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ON THE EMBEDDING AND COMPACTIFICATION
OF ¢-COMPLETE MANIFOLDS

by Ionut CHIOSE

ABSTRACT. We characterize intrinsically two classes of manifolds that can
be properly embedded into spaces of the form PN \ PN—4, The first theorem is
a compactification theorem for pseudoconcave manifolds that can be realized as
X \ (X NPN=9) where X C PY is a projective variety. The second theorem is an
embedding theorem for holomorphically convex manifolds into P! x C¥ .,

RESUME. On caractérise intrinsequement deux classes de variétés qui peuvent
étre incluses proprement dans des espaces de la forme PV \ PN —4. Le premier théo-
réme est un théoréeme de compactification pour les variétés pseudoconcaves qui
peuvent étre réalisées comme PV \ PN~=9 oti X C PV est une variété projective.
Le deuxiéme théoréme est un théoreme d’inclusion pour les variétés holomorphi-
quement convexes dans espace P! x CV.

Introduction

Two of the important problems in complex geometry are the compact-
ification problem — to characterize complex manifolds which are isomor-
phic with a Zariski open subset of a compact variety, and the embedding
problem — to characterize complex manifolds which can be realized as
submanifolds of some standard spaces — usually projective spaces or affine
spaces.

The compactification problem has had various solutions, both from the
point of view of Riemannian geometry (Mok and Zhang, Yeung, Siu and
Yau) and from the point of view of analytic geometry (Demailly, Nadel and
Tsuji). Demailly [5] showed that if a complex manifold X of finite topolog-
ical type carries a C* strictly plurisubharmonic exhaustion function which

Keywords: Pseudoconvex and pseudoconcave spaces, embeddings and compactifications,
positive line bundles, Remmert reduction.
Math. classification: 32Q40 , 32J05, 32F10.



374 Tonut CHIOSE

satisfies two aditional conditions (finiteness of the volume and an estimate
involving a Ricci curvature), then X is biholomorphic to an affine algebraic
manifold. Therefore X can be compactified by adding a hyperplane at in-
finity. Nadel’s result [10] settles the other extreme case, when X can be
compactified by adding finitely many points. Nadel’s theorem states that if
X is a hyper 1-concave manifold which carries a line bundle whose ring of
sections separates the points of X and gives local coordinates on X, and if
X can be covered by Zariski open subsets which are uniformized by Stein
manifolds, then X is biholomorphic to a quasi-projective manifold which
can be compactified by adding finitely many points.

Our first result can be thought of as an “interpolation” between De-
mailly’s result and Nadel’s result:

THEOREM 0.1. — Let X be a connected complex manifold of dimension
n and let ¢ > 2. Suppose that:

(i) there exists a map w: X — P4~}
(ii) there exists a C* exhaustion function ¢ : X — R such that

(%) w = i00p + 10 (Ops-1(1)) > 0

(iii) there exist u € C*°(X,R) and ko € N such that kow + Ricci(w) >
—i00u

(iv) X is (n —q + 1)-concave

(v) dim H?**(X,R) < oo for ¢ < p < 234,
Then there exist a projective variety X C PN and L ~ PN~9 a linear
subspace of codimension q in PV such that X is isomorphic to X \ (X NL).
Moreover, all the conditions except (iv) are necessary conditions, while (iv)
is a “generically” necessary condition.

Note that the conditions appearing in Theorem 0.1 are similar to those in
the above mentioned theorems. Note also that when ¢ = n condition (v) is
empty and we obtain a particular case of Nadels’ theorem. When ¢ = n+1
we obtain the class of compact projective manifolds of dimension n.

The two most famous embedding theorems are Kodaira’s embedding the-
orem which characterizes the projective manifolds in terms of the positiv-
ity of a line bundle, and the theorem on the proper embedding of Stein
manifolds into affine spaces CV. An intermediate result between the two
embedding theorems is Takayama’s theorem [12]: a complex manifold can
be properly embedded into a product PV x CM if and only if it is holomor-
phically convex and it carries a positive line bundle.

Our second result is a refined version of Takayama’s theorem:

ANNALES DE L’INSTITUT FOURIER



EMBEDDING ¢-COMPLETE MANIFOLDS 375

THEOREM 0.2. — Let X be a connected complex manifold of dimension
n. Then X is biholomorphic to a proper submanifold of P x CV if and
only if:

(i) X is holomorphically convex; we let f : X — Y be the Remmert
reduction of X
(ii) there exists a map w: X — P!
(iii) there exists a C*° plurisubharmonic function v : Y — R such that

(%) w = i00p + 10 (Op1 (1)) > 0
where ¢ =1 o f.

Note that the Segre embedding P* x PV «— PM M = 2(N +1) -1
restricts to P x C to give a proper embedding into P \ PM~2. Therefore
in Theorem 0.2 we characterize a special class of holomorphically convex
manifolds which can be embedded into PV \ PV 2.

The two conditions (i) and (ii) in Theorem 0.1 and (ii) and (iii) in The-
orem 0.2 appear also in the theory of ¢g-Stein spaces introduced by Barlet
and Silva in [3]. And indeed, Theorem 0.1 implies in particular that (X, 7%)
becomes a ¢-Stein manifold (1-Stein=Stein) for k sufficiently large, where
7% is the composition between 7 and P471 3 [29 1 -+ 1 zgo1] — [2§ 1 -+
zF ] € P71, and Theorem 0.2 implies that (X, ) is a 2-Stein manifold.

The original motivation of this paper was the problem raised by Harvey
and Lawson in [7]:

PROBLEM 0.3. — Characterize (intrinsically) the proper submanifolds
of PN\ PN—9,

Such an intrinsic characterization should be an interpolation between
Kodaira’s embedding theorem (case ¢ = N + 1) and the embedding of
Stein manifolds into an affine space (case ¢ = 1). Our theorems mentioned
above provide such characterizations in two “extreme” special cases.

We now sketch the proofs of the two Theorems 0.1 and 0.2. There are
several main ingrediendts in the proof of the pseudoconcave case. The first
one is Demailly’s Theorem 1.1; it allows us to construct sufficiently many
sections in high powers of a positive line bundle. We will be able to “em-
bed” any compact subset of X. The second one is Andreotti’s theory of
pseudoconcave spaces. It provides us with a Siegel-type theorem, with a
compactification theorem for pseudoconcave spaces and some other results
about the structure of our embedding. The third ingredient is a theorem
of Dingoyan which says that if an open subset of a projective manifold
is both “pseudoconcave” and “locally pseudoconvex”, then its complement
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376 Tonut CHIOSE

consists of a finite number of hypersurfaces. In our case the “pseudoconcav-
ity” condition is given in the hypothesis, while the “local pseudoconvexity”
condition is a consequence of (x). The finite dimensionality of the singular
cohomology groups will permit us to embed the “infinity” of X, via an ele-
mentary but important proposition due to Demailly. Finally we use Mok’s
method to show that the embedding has the desired form. It consists essen-
tially of showing that a certain Stein manifold is holomorphically convex
with respect to the algebra of “algebraic” functions on that manifold.

