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QUATERNIONIC CONTACT STRUCTURES IN
DIMENSION 7

by David DUCHEMIN

ABSTRACT. — The conformal infinity of a quaternionic-K&hler metric on a 4n-
manifold with boundary is a codimension 3 distribution on the boundary called
quaternionic contact. In dimensions 4n — 1 greater than 7, a quaternionic contact
structure is always the conformal infinity of a quaternionic-K&hler metric. On the
contrary, in dimension 7, we prove a criterion for quaternionic contact structures
to be the conformal infinity of a quaternionic-K&hler metric. This allows us to
find the quaternionic-contact structures on the 7-sphere close to the conformal
infinity of the quaternionic hyperbolic metric and which are the boundaries of
complete quaternionic-Kéahler metrics on the 8-ball. Finally, we construct a 25-
parameter family of Sp(1)-invariant complete quaternionic-Kéhler metrics on the
8-ball together with the 25-parameter family of their boundaries.

RESUME. — L’infini conforme d’une métrique quaternion-kihlérienne compléte
sur une variété de dimension 4n est une distribution de contact quaternionienne
de codimension 3. En dimension 4n — 1 > 7, une telle structure de contact qua-
ternionienne est toujours 'infini conforme d’une métrique quaternion-kahlérienne.
Cependant, nous décrivons dans cet article une condition nécessaire et suffisante
pour qu’'une telle distribution sur une variété de dimension 7 soit 'infini conforme
d’une métrique quaternion-kélérienne. Ceci nous permet de trouver les structures
de contact quaternioniennes sur la sphére de dimension 7, proches de la structure
standard et qui sont les infinis conformes de métriques quaternion-kahlériennes
completes sur la boule de dimension 8. Nous construisons ensuite une famille a 25
parameétres de métriques quaternion-kahlériennes Sp(1)-invariantes et complétes
sur la boule de dimension 8.

1. Introduction

In this paper we solve a boundary problem for quaternionic-Kéhler met-
rics. This problem is a degenerate version of a problem initially posed for
Einstein metrics. If g is a metric on a manifold M with boundary NV, and

Keywords: contact structures, quaternionic-kdhler metrics, twistor spaces.
Math. classification: 53C25, 53C26, 53C28, 53D10, 58A10, 58J10.



852 David DUCHEMIN

[b] is a conformal class of metrics on N, [b] is the conformal infinity of g if
there exists a function p positive in M and vanishing to first order on NV
such that p?g extends continuously on N with p?g|rss € [b]. The standard
example is the hyperbolic metric gp,, on the ball B"*! given by

euc
9h =4— )
yp p2

where euc is the Euclidean metric on R"™! and p(z) = 1 — |z|>. The con-
formal infinity of gy, is the conformal class of the round metric on S™.

The problem of finding complete Einstein metrics with prescribed con-
formal infinity on the ball was solved by Graham and Lee in [5]. In di-
mension 4, one can search for selfdual Einstein metrics. LeBrun [7] shows
using twistor theoretic arguments that a conformal metric on a 3-manifold
N is the conformal infinity of a selfdual Einstein metric defined near N.
However, a conformal metric on the sphere S? is not always the conformal
infinity of a complete selfdual Einstein metric on the ball B%, see [3].

In the same way, the degenerate version is modeled on the quaternionic
hyperbolic metric. Let H be the skew field of quaternions and H"™ the n-
dimensional H-vector space. The action of the standard basis (i,j, k) of
imaginary quaternions gives endomorphisms (I, I, I3) of H® ~ R*". Each
I; is an almost complex structure on H" and one has the commutations rules
1115 = —I>1; = I3. A such triple of endomorphisms on a real vector space
V' is called a quaternionic structure on V. The quaternionic hyperbolic
metric on the ball B4 C H" is given by

4deuc

gu=—" plﬁ((dp)z +(1idp)® + (I2dp)* + (I3dp)?),

where p = (1—|z|?) and euc is the Euclidean metric. In this case, the func-
tion p is positive in B4, vanishes to first order on S**~1 and [p2gy|pgin-1]

S*—1 with kernel

is a conformal class of degenerate metrics on
can __ ~3
H = mizllidp|TS4‘nfl .

The distribution H" is a so called quaternionic contact structure ([2] and
[10, p. 115]) whose definition in dimension 7 is:

DEFINITION 1.1. — Let H be an oriented distribution of codimension 3
on a 7-dimensional manifold N and let T be the set of one forms vanishing
on H. The distribution H is called a quaternionic contact structure if

ANNALES DE L’INSTITUT FOURIER



QUATERNIONIC CONTACT STRUCTURES IN DIMENSION 7 853

is a rank three subbundle of A*H* such that the restriction to A3 H* of
the exterior product

AQH* ®A2H* N A4H* iR
gives a positive definite metric on A3 H*.

If H is a quaternionic contact structure in dimension 7, a classical fact in
4-dimensional linear algebra gives the existence of a unique conformal class
[g] of metrics on H such that A2 H* coincides with the space of selfdual
2-forms with respect to [g]. Moreover, taking a local oriented orthonormal
basis (%wl = %dWﬂH) of A2 H* with respect to a particular choice of
metric ¢ in this conformal class, one gets a quaternionic structure (7;);=1,2,3
on H satisfying w;(+,-) = g(I;-,-) and defined up to a rotation by an element
of SO(3). A such metric g is said to be compatible with the quaternionic-
contact structure H.

This description shows the link with the following definition given by
Biquard in [2]: a quaternionic contact structure is a distribution H of codi-
mension 3 on a manifold N3 locally given by three 1-forms (11,72, 73)
such that there exists a metric g on H and a quaternionic structure (I;)
on H satisfying the conditions dn;|g = g(I;+,-). The conformal class [g] is
uniquely determined by H.

Our definition enlights the fact that in dimension 7, quaternionic contact
distributions form an open set in the set of codimension 3 distributions.
This fact is no more true in higher dimensions.

Let us now come back to quaternionic-Kéahler geometry. First, using the
previous notations, we give the following definition:

DEFINITION 1.2. — A metric g on a manifold M with boundary N is
asymptotically quaternionic hyperbolic (AQH) if one has a quaternionic
contact structure H on N with compatible metric gy on H and a function
p, positive in M vanishing to first order on N such that on a neighbourhood
10,a] x N of N, the behaviour of g near N is given by

1 1
g~ E(dpz 0t s+ 3) + ;gH when p — 0.

The quaternionic contact structure H is called the conformal infinity of g. If
g is also quaternionic-Kahler, one says that g is asymptotically hyperbolic
quaternionic-Kéhler (AHQK).

Biquard [2] has shown that any quaternionic contact structure of dimen-
sion 4n+3 > 11 is at least locally the conformal infinity of a unique AHQK
metric. Moreover, he showed in [3] that a quaternionic contact structure
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854 David DUCHEMIN

on S**3 with 4n + 3 > 11 and close to the canonical one is the confor-
mal infinity of a AHQK complete metric on the ball B**+4. The question
remains open in dimension 7.

In this paper, we answer this last question. We show that the conformal
infinity of an AHQK 8-manifold must satisfy an additionnal integrability
property which is empty in higher dimensions. Conversely, we prove that
an integrable quaternionic contact 7-manifold is the conformal infinity of a
unique AHQK manifold.

DEFINITION 1.3. — Let H be a quaternionic contact structure on a
manifold N of dimension 7 and choose a compatible metric g. The quater-
nionic contact structure H is called integrable if there exists a local oriented
orthonormal basis (dn;|g) of AiH * and vector fields (Ry, Ry, R3) satisfying

® 1R;7j = dij,

® wr.dnilm = —ir;dni|n-
This property does not depend on the choice of metric g inside the confor-
mal class.

We can now give the statements of the main results.

THEOREM 1.4. — Let H be a real analytic quaternionic contact struc-
ture on a manifold N”. Then H is the conformal infinity of an AHQK metric
g defined on a neighbourhood of N and admitting a real analytic extension
on the boundary with pole of order 2 iff H is integrable. Moreover, the
germ of g along N is uniquely determined by H.

Using [3] and this theorem, we can fill in the 8-ball by globally de-
fined complete AHQK metrics whose boundaries are close to the canonical
quaternionic contact structure H*":

COROLLARY 1.5. — Let H be an integrable quaternionic contact struc-
ture on S7, close to the canonical distribution H®®". Then H is the confor-
mal infinity of a complete AHQK metric on the ball B®.

