D; ... < D,.
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2) If we have 0 < Dy < ... < D, then we may define a sheaf W,
on the stack Ext(D,, Dy_1,...,D1) as the tensor product of the sheaves
W, ;+1 defined as the pull back of Ly via the map:

Ext(D,,...,D1) — Ext(Di1, D;) =% AL

3) Denote gr the natural map
gr: Ext(D,,Dp_1,...,D1) — C) x ... x Oldn—dn-1)
and define We := Rgr(pri; £E ® ¥ror). Then
R forget ., (ext™ Ly ® quot*LE) 2 Up, . p, ® div* We[—2¢](—c),

where ¢ = 377" ¢; and ¢; = dim(Hom(£* /77, QB?"i)). O

To compare the trace function of R forgetr,, (ext* Ly ®quot*£‘é) and
WE we therefore only need to calculate the trace function of Wg. Denote the
trace of W at the set of divisors Dy < --- < Dy, by tr(Frobp, .. p,, WEg).
By construction it is sufficient to calculate this in the case that all D;’s are
supported at a single point p, because we can write D; = > ..0p,) Dip
with divisors D; , supported at p and then

tI‘(FI‘ObDl,m?Dn, WE) = H tI‘(FI‘ObDl,p,m,D",p, WE).
pEsupp(Dn)

We may also assume that p € S, because for p ¢ S we can use
the calculations for unramified local systems [11] (note however that a
calculation similar to the one we do below (Lemma 5.4) could be applied
for p ¢ S as well).

5.2. Calculation in the case rank = 2.

We want to compute the trace function of the sheaf Wg defined in
the preceding paragraph in the case of a 2-step parabolic structure. We
use the above reductions, i.e. we take D; = kp < Dy = (d — k)p parabolic
divisors supported at p € S with d € N. Recall from the proof of the last
proposition that for such parabolic divisors we have defined a residue map
Res : Ext(Dg, D) = Ext((’){dﬁmp((d — k)p), %, (kp)) — A! and a sheaf
Uror = Res™ Ly. Further, by abuse of notation, we denote the pull-back
of L& to Ext(Dg,D;) by the same symbol. Finally we will replace the
stack Ext by corresponding set Ext! to prove the following formula:
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LeEmMA 5.4. — Consider sheaves with 2-step parabolic structure at
S = {p} € C. Denote by \g := tr(Frob, ,jE). Then for any d € N and
ke %N with 0 < k < d — k we have

> tr(Frobe ,¥re @ LE) =

e€Bxt}(OF, . ((d—k)p), 0, (kp))

+¢%*x¢  fork €N,
—q**\%  forke ;+N

Before we prove this lemma we need to use the Hecke property of £&
to give a recursive formula for the trace function tr £yt as in the unramified
situation we know that tr(Frobosp(dp), L) =2 = tr(Fron;p(dp), L),
because the parabolic torsion sheaves Of,(dp) and 3,(dp) are both
contained in the image of an open embedding Coh g,c < Coh g, g- Therefore,
the Hecke property of L& (Proposition 4.8) implies on the level of functions
that

(5.3) Z tr(Frob,, £

e€Ext! (OF,_, ((d—k)p),Q%, (kp))

) ¢"AE  fork €N,
B forke 1 +N.

(Note that the set Ext! used above differs from the stack Ext by some
automorphisms, whereby we obtain the factor ¢* in the above formula.)
Recall that since k < d — k we have an isomorphism

HOIII(O., Ql.cp(kp)) = Eth (O(.d—k)p((d - k)p)a Lp(kp))
given by mapping a homomorphism s to the push out of the extension

O* - O*((d—k)p) — Ozd_k)p((d — k)p) by s. Thus the middle term of the
resulting extension of torsion sheaves is

coker(O* SCON O*((d - k)p) ® Q4. (kp)) =: T

Further Hom(O*,Q; (kp)) = Hom(O, Q,(c(;;p)(kp)), therefore we have a
filtration of Ext! given by

Hom (0*, 24, (kp)) D Hom (O, Q7 _,((k — p)) >---D0
and for any element s of the subset
Hom (0", Q% ), ((k—)p)) — Hom (0%, Q% _; 1, ((k —i—1)p))
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the corresponding parabolic torsion sheaf 7. is isomorphic to
Q 1)},69(9' forO§i<kandkE%+N,
I = Q(d—i— 1p @ OE i+ 1)
Ofd—k)p @0, ifs=0

for 0 <i¢ < kandk € Nyg,

It might be helpful to write this out in the simplest cases: for k € % + N we
have

0%, (kD) = (k1720 — Qk—1/2)p —)-

Thus, if i = 0,1.e. s: O — Qpp(kp) induces a surjective map O° —» Q,‘cp(kp),
the above cokernel is isomorphic to (24p — Q4p(p) —) and the second map
is an 1somorph1sm In particular for d = 1,k = % this extension is of the
form (2, R O, )

Similarly for k € N5,

Qi (kp) 2 (Qp((k — 1)p) — Qp(kp) —).

And again if s: O — i, is surjective we get that the corresponding
torsion sheaf is of the form (Qap — Q(g-1)p ® Op —), because s induces a
non-surjective map on the (1, p)-component of s*: O* — Q3 (kp).

The general case is proven in the same Way, the above considerations
already give the isomorphism classes of the T “P) and we also know on

which summands the homomorphisms ¢(*?) giving the parabolic structure
of 7 are injective or surjective.

Therefore if we rewrite the summation in (5.3) according to the above
filtration of Ext' we get a recursion relation for the value of the trace at
the trivial extension

L‘é(k) = tr(FrOb@(-dAk)p ((d_k)l’)@ﬂfw(kl’) y ﬁ‘é),

k=1
) " — (g —l)zoqu‘é(k—%—i) for k € N,
(5.4) Lg(k) = k—1 =

—(¢g—-1) E q‘Le(k— 5 —1) forke - +N.

N[—=

(To shorten the formula we used that L(k) = LE(d — k), since the
corresponding torsion sheaves differ only by a shift.)

Note further that this recursion relation does not depend on the
rank of E.
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Proof of Lemma 5.4. — By induction on k (for k£ = 0 there is nothing
to show). Since tr(Frobe, U, ® LL) = ¥(Res(e)) - tr(Frobe, £2), all the
summands corresponding to elements of

Hom (0%, Q¥ _; 41, ((k — i+ 1)kp)) — Hom(O°, Q3 ((k —9)p)
for k — i > 1 cancel out, because for these > ¢)(Res(e)) = 0. Thus

> ¥(Res(e) LE(e) = LE(k) — LE(k—3)-

e€Ext! (OF,_,,, ((d—k)p), 2%, (kp))

Apply (5.4) to LE(k), then this equals
k=1
¢°XE - gL (k—3) — (a=1) T ¢'Le(k—3~0) forkeN,
= k__% } -
—qLi(k—3)—(qg—1) Y ¢LE(k—5—1) for k € %+N,
=1

k_l y . .
(q’wg -t (L (k—1 i) — Lé(k—1-1))

k=2
- D (L1 - L § ) - *L4(©0)) forkeN,

N)I)—-ﬂ

k—
L_ Z z+1Ld( 1

1=0

¢ LE(k—3—i) forke 1+N.