For the pseudoconvex case we use a technical lemma to show that the only
compact subvarieties of X are either points or rational curves isomorphic to
P! through the projection . Then we consider the Remmert reduction of
X. The problem is that in general a singular analytic Stein space cannot be
embedded into an affine space. But a relatively compact subset of a Stein
space can always be embedded, and we use this to show that X can be
embedded into the desired space. Along the way we use an approximation
theorem and some category arguments.

Acknowledgements. — 1 would like to thank my advisor, Blaine Lawson,
for all his help, support and inspiration.

1. The pseudoconcave case

In this section we prove Theorem 0.1 in the case ¢ = 2. The proof of
the general case for an arbitrary ¢ > 2 follows similarly with only minor
changes.

1.1. Preliminaries

In this section we recall some definitions and theorems needed for proving
Theorem 0.1.

1.1.1. We will repeatedly make use of the following theorem of De-
mailly [4]

THEOREM 1.1. — Let (E,h) be a Hermitian holomorphic line bundle
with semi-positive curvature (i.e., i©(E,h) > 0) on a complete Kéhler
manifold (X,w) of dimension n. Suppose ¢ : X — [—00,0] is a function
which is of class C* outside a discrete subset S of X and near each point
p €S, p(2) = Apln|z|? where A, is a positive constant and z = (z1, . . ., 2,)
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EMBEDDING ¢-COMPLETE MANIFOLDS 377

are local coordinates centered at p. Assume that i©(E,e”%?h) =iO(E, h)+
i00p > 0 on X \ S and let A : X — [0,1] be a continuous function such
that i©(E, h) 4+ i00p > Mw on X \ S. Then for every C> form v of type
(n, 1) with values in E on X such that Ov = 0 and

1
/ ~[v|?e~?dV, < o0
x A

there exists a C*° form u of type (n,0) with values in E on X such that

1
/|u|2ef“ade</ —|v|?e~?adV,
p's x A

If E is a line bundle on X a complex manifold then we say that the ring

Ou = v and

A(X,E) = é H°(X,E")
k=0

separates the points of X if Vo # y € X,3k € N,3s € HY(X, E¥) s.t.
s(z) = 0 # s(y) and that it gives local coordinates on X if Vo € X,3k €
N, 350,51, ...,8, € H(X, E¥) s.t. so(x) # 0 and

d<31> /\-~~/\d(8n> (z) # 0.
So S0
The following lemma is a simple application of the above Theorem 1.1

LEMMA 1.2. — Let (X,w) be a complete Kdhler manifold of dimension
n and (E,h) a positive Hermitian line bundle on X. Assume that there
exists ko € N such that E* © K% is semipositive. Then A(X, E) separates
the points of X and gives local coordinates on X .

1.1.2. We will also make use of the theory of pseudoconcave manifolds
as developed by Andreotti.

DEFINITION 1.3. — A manifold X of dimension n is said to be g-com-
plete, 1 < g < n if X has a C* exhaustion function ¢ : X — [0,00) such
that i00p(x) has at least n — q + 1 positive eigenvalues Vx € X.

A manifold X is said to be p-concave, 1 < p < n, if X has a C* exhaus-
tion (i.e., proper) function 1 : X — [a,b) such that i00v(z) has at least
n—p+ 1 negative eigenvalues, Vo € X \ K where K is some compact subset
of X.

The results that we need from the theory of pseudoconcave spaces can
be summarized in the following

TOME 56 (2006), FASCICULE 2
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THEOREM 1.4 (Andreotti [1], Andreotti and Tomassini [2]). — Let X
be a connected p-concave manifold of dimension n, p < n — 1. Then the
field of meromorphic functions KC(X) on X has tr.degcC(X) < n. If F' is
a line bundle on X, then dim H?(X,F) < oo for j < n—p— 1. If X is
embedded as a locally closed subset in some projective space PV, then X
is included into an algebraic variety Z in PN, which is irreducible and of
the same dimension n. There is a unique maximal analytic subset of Z of
pure codimension 1 with support in Z \ X.

1.1.3. For the proof of the fact that the birational embedding in Theo-
rem 0.1 is quasi-projective we will use the following result of Dingoyan [6].

DEFINITION 1.5. — Let V' be a projective variety and U an open subset
of V. Then U is said to be locally pseudoconvex in V if there exists a
covering W of V' by open Stein sets such that for every W &€ W, the
connected components of U N W are Stein.

THEOREM 1.6 (Dingoyan [6]). — Let V' be a projective manifold and
X an open pseudoconcave, locally pseudoconvex subset of V. Then the
topological boundary of X consists of a finite union of hypersurfaces.

For the proof of Theorem 1.6 one uses the fact that X is locally pseudo-
convex in V' to construct a section s of an ample line bundle on V such that
X is the domain of existence for s, and then the pseudoconcavity condition
on X implies that s is algebraic on V', therefore the boundary of X consists
of the polar set of s.

1.1.4. In order to prove that the birational embedding in Theorem 0.1
can be “resolved” in a finite number of steps, we will use the following
proposition of Demailly [5]

PrROPOSITION 1.7. — Let X be a complex manifold of dimension n and
let Y be a subvariety of dimension p in X and d = n—p = codimxY . Then

HYX,X\Y;C)=0ifq<2d

and
H*(X,X\Y;C)~C’

where (Y}) ;e is the family of irreducible components of dimension p in Y.
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1.2. The necessity of the conditions

We show that all the conditions in Theorem 0.1 except (iv) are necessary
conditions and that (iv) is a “generically” necessary condition.

On PV fix homogeneous conditions [z : 21 : --- : zy] and assume that
PN = {2 =2 = =2z,1 =0}. Let 7 : PNV \ PN~¢ — P77! be the
projection away from PN~ given by

m([zo: - 2n]) =[z0 -+ ¢ 2g—1)-

On PV \ PN~4 consider the exhaustion function ¢ : PNV \ PN~=7 — R,

|Zo|2—|—'~'—|-|ZN‘2
©(|zog "1 % =In .
([0 N]) (|202 '_"'+‘Zq 1|2

Since
i0(Opa-1 (1)) = i0In(|20 + - + |24 1 %)
is the curvature of Opq—1(1) on P4~1, we have
i00¢p + m*iO(Opa-1(1)) = iO(Opn (1)) [pry\pry—q > 0

Therefore any manifold X that can be properly embedded into PV \ P ¢
comes equipped with a projection 7 : X — P97! and an exhaustion function
¢ : X — [0,00) such that

(%) 100 + 7 i0(Opa-1(1)) > 0

Condition (%) implies in particular that E = 7*Ope-1(1) is positive and
that X is g-complete with respect to ¢.