Among the integrable quaternionic contact structures on S7, we show the
existence of an interesting family of Sp(1)-invariant integrable quaternionic
contact structures on the 7-sphere:

THEOREM 1.6. — Let H®*" be the canonical quaternionic contact struc-
ture of S7. Let H be the set of integrable Sp(1)-invariant quaternionic
contact structures and G be the group of diffeomorphisms of 7 commut-
ing with the Sp(1)-action. There is a neighbourhood V of [H®"| in H/G
which is homeomorphic to the quotient of a 35-dimensional ball B3 by

ANNALES DE L’INSTITUT FOURIER
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the isotropy group Sp(2) of H®"®. One obtains a 25-parameter family of
integrable quaternionic contact structures.

Then, we can construct a family of Sp(1)-invariant complete quaternio-
nic-Kéahler metrics on the 8-ball:

COROLLARY 1.7. — Let gy be the quaternionic hyperbolic metric on
the 8-ball. There exists a 25-parameter family of Sp(1)-invariant AHQK
metrics with boundaries close to the boundary H" of gy.

This examples generalize a 3-parameter family constructed by Galicki in
[4]. These metrics are obtained by quaternionic quotient of the hyperbolic
quaternionic space HH? and all have isometry group strictly greater than
Sp(1).

The paper is organized as follows. In section 2, we construct a connection
associated to each compatible metric. A part T of its torsion gives a con-
formal invariant named vertical torsion. The vanishing of T% is equivalent
to the integrability of H.

In the third section, we study the boundaries of AHQK manifolds and
we show that they are integrable. This gives the motivation to study more
carefully the torsion and the curvature of this case. In particular, the cur-
vature on H looks like that of anti-selfdual Riemannian 4-manifolds except
for an additional term coming from the Bianchi identity. The computation
is done in section 4.

Still assuming the integrability condition, we construct an integrable CR-
manifold, the twistor space of the quaternionic contact structure. This is
done in section 5 and gives the converse statement to the third section,
namely that a quaternionic contact structure with vanishing vertical torsion
is the boundary of a unique AQH manifold of dimension 8.

Section 6 is devoted to the study of deformations of H°*". Then, we de-
scribe in detail the case of Sp(1)-invariant deformations of the 7-sphere and
show the existence of a 25-parameter family of integrable Sp(1)-invariant
deformations of H".

Acknowledgments. This paper is a part of the author’s doctoral thesis;
in this connection thanks are due to O. Biquard for his extremely helpful
comments.

2. Construction of the connection
From now on, the distribution H is a quaternionic-contact structure on

a smooth manifold N7 and ¢ is a compatible metric on H. We fixe local
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contact forms (11, 72,n3) and a local quaternionic structure (I;) on H such
that dn;(-,-) = g(I;+,-) on H.

In the first three parts of this section, we construct an adapted connec-
tion associated to g. This connection will be used in the twistorial con-
struction of section 5. In order to prove the conformal invariance of this
twistorial construction, we will need to know how a conformal change of
metric changes the connection. This is done in part 5 of this section.

2.1. Partial connection

Let N be a manifold, F a vector bundle and D a distribution on N. A
D-connection, or partial connection, on FE is a differential operator

V:I(E) - (D" ® E),

satisfying the Leibniz rule V(f s) = (df)|p ® s + fVs for every function f
and section s of E. The torsion of a D-connection V on D is the operator
T:T(D) xT'(D) — I'(T'M) defined by
TxY =VxY -VyX - [X,Y].
LEMMA 2.1. — Assume that W is a distribution on N giving a splitting

TN = H®W. There exists a unique H-connection V on H preserving the
metric g and such that the torsion satisfies

VX,Y € H, (Txy)H =0,
where the subscript H indicates the projection on H in the direction of W.

Proof. — If V is such a connection, we must have for every sections X,
Y and Z of H the Koszul formula

+9([X,Y]u, Z2) — 9(X, Z]u,Y) — g(IY, 2], X).
It gives both uniqueness and existence. g

From now on, we will denote the vector fields in H by X, Y and Z.
If W is a complement to H, we write (R, Ra, R3) for the dual basis of
(m|w,n2lw,ns|lw) and R or R’ denote sections of W.

Remark 2.2. — If W is a complement to H, the torsion of the H-
connection associated to W on H satisfies

3
TxY = —[X,Y]w =Y _ dn(X,Y)R;.
i=1

ANNALES DE L’INSTITUT FOURIER
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2.2. Extension of the connection

LEMMA 2.3. — Let W be a complement of H in TN. One can find a
unique connection V' on N such that:

(i) VW preserves the splitting TN = H ® W and the metrics on H
and W,
(ii) if X, Y € H and R, R' € W, then (TxY)g =0 and (TrR')w =0,

(iii) the torsion T satisfies
(2.1) VXeH,TY = (R— (TxR)w) € so(W)*,

(2.2) VReW , TH = (X — (TrX)y) € so(H)*L.

Proof. — Let V be the partial connection on H defined by lemma 2.1. We
extend it to a true connection which preserves the metric on H and is still
denoted by V. We define the torsion of this connection to be the operator
T : T(TN) x [(H) — T(TN) such that TxY = VyV — Vy X — [X,Y]
and TRX = VRX — ([R, X])H

Ifa e T(T*N ® so(H)) and vanishes on H, the connection V' =V +a
is metric and its torsion T satisfies

TpX =VeX — R, X|g =TrX +ar(X),

so that there exists a unique ar which annihilates the so(H)-part of Tg...
We obtain a connection V’ on H and a connection V" on W is constructed
in the same way. The connection VWV = V' @ V"’ on TN = H & W gives
the lemma. |

We put a;;(X) = dn;(R;, X). One has
3
TY (Ri) = V¥ R; — [X,Rilw = VX Ri = > aij(X)R; ,
j=1
from which we obtain

VR = =5 3 (as(X) — ag ()R,

TOME 56 (2006), FASCICULE 4
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2.3. Reducing torsion

We search now a particular choice of W giving the simplest torsion. To
fix the notations, we recall some basic facts about representations of SO(4).

The universal covering of SO(4) is Spin(4) = Sp(1) x Sp(1) where Sp(1)
is the group of unitary quaternions. Let Sy and S_ be the representations
of the first and the second factor respectively on H ~ C2. The irreducible
representations of Spin(4) are the ST ® S™ where ST and S” are the
symmetric power of order m and n of S} and S_ respectively. The following
Clebsch-Gordan formula gives the decomposition of tensorial products in
irreducible components:

n ~ Qn+ +p—2 n—
SteSt ~STPe ST e e8P, p<in.

The real irreducible representations of SO(4) are the real parts of ST ®
S™ with n +m even. We will denote them by S™™. In particular, we have
4. a1l A2 o @20 A2 . Q02
R*~§", Af ~ S§57, A2 ~ §7=

We now give the explicit isomorphism R* ® Sym?(A%) ~ $%1 @ S3! @
St Let (Ih,I2,13) be a quaternionic structure on R?* giving a SO(3)-
trivialization of Ai. One has the isomorphisms

55’1 ~ {Zi,j A4 ® Ii ® Ij , Qi = Qyj; S R4 and VJ, Zi Iiaij = 0},

St~ Y reL®l;, reRY},

Sl ~ { Zi,j(IiTj + Ij’l"i) QL ® Ij , T € R4 s Zi Lir; = O}

In our case we have the natural identification

W ~ AiH*, Rz — d"]ilH

so that T becomes a section of H* @ End(A%Z H*). We put w; = dn;|m
and w; the dual basis.

Remark 2.4. — The metric g allows us to identify H* and H and we use
it throughout the text. In particular AiH * can be considered as a subspace
of the space of 2-forms or that of skew-symmetric endomorphisms.

PROPOSITION 2.5. — For each choice of compatible metric g on H, there
is a unique complement W9 of H such that TW* € I'(S>1).

Proof. — Let W be transverse to H and (R, Rz, R3) be the dual basis
of (n1,m2,m3) on W. In (2.3), we have obtained
13
™ = —5 Z(aij + Oéji) ® w;* @ wj.

j=1
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If W’ is another complementary to H spanned by the vectors R, =
R; +r; with r; € H, then of; = wgidnjlp = a5 + (Ijr;)> (b and § are
the usual musical isomorphisms). With the explicit decomposition of H* ®
Sym? (A% H) we wrote down, the existence and the uniqueness of W follow.

|

DEFINITION 2.6. — The vector fields Ry, Re, R3 which give a dual basis
to m, 12, 3 in W9 are called the Reeb vector fields of the triple (1,12, 13).

