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ON HALPHEN’S THEOREM AND SOME
GENERALIZATIONS

by Alcides LINS NETO (*)

ABSTRACT. — Let M™ be a germ at 0 € C™ of an irreducible analytic set of
dimension n, where n > 2 and 0 is a singular point of M. We study the question:
when does there exist a germ of holomorphic map ¢: (C™,0) — (M, 0) such that
¢~1(0) = {0} ? We prove essentialy three results. In Theorem 1 we consider the
case where M is a quasi-homogeneous complete intersection of k polynomials F' =
(F1,..., Fy), that is there exists a linear holomorphic vector field X on C™, with
eigenvalues A1, ..., A\m € Q4 such that X (FT) = U- FT | where U is a k x k matrix
with entries in O,,. We prove that if there exists a germ of holomorphic map ¢
as above and dimc(sing(M)) < n — 2, then A1 + --- + Ay > Re(tr(U)(0)). In
Theorem 2 we answer the question completely when n = 2, kK = 1 and 0 is an
isolated singularity of M. In Theorem 3 we prove that, if there exists a map as
above, k = 1 and dimc (sing(M)) < n—2, then dim¢ (sing(M)) = n—2. We observe
that Theorems 1 and 2 are generalizations of some results due to Halphen.

RESUME. Soit M™ un germe en 0 € C™ d’ensemble analytique irréductible de
dimension n, ou n > 2 et 0 est un point singulier de M. Nous étudions le probléme
suivant : quand est-ce qu’il existe un germe d’application holomorphe ¢: (C™,0) —
(M, 0) telle que ¢~1(0) = {0} ? Nous démontrons essentiellement trois résultats.
Dans le théoréeme 1 nous considérons le cas ou M est une intersection compléte
quasi-homogene de k polynémes F = (Fi,..., F}), c’est-a-dire il existe un champ
de vecteurs linéaire holomorphe X dans C™, avec valeurs propres Aq,...,Am € Q4
telles que X(FT) = U-FT, ot U est une matrice k x k d’éléments dans O,y,.
Nous démontrons que s’il existe un germe d’application ¢ comme précédemment et
dimc (sing(M)) < n—2 alors A1+ - -+ Xy, > Re(tr(U))(0). Dans le théoreme 2 nous
répondons completement a la question quand n =2, k = 1 et 0 est une singularité
isolée de M. Dans le théoreme 3 nous démontrons que, s’il existe une application
¢ comme précédemment, k = 1 et dimc(sing(M)) < n — 2, alors dimg¢(sing(M)) =
n — 2. Remarquons que les théoremes 1 et 2 sont des généralisations de quelques
résultats de Halphen.

Keywords: Halphen’s theorem, quasi-homomogeneous, complete intersection.
Math. classification: 32505, 32S25.
(*) This research was partially supported by Pronex.
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1. Introduction

Around 1884 Halphen proved the following result (cf. [9] or [10], chap. I,
p. 15):

THEOREM. — Let f, g and h be three (non zero) homogeneous polyno-
mials in C3, two by two without common factors. Suppose that fP + g9 +
h™ =0, where p, q,r are integers, 2 < p < ¢ < r and p-deg(f) = ¢-deg(g) =
r-deg(h). Then

1 1 1
(1.1) S+t ->1
p oq

Moreover, for each solution of the inequality (1.1), then

(a) There exist homogeneous polynomials F,G, H in C? such that F? +
Gi+H" =0.

(b) If f, g, h are three homogeneous polynomials in C* without common
factors which satisfy fP4+g?+h" = 0, then there exists a homogeneous
map ¢: C" — C? such that (f,g,h) = (F,G, H) o ¢.

In other words, we can say that for each solution (p,q,r) of the in-
equality (1.1), there exists a map ¢ = (F,G,H): C?> — M, where M =
{(X,Y,Z) € C3]|XP +Y?+ Z" = 0}, such that if M* = M ~ {0} and
Y1 := Plc2 oy, then ¢1: C* N\ {0} — M* is the holomorphic universal
covering of M*.

The purpose of this paper is to generalize this result in two ways. First
of all, we will generalize inequality (1.1) for germs of holomorphic maps
¢: (C™,0) — (M™,0), where M™ C C™, m = n+k, is a quasi-homogeneous
complete intersection defined by polynomials F} = --- = F;, = 0. In order
to state our first result, we need some definitions.

DEFINITION 1.1. — Let M # {0}, be a germ at 0 € C™ of an analytic
set defined by an ideal I of germs at 0 € C™ of holomorphic functions.
We say that M is quasi-homogeneous, if there exists a germ at 0 € C™ of
holomorphic vector field X with the following properties:

(a) There exists a local holomorphic coordinate system (x1,...,Zm)
around 0 € C™ where X = Z;”:l /\j-xj% and \; € Q4 for all
j=1...,m.

(b) X(I):={X(F)|[FeZ}CT.
In this case, we will say that M is quasi-homogeneous with respect to X
(briefly q.h.w.r. to X).
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Remark 1.2. — Condition (b) means that X is tangent to M and M is
invariant by the flow Xp of the vector field X: Take a representative McCB
of M, where B is a ball around 0 € C™ and M is a closed analytic subset
of B.1f p € M and T € C is such that X7 (p) € B then Xr(p) € M. In
fact M is the germ of a global analytic subset of C™: Since Ay, ..., Ay > 0,
we get that sat(B) := {Xr(p)|p € B} = C™. This implies that sat(]Ti/) =
{Xr(p)|p € M,T € C} is an analytic subset of C™ which extends M and
the germ at 0 of sat(M) is M. From now on a quasi-homogeneous analytic
set will be considered as an analytic subset of C™, for some m.

Remark 1.3. — The name quasi-homogeneous is motivated by the sit-
uation where 7 =< F' > and F' is quasi-homogeneous, that is there are
ki,... km,¢ € N such that F(T*:. :El,...,Tkm ) =T F(x1,...,2m).

In this case, if we take X = z;” | T 89: then X(F) = F and M =
F~10) is q.h.w.r. to X. Note that the relation X(F) = F implies that
F is a polynomial. An example is F(z1,...,2m) = 27* + -+ + 2 and

X=3"", n%xja%j’ where X (F') = F and F'is q.h.w.r. to X. This example
will be used in Corollary 1.7.

In our first result we will consider the following situation: M™ C C™,
m = n + k, will be an irreducible complete intersection of k polynomi-
als Fi,...,F;. We suppose that M is q.h.w.r. to a diagonal vector field
X = E;nzl )‘jmjaixj’ where A1,..., A, € Q4. The condiction that M is
q.-h.w.r. to X means the following: let F = (F,..., F})T, where (---)7 is
the transpose of the vector (---). Then M is q.h.w.r. to X if, and only if,

(1.2) X(F)=U-F

where X (F) = (X(F1),..., X(Fp))T and U = (usj)1<i,j<k is a k x k matrix
with entries u;; € Oypyr. We set tr(U) = Zle Ujj.

DEFINITION 1.4. — Let M™ be an irreducible analytic subset of dimen-
sion n of a ball B C C™. We will denote by sing(M) the singular set
of M. We will say that dimc(sing(M)) < k if, either sing(M) = 0, or
sing(M) # 0 and all irreducible components of sing(M) have complex di-
mension < k. We will say that dimg(sing(M)) = k if sing(M) # 0 and all
irreducible components of sing(M) have complex dimension k. Let p € M
and ¢: (C",q) — (M, p) be a germ of holomorphic map. We will say that
¢~ (p) = {q} if there exists a representative of ¢, denoted again by ¢, say
¢: V — M, such that ¢~ 1(p) NV = {q}.

