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NON-DEFORMABILITY OF ENTIRE CURVES
IN PROJECTIVE HYPERSURFACES
OF HIGH DEGREE

by Olivier DEBARRE, Gianluca PACIENZA & Mihai PAUN

ABSTRACT. — In this article, we prove that there does not exist a family of
maximal rank of entire curves in the universal family of hypersurfaces of degree
d > 2n in the complex projective space P™. This can be seen as a weak version of
the Kobayashi conjecture asserting that a general projective hypersurface of high
degree is hyperbolic in the sense of Kobayashi.

RESUME. — Dans cet article, nous démontrons qu’il n’existe pas de famille de
rang maximal de courbes enti¢res dans la famille universelle des hypersurfaces
de degré d > 2n dans l’espace projectif complexe P™. Cela peut se voir comme
une version faible de la conjecture de Kobayashi affirmant qu’une hypersurface
projective générale de haut degré est hyperbolique au sens de Kobayashi.

Let X be a hypersurface in the complex projective space P". The Koba-
yashi conjecture claims that X is hyperbolic, provided that X is general
and d = deg(X) > 2n—1. By the Brody criterion ([1]), the hyperbolicity of
X is equivalent to the fact that every holomorphic map C — X is constant.
The conjecture has been proved for n = 3, d > 21 and X very general ([6],
[8] — see [3] for an account; for a recent extension of Demailly’s approach
to dimension 4, see [9]). An important and recent progress in the direction
of the conjecture for all n > 3 was made by Y.-T. Siu in [11]: he obtains a
confirmation of the conjecture under the assumption d > n.

Consider the universal family X C P" x PV of hypersurfaces in P with
fixed degree d (the number N, is equal to (";’d) —1). We will denote by
X; the fiber of X over the parameter t € PVa,
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THEOREM 1. — Let U C P4 be an open set and let ® : C x U — X be
a holomorphic map such that ®(C x {t}) C X; for allt € U. If d > 2n, the
rank of ® cannot be maximal anywhere.

Of course the theorem is an immediate consequence of the Kobayashi
conjecture (and hence, if the degree d is big enough, of the result of Siu). So,
the theorem above may be rephrased as follows : the Kobayashi conjecture
may possibly fail only if there is an entire curve on a general hypersurface
X which is not preserved by a deformation of X.

The question above is motivated by the “picture” in the algebraic sit-
uation: the existence of an algebraic cycle on the general member of the
family implies its deformation on the nearby fibers. However, dealing with
transcendental objects (e.g., entire curves) seems to be much more com-
plicated. For entire curves tangent to a holomorphic foliation of dimension
one, a substitute for the Hilbert scheme was found by M. Brunella in [2].

Very roughly, the proof goes as follows. First of all, we consider the
(non-zero) section of the holomorphic bundle A'*Ne@*T given by the
Jacobian of ® (in fact, for some technical reasons, we will work with a
sequence of reparametrizations of ®, but we skip this point here, to keep
the discussion clear). In order to use the positivity of the canonical bundle
of the hypersurfaces, we take the wedge product of the previous section with
an appropriate family of meromorphic vector fields on X', and thus get a
section o of (a twist of) ®*Ky'. Next, we show that the laplacian of the
logarithm of the norm of this section dominates a positive multiple of the
norm of o, and use negative curvature arguments to derive a contradiction,
as soon as the degree d satisfies the numerical hypothesis of our theorem.
Proof of the theorem. The proof uses two ingredients: the first is that
the vector bundle Ty ® p*Opn (1) is generated by its global sections (where
p is the projection P x PN¢ — P"). The second relies on some negative cur-
vature arguments, very much in the spirit of the Kobayashi-Ochiai theorem

([10])-

We recall the following proposition, due to Siu ([11]).

PROPOSITION 2 (Siu). — The vector bundle Ty ® p*Opn (1) is globally
generated.

The proof of this proposition is given in [11]; we reproduce it here, for
the convenience of the reader. Observe that the global generation of the
restriction T'X|x, ® Ox,(1) of the same bundle to a fiber X; has been
previously proved by Voisin ([12], Prop. 1.1) who deduced from it important
results about the algebraic hyperbolicity of a (very) general hypersurface
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(for an account of the subsequent developments of Voisin’s approach, see
[4])-

Proof. — Consider global coordinates (Z;)o<j<n (resp. (a)ja|=a) On
C"*! (resp. on CNetl). The equation of the manifold X in P" x PN can

be written as
Z a4 2% =0

where we use here the multi-index notation Z% = H Z;” . Consider the
open set Uy = {Zy # 0} x {aqo..0 # 0} in P* x PNe, For the rest of the
proof, we will work on Uy, with the induced nonhomogeneous coordinates.
Consider a multi-index o € N? and an integer j such that a; > 1. On
the set Up, consider the vector field
0 9]
da, 7 0a,
where z; = Z;/Zy, ) = ay if k # j, and a4; = a; — 1. The vector field
Va,j is tangent to Xy = X' N Uy, as a quick verification shows. On the other
hand, we can extend it to the whole manifold X as a meromorphic vector
field and its pole order is equal to 1. Remark that V,, ; is a meromorphic
section of the kernel of the differential of the first projection pjx : X — P".
We also have a “lifting” property for the vector fields, as follows. Consider

a vector field
V() = (]
Z Jaz]

Vo=

on C", where v; = Z ’U(])Zk + v(]) is a polynomial of degree at most one

in the z;-variables. There exists a vector field

0
V= Vo7— + W
%;d daq
that is tangent to Xy and that extends to the whole manifold X as a
holomorphic section of the tangent bundle. Indeed, if we want V to be
tangent to X, the condition to be satisfied is

Zvaz + Zaav] 8

and the complex numbers v, are snnply chosen such that the coefficient
of the monomial z¢ in the above equation is equal to zero. The extension
property is also quickly verified, as well as the global generation of the bun-
dle Ty ® p*Opn (1) by the vector fields already constructed. The proposition
is thus proved. O
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Consider a holomorphic map ® : C x U — X over the base U C PN¢ as
in the theorem. We suppose that ® has maximal rank. If d > 2n, we are
going to derive a contradiction.