I MW

By induction LE(k— 1 —i) — L‘é(k‘—l—i) = —¢2(==3)\d for k € N:

k=1 ) k=2
- LAY - BTG frk e,
= e 1 k-3
- T @I - RN forke 4N

+¢**A¢  fork €N,
—¢?* A forke  +N.
COROLLARY 5.5. — Let E be a local system on C — S with indecom-

posable unipotent ramification at S, denote by Ag := [],¢g tr(Froby ,js E)
and let Wg be the Whittaker function defined in Section 1.1.

1) If E is of rank 2, then for any point & € {)-Plicker we have

tr(Frob, ,R forgetrp,,  (ext* Ly ® quot™LE)) = A - ¢! We(z).
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In particular for any point T € Homiznj we have
tr(Frobz ,Fg ) = Ae - ¢! - ®(We)(2).
2) If E is of rank 3, then for any point x € Q-Plicker with D1 = 0 we
have
tr(Frob,, , R forgetp,, i(ext* Ly ® quot* L)) = AP We ().

In particular, for any point Z € Hom}"

embedding 2*:2 < £* we have

tr(Frobz ,F§ ) = Ae - ¢! - &(We)(@).

corresponding to a maximal

Proof. — Comparing the above lemma with the calculation of Wg we
get the first assertion. Note that since the power of Ag appearing on either
side of the equation depends only on the degree, we just have to compare
these for the trivial bundle. Similarly the power of ¢ only depends on the
difference D; — Ds.

For the second assertion note that for a maximal embedding, the
quotient sheaf £°/Q*"~! may be viewed as a bundle with (n — 1)-step
parabolic structure since the n-th morphism in the parabolic structure is
an isomorphism. Thus for rank 3 bundles we may apply the calculation
given in part 1). O

6. Constructing Ag under the
assumption Fg = Fg,.

In this section we give a proof of the main Theorem 2.5 under the
additional assumption that Fg = Fg . Here the proofs are almost identical
to the ones in the case of unramified local systems (see [19], [11]): first we
show that the Hecke property for £‘é implies that Fg is a Hecke eigensheaf
as well. The second step is to deduce from Lafforgue’s theorem and the
calculation of the previous section, that the function ¢rp (on Hom!™)
descends to a function on Bunz’ - Therefore we can argue as in [11] that
the sheaf Fg also descends to the space of parabolic vector bundles. The
resulting sheaf Ag inherits the Hecke property from Fg 1, and we show that
this property implies the one stated in the theorem.

6.1. The Hecke operators on the “fundamental diagram”.

We want to check that Laumon’s arguments in [19] carry over to our
situation. We define operators analogous to the operators H| ,Z; on the spaces
occurring in the fundamental diagram (2.2).
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We start with Homi,cnj (recall that this is the stack classifying
good coherent sheaves F* of generic rank k together with an injection
Q%Fk—1 y F*). We define a diagram

/e .
<Q;7:;_1Cj}-.> (__L__, <Qo,k—1 o Fl* - f’)

e Xquot
lwbig J' small Xq

Hom!™ Hom|™ x Coh%y s
and the corresponding Hecke operator
H: : Db (Hom}Y) — D*(Hom} x Coh g),

;,Hominj
K — R(7sman X quot)gc*m’;igK.

Analogously, replacing Hom, "

H yom : D°(Homy) — D*(Homy, x Cohg g).

by Homy, we define an operator

We used a shorthand notation to describe the algebraic stacks
occurring in the above diagram, e.g. <Qf,::1cz;.> denotes the algebraic
stack classifying objects (Q*F~1 < F*) € Hom}cnj, together with a coherent
parabolic subsheaf F'* C F* such that the quotient F*/F'® € Coh%y g is
a parabolic torsion sheaf of degree i. And the maps are the natural ones,
€.g. Msmall is the map forgetting everything but the smaller bundle F"*
and quot forgets everything but the quotient F*/F'*. To make this easier

to read we use the following conventions:

1) F* will always be a coherent parabolic sheaf; oftentimes a subscript
will be used to specify its generic rank.

2) &€* is a parabolic vector bundle, i.e. it is torsion free; again &} is a
parabolic vector bundle of rank k.

3) By 7° we will always denote a parabolic torsion sheaf.

4) Three term sequences will always be short exact sequences.

We have a similar diagram for Extj:

Fi* C Fp > » Fie C F >
—»
<Q"k_1 — ‘7:’;-0—1 — F < Qek-1 Ii::i-l — f,’;

JV Thig l Tsmall X quOt

Ext} Exty x Coh§ g
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H,; Ext! Db(Extllc) — Db(Ext,lc X Coh%ys),
K— R(ﬂ'small X quot)ngm]’;igK_

And finally on Ext,lc’gOOd we have:

Fe CFp FPCFp
_ p
Q.yk 1 N f’:+1 N J_"; Ql,k—l ]:k+1 N -7:];.
Fie XFe Fry1 good fk+1 good
J Tbig Tsmall Xquot
Ext,:t’gwd Exti’gmd X Coh%’ S
Hy 1 s0oa + DY (Bxtp#°°?) — DP(Exty 5% x Coh o),

K = R(7sman X quot)!RpmgigK,

6.2. The Hecke property of F’E’!.

We want to show that these Hecke operators commute with the
functors used to construct FE 1. We will use the notations of Definition 2.3,
in particular the maps jHom,jExt, . Let further ik5) = = deg(T (k, S)) for
any 7° € CohO’ s- And denote by Pro g Exto — Coh 0, the projection.

ProposiTiION 6.1. — Let i be any parabolic degree and let
d=(d,...,d) be a constant parabolic degree, then we have:

1) For any K € Db(Cohg’S),
= * — * : i,d—1 0,8 (0,8
Ho Bxtt Ploon 2 K= (prcohg,;ix ldCOh%,s) tK[=2i 9] (09,
2 ]c Extl: goodJExt K = ‘7]:'5‘,:(’;[-{;;7 Ext! K for any K € Db(EXt]{:).

I'K = I*HI; 1, Bxtt so0d K for any K € Db(Extl’ng).