The first generalization is the following:
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1950 Alcides LINS NETO

THEOREM 1.5. — Letn > 2 and M™ C C™, m = n+k, be an irreducible
complete intersection defined by (Fy = --- = F, = 0), q.h.w.r. to the linear
vector field

X(z2)=>_ Aizjg
j=1 7

with A,...,Am € Q4. Let X(F) = U-F and A = Re(tr(U)(0)), where
F and U are as in (1.2). Suppose that dimg(sing(M)) < n — 2 and that
there exists a germ of holomorphic map ¢: (C™,0) — (M,0) such that
»~1(0) = {0}. Then Z;":l Aj > A

As a particular case, we get the following;:

COROLLARY 1.6. — Let M C C™, m = n+k, be an irreducible complete
intersection (Fy = --- = Fj, = 0) with dimc¢(sing(M)) < n — 2. Suppose
that there exists a germ of holomorphic map ¢: (C™,0) — (M, 0) such that
#~1(0) = {0} and a linear vector field X as in Definition 1.1 such that
X(Fj) = ;- Fj, Vj, where £; € Qy, j =1,.... k. Then Y7, \; > S0 4;.

j=
We observe that the above result is no longer true if sing(M) has some
component of dimension n — 1 (see Example 1.16).
As a consequence, we obtain a generalization of the first part of Halphen’s
theorem:

COROLLARY 1.7. — Let M, 4, C C? be the surface given by zP +
y? 4 2" = 0, where p,q,v € N and p < q < r. Suppose that there exists a
holomorphic map ¢: U — M, y, where U is some neighborhood of 0 €
C", n > 2, such that ¢(0) =0 € M and ¢~1(0) = {0}. Then %+ % +1>1
and, if 2 < p < q <r, then (p,q,7) € {(2,2,r),(2,3,3),(2,3,4),(2,3,5)}.

In the next two results we will consider germs at 0 € C**! of hypersur-
faces. We need another definition.

DEFINITION 1.8. — Let My, My be two germs at 0 € C™ of analytic
sets. We will say that My and My are equivalent if there exists a germ of
biholomorphism 1 : (C™,0) — (C™,0) such that ¥(My) = Ma.

The second generalization is the folowing:

THEOREM 1.9. — Let M be a germ at 0 € C? of hypersurface with an
isolated singularity at 0. Suppose there exists a germ of holomorphic map
¢: (C%,0) — (M,0), such that ¢~1(0) = {0}. Then M is equivalent to one
of the following surfaces:

(a) My, q,ry, where (p,q,7) €{(2,2,7),(2,3,3), (2,3,4),(2,3,5)}.

ANNALES DE L’INSTITUT FOURIER



ON HALPHEN’S THEOREM AND SOME GENERALIZATIONS 1951

(b) Xm = {(z,y,2) € C3|2? = ay(y — 2™*)}, where m > 1.
(©) Y ={(z,y,2) € C°|2* = y(y* + 2°)}.
(d) Zm = {(x,y,2) € C3|2? = z(y? + 2?1}, where m > 1.

Moreover, the surfaces in (a)—(d) are two by two non-equivalent.

Concerning the dimension of the singular set of M we have the following
result:

THEOREM 1.10. — Let M beagerm at 0 € C"t1, n > 3, of hypersurface
where dimg (sing(M)) < n — 2. Suppose there exists a germ of holomorphic
map ¢: (C*,0) — (M,0), such that $=*(0) = {0}. If 0 € sing(M) then
dimc(sing(M)) =n — 2.

Observe that Corollary 1.7 of Theorem 1.5 could be stated for hypersur-
faces of the form My, . .y ={z!" +---+xpm = 0}, for any m > 3 (see
Remark 1.3). However, Theorem 1.10 implies that for m > 4 there is no
germ of holomorphic map ¢: (C™~1,0) — (M,0) such that ¢—1(0) = {0},
because sing(My,, ... n,.)) = {0}.

In the next four examples we show that for any one of the surfaces as in
(a), (b), (c) or (d), there exists a regular map ¢ like in Theorem 1.9. In all
the examples, the map ¢|c2 {03 C%2~ {0} — M* is a universal covering of
M* = M ~ {0} (see also [16], [12], [9] and [14]).

Example 1.11. — The parametrizations ¢: C?> — M p,q,r), Where p,q,7
satisfy the inequality (1.1), is closely related with Platonic solids and to the
non-cyclic finite subgroups of PSL(2,C). Some of them were known already
by Euler, Hoppe, Liouville and others, but the general case was found by
Schwarz (cf. [16] and also [12], [9], [3] and [14]). If 2 < p < ¢ < 7 then,
the possible solutions of inequality (1.1) are (p,q,7) € {(2,2,7),(2,3,3),
(2,3,4), (2,3,5)}. In each case, the holomorphic map ¢ = (F, G, H): C?> —
Mp,q,ry can be obtained by considering a finite subgroup of PSL(2,C).
These groups were classified by Klein and are the following (cf. [5] and [3]):

(a) The Dihedral group of order 2r. From this group it can be obtained
the parametrization of M3 5 ;).

(b) The Tetrahedral group, the group of isometries of C ~ S? C R3
which leaves invariant the regular tetrahedral inscribed in S2. From
this group it can be obtained the parametrization of M s 3 3).

(c) The Octahedral group, the group of isometries of S? which leaves
invariant the regular octahedral (or cube) inscribed in S2. From this
group it can be obtained the parametrization of M3 3 4.
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(d) The Icosahedral group, the group of isometries of S? which leaves

invariant the regular icosahedral (or dodecahedron) inscribed in S2.

From this group it can be obtained the parametrization of M 3 5).

Some explicit formulae for the uniformizations can be found in [3],

p. 55-56. We observe that, in all cases, the map ¢ is such that @|c2_j0y C2\

{0} — M, , . is a universal covering of M, = My q.r) {0} (cf. [14]).
Moreover, we have the following:

p.a.r)

(a) In the case (2,2,r), ¢ has topological degree r and #(m (M ( ))) T

(b) In the case (2,3,3), ¢ has topological degree 8 and #(m (M, ( ))) 8

(c) In the case (2,3,4), ¢ has topological degree 24 and #(m (M, 5 )) =2

(d) In the case (2,3,5), ¢ has topological degree 120 and #(771( 5.3.5 ))
120.

In the next three examples we will use that M, 4 ) is equivalent to the
surfaces given by a.x? + b.y? 4+ c.z” = 0, where a, b, c € C*.

