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THE VON NEUMANN ALGEBRAS GENERATED BY
t-GAUSSIANS

by Eric RICARD (*)

ABSTRACT. — We study the t-deformation of gaussian von Neumann algebras.
They appear as example in the theories of Interacting Fock spaces and conditionally
free products. When the number of generators is fixed, it is proved that if ¢ is
sufficiently close to 1, then these algebras do not depend on ¢. In the same way, the
notion of conditionally free von Neumann algebras often coincides with freeness.

RESUME. — Dans la théorie des probabilités non commutative, beaucoup de
déformations ou généralisations de la notion de produit libre sont apparues, comme
les concepts de probabilités libres conditionnelles et d’espaces de Fock interactifs.
L’un des premiers exemples d’algeébres ainsi obtenu est 'objet de cet article : les
algebres de von Neumann engendrées par un nombre fini n d’opérateurs t-gaussiens.
Il s’avere qu’a n fixé, si t est suffisamment proche de 1, alors ces algebres ne
dépendent pas de t. Plus généralement, on donne une condition qui assure un
isomorphisme entre un produit libre conditionnel et un produit libre réduit usuel.

1. Introduction

The notions of free and non commutative probabilities originally ap-
peared in the works of Voiculescu in the 80’s (see [16] for instance) to study
von Neumann algebras, in particular the von Neumann algebra L(F,,) as-
sociated to the free group with n generators. Since then, this domain has
expanded rapidly, and is now considered as a subject in itself. It has con-
nexions with combinatorics, classical probabilities, mathematical physics
and of course operator algebras. Naturally, people become interested in
finding generalizations or deformations of the free probability or the free
product constructions to obtain new non commutative probability spaces,
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476 Eric RICARD

especially from the combinatoric point of view. One of the first successful
attempt was made by Bozejko and Speicher ([7], see also [5]) in introducing
the so called g-deformation of the free factor. These von Neumann algebras
were studied in the last years, at the moment it is known that they share
some properties with the free group algebras: they are factor [14], non injec-
tive [13], and solid [15] (for some values of the parameter ¢). Nevertheless,
it is still unknown if they really differ from the free group algebras.

With the same spirit, Bozejko, Leinert and Speicher introduced in [6]
the concept of conditional freeness. It is closely related to the construction
of completely positive maps on free product made by Boca in [2, 3]. They
were able to describe the combinatoric underlying this notion in a way
similar to that of the freeness in terms of Cauchy Transforms and their
reciprocal. The school of Accardi also developed its own deformation by
considering the algebra generated by position operators on an interacting
Fock space (see [1]). Unfortunately, very few papers on these two topics were
concerned with the study of the resulting von Neumann object. One of the
motivation for the present work is to start such a study like in the g-case.
We will mainly focus on specific examples of von Neumann algebras, the
t-gaussian von Neumann algebras. They have the advantage to be both a
model for conditional freeness and an algebra on an interacting Fock space.
They even appear as a limit object for the theory of the t-convolution of
measures of Bozejko and Wysoczanski in [8]. So they seem to be quite
central in all those deformations of the free probability.

As an illustration, we recall the definition of the conditional freeness, and
explain how the t-gaussian algebra appears. Let (A;, ¢;,1;) be x-algebras
equipped with a pair of states. Assume that all A;’s lie in a bigger algebra
A with a state ¢. Then we say that the algebras A;’s are conditionally free
for ¢ provided that whenever

a; € Aij, 11 ?é 19 7é 7é Tn, 77[72']'(07) =0
we have
¢(ai1...ain) = ¢i1 (ail)...gi)in (ain).

It is clear that for any given (A;, ¢i,1;) it is possible to construct ¢ on
the free product A = *}'_; A; so that the A;’s are conditionally free. In the
situation where ¢; = 1);, one recovers the classical notion of freeness, that
is ¢ is the free product of the ;. We let 9 be the free product of the v; on
A.

Given some probability measures u;, v; (with compact support), one can
consider them as states on the space of polynomials in one variable C[X;]

ANNALES DE L’INSTITUT FOURIER



t-GAUSSIAN VON NEUMANN ALGEBRAS 477

in a natural manner by the formula
i) = [t dpo).

The free product of n algebras of polynomials in one variable is exactly the
space of polynomials in n non commuting variables C(X;);<,. So, using the
above construction, from the measures p;, v; one can build two new states
¢ and ¥ on C(X;), so that the algebras (C[X;], u;,v;) are conditionally
free in (C(X;), ¢,%). The distribution of X; + X5 with respect to ¢ is the

compactly supported measure p so that

S+ X)) = [ 2 du(a).
The c-free convolution of (1, r1) and (usg,ve) is then defined as

(p1,v1) Be (p2,v2) = (p,v1 Bry)

where B means the usual free convolution (i.e. 1 By is the distribution of
X1 + X2 with respect to ). This operation H. on couples of measures is
commutative and associative. Limits theorems were obtained in this frame-
work. For instance, a central limit theorem consists in finding the possible
limit distributions of X; + ... + X,,/v/n, where the X; are identically dis-
tributed (and centered) and are conditionally free. The measures (u,v)
appearing at the limit, are parameterised by the second moments of p and
v. So up to normalization y;(X?) =1 and v4(X?) = t. The von Neumann
algebra arising from the GNS construction of the first state on the condi-
tional free product %}, (C[X;], e, v4), is Iy, the t-gaussian algebra with n
generators. When ¢ = 1, this is just the classical object of free probabilities,
that is 'y ,, = L(FF,,).
The main result of this paper states that for n > 2

- . if te [ ]
', ®B(f2) otherwise

where as usual B(¢2) stands for the bounded operators on a separable
Hilbert space. Consequently, this result is a bit disappointing for opera-
tor algebras, as the deformations may not produce new objects.