If moreover the manifold X can be compactified in PV then X is a quasi-
projective variety, therefore it is of finite topological type.

If X denotes the compactification of X, then Opn (1)|5 is ample on X,
and since the dualizing sheaf w+ is coherent, it follows that there exists
ko € N such that Opn (ko)|5 ® wi- is globally generated. Restricting to X,
we obtain that EF K% is globally generated, in particular it is semi-
positive (i.e., there exists a Hermitian metric such that its curvature is
semi-positive definite).

For a given projective variety X of dimension n in PV, its intersection
with a general linear subspace of of PV of dimension N — ¢ has dimension
n — g. Therefore if X NPN 1 is of pure dimension n — ¢, then by Ohsawa’s
theorem [11] it follows that X is (n — ¢ + 1)-concave.

TOME 56 (2006), FASCICULE 2
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1.3. Andreotti’s theory on pseudoconcave spaces

Let X be a manifold as in Theorem 0.1 with ¢ = 2. In this section we use
Andreotti’s results on pseudoconcave manifolds to construct a birational
embedding of X. Then in Section 1.4 we show that the embedding is quasi-
projective. Next in 1.5 we prove that the birational embedding can be
resolved in a finite number of steps. Finally we use Mok’s method [9] to
show that the embedding that we get has the form X \ (X NPN=2).

In order to use Lemma 1.2, we have to show that X carries a complete
Kahler metric:

LEMMA 1.8. — Let X be a manifold as above above. We can assume
that ¢ > 1. Let f(t) =t — $Int and n = f o p. Set

© = i00n + 7*i0(Op1 (1)).
Then w is a complete Kahler metric on X.

Proof. — Clearly @ is closed. We have i00n = f' o id0p+ f" 0@ idp N
and f'(t) =1— 3, f"(t) = 5. Hence
o=(1-L w+i *i0(0 (1))+iia AO
- 2@ 2()071— Pt 2()02 SD 90
so w is positive and w > ﬁi&p A dp = £id(Ing) A O(Ingp). Therefore
|0(1n @)\% < 2 and since In ¢ is an exhaustion function, it follows that @ is
complete. O

Now X has a complete Kéhler metric, E = 7*Op1(1) is positive and
E*o ® K% is semi-positive, therefore we can use Lemma 1.2 to show that
A(X, E) separates the points of X and gives local coordinates on X.

Let sg, s1 be a basis of H(P!, Op1(1)) and denote by the same symbols
so and s; their pull-back to X. They are sections in E with Z(sg,s1) =
{z € X|so(z) = s1(z) = 0} = 0. They play a role analogue to the constant
function 1 for Stein manifolds.

Since X is connected, the ring A(X, E) is an integral domain. We con-
sider the field

QX,E) = {j

The transcendence degree tr.degcQ(X, E) > n since A(X, E) gives local
coordinates on X, and tr.degc/C(X) < n since X is (n — 1)-concave. There-
fore Q(X, E) C K(X) is a finite extension. Moreover, since X is smooth (in
particular it is normal), Q(X, F) is algebraically closed in the field (X)
of all meromorphic functions on X. This implies that Q(X, F) = K(X).

Jk € Nsit. s, t € H(X,E"),t # 0} C K(X).
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Let sk s% sy,...,8, € H°(X, E¥) (where sg and s; are as above) such
that s&(z) # 0 and

for some x € X. Then

S0
s s
Cl=,....9 ) ck(X
(%) xe0
is a finite extension. Therefore there is a g € K(X) = Q(X, E) such that
sk Sn
k) =c(%.. %) )
S0 50
so by taking k sufficiently large we can assume that
S]f SNy
(1.1) KX)=C(—, s
50 50
where s§, 5%, s9,..., 5N, is a basis of HO(X, EF).

Let ¢ : X — [a,b) be a C™ function that gives the (n — 1)-concavity of
X and let K C X be a compact subset of X such that {99 has 2 negative
eigenvalues on X \ K. Let ¢ € (supg ¥,b) and X, = {z € X|¢(z) < ¢}
which is relatively compact in X. Then there exists k € N such that 7, =
[sk o sk oo sn] 1 X — PMr is an embedding of X.. Note that 7 is
well-defined on X since Z(sg,s1) = (. We can assume that (1.1) is true
for k.

Since 7 (X.) is pseudoconcave and locally closed in PV, there exists a
projective compactification Zj, of 74(X,) of the same dimension n. Obvi-
ously 7.(X) C Z.

Let vy, : Z — Z, be the normalization of Z;. Since vy, is finite, it follows
that v;Opn, (1) is ample on Z}. Denote by 7/ : X — Z} the lifting of
Tk X — Zk.

Put

Ay = {x € X|rank dr(z) < n}
which is an analytic subset of X. Since 7/|x, is an embedding, it follows
that A, C X \ X.. Since i00¢ has 2 negative eigenvalues on X \ X, it
follows that dim A, < n — 2.

LEMMA 1.9. — 7 is injective on X \ Ay.

TOME 56 (2006), FASCICULE 2
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Proof. — Let z,y € X \ Ag,x # y. If so(x) = 0 and so(y) # 0 then
clearly 7V (x) # ¢ (y). If so(x) # 0, s0(y) # 0, then let t € H(X, E') such
that ¢(z) = 0,t(y) # 0. Let g = & € K(X); then g is defined at « and y
and g(z) # g(y). Condition (1) irrfplies that there exist two homogeneous
polynomials P and @ of the same degree such that

B P(slg,...,st)
Q(sk, ... sn, )
Then
~ P(Zo,...,ZNk)
 Q(z0,---,2N,)

is a rational function on Zj and set g = v}g the pull-back of g to Z}.

Then (7//)*g = g and since g is defined at z and y and 7}/ is an isomor-

phism around x and y, it follows that g is defined at 7/ (z) and 7/ (y) and

9(m (z)) = g(x) # 9(y) = g(7% (y)), hence 7/ () # 77/ (y)- 0
LEMMA 1.10. — 77/(Ax) = 7/(X) N Sing(Z})).

Proof. — Let © € Ay and suppose that 77 (z) € Reg(Z}). Pick local
coordinates (wi,...,w,) on Z} centered at 7f/(x) and (z1,...,2,) local
coordinates on X centered at x. Then on a neighborhood of x, Ay is given
by det (%ﬁ) = 0 which is an analytic subset of dimension n— 1.

, =1

This contradicts dim Ay < n — 2. Conversely, let € X such that 7/(z) €
Sing(Zy); if € X \ Ay, then 7/(U) is a germ of a manifold at 7/ (z) for a
sufficiently small neighborhood U of x, and since Z} is normal, it follows
that 77 is a local isomorphism around 7}/ (x), therefore 7 (z) € Reg(Z}).
Contradiction. O

Since 7,(X.) is (n — 1)-concave, it follows that there exists a unique

maximal analytic subset Hy, of pure dimension n — 1 in Z; with support in
Z \m(X,). Put HY = v ' (Hy,).

