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ANTICYCLOTOMIC IWASAWA THEORY OF CM
ELLIPTIC CURVES

by Adebisi AGBOOLA & Benjamin HOWARD (*)

ABSTRACT. — We study the Iwasawa theory of a CM elliptic curve E in the
anticyclotomic Zp-extension of the CM field, where p is a prime of good, ordinary
reduction for E. When the complex L-function of E vanishes to even order, Ru-
bin’s proof of the two variable main conjecture of Iwasawa theory implies that the
Pontryagin dual of the p-power Selmer group over the anticyclotomic extension is
a torsion Iwasawa module. When the order of vanishing is odd, work of Greenberg
show that it is not a torsion module. In this paper we show that in the case of odd
order of vanishing the dual of the Selmer group has rank exactly one, and we prove
a form of the Iwasawa main conjecture for the torsion submodule.

RESUME. Nous étudions la théorie d’Iwasawa d’une courbe elliptique E &
multiplication complexe, dans la Zp-extension anticyclotomique du corps de mul-
tiplication complexe (ici p est un nombre premier ou E a une bonne réduction
ordinaire). Si la fonction L complexe de E a un zero & s = 1 de multiplicité
paire, la preuve de Rubin de la conjecture principale d’Iwasawa en deux variables
impliquent que le dual de Pontryagin de la composante p-primaire du groupe de
Selmer est de torsion comme module d’Iwasawa. Si la multiplicité est impaire, les
travaux de Greenberg impliquent que ce module n’est pas un module de torsion. Ici
nous montrons que, en cas de multiplicité impaire, le dual de Pontryagin du groupe
de Selmer est un module de rang un, et nous prouvons une conjecture principale
d’Iwasawa pour le sous-module de torsion.

0. Introduction and statement of results

Let K be an imaginary quadratic field of class number one, and let E/q
be an elliptic curve with complex multiplication by the maximal order O
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of K. Let 1 denote the K-valued grossencharacter associated to E, and fix
a rational prime p > 3 at which F has good, ordinary reduction.

Write Q™" C C,, for the maximal unramified extension of Q,, and let Ry
denote the completion of its ring of integers. If F'/ K is any Galois extension,
then we write A(F') = Z,[[Gal(F/K)]] for the generalised Iwasawa algebra,
and we set A(F)g, = Ro[[Gal(F/K)]]. Let Cs and Do, be the cyclotomic
and anticyclotomic Z,-extensions of K, respectively, and let K = Coc Do
be the unique Zf,—extension of K.

As p is a prime of ordinary reduction for F, it follows that p splits into
two distinct primes pOg = pp* over K. A construction of Katz gives a
canonical measure

L e A(Koo)Ro,
the two-variable p-adic L-function, denoted g+ (Koo, 1p+) in the text, which
interpolates the value at s = 0 of twists of L(¢~!,s) by characters of
Gal(K«/K). Tt is a theorem of Coates [3] that the Pontryagin dual of
the Selmer group Sely-(E/Ko) C H' (Koo, E[p*®]) is a torsion A(Ku)-
module, and a fundamental theorem of Rubin, the two-variable Iwasawa
main conjecture, asserts that the characteristic ideal of this torsion module
is generated by L. In many cases this allows one to deduce properties of
the p*-power Selmer group of E over subfields of K,. For example, if we
identify
A(Ko) 2 A(Do)[[Gal(Coe /K]

and choose a topological generator v € Gal(Cw /K), then we may expand
L as a power series in (y — 1)

L=2Lo+Li(y—1)+ Loy —1)* 4 -

with £; € A(Dx)r,- Standard “control theorems” imply that the charac-
teristic ideal of
X*(Doo) € Hom (Sely+ (E/Dwo), Qp/Zy)

(the reader should note Remark 1.1.8) is then generated by the constant
term Ly. If the sign in the functional equation of L(E/Q, s) is equal to 1,
then theorems of Greenberg imply that £ # 0, and so X* (D) is a torsion
A(Dy)-module. In sharp contrast to this, when the sign of the functional
equation is —1, the constant term vanishes and X*(D,) is not torsion, as
was proved by Greenberg even before Rubin’s proof of the main conjecture
(see [5]).

The following is the main result of this paper (which appears in the text
as Theorems 2.4.17 and 3.1.5) and was inspired by conjectures of Mazur
[10], Perrin-Riou [17] and Mazur-Rubin [13] concerning Heegner points.
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ANTICYCLOTOMIC IWASAWA THEORY 1003

THEOREM A.— Suppose the sign of the functional equation of
L(E/Q,s) is —1. Then X*(Dy,) is a rank one A(Dy)-module. If X C
A(D) is the characteristic ideal of the torsion submodule of X*(D),
then

X-R= (L)

as ideals of A(D)r, ®z, Qp, where R is the regulator of the A(D)-adic
height pairing (defined in Section 3).

A different statement of the Iwasawa main conjecture over D, involv-
ing elliptic units and including the case where the sign in the functional
equation is equal to 1, is also contained in Theorem 2.4.17. Similar results
in the Heegner point case alluded to above can be found in [7]. T. Arnold
[1] has recently generalized Theorem A from the case of elliptic curves with
complex multiplication to CM modular forms of higher weight.

The following result is due to K. Rubin. It establishes a conjecture made
in an earlier version of this paper, and a proof is given in the Appendix.

THEOREM B. — Under the assumptions and notation of the Theorem
A, the linear term L is nonzero.

While we have stated our results in terms of the p*-adic Selmer group,
they may equally well be stated in terms of the p-adic Selmer group. If one
replaces p* by p in the above theorem, then X', £, and R are replaced by
Xt L4, and RY, respectively, where ¢ is the involution of A(Dy,) induced
by inversion on Gal(D/K). The decomposition E[p™] & E[p™] @ E[p*]
of Gal(K?/K)-modules induces a decomposition of A(D,)-modules

Sel, (E/Doo) = Sely(E/Doo) @ Sely- (E/ Do)

which shows that, when the sign in the functional equation is —1, the full p-
power Selmer group Sel,(E/Dx) has A(Ds)-corank 2, as was conjectured
by Mazur [10].

An outline of this paper is as follows. The first section gives definitions
and fundamental properties of various Selmer groups associated to F, with
special attention to the anticyclotomic tower. In the second section, we
recall the definition of Katz’s p-adic L-function and the Euler system of
elliptic units, and we state a theorem of Yager which relates the two. Our
discussion of these topics closely follows the excellent book of de Shalit
[25]. Work of Rubin allows one to “twist” the elliptic unit Euler system
into an Euler system for the p-adic Tate module T, (F), and we show, using
nonvanishing results of Greenberg, that the restriction of the resulting Euler
system to the anticyclotomic extension is nontrivial. Applying the main
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1004 Adebisi AGBOOLA & Benjamin HOWARD

results of [24] shows that a certain “restricted” Selmer group, contained in
Sely+ (F/ D), is a cotorsion module; using this we show that X*(Ds,) has
rank one. Using a form of Mazur’s control theorem, we then deduce that the
characteristic ideal of a restricted Selmer group over K., does not have an
anticyclotomic zero. This restricted two-variable Selmer group is related to
elliptic units by Rubin’s proof of the two-variable main conjecture, and the
nonvanishing of its characteristic ideal along the anticyclotomic line allows
us to descend to the anticyclotomic extension and relate the restricted
Selmer group over D, to the elliptic units. In the third section we use
results of Perrin-Riou and Rubin on the p-adic height pairing to relate the
twisted elliptic units to the linear term £; of Katz’s L-function.

Acknowledgments. — We are very grateful to Karl Rubin for writing
an appendix to this paper.

0.1. Notation and conventions

We write ¢ for the K-valued grossencharacter associated to E, and we
let f denote its conductor. Note that since p is a prime of good reduction
for E, it follows that p is coprime to f.

Let Q' C C be the algebraic closure of Q in C, and let 7 be complex
conjugation, also denoted by z — 2. Fix an embedding i, : Q* — C, lying
above the prime p, and let i, = i, o 7 be the conjugate embedding.

We write R for the field of fractions of Ry. If M is any Z,-module, we
define

Mg, = M®Z,,R07 Mg = Mg, ®r, R.
The Pontryagin dual of M is denoted

def
= Homg, (M, Q,/Z,).

If M is any Z,-module of finite or cofinite type equipped with a con-
tinuous action of Gx = Gal(Q*/K) and F is a (possibly infinite) Galois
extension of K, we let

M\/

HY(F, M) =lim H'(F', M)

where the inverse limit is over all subfields F’ C F finite over K and is
taken with respect to the natural corestriction maps. If q is p or p*, we
define

H'(Fy, M) =lim @ H'(F),, M),  H'(F,, M) =1lim@) H'(F,,, M).

wlq wlq

ANNALES DE L’INSTITUT FOURIER
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(Here the inverse (respectively, direct) limit is taken with respect to the
corestriction (respectively, restriction) maps.) These groups have natural
A(F) = Z,[|Gal(F/K)]]-module structures.

For a positive integer n, Cy, is the unique subfield of Cy, with [C), : K] =
p™; the field D,, is defined similarly. If m is an ideal of K, we denote by
K (m) the ray class field of conductor m. If n is another ideal of K, we
let K(mn>) = UpK(mn*). We write N(m) for the absolute norm of the
ideal m.

1. A little cohomology

We define canonical generators m and 7* of the ideals p and p* by 7 =
P(p) and 7 = (p*), so that 7* = 7. Define G g-modules

Wy = E[p™], Wy = E[p™>],

and let T}, and T}« be the 7 and 7*-adic Tate modules, respectively. Note
that the action of 7 on E[p™] interchanges W, and W, and so induces a
group isomorphism T, = T,-. If we set V, =T, ® Q, and Vx = Ty« ® Q,,
then there is an exact sequence

(1.1) 0—-Ty - Vg — Wy — 0

where q = p or p*. For every place v of K and any finite extension F' of K
or K, the Gp-cohomology of this sequence implies that

HO(F7 Wp)/div = Hl(F7 Tp)tora

where the subscript /div indicates the quotient by the maximal divisible
submodule, and the subscript tor indicates the Z,-torsion submodule. The
Weil pairing restricts to a perfect pairing T, x Tp- — Zp(1).

1.1. Selmer modules

Let g be either p or p* and set g* = 7(q).

LEMMA 1.1.1. — The primes of K above p are finitely decomposed
in K.
Proof. — This follows from Proposition II1.1.9 of [25]. O

LEMMA 1.1.2. — The degree of Kq(E[q]) over K4 isp — 1.

TOME 56 (2006), FASCICULE 4



1006 Adebisi AGBOOLA & Benjamin HOWARD

Proof. — This follows from the theory of Lubin-Tate groups. See for
example Chapter 1 of [25]. O

LEMMA 1.1.3. — For any intermediate field K C F C Ko the A(F)-
module
Ay(F) = D HO(F,, W)
vlf
has finite exponent. If all primes dividing { are finitely decomposed in F,
then A;(F') is finite.

Proof. — Fix a place v|f of F'. The extension F, /K, is unramified, while
W, is a ramified Gal(K#/K,)-module (by the criterion of Néron-Ogg-
Shafarevich). Since W), = Q,/Z, has no proper infinite submodules we
conclude that E(F,)[p>] is finite, and so P, HOY(F,, W) has finite ex-
ponent. This group is finite if all primes above § are finitely decomposed
in F. U

LEMMA 1.1.4. — Let F/K be a finite extension, let v be a prime of F
not dividing p, and let V' be a finite dimensional Q,-vector space with a
linear action of Gp,. If V- and Hom(V, Q,(1)) both have no G, -invariants
then H*(F,,V) = 0.