In the next section, we give a precise construction of I'; ,, arising from the
theory of one mode interacting Fock space and very basic results about it.
The third section is devoted to the proof of the main result. In the last sec-
tion, we give some conditions that ensure the equality between the reduced
free product of commutative von Neumann algebras (4;, ;) and their con-
ditional reduced free product (A;, ¢;, ;). These conditions are satisfied
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478 Eric RICARD

for the t-gaussian algebras (in the first case), however, we prefer to give
slightly different proofs for these examples as one can extract information
from them to get some partial results on interacting Fock space.

2. Basics

In the whole paper, ¢ will be a positive real number ¢ > 0. We will also
use standard notations, B(H) and K(H) will denote the bounded and the
compact operators on the Hilbert space H.

For a given Hilbert space H, with real part Hg, equipped with a scalar
product (.,.), we denote by Fj, the Fock space built on H:

Fp = CQ @ps1 HEE.
More generally, the ¢t-deformed Fock space is given by
Fp = CQ gy tFTHER

Here, t*~'H®* simply means the space H®* where the scalar product is
multiplied by ¢*~1.

In the most part of the paper, we will assume that H is finite dimensional,
say dim H = n. Let (e;);=1..n be a real basis of Hg. Then one can define
a canonical basis for F;. Its elements e; are indexed by words ¢ in the n
letters 1,...,n, and

e = Feil ®...Qe;, for 4 =iq...7.
As usual, for e € Hg, the creation operator associated to e is defined on
Fi by
li(e)l=e
lt(e)(hl K. Q hk) =eQ® hl ®...Q hk.
It is well known that I/;(e) extends to a bounded operator on F;. Its adjoint
is given by
li(e)*Q=0
li(e)*h = (h,e)Q
(e)* (M ®..Q0hy) =t<hi,e> hy®...® hy.
The t-gaussian associated to e is the operator sf(e) = l;(e) + ls(e)*.
We are interested in the von Neumann generated by the t-gaussians. Let
st =1i(e;) +1i(e;)* for i = 1,..n. Cpp, and Ty, refer to the C*-algebra and
the von Neumann algebra generated by the si’s, i = 1,...,n:

Ft,n = {lt(@) + lt(e)* ;e € HR}H C B(]:t)

ANNALES DE L’INSTITUT FOURIER
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This deformation of the Fock Hilbert space is a particular case of inter-
active Fock spaces. This type of objects was introduced in [1]. The basic
idea is to modify the scalar product at each level H®* by a positive scalar
Ak

The vector state (.2, Q) on B(F;) is called the vacuum state and will be
denoted by ¢. In the case t =1, ¢ is a trace on I'1 ,,, so we will prefer the
notation 7.

In the following, we sum up all basic results about the von Neumann
algebra generated by a single ¢-gaussian s* when H = C.

ProprosiTION 2.1. — T';; is in GNS position with respect to ¢, which
is faithful on it.
The distribution of s with respect to ¢ is given by

1 VAt — 22 ' 1
1= (1= )2 1-2vievad® it t>1
1 4t — 22 1 —9¢ ' )
?ﬁl[ aviavdz + 5 275(5? +0_1 ) if t<i

The map p : I'v; — Ty given by p(s') = Vits! extends to a normal
representation.

Moreover, given i < n, there are x-isometric normal representations m; :
i1 — Ty, given by w(st) = st.

Proof. — The computations of the distribution of s* can be found in
[6, 8, 17]. The G-transform of the distribution of st for ¢ is given by

(5 —t)z+5Vz2—4t 1
22(1—-t)—1 N 1

Gt (2) =

It is obvious that €2 is cyclic for I'y ; so is also separating since the algebra is
commutative and ¢ is faithful. In particular, the spectral measure of v/ts'
is absolutely continuous with respect to that of s’, this implies that the
map p : Ity — I'y,1 is well defined and normal.

TOME 56 (2006), FASCICULE 2
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Note that the matrix of s¢ in the natural orthonormal basis is given by
[0 1
1 0 Vi
Vi 0o Vi

Vi 0 Vi

~

So at the C*-level, p is just the restriction of the Calkin map (p : B(F1) —
B(F1)/K(F1), where K stands for the compact operators) since st — v/ts!
is of rank 2 and I'; ; does not meet the compact operators (no atoms in
the measure).

In Ty p, st

! is unitarily equivalent to s @ (Vts') o corresponding to its
decomposition in reducing subspaces (they are indexed by reduced word

starting by a letter which is not a ). O

Remark 2.2. — There are natural isometries between all F; by identi-
fying the canonical basis. This allows to consider all I'y,, as subalgebras
of B(F1). When we will talk about the Calkin map, we mean the classical
quotient map p : B(Fy) — B(F1)/K(F1). Using this identification, we have
p(Cypn) = p(Cy ) for any 0 < ¢t and 1 < n < oo.