Example 1.12. — Let X,, = {(z,y,2) € C3|2? = xy® — 2™y} and
M2,2,2m) be given as {(u,v,w) € C3|u*™ — v? + w? = 0}. Consider the
map ¢: C* — C3 defined by (r,y,2) = ¢(u,v,w) = (u?,v?, u.v.w). Note

that

22—z 42y = w0 (w? -0 et = ©(M2,2,2m)) C X

Let ¥ = @M g0 0 M2,2,2m) — Xim. It is easy to see that »=1(0) = {0}
and # (" (po)) = 4 for all py € X,,, \ {0}. This implies that

Yl

* *
N —
(2,2,2m) M(272a2m) Xm

is a covering map with four sheets. Therefore, if ¢ : C? — M22,2m) is as
n (a) of Example 1.11, then ¢ = ¢ o9y : C? — X, satisfies ¢~1(0) = {0}.
Moreover, ¢|cz(oy: C* \ {0} — X is a (universal) covering map with
8m sheets. In particular, we have #(m1(X},)) = 8m. Observe that X,, is
g.h.w.r. to the vector field

__1 0 m 9.196

C 2m+ 17 0x 2m+1y6y 279z
Example 1.13. — Let Y = {(z,y,2) € C?2* = y(y* +2°)} and M5 3 )
be given as {(u, v, w) € C3|u?—v3—w?* = 0}. Consider the map ¢p: C*> — C3
defined by (z,y,2) = ¢(u,v,w) = (u,w? u-w). It can be checked that
©(M(2,3.4)) CY and that, if ¢ := @|ar,, 0 Mas4) — Y then 1(0) =
{0} and 1/1\M(2 o)’ : Mp 5, — Y™ is a covering with two sheets. Therefore,
ify: C2 — M3,3,4 is as in (c) of Example 1.11, then ¢ = 1 o)y : C?—=Y
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satisfies ¢~1(0) = {0}. Moreover, ¢|c2o3: C* \ {0} — Y is a (univer-
sal) covering map with 48 sheets. In particular, we have #(m1(Y™*)) = 48.
Observe that Y is quasi-homogeneous with respect to the vector field

2 9 1 0 1 0
90z 3%y " 270

Example 1.14. — Let Z,, = {(z,y,2) € C3|2% = z(y? + 2™ 1)} and
M2, 2(2m+1)) be given as {(u, v, w) € C*|u?m+1) 442 —w? = 0}. Consider
the map ¢: C* — C? defined by (z,y,2) = p(u,v,w) = (u?,v,u- w). It can
be checked that p(M(2,2.22m11))) C Zm and that, if ¥ = ©[m4, 4 2mi)
M2, 22m+1)) — Zm then ¢~1(0) = {0}. As in Examples 1.12 and 1.13,

X:

. * *
z/J|M<*272,2(2m+1)) : M(2,2,2(2m+1)) — Zn,

is a covering with two sheets and if ¢ : C? — M2.2.2(2m+1)) is as in (a)
of Example 1.11, then ¢ = ¢ o 4y: C> — Z,, satisfies ¢~1(0) = {0}.
Moreover, ¢lczgoy: C* \ {0} — Z7, is a (universal) covering map with
4(2m + 1) sheets. In particular, we have #(m1(Z,)) = 4(2m + 1). Observe
that Z,, is quasi-homogeneous with respect to the vector field

19 mel 9 10
C2m+1) ox 4(m+1)y5‘y 270z

Let us give an example in higher dimension.
Example 1.15. — Let
M= {(zo,...,zn) eC"M 2l =2 - zn}
We have the following map ¢: C" — M,
&= (do,...,0n), where do(us,...,up) =1uy---up,

and
di(ur, ..., up) :u?,j: 1,...,n.

Observe that dimc(sing(M)) = n — 2, ¢~ 1(0) = {0} and M is quasi-
homogeneous, that is X (2§ — 21+ 2,) = 25 — 21 -+ - 2, where

p Oz f 8721
Example 1.16. — In this example we show that the hypothesis
dimc(sing(M)) < n — 2 is the best possible in Theorem 1.5. Let M =
{(zo, 21, 22,...,2,) € C"TYF(z) = 2§ — 23-23---22 = 0}. Then M

is irreducible and sing(M) = U?_,S;, where S; = {zo = z; = 0} and
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dimc(S;) = n — 1. The reader can easily verify that the map ¢: C* — M
defined by

Alur, ug,y ... uy) = (Ug - Up, ut, ud, . ud)
satisfies »~1(0) = {0}. On the other hand, let X = >0 )\jxj% be a
vector field such that X(F) = F and Ao, ..., A, € Q1. Then we must have
Ao = % and 3A\; +2Xo+- - -+2), = 1. But this implies that A+ -+ A, < %
and 50 Y7 (N < g +3 <1

Remark 1.17. — We would like to observe that the conclusion of The-
orem 1.10 is not true if ¢ is not holomorphic. Indeed, there are examples
of hypersurfaces of the form

Mp = {(33'07...,337;) S (Cn+1|x1070 _j’_..._i'_xﬁn — 0}7

with n > 3 and po,...,pn = 2 such that K, = M, NS, is homeomor-
phic to a sphere S?"~1 (cf. [11] and [14]), where S, = {(z0, ..., z,)||zo|* +
<o+ |z,|* = r?}. Since M, is homeomorphic to a cone over K, (cf. [14]),
then M, is homeomorphic to C™ in these cases and there exists a con-
tinuous map ¢: C* — M), satisfiyng the hypothesis of Theorem 1.10, but
dimg (sing(M,)) = 0. An example of such hypersurfaces is when py = 3,
p1=---=py, =2 and nis odd (cf. [14]).

We would like to state the following problems:

Problem 1.18. — Let M™ be a germ at 0 € C™"* of an irreducible
complete intersection, where dime (sing(M)) = n — 2 and, either n, k > 2,
or k=1 and n > 3. Suppose that there exists a germ of holomorphic map
¢: (C",0) — (M,0). Is M (as germ) equivalent to a quasi-homogeneous
analytic set 7 We would like to observe that when n = 2 and k£ = 1 the
answer is yes. This fact will be proved in §3 and it is crucial in our proof of
Theorem 1.9. However, our proof works only when the singularities of M
are isolated and this is not the case if n > 3 and k£ = 1, by Theorem 1.10.

Problem 1.19. — Is it possible to classify the germs at 0 € C"*!, of
hypersurfaces M such that dime (sing(M)) = n— 2 and there exists a germ
of holomorphic map ¢: (C",0) — (M,0), when n > 3 ? This question
seems easier when we restrict to the case where M is quasi-homogeneous.

Another interesting problem, suggested by the referee, is the following;:

Problem 1.20. — 1In the case of a surface M? with an isolated singularity
at 0, every germ of holomorphic map ¢: (C2,0) — (M, 0) factorizes through
the universal covering of M*. What happens in higher dimensions 7 Does

ANNALES DE L’INSTITUT FOURIER
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a local uniformization of a quasi-homogeneous hypersurface gives rise to a
global one by the affine space 7

The next section will be devoted to the proof of Theorem 1.5. The proof
of this theorem will be based on the existence of a holomorphic n-form 7
on M* = M ~ sing(M) such that n(p) # 0 for any p € M*. This form will
be used also in the proofs of Theorems 1.9 and 1.10, which will be done in
§3 and in §4, respectively. As a consequence of the proof of Theorem 1.9
we will obtain the following result (see Lemma 3.2):

“Let M be a germ at 0 € C? of an irreducible surface with an isolated
singularity at 0. Let n be a holomorphic 2-form on M* such that n(p) # 0
for all p € M*. If n = dw, where w is holomorphic, then M is equivalent to
a quasi-homogeneous surface in C3.”

The converse of this statement is not true (see Remark 3.7).

I would like to aknowledge the referee for many suggestions which have
improved a lot the paper. In particular, in the original version of the paper
Theorem 1.5 was proved for hypersurfaces and he suggested that it should
be true also for complete intersections, which in fact I have done in the
final version.