3

k Homin

4 H,t HomJHom ,1 K = JHom, |Hk Homin I for any K e Db(HommJ)

) H,
) H
)
5) For any K € D®(Homy),

Hy gy © Four K = Four oHj, Hom K[—iE(r=1):8)) (4 (k(n=1),8))
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Proof. — 1) Write down the definition of the correspondences:

(o TS T )l 5T )

Tsmall X quot
Tbig \‘ o \
Ext1 (T*C T+ Ext] x Coh% s
pr d—i X id
A \ J Cobg s
oh

C Coh§ ' x Cohf

The left- and right-hand “squares” are cartesian and p is an affine space
bundle (an Ext'(7*/7"®, 0*)-torsor), therefore we get our claim:

Ho s Py ¢ K= R(Taman X quot) Rpi(Toig © Preong ) K
= R(7sman X quot)iRp(forget o pr,;,p, op)* K
= R(7sman X quot);(forget o prgp,)* K[—Qi(o’s)](—i(()»S))
as p is a bundle
= (prg, hd X id)*(R gr, forget* K)[—2i(0%)](—i(:5))
by base-change.

2) This holds, because extensions of good sheaves by torsion sheaves
are good.

3) This is true, because there is an isomorphism of the diagrams
defining the two Hecke functors given by

I/c.—l - fl;—-l
Qek-1 _, Fr—Fp, — (QO,k—l — F C .7:,;)
Rt o= Py, Pl oot

4) By definition.

5) Again Laumon’s proof can be copied word by word, the only thing
used is the compatibility of the Fourier transform with bundle maps:
Four(t*K) = Rpy Four K[ik(—1D:9](;(k(=1).9)) (see [21] Thm 1.2.2.1
and 1.2.2.4). O
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COROLLARY 6.2. — The sheaf F¥, is a Hecke eigensheaf on Hom™, i.e.

k, Homi™i

i Ek FE, X Li[—ki](—ki)  ifi is constant,
o otherwise.

Proof. — By the above Proposition 6.1 this follows from the Hecke
property of L& (Proposition 4.8). O

6.3. Comparison of the Hecke operators and the
generalized Hecke operators.

In the same way as in [11], Proposition 8.4 we want to show that for
some sheaves on Coh, g the eigensheaf property with respect to Hﬁi b

implies that the restriction of the sheaf to Bun, s has the eigensheaf

property for H¢ and H}. To do this we need to note some general properties

of the maps msman and Ty used in the definition of the operators Hp d-ii

Fix a degree d = (d(J ’p)) of parabolic sheaves, and let ¢ some positive

degree. We have defined a diagram

d—i,i Tsmall XqUOt C h

Cohfi L Hecke & L x Coh0 g-

Denote further
Coh;‘f:gi = (F* € Coh;‘is | length(torsion(F*) < ).
Then we have:

Remark 6.3. — 1) The map 7gman X quot is a generalized vector
bundle, in particular it is smooth.
2) The map Tgma is smooth.

3) The map 7pig is representable and projective.

4) The restriction of my;e to the pre-image is smooth:
(Tsman X quot)_l(Bung,_SZ X COh%,s)-

5) Assertions 2), 3} and the second part of 1) are true for the analogous
maps defined by replacing Coh? n,g and Coh‘ S‘ by Bun s and Bunn S5
respectively.
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Proof. — 1) The map 7sman X quot is the projection from the
generalized vector bundle

. . dei .
V(R PTyg Hom(pr;?,'runiv’ pr){3}-univ)) - COhT—L,Sl X COh%),S’

where pr;, are the projections from Coh ;'f_sl X Coh%v s XC on the j and ¢-th
factors, and 73, and are the universal bundles on Coh%’ g xC and

Coh S'SZ xC respectively.

®
univ

2) By 1) we only need to note that Cohé,s is a smooth stack
(Lemma 3.7).

3) The fibres of mp; are closed subschemes in the scheme
[T QUOt i, dog ateo (FP)) which is projective (see [15]).

4) This is as in [11]: the given pre-image is smooth, since it is a
vector bundle over a smooth stack. Its image under myig is Coh S:él which
is smooth as well. Furthermore, 7y is representable, and therefore it is
sufficient to prove that it induces a surjective map on all tangent spaces.
Thus we need to show that at every point in a fibre of my;g the kernel of the
induced map is of the correct, constant dimension.

We claim that for any point (£* — F* —» T* := F*/E*) this kernel
is isomorphic to Hompars (€°,7*). In Lemma 3.5 we have shown that this
space is of constant dimension, and in case that F* is torsion free the map
is certainly smooth at this point, thus it is smooth on the whole subset.(”)

To prove the claim, take a point in the tangent space to the fibre of
Tibig, 1.€. a deformation to k[e]/(e2), such that the deformation of the middle
term is trivial:

¥
& — FS R kle]/e2 — T°

| | |

& 73 Te.

But then £* 2 £§ x rs F§ @ kle] /€* = £ @ k[e] /€. And therefore the choices
of ¢ are given by Hom(&J, 77), as claimed.

5) Since Bung’s C COth,S is open the maps are still smooth. The
restriction of myg is still projective because subsheaves of vector bundles
on curves are automatically vector bundles. O

(") Alternatively one could use Lemma 3.5 to calculate the dimensions of the spaces
involved, but one has to be careful in case ¢ is not constant.
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As on Hom,", we say that a perverse sheaf Ag on Coh, g is a

(generalized) Hecke eigensheaf for E if

Hd_l»ZAE —

Ae R Li[—(n—1)i](—(n —1)i) if iis constant,
otherwise.

Note that if the sheaf F§ descends to Cohy, g, then this is the Hecke
property of the descended sheaf (twisted by Q(d) on the component
of degree d = d©P), the additional shift coming from the fact that the
dimensions of the connected components of Hom, are different). Using
the definition of the operators H¢ and the sheaf L1 on C_oﬁ(l)v s given in
Section 2.6 we claim:

PRrRoOPOSITION 6.4. — Assume that Ag is a Hecke eigensheaf for E on
Cohy, g, such that DA is a Hecke eigensheaf for DE =: E¥. Then Ag|pun, s
is an eigensheaf for H, i.e.

HlAEIBunn,s = AEIBunn‘s X ZIE[_n + 1](—”’ + 1)7
HfAE|Bun, s =0 for0<e<(1,...,1).

Proof. — Look at the generalized Hecke correspondence restricted to
Bung’_sl:

d<1 i re e\ Tsmall XquOt d—1 1
Coh gt % (g%  Fo —» Ty TomatX @t gy dedy Cohd g

We know by Remark 6.3, 2) that in this diagram the map mpig is smooth of

. . . d,<1
relative dimension n. Therefore on Coh,’5™:
,

A R LL = (DHDAg)[-n + 1](—n+1) (DAE eigensheaf)
= (DR(Tsman x quot )1mp; DAg)[—n + 1](—n + 1)
= R(Tsman X quot)*ﬂ'i,igAE[—n +1)(-n+1)
= R(7sman X quot ). mp;,Ae[—n + 1 + 2n|(1) (7big sSmooth)
= R(Tsman x quot).my; Ag[n + 1](1)

In other words, for Ag we can replace R(mgman X quot); by R(sman X quot )«
in the definition of the Hecke operators. Note that the same consideration
applies to the operators H¢ for any € with (0,...,0) <e < (1,...,1).