LEMMA 1.11. — Let s € H°(X, E*); then there exists a meromorphic
section 5 of vj;Opn (1) on Z; with polar set in H} such that 5o 7}/|x\a, =
sx\ Ay -

Proof. — Ss? € K(X) so there exist two homogeneous polynomials P
and @ of the same degree such that

s P(slg, ce oy SNL)
skU o Q(sk, ... 5N,
Set
S (zéP(zm...,sz))
Q(z0,---,2N,)
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where [2zg @ -+ : 2, | are homogeneous coordinates on PV, Then So7y|x, =
s|x, is holomorphic so the polar set of 5in Z} does not intersect 7 (X.).
Since Z} is normal, the polar set of §'is of pure dimension n—1 and therefore
it has to be included in H}. g

LEMMA 1.12. — 7/(Ag) = 7/ (X) N HY.

Proof. — Let z = 7¢(x) € HY. If v € X \ Ay, then (7§/)"'(HY) has a
component of dimension n — 1 included in X \ X.. This is a contradiction,
sox € Ay, ie, 7/ (X)NHY C 77(Ag). Conversely, suppose z € A and
7/ (x) ¢ Hy. Let U be a neighborhood of z such that 7/(U) N H} = 0. Let
r1,79 € U,z1 # 29 and s € H°(X, E¥) such that s(x1) # s(z2). Then
5 the corresponding section on Z} is well-defined at 7/(x1) and 7}/(z2)
and s(7/ (x1)) # s(1/ (x2)) so 7/ (x1) # 7¢ (x2). Therefore 7|y is injective.
Since Zy is normal, 7/ |y is open. Therefore 7|y : U — 74/ (U) is a homeo-
morphism and 77 (U) is an open neighborhood of 7}/ (x). Then, since Zy is
normal, 77/ (U) is also normal, and 7/ |y : U — 7/ (U) is the normalization
of 7/(U) so 7¢|v is an analytic isomorphism. Therefore 7}/ (z) € Reg(Z}),
contradiction with Lemma 1.10. O

1.4. Quasi-projectivity of the embedding

So far we have a morphism 77 : X — Z} which is an embedding outside
an analytic subset A of codimension > 2. In this section we will show that
T/ (X \ Ag) is a Zariski open set in Z},.

Let 29 € P! such that so(zg) =0 and Xo = X \ 7 1(z0). Let

|sol® + |81|2)

QOOZSO_‘_ID( 2
|s0]

which is an exhaustion function on Xg. Moreover, id0py = wlx, > 0,
therefore X is a Stein manifold.
Let 7 : X — P omy, = [sf : s8] and ¢, € C°(X,R),

(Isol* + 31|2)k>

1.2 =p+In| ——--
( ) Pk ¥ (|SO|2]C+ |51|2k

Then ¢y, is an exhaustion function and i09¢y, + 75O (Op1 (1)) = i0dp +
km*i©(Op1 (1)) > 0.

By Hironaka’s theorem on the resolution of singularities, there exists a
projective manifold Z; and a proper morphism X\, : Z; — Z}, such that

TOME 56 (2006), FASCICULE 2
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A, H(Sing(ZY) U HY Uy, Y(Z(20,21))) is a hypersurface Hj, having normal
crossings and

Melz a7, © Ze \ Hr — Z\ (Sing(Zy) U HY U v ' (Z(20,21)))

is an isomorphism, where [zg : -+ : 2y, ] are homogeneous coordinates on
PNe. Set T 0 X\ A, — Zp, T = (/\k|7k\ﬁk)_l o 7¢. Then we have the
following diagram:

(1.3) X\ Ay 7,

|, b

X%—Z}C’

)

chﬂ ]P)Nk:

The following lemma is well-known, but we give its proof since a similar
method will be used in Lemma 1.14:

LEMMA 1.13. — Let X be a Stein manifold and f : X — Y a holomor-
phic map to a complex manifold Y. Let U C'Y be a connected open Stein
subset of Y. Then f~1(U) C X is Stein.

Proof. — Let ¢ be an exhaustion strictly plurisubharmonic function on
X and 1 an exhaustion strictly plurisubharmonic function on U. Set u =
@lg-1wy + ¥ o flp-1w) on f~Y(U). Then pu is clearly strictly plurisub-
harmonic and an exhaustion function on U, therefore f~1(U) is a Stein
manifold. |

LEMMA 1.14. — ?k(X\Ak) :Zk \Fk

Proof. — First we are going to show that Zj \ 7x(X \ Ax) is a hyper-
surface. In order to use Theorem 1.6, we have to show that 75 (X \ Ag) is
locally pseudoconvex in Zy, i.e., that any z € Z, has a Stein neighborhood
U, such that U, N7 (X \ Ag) is Stein. Let z € Zy. If vp(M\r(2)) ¢ Z(20,21),
assume v (A (2)) € Z(z0) and let U, be a small ball centered at z such that
k(M (U2))NZ(20) = 0. Then U, \ Hy, is Stein, therefore A\, (U, \ H},) is Stein
(because Ay is an isomorphism on Zj \ Hy), therefore from Lemma 1.13
(79) "'\ (U, \ Hy)) is Stein in X, and is included in X \ Aj. Hence
Tr(X \ A) NU, is Stein.

If vk (Ae(2)) € Z(20,21), then let U, be a small ball centered at z such
that (vp o A\x)*Opn (1)|y, is trivial. Let 55 and ¥ be the pull-backs of
2o and z; to Zj, and Hy, = Z(38,3%) C Hj and Hoy the rest of the
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components of H}. On U, the two sections 55 and 3} give two holomorphic
functions hg and h; such that Z(hg, h1) = U, N Hy}. Since H}, has normal
crossings, we can assume that Hix N U, = {wijws---w; = 0} and Hop N
U. = {wiq1---wi4p = 0} where (wn,...,w,) are local coordinates on U,
centered at z. Since Z(hg,h1) = Z(h) where h = wy - - - wy, from Hilbert’s
Nullstellensatz it follows that there exist m € N and g, g1 holomorphic
functions on U, such that gohg + g1h1 = A™. In particular there exists a
constant C' such that |h[*™ < C(|ho|? + |h1]?). Let

(ol [P
H ‘h|2m

on U, \ Hi; which is a function bounded from below. Let

1
W1 - Wiy

on U, \ Hyy and 0 = ﬁ Denote by p,n and 6 the pull-back of 1,7
and 4 to ?EI(UZ) C X\ Ag. Let ¢k be the function given in (1.2) and on
7. ' (U,) consider the function v = ¢y + g + n + 6. Then it follows that
i00(pr + p) = w|;;1(UZ) > 0 and therefore v is strictly plurisubharmonic

on 7, ' (U,). It is easy to check that -y is an exhaustion function on 7 ' (U),
therefore 7, ' (U,) is Stein so U, N7 (X \ Ay) is Stein. >From Theorem 1.6
it follows that Zj, \ 7x(X \ Ag) = H,, is a hypersurface which is included
in Hk.