2. Basic facts and proof of Theorem 1.5
2.1. Basic facts

Let M™ be a germ at 0 € C™, m = n + k, of an irreducible complete
intersection defined by (Fy; = -+ = F, = 0), where Fy,...,Fx € O,,. We
will consider a representative of M, denoted by the same letter, which is
an analytic subset of a ball B C C™. It is well known that the singular set
of M is given by sing(M) = {p € M|dFyi(p) A --- A dFi(p) = 0}. We will
suppose that 0 is effectively a singularity: 0 € sing(M). We will use the
notation M* = M ~ sing(M). Note that, if p € M* then

T,M* = {v € T,C™|iy(dFy(p) A -+ A dFy(p)) = 0},

where i,, denotes the interior product.
We are going now to describe a well-known construction, which proves
that there exists a non-vanishing holomorphic n-form on M*. Let us con-

sider a holomorphic coordinate system in B, say (x1,...,Z:). The k-form
© :=dF; A--- NdF}, can be written as
O = Z (I)]d.%‘[,
I

TOME 56 (2006), FASCICULE 6
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where I = {iy < --- < i} C {1,...,m}, dey = dx;; A--- Adx;, and
o, = det(ij”)lgj#gk. Given I = {il <0 < ik}, set Uy = {Z € U|(I)] #
0} and M; = Uy N M. We observe that (M;)rex is a covering of M* by
Stein open sets, where K = {{i1 < --- < ix}|]1 < i; < m}. For I € K,
let J(I) ={1,....,m}~1I={j1 <--- < jn} and n; be the n-form on U;
defined by

o(I)
B
where o(I) € {1, —1} is chosen in such a way that O Any = dzi A+ - AdTy,.
Given I,J € K set My = M;nNM,.

ny = dxj, N---Ndxj,,

Cram 2.1. — If I,J € K then nr|m,, = ns|m,,- In particular, there
exists a holomorphic n-form n, on M* such that m|y, = nrla, for all
I € K. Moreover, n1(p) # 0 for all p € M*. In particular, the (n,n)-form

p1 = cm AT
where ¢ = i (—1)""+1/2 is a volume form on M*.

Proof. — We will use the following fact: let 6 be a holomorphic m-form
defined in an open set V' C B, m < n. Then 0|py+qy = 0 if, and only if,
O(p) Nb(p) =0 forall p € M*NV. Given I,J € K we have © A ny =
dxy A -+ Adxy, = © Ay, which implies © A (n; —ny) = 0. Hence, (n; —
n7)|a,;, = 0, which proves the first part of the claim. Now, let p € M* and
{v1,...,v,} be a base of T,M*. Since M* = U;M; then p € M; for some
I. Therefore, n1(p) = nr(p)|7,p+ and i (p)(ve, ..., vn) = N1 (p)(v1, ..., v0).
Let u1,...,ur € T,C™ be such that {ui,...,ug,v1,...,0,} is a base of
T,C™. A straightforward computation using that i,,(©(p)) = 0 for all
7 =1,...,n, gives

0 75 dZZ?1 AT /\diEm(U1,...,uk,’Ul,...,’Un)
= 6(])) A nf(p)(ula sy Uk, U1y e e e 7vn)
=0O(p)(ut, .., un) nr(P)(v1, ..., vn) = m(p)(ve, ... vn) # 0.
O

Now, let M be quasi-homogeneous with respect to the vector field X (z) =
S ATy 5, where A, ..., A € Q. Set X(F) = U- F, where F and U
J
are as in (1.2). Let 7; be the n-form on M* considered in claim 1.

Cram 2.2. — We have Lx (1) = f-n1, where [ = Z;”:l Aj—tr(U)|
and Ly denotes the Lie derivative along X. Moreover, there exists h €
O*(M*) such that if n := h-1y then Lx(n) = a-n, where a = f(0).
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Proof. — Since 1|y, = nrlam, and M* = Up My, it is sufficient to prove
that Lx(’r]j)by[] = f~771|MI for all I € K. Set tr(X) = Z;’Lzl /\j. Given
I € IC, we have:

tr(X)-dxy A+ Adxy, = Lx(dxy A+ Aday,)
= Lx(@ A 'I][) = Lx(@) AnNr—+ OA Lx(n]).

On the other hand,
k
Lx(©)=Lx(dFy N---NdFy) = ZdFl N+ NA(X(F) N+ NdFy,.
j=1
Since X (F}) = Zf:l u;ji Fy, given p € M™* we get:

k
Lx(©)(p) =Y _u;j(p)- (dFy A+ NdFj A -+ AdFy)(p) = tr(U)(p)- O(p).
j=1

Therefore,

tr(X)-O(p) Anz(p) = tr(U)(p)- O(p) Anr(p) + ©(p) A Lx(nr)(p) =

(2.1) O(p) A lLx (nr)(p) — (tr(X) — tr(U)(p))n:1(p)] = 0.

Since nr|a, = mlm, and X is tangent to My, we have Lx(nr)|a, =
Lx(m)|n,- Hence, (2.1) implies that Lx (n1)(p) = (tr(X) —tr(U)(p))n (p),
p e M*.

Let f1 = f — f(0) and —f1(x) = Z\a|>0 aq-x° be Taylor series of — f;
at 0, where 0 = (01,...,05) € (NU{O})™, o] =3, 05, a; € C and 27 =
7t xgm. I we set ¢(z) = Y by 27, where b, = (310, A\iroy) " ae,
then the series 9 has positive radius of convergence and satisfies X (¢) =
— f1 (recall that A\; € Q4 for all j). Therefore, if hy = exp(¢) then hy € O,
and X (h1) = —hy- f1. On the other hand, if hy = hy|p+ and n = ha-m
then,

Lx(n) = Lx(ha-m) = X (ha)-m + he: X (m)
= ha(f = f1)-m = f(0)-n:=an.
]

Let us prove that the form 7 can be extended to M*. We need the
following:

CLAM 2.3. — sing(M) and M* are invariant for the flow Xr, T € C,
of X.
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Proof. — We have seen that Lx(©) = tr(U)- © on M. This implies that

T
©o Xr(p) = exp(/ tr(U) o Xs(p)ds)@(p),Vp eEM
0
= sing(M) = {p € M|0(p) =0}
is invariant by Xr. Since M* = M ~\ sing(M ), M* is also invariant for Xr.
O
Denote by X, t € R, the real flow of X,

Xi(xy, .. xm) = (eMbxq,. . e ta,,).

Consider a ball B around 0 € C™** such that 7 is defined in BN M*. Since
Lx(n) =an,a= f(0), f =tr(X) —tr(U)|am+ (Claim 2.2), we have

(2:2) X! (n)(p) = e*-n(p)

for all ¢ € R and p € M* such that both members of (2.2) are defined.
Note that (2.2) and the fact that M™* is invariant for X; imply that n can
be extended to M*. In fact, given ¢ € M*, since Ay,..., A\, > 0, and M™* is
invariant for X; (Claim 2.3), there exists ¢t € R_ such that X;(¢) € M*NB.
By (2.2), given a base {v1,...,v,} of T,M*, we can define

n(q)- (v, ..., vn) = e~ n(Xi(q))- (DX¢(q)-v1, ..., DX¢(q)- vp)

and this definition does not depends on t. This finishes the proof of
Claim 2.2.