In this case we even know that H¢Ag = 0, and this helps to prove:
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LEMMA 6.5. — Under the assumptions of 6.4 the restriction of the sheaf
Ag to the stack Coh;‘f:gg —Bungys is zero for all (0, ...,0) <e< (1,...,1).

Proof. — The map
Tsmall X qUOt : (51. CF*— T.> - Bun"_::sé x COhg.S

is a vector bundle projection, let ¢ be its relative dimension. Furthermore
nggAE is G,,-equivariant, and thus we can apply Lemma 0.3 to get that

50ThigAE = R(Tsman X quot).mpi, Ae = HEAg[—2¢](—c) = 0. O

Now we can apply Lemma 8.5 of [11] — which says that in the situation
of Lemma 0.3, i.e. we have a vector bundle projection p and some G-
equivariant perverse sheaf K if both Rp.K[-1] and RpiK[1] are perverse,

then Rp; K =2 Rp,K — to get that

R(Tsmall X quot)mgigAE = Ag Elli[—'n+ 1](—n +1).

The fibres of the projectivized bundle omar X quot are P(Ext!(7°,£*))
and by the above lemma we even know that the stalk of Ag is zero at
sheaves F* with 0 < deg(torsion(F*)) < 1, therefore in the above equation
we may restrict gman X quot to the space of torsion free extensions. But

on this substack the base change to Bun;‘f:gl xCoh (1)7 g gives the map used
to define H1. O
COROLLARY 6.6. — Assume that Ag is a Hecke eigensheaf for E

on Coh:'f’ g, such that DAg is a Hecke eigensheaf for DE := EY. Then

the corresponding function t4, on Bun;cf, g is an eigenfunction for the
Iwahori-Hecke algebra.

Proof. — We just have proven the Hecke-property of the restriction
of Ag to Bun, s. Therefore we only need to compare the result with the
computation of £E on m%,s (Lemma 4.5) and note that the Iwahori-
Hecke-algebra at S is generated by elements corresponding to the points of
Coh%v s- And for the Hecke operators supported in C — S the situation is
the same as in the unramified situation (see [11]). O
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6.4. Descent of the sheaf F¢.

PROPOSITION 6.7. — Assume that we know that Fg = Fg,, then
Lafforgue’s theorem implies that Fg descends to a Hecke eigensheaf on
Buni‘?gd, and this sheaf can be extended to a non zero Hecke eigensheaf Ag

on Bun, s.

Proof. — By definition Fg is an irreducible perverse sheaf and by our
assumption Fg = Fg  is a Hecke eigensheaf (by Corollary 6.6).

We first want to explain why the function ®(Wg) does not depend
on the section Q*"~1 — £°* but only on the bundle £*: On the one
hand by Lafforgue’s theorem [18] there is a (cuspidal) Hecke eigenfunction
on Bun, s(F,) with eigenvalues given by tr,. (1.2). On the other hand
by Shalika’s result (see [25], Theorem 5.9), every Hecke eigenfunction on
Hom!™(F,) is in the image of ® and there is a unique such function in the
Whittaker space. Therefore the function fg = ®(Wg) is the pull back of a
function on Bun, g(Fy).

Assume for the moment that n < 3. In this case we know that

restricted to the maximal embeddings Hom™® ¢ Hom™ the function

trgp = const - ®(We) for some non-zero constant. In particular, this

max

n and descends to Bun,, g(Fy).

function is not identically zero on Hom

Thus to show that this implies the descent of Fg, we can apply
a variant of the argument given in [11]: since Fg is a Gn,-equivariant
irreducible perverse sheaf it descends to the projective bundle P Hom™ and

there is a constructible subset V <2 P Hom™**(Q*"~1, £*) such that Fgy
is an irreducible local system and Fg = jy,1.(Fg|v).

Further the restriction of Fig to V is constant on the fibres over Bun,, g,
because the trace of Fg is constant on the fibres (for any extension Fyn
of the base field). And the two pull backs of Fg to

PHom™** Xgun. , P Hom™**
n,d

are irreducible (PHom™®* is an open subset of a projectivized bundle)

and isomorphic, because the corresponding trace functions are the same.
Since the two systems are irreducible, there is only one isomorphism of
these sheaves which induces the identity on the points of the diagonal
V C V XBun, V. Hence Fg|y descends to a perverse sheaf Agy
on prg,, (V). Further, since Fg = jvu(Fgv), we also know that

F? = pr* j WAE v, i.e. F? descends to a sheaf A2°¢ on Bun8°%9.
E = PI'Bun, sJpr(V),! Vo E E n,S
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Note that in particular we have shown that tree, = const - ®(We) on
the whole of Hom!™. Therefore we may apply ®~! to see that the trace
function of the sheaf R forgetr,,, (quot*(LEP) ®ext* Ly,) on Q-Pliicker must be
equal to Wg. This allows us to drop the temporary assumption that n < 3,
because we can apply the argument of Lemma 5.5 to show that the trace
of FE is equal to ®(WE) on the space of maximal embeddings for n < 4,
and this gives an inductive argument for all n.

To finish the proof of the theorem we only need to extend the
resulting sheaf AZ°? to the whole of Bun,s. Again this works as in
[11], Section 7.8: for ¢ € C ~ S (we might allow ¢ € S) the maps
®0(-7q): Bunij’:‘;’go‘)d — Bun¢ ¢ are a covering of Bun,, 5. We define

Ae = lim (80(-rq)), AL @ (det(E)) ™"

The Hecke property of AgEOOGI (together with the Sa-equivariance of the
isomorphism H' o H! A = AgEOOd X E X E) gives that this is a well-
defined Hecke eigensheaf on Bun?. |

7. The analogue of the vanishing theorem for n < 3.

The aim of the last two sections of this article is to prove that our
assumption Ff = FIE,, holds for & < min(3,7n) (Proposition 8.2). To do so
we need an analogue of the vanishing theorem in [11] which is given below
(Proposition 7.1):

For any i € Z consider the total Hecke- or averaging functor Hg fm
defined as follows (i := (4,...,%)):

(&*ce et e Bun;—::gi , E% € Bunfys)

WV jv e Nj

Bun,‘-:fsi Coh%,s Bung,s
We set
HE_,iot : Db(Bung;&) — Db(Bun;‘iS),
Ki— Hl::—,iotK 1= Ribig 1 (Tman K ® quot™L}).
Remark. — This definition is used for any d = (d;p)o<i<n,pes,

therefore it includes the case of bundles with not necessarily full parabolic
structure. In particular for d = (d)ogkn,pes the stack Bung’s (s Bunz
is the stack of vector bundles without extra structure.
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ProrosiTion 7.1. — Let E be a (pure) irreducible rank n local
system with indecomposable unipotent ramification at S. Then for any
k < min(3,n) and any (mixed) complex K € D*(Buny, 5) we have

HEztotK =0 foralli> (29 —2)nk+|S| k.