If Hy # H) then one component of Hy intersects 71,(X \ Ay), so we
obtain a subvariety in X of dimension n — 1 which is properly included in
{1) > ¢}, which is a contradiction. Therefore Z; \ 71 (X \ Ax) = H. O

1.5. Holomorphically convex spaces and
the algebra of algebraic functions

In this section we show first that the birational embedding can be re-
solved in a finite number of steps, and then that the embedding that we
get can be adjusted to have the desired form.

We have that 7 : X \ Ay — Z \ Hy is an isomorphism, in particular
X \ Ay is of finite topological type.

Condition (x) implies that X is a 2-complete manifold; this implies that

H""(X;C) = H"™(X;C) =...= H*"(X;C) = 0.
Together with condition (v) we get that dim H?P(X;C) < oo, for 2 < p < n.

TOME 56 (2006), FASCICULE 2



386 Tonut CHIOSE

Let (Yj);jes be the irreducible components of Ay of codimension 2 in X.
We have the exact sequence of the pair (X, X \ Ag):

H3(X \ Ay;C) — HY(X, X \ Ay;C) — H*(X;C)

>From Proposition 1.7 we have that H*(X,X \ Ay;C) ~ C’. Since
dim H*(X,C) < oo and dim H3(X \ Ag;C) < oo, it follows that |J| < oo,
i.e., Ay has finitely many irreducible components of dimension n — 2. Pick
xj € Y; and then we can find &’ sufficiently large such that E* “resolves”
the points z;, i.e., ; ¢ Ay . Therefore all the irreducible components of
Ay have dimension < n — 3. It is clear now that we can repeat the above
procedure to get that for k sufficiently large the “bad” set Ay = 0.

Our whole discussion so far can be summarized in the following

PROPOSITION 1.15. — Let X be a manifold as in Theorem 0.1. Then
there exists a k € N such that 77 : X — Z}/ is an embedding and 77 (X) =
Zy \ (Hy USing(Z{) Ui (Z(z0, 21))).

In order to complete the proof of Theorem 0.1, we have to show that
the complement of 7//(X) can be realized as the intersection between Zy
and a linear subspace of codimension 2. We will use Mok’s method [9] (see
also [5)]); first we will show that a certain Stein manifold is holomorphically
convex with respect to the algebraic functions, and then we show that the
Stein manifold is actually affine.

On Xg = X \ 7 }zo) = {x € X|so(z) # 0} consider the algebra

s
Ho = {f € H'(X,0x,)|[31 € N,3s € H'(X,EY) s.t. f = 36}
C Ho (Xo, OXO)
It obviously separates the points of Xy and gives local coordinates on X
and we are going to prove that X is holomorphically convex with respect to
Ho, i.e., for any compact K C X, Ky, = {z € Xo||f(x)| < supg|f|,Vf €
Ho} is also compact.
On Xy we have the strictly plurisubharmonic exhaustion function
[sol” + Is1]?
= Inl ——— |.
vo = plx, + n( PE

Set .
wWo = 165 ((po — 5 In (po)

which is a complete Kéhler metric on Xg (proof as in Lemma 1.8) and

1 1 _
—(1- L L 0o A D
wo ( 2<pg)w|X°+2<p%Z wo A O
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SO

wi =1 L nw”| > 1w"\
0 = 2()00 Xo 7= on Xo-

Let p be the function that appears in Theorem 0.1 in condition (iii).
Denote by dV,,, = w{ the volume form of wy.

LEMMA 1.16. — Let f € H°(Xy,Ox,) such that
/ |f|Pe = t0dV, < oo
Xo

for some l € N. Then f € Hj.

Proof. — We are going to show that s} f (which is a section in E' on X)
can be extended to a holomorphic section in E' over X. Let x € 7~ !(z¢)
and (z1,...,2n) local coordinates centered at 2 on U a small neighborhood
of x. Let go = j—fl’ on U N Xy. Then

1+ |90|2)
|90/
The function p is bounded on U, so we can assume that

/ |f|2e~t0dV,,, < oco.
U\Z(g0)

Then the integrability condition for f implies

Poltnz(go) = Plo\z(g0) + 10 (

/ 1£121g0l?|dz1 A - -+ Adzp)? < 00
U\Z(go)

This implies that fg} can be extended to U and therefore shf can be
1

extended to X so f = S;’—lf € Ho. O
0

LEMMA 1.17. — Xy is holomorphically convex with respect to Hy.

Proof. — Let K be a compact subset of Xy and ¢y = supgpo. We are
going to show that Ky, C {@o < co}. Let € X, o(z) > ¢ and € > 0
such that po(x) > ¢o+ 3e. We want to construct f € Hy such that | f(x)| >
supg|f|. Let (z1,..., z,) be local coordinates centered at z on U = {|z| <
2} C{wo > co+ 2} and let V ={|z] < 1} and n € C§°(X,R),0 < n < 1,
supp 1 C U, nly = 1 and v = nnln|z|? defined to be 0 on X \ U. On X,
consider the trivial line bundle C with the metric e #—!(v0—c0=2¢) an( the
dual of the canonical line bundle K%  with the metric induced by w|x,.
Denote by h; the Hermitian metric induced on C ® K%, ~ K% ; then

iO(K X, i) = i00u| x, + lw|x, + Ricci(w)|x, > 0
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for I sufficiently large. For [ large enough we have i© (K%, ,e~"hy) = id0y+
iO(KY,, ) > w|x, so we can find a continuous function A : Xo — (0, 1]
which does not depend on [ such that i©(K¥ ,e ™ 7h;) > Awo. Let v = In.
Then dv = 0 and v|y =0 so

1
/ X|v|26_7_“_l(“"0_60_25)de0 < 00
Xo

and moreover the above integral is bounded from above by
Ix, +|v|2e=7"1dV,,, since o — ¢y — 2e > 0 on U. Note that the above
integral does not depend on [. From Theorem 1.1 it follows that there
exists u; a C> function such that du; = v = dn and

/ |ul|26_7_“_l(¢°_c°_28)de < / l|v|26_"’_“de )

Xo ° 0 A °

Set f; =n —u;. Then fU lw|?e=7dV,,, < oo implies u;(z) = 0 so fi(z) = 1.
On {@o < co—l—e} we have @y — cg — 26 < —¢ so

/ Ju|2e eV, < / 1|U|2€777#de0.