2.2. Proof of Theorem 1.5

From now on, we fix a representative of the germ ¢: (C",0) — (M,0),
denoted again by ¢, and some open ball of C", W > 0, such that ¢=1(0) N
W = {0}. We will use the following well known result (cf. [8] vol. II, p. 56):

LEMMA 2.4. — If W C C" is sufficiently small, then ¢(W') is an open
neighborhood of 0 in M and ¢: W — ¢(W) satisfies the following proper-
ties:

(a) ¢ is a proper and open map.

(b) If A C M is an irreducible analytic subset of complex dimension k

then any irreducible component of ¢$~1(A) has complex dimension
k. In particular codc (¢~ (sing(M))) > 2.
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(c) There exists d € N such that # (¢~ (p)) < d for any p € V. In fact, it
is possible to find arbitrarily small neighborhoods U of 0 in C™ and
V of 0 in C"*! such that ¢p: U — VN M is defined, =2 (VNM) =U
and ¢|y is a finite ramified covering with d-sheets.

For r > 0 set
m 1/2 _
M, = {z e M|||z|| := (Z |xj|2) < r} — M N B,(0)
j=1

and M} = M, NM*. Let n) be as in the Claim 2.2, that is such that Lx (n) =
a-n, a = f(0), and p be the volume form in M* given by u = ¢-n A 7. The
main fact is the following;:

LEMMA 2.5. — If r > 0 is small and ¢ is as in Lemma 2.4, then
vol, (M) < 400, where

vl (08) = [
M

Proof. — Let v = ¢*(n), which is a holomorphic n-form on W
¢~ (sing(M)). It follows from (b) of Lemma 2.4 and Hartogs’ theorem,
that v can be extended to a holomorphic n-form on W. This implies that
the (n,n)-form ¢*(u) can be extended to a real analytic (n, n)-form on W.
Since ¢ is proper and M, is a compact subset of ¢(W), if r > 0 is small,
it follows that ¢~!(M,) is a compact subset of W. This implies that, for
r > 0 small, we have:

/ ¢*(p) < 4o0.
¢ (M)

Let C(¢) C W and CV(¢) = ¢(C(¢)) be the sets of critical points and
critical values of ¢, respectively. Choose open sets 0 € U C W and 0 €
V C C* such that ¢~} (VN M) =U and ¢|y: U — V N M is a ramified
covering with d-sheets, d > 1. The Lemma is a consequence of the following
fact: if B,.(0) C V then:

(2.3) vol, (M) < /¢—1(M ) ¢*(p) < +oo.

Let us prove (2.3). Since C'V(¢) has measure zero (Sard’s theorem), we

have
[y
» FNCV(¢)
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In order to prove (2.3), it is sufficient to prove that for any open subset
A C M}~ CV(¢), with closure A C M ~ CV(¢), then

/Au < /Mm & (1),

Let us fix A as above. Note that ¢[,-1(4): ¢~ '(A) — A is aregular covering
with d-sheets. Therefore,

ifp=f owms] ew= [us] - ow

This finishes the proof of the lemma. O

The following lemma implies Theorem 1.5:

LEMMA 2.6. — Let M, be as before and A = Re(tr(U)(0)). If tr(X) —
A <0, then vol, (M) = 4o0.

Proof. — The proof will be by contradiction. It follows from (2.2) that
X7 (n)(p) = e*-n(p) for all t € R. Hence, the (n,n)-volume form u = c- nA7
satisfies:

(2.4) X7 () = €2Re@t.

for all t € R. On the other hand, if t > 0 then X,(B,(0)) D B,(0), because
Aly ..oy A > 0. This implies that, if ¢ > 0 then M C int(X(M))) C M*.
Therefore, if vol, (M;) < 400 then

vol,, (M) < vol,, (Xy(M?)),¥t > 0.

Now (2.4) and the theorem of change of variables imply that,
vl (GO = [ a= [ Xi
X, (M) Mz

_ eQRe(a)t/ o= e2Re(a)t_VO]M(M:).
M,

Therefore, if tr(X) — A = Re(a) < 0, t > 0 and vol,(M;") < +oo then

vol,, (M) < vol,(X:(M;)) = e*Re(@t. vl , (M) < vol,, (M),

T T

a contradiction. This finishes the proof of Lemma 2.6 and of Theorem 1.5.
O
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3. Proof of Theorem 1.9

The proof will be divided in three steps:

1%t-step. — We will prove that there exists a germ of holomorphic vec-
tor field at 0 € C3, say X, such X(F) = F, where F = 0 is a reduced
equation of M. In this case, F' belongs to its Jacobian ideal and it follows
from a theorem of Saito (cf. [15]), that there exists a linearizable germ of
holomorphic vector field Y on C? such that Y(F) = F. This vector field
can be written in a suitable coordinate system (z,y, z) in a neighborhood
of 0 € C? as,

0 0 0]
(I) YZ/\l.T%—F)\anfy—F/\gZ&, where A1, Ag, A3 € Q-
27d_step. — We will prove that if F is a quasi-homogeneous polynomial

with respect to X = Mz + Azya% + A3z, where Ai, A2, A3 € Q4 and
A1+ A2 + A3 > 1, then F is equivalent to one of the forms in (a), (b), (c)
or (d) in the statement of Theorem 1.9.

3r_step. — We will prove that the surfaces in (a), (b), (c) and (d) are
two by two non-equivalent.

3.1. Proof of the 1st step

We will divide the proof in three Lemmas.

Let M be a germ of hypersurface at 0 € C3, with an isolated singularity at
0, given by a reduced equation F' = 0, where F' € O3. Consider the 2-form
n on M* as defined in §2. Suppose that there exists a germ of holomorphic
map ¢: (C2,0) — (M,0) such that ¢=1(0) = {0}. Given a neighborhood V'
of 0 € C3 such that F is defined (that is, has a representative F': V — C)
and sing(F) NV = {0}, we will use the notations My = {p € V|F(p) = 0}
and My, = My ~ {0}.

LEMMA 3.1. — IfV is sufficiently small, then there exists a holomorphic
1-form w on M3, such that dw = 7.

Proof. — Fix neighborhoods U of 0 € C? and V of 0 € C? such that F
has a representative F': V — C, ¢ has a representative ¢: U — C? and
¢(U) C V. As we have seen before the form ¢*(n) extends to a closed
holomorphic 2-form on U, say 6. Since 6 is closed, it follows from Poincaré
Lemma that § = da in a small neighborhood of 0 € C?, where « is holo-
morphic. Therefore, if we take U and V small enough, we can suppose
that:
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(i)
(i)

(iii)

(3.1)

(vii)

(viii)

(ix)

Alcides LINS NETO

« is defined in U.
¢ has a representative ¢: U — My, .

Let C(¢,U) = C be the set of critical points of ¢|y, CV =
CV (¢, V) = ¢(C) C My the set of critical values and D =
¢~ Y(CV). We can choose U and V in such a way that,
¢~ Y (My)=U and ¢: U~ D — My ~ CV is a covering map with
m sheets. We will use the notation M for My ~\CV.

We will use o to construct a form w on My such that dw = 7.
Let us construct w on M.

It follows from (iii) that, given a point p € ]\//T, where ¢~1(p) =
{q1,- .., qm}, there exists a neighborhood VI,CM\ of p and neigh-
borhoods U}, ..., Uf of qi, ..., qm, such that
V, is biholomorphic to a ball in C?.

UéﬂUg:V), eri;éj.
@ = ¢|U{, : U} — 'V, is a biholomorphism.