Note that by Lafforgue’s theorem we may assume that E is pure, since
every irreducible sheaf is pure up to a twist.

Proof (almost the same as in [11], using the conventions given in
Section 6.1 for the definition of stacks occurring in the proof). — We use
that, by induction we already know the proposition for all ¥’ < k.

Reductions: without loss of generality, we may assume that K is a pure
complex, because any mixed complex has a filtration with pure filtration
quotients.

For a pure complex K the complex H E, iotK is pure as well,
because Hp i K = Rtbig (K ® quot* L) and meman is smooth
(Lemma 6.3), therefore 77 ., preserves purity (i.e. smoothness implies
7o = Temanl2d](d)). The same is true for quot* and finally g is
proper (Lemma 6.3), therefore Deligne’s theorem (see [7], 6.2.6) implies
that Rmyig « = R7pig, also preserves purity.

Furthermore, a pure complex Hg iotK is zero if and only if the
associated function trH_z K on F-points is zero for all £. Hence it is
E.to

enough to prove that h := tr HZ K is the zero-function.
E,tot

Finally, to show that a function h on Bung, s(F,) is zero it is sufficient
to show that 1) h is cuspidal and 2) for all cuspidal functions f on
Bung,s(F,) the scalar product < h, f >= 0 — the product being defined
since cuspidal functions have finite support on every connected component
of Bung s. In the proof of these statements we will reduce back to a
statement for sheaves.

o First step: Hg totK is a cuspidal complex, therefore trH—l K is a
cuspidal function, i.e. for all k; + ko = k and all d; + dz = d let

C',;l’,iz be the functor defined as follows

d forget . . R gr
Bunk S <gk51 gk gk2 ) 3 . . ]
’ (ER,ER)— (€5, ER,)

di,d2 | b d b d1 da
Cinr + D’(Bung g) — D°(Buny ¢ x Buny o),

di dz
Bunkl’s X Bunkms

K — Cf1&K := Rogr forget” K.
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DEFINITION 7.1. — A complex K € D*(Buny ) is called cuspz’dal if
for all d;,ds and any non trivial partition ki +ko = k we have Ckll ’kd: K=0.

ProposiTiON 7.2. — Let E be a irreducible local system of arbitrary
rank n > k on C — S with indecomposable unipotent ramification at S.
Then for all dl,dg and any non trivial partition ki + ke = k the

complex C-l’ 6 H E. *..K has a filtration with subquotients isomorphic
to (HE';Ot X HE7tot) Cdl’d2K for some i1 + iy = i.

Note that by induction on k we can assume that the vanishing
Theorem 7.1 holds for all k; < k. Therefore we know that the filtration
subquotients occurring in the above proposition are all zero, because
k1,ks < k and either i; or is is sufficiently big. Therefore the proposition
proves that HE_,iotK is cuspidal if i > (2g — 2)nk + |S|k.

Proof of Proposition 7.2. — We define a diagram using the conventions
given in Section 6.1, all three term sequences occurring in the diagram are
short exact sequences

B d forget £ £ £ gr B di B da2
unk S < k1 - k - k:2> unk1,s X unkz,s

)
’
Toig Thig
!

forget
(& c&) ——((& c&.8, - & — &)
l —:Middle
Tsmall
Bun;—::gi
to compute

di,d —d def. .
Cit iy © He 1o K ==Rogr, forget™ Rtpig 1 (15,.1 K ® quot™ L)

base-

R (gr omy;, )1 (forget”™ 3.1 K ® forget”™ quot™ L).

=:K1

The stack Middle is stratified by substa(;ks indej,xed by 0 <1; <4,
given by the condition deg(E'(”p) N S(J Py = gP) _ 40P,

change

Ekl — — ,/:2
2 ¢ L& =6 NnES and
Middle; = { &, — & — &,

1 0 0 deg(gllc.l) =di— i
7’]:0 s T. — 7;.
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This stratification will induce the filtration we are looking for.

Now gr OW{)ig restricted to Middle; is the map forgetting everything
but &2 and £Z . We factor this as follows: first consider the map forgetge
forgetting £;. This is an affine fibration, the fibres being homogeneous
spaces for Extpara(’fz‘, &) (because of the exact square of Ext! groups we
get from the extensions of the 7;° by the &;7).

Furthermore, both the map 7gman o forget’ and quot o forget” factor
through forge’cg. i.e. Ki|middle, Y = forgetzlz Kq for some complex Ko and
thus Rforgetg]:’! Ky = Kz[2¢](c) for some c.

We can compose the map forgetg; with the forgetful map forget..
This map is just the pull back of the corresponding map in the Hecke
correspondence of torsion sheaves, and still 7gy,ay o forget” factors through
this map. Therefore, by the Hecke property of Lg we get that R forget . ; Ko
is zero if £, is not constant.

But if 3; = (41) is constant, the Hecke property implies that

_ di,d
R(W’Oﬂblg) (KIMlddle, )= HE Zét x HE :zn "o Ckll k:( )-

Thus the stratification of the stack Middle induces a filtration as claimed.
O

e Second step: for every cuspidal function f we have (¢ HZ K fy=0.
,tot

Using the same dlagram as in the definition of Hg{, at the beginning
of this section, we define H K := Rrsman, (7, K®quot* L}), and denote

the analogous operator for functions on Bung, g (i.e. the sheaf L% is replaced
by its trace function, pull-backs are considered as pull-backs of functions,
the tensor product is replaced by the product of functions and Rmrgmay is
replaced by summation over the fibres of mgyay) by the same symbol. Then
for any cuspidal function f

<t1‘H~ K = <trK>HE tot )

the brackets (., .) again denote scalar products.

We want to show that Hg,.f = 0 for all cuspidal functions f.
Using the Langlands correspondence for k < n, we know that the space
of cuspidal functions on Bungg is spanned by cuspidal Hecke eigen-
functions fg: corresponding to local systems E’ of dimension k with at
most unipotent ramification at S and their images under the action of
the Iwahori-Hecke algebra (note that for unramified local systems E’ on C
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these functions do not have an eigenfunction property for the Iwahori-Hecke
algebra). Furthermore, since k¥ < n, we know that these fg: are the traces
of irreducible perverse sheaves Ags on Bung g for some S’ C S. For this
argument we need that n <3 , because for k > 3 we have not given a
construction for representations with reducible unipotent monodromy.

To prove the second step it is therefore sufficient to show:

1) For all irreducible local systems E' on C — S’ with indecomposable
unipotent ramification at §' C S we have

Hé,tot prEun,c‘S/ AE/ =0 fori> (29 - 2)7’lk + |S|k7

where prg,,, _, : Bungs — Bungg is the map forgetting the parabolic
structure at S — S’ and Ag is the automorphic Hecke-eigensheaf already
constructed for k < n.

2) Any element of the Iwahori-Hecke algebra commutes with the
operator Hg .., on the level of functions.