Remark 2.7. — Another choice of complementary does not change the
551 part of the torsion.

2.4. Derivation of the quaternionic structure

We fix W = WY and note V the corresponding connection. This connec-
tion is metric and so preserves the bundle AiH * so that

3
Vijlg = Z%‘j ® I; with v;; = —;i.
i=1

Here we just look at the derivation in the direction of H, i.e. v;; € H*.
Let X,Y,Z € T'(H), and a be skew-symmetrisation in X Y and Z. One
has the identity
(24) d(dnj)(Xv Y, Z) = a(Vdnj)(Xv Y, Z) + dnj (TXYv Z)
+dn;(TzX,Y) +dn;(Ty Z, X),
which can be rewritten in the following form:
ST (g0l + o, X)L+ LX A (3 + o)) = 0.

Projecting on AiH and A% H gives the equivalent condition

3
Vi€ {1,2,3}, > (aij + ;) 0 L = 0.

i=1
But our particular choice of complementary vector bundle ensures that
Zi(aij + aj;) o I; = 0, hence we get
1
vij =~y — i)

from the skew-symmetry v;; = —7v;;.

TOME 56 (2006), FASCICULE 4
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2.5. Conformal change

Let n” = f?n be such a conformal change, and (R;, Rz, R3) be the
dual basis of (n1,72,73) on W9. We put (R}, R}, R%) the dual basis of

(f2m, £z, f2n3) on WH°9.

PROPOSITION 2.8. — The conformal change of metric gives the follow-
ing change of Reeb vector fields:

R = f7(R; + 1),
where 17 = 2f~Ydf| g o I; (the musical isomorphisms § and b are taken with
respect to g on H, after restriction if necessary for 1-forms). Moreover, we
get
ZR,’idnﬂH + ZR;.dnr”H = ZRidnj|H + ZRjdni|H-
Proof. — We put aj; = 1g/dn)|m. We have 1j(R};) = f*ni(R};) = di; so
that R, = f~2(R; + r;) with 7, € H and finally
(25) o+ ol =aij+ oy — (] o Lj + 15 0 I) — 46 f ~'df | .
The conformal change leaves S%!, §3! and S! globally invariant and
2(1"7b o Ij + ’I"? ] [1 + 4(52Jf71df|]—[) R w; K W € SS’I D Sl’l
i,J
therefore the conditions ), ;(aj; + af;) ® w; ® w; € S51 and > (i +
@ji) @ w; ® w; € S imply (rlb ol + 7”']’» ol;) +46;;f~'df|g = 0 and the

lemma follows. O

COROLLARY 2.9. — The torsion TV’ associated to the Carnot-Cara-

théodory metric is conformally invariant. We call it the vertical torsion
and denote it by TV’ or TW .

Proof. — If we change the metric in the conformal class, the 2-forms w;
are multiplied by the conformal factor and elements of the dual basis are
multiplied by the inverse of the conformal factor. So the only thing we must
look at is the invariance of («;; + ;;);,; which follows from 2.8. O

Let us summarize the results we have obtained in the following proposi-
tion.

PROPOSITION 2.10. — Let (N, H) be a quaternionic contact structure.
The integrability of H does not depend on the choice of an adapted metric
on H. Moreover, if g is particular a choice of compatible metric on H, the
following conditions are equivalent:

e The distribution H is integrable.

ANNALES DE L’INSTITUT FOURIER
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e The torsion TW’ vanishes.

e For any choice of complementary distribution W, the S>! part of
the torsion vanishes.

e For any choice of oriented orthonormal basis (%dnﬂ ) of HT and
any choice of vector fields (Ry, Ry, R3) such that

1 (Ri) = dij,
the S°1 part of (er,dnj|E + tr;dn;i| )i, vanishes.

In the study of the twistor space, we will need to know how the connection
is changed when the metric is multiplied by a conformal factor. We put
0 = f~ldf. Recall that we write 6% for (f|z)* and that the change of
complementary distribution is parametrized by R, = f~2(R; — 2I;6%). The
following lemma will be useful in the twistorial construction.

LEMMA 2.11. — The connection V' adapted to f?g is given by

Vi = Vx+0X)+FAX 4+, LFANLX + Y, (L6% X);
Vi, = Ve +0(R)+200°L + 204 A LoF — 1S (al; + k) A L6F
+2(I;VoF)oH)

where (I;V6%)*°1) means that we take the so(H) part of the endomorphism
X+ L;Vx0°.

Proof. — We put V' = V 4 6 +a and V! = V + 6. The connection V!
preserves f2¢ and its torsion is

TLY = Y, dn(X,Y)Ri +0(X)Y —0(Y)X
ThY — Y, dni(X, Y, )rs + 0(X)Y — 0(Y)X

so that axY —ay X =), dn;(X,Y)r; —0(X)Y +60(Y)X. The connections
V' and V! both preserve f?g hence a is a 1-form with values in so(H).
The skew-symmetrisation in the two first variables gives an isomorphism
H*®s0(H) — A’H* ® H, with inverse b

<b(C)XY7 Z> = % (<C(X’ Y)7Z> + <C<Z7X)’Y> - <C(Y> Z)7X>)

from which we deduce the first part of the lemma.

We now look at the change of the connection in the direction of W9. If
U € TN, Uy, is its projection on V in the direction of W = W9. We
have

ap, X = Vi X—-VgX-0(R)X,
= Riar, X — VR, X —0(R;)X -V, X.

TOME 56 (2006), FASCICULE 4
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Introducing the torsion, we obtain
ar, X = (Try+r, X)vywr — (T, X)vyw + [Ri, X]vywr — [Ri, Xlvyw
—Q(RZ)X - V;an + [rin]V/W/,

(Tri+r X)vywr — (Tr, X)vyw + 22, dn;(Ri, X)r;
—O(R)X — V.

But ag, € so(H), so that it suffices to compute the skew-symmetric part
of the right hand term in the previous equality. The contributions of the
torsions vanish by definition, that of 3 dn;(Ri, X)r; is

1
# _
52041-]- ATj = —Zagj /\IjGu,
J J
and that of V'r; is

—20% A ;6% — 2|0%1; + (V)= H),
Using the expression of VI; obtained in 2.4, we get

Vri = —2V(L;0%) = —2(VI;)0* — 2I,V6?
= > laji—aiy) ® 1;0% — 21,V 6*.
Mixing all this together gives the lemma. O

2.6. Higher dimensional case

We describe now what is going on in higher dimensions. Let H be a
quaternionic contact structure on a manifold N4"*3 with n > 1 and g be
a compatible metric on H. One can apply lemma 2.1 in order to obtain a
metric H-connection V on H associated to a splitting TN = W @ H. There
exists still a choice of complementary W9 such that

> (g +aji)ol; =0
3

for all j and from (4), one gets
Vi e{1,2,3}, a(Vw;) = Za”/\wz

Let [0?] be the vector bundle spanned by w;, we and wsz. The covariant
derivative of triples (w1, ws,ws3) is a section of a subbundle E of H* ®
A2H* ® [0?]. Tt turns out that if the rank of H is greater or equal to 8, the
skew-symmetrisation with respect to the first three variables

¢:T(E) - T(AH* @ [0?])

ANNALES DE L’INSTITUT FOURIER
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is injective (see [2] for details on E and ¢) so that one obtains
ij = —Zaij ®wj

and finally a;; = —oy;;. Therefore, the integrability condition is empty and
one remarks that the partial connection is a Sp(n) Sp(1)-connection on H.
This is the first step in the proof that a quaternionic contact structure in
dimension greater than 7 is the boundary of an AHQK metric.

3. Conformal infinity of AHQK manifolds

In this section, we will study the conformal infinity of an AQH quaternio-
nic-Kéhler manifold. We find a particular trivialization of the quaternionic
structure admitting an analytic extension to the boundary with pole of
order 2. Then, we use it to show that the quaternionic contact structure
on the boundary is integrable.