Proof. — This follows from Corollary 1.3.5 of [24] and local duality, or
from standard properties of local Euler characteristics. O

In particular, Lemma 1.1.4 implies that H'(F,, Vq) = 0 for v not dividing
p. If v is any place of F, we define the finite or Bloch-Kato local conditions
HYF,, Ty)tor ifv]q*

HYF,,T,) =
5o To) {Hl(Fv,Tq) else

HY(F,,Vy) ifvlq

0 else

H}(Fva‘/q){

HY(F,,Wg)aww ifv|q

HYF,, W,) =
f(v ) {O else

The submodules Hf(F,,T,) and H(F,,W,) are the preimage and im-
age, respectively, of H} (Fy,Vq) under the maps on cohomology induced
by the exact sequence (1.1). If M is any object for which we have defined
H} (Fy, M), we define the relaxed Selmer group Sel,q1(F, M) to be the set
of all ¢ € HY(F, M) such that loc,(c) € H}(FU,M) for every place v not
dividing p. We define the true Selmer group Sel(F, M) to be the subgroup
consisting of all ¢ € Sel,e1(F, M) such that loc,(c) € H}(F,, M) for all v,

ANNALES DE L’INSTITUT FOURIER



ANTICYCLOTOMIC IWASAWA THEORY 1007

including those above p. Finally, we define the strict Selmer group to be
all those ¢ € Sel(F, M) such that loc,(c¢) = 0 at the v lying above p. By
definition there are inclusions

Selst, (F, M) C Sel(F, M) C Selyoi(F, M)

and all are A(F)-modules. Our definitions of Sel(F,Ty) and Sel(F, W,)
agree with the usual definitions of the Selmer groups defined by the local
images of the Kummer maps; see Section 6.5 of [24].

LEMMA 1.1.5. — Let S denote the set of places of K dividing pf and
let Kg/K be the maximal extension of K unramified outside S. For any
K C F C Kg finite over K,

HY(Kg/F,T,) = Selya(F, Tp).

Proof. — For any v ¢ S, the local condition H}(FU,TP) is exactly the
subgroup of unramified classes by [24, Lemma 1.3.5], while for v € S the
local condition defining the relaxed Selmer group is all of H!(F,,T,). O

If F/K is a (possibly infinite) extension we define A(F')-modules
S(F,Ty) = lmSel(F', T,),  Sel(F,Wy) = limSel(F, Wy)

where the limits are with respect to corestriction and restriction respec-
tively, and are taken over all subfields F/ C F finite over K. We also
define strict and relaxed Selmer groups over F' in the obvious way, e.g.
Sstr(F, Ty) = lgn Selger (F', Ty), and so on. Recall the notation

Py M) =t @) H' (£, M),
vlq

and set

H}(FWM) = IEII@H%(Fé,M), H}(FWM) = h_rfl@H%(inaM)

v|q vlq

The canonical involution of A(F) which is inversion on group-like ele-
ments is denoted ¢ : A(F) — A(F). This involution induces a functor
from the category of A(F)-modules to itself, which on objects is written as
M — M*". If ¢ =p or p*, there is a perfect local Tate pairing
(1.2) HY (Fy, Tp) x HY (Fq, Wy-) — Qu/Z,

which satisfies (A\x,y) = (z, A'y) for A € A(F'). Under this pairing, the sub-
modules H} (Fy,Tp) and Hj(Fy, Wp+) are exact orthogonal complements.

TOME 56 (2006), FASCICULE 4



1008 Adebisi AGBOOLA & Benjamin HOWARD

PROPOSITION 1.1.6. — Suppose F/K is a Z,-extension in which p*
ramifies. Then H'(Fy,T,) and H'(Fy+,T,) are rank one, torsion-free A(F)-
modules.

Proof. — Let q = p or p*. The claim that H'(F,,T,) has rank 1 is
Proposition 2.1.3 of [18]. By Proposition 2.1.6 of the same, the A(F')-torsion
submodule of H!(Fy,T}) is isomorphic to H?(Fy, T}), so it suffices to show
that FE(F,)[p>°] is finite for every place v of F above q. If ¢ = p this is
immediate from Lemma 1.1.2. If g = p* then E[p°°] generates an unramified
extension of K, and by hypothesis the intersection of this extension with
F, is of finite degree over K,. Hence E(F,)[p>°] is finite. O

PROPOSITION 1.1.7. — IfF/K is an abelian extension such that H}(Fp*,
T,) = 0, then there are exact sequences

locy, =

(1.3) 0= S(FTy) — SalFTy) M (Fy-, Ty)

loc,, «
(14) 0 — Selg(F,Wy=) — Sel(F,Wp+) —> H'(Fy-, W),

and the images of the rightmost arrows are exact orthogonal complements
under the local Tate pairing. Under the same hypotheses there are exact
sequences

(1.5) 0 = Sw(F,Ty) — S(F,Ty) = HY(F,,T,)
(1.6) 0 — Sel(F,Wy) — Selat(F, Wy) — HY(F,, W,-),

and again the images of the rightmost arrows are exact orthogonal com-
plements under the sum of the local pairings. The hypotheses hold if F
contains a Zy-extension in which p* ramifies.

Proof. — If H}(Fp*7Tp) = 0 then Hjlc(Fp*7 Wy+) = HY(Fy«, Wp+) by lo-
cal duality. The exactness of the sequences is now just a restatement of
the definitions. The claims concerning orthogonal complements are conse-
quences of Poitou-Tate global duality, cf. Theorem 1.7.3 of [24].

Let v be a place of F above p* and let F’ C F, be finite over Kp-. >From
the cohomology of (1.1) and the fact that H°(F’,V}) = 0 we have

H}(F',Ty) = HO(F', W) = E(F')[p™].

Taking the inverse limit over F' C F,, we see that

1131H}(F’,T,,) =0

ANNALES DE L’INSTITUT FOURIER



ANTICYCLOTOMIC IWASAWA THEORY 1009

whenever F, contains an infinite pro-p extension of K, whose intersection
with K- (E[p>]) is of finite degree over K,-. The extension of K,- gener-
ated by E[p] is unramified, so this will be the case whenever F' contains
a Zp-extension in which p* ramifies. g

If F/K is an abelian extension we define A(F')-modules
X(F) = Sel(F,W,)"
Xrel(F) = Selyel (F, W)Y
Xstr(F) = Selser (F, Wy)V.
Define X*(F), X} (F'), and X

& (F') similarly, replacing p by p*.

Remark 1.1.8. — Because of the behavior of the local pairing (1.2) under
the action of A(F), we adopt, for the entirety of the paper, the convention
that A(F) acts on X (F) via (A- f)(z) = f(Az). Thus the map

Hl(Fp*va) — X*(F)

induced by localization at p* and the local pairing is a map of A(Dy)-
modules. The same convention is adopted for X*(F), X (F), etc.

LEMMA 1.1.9. — Let F/K be a Z, or Z? extension of K. There is a
canonical isomorphism of A(F)-modules

Sre1(F, Tyy) = Homp gy (Xrel (F), A(F)).

In particular Sie1(F,Ty,) and X,e(F) have the same A(F)-rank, and
Srel(F, Ty) is torsion-free.

Proof. — The proof is essentially the same as that of [18, Proposition
4.2.3]. Suppose that L C F' is finite over K. Let S denote the set of places
of K consisting of the infinite place and the prime divisors of pf, and let
Kg/K be the maximal extension of K unramified outside S. By Lemma
1.1.5

Seel(L,Ty) = H'(Ks/L,Ty) = lim H' (Ks /L, B[p"]).

On the other hand, Lemma 1.1.2 shows that E(L)[p] = 0 (since [L : K] is
a power of p), and so the Gal(Kg/L)-cohomology of

0 — B — Wy T W, — 0
shows that H'(Kg/L, E[p*]) = H (KS/L»Wp)[p ].
If we define
Xs(L) = H' (Kg/L,W,)"
then

Homy 1) (Xs(L), A(L)) = Homg, (Xs(L), Zp)

TOME 56 (2006), FASCICULE 4
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via the augmentation map A(L) — Z,. The right hand side is isomorphic
to the p-adic Tate module of H'(Kg/L,W,), so by the above

(1.7) Srel(L, Tp) = Homy (1) (Xs(L), A(L)).

As in the proof of Lemma 1.1.5, for any v ¢ S the unramified classes in
H*'(L,,W,) agree with the local condition H} (Ly, Wy), and so we have the
exact sequence

(1.8) 0 — Selha(L,W,) — H'(Ks/L,W,) — D H" (L, Wp).
vlf
The Pontryagin dual of the final term is isomorphic to
@Hl(LvaTP*) = @HO(LW Wp*)v
vlf vlf

where we have used Lemma 1.1.4 and the cohomology of the short exact
sequence relating Ty-, Vp-, and Wy-.

If A;‘(F) denotes the module of Lemma 1.1.3, with p replaced by p*, we
may take the limit as L varies, and the dual sequence to (1.8) reads

AXF)Y = Xs(F) = Xea(F) — 0

where the first term is a torsion A(F)-module (even a torsion Z,-module)
by Lemma 1.1.3. Applying the functor Homyp)(-, A(F')) and combining
this with (1.7) gives the result. O

Remark 1.1.10. — A similar argument can be used to show that S(F, T})
and X (F) have the same A(F)-rank, and similarly for the strict Selmer
groups. See [18, Proposition 4.2.3], for example. When F' = D, these
facts will fall out during the more detailed analysis of the relationship be-
tween Xgi, and and X, given in Theorem 1.2.2.

1.2. Anticyclotomic Iwasawa modules

LEMMA 1.2.1. — There are isomorphisms of A(Dy,)-modules
S(Doo,Ty)" =2 S(Doo, Tp-), X (Do) =2 X* (Do),
and similarly for the relaxed and restricted Selmer groups.

Proof. — The action of Gk on the full Selmer group
Sel(Doo, E[p™]) = Sel(Doo, Wy) @ Sel(Doo, Wy )

ANNALES DE L’INSTITUT FOURIER



ANTICYCLOTOMIC IWASAWA THEORY 1011

extends to an action of Gq, and complex conjugation interchanges the p
and p*-primary components. Since Gal(D,/Q) is of dihedral type, we may
view complex conjugation as an isomorphism

Sel(Doo, Wy)* = Sel(Doo, Wi+ ),

and 80 X(Dy)" 2 X*(Ds). The other claims are proved similarly. O

The remainder of this subsection is devoted to a proof of the following
result.

THEOREM 1.2.2. — If r(-) denotes A(Ds)-rank, then r(X(Dy)) =
r(S(Dws)) and the same holds for the strict and relaxed Selmer groups.
Furthermore,

r(Xrel(Deo)) = 14 1(Xestr (Do)

and the A(Dy)-torsion submodules of X,e1(Dso) and X, (D) have the
same characteristic ideals, up to powers of pA(Dy).

Let O be the ring of integers of some finite extension ®/Q,, and let
x: Gal(Dy/K) — O

be a continuous character of Gal(Ds/K). If M is any Z,-module, define
M(x) = M @ O(x). From Lemma 1.1.2 it follows that ¢4 : Gx — Z) —
(Z,/pZ,)* is surjective, and from this it is easy to see that the residual
representation of T (%) is nontrivial and absolutely irreducible. Combining
this with Lemma 1.1.4 and the duality

Vo(X) x Vo= (x 1) — Qp(1),

we have that H'(K,,Vy(x)) = 0 for every v not dividing p. We define
generalized Selmer groups

Hyo (K, We(x),  Hy

rel str

(5, Wq (X)),

where the first group consists of classes which are everywhere trivial at
primes not dividing p, and which lie in the maximal divisible subgroup
of H'(K,,Wy(x)) at primes v above p, and the second group consists of
classes which are everywhere locally trivial.

If y is the trivial character, then HJ (K,Wy) = Selyu.(K,W,), but
H! (K,W,) may be slightly smaller than Sel,ei(K, Wy ). If we define

Selrel (K, Wy(x)) € H' (K, Wq(x))

to be the subgroup of classes which are locally trivial at all primes not
dividing p, and impose no conditions at all above p (so that this agrees

TOME 56 (2006), FASCICULE 4



1012 Adebisi AGBOOLA & Benjamin HOWARD

with our previous definition when x is trivial), then we can bound the
index of

(1'9) Hl (K, Wq (X)) - Selrel(Ka Wq (X))

rel

as follows. The quotient injects into
H (K, Wa(x) ® H' (K-, Wy (X))

modulo its maximal divisible subgroup. Thus, using the exact sequence
(1.1) and local duality, the order of the quotient is bounded by the order of

HO(Ky, Wa-(x™1)) ® H°(Kp-, Wo- (x™1)).

It is easy to see that this group is finite, and bounded by some constant
which does not depend on x, provided O remains fixed.