For each 7 = 1,...,m, consider the 1-form ﬂg on V,, defined by
B = ((¢2)"1)*(a). Since ¢*(n) = da, we have df} = n|y,. Define
a 1-form wy, on V,, by

1 d
“r= > 5
j=1

Observe that dw, = 7. By standards arguments, we can construct
a covering V = {Vp}peﬁ of M by connected open sets, and a col-
lection of holomorphic 1-forms {wp}peﬁ’ wp € N1(V},), such that
If V, NV, # 0 then V, NV, is contractible.

dw, = |y, for all p.

By taking the V,/s small, we can suppose
IV, NV, #0, 97 (V,) = UL, Uj and ¢~ '(V,) = UJL, U], then
for every 1 < j < m, there exists an unique k = k(j) € {1,...,m}
such that UJ N U} # 0.

We claim that, if V, "'V, # 0 then w, = w, on V,, N V,. This
will imply that w extends to M.In fact, let ¢~ 1(p) = {p1,. .., Dm}s
670) = (@1, g} 61 (Vy) = U, U and 671 (V,) = U, U,
be as in (ix). Given 1 < j < m, let k € {1,...,m} be such that
Uuin Uq]f # 0. Since ¢J = qﬁf; = ¢ on Ul N U(f, we get from the
construction that 37 = 8¥ on V,, N V,. This implies that w, = w,
on V,NV,.

Tt follows that we can define a 1-form w on M such that dw = 7.
It remains to prove that w extends to M;,. We will use the local
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forms for ¢ near a singular point. Observe first, that if we take V
sufficiently small, then CV = CV(¢,V) and D = ¢~1(CV) are
curves such that sing(CV') = {0} and sing(D) = {0}. Remark that,
if CV =U;C; and D = Uy Dy, are the decompositions of CV and D
into irreducible components, then for each k there exists an unique j
such that ¢(Dy) = C;. Moreover, if ¢ € Dy~ {0} and p = ¢(g) then
D¢|Tqu : Ty Dy, — T,Cj is an isomorphism. Therefore we can find
holomorphic coordinate systems (Uy, (u,v)) and (V}, (z,y)) around
q and p respectively, such that

(x) Uy = {(w,0) € Cqllul < 1,Jo] < 1}, Vy = {(z,y) € C|la] < 1,]y| <
1}, DNU,; = DpyNUy = {v =0} and CV NV, = C; NV, = {y = 0}.

(xi) o(u,v) = (X(u,v),Y(u,v)) = (u,v™), for some n > 1 (Whitney’s
local forms).

Observe that on V, we have n = h(z,y) - dx Ady = d(H(z,y)dz),
where H, = —h. Therefore, ¢*(n) = d(H(u,v")du) = da on U,
and a|y, = H(u,v")du + dg(u,v), where g € O(U,). Let g(u,v) =
220 05 (.

Now, fix po = (z0,%0) € V, ~ {y = 0} and let ¢~ (po) = {q1,..-,qa}
Since ¢(u,v) = (u,v™) for (u,v) € Uy, then U,N¢~!(po) contains n points,
Say q1, - - -, qn, where q; = (29,67 vp), 4 is a primitive n'"-root of the unity
and v = yo. Let D, C {y|0 < |y| < 1} be a small disk centered at yo and
b(y) = y'/™ be the branch of the n**-root of y, defined in D, and such that
b(yo) = vg. It follows from the definition of 650 that, for kK =1,...,n, we
have ﬁ}’,fo = H(z,y)dz + dgi(z,y), in a small neighborhood of py, where

ge(z,y) =Y 9;(2)5% (b(y))’.
j=0

Hence,

n

S~ = ittt + (524000

i=0 k=1

igﬂn }

j=0

<.

nH (z,y)dz + nd

—

because Y ;_, 6% = 0 if n does not divide j. This implies that the form
> ory ﬁ;;o extends to a holomorphic 1-form on V,,, say 3, such that dg = n».
Using the same argument in the other points of ¢~ (p) C W, it is possible
to prove that Y ;. 11 ﬁ;fo (po near p), extends to a holomorphic 1-form
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defined in a neighborhood of p, say 81, such that dB; = (m — n)n. Since
%(,6’ + (1) = w, we get that w extends to a neighborhood of p. O

LEMMA 3.2. — Let M be a germ at 0 € C? of an irreducible surface
with an isolated singularity at 0. Let n be a holomorphic 2-form on M*
such that n(p) # 0 for all p € M*. If n = dw, where w is a holomorphic
1-form, then M is equivalent to the germ of a quasi-homogeneous surface
in C3.

Proof. — We will prove the lemma in the case that 7 is given by the
construction of §2 and leave the general case for the reader. In this case, if
M;j = {p € M|F,(p) # 0} then,

dxo N dxs dzs N dzq
N, = —m—Imys M, = —— |,
(3.2) Fa, Fa,
’ dl‘l /\dl‘g
and - s, = ———|ns-
T3

We will construct a germ at 0 € C? of holomorphic vector field X, such that
X(F) = F. Since n(p) # 0 for all p € M*, we get that w = iy (), where ¥
is a holomorphic vector field on M*. The vector field Y can be extended
to a a holomorphic vector field defined in a neighborhood of 0 € C3. In
fact, if V is a small Stein neighborhood of 0 € C? and Y = 23:1 Yja%j,
where Y; € O(My ), then the functions Y; can be extended to holomorphic
functions on V because H'(V ~\ {0},0) = {0}, by [C] (see the proof of
Lemma 4.1). We will denote this extension by the same letter. Since M
is invariant for Y we have Y (F) = h- F', where h € O3. If h(0) # 0, then
we set X = % Y. In this case, X is a germ of holomorphic vector field at
0 € C3 for which X(F) = F, and we are done. Therefore, we have only
to prove that h(0) = 0 leads to a contradiction. Remark that Y (0) = 0,
because 0 is a singular point of M.

CLAM 3.3. — LetY = Yla% —1-5/'23%2 +Yga%, be such that iy (n) = w
on M, where Y1,Y3,Ys € Oz, and L = DY (0) be the linear part of Y at 0.
Then:

YIII +}/2:L’2 +Y313 = ]- +h

on M. In particular, if h(0) = 0, then tr(L) = 1 and L has at least one non
zero eigenvalue.

Proof. — Observe first that Ly (n) = iy (dn) + d(iy(n)) = dw = 7, on
M*. Tt follows from (3.2) and a straightforward computation that on Mj
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we have
dxy N dx
(33) Ly =Ly(—F—)
— Y Y L= 3 _ 1 3 _ 2 3 .
( 1z + 22 Fz3 Fm3 Fg;3 )77
On the other hand,
0
Y(F,,)=Y(—(F
(Fuy) = Y (5—(F)
0 0
=Y, —|(F)+ — Y (F
Y, 5o (B + 5 (Y (F))

= _Y1x3'F3:1 _}/2903'Fx2 _Y3:c3'Fx3 +hx3F+hFac3

By substituting the above expression in (3.3) and using that M = {F = 0},
we obtain

Ly (n) = Yie, + Yoz, + Yo, — h)n
which implies that Y14, + Yoz, + Y3, —h =1 on M. If A(0) = 0, we get

66(L) = Yiz, (0) + Yar, (0) + Ya, (0) = 1.
O

Let N be a a germ at 0 € C? of a holomorphic submanifold of dimension
k, k € {1,2,3}. We will say that it is an invariant manifold of Poincaré
type for the vector field YV (briefly i.m.P.t) if

(I) N is smooth at 0 and invariant for Y.