Remark 2.3. — From the densities, it is clear that as von Neumann
algebras, we have

Fl,l D (C2 if t<
g = :
Fl,l if ¢ 2

N[—= N[

Let A; =~ T’y be the algebra generated by s! in I'; ,. By the previous
proposition, there are two given states on A;. One is coming from the vac-
uum state (denoted by ¢, no confusion since it coincides with the vacuum
on I';,) and another one coming from the vacuum state on I'y ; that is
rpm; t (call it ¢ even if it depends on 7).

The following is well known

PROPOSITION 2.4. — The algebras (A;, ¢,v) are conditionally free with
respect to the vacuum state, that is

¢(ar...ap) =¢(ay)...¢(ap) whenevera; € A;;, i1 # iz # ... # ip andi(a;)=0.
Moreover (I'y ,, $,2) is in GNS position.

We postpone the proof of this fact to the next section.

ANNALES DE L’INSTITUT FOURIER



t-GAUSSIAN VON NEUMANN ALGEBRAS 481

Let U be an orthogonal transformation on Hgr and still denote its ten-
sorization with Idc by U. The first quantization I'(U) of U is the unitary
on F; given by

IU) = Idca Dr>1 U®k.
Then, I'; ,, is stable by conjugation by I'(U) and for any e € Hg,

L(U)s'(e)['(U)* = s'(Ue).

3. The von Neumann algebra I'; ,
3.1. Factoriality

The following is well known to specialists:

PROPOSITION 3.1. — Let M C B(H) be a von Neumann algebra, if M
contains a non zero compact operator, then either M = B(K) ® Idy with
H = K and d is the smallest rank of a non zero compact projection in
M or M is not a factor and has a direct summand isomorphic to B(K) for
some K.

Proof. — We know that M contains a finite rank projection. So let p be
a finite rank projection of minimum rank d > 1. Let (p;);es be a maximal
family of mutually orthogonal projections equivalent to p (so all p;’s have
the same finite rank). Let ¢ = Y p;, we show that ¢ is central.

If g is not central then there is some x € M so that (1 —q)xq # 0. Hence
we can assume that Ran x is orthogonal to Ran ¢ and xq # 0. There must
be an i so that zp; # 0. Consider zp;x*, it is non zero and of rank less
or equal to d. By definition of d, pp = zp;x* must have at most one non
zero eigenvalue, and has at least one as pg # 0. So pg is a multiple (say 1)
of a projection of rank d. Moreover, p;x*xp; is also a non zero projection
hence it must be equal to p;. So pg is equivalent to p. But the range of pg
is orthogonal to ¢ so ppg = gpg = 0, this contradicts the maximality of I.
So ¢ is central.

Let u; ; be the partial isometries between p; and p; i¢,7 € I. It is not
hard to see that w; ; is a system of matrix units that generates ¢M. So if
q =1 then M is a factor, else M is not a factor and has a direct summand
isomorphic to B({(1)). O

In the case d = 1, the argument is much simpler: let £ be in the range of p
as above. Then M contains all projections on K = M.£ (using conjugation
of p). So if K # H, then the projection ¢ onto K belongs to both M’

TOME 56 (2006), FASCICULE 2
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(by definition) and M (because ¢ = Y p; with p; projection onto lines
corresponding to an onb in K), so M is not a factor and has a direct
summand isomorphic to B(K). If K = H the same kind of arguments gives
that M = B(K).

3.2. Orthogonal polynomials

Let U,, be the Tchebychef polynomial of the second kind of degree n.

PROPOSITION 3.2. — The orthonormal polynomials for st with respect
to ¢ are given by:

w(X)=1  o(X)=X = \/EUl(%)

w0 =Vi(U(22) - (1 1)ns(sz))  rnze

The orthonormal polynomials for \/ts' are given by u, (X) = U, (%)

Proof. — According to the continued fraction decomposition of the G-
transform of the measure, the unital orthogonal polynomials must satisfy
the relations

XP,(X) = Ppi1(X) +tPy1(X)  forn>?2
XPi(X) = Po(X)+ Po(X),  PRy(X)=1, Pi(X)=X.

Then one deduces that this relation is satisfied with P, (X)=2"v#" v, (X).
See also [4, 17] for detailed proofs. O

The polynomials u,, and v,, are related one to each other, letting a = %71

Uy = \/f(un — aun_2>

(R) “2"*0‘”(““72::
Uon+1 = Z 02k+1

LEMMA 3.3. — At the algebraic level, we have for iy # ... # i; and
a; > 1, with ¢ = " .4

(2% (821)'“11’06171 (Sf’l,l)vaz (S;l )Q = €.

ANNALES DE L’INSTITUT FOURIER
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Proof. — We have vq, (s} ) = €;o as the v; are the orthonormal poly-
nomials for s . Now, s{  acts on tensors starting with a letter i; exactly
as Vsl | 80 ug,_, (st )va,(st)Q = €10, and so on. O

) ) ) -1 1

Proof of Proposition 2.4. — Using multilinearity, we need to show that

for i; # ... #4; and «o; > 1, we have

O (ta, (57,)---Uay (57,)) = Bty (5,)--b(ua, (57,))-
From the relations (R), we have

a2 if o is even
oot = {
But by the previous lemma
1
0 = %‘é(ual(s;)“'val (8;)) = ¢(u0¢1(351)'“u0¢z (3;))

fa(,zb(ual (sﬁl)...ual_g(sﬁl)).
Then we conclude by induction on »_ cy.