Our reason for working with the slightly smaller group H}, is the fol-
lowing

PROPOSITION 1.2.3. — (Mazur-Rubin) For every character x there is a
non-canonical isomorphism of O-modules

Hyo (K, Wy (X)) = (®/O0) @ Hy (K, Wy (x 1))

Proof. — All references in this proof are to [15]. It follows from Theorem
4.1.13 and Lemma 3.5.3 that

Hyoy (K, Wy () '] = (2/0)"[p'] © Hyg (K, Wy (x 1)) ']

for every i, where r is the core rank (Definition 4.1.11) of the local condi-
(K, Wy(x))- A formula of Wiles, Propo-
sition 2.3.5, shows that the core rank is equal to

tions defining the Selmer group H:

rel

corank H'(K,, W, (x))+corank H*(Kp~, W, (x)) — corank H°(K,, W, (X)),

in which v denotes the unique archimedean place of K and corank means
corank as an O-module. The first two terms are each equal to 1 by the local
Euler characteristic formula, and the third is visibly 1. Hence the core rank
is 1. Letting ¢ — oo proves the claim. O

Restriction gives a map
HY (K, Wq(x)) — H"(Doo, Wy)(x)F(P=/5K),

and since H%(Deo, W4(x)) = 0, the Hochschild-Serre sequence (see Propo-
sition B.2.5 of [24]) implies that this map is an isomorphism.

ANNALES DE L’INSTITUT FOURIER



ANTICYCLOTOMIC IWASAWA THEORY 1013

LEMMA 1.2.4. — The above restriction isomorphism induces injective
maps

HL (K, W,(x)) — Sele(Doo, Wy)(x) G2 P/ 5
H1 (K’ WCI(X)) - Selrcl(Doo,Wq)(X)Gal(DOC/K)

rel

whose cokernels are finite and bounded as x varies (provided O remains
fixed).

Proof. — A class d € Selsi(Doo, Wy)(x) 621 (P=/K) is the restriction of
some class ¢ € H' (K, Wy(x)) which is in the kernel of

(110) Hl(K’mWC{(X)) - Hl(Doo,qu(X))

for every place v of Dy Let I'y = Gal(Doo /Ky ), s0 that T is either trivial
or isomorphic to Z,. If ', = 0 then (1.10) is an isomorphism. If T, = Z,
with generator v, then the cokernel is trivial and the kernel is isomorphic
to M/(y — 1)M where M = H°(Dy ,Wy) @ O. If v is a prime of good
reduction not dividing p, then Dy ,, is the unique unramified Z,-extension
of K,. It follows that M = 0 if E[q] ¢ K,, while M = W, if E[q] C K,. In
either case, since (7 — 1) acts as a nontrivial scalar on W, we must have
M/(y—=1)M = 0. If v is a prime of bad reduction, or if v lies above p, then
M is finite. Thus the kernel of (1.10) is trivial for almost all v, and finite
and bounded by a constant independent of x.

A class d € Selye)(Doo, Wy)(x)E(P=/K) is the restriction of some class
¢ € HY(K,Wy(x)) which is in the kernel of (1.10) at every prime not
dividing p. The above argument shows that the cokernel of

Selyel (K, Wo(x)) — Seler(Dao, Wy ) (x) 2P/

is finite with a bound of the desired sort, and so the claim follows from our
bound on the index of (1.9). O

COROLLARY 1.2.5. — Forany x : Gal(Dso/K) — O, the O-coranks of
Selrcl(Dooa WP)(X)Gal(DOO/K)7 Selstr(Doo, Wp)(X)Gal(Dw/K)

differ by 1, and the quotients by the maximal O-divisible submodules have
the same order, up to O(1) as x varies.

Proof. — By Lemma 1.2.1,
Selstr(Doov Wp*)(X_I)GaI(DOO/K) = Selstr(Doo» WP)(X)Gal(DOQ/K)‘

Combining this with Proposition 1.2.3 and Lemma 1.2.4 gives the stated
result. ]
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LEMMA 1.2.6. — We have the equality r(X;e1(Doo)) = 1+ 7(Xstr (Do),
and the A(Dy)-torsion submodules of X,e1(Dso) and X, (Do) have the
same characteristic ideals, up to powers of pA(Dy).

Proof. — Choose a generator v € Gal(Do/K) and identify A(Dy,) with
Z,[[S]] via vy — 1+ S. Assume O is chosen large enough that the charac-
teristic ideals of the torsion submodules of X, (Do) and X (Do) split
into linear factors. Let m C O be the maximal ideal, and fix pseudo-

isomorphisms
rel(Doo) @z, O~ A® A, X (Do) @z, O~B&B,

where A, and B, are torsion modules with chracteristic ideals generated
by powers of p, and A and B are of the form

Az=OS e @A, B=O[S]) & Be
£em gem

where each A¢ is isomorphic to @, O[[S]]/(S — &)* for some exponents
e; = €;(A,£), and similarly for B. Define

P={(em| A #0or Be # 0},

and to any & ¢ P we define a character x¢ by x¢(v) = (€4 1)~'. Then for
any £ € P we have

a = rankep A/(S - f)A = corankp Selrcl(Doo7 Wp)(X&)Gal(Doo/K)

and similarly for B. The corollary above immediately implies that a = b+1,
hence 7(X;e1(Doo)) = 7(Xstr(Doo)) + 1.

Now fix £ € P and choose a sequence zp — £ with 2, € m — P for all
k. As k varies, the O-length of the torsion submodule of A/(S — xj)A is
given by

v(zk =&)Y ei(A ) +0(1)

K3
where v is the valuation on O, and similarly for B. Applying the corollary,
we have

v(ak =€) eA ) = v(ay — €)Y ei(B,£),

up to O(1) as k varies. Letting k — oo shows that ). e;(A4,&) =), €;(B,§),
proving that the torsion submodules of X, (Do) and X;e(Doo) have the
same characteristic ideals, up to powers of pA(Doo). |

The following corollary completes the proof of Theorem 1.2.2.

COROLLARY 1.2.7. — We have the equality of ranks r(X(Ds)) =
r(S8(Dw)), and the same holds for the strict and relaxed Selmer groups.
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Proof. — For the relaxed Selmer groups, this equality of ranks was proved
in Lemma 1.1.9. Let A and B be the cokernels of

Srel(Doo, Tpy) — Hl(Doo,p*va)a S(Doo, Tpy) — Hl(Doo,pan)7
respectively. Then Propositions 1.1.7 and 1.2.1 give

r(A) + (X (Doo)) = r(X (Do)
7(B) +1(X(Doo)) = 7(Xre1 (Do)
r(A) +7(Sre1(Dooy Ty)) = 1+ 7(S(Doo, Ty))
7(B) +7(S(Doo; Ty)) = 1+ 7(Sstx(Doos Tp))-

By Lemma 1.2.6, the first two equalities imply that r(A) + r(B) = 1. The
second two equalities then imply that r(Syel(Doo, Tp)) = 147 (Sstr (Do Tp))-
We deduce, using Lemma 1.1.9, that 7( X (Doo)) = 7(Sstr(Doo, Tpp))- Sim-
ilarly, the equality r(X (D)) = 7(S(Doo,Ty)) is deduced from Lemma
1.1.9 by adding the middle two equalities. O

2. L-functions and Euler systems

In this section we recall the definition of Katz’s L-function, the construc-
tion of the elliptic units, and state Yager’s theorem relating the two. Our
presentation follows [25], to which the reader is referred for more details
on these topics. Using results of Rubin, we then twist the elliptic units into
an Euler system more suitable for our purposes and use the twisted Euler
system to compute the corank of the p*-power Selmer group over D,

2.1. The p-adic L-function

For any integers k, j, we define a grossencharacter (of type Ag, although
we shall never consider any other type) of type (k,5) to be a Q*-valued
function, €, defined on integral ideals prime to some ideal m, such that if
a = a0k with @ =1 (mod m) then €(a) = a*a’/. We have the usual notion
of the conductor of a grossencharacter, and the usual L-function defined to
be (the analytic continuation of)

1
tes =1l —mng—=

where the product is over all primes | of K, with the convention that
e(l) = 0 for [ dividing the conductor of e. For any ideal m, the notation
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L (€, s) means the L-function without Euler factors at primes dividing m,

and
I'(s — min(k, j))

Loom(e,s) = (27)s—min(k.j)

Li(e,8).
Finally, if € has conductor f. and type (k,j), set
R(ea 5) = (dKN(fE))S/QLOOﬁe (67 5)7

where di denotes the discriminant of K. Then we have the functional
equation R(e,s) = W, - R(€,1+k+j — s) for some constant W, of absolute
value one (the “root number” associated to €). If we take ¢ = ¢ to be the
grossencharacter of our elliptic curve, then the functional equation reads
R(1, 8) = Wy - R(1),2—s), since 9 (1) = 1(1) implies that L(v, s) = L(1), s).
In particular Wy, must be £1.

To any grossencharacter of conductor dividing m, we associate p-adic
Galois characters

€q : Gal(K (mp>™)/K) — CJ

by the rule €4(0q) = iq(e(a)), where g is p or p*, and o4 is the Frobenius
of a. The character 1, agrees with the character

Gal(K (f)/K) — Aut(Ty) = Z;,
and the formalism of the Weil pairing implies that 1,1~ is the cyclotomic
character.

THEOREM 2.1.1 (Katz). — There are measures

(2.1) e € MEK(fp™))Ros  bp» € AME(p™))R,

such that if € is a grossencharacter of conductor dividing fp>° of type (k, j)
with 0 < —j < k, one has the interpolation formula

e(p _
(22) 0@ [ diy = (1= ) - Loy 0)
where a,, () €C,, is a nonzero constant, the integral is over Gal(K (fp>°)/K),
and the right hand side is interpreted as an element of C, via the embedding
iy. As usual, e(p) = 0 if p divides the conductor of e. Similarly, if € has
infinity type (k, ) with 0 < —j < k and conductor dividing fp>°, then

ap*(e)/fp* dpp = (1 - 6(2*)) + Loo,p(€7",0)

for some nonzero ay-(€) where the right hand side is embedded in C,

via fp«.

Proof. — This is Theorem I1.4.14 of [25]. O
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Remark 2.1.2. — Our measure p, is de Shalit’s u, (fp*>°). The measure
[y is canonically associated to the field K, the ideal f and the embedding
ip. In particular it does not depend on the elliptic curve . The constants
ay(€) and ap«(€) can be made explicit.

Remark 2.1.3. — It can be deduced either from the interpolation formu-
lae (2.1), (2.2) or from a result of Yager (see Theorem 2.2.1 below) that the
involution of A(K (fp™))r

pp and fip-.

, induced by complex conjugation interchanges

If € is a grossencharacter of conductor dividing fp>°, we define

Losl = [ " din
Gal(K (fp>=)/K)

and similarly with p replaced by p*, so that the interpolation formula reads

(2.3) Loi(e) = (1 _ E(p; ) + Lo p- (€, 0)

up to a nonzero constant, provided that e has infinity type (k,j) with
0= —j>k

If x is a Z;-valued character of Gal(F/K) for some abelian extension
F/K, we let

Twy : A(F)r, — A(F)r,
be the ring automorphism induced by v — x(v)7y on group-like elements.
Suppose q = p or p*, F' is an extension of K contained in K (fp°°), and x is
a Z,-valued character of Gal(K (fp>)/K). Define 114 (F'; x) to be the image
of Tw, (pq) under the natural projection

AK(p™))re — AF)Ro,
and for any integral Ok-ideal a prime to fp, define A(F';x,a) to be the
image of Tw, (0, — Na). Let

tq(F X, a) = pg(F5 X)AF; X, a).

In particular, the measure pq(Doo; ¥p+, a) will be of crucial interest.

If F/K is any subextension of K (fp™) and e is a grossencharacter such
that €, factors through Gal(F/K), then

/651 dprg(F;1pp=,a) = (eglwp*(aa) - Na) /eglwp* dpiq

ip(e'(a) = Na) - Lys(ep™)  ifq=p

0

(2.4) =
ip- (e7Mp(a) — Na) - Lps s(ep™1) if g =p*
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where the integral on the left is over Gal(F/K) and the integral on the
right is over Gal(K (fp>°)/K).