We need another Hecke-operator H .. As before set i := (4,. . .,1).

d This d—i d Temall X SU d—i .
Bun;, g «— (£'° C £°|€"* € Buny, &, £°€ Buny, g) Jemall T3P, Bunj & xC'®

\[ quot

Cohg g
Here supp(E’® C £°) := supp(E*/E’®). We set
éyc : Db(Bun,'-iS) — Db(Buns’_Si xC(i)),
K+— Hg oK := R(Toman X supp):(mh;, K ® quot™ LY.

Note that in the above we may assume that we are concerned with k-step
parabolic structures since the image of quot is contained in the image of
(k-step parabolic sheaves) C (n-step parabolic sheaves). Thus to prove the
first claim we have to show:

PROPOSITION 7.3. — Let E' a local system of rank k < n, possibly
with unipotent ramification at S’ C S, and let Ag: be a Hecke eigensheaf
for E' on Buny g. Then

HE oo PrBun, o, Ae =0 fori> (29 — 2)nk + |S|k.
More precisely,

H ¢ Py, o, Ae = (W(E@ )Y Rprh,,, , Ap foralli,
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Proof. — The first statement follows from the second, as in the proof
of Deligne’s Lemma in [8]: one has H°(C,j.(E ® E')) = 0, because E
is irreducible and not isomorphic to any subquotient of E’. By Poincaré
duality therefore H2(C, j,(E ® E’)) = 0 and thus

dim (H'(C, j.(E® E))) = —x(j«(E® E)) = kn(2g — 2) + | S|k

by the formula for the Euler characteristic of Grothendieck-Ogg-Shafarevich
(see [17], Exp. X, 7.1).

Furthermore we can apply the symmetric Kiinneth formula (see [2],
Exp. XVII, 5.5.21) and — because h® = h? = 0 — we get that

H*(C, (. (EQE))D) = AH(C,j.(EQE)) =0 for i > kn(2g—2)+|S|k.

We are left with proving the second statement.

Reduction to the case ¢ = 1. — Consider the resolution

< gl. C go >
zoc'._czo:go/glo .
Tsmall XSUpPp
ﬂag/ j Wsmallxau\ox
(& C &) Bun,C 5 xCohOS —— Bun? # xC¢
v N
Tsmall X quOt

Bun,C s Bun,; s' X CohO s—— Bun ><C’(z

Note that (Hi)°*K = Ra x supp((flag’ o mhig)*K ® quot” gr*(ﬁlE)IZ'i)
for any complex K on Bungis. Further, by Lemma 4.10 the sheaf
Rflag](quot gr*(ﬁ}g)z’i) carries an S;-action and

(Rlag)(quot " gr* (£1)%)™ = quot* L.
Therefore the projection formula implies that the complex
Rilag] ((myig o flag’) K © quot” gr* (C1)™) = (HE o) K

carries an S; action as well and that ((HE ¢)°'K)® = HE oK.

Thus putting K := prg,,,, _, Ae we are reduced to prove:
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LemMA 7.4. — With the notation of Proposition 7.3 we have

1 * _ * , . !
HE’C(prBunsyS, AE/) = prBunsy_sl, AE X ]*(E ® E )

Proof. — In the proof we will denote sheaves with parabolic structure
at S by £°5, and sheaves with parabolic structure at S’ will be denoted £°*s’
to distinguish the two sets of data. We have a morphism of the Hecke
correspondences for S- and S’-parabolic sheaves:

‘_i TThig /e g g Tsmall XPr'o ‘_i_l
Bunf ot (gres ¢ gos) TemaXre, guadol o

r
P Bun;—j g J/ JforgetHecke J/
s

d ig d—1
Bunf, —— (€' C£%') ——— BunlgxC.

The right hand square induces a map to the fibre product:

Prygp, © (/%5 C £%5) — (£° C £%') x . a-1 ., (Bunf ¢ xC) =: Fib.
k.S’ ’

Denote by pry, pry the projections from this fibre product to its factors,
and let quot,quot’ be the quotient maps from the Hecke correspondence
to Coh(l)’ g and Coh(l), g respectively. We can apply the projection formula to

rewrite
Hé’c(pr;ung Ap) = RprQ’!((Rerib,, quot” ﬁE) ® (ﬂ'{)ig opry ) Ag/).
k,S’

The calculation of R prgy,;quot* Lt can be reduced to a calculation for
torsion sheaves as follows. We have a map:

q: Fib — Coh0 S (5"3,5‘5’) —s 7 p)

h . .
o T6P) . g6p) [£/0p) ifpe Sori=0,
e @)/ itpe S-S andi £,
(e(*,p)) B _ (1,...,1) ifpe s,
L=9% *=0,...,k—1 (1719"“’2) ifpes_s/.

This gives rise to the cartesian diagram

(Es c gosy L, <(7/~ cT)

T'*€Cohj prove
08 —»Coh(—)s

T*€Cohgk,
PTrip l 0 forgetrre l
- q ex forgetg_gr
Fib Cohy'y ————— Coh 0.5/

where G(£'*s C £°5) = (E*s/E's C q(prpip(£'°9,£%9))). By the base
change formula it will be sufficient to calculate:
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LEMMA 7.5. — One has

(R forgetz/e  Prye Ll E)|Im(q) = (forgets_g Lt E)|Im(a)>

where by abuse of notation We denoted by Lt the middle extensions of E
onC — S to Coh0 g and Coh0 g

Proof. — First, we want to show that the image of ¢ is the open
substack of Cth s defined by the condition that the maps ¢YP are surjective
forl<i<k and p € S — S’. By definition g maps into this substack and
we can easily describe the torsion sheaves in the image of q. Given a point
(E'%s,&%") € Fib, let T* := q(£'*5,E%s"). Locally at p € S — S’ write

k—1 .
g~ @(’)’(%p) and E£0P) = 0%~ g O(p,)

such that the cokernel £(0P) /€/(0P) = | Tf p # p; we see that

k °
EBQ,,/,C EneT
where supp(7’®) = p;. And 1f p1 = p there exists 0 < ig < k such that

° ~v k-1 . k-1 . k—1
T =®i_0,iz in/k(—k—p) ® O(k+io)p/k( % p)-
By the structure of torsion sheaves of degree e (Lemma 3.2) this shows
that the image of the map g exhausts the claimed substack. Denote by

: 1 -
Js-s: COha,c_(s»s/),sr — Im(q), 77— T & @ O'Lp/k(k—klp)

and note that by the above this is almost an open embedding (i.e. the image
is an open substack isomorphic to the quotient of Cohé C—(5—-8),8" by a
trivial group action).

Further, note that the map pr4. is smooth, smce it can be factored
into a generalized vector bundle over Cohg'g ! x Coh? 0, and the projection
onto the second factor. Therefore pri. E is the mlddle extension of its
restriction to the subset where supp(T(O’p)) ¢ S. The map forgets, is
projective because the fibres are closed in a product of projective spaces
and therefore R forget;.. , = Rforgets. ).