3.1. Twistor space and asymptotic development

The following is essentially the work of [2, III1.2] and [9]. Let (M, g) be an
AHQK manifold of dimension 8 and suppose that the metric g admits an
analytic extension to the boundary N. We will apply the twistor machin-
ery to obtain a particular choice of local trivialization of the quaternionic
structure in a neighbourhood of the boundary. The twistor space [11] of M
is a 5-dimensional holomorphic manifold with the following data:

e a holomorphic contact structure n with values in a line bundle L;

e a family of dimension 8 of compact genus zero curves (Cp,)ymenc
with normal bundle O(1) @ C*;

e an hypersurface N© C MC of curves tangent to the contact distri-
bution;

e a compatible real structure 7, without fixed points.

Remark 3.1. — The manifold M is the real slice of M€ — NC and N is
the real slice of NC.

On each C,,, the line bundle L is isomorphic to O(2) so that L, =
H(Cpn, Hom(TC,,, L)) is a line bundle on M®. By restriction, the 1-form n
gives a section © of £ and S€ is the null set of ©. We choose a local square

TOME 56 (2006), FASCICULE 4



864 David DUCHEMIN

root L'/2 of L, but the conclusions do not depend on this choice. Let us
define

Em = HO(Cm;L_1/2®Nm)7

H,, = HOCn,LY?),
so that

T,,M® =E,, ® H,,,.

For m ¢ N© and u,v € H,,, the Wronskian w(u A v) = udv — vdu defines
a two form

(3.1) wir s A2ZHO(Con, LV2) % £, 5 C,

and therefore a SO3(C)-structure wg ® wg on HO(C,,, L) ~ Sym?(H,y,).
The normal bundle N,, of a curve C,, has a natural identification with
kern if m ¢ NC so that we get a well defined 2-form

A2HO(Cpoy Nypy) 2 Sym?(H, ).

The choice of a SO3(C)-trivialization on Sym?(H,,) exhibits three 2-forms
wy, we, ws giving the Spy(C) Spy (C) structure. The complexified quater-
nionic-Kahler metric is

(3.2) g=wg®wy on B, ® H,
where
wg Em @)

We now look at the contact structure on the boundary. Let [ : £ — C be a
local choice of trivialization of £ in a neighbourhood of s € N© and extend
it on MC. In the same way, we obtain a symplectic form

W A2HO(Cpn, LY?) 5 £, L C,

and thus a SO3(C)-metric Wy ® Wy = 1?0%wy @ wg. We choose a local
SO3(C) -trivialization Sym?(H,,) — C3.
If s € N, one has TC, C kern hence 1 gives three 1-forms (11,712, 73)
along N©
H°(Cs, Ny) 5 H°(C, L) ~ Sym?(H,) — C3.
On the other hand, on M — NC we obtain three 2-forms

A2HO(Crn, Nip) 22 Sym?2(H,,) — C3,

which can be written as [202%w; with w; defining the quaternionic structure
of M© — NC.
We put p =10 : M© - C.
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LEMMA 3.2. — The forms w; have pole of order 2 along NC. More
precisely, the 2-forms 1?©%w; are defined on N© and satisfy

1 .
120%w; = —dp A n; + 3 Zermnr AN

TSt

on N© where €' is the signature of the permutation (r, s, i) of (1,2,3).

Proof. — Because the w; define a quaternionic structure, we need only
show that za/apl2@2wi = —1); to obtain the lemma. We take s € NC.

There exists a section ¢ of Ny along Cs such that n(¢) = 0 and 14dn|re, #
0, cf. [2, lemma III.2.5]. We normalize ¢ in order to have I(24dn|rc,) = 1. It
is a vector in T,MC with the properties dp(¢) = 1 and 7;(¢) = 0. Remark
that whereas the symplectic form dn is not defined along NC, the 3-form
n A dn admits an extension to NC. By restriction, we have

Odn =nAdn € H(Cpp, T*Con @ A’ N}, @ L?) = L, @ A°T*M @ H°(C,,, L).
If u is tangent to Cs and o € H°(C, Ny), then
nAdn(u, ¢,0) = n(o)dn(u, ),
ie., 141©dn = —n and finally

z¢1292wi = —n;.

The intersection of the kernels of p?w;, p?ws, and p?ws on NC is
H® = H°(C,, Ny Nkern NTCHM)

and coincides with the contact structure of the boundary. The symplectic
form w; has well defined terms of order —1 on H® and one can show [2,
Lemma I11.2.6] that

1 1
Wi = S Wi,—2 + —Wj 1+,

p P
with

1 .

w;—2 =—dpAn; + 9 Zsrmnr Ans, wi—1|ge = dni|ge.
T8

If we put

E,, = H°(C,, (N, Nkern N TCL) @ L=1/2),

we obtain by restriction a complex metric on H®

grec = dn|g,, ® Wg.
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The quaternionic metric on M€ has the asymptotic development

1 1
9= —=9-2+—-g-1+--
P p

with
g2 =dp* + 107 + 05 + 15 and g_1|ge = gpe.
Finally, we put w; _1 = dn; + 7; where v;|gc = 0.

3.2. Boundary conditions

We follow the notations of the previous section and restrict ourselves
to the real slice. We choose an arbitrary complementary W to H. Let
(R1, Ra, R3) be the dual basis of (n1,72,13) on W and let I; be the almost
complex structures on H.

The symplectic forms w; and the metric define almost complex structures
I;. Because of the form of the w;, we have the analytic development

Iiap = i108p+pfi118p+"‘ :RZ+¢1+
where 1; € H is independent of p and if X € H,
LX=LoX+pli X+ =LX+--

We are now in position to show the following

PrOPOSITION 3.3. — The boundary of an AHQK manifold admitting
an analytic extension to the boundary is an integrable quaternionic contact
structure.

Proof. — If X € H, one has
wi(Ij(?mX) =+ wj(IiE)p,X) = —26ijg(8p,X).

The order —2 terms do not give anything but from the order —1 terms we
deduce the equation

wi,—1(Rj, X)+wj —1(Ri, X)+wi —1(¢;, X)+wj,—1 (¢, X) =—26;59-1(9,, X)
so that
dﬂl(R],X)-FdT]](R“X) = —'yi(Rj,X)—’yj(Ri,X)—Qdijg,l(amX)
+9-1(¢;, L;X) 4+ g-1(¢¥s, 1; X).
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The second line gives an element in S3! @ S1! therefore we need only to
look at ;. We will now use the fact that the metric is quaternionic-Kéahler.
Indeed, there exists one forms 3;; such that the 2-forms (w;) satisfy

dw; = Zﬂjz’ Nwj, Bji = —PBij-
J

The application (A1) — A3

(@i)i=1,2,3 — Z a; \w;

K2

is an injection so that the 3;; are unique.

We have
dw; = =253, € dp A A
+2 (dp ANdni+ 5, € (dne A —np A dns))
—%dl)/\ (dni + i) + -+
and then

1 . 1 ,
dw; =—;Zemdmwn5+; (Zﬁrszdnwm—dw’n> +oee

T,8 T8

We have 3, € 5ePUn, Amy Ang =0 s0
1 irs Wy, —2 1 rsi
dwizz 725 Ns | N —7%—+—3 ZE dn.- Ans —dpANvy; | +---
T p S p p [

The exterior product of 1-forms with w, _s is an injection, so 3,; is of the
form

1 )
/67’1' = ;ﬂri,—l + 67"2',0 +--- and ﬂri,—l = 25”8775-
s

Looking at the order —2 terms with respect to p, one obtains the equa-
tions

D BrioAwr 2+ Y Bria Awp 1= e dn, Ans —dp A ;.
T

r T,

We put G0 = )\Mdp—kﬁ%’o and v, = dp Ay +~~ where ﬂ%,o € T*N and
N e A°T*N.
Taking the dp component in the previous equation, one gets

1 ) .
'Yz’N = ZW A 7]«\1(,0 9 Z Ari€"S e A s + 26"5773 Ay
T

r,k,s T,8

But then v;(R;, X) + v, (R;, X) = 0 and the lemma follows. O
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In the two next sections, we will look at integrable quaternionic contact
structures in order to show that they are the boundaries of AHQK metrics.

4. Integrable quaternionic contact structures

Let (N, H) be a quaternionic contact structure.