Fix a generator o of Gal(Ks /Do ). The cyclotomic character defines a
canonical isomorphism

():Gal(Kw/Doo) = Gal(Coo /K) = 1 + pZy,.
Following Greenberg, we define the critical divisor
O=0—(0)o7 " € A(Kxo)R,-

If q is p or p*, we have a canonical factorization g = xqn, Where x4 takes
values in p,—1 and 74 takes values in 1 + pZ,. It is trivial to verify, using
the fact that n,n,- = (), that Tw,, (©) generates the kernel of the natural
projection A(Kso)ry, — A(Doo)r,-

Let K = K(E[p>=]) so that K C K(fp>) by the theory of complex
multiplication. We have a natural isomorphism

Gal(K/K) 22,

Z; xZ,,

and hence if we define A = Gal(K/K ), every character of A is of the form
XSXS* for some unique 0 < a,b < p — 1. If x is any character of A, we let
e(x) € A(K)r, be the associated idempotent, satisfying ve(x) = x(v)e(x)
We may also view e() as a map A(K)r, — A(Kw)r,, hopefully without
confusion. If x is the trivial character, this map is the natural projection.

THEOREM 2.1.4 (Greenberg). — Let q = p or p*, q¢* = g, and denote
by W the sign in the functional equation of ¢. If 1 denotes the trivial
character, so that pq(K,1) is the image of pg in A(K)g,, then

(1) the critical divisor divides e(xq)pq(K,1) if and only if W = —1,
(2) the critical divisor divides e(xq+)ptq(K, 1) if and only if W = 1.

Proof. — The first claim is exactly the case kg = 0 of [5, Proposition 6].
For the second claim, the case kg = p—2 of the same proposition shows that
the critical divisor divides e(xq+)pq(C, 1) if and only if W),_o = —1, where
Wp—2 is the sign in the functional equation of 2(P=2)+1 Let m denote the
number of roots of unity in K. Proposition 1 of [5], together with the fact
that p=1 (mod m), implies that W,_o = —W. |

COROLLARY 2.1.5. — The measure p, (Do, 1y~ ) is nonzero if and only
if W = —1. The measure piy+ (Do, ¥p-) is nonzero if and only if W = 1.
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Proof. — Let q = p or p*. We have pq(Doo,Pp+) = 0 if and only if
Twy,. (©) divides p1q(Ko,¥p+), which occurs if and only if © divides

Twnp—,} (1a (Koo, Pp-)) = TWd)p_*l (e(1)paq(IC, 1p-))
= e(Xp*)Tww;j (1a (KC, p-))
= e(Xp~ ) 1q (K, 1).
The claim now follows from Theorem 2.1.4. O

Corollary 2.1.5 shows that one of the measures 1, (Doo, ¥p+ ), tp* (Doo, Yp+)
(depending upon the value of W) is non-zero. We conclude this subsec-
tion by describing an alternative approach to showing this fact, using root
number calculations and non-vanishing theorems for complex-valued L-
functions.

Suppose that 6 is a C*-valued idele class character of K, of conductor
fo. Then we may write 0 = [[, 6, where the product is over all places of
K. We define the integer () by the equality 0. (z) = 2™(?|z|*. Hence, if
0 is associated to a grossencharacter of K of type (k, j), then

Ooo(2) = 2750 = 2F=3|2|%

and so n(0) =k — j.

Let Wy denote the root number associated to . It follows easily from
standard properties of root numbers (see, for example [9], especially Propo-
sition 2.2 on page 30 and the definition on page 32) that Wy = Wj 4.

PROPOSITION 2.1.6 (Weil). — Suppose that 6, and 05 are C*-valued
idele class characters of absolute value 1. Assume also that fs, and fq, are
relatively prime. Then

Wo, 0, if n(61)n(62) = 0;
Wo, Wo,01(fo,)02(fo,) = ’ 91, . (61)n(0,)
(—1)*Wa,e, ifn(f1)n(f2) <0,

where v = inf{|n(61)|, |n(f1)|} mod 2.

Proof. — See [26], pages 151-161 (especially Section 79). O
Let K[p"] denote the ring class field of K of conductor p”, and set
K[p™] = Unz 1 K[p"]-

PROPOSITION 2.1.7. — Let £ be a grossencharacter of K whose associ-
ated Galois character factors through Gal(K[p>]/K) and is of finite order.
(a)(Greenberg) The following equality holds

Wey = Wy
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(b) Let e be a positive integer, and let € be a grossencharacter of type
(—e, e) associated to K, of trivial conductor (such a grossencharacter always
exists for a suitable choice of e). Then

Weey = =Wy

Proof. — (a) This is proved on page 247 of [5]. (Note that the proof given
in [5] assumes that the Galois character associated to & factors through
Gal(Ds/K). It is easy to see that the same proof holds if we instead assume
that the Galois character associated to £ factors through Gal(K[p>]/K).)

(b) From part (a), we see that it suffices to show that

Weey = —Wey.

The proof of this equality proceeds by applying Proposition 2.1.6 to the
idele class characters 0; = £y/|€v| and 02 = €/]e]|.

We first note that since € has trivial conductor, the same is true of 6o,
and so 01(fs,) = 1. Next, we observe that since E is defined over Q, it
follows that fy, = fg,. Since € is of type (e, —e) and has trivial conductor,
this implies that 65(fp,) = 1.

Let dx denote the different of K/Q. It follows from standard formulae
for global root numbers (see [8], Chapter XIV, §8, Corollary 1, for example)
that

(2.5) We =i 2%(05") = (—=1)%(6").

It is not hard to check that the different of any imaginary quadratic field of
class number one has a generator ¢ satisfying ¢/|0| = . This implies (since
¢ has trivial conductor and is of type (e, —e)) that €(05") = (—1)¢. It now
follows from (2.5) that

We=1=Wp,.

Finally, we note that n(6;) = 1 and n(f2) = —2e, whence it follows that
v = 1. Putting all of the above together gives

Wo,0, = =Wy, Wh,,
from which we deduce that
Wegp = —Wey = =Wy,
as claimed. O

Now suppose that Wy, = —1, and let k = € be a grossencharacter as
in Proposition 2.1.7(b) whose associated Galois character factors through
Gal(Dw/K). (Note that once a choice of ¢ is fixed, then there are infinitely
many choices of £ such that the Galois character associated to e factors
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through Gal(Ds,/K).) Then s~ is of type (—e, e—1), and so it lies within
the range of interpolation of (2.3). Hence we have (from (2.3) and (2.4))

/"‘@p_ldﬂp (Doo; Pp+, @) = Z'p("f_lz/;(c‘) - Na)ﬁmf("ﬂﬁ_l)
r(p) "
p

= iy (571 0() = Na) (1= T2 ) Lo e (s, 0)

~1
= i 00) = N0 (1= S ),
where for the last equality we have used the fact that 1) = N.

Next we note that Proposition 2.1.7(b) implies that W, = 1. It now
follows from a theorem of Rohrlich (see page 384 of [19]) that, for all but
finitely many choices of x, we have Lo sp+(k1),1) # 0. Hence the measure
tp(Doo; y+, a) is non-zero, and so the same is true of p, (Doo; ¥p+).

We now turn to the measure pip« (Doo; ¥p+ ). Suppose that Wy, = 1, and let
¢ be any character of Gal(Dy,/K) of finite order. Then the grossencharacter
&y~ 1is of type (—1,0), and so lies within the range of interpolation of (2.3).
Hence, just as above, we have

/Ep_*ldﬂp*(Dodwp*a a) = ip- (£ (a)—Na) Ly (07 1)
E(p*)!
p

= ip- (" (a)—Na) (1 - ) Loep(€071,0)

*)—1

— i (6wl -Na) (1= )L i),
Now Proposition 2.1.7(a) implies that that W () = W(y) = 1 . It

therefore follows from the theorem of Rohrlich quoted above that, for all but

finitely many choices of &, we have Log jp(£%),1) # 0. This in turn implies

that iy« (Doo; ¥p=,a) is non-zero, whence it follows that pp«(Doo;tp+) is

non-zero also.

2.2. Elliptic units

If F/K is any finite extension and q = p or p*, we define U, (F) to be the
direct sum over all places w dividing q of the principal units of F,. If F/K
is any (possibly infinite) extension, we define U, (F) to be the inverse limit
with respect to the norm maps of the groups Uq(F”) as F’ C F ranges over
the finite extensions of K. Let a be an Og-ideal with (a,fp) = 1, and let
I(a) denote the set of all ideals of Ok prime to a.
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If L C C is a lattice with CM by Ok, we define an elliptic function

A(L) A(L)
O(z;L,a) =
Eho = sep UGen-vmor
where the product is over the nontrivial u € a=!L/L, and A is the modular
discriminant. For any m € I(a), let wy, be the number of roots of unity
congruent to 1 modulo m. If m is not a prime power then ©(1;m,a) is a
unit of K(m), and if [ € I(a) is prime we have the distribution relation

O(1;m,a) if[|m

Norm O(L;ml,a) = -
K(ml)/K(m) ( ) {@(1;% a)l=% " else

where e = Wy, /wn. In particular, the sequence ©(1;fp*,a) is norm com-
patible for k > 0. We denote by 8(a) and 5*(a) the images of this sequence
in Uy, (K(fp>)) and Uy« (K (fp*°)), respectively.

Define J C A(K(fp*>))r, to be the annihilator of pipe. Then J is the
ideal generated by o, — N(b) as b ranges over integral ideals prime to fp.

THEOREM 2.2.1. — (Yager) There are isomorphisms of A(K (fp™°))Rr,-
modules

UP(K(fpoo))Ro = Ja Up*(K(fpoo))Ro = Ja
which take
B(a) = (00 = N(a)) - pp,  87(a) = (00 — N(a)) - o+
Proof. — This is Proposition III.1.4 of [25]. O

2.3. The twisted Euler system

We continue to denote by a a nontrivial Og-ideal prime to fp. If m € I(a),
define a unit

Va(m) = Norm g (mp)/x(m)©(1; mfp, a).
If we let Ko = Umer(a) K (m), the elements

Oa(m) € H' (K (m), Z,(1)),
with a fixed, form an Euler system for (Z,(1),fp, Kq) in the sense of [24].

PROPOSITION 2.3.1. — Let q = p or p*. There is an Euler system ¢ = ¢4
for (T, fp, Kq) and an injection (the Coleman map)

Colg : HY (K (1p™)q, Ty)r, — MK (0™))r,
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with the following property: if we set
z=limc(K(jp")) € H'(K(7p™), Ty),
and let locq(z) be its image in H' (K (jp™)q, T} ), then Col, sends

locq (Z) ®l— Hq (K(fpoo)v "/}p* ’ U.)-
The image of Colg is Twy,. (J), the ideal generated by all elements of the
form oy — 1, (0p) with b prime to fp.

Proof. — This follows from the “twisting” theorems of Chapter 6 of [24].
The G g-module T}, is isomorphic to the twist of Z,(1) by the character
w‘lz/Jp = wpil, where w is the cyclotomic character. A choice of such an
isomorphism determines an isomorphism of Z,-modules

HU K (), Zp(1)) 2 HU (K (™), Tp)

satisfying ¢ o Tw;p{ (A\) = Ao ¢ for any A € A(K (fp>)). Similarly, if q = p
or p*, there is an isomorphism of Z,-modules

bq

Uq (K (7p™)) = HH (K (7p%)q, Zp(1)) = H'(K(7p™)q, Tp)

which is compatible with ¢ and the localization map loc,.
The Euler system cq is the twist of ¥4 by 9+, and by construction

2 = ¢(lima(fp")) = ¢(lim O(1; fp", )).

See Section 6.3 of [24], especially Theorem 6.3.5. In particular, locg(z) =
¢q(Ba), and if we define Col, to be the composition

o0 d);l (o} ~ TWw *
HU K (17)a: To)ro —— Ug(K(p>))r, = J ——— Twy,.(J)

then Colg is an isomorphism of A(K(fp™))r,-modules with the desired
properties. O

DEFINITION 2.3.2. — We say that the prime p is anomalous if p divides

(1= (p)) (1 =¥ (p)),

or equivalently if there is any p-torsion defined over Z/pZ on the reduction
of E at p.

LEMMA 2.3.3. — Let F C K, contain K and let ¢ = p or p*. The
natural corestriction map

(2.6) H (Koo,q, Tp) @a(xoy AMF) — H'(Fy, Ty)
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is an isomorphism if either ¢ = p* or if ¢ = p and p is not anomalous. If
F = Cy, D, for some 0 < m,n < oo, then the map is injective with finite
cokernel.