{po<co+te} Xo A

Now w; is holomorphic on {py < ¢y + 2¢} because du; = dn = 0 on
{¢o < co + 2¢}. An application of the Cauchy’s inequalities shows that
[utll{po<coy — 0 when I — oo. Now it is clear that for [ large enough the
function f; = n — u; has the property |fi(xz)| > supg|fi|. Moreover the
functions f; satisfy the L? condition qu |fi|?e#=1¥0dV, < oo and from
Lemma 1.16 it follows that f; € Hy. O

We can replace E by E* and then besides the properties (i)—(v) we
also have: Let sg,s1,...,5ny be a basis of H(X,E). Set 7 = [sg : -+ :
sy] : X — Z C PN; then 7¥ : X — Z¥ is an embedding such that
ZV\ mV(X) = v~ Y(Z(20,21)) U H” U Sing(Z").

Set Z¥ = Z¥ \ v (Z(20)). Any function f € Ho can be written f = ng)

where s € H(X, E'). From Lemma 1.11 it follows that s can be extended

to a meromorphic section § in v*Opn (1) with polar set in H”. Then f= T

0
is a meromorphic function on Z§ which extends f and the polar set of f is
included in H” N Zj.

As an easy application of Lemma 1.17 we get that

Sing(Z") C v~ (Z(20,21)) U H".

The proof now proceeds along the lines of Mok [9]. Denote by H' the
union of the irreducible components of H"Y which are not included in
v~ 1(Z(20,21)). If H' is a Q-Cartier divisor (i.e., set-theoretically locally
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complete intersection) then let ¢ be a section in some line bundle L such
that the support of the zero divisor of ¢ is H'. Then v*Opn~ () ® L is very
ample for some large [ and then Z¥ \ 7%(X) = Z(z} ® t,2! ® t). But in
general H' does not have to be a Q-Cartier divisor.

Actually one can prove the following

LEMMA 1.18. — If H' N (2" \ v=Y(Z(z20,21))) is locally complete inter-
section in Z¥ \ v=1(Z(zo, z1)) then the conclusion of Theorem 0.1 is true.

Proof. — Indeed, let x € H' N (Z" \v='Z(20,21)) and let s, € H°(Z",
v*Opn (1)) and U, a Zariski open neighborhood of x such that H' N (Z¥ \
v 1Z(20,21)) NU, = Z(s;) N U,. Let W be the union of the irreducible
components of Z(s,) which are not contained in H’. Let t, € H°(Z",
v*Opn (m)) such that t,|w = 0, ¢, (x) # 0. Then for s sufficiently large %
is a holomorphic section in v*Opn(sm — 1) on Z¥ \ H'. Since H' N (Z¥ \
v=1Z(20,21)) is quasi-compact, it follows that we can find k¥ € N such that
7/ is a proper embedding into Z} \ v} Z(zg, z1). O

We will construct subvarieties Y; in Z¥, j = 1,n such that Y; is of pure
dimension j and Y;NH’ is a hypersurface in Y; forall j = 1,n. Put Y,, = Z".
Suppose Y; has been constructed. Then pick a section s; in v*Opn (1) for
some large | which vanishes on H' but does not vanish identically on any of
the irreducible components of Y;. Then Y;_; is the union of the irreducible
components of Y; N Z(s;) which are not contained in H’.

We can complete now the proof of Theorem 0.1. We prove by induction
on j that there exist k; € N such that the restriction of 77 : X — Z' '\
V,;l(Z(zo,zl)) to X NY; is a proper embedding in Z} \Vl;l(Z(zo,zl)).
For j = n we get the proof of Theorem 0.1. If j = 1 then dimY; =1
and let z1,...,x,, be the intersection points of Y7 and H’ which are not
contained in v=1(Z(20,21)). Suppose 1 € Z§ = Z¥ \ v~ 1(Z(20)); then
from Lemma 1.17 and the maximum principle it follows that there exists
a holomorphic function f; in Hy whose restriction to Y7 has a pole at
x1. Similarly for the other points we get some functions f,..., f,, whose
restrictions to Y7 have poles at xo,...,z,, respectively. These functions
induce some sections in some power k; of E and then clearly the restriction
of i/ + X — Z}, \u,;l(Z(zo, z1)) to Y1 N X is a proper embedding.

Suppose k; has been constructed such that

Tt X = Z, \I/k_jl(Z(zo,zl))

when restricted to ¥; N X is a proper embedding. We have a map ¢; :
Z, \VI;I(Z(Zo,Zl)) — Z" \ v=Y(Z(z0,21)) such that (b;l(H') = Hj N
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(Zk \ vy (Z(20,21)). Set Y = 7 (Y; N X) and V1 = 77 (Yj41 N X) \
V,;I(Z(zo7zl)). By the induction hypothesis we have that Y; is a proper
subvariety of Y, 1. Since Y41 N ¢, (Z(s;)) is the disjoint union (Y41 N
Hj ) UY;, where s; is the section that appears in the construction of
Y;_1, it follows that Y ;1 N H ,’Cj is locally complete intersection in Y ;44.
Let x € Y 1N H,’cj Then there exists a section ¢ in v Opn (1) such that
t(z) # 0 and ¢ = 0 on the irreducible components of (bj_l(Z(sj)) which do
not intersect Y ;11 N H,’€7 Like in Lemma 1.18 we can find k;;, such that
i1 |Yipanx s a proper embedding in Z; | \Vk_jil(Z(ZOv z1)).

This completes the proof of Theorem 0.1 in the case ¢ = 2.

For the proof of the general case ¢ > 2, there is only one significant
change one has to make: instead of two sections sy and s, one considers ¢
sections so, 1, ..., 84—1 which form a basis of HO(P?~1, Ops-1(1)).

2. The pseudoconvex case

In this section we prove Theorem 0.2.

2.1. The necessity of the conditions

In this section we show that conditions (i), (ii) and (iii) in Theorem 0.2
are necessary conditions.