In section 2, we computed the covariante derivative of the quaternionic
structure in the direction of H. On the other hand, from the identity
d(dn;)(R;, X,Y) = 0, we obtain

(4.1)  (Vg,dn;)(X,Y)
= a(Vaij)(X, Y) - Zaik A akj(Xa Y)
k

+ Z dni(Ri, Ry)dni(X,Y) — g(I;Tr, x + TR, 1,x,Y)
k
where a(VaZ-j ) (X, Y) = (VXCEZ'J' ) (Y) — (VYCV”)(X) .
From now on, we suppose that the quaternionic contact structure is inte-
grable. We choose a compatible metric g on H and W = W9 the associated
complementary vector bundle defining the adapted connection V.

4.1. Torsion

The computations of section 2.4 give for any X € H,

3
i=1
LEMMA 4.1. — Let (M, H) be an integrable quaternionic contact struc-

ture. The tensor TH defined in lemma 2.3 lives in the component S%>? of
W* @ so(H)*.

Proof. — By construction, TH is a section of
AL H ®so(H)t = 8*" @ $4? g 522 @ 592,
so we can put

Tr, = N1d+) LAy
p

with A,; € T'(A? H) (seen as skew-symmetric endomorphisms). We apply
(4.2) with ¢ = j and obtain A\; = 0 and A4;; = 0. Applying one more time
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(4.2), we see that A,; is equal to the A2 part of a(ay;) — > apk A @ik
which is skew-symmetric in p and 3.

Writting A; = 2 37 "' A,,, we obtain that 7 is the image of }_, I; ®
A; € ALH ® A2 H by the SO(4)-equivariant map I; @ B %ZJ nj ®
[I;, I;]B. O

We are now able to calculate more precisely the vertical derivatives of
the quaternionic structure.

LEMMA 4.2. — There exists a function A on N such that
3
1
Vel =35 > (dnj(Ri, Re) + dni(R;, Ri) — dni(Ri, Ry)) I + AL, 1]
k=1

Proof. — Symmetrizing (4.2) gives
3
(4.3) Vi I+ VeI =Y (dn;(R;, Ry) + dni(R;, Ri))Ix.
k=1
In particular,

<VRjIj,Lj> = 7<VRJ,I7;,I]'> = *2d77](R7,RJ),
so that we know Vg, I; except for its component on [I;, I;]. We can put

3
1
Vel =5 > (dn;(Ri, Ry) + dn;(Ry, Ri) — dn(Ri, Ry)) T + Ais [T, I,
k=1
with A;; = 0. From (4.3), we have Aij = Aji. Moreover, taking for instance
i =1, j = 2 and using the skew-symmetry (Vg, Is, I3) = —(Vg, I3, I2), we
get A\12 = A13. The other equalities are obtained in the same way. O

4.2. The curvature tensor

We give now some properties of the curvature tensor in the integrable
case which will be useful for the twistorial construction.

We are now interested in the curvature R of V, and more precisely in
its horizontal part. This is a section R € T'(A?H* ® so(H)). The splitting
A? = A2 ® A% allows us to decompose the curvature in A2 ® A2, A2 @ A2
and A2 ® A2 parts. Looking at its action on A2 H, we have

> (—G(V%‘i) + Yy i A O‘ki) (X, Y);
+ Ej dnJ(Xa Y)VRJ- I;
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PROPOSITION 4.3. — The A3 H ® A2 H part of the curvature is scalar.
More precisely, if we denote it by S € T'(End(A% H)), we obtain with the
notations of lemma 4.2:

Proof. — Using Lemma 4.2 and (4.2), one sees that
< — Cl(VOéji) + Z kN Oéki)
k

1
=3 Z (dni(Rj, Ry) — dnj(Ri, Ri) — dni(Ri, Ry)) I + A[L, 1],
k

+

where the subscript + means the selfdual part. Injecting this in the curva-
ture formula, one easily deduces the proposition. O

We can define a Ricci tensor and a scalar curvature for the partial cur-
vature R. As usual, we put

RiC(X, Y) = tI’H(Z = RZ,XY)
s = try(Ric),

where the subscript H means that the trace is taken only on H and Where
Ricy is the trace-free part of the Ricci tensor. In order to obtain the exact
form of the curvature, we use the first Bianchi identity

RxyZ+ Ry zX + Rz xY = (dvT)X7yZ

Let X, Y, Z and R; be parallel at the point p. Since the horizontal
covariant derivatives of R; and I; are identical,

(VT|m)p = (vai ® Ri>p =0,

so that at p, we have

RxyZ+ RyzX + Rz xY = —T;[X,Y]Z —Tiy,721X —T1z,x1Y,
= Yy (dni NTE)X,Y, Z).

The image by the Bianchi map b of the curvature R lives in the compo-
nent $*? ~ A2 H ® A2 H of ASH* ® H ~ $*0 @ 5%2 @ §90 @ 522,

PROPOSITION 4.4. — The horizontal part R € T'(A?H* ® so(H)) of the
curvature tensor seen as an endomorphism of A°H = A3 H & A2 H has

matrix
! Ricyg —'B ﬁ Id+W~—
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Proof. — Recall that the kernel of b is exactly the Riemannian curvature
tensors. We have

S2(A2H*) = kerb@® A‘H*
A2(AH*) = A2H*®A2H* @& A2H* © A2 H*

We have shown that b(R) € S*? so that R is the sum of a Riemannian
tensor and an element in the unique irreducible S22 component which ap-
pears in A2(A2H*) C End(A%(H*)). Moreover, Ric(B) = 0 if B € §%2 C
A2(A%H*) so that the Ricci tensor behaves like the Riemannian Ricci ten-
sor, hence is symmetric. O

LEMMA 4.5. — If the vertical torsion vanishes, the curvature R of the
adapted connection satisfies the following equality

[Rxy +IRx v +IRx v — Rix,1v,I] =0,
forall X, Y € H and I € A%_H.

Proof. — This lemma is well known in the case of anti-selfdual Riemann-
ian curvature in dimension 4. In our case, it is similar except for the Bianchi
part B of the curvature tensor, hence we need only to show that B satisfies
the previous equality. We take for instance

B:weso(H) — tr(wK)J — tr(wJ)K € End(so(H)),
where J € A2 H and K € A2 H. We must show that
C = [B(w) + IB(Iw) — IB(wl)+ B(Iwl),I] = 0.
One has [J, K| = 0, so that we get
C=[-tr(w))K —tr(JwJ)IK + tr(wIlJ)IK — tr(JwlJ)K,I].
The result follows then from the two equalities

tr(JwJ) = tr(JIw) = tr(IJw) = tr(wlJ),
{ tr(JwlJ) = tr(IwJI) = —tr(wJ).

5. Twistor space

In this section, we will end the proof of theorem 1.4.
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5.1. Definitions

Let N7 be a smooth manifold and H be an integrable quaternionic con-
tact structure on N. Let g be a compatible metric on H, W the adapted
complementary distribution and V the connection associated to g.

Let 7 be the set of 2-forms w € Af_H* of norm v/2. This is a 2-sphere
bundle on M called the twistor space of (N, H). It can be identified with
the set of almost complex structures compatible with g and the orientation.
Let 7 be the projection 7 — N and choose a local quaternionic structure
(I1, 12, I3) associated to the 1-forms (n1,72,73). At a point I = x1[; +
xols 4+ 2313, we put

N =z 4 2o N2 + 2373,

It is a well defined 1-form on 7 not depending on the choice of SO3-
trivialization (I, I, I3).
Using the connection V, we split the tangent bundle of 7 at I € 7—1(s)
for s € N:
7T =T;7, ® 7" T N.
Here 7, is the fiber above s of the fibration 7. We call Hor; 7 ~ TxN = W,®
H the horizontal space. Let (R, Ra, R3) be the dual basis of (11, 12,73) on
W. At I;, we have an almost complex structure J on kern, ~ kern; 177
satisfying
e on kern, the almost complex structure is J = I; after extending
I; to all kerm by I1Ry; = R3 and I;1 R3 = —Ry;
e on Ty, 7, J is the natural complex structure given by the metric and
the orientation on the sphere 7.

PROPOSITION 5.1. — Let H be an integrable quaternionic contact struc-
ture on a 7-dimensional manifold N. The almost complex structure J de-
fined on the kernel of " is independent of the choice of compatible metric
gon H.

Proof. — Let ' = f%n be a conformal change, we follow the notations of
2.5. The distribution ker 7,. on the twistor space is left unchanged. The con-
formal change gives a new complementary W/”9 spanned by (R}, R, RY)
and a new connection V/ = V + a. The distribution Hor; 7 is the horizon-
tal subspace on 7 corresponding to V', and J' is the corresponding almost
complex structure.