The statement about the GNS position can then be easily deduced from
the conditional freeness (see Lemma 4.1). O

Let

otherwise.

n=Q— Via Z Chk-
k=1
Define a functional on B(F;) by:
b(x) = (@,m).
LEMMA 3.4. — The functional 1Z coincides with Tp on Cy .

Proof. — The set of polynomials in the letters s! is dense is Ct,,. As a
consequence, the linear span of products ug, (s},)...uq,, (s ), with d; > 1,
m > 0 and 41 # iz # ... # iy, is dense in C; ,. So we only need to prove
that as soon as m > 1 (using freeness):

0 = (ug,(s,)--ua, (5], )2 m)

= (o, (1) ua,, (1, )0 (1= ﬁaiw(%))@
k=1

= ¢ <(1 — \/iang(s};))udl (sﬁ)...udm(sfm)) .
k=1
So we need to evaluate expressions of the form

d(aby....by)

TOME 56 (2006), FASCICULE 2
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with a € Ajo? b, € Aj“ with Jo 7& J1 7é 7é jl+1 and 1/}(1)1) =0 (Wlth
possibly I = 0). Using conditional freeness, and denoting by b = b;...b; and
z = @(b) = ¢(b1)...4(br)

¢ab) = o((a—(a))d) +¥(a)p(b)
= ¢(a)o(b).

Using this equality, we get as ¢(va(st)) =0

(ta (5%, )t (s, )0 m) = 6 (1= VEava(st) Jua, (51,). a5, ) -

In this scalar product, there will be a factor

(;5((1 — \/favg(sﬁl ))udl (st ))

From the formula above, if d; is odd then ug, is in the span of {vogy1; k >
0}, so this quantity is 0. If d; = 2p > 2 then

gb((l - \/iavg(sfl))udl (sfl)) (;S((l - \/%owg(sﬁl))
(ot

= o —aal '=0.

O

COROLLARY 3.5. — The map p extends to a normal (surjective) repre-
sentation I'y , — I' .

Proof. — From the above lemma, it follows that 1]) is positive on CY .
As it is normal, it extends to a normal state on I'; ,, (that we will denote by
1). Now, the GNS representation of ¢ gives the normal representation. [

COROLLARY 3.6. — I'y,, has a direct summand isomorphic to I'y .

Remark 3.7. — 1If the map p is not isomorphic, then I'y ,, is not a factor.
Otherwise it is a type 113 factor.

Remark 3.8. — Denoting by ¢! = (s})? + ... + (s%)?, we have

n= a((n+ é) - ct>Q.

We will study this operator in the next sections.

ANNALES DE L’INSTITUT FOURIER
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3.3. Case t <n/(n++/n)and t >n/(n—+/n)
3.3.1. Caset < 1/2

In this section, we focus on the case t < 1/2. It is a particular case of
the next one but the arguments are simpler.
When t < 1/2, the measure of s’ contains one atom at the point \/fj >

V/2t. Since in the Calkin algebra p(s') = p(v/ts') ~ v/ts!', we deduce that
(4,1 contains a compact operator, corresponding to the point projection on
1

7= (denoted by P) computed on st. Since € is cyclic, this projection is

one dimensional. From the decomposition st ~ s* & (Vt5) oo, We also get
that p = P(s!) is a one dimensional projection. The range of p is the linear
span of

1 = 1k
i =Q+ a"Z ek
¢ \/1715; *

This vector makes sense as 0 < o < 1 when 0 < ¢ < 1/2.

According to the Remark 3.7 and Proposition 3.1, on one hand I';,
(00 > n = 2) is either B(¢3(I)) or not a factor. And on the other hand it is
not a factor or is type I1;.

COROLLARY 3.9. — For t < 1/2, the von Neumann algebra I'; ,, is not
a factor for 2 < n < co. Moreover it has a direct summand isomorphic to
B(¢2) and another one toI'y ,, and the state ¢ is not faithful.

LEMMA 3.10. — The vector & is not cyclic for I'y .

Proof. — It suffices to show that 7 is orthogonal to I'; ,&;. But & =
P(st)Q, for P a multiple of the Dirac function at \/% For any z € Ty ,,
we have

(@€, m) = (@P(s1)Qn) = T(p(xP(s1)))-
But we know that p(P(s})) = 0 since P(s!) is compact. O

Proof. — The projection P(s}) is of course minimal, so as I'; ,,&; is infi-
nite dimensional (for n > 2), for the B(¢5(/)) summand provided by Propo-
sition 3.1, I is infinite. Then, the state ¢ can not be faithful because of the
B(¢3) summand. O

3.3.2. Case t <n/(n++/n)and t > n/(n —/n)

LEMMA 3.11. — Fort ¢ ﬁ, n:‘iﬁ}, the C*-algebra C} ,, contains a
compact operator.