Proof. — Let v be any place of K, above p*, and denote also by v the
place of F' below it. By Lemma 1.1.2, E(K ,)[p*] = 0, and the inflation-
restriction sequence shows that

HY(Fy, W) — Hl(Kooﬂ”Wp*)Gal(Kooﬂ,/Fv)
is an isomorphism. This implies that the restriction map

HY(Fye, W) — Hl(Koom*,Wp*)Gal(Koo/F)
is an isomorphism. By local duality, the map

H' (Koo pes Ty) i) AMF) — H (Fpe, Tp)

is an isomorphism. If p is not anomalous then E(L)[p] = 0 for any p-power
extension L/K,, and the same argument as above shows that

Hl(Koomva) QN (Keo) A(F) — Hl(FpaTP)

is an isomorphism.

Now suppose F' = C,, D,,, let v be a place of K, above p, and suppose
also that p is anomalous; this implies that all p*-power torsion of E is
defined over K ,, and in fact is defined over the unique unramified Z,-
extension of K,. Set L = Cy,D,,, and define

B = H(L,,Wp-) = H (KX N Ly, Wp-).
Note that B is finite, since K" N L, is a finite extension of Q,. We have
the inflation-restriction sequence
HY(L,/F,,B) — HY(F,,W,-) == HY(L,, W,.)¢L/F)
— H*(L,/F,,B).

Since Gal(L,/F,) = Z, is of cohomological dimension one, the final term of
this sequence is trivial, and so the map res is surjective. The first term of the
sequence is isomorphic to B/(y — 1)B for any generator v of Gal(L,/F),),
and this is finite since B is.

Now consider the restriction map

HY(Ly, W) — H' (Koo, Wy )SM o0/ L0),

Since Koo /Ly is a Zy-extension, the restriction is surjective, exactly as
above. Similarly, the kernel is isomorphic to Wy« /(o — 1)W,« for any gen-
erator o of Gal(K,,/L,). Such a o acts on Wy« through some scalar # 1,
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and since W+ is divisible the kernel of restriction is trivial. As above, local
duality gives the stated results. g

PROPOSITION 2.3.4. — Let F' C K be a (possibly infinite) extension
of K, and let q = p or p*. Suppose that one of the following holds

(1) q=p7,
(2) q=1p and p is not anomalous,
(3) g=p and F = D,,,C,, for 0 < m,n < 0.

There is an injection of Ag(F')-modules
H(Fo, To)r — A(F)r

taking locq(c(F)) ® 1 to piq(F'; 1P+, a). The image of this map is the ideal
generated by A(F';1y-,a) as a varies, and if F' = D, the map is an iso-
morphism. If p does not divide [K(f) : K] and if either (1) or (2) holds, the
result is true with R replaced by Ry.

Proof. — Let w be a place of K(fp°°) above p, set
H = Gal(K(fpoo)w/Koo,w)

and consider the inflation-restriction sequence

HY(H,Wy+) = H' (Koo, Wy=) — H' (K(1p™)w, Wy+)
— H2(H,Wy-).

The first and last terms are finite. If p does not divide [K(f) : K] then p
does not divide |H|, and so the kernel and cokernel of restriction are trivial.
Applying local duality and considering the semi-local cohomology, we see
that the map

H1<K(fpoo)anp) QA(K (jp°°)) A(KOO) - Hl(Koc,mTp)

has finite kernel and cokernel, and is an isomorphism if [K(f) : K] is prime
to p.
By Lemma 2.3.3 the natural map

Hl(K(fpoo)anP) ®A(K(fp°°)) A(F) - Hl(quTP)

has finite kernel and cokernel, and so becomes an isomorphism upon ap-
plying first ®Ro and then ®R. Tensoring the Coleman map of Proposition
2.3.1 with A(F) yields the desired map. If F' = D, then F is disjoint from
the extension of K cut out by 1), and it follows that the image of the map
above is the ideal of A(F)gr generated by all elements of the form v — «,
where « runs over Gal(D,/K) and « runs over Zy. This ideal is all of
A(F)g. O
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2.4. Main conjectures

Throughout this subsection we fix a topological generator
v € Gal(Ko /Do), and we let I = (v — 1)A(K ).

Denote by W the sign in the functional equation of L(v, s). Let a be an
integral ideal of O prime to pf, and recall that I, is the union of all ray
class fields of K of conductor prime to a. Let ¢, be the Euler system for
(Tp, fp, Ka) of Proposition 2.3.1, and for any F' C K, let

ca(F) = limeq(F') € HY(F,Ty).

be the limit as F’ ranges over subfields of F' finite over K. Let Cq(F) be

the A(F)-submodule of Sye1(F,T}) generated by cq(F'), and let C(F) be the

submodule generated by C,(F’) as a varies over all ideals prime to pf. Define
Z(F) = Sra(F, Ty) /C(F),

and define Z4(F) similarly, replacing C by Cg.

Remark 2.4.1. — Tt is clear from the definitions that Sele1(F,Ty) =
H'(F,T,) for every extension F/K. In particular ¢q(F) € Sye1(F, Tp).

LEMMA 2.4.2. — For every F C K, finite over K, the class c¢,(F) is
unramified at every prime of F not dividing p.

Proof. — This follows from Corollary B.3.5 of [24], and the fact that the
class ¢q(F) is a universal norm in the cyclotomic direction. |

PROPOSITION 2.4.3. — The submodule locy+(C(Deo))CH (Do p, Tp)
is nontrivial if and only if W=1. The submodule loc,, (C(Deo)) CH (Doo p, Tp)
is nontrivial if and only if W=—1. In particular, C(Ds) # 0 regardless of
the value of W.

Proof. — Suppose W = 1. By Corollary 2.1.5,

tp (Doo, p+) = 0, tip* (Do, ¥p=) # 0.

We may choose a so that A\(Doo;t)p+,a) # 0, and then Proposition 2.3.4
implies that locy+(Ca(Ds)) # 0. Therefore locy«(C(Ds)) # 0. On the
other hand, for every choice of a, jip(Doo;¥p=,a) = 0, and so Proposition
2.3.4 implies that loc,(Cq(Dso)) is trivial in H'(Du p, Ty)r By Proposi-
tion 1.1.6, H!(Deop, Tp) is torsion-free, and so locy (Cq(Dso)) is trivial in
H'(Doo,p, Tp). The case W = —1 is entirely similar. O

Now armed with a nontrivial Euler system, we may apply the general

theory introduced by Kolyvagin and developed by Kato, Perrin-Riou, and
Rubin.
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PROPOSITION 2.4.4. — The A(Do)-module X% (D) is torsion and
Srel(Doo, Ty) Is torsion free of rank one. Furthermore, we have the divisi-
bility of characteristic ideals

char(X,

str

If W = 1 then the A(Ds)-module X*(Dy) is torsion. If W = —1 then
X*(Doo) has rank one and S(Dog,Ty) = Srel(Doo, Tp)-

(Dso)) divides char(Z(Dy)).

Proof. — By Proposition 2.4.3, we may choose some a so that Cq(Doo) #
0. The first claim follows from Theorem 2.3.2 of [24] (together with Lemma
2.4.2 and the remarks of Section 9.2 of [24]), and the second then follows
from Lemmas 1.1.9 and 1.2.1 and Theorem 1.2.2. Applying Theorem 2.3.3
of [24] as a varies over all integral ideals prime to pf, one obtains the
divisibility of characteristic ideals.

Suppose W = 1. The image of C(D) under

locp : Srel(Doos Tp) — H' (Doop, Tp)

is nontrivial by Proposition 2.4.3, and since both modules are torsion-free of
rank one this map must be injective with torsion cokernel. By Proposition
1.1.7 we obtain the exact sequence

0 — Srel(DomTp) - Hl(Doo,P*aTP) — X*(Doo) — Xiy(Dso) — 0

which shows that X* (D) is torsion.

Suppose W = —1. By Proposition 2.4.3 and the exact sequence (1.3),
C(Dx) C S(Doo,Ty). Since C(Dso) # 0 and S(Duo, Ty) C Sret(Doo, Tp),
it follows that S(Deo,T}) is torsion free of rank one. From Lemma 1.2.1
and Proposition 1.2.2, we see that X*(D,) has rank one. Furthermore, the
image of loc,~ in the exact sequence (1.3) (with F' = D) must be a torsion
module, and hence must be trivial. Therefore S(Doo,Tp) = Sret(Doo; Tp)-

O
Let K = K(E[p*]) and define abelian extensions of IC as follows:
o M, is the maximal abelian pro-p-extension of I unramified out-
side of p,
e M is the maximal abelian pro-p-extension of I unramified outside
of p*,
e My, is the maximal abelian pro-p-extension of K unramified ev-
erywhere.
Let £ be the inverse limit of the groups O ® Z, over subfields F C K
containing K. For any integral ideal a of K prime to pf, let U, C € be the
submodule generated by the (untwisted) elliptic unit Euler system 9, of
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§2.3. Let U be the submodule generated by all such U,. By Kummer theory
we may view U C € C HY(K,Z,(1)).
The following result is essentially due to Coates (see [3] Theorem 12).

LEMMA 2.4.5. — There is a group isomorphism
a: HYK,Q,/Z,) = H (KK, Wy )

satisfying ao Twy«(A) = Aoa for every A € A(K), where Twy, . : A(K) —
A(K) is the ring automorphism of §2.1. This map restricts to an isomor-
phism (of groups, not A(K)-modules)

Hom(Gal(M/K), Qp/Zy) = Sel(K, W+ )

and similarly for the relaxed and restricted Selmer groups, replacing M by
Mol and Mgy, respectively. Similarly, there is a group isomorphism

B HU(K, Zp(1)) = H' (K, T;)

satisfying (3 o TW;;* (A) = Ao S for every A € A(K). This isomorphism
identifies € with Sye1(KC, Ty) and U with C(K).

Proof. — The existence of
a: H'Y(K, Qp/Zy) = Hl(’CaWp*)

follows from the twisting theorems of [24, §6.2], once one fixes an isomor-
phism Wy« = (Q,/Zp)(%p+). From the definitions, together with Proposi-
tion 1.1.7, we have the following characterizations of our Selmer groups in
HY (K, Wy»):

o Selie1(KC, Wy+) consists of the classes locally trivial away from p,

e Sel(fC, Wy« ) consists of the classes locally trivial away from p*,

o Selg, (K, W) consists of the classes everywhere locally trivial.

The isomorphism « identifies each of these Selmer groups with the subgroup
of classes in H'(K, Q,/Z,) satisfying the same local conditions, and so it
suffices to check that for every place v of IC, the condition “locally trivial
at v” agrees with the condition “unramified at v”. For v not dividing p this
is [24, Lemma B.3.3] , and the case v|p is identical: fix a place v of K and
note that regardless of the rational prime below v, IC,, always contains the
unique unramified Z,-extension of K,. In particular, if """ is the maximal
unramified extension of K, then Gal(X""* /) has trivial pro-p-part, and so
HY (K™ /K, Qp/Zy) = 0.

For the compact cohomology group H' (K, T}) the existence of 3 is proved
in the same fashion, using the fact that p1,~ is the cyclotomic character.
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That § identifies the relaxed Selmer group with the unit group is a conse-
quence of the discussion above, since local duality shows that the unram-
ified conditions agree with the relaxed conditions everywhere locally. The
identification of U, with Cq(KC) is immediate from the construction of the
twisted Euler system ¢, from the elliptic units ¢, in Proposition 2.3.1. O

Decompose
Gal(K/K) 2 A x Gal(K« /K)

where A = Gal(K (E[p])/K), and let ¢q = xq14 be the associated decom-
position of ¢4, for ¢ = p of p*.

COROLLARY 2.4.6. — We have the equality of characteristic ideals in
A(Ks)

Tw;;1 (char(Gal(M/K)X¢*)) = char(X*(K))

and similarly for the relaxed and restricted Selmer groups. Also,

Tw;;1 (char(€/U)**") = char(Z(Kx)).