As U is an open set, we can shrink it and suppose that it is equal to a
polydisc B(6y)™¢. We will consider the following sequence of maps

Dy : B(Gpk)Net — x

1 1
given by ®y(2,&1,...,&n,) = O(2EN, %51, cee EgNd). The technical reason
for which we need to change the radius of the disc will be clear in a moment.
Notice that the initial map ®; = ® is of maximal rank, thus the section

od 0® 0P
(1) J@(Z,f)—a/\af&/\"'/\a&vd

(2,6) € AlJrNdTX,(P(z,f)

of ®*A'*NaTy is not identically zero. Let us assume that Jg (0) is nonzero
in the corresponding vector space. Remark that Jg,_(0) = J3(0), for any
k > 1, where Jg, € <I>,’;A1+NdTX is the section associated to the map ®;
as indicated in (1), is not identically zero, as a section. The positivity of
the vector bundle Ty in the parameter space directions now comes into the
picture: thanks to Proposition 2, we can choose n — 2 vector fields

Vi,oo o, Vo € Tx @ p*Opn (1)

such that
Jo,(Q)APL(VIA-AVu_a) #0

in K;(l (024] p*O]pn (n — 2)‘1>k(0)'
With the vector fields previously chosen, we consider the following section

op=Jo, NPR(Vi A+ AV,)

of the bundle ®} (K" ® p*Opn(n — 2))) over the polydisc. Its value at the
origin is independent of k, and of course nonzero. If ¢ is the projection
of X on the parameter space PV¢, then under the assumption d > 2n,
the restriction of Ky ® Opn (2 —n)) to ¢~ }(U) is ample (eventually after
shrinking once again the open subset U), hence we can endow this bundle
with a metric h of positive curvature.

We now define a sequence of functions fj, : B(6ok)Vet? — R, as follows

Yw € B(ok)Nt! i (w) = [|o(w) || N4,

Pyh—1

Remark 3. — Notice that, by construction, there exists a positive num-
ber ¢ such that for each k > 1, we have f;(0) = c.

We have the following lemma.
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LEMMA 4. — For each k > 1, there exists a positive constant C such
that we have Alog fr > C fx pointwise over the polydisc B(dgk)Nat1,

Proof. — First, remark that by construction, the image of the map ®y
lies inside ¢~ (U), for each k > 1, so that

(2) i&‘élogHJkHi;h_l > 0, (Kx @ p*Opn (2 — n)).
In the inequality (2), take the trace with respect to the flat metric on the
polydisc. We get

8<I>k a(I)k
aogleles > |5+ 2150

>mwwmﬁ>

A1+Ndw
2/(14+N,
> Cllow] 750

The constant C' in the previous sequence of inequalities varies from one line
to another, but we still denote it by C' as it is independent of k. The above
relations are obtained using the vector inequalities

Wan- AW < [WAll. . [Wsll < s> (Wl + -+ [IWGl)°
So the lemma is proved. O
Using the previous lemma we will prove a result whose proof is very close

to that of the Ahlfors-Schwarz lemma.

PROPOSITION 5. — For each k > 1 we have f;,(0) < Ck~2. In particular,
as k — oo, we have f,(0) — 0.

Proof. — Consider the volume form of the Poincaré metric on the poly-
disc

1 N 1

1 L2 21:[1 1 lg2)?
52k ) 7T 62K2

A quick computation shows that

U =

, _ Ny . —
= dzNd dé; Nd
immm:%w%2Z26+Z’@ ?)
(- 4) = (- )
so if we take the trace of this equality with respect to the flat metric, we
get
(3) Alogy, < Ck™ %4y

Remark that the previous inequality can be obtained precisely because we
have the same radius dpk for the components of the polydisc which is the

TOME 56 (2006), FASCICULE 1



252 Olivier DEBARRE, Gianluca PACIENZA & Mihai PAUN

domain of ;. This is why we had to reparametrize our map ® from the
very beginning.

fk:(z7€)

Yr(2,6)

at a boundary point of the domain, since ¢, goes to infinity as (z,£) goes

Consider the function (z,§) — . Its maximum cannot be achieved

to the boundary. So at the maximum point (zg,&p), we have

(4) Alog fi/vr < 0.
This inequality, combined with Lemma 4 and (3), gives
(5) fr(20,60) < Ck*Pi(20,&0).

Since the relation (5) is verified at the maximum point of the quotient, it
follows that the same is true at an arbitrary point, so we get

(6) fi(2,€) < Ok (2,€).

To finish the proof, it is sufficient to write the inequality (6) at the origin.
O

Since Proposition 5 and Remark 3 contradict each other, the theorem is
proved. O
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