TOME 56 (2006), FASCICULE 2
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First proof. — 1t is possible to compute explicitly the distribution of
et = (s1)? + ...+ (s%)? for ¢ using the R-transforms machinery developed
in [6]. We denote by v; = 522, these variables are conditionally free with
respect to the distribution of s>, From Theorem 5.2 in [6], we know the
following relations

Ru(2) = nR,,(2)
1
Gu(z) = ————.
B = T RGe ()
The R and G-transforms of tc! are obtained as usual using freeness and a
change of variable. The computation gives

11—2t+/1—4t/z

A S i |
1
(1O A s
n
Re(2) = 1—1tz
nt
Rier () = 1—tz
Gy (1—n)t+2z—+/(n—1)22 —2(n+ 1)tz + 22
tet = 2z
G (2t — D)z + (1 —n)t —/(n — 1)%2 — 2(n + 1)tz + 22

2z((t —zt+n+tl- n))

We can recover the distribution of ¢! with respect to ¢ from the G-

transform. It turns out that it has atoms at w =n-+ é provided

that t ¢ [—2-, 2],
Actually an eigenvector for the eigenvalue n + é is given by

CViIRrY e Y e

k>1 li|=2k
12j41=92;5+42
a
Second proof . — We use the Khinchine inequalities for free products

see [11, 9].

ANNALES DE L’INSTITUT FOURIER
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Consider the operator

t t t

Te= Y g (sh )k, (sh,) o, (sh).
p=1
kit +kp=2k
k;even
i1€{1,...,n}
i1F£d2# . Fip

In the Calkin algebra, we can identify

p(T) = Y wk, (Vis] Jur, (ViEsy,).up, (Vis).

p=l
kit...+kp=2k
k;even
i1e{1,2}
i1 Fi 7 Fip

Thus, we have

p(Tk)Q = Z €;.
li|=2k
125 4+1=%92j42

And [|p(T3)Qllz = n*/2.
As p(T})Q) is homogeneous of degree 2k, from the Khinchine inequalities

lo(Ti)ll < 2k + Dl p(Tk) 2 2-

But expanding the polynomials using conditional freeness, it comes that
#(Ty) = nkak.

So if njal] > /n then p is not isometric and hence there is a compact
operator in Cy . O

Remark 3.12. — Let
1 \/(a: —t(1=n)?) (tA + /n)? —z)

J@) = 5or (t—1)x+n+t(l—n) Lea—vmziasvme:
The distribution of ¢! with respect to ¢ is
f(fl?)dfﬂ ifte |:n+n\/ﬁ’ nfn\/ﬁi|
(n—1)(t - =) (t — —~=)
dz + ntvn novnls . ift n_ _n_|
fleide (n(1—1)2+t(1—1)) iy H1E [n+ﬁ n,ﬁ}

LEMMA 3.13. — We have ker (¢! — (n + 1)) = C(.

Proof. — We will prove it in several steps. We already know that ( is
one eigenvector for ¢*. By valuation of a vector in F;, we mean the index of
its first non zero component according to the natural filtration of F;. So ¢
has valuation 0. In the following, we let £ be one eigenvector (if it exists!)
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not in C{. We can assume that the valuation of £ is bigger than 1 and that
¢ is real.

From the computation of the G-transforms above, the spectrum of tc! is
exactly the interval [t(1 — \/n)?,t(1 + v/n)?] (as 7 is faithful).

First step: The valuation of £ is 1.

First notice than on tensors of length bigger than 3, ¢! acts exactly as tc!.
Since ||tc'|| < n+ L, there is no eigenvector with valuation bigger than 3.

Now we focus on the valuation 2. On ‘H ® H. We consider the basis given
by fi =e11 + ... + €nn, fo = €11 — €29, ..., [ = €11 — énn, and the vectors
fij = €45 with ¢ 7é ]

First the component of £ on f; is 0. Indeed, it is clear that (¢! f;,Q) =n
and for other basis vectors f (and vectors of valuation bigger than 3), we
have (c!f, Q) = 0. So if £ has valuation 2, necessarily

0= (n+ éxg,m = ("6, Q) = (&, f1).

On the other hand, as above, on vectors of valuation 2 with no component
on fi, ¢ acts as tc'. So there is no such vectors.

Consequently, dim kerc' — (n + 1) < n + 1. Since ¢’ is invariant by
conjugation with unitaries coming from the first quantization. If £ has
valuation 1, we can assume that the component of degree 1 of £ is e;.

Second step: ¢ € Span {(c')¥e;; k> 1}.

Let f be a continuous function on R vanishing on the spectrum of tc!
strictly smaller than 1 except that f(n + 1) =1. As p(c") = tc', it follows
that f(c') is self-adjoint compact. Modifying f, we can assume that f(c')
is exactly the projection onto ker ¢’ — (n+ 1).

Then, f(c')e; is non zero as

(f(c)e1,€) = (e1, f(c")E) = (er,€) = 1.
So f(ct)ep is one eigenvector. It is collinear with & for its component of
degre 1 is collinear to e; and is non vanishing as there is no eigenvector of
valuation greater than 2.
Third step: £ doesn’t exist.
It is clear by induction that Span {(c!)¥e;; k > 0} = Span {fs, k > 0}

with
v = Z €il1-

li|=2k
12j4+1=12542

We let £ = Z,@O zk fr. we have

Afy=ntfi1+n+Dtfe+ fror k
tho = (nt+1)f0+tf1

WV
—_
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Consequently the sequence x; has to satisfy the recursion formula:
(n+ L)zo = (nt + 1)zq + ntay
(n+ é)xk =ntzpe1 + (n+ Ditag +top—1 k> 1
Hence, z1, = a(na)~" + bak, with b # 0 as soon as n # 1.
But then with this values the series ) xp fr is not convergent ! So &
doesn’t exists O
THEOREM 3.14. — Forn > 2 and t ¢ ﬁ, ﬁ}, as von Neumann
algebras, we have
Ft,n = B(€2) S Fl,n-
Moreover the state ¢ is not faithful on I'y .
Proof. — Let 1 — g be the central support of the representation p. As
above, we know that ¢ # 0. We have to show that ¢T';,, = B({3).
Since Q is cyclic for 'y ,,, ¢© is cyclic in ¢F; for ¢TIy, (hence non zero).
Let p be the projection onto C¢. We have that for z € I'; ,,

0= 7lplar) = (a2 7) = @ (o, (¢ = (n+ ))a).