The vertical part of J is left unchanged.

At I; € 7,, we take U € kern”, horizontal for the connection V, and X
its projection on N. We assume here that X € H. In the decomposition
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Ty, 7 = Hory, T & T1,75, we have U = (X,0) and JU = ([1X,0). On
the other hand, in the decomposition T, 7 = Hor}, T & Ty, 7,, we have
U = (X, 7(1X}1), JU = ([1X, 70,[1)(11) and J/U = (IlX,fé[IhaXIl])
thus J and J' coincide iff ay, x I = %[Il,axh] for all X € kern;.

One has a € Q' (R@so(H)), and we decompose the so(H )-part in selfdual
and anti-selfdual part that we write respectively a* and a~. From 2.11, one
gets for X € H

ak = (I;0%, X)I;.
J
and the equality ar, xI1 = %[11, axI].

We must now verify the same kind of identity for X = Rs. It works
in the same way, only that we must pay attention to the fact that the
complementary spaces adapted to the choice of metric changes with the
conformal change. We have the decompositions 77,7 = W9 @ H & 11,7,
and 17,7 = W9 e He 11,7, where W9 and H are in Hory, 7 for the
first case, and in Hor’I1 T for the second case. Taking U = Ry, horizon-
tal for V and writing the vectors in the second décomposition, we ob-
tain U = (f?Rb, —r2, —ag,I1), JU = (f*Ry, —r3,—ag,l1) and J'U =
(f2Rg,—Ilrg,—%[fl,a&h}). But we have r; = —2I;0%, hence it suffices
to verify that ag, Iy = %[Il, ag, 1] which is a straightforward computation,
remarking that with the vanishing of the torsion, we get from lemma 2.11

ar, = O(R;) + 2|62 + 20 A 6% + 2(1,V6#)=oUD)
so that the selfdual part is

1
+ _ 31p8)2 4_75: Av{'L
aRi—3\9|Iz 5 . tr(IkI, H)Ik

a
5.2. Integrability of the twistor space
This section is devoted to the proof of the following theorem:
THEOREM 5.2. — Let H be a quaternionic contact structure with van-

ishing vertical torsion and J be the almost complex structure on the kernel
of " on the twistor space. Then
e J is adapted to the symplectic form dn” on ker n" and gives a metric
of signature (6,2).
e J is integrable.
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Proof. — The first point is similar to [2] and
" (-, J) = gir + dimn(Ra, Rg) (05 +113) + 113 © dxy — 12 © daa,

where a ® 8 = %(a ® [+ [ ® «) is the symmetric product. This is the
metric of signature (6, 2).

We must now verify the integrability of J. This is given by the vanishing
of the Nijenhuis tensor

N(X,Y) = [X,Y] + J[X,JY] + J[JX,Y] - [JX, JY].

If X and Y are vertical, it follows from the fact that J is the complex
structure of the 2-sphere which is integrable, and if X is horizontal and Y
vertical this is similar to the proof of 14.68 in [1].

Assume now that X and Y are horizontal. In this case the vertical part
and the horizontal part of N(X,Y) at I € T are given by

(NX,Y)bor = TxY +ITxIY +1ITxY —TixIY
(N(X,Y))vee = [Rxy+IRx1v +IRixy — Rrx.1y,1]

We look first at the horizontal part. If X,Y € H, then Txy = >, dn;
(X,Y)R; and we deduce easily that (N(X,Y))uor = 0. If X = Ry and
Y = Rz at I = I, then (N(X,Y)ior = Try.rs — TRs,—R, = 0 so that the
only no-trivial case at [; is X € H and Y = R,. Following the notations
of 4.1, the W-part of the torsion TrX vanishes and the H-part is T, X =
> IpApi X where Ay = — A, € A2 H. Therefore, we have

(N(X7 RQ))Hor

=— Z I,ApX — I Z LAsX — I Z LALLX + Z AL X
p P p p
= —I3A30X — I3A23 X — [113A30[1 X + [5A931;.

The A;; and I}, commute and the skew-symmetry Asz = —Ass gives the
vanishing of (Nx g, )Hor-
We show now the vanishing of the vertical part. If X,Y € H, this is just
lemma 4.5. It remains to show that for X € H,
CRy,x,y = [RRry,, x + 1 Rpy,x + 1R, 1, x — Rry, 1 x, 1] Y = 0.

We put I1 Ry = 0 and 1Ry = Rg3, in order to have cxy,z defined for
all X, Y and Z. Because we have the same identities on the torsion, the
computation is very similar to [2, Lemma I1.5.3] and one gets

CR,,X,Y + Cy,R,,x = 0, VX,Y € H.

The vector cg,,x,v is in the subspace spanned by oY and I3Y therefore
if the C-subspaces spanned by Y and X for the almost complex structure
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I, are transverses, then cg, x,y = 0. We deduce that cgr, x,y = in all
cases. O

5.3. Proof of theorem 1.1

We have shown that any integrable quaternionic contact structure H
admits a twistor space 7 which is CR-integrable. This is sufficient to apply
the results of Biquard [2] which give the theorem 1.4 (see part III for the
twistorial construction). With the notations of 3.1, the AHQK metric is
g =wg ®wy and is quaternionic-Kéhler, [8].

The corollary 1.5 follows immediately from our theorem 5.2 and the
theorem 0.4 of [3].

6. Deformations of the 7-sphere

Hereafter, we assume that N = S7 is the 7-sphere in H? where H? is an
H-vector space with H acting on right. Let (-,-) be the canonical metric
on H? ~ R3. Recall that we have a quaternionic contact structure on S’
given by H¢ = (zH)* for x € S7. The restriction to H°" of the round
metric on S” defines an adapted metric gy. The adapted complementary is
W, = 2ImH and is spanned by R;(z) = xi, Ra(z) = xj and R3(x) = zk.

The distribution H" is a connection on the principal Sp(1)-bundle S” —
S* (Hopf-bundle). We call n € Q' (S7)®sp(1) ~ Q' (W) its connection form.
Let us write it n = >, n; or Y, m; ® R;. One has dn; (W, H®*") = 0 so that
the the torsions 7% = —1 i (0 + i) @ w @ w; and TH vanish.

Let v be the canonical volume form of S7 that we decompose as v =
ve Amp A Ans so that v¢|y is a volume form on He".

In this section, we compute the complex of integrable infinitesimal de-
formations of H*".

6.1. Deformation of the integrability condition
A deformation of H®*" is given by a 1-form # with values in W which

vanishes on W, or equivalently by a section of End(H" W). The link
between the new distribution and 6 is given by

Hy={X -0(X),X € H®*"} =ker(n+9).
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Assume now that ' is a 1-parameter family of such 1-forms, each giving
a vertical torsion free distribution denoted by H; = ker(n + 6). For small
t, the forms d(n; + 60!)|n, € T(A?H;) span a space of selfdual 2-forms on
H; with respect to a metric g; on H;. We choose g; such that gy is the
restriction of the round metric on H".

In order to write the condition on the torsion, one has to take an or-
thonormal basis of A2 H;. We identify the functions and the 4-forms on
Hean ysing v°. We search a’ : S” — GL(3,R) such that a° = Id and

[a" - d(n+ Gt)]i Ala® - d(n+ Qt)]j
A [at -(n+ Qt)]l A [at “(n+ Ht)]2 A [at “(n+ Ht)}g = 20;v.
Setting ¢ = dd—fh:o, we obtain
(6.1) aij + aji + (d0; Adnj + df; A dn)|gean + tr(a) = 0.
Remark 6.1. — We used the fact that a;; = 0. In general, one has
agj + agi + (df; Adnj + do; Adng) |

+Z(aki A Og A dn;) + ag; A 01 A dn;)| gean + tr(a) = 0.
k

We put 8¢ = a' - (n+ 0') with dual basis (R}, Ry, R;) on W. Our choice
of a® ensures that we obtain an orthonormal direct basis in Ath for the
metric g;. Let I! be the associated quaternionic structure. By 2.10, the
deformation preserves the integrability iff there exist v/ such that for X €
Hcan7

1Rt B (X —0"(X) s B (X —0" (X)) = v{o[j(X —0"(X))+vjol; (X —0"(X)).
The 7 vanish so that one obtains the following lemma.