(IT) If L is the linear part of Y at 0 then L|p n is in the Poincaré
domain, in the sense that its eigenvalues are non zero (observe that
L(TyN) = TyN) and there exists a line £ C C, 0 € ¢, such that
all eigenvalues of L|p, y are contained in one of the components of
C~ 2.

LEMMA 3.4. — Ifh(0) =0 and N is an i.m.P.t. for Y, then

(a) N C M. In particular, dim(N) = 1.

(b) If the eigenvalue of L|1,n is A # 0, then the eigenvalues of L are A,
—k-Xand 1+ (k— 1)\, where k € N.

Proof. — Let us prove (a). We denote the local flow of ¥ by Yp =
(Y2, Y2, Y3), T € C. Since N is smooth, we can choose a local coordi-
nate system (z,vy, z) around 0 such that N C ¥ ~ Ty N, where ¥ is a linear
subspace of C3 and L(¥) = X. Since the eigenvalues of L|y are in the
Poincaré domain, there exists o € C* such that the eigenvalues of a- L|x
have negative real part. Let Z = «- Y|y, g = a-h and a > 0 be such that
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a < min{—Re(A)|A is an eigenvalue of Z}. It is well known (cf. [2]) that
there exists a neighborhood U of 0 € N such that

(i) For any p € U, Z;(p) is defined for all ¢ > 0.
(i) If t > 0 and p € U then ||Z(p)|| < C-e~*, where C' > 0.
Since Z(F) = g- F, it follows from (i) and (ii) that
(iii) If p € U and ¢t > 0 then

F(Zu(p)) = exp ( / 9(Z4(p))ds)- F(p).

Now, g(0) = 0 and (ii) imply that there exists A > 0 such that |g(Zs(p))| <
A-e7 . Hence, [;° g(Zs(p))ds is convergent, say [~ g(Zs(p))ds = b € C.
It follows from (iii) that

e F(p) = lim F(Z(p)) =0 = F(p)=0 = pe M = N C M.

t—o0

Since dimg (M) = 2 we must have dimc (V) < 2. On the other hand, since
M is irreducible and is singular at 0 € C3, we must have dim¢(N) = 1.
This proves (a).

Let us prove (b). We can assume that N C {(z,0,0)|z € C}. This implies
F(z,y,z) = y- A(z,y,2) + z- B(x,y, z), where A, B € Os. It follows from
Poincaré’s linearization theorem (cf. [2]) that we can find a local coordinate
system x € C such that Y (z,0,0) = )\x% and Y7(z,0,0) = (e’ z,0,0).
Let us assume that L = DY (0) is in Jordan’s canonical form. In this case,
the eigenvalues of L are %Yl( )= A, %—};2(0) and %(0).

Observe that Y (F') = h- F implies Ly (dF) = d(h- F) = h-dF + F-dh.
Therefore, for p = (x,0,0) we get

(3.4) Ly (dF)(p) = h(p)-dF(p)
— VAP —exp/ h(Y:(p)ds) - dF (p).

On the other hand, dF(x,0,0) = A(z,0,0)dy + B(x,0,0)dz, where either
A(z,0,0) £ 0, or B(z,0,0) # 0, because 0 is an isolated zero of dF'. This
implies that we can write dF(z,0,0) = 2% u(x)dy + - v(x)dz, k.0 > 1
where either u # 0 and u(0) # 0, or v # 0 and v(0) # 0. If u,v #Z 0, let us
suppose, without lost of generality, that k£ < £, and so

dF(x,0,0) = 2" u(x)(dy + 2™v; (x)dz),

where m = ¢ — k > 0 and v; = v/u. The change of variables ¢(z,y,z) =
(z,y +2™,2) = (x1,y1, 21) is a biholomorphism near 0 € C3 and in these
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new coordinates we have dF(x1,0,0) = z¥u(z1)dy;. Returning to the old
notation (1 = z,y; = y), we have

(3.5) dF(x,0,0) = zFu(x)dy.

Observe that after this change of variables %(O) is still an eigenvalue of
L. We leave this computation to the reader. We are going to prove that

92(0) = —kA.

If we set Yo = (Y2, Y2, Y2) and H(T,z) = exp (fOT h(Ys(2,0,0))ds), we
get fro (3.4) and (3.5) that

ATk (e ). dYE (x,0,0) = H(T, z)- xFu(z)dy

— dY#(z,0,0) = H(T,z) " u(x)w e T qy

(eX'z)
and
oYy u(z) —kAT
. T x)—=F—" .
(3.6) oy —L(x,0,0) = H( ’m)u(eka) e
Now, since 2 =Y (Yr), we have
0?Y2 oYr

5 ) = Ya(¥e(p): ST (0).

Since Yp(p) = p, we have aYO S (@,y,2) = (0,1,0). If we set 7" = 0 and
p = (2,0,0) in the above relatlon we get
0?Y2 0Ys
Ty (T=0 = 4¥2(2.0,0)-(0.1,0) = Z5(2,0,0) =
0%Y2 0Ys
3.7 —L | r—p0) = =—(0).
(3.7) o7y =00 = 5, (0)

Now, (3.6) implies that

92Y2 g 9 u(z) u(z)
3T32(x’0’0) — kA {87T[H(T7x)m] - k;)\H(T,x)m}.
Since H(0,z) =1

nd ou(erM'z)
—ar = e Mz (M),
we get for T'=0
0?YE x-u'(x)

8T8y|T OzOO))_h(mOO) A u(z) — kA
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This together with A(0) =0 and (3.7) gives
Y,

—=(0) = —kA
S0
which implies that —k\ is an eigenvalue of L. Since tr(L) = 1, the other
eigenvalue of L must be 1+ (k — 1)\ O

We will use the following result, which is a consequence of the stable
manifold theorem (cf. [13]).

LEMMA 3.5. — Let Z be a germ at 0 € C" of holomorphic vector field
such that Z(0) = 0. Set L := DZ(0) and let S = {A1,...,\,} be the
spectrum of L. Suppose that there exists a straight line ¢ through 0 € C
such that £ NS = @ and the components of C \ ¢ are A; and As. Set
Sy =SNA, k=1,2, and let E}, be the invariant subspace of ToC™ for L,
relative to the eigenvalues in Sj. Then there are germs of i.m.P.t. W}, such
that TQWk = Ek, k= 1,2.

The proof of the above result can be found in [1]. Let us suppose by
contradiction that h(0) = 0. Let S = {\1, A2, A3} be the spectrum of L =
DY (0), where |A1| = |A2| = |A3] = 0. It follows from tr(L) = 1 that at least
one of the eigenvalues of L is non-zero: |A1| > 0. Let v be an eigenvector of
L with eingenvalue \; and set F; = C-v.

CrLAIM 3.6. — There exists an i.m.P.t. of dimension one Wj tangent
to El.

We will prove the above claim at the end. Let us finish the proof that
h(0) # 0 by using the claim. If h(0) = 0, it follows from Lemma 3.4 that
—k- A1 is an eigenvalue of L, where k € N. Since |A1| = |A2| = |A3], we
must have £ = 1 and Ay = —A1, or A3 = —\;. In both cases, we get
S = {A1, —A1,1}, because tr(L) = 1. Hence, all eigenvalues of L are non-
zero and there exists a line ¢ through 0 € C such that C ~ ¢ contains
two eigenvalues of L in one of its components and one in the other. It
follows from Lemma 3.5 that there exists an i.m.P.t. W of dimension two.
Therefore, W C M, by Lemma 3.4, and 0 is not a singularity of M, a
contradiction.