Proof. — This follows easily by taking A-invariants of the A(K/K)-
modules of the Lemma above (cf. e.g. [24, Lemma 6.1.2]). One must remem-
ber our convention, Remark 1.1.8, about the A(K)-action on X*(KC). O

THEOREM 2.4.7. — (Rubin) The A(Ko)-module X*(K) Is torsion,
Srel(K oo, Tp) has rank one, and

char(X*(K«)) = char(H' (Koo p+, T) /locp=C(K )
char(X}, (Kx)) = char(Z(Ky)).

str

Proof. — In view of Lemma 2.4.5 and its corollary, this is a twisted form
of the main results of [20]. O

Remark 2.4.8. — The fact that X*(K) is torsion is originally due to
Coates [3].

The following proposition follows from a deep result of Greenberg.
Strictly speaking, it is not needed to prove the main result of this sec-
tion, Theorem 2.4.17 below, but it is helpful for understanding the case
W = 1. See Remark 2.4.18.

PROPOSITION 2.4.9. — The A(K)-modules X*

rel

(Kso) and X*(Ko)
have no nonzero pseudo-null submodules.

Proof. — It is a theorem of Greenberg [4] that Gal(M,e/K) has no non-
zero pseudo-null submodules, and so Lemma 2.4.5 implies that X (K)

also has none. By [16, §I1.2, Théoréme 23], X*(K ) also has no nontrivial
pseudo-null submodules. O
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LEMMA 2.4.10. — For q = p or p*, the kernel of the restriction map
H'(Dooq, Wp+) — H'(Koo,q, Wp+)
is finite.

Proof. — The kernel of the restriction map is isomorphic to
H(Koo,q, W) /TH® (Koo q, Wp+)
by the inflation-restriction sequence and [24, Lemma B.2.8]. The finiteness

follows from Lemma 2.3.3 and local duality. |

LEMMA 2.4.11. — The semi-local restriction map
P H' (Docus W) — @ H' (Koo, Wp-).
wf wlf
is injective.
Proof. — This is [16, II.7, Lemme 13] (or [25, proof of Lemma IV.3.5]),
together with the isomorphism
H'(L,Wy-) = H'(L, B)[p*]

for any algebraic extension L/K,, (it suffices to prove this isomorphism for
finite extensions, where it is a consequence of the Kummer sequence and
the fact that F(L) has a finite index pro-¢ subgroup, where ¢ # p is the
residue characteristic of w). ]

We will need the following slight generalization of the control theorems
of Mazur and Perrin-Riou.

PROPOSITION 2.4.12. — The dual to the restriction map
(2.7) Seliel(Doo, Wy+) — Selrel (Koo, Wi+ ) 1]
is an isomorphism of A(D,)-modules

" (Koo)/IX ) (Ks) — X5 (Doo).

rel rel rel
The analogous maps for X* and X, are surjective with finite cokernel.
Proof. — Let S be the set of places of K consisting of the archimedean
place and the primes dividing pf, and denote by Kg/K the maximal exten-
sion of K unramified outside S. By Lemma 1.1.2 H(Kg/Koo, Wy+) = 0,
and so the inflation-restriction sequence shows that the restriction map

HY(Ks§/Dooy, W) — HYKg/Ko, Wp)[I]

is an isomorphism. As in the proof of Lemma 1.1.5, for w a prime of D,
not lying above a prime of S the local condition H} (Doow, Wy-) is equal
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to the unramified condition, and similarly for K,,. >From the definition
of the relaxed Selmer group, we have the commutative diagram with exact
rows

0 —> Selyei(Doo, Wy+) — HY(Kg/Doo, Wy ) —> @ H* (Doo w, Wp+)

| | |

0 — Selyel (Koo, Wy )[I] = HY(Kg /Koo, Wy )[I] = @ H (Koo, Wp+)

where the direct sums are over places wl|f. In particular, since the middle
vertical arrow is an isomorphism, the restriction map (2.7) is injective, and
to bound the cokernel of this map it suffices to bound the kernel of the
right vertical arrow in the diagram above. This kernel is trivial by Lemma
2.4.11. This completes the proof for the relaxed Selmer groups.

In order to prove the result for the true Selmer groups, we replace the
top and bottom rows of the commutative diagram above with the exact
sequence (1.6) applied with F' = D, and F = K, respectively. Again by
the snake lemma, it then suffices to bound the kernel of restriction

H'(Doo,p, Wyp+) — H'(Koop, Wp-),

and this is the content of Lemma 2.4.10. Similarly, one deduces the result
for the strict Selmer group from the result for the true Selmer group by
using the exact sequence (1.4), together with another application of Lemma
2.4.10. O

DEFINITION 2.4.13. — We define the descent defect ® C A(Dw) by
D = chary(p_) (X (Koo)[1])-

COROLLARY 2.4.14. — The descent defect © is nonzero, and we have
the equality of ideals in A(Dy)

chary(p.) (X (Doo)) = chary i) (X (Kso)) - D
If W =1 then
charp(p_)(X* (Do) = charyx ) (X" (Koo)).

Proof. — By Proposition 2.4.4 X} (D) is a torsion A(Ds)-module,
and so by Proposition 2.4.12, the same is true of X7 (Ko )/IX%, (Koo)-
The claim now follows from [20, Lemma 6.2 (i)].

When W =1, X*(Dy) is a torsion module and the proof is identical,
except that now [20, Lemma 6.2 (i)] and Proposition 2.4.9 above show that

X*(Koo)[I] = 0. O
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Recall from Propositions 2.4.3 and 2.4.4 that Z (D) is a torsion A(Dy )-
module. The following proposition gives the other half of the descent from
Ko to Dyo.

PROPOSITION 2.4.15. — The natural maps of A(D.)-modules
Srcl(Koo;Tp)/ISrcl(Koova) - rcl(Doova)
Z(Ko)/TZ(Ks) — Z(Da)

are injective, and their cokernels have characteristic ideal ®. The same
holds with Z replaced by Z, for any ideal a prime to pf.

Proof. — Let L C K, be finite over K. As always, let S the set of places
of K consisting of the archimedean place and the primes dividing pf. Let
Kg/K be the maximal extension of K unramified outside S. >From the
Poitou-Tate nine-term exact sequence we extract the exact sequence

0 — XZ

str

(L) — HQ(KS/L7TP) - @HO<LU7WP*)V7

veS
(for example, by taking B, = 0 in [18, Proposition 4.1]). Passing to the
limit as L varies and taking I-torsion gives

0 — X

str

(Koo)ll] — H*(Ks/K, T, ® A(Ko))[!]
— P H (Koo, W)V [T,
v|pf

where we have used Shapiro’s lemma to identify
H*(Ks/K, T, ® AM(Ky)) = lim H*(Ks/L, Tp).
The final term in the exact sequence is the Pontryagin dual of
D O (Koo, Wy ) /(v = 1) D H (Koo, Wy+)
olpf vlpf
= @ Hl(Koo,v/Doo,m HO(KOOJH Wp*))7
v|pf
which is the kernel of restriction
P H (Do Wy) = EP H' (Koo s Wp-).
v|pf v|pf

Lemmas 2.4.10 and 2.4.11 (for v|p and v|f, respectively) show that this
kernel is finite. By Corollary 2.4.14 we conclude that H*(Kg/K,T, ®
A(Koo))[I] is a torsion A(Dy)-module with characteristic ideal equal to D.
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>From the Gal(Kg/K)-cohomology of
0= T, ®A(Ks) 5 Ty @ A(Koo) — Tp @ A(Doo) — 0
we deduce that the map
HY(Ks/K.T, @ M(Kx)) @n(s) MDoo) — H'(Ks/K, T ® A(Do))

is injective with torsion cokernel of characteristic ideal ®. Again using
Shapiro’s lemma, together with Lemma 1.1.5, we see that the map

Srel(Kooan)/ISrel(KOO7Tp) - rel(Doo7Tp)

is injective with cokernel of characteristic ideal . The map
C(Ko)/IC(Ks) — C(Da)
is visibly surjective, since this merely asserts that the twisted elliptic units
are universal norms in the cyclotomic direction. The snake lemma now
proves the claim. O
PROPOSITION 2.4.16. — We have the equality of characteristic ideals

char(X}, (Doo)) = char(Z(Dy)).

Proof. — Let a be an ideal of K prime to pf. Using the fact that I is
principal, the snake lemma gives the exactness of

Srel(Koo,Tp)[I] - Zu(KOO)[I] - Ca(KOO)/ICa(KOO)~

The leftmost term is trivial by Lemma 1.1.9, and the term on the right
is isomorphic to A(Dw), since Cq(Ko) is free of rank one over A(K).
Therefore Z,(K o )[I] is a torsion-free A(Dy)-module. On the other hand,
the quotient Z,(K)/IZ4(Ks) is a torsion A(Dy)-module (by Proposi-
tions 2.4.4 and 2.4.15), and so [20, Lemma 6.2 (i)] tells us that Z(Koo)[I]
is a torsion A(Dy )-module. We conclude that Z, (K )[I] = 0. Now by [20,
Lemma 6.2 (ii)],

charp (g )(Za(Ko)) - A(Doo) = chary(p ) (Za(Koo) /1 Za(Ko))-
Applying Proposition 2.4.15 gives
CharA(K(x,)<Za<Koo)) - = CharA(Doo)(Za(Doo))~
Now let a vary and apply Theorem 2.4.7 and Proposition 2.4.14 to get
chary(p,.) (X (Dos)) = chary i) (X (Koo)) - D
= chary (g ) (Z(Kx)) - D

proving the claim. O

TOME 56 (2006), FASCICULE 4



1034 Adebisi AGBOOLA & Benjamin HOWARD

THEOREM 2.4.17.

(1) If W =1, then
(2) S(Doo, Ty) =0,
(b) X*(Ds) is a torsion A(Ds)-module,
(¢) the ideal of Ar(Dy,) generated by char(X*(Dy)) is equal to
the ideal generated by the p-adic L-function fiy+ (Do, p+). If
p does not divide [K(f) : K] the same holds with R replaced

= —1, then

(a) S(Dwo,T}) is a torsion-free A(Do)-module of rank one,
(b) X*(Ds) has rank one,

(¢) char(X}, (Do) = char(S8(Duo, T})/C(Dwo)).

Proof. — The first two claims of (1) and (2) all follow from Lemma 1.1.9,
Theorem 1.2.2, and Proposition 2.4.4. When W = 1 the determination of
the characteristic ideal follows from Propositions 2.3.4 and 2.4.16, using
the exact sequence

0 — Z(Ds) — H'(Doop+,Tp)/locpC(Dog) — X*(Doo)
— X;,(Ds) — 0.

str

When W = —1 the claim follows from the final statement of Proposi-
tion 2.4.4 and from Proposition 2.4.16. g

Remark 2.4.18. — The case W =1 can be deduced more directly from
the first equality of Theorem 2.4.7 and the second part of Corollary 2.4.14
(which requires Proposition 2.4.9), by using Lemma 2.3.3, the local ana-
logue of Proposition 2.4.15. This avoids the application of the Euler system
machinery directly over Do, (Proposition 2.4.4) needed to prove Propo-
sition 2.4.15, or, more precisely, to prove the nontriviality of . When
W = —1, the ideals appearing in the first equality of Theorem 2.4.7 have
trivial image in A(Ds ), so one seems to have no recourse but to prove some
form of Proposition 2.4.15.

3. The p-adic height pairing

Throughout this section we assume W = —1 and we set
A = Gal(Dy/K), I' = Gal(Cw/K).

We will frequently identify T' 2 Gal(K /D). For any nonnegative integer
n, let A, = A/AP" and similarly for I'. Let Z be the kernel of the natural
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projection A(Cs,) — A(K) and set J = Z/Z?. Many authors use some
choice of “logarithm” A : I' — Z, to define the p-adic height pairing.
Following the fashion of the day, we instead take

AT — J
to be the isomorphism v — v — 1, and so obtain a J-valued height pairing.