So (¢ = (n+1))gQ = 0, and ¢ = X( for some A # 0. So p < ¢, and ¢TIy,
contains a one dimensional projection on a cyclic vector so is isomorphic
to B(¢2) (as I't ,C is infinite dimensional). The state can not be faithful
because of the B(¢2) summand. O

3.4. Case n/(n++/n) <t <n/(n—/n)

At the algebraic level, we have already seen that for iy # ... # 4; and
aj; > 1, with ¢ = " ..
t t t
Uay (Sil)'“ual—l (sil_l)vaz (S”)Q = €;-

We define an antilinear map S on Span e; by
S(ei) = va, (sﬁl)uakl(sglfl)...ual(sﬁl)ﬁ.

LEMMA 3.15. — The map S satisfies that for any i1,...,4; (not neces-
sarily with i1 # ... # 4;) and any polynomials Py, ..., P;:

S(Py(s}))...Pi(s},)) = Py(s})...P1(s;, )5

Proof. — Clear by induction on n. O

LEmMMA 3.16. — For T < t < Py S extends to a bounded oper-

ator.
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Proof. — We decompose S. Let i1 # ... # 4; and o; > 1 and define
antilinear operators by:

A(BZ) = Uqy (551 )ual—l (SZ 1) Uy (Sil )Q
B(ei) - ual—z (Sil)ua171 ( u 1) uOtl (Sfl )Q
with the convention that uy = 0 if £ < 0. Then S = /t(A — aB).
From the relations between v and wu, it follows that A sends tensors of
length [ to a sum of tensors of length [, [ — 2, .... Fix k > 0, and denote by
Ay the component of A that sends tensors of length [ to tensors of length

I — 2k. Let J be the antiunitary of F; that reverses the order of tensors.
Put C' =", li(es)?J, then it is not hard to see that for |i| — [j| = 2k:

(Akei, e5) = oF £(i, j)(C*ey, ej)-

where f(i,7) can take the value 1 or %
Since the coefficients of C are all positive, we get that

laf*

[ Akl < 7

IC*]).

And as C*C = nld, we get that

1 o0
Al < 7 kg(\/ﬁla\)k

which is convergent provided that

<t<

+f n— f
The same kind of arguments shows that B is bounded. O
Now, we assume that +f <t < f

LEMMA 3.17. — One has that for any i1 # ... # i; and k < n and any
polynomials P, ..., P;:

[SPi(s},)..-Pils!,)S, st ] = 0.

Proof. — Just a writing game, and the boundedness of S. O

COROLLARY 3.18. — For — f <t <~ f’ the state ¢ is faithful on
| A

Proof. — Q is cyclic for I'; ,, as by the previous lemma ST'; ,S C I’} ,
and S is invertible (because S? = 1d). O

COROLLARY 3.19. — For <t< I'; , does not contain any

+\f n— f ’
compact operator. Moreover the C*-algebras C; ,, and C' ,, are isomorphic.
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Proof. — If Iy ;, contains a compact operator, then as above there is a
direct summand of I';,, isomorphic to B(¢3(I)). But as Q is separating, I
must consist of one point, which is impossible as s} as no eigenvector.

The second assertion follows from the first one since the Calkin map is

then an isomorphism in both case. O

THEOREM 3.20. — For — f <t < f’ the von Neumann algebra
I't,p, is isomorphic to I'y ,.

Proof. — One just needs to show that the map p is faithful. To do so it
suffices to show that v is faithful.
Let b= S(1—VtaY ! va(s 5§))S €Tt ,,. We have for x € T'y ,,

P(z) = (b"zQ, Q).
Applying it to x = y*y and as Q is cyclic it follows that b is positive. Say
b = a?, then

Y(z*x) = [|lzaQ]*.
Moreover the distribution of b for ¢ is absolutely continuous with respect
to the Lebesgue measure (see Remark 3.12), it follows that there is a net of

elements (¢;) in the von Neumann generated by b so that ¢;aQ2 — €. Now,
if for x € T'y 4, (z*z) = 0 then

0 = lim ¢;zaf) = lim zc;af) = x€).
So x =0 as Q is cyclic. |
Remark 3.21. — The Tomita-Takesaki operator S is bounded on I'y ,.

Remark 3.22. — It is possible to reverse all the arguments above. To
do so, define a normal linear form ¢ on I'y ,, by

= <xQ, g aF g e£>.
k>0 |i]=2k
i2j41=12)+2

It is well defined because the vector on the right side makes sense as

Vnlal < 1.
It is clear that on the set of polynomials in s}, it coincides with ¢. By
continuity, we get that on I'; ,,, we have

¢ = dp.

Then the GNS construction of I'y ,, for b gives p L.
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3.5. Case t =n/(n=++/n)

In this situation, we will adopt the strategy of the last remark.