Combining the two remarks above we get a canonical morphism
F:js g LE — R forgetre , Prve L= R forgetse s Pryse LE,
and js_g «LL = forgets_g LL (note that js_g . makes sense, because Li

is a sheaf (and not a complex) at points with support outside S).
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We have to prove that F is an isomorphism over the image of q.
First note that forget;. is an isomorphism over the open substack where
supp(7©P)) ¢ (S — §'), so the above sheaves are isomorphic on this
substack.

We are left to check that F is an isomorphism on the fibres over points
T* with 7P = k, and p € S — §'. Since this problem is local on Cohg
we may assume that (C,S,S5") = (A!,{0},0) and E = E,, (see Section 4.1).

We know that k, = 7'®?) ¢ TC?)| and we may factorize forgets s,
into the maps forgetting the choice of the subspaces T"(»P) ¢ TP) for
i > k. Consider for example the map forgetting the choice of T’/(-=1:P),
Its fibre is either a single point, if ¢*~1P(T/(k=2P)) £ 0, or it is isomorphic
to the projective space P(H?(C, T (%~1P))), where the kernel of ¢(*?) defines
a linear subspace of codimension 1. Thus we can apply the calculation of E}En
(Lemma 4.4) to conclude that prk.. £ restricted to this projective space
is the direct image (Rgj,.) of its restriction to the the complement of the
kernel of ¢(*). Thus the cohomology of this fibre is isomorphic to the fibre
of L at T'* for any choice of 7’® not contained in the linear subspace. By
induction we therefore get the claimed isomorphism. O

Continuing the proof of Lemma 7.4 we can factor pr, as

. PTg d-1 1 idxpre d-1
Fib — Bun; ¢~ x Cohg 5 —— Bun, 5~ xC

and apply the projection formula again:
Hé,C(Pr;ung Ae') = Rpry (pry, 1 Lg ® pri mhigAe)
k,S’ 0,5’
=R(id x pre)i(pry, 1 Li @ Rpry, prj i Ae)
0,8/

= R(ld X prc)g (préohl . £|15 &® (pr;unﬁ_s% AE’ X [,1/))
(base-change)
=pry a1 Ap K (Rpre, (Lt ® L))

unk s’
’ (projection formula)
=pry s Ae B ((E® E")) (Corollary 4.7). O
k,8’

To finish the proof of the vanishing Theorem 7.1 we have to show that
the operator H ’E ot commutes with all other Hecke operators (at least on
the level of functions).
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Fix a parabolic torsion sheaf 7* and define the Hecke operator Hz, as
the sum over all Hecke operators correspondlng to torsion sheaves contalned
in the closure of T, i.e. let (T*) C Coh,, deg(T ) be the closure of the substack
classifying parabolic torsion sheaves whlch are locally isomorphic to 7°.
And define the stack

Hecke 7, := (£"* C £ £°/€"* & (T*) € Cohgg™")).
As before this provides a Hecke operator
H=,: Db(Bun;‘i ) — Db(Bun- Sdeg(T.))

deg( *)

By induction on the codimension of (7°) C Coh it is sufficient

to prove that H{ ., commutes with Hz, for all T°.

We may apply the reduction of Proposition 7.3 to reduce ourselves to
prove this for the operator HE .

Lemma 7.6. — For any K € D(Bun? ) we have
Hi ¢ o H7 K= Hz, o Hi oK
in D*(Bun? ¢ ") x0).

Proof. — We may assume that supp(7*) = p for a single point p € S,
since every torsion sheaf is the direct sum of sheaves supported at a single
point and for p € S the lemma is easy to prove (and we do not use it in
this case).

As in Lemma 7.4 the claim is easily reduced to the following lemma
formulated on the stack of parabolic torsion sheaves (apply the projection
formula once more): denote by

T' € Cohg g, T"’e(’[_f>>

F]ag . 1= (0 T Qo — Tuo N 0)
1,7 < 0* € Co h1+deg(T )

Further, denote by pry., prg. the projections and by pre the projection
to the curve C defined by the support of 7'°.

Let Flagz., be the stack defined as above with the roles of 7'

and 7'® interchanged, ie. T * € Coh(l),s and T’ € (T*), and denote its
projections by rpg., etc.
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LeEMMA 7.7. — We have a canonical isomorphism of complexes
R(prge X pre)iprie L& 2 R(tpge X IPe): 1y R Lt

in Db(Coh[l)TSdeg(T) xC.

Proof. — This is similar to the proof of Lemma 7.5: over the open
substack of Coh%}deg(r) where the support of the torsion sheaf is not
equal to supp(7*) = p the stacks Flag; 7. and Flags. ; are isomorphic,
because there are no extensions between sheaves supported at different
points. Therefore the claimed isomorphism exists over this subset. To
extend it, we again reduce to the case (C,S) = (Al,{0}) and note that
the maps prg., rpge are projective and the map pry. (resp. rpz+.) can be
factored as

Flag; 7o — Cohg g x(T*) — Cohg .

The first map is a generalized vector bundle, and the second one is the
projection of a product, therefore both maps are locally acyclic. Hence we
can use the exact triangle

— LL — Ry Eoo — j1Eoo(—n) 5

of Proposition 4.1 once more. If we replace [Z,lz by jiEs(—n), then the
statement of the lemma is obvious. Further, if we replace £ by Rj.Eo,
then the lemma follows from the Leray spectral sequence, because we
just saw that Rj. commutes with pry. (and rp}.,) and we may
replace (Rprge X prg) by (Rprge X prg).« because this map is projective.
Therefore the lemma follows for L} as well. O

8. The vanishing theorem implies that
. k . .
JHom,! Fe = JHom, % F’é = RJHom,* Fk'

With the notations of the fundamental diagram (2.2) of Section 2 we
have:

ProposiTioN 8.1. — Assume that the vanishing theorem 7.1 holds
for k < n. Then for k < n and d >> 0 we have jHom 7!F’E = JjHom ! FIE and
thus for k < n we have F’E,! = FE.

Since we have shown the vanishing theorem for local systems of
rank < 3, we get in particular:
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COROLLARY 8.2. — For k < n < 3 the sheaves Ff = F’é,! are
isomorphic. O

Proof of Proposition 8.1. — The Hecke-property of £¢ allows us
to copy the proof in [11] with some minor changes. We use induction,
and assume that the proposition is true for all ¥ < k thus, in parti-
cular FE = F’E’.

o Step 1. — The claim is true over the substack of parabolic vector

bundles. Here every nontrivial homomorphism from §2* into a vector
bundle is injective, that is

Hom1nJ Homy, —(zero-section) over Bun&°2? .
k,S

Furthermore FE is G,-invariant, since the Fourier transform
preserves this property by [21], Proposition 1.2.3.4. Therefore we
can apply Lemma 0.3 and get

JHom 1 FE = Rijtom, « FE = jHom 1 Ff <= RmFE =0,

where 7: Hom,' — Buniogd is the projection.