3.1. The linear term

Choose a generator v € I" and fix some integral ideal a C Ok prime to
fp. For every K C L C K, we set

ca(L) = lim ca(L),

where ¢, is the Euler system of Proposition 2.3.1 and the limit is taken
over all subfields L' C L finite over K. We may identify

A(Koo)ry = A(Doo)r, (1]
and expand pp+ (Koo, ¥p+, a) as a power series in v — 1,
Np*(Kmv¢p*7 CI) = Ea,O + »Ca,l('y - 1) + »CaA,Q('V - 1)2 +-e
Similarly we may expand
ppr (Ko, ¥p+) = Lo + L1(y — 1) + La(y = 1) + -+
By Corollary 2.1.5 and the assumption that W = —1, we have
Lo = pip+ (Doo, thp=) = 0.
It follows that also £, = 0. By Proposition 2.3.4 the image of ¢q(Dw) in
H(Doo,p=, Tp) is trivial, and so by Proposition 1.1.7, ¢q(Deo) € S(Doo, Tp).
LEMMA 3.1.1. — Set F,, = D,,C. For every n there is a unique element
Bn € H' (Fup+, Tp)r
such that
(v = 1)Bn = locy- (ca(Fy)).
Let «,, be the image of (3, in Hl(DM,* ,Tp)r. The elements o, are norm-

compatible and they define an element oo, € H'(Doo p+,Ty)r. The Cole-
man map of Proposition 2.3.4 identifies

H'(Doop=» Tp)r = A(Dso)r

and takes aoo t0 Lg 1.
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Proof. — This is immediate from Proposition 2.3.4, the fact that £, 9 =
0, and the definition of L4 ;. O

Tate local duality defines a pairing
() Vot H (Dpp-Ty) x H' (D=, Tp) — Zy

whose kernel on either side is the Z,-torsion submodule, and the induced
pairing on the quotients by the torsion submodules is perfect.

The height pairing of the following theorem has been studied by many
authors, including Mazur-Tate, Nekovar, Perrin-Riou, and Schneider. The
fourth property of the pairing, the height formula, is due to Rubin, and
plays a crucial role in what follows.

THEOREM 3.1.2. — For every nonnegative integer n there is a canonical
(up to sign) p-adic height pairing

hy : Sel(Dy, Ty) X Sel(Dyp, Ty+) — Qp®J
satisfying the following properties

(1) there is a positive integer k, independent of n, such that h,, takes
values in p~*Z, ® J
(2) ifa € Sel(D,,,Ty), b € Sel(Dy,, Tp+), and o € A,,, then

hn(aav ba) = hn(aﬂ b)

(3) if an € Sel(Dy,Ty), bpt1 € Sel(Dyy1,Tp+), and res and cor are the
restriction and corestriction maps relative to Dy, 41/D,,, then

hpy1(res(an), bps1) = hp(an, cor(bni1))
(4) (height formula) for every b € Sel(Dy,, Tp-), we have (up to sign)
by, (Cu(Dn)v b) = <anvlocp*(b)>n ®(y—1).
Proof. — This will be proved in the next section. O
Define the A(Dy)-adic Tate pairing
(s Yoo : H' (Doop=s Ty)R @a(Do)r H! (Dooyps Tor )k = A(Doo)r
by

(Go0s boo)oo = Him » " (ag, bp)y -0
- e =VANS
and define the A(Dy)-adic height pairing

hoo S(DOO7TP)R OA(Doo)r S<D007Tp*)ﬁ — A(Doo)r Xz, J
similarly. The element ao, € H' (Do p+, 1)) satisfies
(3.1) hoo(€a(Doc); boo) = (Qloos 10Cp= (boo)) oo @ (v — 1)
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for every bog € S(Doo, Tp+)-

DEFINITION 3.1.3. — Define the anticyclotomic regulator, R, to be the
characteristic ideal of the cokernel of hy.

Define R(C,) to be the characteristic ideal of the cokernel of
hoole, : Ca @p(Do)r S(Doos Tp+)" — A(Doo)r ®z, T,
and let n be the ideal
1 = char (H" (Doo,p+, Tp+ ) /10cy= (S(Doo, Ty+))).-

From Proposition 2.4.4 and the results of Section 1.2 we have that
Sstr(Doo, Tp+) is trivial. The exactness of (1.5) then shows that n # 0.

PROPOSITION 3.1.4. — There is an equality of ideals in A(Doo)r
R - char(S(Doo, T}) /Ca) = R(Ca)
= (La1) 7"

Proof. — The first equality is clear. The height formula (3.1) implies
that the image of hoo|c, is equal to

(oo 10Cp+ (S(Dog, Ty Ji) Voo ® T € A(Dog)r ®z, T

The second equality now follows from Lemma 3.1.1 and the fact that the
A(Dy)-adic Tate pairing is an isomorphism. a

THEOREM 3.1.5. — Let X denote the ideal of A(Du)r generated by
the characteristic ideal of the A(Du)-torsion submodule of X*(D). Then
we have the equality of ideals

R-X = (Ly).

Proof. — If we replace p by p* and take F' = D, in the second pair of
exact sequences of Proposition 1.1.7, we obtain the exact sequence

0 — H'(Doop, Tp) /10cp (S(Doos Tp)) — Xrel(Doo) — X (Do) — 0.

Taking A(Dy)-torsion and applying Lemma 1.2.1 and Theorem 1.2.2 we
obtain

char (X}, (D)) = 10" - X.

Letting a vary in Proposition 3.1.4, the claim follows from Theorem 2.4.17
(2), part (c). O
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3.2. The height formula

In this section we sketch Perrin-Riou’s construction of the p-adic height
pairing
hy : Sel(Dy,, Ty) % Sel(Dy, Typ+) — Qp®J

of Theorem 3.1.2, as well Rubin’s proof of the height formula. Our exposi-
tion closely follows that of [22], to which we refer the reader for details.
For every 0 < k < o0, let Ly, = D, Cl.

LEMMA 3.2.1. — Fix a place v of D,, and some extension of it to L.
The submodule of H} (Dp v, Ty) defined by

H}(Dny, Tp)*™ = (Ycor Hj(Ly,Ty)
k

has finite index, and the index is bounded as v and n vary.

Proof. — First assume that v divides p*, so that H}c (Dn,v, Tp) is the tor-
sion submodule of H'(D,, ,,, T, ), which is in turn isomorphic to H(D,, ,,, W,,).
It clearly suffices to show that this is bounded as n varies. But K, (W) is
unramfied, and Do, is a ramified Z,-extension of K, so this is clear.

>From now on suppose that v does not divide p*, so that

H}(Lkvap) = Hl(Lk,wTP)'
By local duality, it suffices to bound the kernel of restriction
Hl(Dn,va Wp*) - Hl (Loo,va Wp* )7

which is H'(Loo /D v, M), where M = E(Loo ) [p**].

If v does not divide p then L, , is the unique unramified Z,-extension
of K, (in particular it does not vary with n). If E does not have any
p*-torsion defined over K,, then K,(E[p*])/K, is a nontrivial extension of
degree dividing p—1, so E has no p*-torsion defined over any p-extension of
K,, and so M = 0. Assume E[p*] is defined over K,, and that F has good
reduction at v. Then K,(E[p*>®]) = Lo, and so M = W, is p-divisible.
If v is a generator of Gal(Loo,v/Dn.,y) then

H"(Loow/ Doy M) =2 M/(y — 1) M.

Since = acts as a scalar # 1 on M, this group is trivial. If F has bad
reduction at v then M is finite by the criterion of Néron-Ogg-Shafarevich,
and the order of M does not vary with n (since Lo, does not vary).
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Now assume that v divides p. The extension of K, generated by E[p*>]
is unramified, and since K""N L , is a finite extension of K, M is finite.
If v generates Gal(Loo,v/Dy ) then using the exactness of

0— M= = M X5 M - M/(y—1)M — 0
we see that the order of H' (Lo /Dy v, M) is equal to the order of
M= = E(Dn,v)[p*oo}~

Since D, is a ramified Z,-extension of K, this order is bounded as n
varies. 0

Fix a € Sel(D,,T}) and b € Sel(D,,, Tp+). In view of the above lemma, it
suffices to define the height pairing of ¢ and b under the assumption that
both are everywhere locally contained in H }(Dn,v, Tp)“ni". Viewing b as an
element of the larger group H'(D,,, Tp+), b defines an extension of Galois
modules

0 — Tye — My — Z, — 0,
and taking Z,(1)-duals we obtain an exact sequence

(3.2) 0 — Z,(1) - M, — T, — 0.

If L/D,, is any finite extension, we may consider the global and local Galois
cohomology

HY(L,Z,(1)) —= H'(L, My) —"“> H'(L,T,) — = H*(L,Z,(1))

| | | |

HY(Lyy, Zp(1)) —> H'(Lyy, My) — H'(Luy, Tp) —= H2(Lyy, Zp(1)).

LEMMA 3.2.2. — Let L be a finite Galois extension of D,, and suppose
a' € HY(L,T,) satisfies cor(a’) = a. Then a’ is in the image of 7y, For
every place w of L, H}(Lw, T,) is contained in the image of 7y,

Proof. — Let res be the restriction map from D,, to L. The connecting
homomorphism 4y, is given (up to sign) by Ures(b). If w is any place of L
and v is the place of D,, below it,

loc,, (6(a’)) = locy, (a’ Ures(b)) = loc,(a Ub) =0,

since a and b are everywhere locally orthogonal under the Tate pairing.
Thus dr,(a’) is everywhere locally trivial, and by a fundamental fact of
class field theory it is globally trivial. The proof of the second claim is
similar. ]
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Let ABW denote the group of ideles of D,,. Class field theory gives a
homomorphism

p:A} — Gal(D,Cw/D,) =T % 7

and we factor p = > p,, the sum over all places of D,,. By local Kummer
theory we may view p, as a map

po: H' (Dyw, Zy(1)) — T,

which can also be described as follows: the homomorphism

Gal(DpCoo/Dp) =T 2 T

defines a class A € H'(D,,, J) (we always regard J as having trivial Galois
action), and cup product with loc, () defines a map

Hl(Dn,mZp(l)) - HZ(Dn,vaj(l)) =J

which agrees (up to sign) with p,.

Taking L = D,, and ¢’ = a in Lemma 3.2.2, we may choose some y8'°" €
HY(D,,, My) with 7p, (y8°?) = a. Fix a place v of D,, and an extension of
v to L, and for every k choose yj ., € H}(Lk)U,Tp) which corestricts to
loc,(a). By Lemma 3.2.2 we may choose some y; , € HY(Ly,,, My) such
that 7z, , (Y3..) = Uk Let cor(y;, ,) be the image of y; , in H'(Dy ., My).
Then loc, (y&'°P) — cor(yy, ,) comes from some wy, , € HY(Dy, 4, Z,(1)), and
we define

hn(a,b) = kli—>r1<;lo va(wk,v)

This limit exists and is independent of all choices made.
We now sketch the proof of the height formula. Suppose that a = ¢q(Dy,),
and set ap = ¢q(Lk),

(oo = limay, € lim Selyei (L, Ty )-

By Lemma 3.2.2 there is a sequence 2z, € H'(Ly, My) with 7z, (2x) = ax.
Working semi-locally above q = p or p*, we have defined in the preceeding
paragraph a sequence yfm € Hl(Lqu, My) which lifts yg 5. The image of

tr,q = locq(zk) — yfm e H! (L,q, Mp)
in HY(Dy, q, M) comes from some sy q € H'(Dy, q, Zy(1)).
ProrosiTION 3.2.3. — With notation as above
hn(a,b) = kILH;O[Pp(Sk,p) + pp (Sk,p+)]-

Proof. — This is Proposition 5.3 of [22]. O
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Define Hj, 4 by the exactness of
0 — Hygq — H'(Lig,Tp) == H'(Dpnyg,Tp)-
In [22, Section 4], one finds the definition of a derivative operator
Dery.q: Hyq — H'(Dpg.T,/p"Ty) @ J.

>From the definition of t g, it is immediate that 7z,  (tx,q) € Hy,q. We
set

t;f,q = Dery, q (71'L,€7q (tk,q)) S Hl(qu, Tp/kap) ®RJ.
Proposition 4.3 of [22] then reads

AUskq =0, ,(thq) € H (Dn g, (Z/p"Z)(1)) @ T
and so up to sign
(3.3) pa(Sk,q) = inve(0p, , (thq)) (mod ")

= invg(t), , Ulocy (b))
where inv, is the semi-local invariant
H?(Dnq,(Z/p"Z)(1)) 0 T — J/P*T.