LEMMA 6.2. — If6! is a 1-parameter smooth deformation of the quater-
nionic contact structure on S” which preserves the integrability, we have

Ao(a) = —d(a” + aji)‘Hcan + (ZRidéj + ZRjdéi)|Hcan S 53’1 () 51’17
where
aij + aj; + (déi Adn; + déj A\ dni)|Hcan + tr(d) =0.

Remark 6.3. — The statement has exactly the same form if one deforms
Einstein selfdual Levi-Civita connections with non-zero scalar curvature
(which give 3-Sasakian manifolds and so integrable quaternionic contact
structures, see [6]).
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The composition of Ag with the projection on $>! is a differential op-
erator A : T((H®)* @ W) — T['(S%1). Its kernel gives the infinitesimal
deformations of H" preserving the integrability. This kernel contains the
image of the infinitesimal diffeomorphisms through

D:T(TS") — T((H®*)* @ W)
¢ — {XeHw— Xn()+dn(¢,X)}.

6.2. A Bianchi identity

Because of the dimensions of the different vector bundles, the previous
complex cannot be elliptic, even in the direction of H°*". We will show now
a Bianchi identity.

LEMMA 6.4. — Let (M, H, g) be a quaternionic contact structure where
g is a particular choice of Carnot-Carathéodory metric. Let W be the
adapted complementary and V be the corresponding adapted connection.
The vertical torsion TW of H is a section of 8! ¢ H* @ 8*°. Let By be
the composition of d¥ : T(H* ®S4%) — I'(A2H*®S%Y) with the projection
on S%°. Then we have
By (TV) = 0.

Remark 6.5. — Here is a small abuse of notation. Indeed dV can be
applied only on true 1-forms with values in a vector bundle. Nevertheless we
can give the following meaning to d¥: a section o of H*® E is extended in a
true 1-form vanishing on W and we use then the vanishing (T(X,Y))g =0
in order to obtain

(de')(X, Y) = VXcTY — VyO'X - O’[X7y]
= (Vxo)y — (Vyo)x,
for vector fields X,Y € H. This kind of equalities will be used throughout
the proof for every elements of I'(H* ® F) and every vector bundle FE.

Proof. — Let (I1,I5,13) be a local direct orthonormal basis of A% H*
corresponding to local 1-forms (71,72,73) defining the contact structure.
Let (R1, R2, R3) be the corresponding dual basis on W. The first Bianchi
identity is

Sxvnr (RxyRi —TryvRi — (VxT)yR;) =0,
for vector fields X and Y in H. Taking the W-part, we obtain

RxyR; = (T(T(R;, X),Y))w + (T(T(Y, R;), X))w + (VxT)(Y, Ri))w
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+(Vr, D)X, Y))w + (VyT)(Ri, X))w
We calculate first
A1(X Y R) = (T(T(Ri, X),Y))w + (T(T(Y, Ri), X))w-
One has

AN(X,Y, R;) = %VW(R (V)
+ZITR V)R + Ty (X) = D (LTH(Y), X)R;.
J
Putting a,;; = %(aij + «j;), one gets
(6.2)
A1 (X,Y,R)) Z aji Aag; (X,Y) Rk+z (LTH + TH 1,)(X),Y) Ry,

k,j=1 k=1
Assume now that p € M, and that X, Y and R, are parallel at p. In
particular, at p, one has a;; = a;; and
(VxT)yRi + (Vr,T)xY + (VyT)r, X)w

= = > (dVap)(X,Y)Rx = Y (Vrdm)(X,Y)Ry,
k k

so that we obtain

3 3
RxyRi = = ajiAag(X,Y)Rp+ Y ((LTH + THL)(X), V)R,
k,j=1 k=1
=Y (d¥axi) (X, Y) Rk = > (Vg dne)(X,Y)Ry.
k k

From the equation (Rx y R, Rx) + (Rx v Rk, R;) = 0, we deduce that

2dVapi(X,Y) = ((TH +THEL)(X),Y) + (LTH + T 1)(X),Y)
_VRLdnk(X, Y) - kadnz(Xa Y)

Remark that (4.2) is true even if T" does not vanish. At p, it gives
ddVag; = 3 (dnk(Ry, Ri) + dni( Ry, Ri) ) (I, -)
+2<(Ileg + T}I%{ifk)', S+ <(IiT§Ik + Tgfi)', ).

This is a 2-form whose selfdual part is

A(dY ap)y = Z(dnk(RjaRi) + dni (R, Ry.)) (I, -)
=2 tr(TE) (I, ) — 2 te(TE (I, ).
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This is an element of $2°® (5406 5%9) C (52:9)3. We take the projection
in Sym?*(5%0) ~ §6.99,5%0 and then the S%%-part to obtain the lemma. [J

6.3. The complex of infinitesimal deformations

We take the infinitesimal part of the previous equation and obtain the
complex of infinitesimal deformations of the 7-sphere

(Co) T(TST) BT(H* @ W) 5 T(5%1) 55 1(500),
Here B, means the Bianchi operator on H".

We have the decomposition I'(TS?) = TI'(W) @ I'(H®") and on the
other hand T'((H")* @ W) = I'(S*!) @ I'(SY!) with the property that
A(D(SY1)) = 0. The restriction of D to I'(H®*") is an isomorphism I'(H ")
— T(S11) so that if D is the composition of D restricted to I'(W) with the
projection on T'(S%1), we obtain an isomorphism

ker A ker ANT(S*1)
D(L(TST) ~  DEW))

In other words, we can compute the first homology group of the complex

@) TW) 2 r(s31) A r(sst) B r(s60).

Remark 6.6. — This complex is not elliptic. Nevertheless a straightfor-
ward computation shows that (C) is elliptic in the direction of H". This
was not the case of (Cp).

LEMMA 6.7. — If & = Egean + & € T,S7, the principal symbols o¢ of
the previous differential operators satisty:

o If Egean = 0, then kerog(D) = Wy, or else if Egean # 0, then

ker o¢(D) = {0}.
o If égean = 0, then kerog(A) = S>3 or else if Egean # 0, then

T

ker o¢(A) = Im o¢ (D).
o If chan = O, then kero‘5(8) = Sg’l, or else if chan # 07 then
ker o¢(B.) = Im o¢(A).

7. Sp(1l)-invariant deformations of the 7-sphere
We have seen in the previous section that infinitesimal deformations of

the standard quaternionic contact structure on S7 are parametrized by the
first cohomology group of the complex (C). This complex is not elliptic and
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even not hypoelliptic. Indeed, [9] ensures the existence of an infinite dimen-
sional moduli space of integrable quaternionic contact structures on S7.
In order to obtain an elliptic complex, we will look at quaternionic con-
tact structures on S7 admitting a free Sp(1)-action. Here, Sp(1) is viewed
as the group of unitary quaternions. There is a canonical action of Sp(1)
on S7 given by the diagonal action of Sp(1) on S7 C H?. The quotient is
the 4-sphere and the projection S7 — S* is the Hopf projection. Smooth
deformations of this Sp(1)-action on S7 are always diffeomorphic to the
canonical one. Therefore, we fix the Sp(1)-action to be the canonical one.

7.1. G-invariant structures

In this section, we give some generalities on quaternionic contact struc-
tures H invariant under a free smooth G-action, when G = SO(3) or
G = Sp(1). Let (N, H) be such a quaternionic contact structure. The action
must be transverse to the contact distribution so that H is a connection on
a G-principal bundle N = B. Let (11, 72,73) be the connection form of H
with values in sp(1). The symplectic forms dn;|g define a unique adapted
conformal class of metrics [g] on H. Because of the G-invariance, the con-
formal class [g] can be pushed down on B and gives a conformal class of
Riemannian metrics [g] on B. Let E = M X 44 ¢ be the adjoint bundle. The
connection H gives a covariant derivative V¥ on E, with curvature R¥.
By definition of [g], the curvature R gives an isomorphism

RE . A%FTB — F
¢ — Rceso(E)~FE

Let D be a linear connection, preserving the conformal class. One can
take any conformal connection, but in general one chooses a metric g in
the conformal class and the corresponding Levi-Civita connection.

The tensor (RF)"'VPFRF is a section of T*B ® End(A%B). We sym-
metrize the End(AiB) part with respect to any choice of metric in the
conformal class [g] and obtain a tensor T in T'(S™! ® (S4° @ §%0)). The
S51 part Tor(H) of T is the vertical torsion of the quaternionic contact
structure H.