Let X be a proper submanifold of P! x CV. It is obviously holomorphi-
cally convex. Denote by p; and po the projections on P* and CV. Denote by
7 the restriction of p; to X. Let Z = p2(X) which is an analytic subspace
of CV by the proper mapping theorem. Let f : X — Y be the Remmert
reduction of X. There exists a holomorphic map h : ¥ — Z such that
ho f = ps. Define ¢ = X o h where X is the C*® function A : CV — R,
A(z) = |z|?. Then clearly A is plurisubharmonic and if ¢ = 1 o f then
i00p = i00(Ao ho f) = i0(\ o p3) s0 i0Dp + 7*iO(Op1 (1)) > 0. We only
have to prove that ¥ is C*° on Y, i.e., locally on Y, v is the restriction of a
C*° function. Obviously X is a C* function. Our assertion will follow from
the following simple

LEMMA 2.1. — Let h: Y — Z be a holomorphic map between analytic
spaces and let A be a C* function on Z. Then ¢ = Aoh isC*® on Y.
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Proof. — It is a local problem, so we can assume that both Y and Z are
biholomorphic to analytic subsets of the unit balls By (0,1) and Bps(0,1) in
some affine spaces CY and CM. We can assume that \ is the restriction of a
C* function X'. Consider the embedding Y < Y x Z given by y — (y, h(y)).
Then Y x Z is biholomorphic to an analytic subset of By (0,1) x Bas(0, 1).
On By(0,1)x By (0, 1) consider the C* function A given by A(y, z) = X (z).
Then obviously @ is the restriction of A through the above embedding
Y —>Y xZ. O

2.2. The proof of the pseudoconvex case

Let X be a manifold as in Theorem 0.2. First we will show that any
compact subvariety of X is isomorphic to P! through 7, and then we will
use the Remmert reduction theorem to construct a proper embedding into
P! x CNV.

Let f: X — Y be the Remmert reduction of X.

In general a Stein analytic space can not be properly embedded into an
affine space CV, the main obstruction being the dimension of the tangent
space at singular points. However, there is always a holomorphic homeo-
morphism of a Stein space onto a subvariety of some CV. Let g : Y — CV
be this map.

We can choose the function ¢ in Theorem 0.2 , (iii) to be an exhaustion
function (replace ¢ with ¢+ Ao g where \ is a suitable exhaustion function
on CV), and then condition (%) implies that ¢ is a 2-convex exhaustion
function, i.e., i00¢(x) has at least n — 1 strictly positive eigenvalues for
any x € X, so X is a 2-complete manifold.

Let Y C X be a compact irreducible analytic subset of X. Then |y is
constant (since ¢ is plurisubharmonic) and because i9dp(z) has at least
n — 1 strictly positive eigenvalues, it follows that dim Y < 1.

The key result in proving Theorem 0.2 is the following Lemma, whose
proof can be found in Section 2.3:

LEMMA 2.2. — Let C be a curve, C C A™ = {z € C"||z| < 1} such that
Sing(C) = {0} and let ¢ € C*°(A"™,R) be a plurisubharmonic function such
that p|c = 0. Then (i00p(0))"~1 = 0.

Let C C X be a compact irreducible curve. Then ¢|¢ is constant and
from Lemma 2.2 above it follows that Sing(C) = . Indeed,
0 < w" = (i00p +7*i0(Op1 (1)) = (100¢)" (100 + n7*iO(Op1 (1))) so
(i00p)" 1 # 0.
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Let C1,Cs C X be compact irreducible curves. If C1 NCs # () then again
Lemma 2.2 applies to show that C; = (5. In particular any connected
analytic subset of X is irreducible.

Let C C X be a compact irreducible curve and consider 7|¢ : C — P1L.
Since ¢|¢ is constant, from (x) it follows that d(7|c)(x) # 0 for any x € C,
and therefore 7| : C' — P! is a covering map. Since P! is simply connected,
7lc : C — Pl is an isomorphism.

Consider the map 7 x f : X — P! x Y. Then f is injective. Indeed, the
fibres of f are connected and compact, therefore if f(z) = f(y) and = # y
then 2,y € f~(f(x)) which is a compact irreducible curve in X; but then
7(2) # 7(y).

Moreover, condition (x) implies that = x f has maximal rank n every-
where on X. Indeed, the problem is local on X, so let x € X such that
so(x) # 0 where sg, s is a basis for H(P!, Opi1(1)). On (P'\ {sg = 0}) x YV’
we have the C* function

_ ENs
y=|l+—5|+¢

|so]

and condition (*) implies that i90y’ > 0 where 4/ is the pull back of the
above function ~ through 7 x f. This easily implies that 7 x f has rank n
on X.

Now let Y, = {y € Y|\(g(y)) < ¢} where A : CN — R, A\(z) = |2|%. Then
since Y, is relatively compact in Y it can be embedded into some affine
space through g1,...,gx € H°(Y., Oy.).

Put hy = g1 o f,...,har = gy o f. Then 7 x (hy,...,hy) @ X —
P! x CM is an embedding, where X, = {x € X|f(x) € Y.}. The functions
hi,...,ha on X, can be uniformly approximated on compacts by global
functions h},...,h; € H°(X,Ox). Therefore for any ¢ € R we can find

.. iy € HO(X,Ox) such that m x (hY,...,h},) : X — P! x CM has
rank n on X..

By means of category arguments (as in for instance [8]) we will show
that the number of functions giving the embedding can be kept bounded
by 2n+1 and that there exists a map 7 X (hy,...,hopi1) : X — PLx C3ntL
of rank n on X. First, we have the following lemma, whose proof is very
similar to Lemma 5.3.5 in [8], so we omit it:

LEMMA 2.3. — If h € H°(X,0x)M*1 M > 2n is such that m x h has
rank n on a compact subset of X, then one can find (ay,...,ay) € CM
arbitrarily close to 0 such that m x (h1 — ai1hpry1, ..., har — aprhare1) has
rank n on K. In fact this is true for all a € CM outside a set of measure 0.
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>From this lemma it follows easily that the set of all h € H°(X, Ox)?"+!
for which 7 x h does not have rank n on X is of the first category (i.e.,
it is contained in the union of countably many closed sets with no interior
point). Therefore there exists h = (hy,...,hany1) € H'(X, Ox)* ™! such
that m x h has rank n on X.

Now it is clear that 7 x (h1,...,hont1,g90 f) : X — P x C2nH1+N g 5
proper embedding.

2.3. A technical lemma

In this section we prove the following

LEMMA 2.4. — Let C be a curve, C C A™ = {z € C"||z| < 1} such that
Sing(C) = {0} and let ¢ € C*°(A"™,R) be a plurisubharmonic function such
that p|c = 0. Then (i00p(0))"~1 = 0.

Proof. — The fact that (i09p(0))"~! = 0 means that i09x(0) has two
zero eigenvalues. Since C' is singular at 0, we have three cases:

a) Two of the irreducible components of C' at 0 are non-singular and they
intersect transversally. Then we can assume that the two irreducible com-

ponents are given by {z2 = -+ =2, =0} and {z; = z3 = -+ = z, = 0}.
2 2
Then obviously 651 2 (0) = 052 4z, (0) = 0 and since ¢ is plurisubharmonic,
92 52 S . . nA e
52105, (0) = 7,25 (0) = 0 which implies (i09¢(0)) =0

b) Two of the irreducible components of C' at 0 are non-singular and they
are tangent. Then we can assume that the two irreducible components are
given by {20 = -+ = 2, = 0} and {22 = 2{?(a,..., 2, = 20" (,} where
2<pr=""=pPm < Pmt1 < -+ < p, and (a,...,(, are holomorphic
functions of z; such that (2(0) - - {,(0) # 0. Set

(21, 2n) = @21,y 2n) (21,2826 — 29, .o, 20" G — 20)-

Then 4 is a plurisubharmonic function and % (z1,0,...,0) =0,

77[](217 Zf2<27 ceey Z{)" C’n) =0.