Let P be the set of noncommutative polynomials in the letters
X1,..., X,. It has a natural x-algebra structure.
For 0 < r < 1, we define a linear functional ¢, on P: for i1 # ... # 4; and
O[j 2 1

(rzcu)zzo”/2 if all «; are even

0 otherwise.

Or (1 (X2,) -t (X2 ) = {

Formally, we can identify P with the *-algebra generated by v/ts! in C ,
(say m(X;) = V/ts}) and to *-algebra generated by s! in Cy,, (say o(X1) =
Let T} be the second quantization associated to rId on I'y , it is unital
completely positive and let 7(P) invariant.

The functional ¢, is made so that
6n(P) = (o (n 7 (To(x(P)))))

Indeed, for i1 # ... #4; and o; > 1

7N (T (7 (tay (Xiy )ty (X))

rt (T (vary (\/isgl)...ual (\/iszll )
— wil(rz aiual(\/iszll)...ual(\/isgl))
= rzaiual (Xi1)"'u(¥l (X”)

and by conditional freeness:

P (J(ual (X;,) oot (X, )))

0 (1t (51, ).t (55,))

a2 %i/2if all «; are even
0 otherwise.

LEMMA 3.23. — The functional ¢, is positive on P.

Proof. — The x-algebra A; generated by X; in P has two particular
functionals on it. The first one is the restriction of ¢, (still denoted by ¢,.)
and the second one is 7. From the definition of ¢, the algebra (A4;, ¢, ¥m)
are conditionally free. Hence the result will follow from [6] Theorem 2.2 (or
Proposition 3.2 in [2]) provided that we can show the positivity of ¢, and
1y on each A;. For ¢ this is obvious as 1 is a state. For ¢,, it suffices
to notice that the distribution of X; for ¢, the distribution of rs! for ¢, so
comes from a probability measure. (|
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COROLLARY 3.24. — The functional ¢,m~! extends to a normal state
onT'1, (denoted by ¢,).

Proof. — By the preceding Lemma, it is positive on 7 (P) which is weak-x
dense in I'y ,,. The result follows from the representation

(@) = (20,3 (%) Y e,
k20 - lil=2k
12j41=025+2
It is well defined because the vector on the right side makes sense as
r?y/nlal =r? < 1. O

THEOREM 3.25. — The C*-algebras C,, (p+ /m),n and C1,, are isomor-
phic and the state ¢ is faithful on Cy, (n+ /m) -

Proof. — There is a state on C ,, defined by (;NS = lim, 1 4 ¢,, where the
limit is taken along some non trivial ultrafilter. It is clear from the formulas
on P, that for x € C;,, we have

$(z) = d(p(x))-

We consider the GNS construction of ¢ for C1,n. The underlining Hilbert
space is exactly F,, /,+ /7 from the above identities, so this GNS construc-
tion is the inverse of the Calkin map p.

Assume z € C’n/(ni\f) is such that ¢(z?) = 0, then 2Q = 0. It follows
that ¥(p(x)) = (zQ,n) = 0. So p(z) = 0 as ¥ is faithful on I'y,, so
z=0. g

The analogue result for the von Neumann algebras is a consequence of

the next section. In particular it follows that the map ¢ is actually normal.

3.6. Case n =

This case was already treated in [18] and was a starting point to this
work.
If t # 1 then it can be checked that

1
Eg o (1= t)P +11d.

in the weak-* topology, where P is the orthogonal projection onto 2. As Q
is cyclic, Proposition 3.1 ensures that

Ft,oo = ]B(ft)
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4. Generalizations

In this section, we explain how to extend the previous results.

Let I; be bounded measurable subsets of R, A; = Lo (I;, ;) be n com-
mutative von Neumann algebras. The integration with respect to u; will
be called ¢; and s; is the identity function on I;. Assume that we are given
1), distinguished normal states on A;. As a consequence, 1; has a density
fi with respect to ¢;, we put fz = fi — 1. We will denote by v} and u}, the
orthogonal polynomials for ¢; and ;.

We consider the algebraic conditional free product A= 11 (As, diy ;).
The state ¢ is the conditional free product state and ) is the free product
of the ;. Then we can talk about the von Neumann reduced conditional
free product, corresponding to GNS construction of ¢, we denote it by A

ACB(F)  ¢=(0,9).

F is the conditional Fock space and ) the vacuum state, we refer to [12]
Section 6 for more details about this construction. Actually this is also
a particular case of the construction of completely positive maps on full
free products by Boca in [2, 3] when the amalgamation is over the com-
plex field. One of the main trouble comes from the fact that in general the
state ¢ is not faithful on A (for t-gaussians for instance). Nevertheless, the
injections 4; : A; — A are normal and isometric and preserve the states
(i.e. i¥(¢) = ¢i, so we will drop the indexes) (this corresponds to Propo-
sition 2.1). Unfortunately, it seems that in general there is no conditional
expectation from A to A; which is state preserving.

In this situation, the Lemmas 3.3 and 3.4 remain true. For iy # ... # 4,
and o > 1, let i = 47" ...3;" and define:

e; = ul (sil)...uf;;jl (31‘171)“2[ (84,)92.

LEMMA 4.1. — The family (e;)ie{1,....n}<> is an orthonormal basis of F .
If the densities f; are bounded (or in L?(u;)), the state 1) on the algebraic
free product extends to a normal state of A.