7.2. Infinitesimal Sp(1)-invariant deformations of S’
We now come back to the deformations of the canonical quaternionic

contact structure on S”. Let H be the set of Sp(1)-invariant quaternionic
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contact structures on the Hopf bundle S” — S§* and G be the group of
diffeomorphisms of S” commuting with the Sp(1) action. Let V be the
Levi-Civita connection of the round metric of S*. In the Sp(1)-invariant
case, the complex (C) can be written on the basis S* in the following way:

LEMMA 7.1. — The complex (C) applied to Sp(1l)-invariant deforma-
tions on the Hopf bundle S” — S* can be written on the basis as

(© T(s>°) 21(s31) A (57 B T(55)

where D = p*'V, A = p>!V?2 and B, = p®°V. The homology groups H°,
H', H? and H? of (C) have dimensions 10, 35, 0 and 0 respectively.

Proof. — The operator A is the composition of 4; = p*°V and A, =
p®1V so that the previous complex splits into

(1) T(520) B r(set) 4 r(seo),
(Co) T(sM0) A2 1(551) B p(56:0),

One recognizes in (C1) the complex of deformations of anti-selfdual met-
rics. This complex is well-known and one can show that A4; gives an iso-
morphism between ker D* and I'(§%°) (see for instance the proof of [1,
theorem 13.30, p. 376] ). Therefore the kernel of A @ D* can be identified
with the kernel of Ay, and we are reduced to the study of (Cz).

First we give some Weitzenbock formula. Let DV be the Dirac operator
on S®FE where S = S1:0@ %! is the spinor bundle and E can be any S™™.
The Dirac operator is the composition of the connection and the Clifford
multiplication. The Clifford multiplication is a morphism of representation
on Spin(4)-modules so is the identity on each irreducible component of
S® E, up to a multiplicative constant. If £ = S5, we see for instance that
DV = bB. @ aAj for some positive constants a and b. The Weitzenbdck
formula is

DY($©s) = V'V(9@s)+ 685+ Y i 0@ RY s,

and in our case, the curvature RY is scalar so that the last term in the
previous equality is a combination of Casimir operators (see [1, p. 376]).
One obtains finally

(DY) ="'V +2,

and so ker(B @ Aj;) = 0, that is to say the complex (C) has no second
homology group.
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In the same way, regarding B} : T'(S%%) — I'(S>1), it appears to be the
Dirac operator on S%° C §1:0® 8§59 (up to a multiplicative constant). One
can show that

2
(D¥)? = V*9)[gu0 = 5,
which gives ker(B}) = 0. We deduce that dimker A; is exactly the index
of (C2) which is the index of the Dirac operator
DV . F(sl,O ® SS,O) N F(So,l ® SB’O).

By the Atiyah-Singer index theorem,

indexDY = {ch(S50)A(SY)}[S?]

(6 + 35cha(S10))(1 — p1/24)[S]

35.

3. Moduli space

In this section, we will end the proof of theorem 1.6. Here we must be
more precise in our notations. If g is a conformal class of metric on S*,
there is a subbundle 55 Lof T*S* ® A2T*S* ® A2TS* associated to the
representation S%:1 and g. In the same way, one defines S6 Oin A?T*S* ®
A2T*S* ® A2TS4.

Remark 7.2. — We have seen that each H € H defines a conformal class
of metrics on S*. In fact, the quaternionic contact structure H defines a
true metric on S*. Indeed, if we come back to section 7.1, the vector bundle
F is an oriented bundle which gives an volume form on A2+TS4 such that
RE preserves the two orientations. Then, we can choose the metric on S*
which gives the same volume form on A2 7TS*. We obtain a well defined
map

G:H—- M,

where M is the set of smooth metrics on S*. The round metric on S* is
called go and is the metric G(H").

With the help of the canonical structure H", we identify H with an
open subset in I'(T*S* ® Sgéo). Let p*J be the orthogonal projection with
respect to gg in S;’Oj (S;;)j will appear at most one time in our vector bundles
so that the p*7 are well defined). We restrict ourselves to a neighbourhood
U of H in ‘H where p*>* (resp. p®° ) gives by restriction an isomorphism

ANNALES DE L’INSTITUT FOURIER



QUATERNIONIC CONTACT STRUCTURES IN DIMENSION 7 883

from Sg(l 1y onto Sgit (resp. from Sg’?H) onto S.%). With the identifications

given by the p»7, one gets maps
T:U— F(S’S{’)l), H — p>Y(Tor(H)),

and
B:U®BT(SyY) — (55.°), (H,T) — p*°(Bu(T)).

Because of the Bianchi identity of lemma 6.4, we have B(H,7 (H)) =0
for H € U. We want to apply an implicit function theorem so we must work
in Banach spaces. We assume now that our sections are C*+2:% (Holder-
spaces). We have seen in section 6.3 that we can search a slice in T'(S%1).
We put Uy = U NT(S31). Let us define the smooth map

U:U; —Im D* @ ker B, a— (D*(a),pT (a)),

where p is the projection on ker B, in the direction of Im B}. Because of the
vanishing of the second homology group of (C), the differential dpcant) is
surjective. Its kernel is ker(D* @.A) and is of finite dimension 35. Therefore,
there is a submanifold X35 C ker D*@®I'(S%°) such that on a neighbourhood
of H™ in Uj, one has ¥(a) = 0 iff a € X35. Because of the vanishing of the
homology groups H? and H?, we can apply the inverse function theorem
with the Bianchi operator B at (H", 0) in order to obtain that if p7 (a) = 0
then 7 (a) = 0 for a sufficiently small. We obtain a neighbourhood V' of
H" such that

(D*(a), T (a)) =0iffa € M = X3 NV.

We have obtained a 35-dimensional family of integrable C*+2® quater-
nionic contact structures on S7. If a € M, it satisfies a non-linear but
elliptic equation, hence a is smooth.

The isotropy group G of H" under the action of G is Sp(2). Because
ker D* is Sp(2)-invariant and Sp(2) is compact, we can assume that M is
stable under the action of Sp(2). Hence, the manifold M is not exactly the
moduli space of integrable quaternionic contact structures. Nevertheless,
the only diffeomorphisms acting on M are in Sp(2). It follows from the
properness of the action of G on H: an element ¢ € G gives a diffeomorphism
¥ on S* acting on the metrics G(H). The diffeomorphism ¢ is determined
up a gauge transformation by . The both nice behaviours of the action
of diffeomorphisms on the metrics and of the gauge transformations on the
connections give the properness of the action of G.

Therefore there exists a neighbourhood of [H"] in /G which is home-
omorphic to a neighbourhood of H" in M quotiented by Sp(2). It gives
the theorem 1.6, and using the theorem 0.4 of [3], one gets the corollary 1.7.

TOME 56 (2006), FASCICULE 4



884 David DUCHEMIN

Among these, there is a family obtained as the boundary of quaternionic
quotient constructed by Galicki in [4]. Let us describe these more precisely.
Choose D € sp(2) and let SP be

* 1Y) 2
|x* D] Y

4
Here x* means the adjoint of z with respect to the canonical quaternionic
hermitian metric of H2. S is isomorphic to the 7-sphere and invariant
under the diagonal action of Sp(1) on right. One has the codimension 3-
distribution

SP = {z c H, |z)? +

*

HP = {v e H? z*v — i x(x*Dv +v*Dzx) =0} C T, SP.

This is a quaternionic contact structure which is the conformal infinity of
an AQH quaternionic-Kihler metric on the interior B” of SP. Therefore
HP is an integrable quaternionic contact structure. Remark that HZ is
different from the subspace of T,,S” C H? stable under the right-action of
H. The isotropy group of H” is a quotient of K x Sp(1) where K is the
subgroup of elements of Sp(2) which commute with D.

7.4. Concluding remarks

We have shown that an integrable quaternionic contact distribution on S7
close to the canonical one is the conformal infinity of a quaternionic-Kéahler
metric on the ball BS.

A quaternionic Kéahler manifold can be defined with the help of a parallel
4-form ) with stabilizer Sp(n) Sp(1). Swann [13] showed that in dimension
greater than 8, if {2 is closed, then (2 is parallel. On the other hand, one can
construct an 8-manifold with closed €2 which is not parallel, [12]. So one
can ask if a quaternionic contact structure in dimension 7 is the conformal
infinity of an asymptotically hyperbolic metric associated to a closed 4-form
with stabilizer Sp(2) Sp(1).
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