An easy computation shows that 90y (0) = 2i00¢(0) and it is enough
to prove that (i09(0))"~* = 0. Set

u(t,s) = p(z1, 20 — tzg — s(za — 272Ca), oy 20—tz — S(2n — 217 ().
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Then one can show that

1/1(21,...,zn):/ / asgtd sdt

= Z 2j(zk — 21 )k + 25 (2K — 20" C) Bk

J,k=2

+ 2 (2 — 2V% ) By + 25 (2 — 2V C) i

where o, 31 are C*° functions. Then for [ > 2 and 29 = -+ = 2, = 0 we
have

Bﬂlk
%

>’y - 3o< aC )
0= 02,071 = Z ka = — Pk Zjlok 1<kﬁlk - Zl a_k Wk — pkck

Set z; = z; in the above equation and then simplify it by 22~ ! Then let
z1 approach 0. We get )", PeCr(0)B1k(0) = 0,VI > 2. On the other hand

%(0) = Bjx(0) + Bx;(0) for j,k > 2 which implies

m

21/} ~
Z ()¢ (0)pi G (0) = 0.

Since (;(0) # 0, the above equality implies that i99t)(0) has at least
two zero eigenvalues: one corresponding to (1,0,...,0), the other one to
(Oap2§2(0)7 ce 7pm<m(0)a 07 ce 50)

¢) One of the irreducible components of C' at 0 is singular at 0. Then we
can assume that C'is locally irreducible at 0. Let C* < C be the normaliza-
tion of C and assume that v is given locally by v(t) = (P, tP2 Cg, cey P Gy)
where (s, ...,(, are holomorphic functions such that (2(0)-- ( ) # 0.
Since C' is singular at 0, we can assume that 2 < p; < ps < pg < -+ <
Pn < 00 and ps = gp1 + r where 0 < r < p;

Set ¢o(t) = pov(t) = (P, tP2(y, ..., tP"(,) = 0. Then

L 9*o - Pj—P1 Pk —P1
V1= T oot Z a t t GG =

where C} =p;¢ + t%. Notice that §]1 (0) = p;¢(0) # 0 for j =1,2. If we

let t approach 0 in ¢¥; = 0 we get %(0) = 0. We want to show that
82

8225’%2( ) = 0'
Let I'(p) be the class of all C* functions which can be written as a sum

of functions of the form: \,p o v(t)t*t°(,(s where o, 3 € {0,p,p+1,...},
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if « = 8 then oo = 8 # p and (o = 1. Then clearly
2

v = 828

— 42 CQ + hpzfpl

where hy,—p, € T'(p2 — p1).
If hpy—sp, € T'(p2 — sp1), s < ¢, then one can show that
1 a2hp2—spl
tri-lgpm—=1  Otdt
By induction we get

€l(p2 — (s+1)p)

82
g =
82282’2
where Ay, _gp, € T'(p2 — gqp1), ¢5(0) # 0 and po = gp1 + 7,0 <r < p;. In
%tfg? = 0 take t = t then divide the equation by t>"=1 then let t — 0. It
follows that 6z s (0) =0. O

tpl*qmtpz*qziquCz + hm*qpl =0

BIBLIOGRAPHY

[1] A. ANDREOTTI, “Théorémes de dépendance algébrique sur les espaces complexes
pseudo-concaves”, Bull. Soc. Math. France 91 (1963), p. 1-38.

[2] A. ANDREOTTI & G. TOMASSINI, “Some remarks on pseudoconcave manifolds”, in
Essays on Topology and Related Topics (N. Y. Springer, ed.) (Mémoires dédiés a
Georges de Rham), 1970.

[3] D. BARLET & A. Siva, “Convexité holomorphe intermédiaire”, Math. Ann. 296
(1993), no. 4, p. 649-665.

[4] J.-P. DEMAILLY, “Estimations L? pour I’opérateur & d’un fibré vectoriel holomorphe
semi-positif au-dessus d’une variété kihlérienne compléte”, Ann. Sci. Ecole Norm.
Sup. (4) 15 (1982), no. 3, p. 457-511.

, “Mesures de Monge-Ampeére et caractérisation géométrique des variétés
algébriques affines”, Mém. Soc. Math. France, N. S. 19 (1985), p. 124pp.

[6] P. DINGOYAN, “Un phénomene de Hartogs dans les variétés projectives”, Math. Z
232 (1999), no. 2, p. 217-240.

[7] F. HARVEY & H. LAwSON, “On boundaries of complex analytic varieties. II”, Ann.
Math 106 (1977), no. 2, p. 213-238.

[8] L. HORMANDER, An introduction to complex analysis in several variables, D. Van
Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London, 1966, x+208 pages.

[9] N. MoK, “An embedding theorem of complete Kéhler manifolds of positive bisec-
tional curvature onto affine algebraic varieties”, Bull. Soc. Math. France 112 (1984),
no. 2, p. 197-250.

[10] A. NADEL, “On complex manifolds which can be compactified by adding finitely
many points”, Invent. Math. 101 (1990), no. 1, p. 173-189.

[5]

TOME 56 (2006), FASCICULE 2



396 Ionut CHIOSE

[11] T. Ousawa, “Hodge spectral sequence and symmetry on compact Kahler spaces”,
Publ. Res. Inst. Math. Sci. 23 (1987), no. 4, p. 613-625.

[12] S. TAKAYAMA, “Adjoint linear series on weakly 1-complete Kéhler manifolds. I.
global projective embedding”, Math. Ann. 311 (1998), no. 3, p. 501-531.

Manuscrit regu le 30 novembre 2004,
accepté le 15 juillet 2005.

Ionut CHIOSE

University of Illinois at Chicago
Department of Mathematics, Statistics,
and Computer Science

851 South Morgan Street

Chicago, Illinois 60607 (USA)

&

Romanian Academy

Institute of Mathematics

RO-70700 Bucharest (Romania)

chiose@math.uic.edu

ANNALES DE L’INSTITUT FOURIER


mailto:chiose@math.uic.edu

	 . Introduction
	 1. The pseudoconcave case
	 1.1. Preliminaries
	 1.2. The necessity of the conditions
	 1.3. Andreotti's theory on pseudoconcave spaces
	 1.4. Quasi-projectivity of the embedding
	 1.5. Holomorphically convex spaces and the algebra of algebraic functions

	 2. The pseudoconvex case
	 2.1. The necessity of the conditions
	 2.2. The proof of the pseudoconvex case
	 2.3. A technical lemma
	 . BIBLIOGRAPHY