From the definition of Sel(D,,, T}~ ), we see that loc, (b) is a torsion element.
If p‘locy (b) = 0 then (3.3) implies that py(sy.p) is divisible by p*—*. Letting
k — oo, we have p,(sg,p) — 0, leaving

(3.4) hyp(a,b) = klirrgo Po= (Sk,p+)-
LEMMA 3.2.4. — Suppose dj, € Hy, -+ is such that di Uz = locy- (ar) Uz

for every z € Hj(Lyp+,Ty-). Then for any sequence xj, € Hj(Lyp-, Ty-)
such that the image of xj, in H} (Dy, p+, Tp+) is constant,

lim invy-(Dery p+ (di) U zg) = kllrgo Z (locy+(ak), o - k)L, .px @ A(0)

k—o00
o€l

where \ is viewed as a character '), — J/p*J.

Proof. — This is Lemma 5.1 of [22]. O

Recall that Lemma 3.1.1 provides, for some choice of generator v € I, a
B € H'(Loop+, Tp) such that

(v —1)B =locy+ (aso)-
Let a be the image of 3 in H*(D,, p+,T}). Write
B =lim By € lim H' (L -, Tp)

TOME 56 (2006), FASCICULE 4



1042 Adebisi AGBOOLA & Benjamin HOWARD

so that fy = . Fix some sequence zj, € Hj(Lgp-,Tp-) lifting locy-(b).
Applying Lemma 3.2.4 with dj, = 7, . (t ) and comparing with (3.3)
and (3.4) gives

hn(a,b) = lim_ py-(skp+)

= lim Z (locp=(ak), 7)1, p* @ A(0)

k—oo

o€l

= lim > (Y= DB k) Ly pr @ A(0)
oel'y
pF—1

kh—>H<>lo Z} (v = DBy i7" T pppr @ (v — 1)

kILIY;O<5k7N0rkaxk>Lk,p* ® (’7 - 1)

(a,locy= (b)) p,, . © (v = 1).
This completes the proof of the height formula.

Appendix A. Proof of Theorem B by Karl Rubin

In this appendix we prove Theorem B of the introduction. Essentially
what we need to prove is that the anticyclotomic regulator R of Definition
3.1.3 is nonzero. The key tool is Theorem A.l1 of Bertrand below, which
says that on a CM elliptic curve the p-adic height of a point of infinite
order is nonzero. This is much weaker than saying that the p-adic height is
nondegenerate, but it suffices for our purposes.

We assume throughout this appendix that the sign in the functional
equation of L(E/Q,s) is —1.

We need to consider a slightly more general version of p-adic heights than
appears in the main text. If F' is a finite extension of K in K., then there
is a p-adic height pairing

hp : Sel(F,Ty) ® Sel(F, Ty~ ) — Gal(Koo/F) @ Q.
We are interested in three specializations of this pairing. Namely,
hE eyl @ Sel(F,Ty) ® Sel(F, Tp+) — Gal(FCux /F) ® Qp,
hE anti © Sel(F, T,) @ Sel(F, Ty« ) — Gal(FDs/F) ® Qp,
hpyp : Sel(F,Ty) ® Sel(F, Tp+) — Gal(FLy/F) ® Qp

where L, is the unique Z,-extension of K which is unramified outside of
p, are defined by restricting the image of hyr to the appropriate group. If
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P € E(F), we will write hp(P) = hp(a,b) where a is the image of P in
Sel(F,Ty) and b is the image of P in Sel(F, Tp~).

The p-adic height pairing h, of Theorem 3.1.2 is the composition of
hp, cya with the isomorphism Gal(D,,Cs/D,) = Gal(Coo /K) = J.

THEOREM A.1 (Bertrand [2]). — Suppose F' is a number field and P €
E(F) is a point of infinite order. Then the p-adic height h ,(P) is nonzero.

LEMMA A.2. — Suppose a € Sel(F,T,) and b € Sel(F,Ty-). If two of
hFcya(a,b), hpanti(a,b), hrp(a,b) are zero, then so is the third.

Proof. — Since Gal(K /F) = Z2, the projections
Gal(Koo /F) — Gal(FCu/F),  Gal(Ku/F) — Gal(FDu /F),

and
Gal(K/F) — Gal(F Ly /F)

are linearly dependent. It follows that each of the three heights is a linear
combination of the other two. (|

DEFINITION A.3. — For every n define a submodule of Sel(D,,, T}, ), the
universal norms, by

Sel(Dy, Ty)"™ = () corp,,/p,Sel(Dum, Ty).

m>n
Define Sel(D,,, T« )™ similarly.
LEMMA A.4. — For every n we have
hp, anti(Sel(Dy, Tp) "™ @ Sel(D,,, Tp=)™) = 0.

Proof. — This is a basic property of the p-adic height (see for example
Proposition 4.5.2 of [11]). O

PROPOSITION A.5. — The natural maps
X (Do) @ A(Dy,) — X(Dp)
have kernel and cokernel which are finite and bounded independently of n.

Proof. — This is the standard “Control Theorem”, see for example [12].
O

Recall that A,, = Gal(D,,/K).

LEMMA A.6. — For every n, Sel(D,,, T,)"™" ®Q,, and Sel(D,,, Tp- )"V ®
Q, are free of rank one over Qp[A,].
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Proof. — This is proved in exactly the same way as Theorem 4.2 of [14]
(which proves a stronger statement about universal norms in Mordell-Weil
groups, assuming that all relevant Tate-Shafarevich groups are finite), using
Theorem 2.4.17. For completeness we give a proof here.

The exact sequence 0 — E[p*] — W, — W, — 0 and the fact that
E(D,) N Elp] = 0 show that Sel(D,,, E[p*]) = Sel(D,,, W,)[p¥] for every k.
This and the Control Theorem (Proposition A.5) give us maps

Sel(D,, Ty) = lim Sel(D,,, E[p*]) = lim Hom(Sel(D,., E[p"))", Z/p"2)

k k
= lim Hom(X (Dy,), Z/p"Z) = Hom(X (D,,), Z,)
k

= HomA(Dn)(X(Dn)a A(Dn)) - HomA(Dm)(X(Doo)v A(Dn))

with finite kernel and cokernel bounded independently of n. This gives the
bottom row, and passing to the inverse limit over n gives the top row, of
the commutative diagram with horizontal isomorphisms

S(Dooan)@)Qp — HomA(Dm)(X(DOO)7A(DOO))®QP

l l

Sel(Dy,, Ty) ® Qp ——— Homy(p_ ) (X (Do), A(Dy)) ® Qp

By Theorem 2.4.17, the upper modules are free of rank one over A(Dy) ®
Qp. The kernel of the right-hand vertical map is I,Homyp_)(X (Do),
A(Ds)) ® Qp where I, is the kernel of the map A(Ds) — A(D5,), and so
the kernel of the left-hand vertical map is I,S(Dso, Tp) @ Qp. Hence the
image of the left-hand vertical map is free of rank one over Q,[A,]. But
that image is precisely Sel(D,, T})"™" @ Q,.

The proof for Sel(D,,, Tp- )™ @ Q, is the same. O

PROPOSITION A.7. — If the anticyclotomic regulator R is zero, then the
p-adic height pairing h, is identically zero on Sel(Dn,Tp)“ni"@
Sel(D,,, Ty ) miv.

Proof. — Suppose n > 0, a = (a,) € S(Dx,Ty) and b = (b,) €
S(Deo, Ty)- Recall that A,, = Gal(D,/K). Using property (3) of Theo-
rem 3.1.2 and the definition of h.,, we see that projecting hoo(a,b) to
Z,[An] © T gives Yo cn ha(ag, by)o™t.

Now suppose v, € Sel(D,,T,)"™" and v}, € Sel(D,, Tp+)"". Since vy,
and v}, are universal norms we can choose a = (a,) € S(Dso,Tp) and b =
(bn) € S(Doo, Ty) with an, = vy, and b, = v;;. If R = 0, then h(a,b) =0,
and projecting to Zy[A,] ® J shows that hy,(v,,v)) = 0. O
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ProPOSITION A.8. — Ifn is sufficiently large then there are points P €
E(D,,) of infinite order such that the image of P in Sel(D,,T,) lies in
Sel(D,,, T,,)™ and the image of P in Sel(D,,, Ty+) lies in Sel(D,,, Ty« )",
Le., there are D,,-rational points of infinite order which are universal norms
in the Selmer group.

Proof. — Let v denote the Hecke character of K attached to E, so that
L(E/Q,s) = L(3, s). Fix an integer n.

Choose a character x of A, of order p" (any two such characters are
conjugate under Gq, so the choice will not matter). The Hecke L-function
L(1x, s) is the L-function of a modular form f, on I'o(Np*™), where N is
the conductor of E. Let A,, denote the simple factor over Q of the Jacobian
Jo(Np*) corresponding to f,. Comparing L-functions we see that there is
an isogeny of abelian varieties over K

An X ReSanl/KE ~ ReSDn/KE

where Res stands for the restriction of scalars. Passing to Mordell-Weil
groups we get

and therefore, if v is a topological generator of A,
(A1) AK)® Q= (1—" E(D,) ® Q.

It follows from our assumption about the sign in the functional equation
of L(E/Q, s) that L(vp, 1) = 0 for every character p of finite order of A.
By a theorem of Rohrlich [19], there are only finitely many characters p of
A such that the derivative L'(¢p,1) = 0. Suppose now that n is large
enough so that

(3) L/(x.1) 0, 1
(b) char(X (Do )tor) is relatively prime to (v?" —1)/(v*" —1).
Since L'(1x, 1) # 0, the theorem of Gross and Zagier [6] shows that

(A.2) rankz A, (Q) > dim A, = p" — p" L.

On the other hand, using (A.1) and the Control Theorem (Proposition A.5)
we get

n—1

(A.3) rankz A, (Q) <rankz (1 -+ )X(D,)

n—1 n

=rankz, (1 =77 )X(Ds)/(1 =97 )X (Do)
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Since X (D) has A(Dy)-rank one (Theorem 2.4.17(2)), we conclude from
condition (b) on n that

n—1 n

rankz, (1= 7" )X (Dso)/(1 = 4"")X (Do) = p" = p" "
It follows that we must have equality in (A.2) and (A.3), and
dimq, (1-7"""")Sel(Dy, Ty) ©Q, = rankg, (1—7"" )X (D,) = p" —p" .
Since (1 — vp”_l)Qp [A,] is a simple Qp[Ay]-module it follows that

n—1 n—1
(1 - ’71) )Sel(Dna Tp) ® Q;D = (1 - ,yp )Q;D[An]
By Lemma A.6 we now see that

(1 - ’anil)sel(Dnan)univ ® QP = (1 - fypnil)sel(Dnan) ® QIU

1

In particular if P is any point of infinite order in (1 —~?" )E(D,,) (and
we know that such points exist by (A.1)) then some multiple of the image
of P in Sel(D,,T,) lies in Sel(D,,,T,)"™". In exactly the same way some
multiple of the image of P in Sel(D,,, T,+) lies in Sel(D,,, Tp- )™, and the
proposition is proved. O

Proof of Theorem B. — Using Proposition A.8, find an n and a point
of infinite order P € E(D,,) whose images in Sel(D,,, T,) and Sel(D,,, T~ )
are universal norms.

By Bertrand’s Theorem A.1, we have hp, ,(P) # 0. By Lemma A.4 we
have hp,, anti(P) = 0, and therefore by Lemma A.2 we have that hp,, cyci(P)
(and hence h,,(P)) is nonzero.

It now follows from Proposition A.7 that the anticyclotomic regulator R
is nonzero, and so by Theorem 3.1.5 the leading term £; is nonzero. This
is Theorem B. O

Remark A.9. — In the notation of Proposition A.8, the abelian variety
A, is isogenous to its twist by the quadratic character of K/Q, and so
there are isomorphisms

An(K) ® Q= (Resg/qdn)(Q) ® Q= (A, x 4,)(Q) ® Q.
Thus
p"—p" Tt = % rankz A, (K)
= rankop, E(D,) — ranko, E(D,_1)
for n > 0. This implies that there is a constant ¢ such that
rankp, E(D,) =p" +¢
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for n > 0. The same asymptotic formula holds for the corank of the p-
primary Selmer group (by Theorem 2.4.17 and Proposition A.5), and so
the Op-corank of of HI(E /D)), is bounded as n varies.
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