Recall from Formula (5.1), that we can calculate FE = FIE,! with the
following diagram:

<J1'C~~-CJ,;C€‘> ext
T2 T = ek

l WXquot
- CJp

forget

ext’

Homy” (Tg =& =T J/J 1—>Q'k ; ><COh“s —A!
Bu dkégmd Bun 4% Coha g

Where dy, — d = deg(Jk(O’p)) and we know that Ff = R forget,(ext* L, ®
quot* £LZ). Therefore

(R FE) | Buntose = R (ext™ Ly @ quot™ L&) = Hy oo, (R ext’™ Ly),

and the vanishing theorem 7.1 implies that Hg ¢ (Rmjext*Ly) = 0
for d > 0.
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e Step 2: induction on the length of the torsion of F*. — Recall that
in Section 6 we introduced for any r = (r; p)

Coh#5T .= (F* € Coh ¢ | length(torsion(F*)) < r
k.S k.S

the stack of parabolic sheaves such that the length of the torsion
of the coherent sheaves F(“P) is bounded by r; ,. And by induction
we need to compare jHom,gFIE and RjHom,« FIE above the points of
this stack, where the parabolic sheaf is good and the length of the
torsion is exactly r. Furthermore, note that the torsion free part of
a good sheaf is good as well.

It is sufficient to prove the proposition after a smooth base change.
To get a map to torsion free parabolic sheaves (we want to apply the
vanishing theorem again) we use the stack

—~— d,<r

Cohys = (& CF —T°
| & € Bunf %°°Y, F* € Coh 4%, T* € Cohj g).

From Remark 6.3 we know that the forgetful map Coh , k ST — Coh ,g 5T
is smooth. And the map

gr: Cohp g — Bunj %°° x Cohf 5, (E° C F*)r— (E°,F°/E")

is a vector bundle, since dim(Ext?, .(7*,£")) depends only on the degree

para

of 7* and on the rank and the degree of £* by Lemma 3.5. Furthermore,
over any point of é?)ﬂ,issr we have Ext'(Q**~1 £*) = 0 (by assumption
£* € Bu n,c s ’gOOd), therefore the dimension of Hom(Q®**~1, £*) is constant,
S0 Hom(Q' 1,£*) is a vector bundle over this stack.

— — d,<
Consider the base change Homy, of Homy, to Coh . g 'r', and analogously
define

—~— inj — d,<r

Homk = Homln'] XChd CO k,S -

By the above, the map

8o - Hom;c — Bungsr -good x Hom(Q®**~1, T°),

QRS Fr g c P BT (0,00 B T
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is also vector bundle, because it is the composition of the map induced
by composing p o s, which has fibres Hom(Q**~1, £*), and quot. The zero
section

(5.,9.”0‘1—{)7")9——)(7(0—7—‘28. @t]'o,gocgo@?'._’f]'o)
of this bundle is the substack (&

Qo,k—l i a
length(torsion(F*)) = r and Q%1 — T* — F* )
<(8‘ o ’T‘) ‘ ength(torsion(F*)) = r an —T* > F
and this is by induction hypothesis the substack to which we have to
extend F’E. Thus, denote glp=—ini = G~ |Hom™ and again we have
to show that

E
Rgrﬁ;-r’ninj,! pr’ﬁommj FE = 0
Since this can be checked fibre wise, we fix a point

(£,Q°F~ — T*) € Bunf 5! x Hom(Q**~1, T*)

and denote by Fibrege ge.x-1_,7+ the fibre of I-f(;r/n;cm over this point.

> Step 2.1: reduction to the case Q**~1 —» T* is surjective.

Factor s:Q%F=1 — Im(s) =: 7'* C T*, denote T*/T"* =: T *
and set r” := deg(7 *). Then for any (Q**~! — F* — T*)
in Fibre,, o, 2, We get an extension F'* C F* —» T"*. Consider

the Hecke operator for

Qo,k—-l PN ]:/o
F'* s Fo T”-

P s 17
o > — Hom,” x Cohj 5.

Hom* «— Heckey,pini = <

We know by Proposition 6.2 that FE, is a Hecke eigensheaf and that

Fibre » Hecke gomini.

= Fibre ke X .
£0,Qe k1T Hom™ x Coh%

gono,k—l_f_)To

Thus, in case that r” is not constant, we can establish our claim that

H(Fibre ~F8) =0,

govno,k—l_s,

(8) Note that, if there is a splitting of F* —» T°®, then there is a unique one, since
torsion(F*) is a subsheaf of F*.
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since the above Hecke operator is zero by 6.1.

If on the other hand r” is constant, we know that it is sufficient to
prove the claim for Fibrege ge.x-1_,77. This has already been done in the
case that 7'® # T*. Therefore we may assume that Im(Q®*~1) = 77/ = T*.

> Step 2.2. Assume that Q%F~! —» T* is surjective, i.e. T* =
Q*k=1/0%k=1(_D) for some effective parabolic divisor D.

In this case, giving an element (Q**~! — F*) € Fibregs qe.x-1_,7e is
the same as to give a map QF~1*(—D) — £*, because we can define a map

(Qo,k—l(_D) PN 5',7‘) — (5. C (50 D Qo,k—l)/Qo,k—l(_D))

And indeed for any square
Qo,k—l(__D) PN Qo,k—l

]

go < f‘o T.

T

112

we automatically get that F* = £* @qex-1(_py QF .
Thus we get an isomorphism
Fibrege qec—1_7¢ — Hom™ (Q**~1(-D),&*).

Furthermore under this isomorphism FIEIFibre becomes the sheaf on
7,good

Bunk s constructed in the same way as FE, by replacing Q®k—1
by Qsk ~1(—D). More precisely, since

5'/Q°’k_1(—D) ~ f'/Q"k—l,
we have again

jl -cJgcé

on 1( Al

j J;+1/J B \
ext’
v

- C jk
Hom™ (Q%(~D), &) (T E—»T°) < VA Q"“ H-D) >xCoh§75
'~7i.+l/Ji. :) Qu,k—i+1

T .
p

d—r,good -r d
Bunj % Bun; g x Cohg ¢
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Here ext’ is the composition

k-2

=0

(F,ex(Tp) = Q" (-D)@ @ Q*7) — HI(C,QI(—D))@IéZHl(C, o
=

k—2
H(C,) e @ HY(C,Q)
7=0

ext’
2 Res

HY(C,Q) = Al

and therefore

k ~
FE|Fibre5.,Q.,k—1_»T = (Rforget!(qUOt* L:E ® ext* Lw))|Fibre of ® over £°-

But here we can apply the vanishing theorem again, because

(4]
(5]
(6]

(7]
(8]

(10]

R(7 o forget)i(quot® L& ® ext™ Ly) = Hafot(Rm’ ext*Ly)=0. O
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