Proof. — To prove the first assertion we will need to evaluate expressions
of the form ¢(aby...byd), where a € A;,, by, € A, i, (b)) =0andd € A

G4l
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With b = b1~-~bl and r = ¢i1 (b1)¢zl (bl)

p(abd) = d((a—i(a)b(d — i, () +ig(a)d(b(d — iy, (d))) +
d((a — iy (a))b) i, (d) + i (@)p(b)y,.,, (d)
= (d(a) — ¥i, (@) (d(d) — ¥i,,, (d))¥(a)z(B(d) — Wi, () +
+(p(a) — g (@) athi, , (d) + iy (@)aty, ., (d)
= ¢(a)xd(d)
= ¢(a)p(b)p(d).

For i =i{*...if" and j = j)"...j%", we have

Jmy_y

<6@ el> :¢< ﬁm (Sjm )U’B (Sjwz—l )"'ujﬁll (Sjl)uitll (Sil) uoil 11 (Siz 1)U31 (Sil ))

So if i1 # j1 or aq # 1 then as ¢(v¥ (s;,)) = 0, the previous identity
ensures that this scalar product is 0. In the remaining case i; = j; and
a1 = 1, 50 Py, (uf (55, )ud, (si,)) = 1 and the above identity gives

<€i, el> = <€igzmi71 5 ejfz...ifm >

and an induction completes the proof as the v? are orthonormal.
If the f; are bounded, then

c= 1+Zfi(5
=1

and for all z € A,
p(cx) = ().

By linearity and freeness, it suffices to check it for
T = ufll1 (811) uoil 11 (Sil—l )uloil (811)

with I > 1, o > 0 and 41 # ... # i; as ¢(c) = 1. We have

dlea) = ¢((1+Zfi<si>)u&<sm iy z<sil,1>ui.z<sil>)

= ¢(f11 (si1 )ugl (Sil )) QS(’U,OZ (Si2))"'¢(uoil (Sil ))
_ ( . . .

= 0.

This gives the normality and the extension of ¥ as ¢ € A.
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If the f; are only in L2, then we can consider

i=1
and simply replace ¢(cx) by (€, n) in the above proof. O

Remark 4.2. — The first part of this lemma is just a restatement of the
GNS construction (or Stingspring dilation as we are in the scalar case) of
[12] or [3]. In particular, it can be used to show that ¢ is indeed a state
(that is Theorem 2.2 in [6]).

Remark 4.3. — We need the assumption on the densities because of the
lack of conditional expectation. So we can not define ¢ correctly when f;
are only in L'. It is very likely that in concrete situations one can find an
appropriate proof of this result.

COROLLARY 4.4. — If f; € L?(u;), the conditional free product
* 1 (Ai, @i, 10i) has a direct summand isomorphic to the free product

*71 (Ag, ;).

Remark 4.5. — In order to have isometric copies of A; in the free prod-
uct %, (A4;,1;), one needs to assume that the GNS construction of A; for
1; to be faithful. So it boils down to assume that ¢; is absolutely continuous
with respect to 1);, this corresponds to the case t > % for t-gaussians.

Remark 4.6. — The basis e; is natural in the sense that on it, the gen-
erators acts like gaussian operators (creation plus annihilation). In general,
one does not recover interacting Fock spaces.

THEOREM 4.7. — Assume that the densities f; are bounded and that
the distribution of ¢ with respect to ¢ does not have atom at 0. Then as
von Neumann algebras

*?:1(Ai; ¢ia ’l[}z) = *?:1(Ai7 T/h)
If moreover v; is faithful on A; for i = 1,...,n then the state ¢ is faithful.

Proof. — We denote by p the representation from the conditional free
product to the free product.

The GNS representation for ¢ restricted to the von Neumann generated
by ¢ is included in the reduced conditional free product. Then the as-
sumption on ¢ ensures that one can find b, (self-adjoint) in the C*-algebra
generated by ¢ so that b,cQ — Q.
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Let x be such that p(z) = 0. Hence, for any a and d in A,
0 = klim Y(p(bpazxd)) = klim o(cbpaxd) = klim (azdQ), by, )
= (zdQ,a"Q) = ¢(axd).

So z =0 as  is cyclic for A.

If the v; are faithful, then their free product ¥ is also faithful by a result
of Dykema [10]. Assume z is so that ¢(z*x) = 0, then by the Cauchy-
Schwarz inequality, ¢(cx*z) = 0. So one has ¥(p(z*z)) = 0 and p(z) = 0.
Consequently x = 0 as p is one to one. O

Remark 4.8. — If the distribution of ¢ has atom at 0, then the reduced
conditional free product is not a factor.

Another approach, to show that the free product and the conditional free
products coincide, is to adopt the strategy of the Remark 3.22 or Section
3.5. Unfortunately, it seems that it is not as good as the above Theorem,
as one can not use it to get the limit cases t = ﬁ

We let f; be the natural orthonormal basis in the free Fock space asso-
ciated to the above distributions. Consider the vector

It exists if and only if
Z ¢i1 (ual (Sil))Q"'¢il (uaz(sil))2 < 00.
=it

.oy

I3 A

Then, the normal state on *(A;,;) defined by
(x) = (29, ¢).

coincides with ¢ on P. So the GNS construction of this normal state gives
a representation from the free product to the conditional free product.
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