Proof. — Proof of claim 3.6 After multiplying Y by a constant, we can
suppose that Ay = 1 and |A2|,|A3] < 1. Choose coordinates (z,y) =
(z,y1,y2) € C x C?, such that By = {y = 0} and L is triangular. In
this case, the differential equation associated to Y is of the form:

{zx+aw+mmm

(3.8) i
L = Ay + R(z,y)
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where ¢ and A are linear, r and R are of order greater than one and the
eigenvalues of A are Ay and 3. After a blowing-up y = z- 2z = (z- 21,z 22)
at 0 € C3, equation (3.8) is transformed into

{‘f; =z+xri(z,z2)

92 =2 W+ (A—1I)z+ Ri(z,z)

(3.9)

where W is a constant vector, r1 is of order > 1 and Ry of order > 2. The
eigenvalues of the linear part of (3.9) are Aj = 1, A\, = Ao — 1 and \; =
Az — 1. Suppose first that A\; # 1, j = 2, 3. In this case, we have Re()\}) < 0
(because |A\;| < 1), j = 2,3. It follows from Lemma 3.5 that (3.9) has
an i.m.P.t., Wi, tangent to the eigenspace associated to the eigenvalue 1.
If ¢ — (z,2(x)) is a parametrization of Wi, then = — (z,2-2(z)) is a
parametrization of an i.m.P.t. for Y, tangent to F;. In the general case,
note first that \; # 1 = A}, j = 2,3. By a linear change of variables in
(3.9), that sends the linear part to the Jordan form, we get W = 0. After
the blowing-up z = z-w = (2 wy, 2 we), equation (3.9) (with W = 0)
is transformed in an other equation with eigenvalues of the linear part

1=1, A3 = A2 —2, \§ = A\3 — 2. Since Re(\}) <0, j = 2,3, we can apply
Lemma 3.5 to obtain an i.m.P.t. tangent to the eigenspace associated to
the eigenvalue 1. If z — (x,w(z)) is a parametrization of the i.m.P.t. so
obtained, then x — (z,2?.w(z)) is a parametrization of an i.m.P.t. for Y.
This finishes the proof of Lemma 3.2 and of the first step. |

Remark 3.7. — In this remark we analyse the converse of Lemma 3.2.
Let M = {F =0} C C3 be q.h.w.r. the vector field X = )\133% + /\gya% +
)\32%, where A\; € Q4, j = 1,2,3, and X(F) = F. The converse of
Lemma 3.2 is true when tr(X) = >, A; # 1. In fact, let n be the 2-form
constructed as in Claim 2.1. It follows from Claim 2.2 that Lx(n) = a-7,
where a = tr(X) — 1. Since Lx(n) = ix(dn)) + d(ix(n)) = d(ix(n)), if
a # 0 then 7 = dw where w = a~1-ix(n).

On the other hand, if tr(X) = 1 then the converse of Lemma 3.2 is not
true, as was asserted in §1. Consider for instance the surface M3 3 3) =
{(z,y,2)|F := 2 + y> + 23 = 0}, which is q.h.w.r. to a vector field X
as above with A; = %, j = 1,2,3. In this case we have X(F) = F and
Lx(n) =0. If n is as before, then there is no holomorphic 1-form w on M*
such that dw = 7. In fact, suppose by contradiction that there exists w
holomorphic such that dw = 7. Let Y be a germ at 0 € C? of holomorphic
vector field tangent to M, such that w = iy (n) and Y(F) = h- F. It follows
from the proof of Lemma 3.2 that h(0) # 0. Therefore, if Z = h=1-Y then
Z(F)=F, (X —Z)(F)=0and F is a first integral of W := X — Z. The
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relation W(F') = 0 implies that the linear part of W at 0 vanishes and
tr(DZ(0)) = 1. On the other hand, it follows from Claim 3.3 that

h(0) = h(0)- tr(DZ(0)) = tr(DY (0)) = 1 + h(0) = 1 =0,

a contradiction.

3.2. Proof of the 2nd step

Let M = F~1(0), where F': C®> — C is a polynomial with an isolated
singularity at 0 € C3, quasi-homogeneous with respect to the vector field
X=xz2 + )\an% + X322, where X (F) = F and A1, A2, A3 € Q4. Sup-
pose that there exists a germ of holomorphic map ¢: (C2,0) — (M, 0) such
that ¢~1(0) = {0}. We are going to prove that M is equivalent to one of the
surfaces: M, 4 ), where (p,q,7) € {(2,2,7),(2,3,3),(2,3,4),(2,3,5)}, X,
where m > 1, Y or Z,,, where m > 1 (see the statement of Theorem 1.9).

Notation. — Let G, H € O,. We will use the notation G ~ H to say
that there exist u € O,, and a germ 9 of biholomorphism at 0 € C™ such
that u(0) # 0 and G = u- H o 9. The following remark will be used several
times in the proof:

Remark 3.8. — Let G € O, be of the form G(uy,...,up_1,u,) :=
G(u,v) = am 0™ + apm_1(u)- 0™ 1 + - + ag(u), where ag,...,am_1 €
O,,_1 and a,, € C*. Then there exist bg,...,by,_2 € O,_1 such that G ~
V™ b2 (u)- v™ 2+ - - +bg(u) := H(u,v). Moreover, if X (G) = G, where
j(_—ozjzijju;aﬁ then A\, = =, X(H) = H and X(b;) = (1 — L)b;,

Note that the change of variables ¢;(u,v) = (u,a-v) = (u,v1), where
Q™ = @y, is such that G oy (u,v1) = VP + 1 (u)- 0] 4 - - - + ag(u),
where a; = a7-aj, j = 0,...,m — 1. Therefore, we can suppose that
@y = 1. On the other hand, the germ of biholomorphism ¥(u,v) = (u,v +
La,,_1(u)) = (u,v1) is such that G o ¢~ (u,v1) = V" + bpy_o(u)- 07" > +
-+ + bo(u) == H, where bg,...,bp—2 € Op_1. Note that, ¢.(X)(H) =
Y (X)(G o) = X(G) oyp=t = H. On the other hand, X(a; v/) =
X(aj)v? + aj jApv? = aj-07, j =0,...,m (ap = 1), which implies
that A, = 1 and X(a;) = (1 — %) i, J =0,...,m — 1. It follows that,
X(v1) = Lo and ¥, (X) = %Ula%l + Z;.:ll )\juja%j, which has the same
expression as X. This proves the remark.

Let M = F~1(0) and X = Am%—!—/\gy% +)\3z%, where A1, AaA3 € Q4
and X (F) = F. We will suppose that A\; < Ay < As.
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CrAmM 3.9. — We claim that Fyyy, = Fyy, = Fro. = Fy., = Fop, = 0.
In particular, we must have

F(z,y,2) = A(z,y) + B(z,y)z + Cz°
where X (A) = A, X(B) = (1 — A\3)B and C is a constant.

Proof. — The claim is a consequence of the following fact: if G € Os is
such that X(G) = —a- G, where ¢ > 0, then G = 0.

Note that X(Fwyz) = (1 —A1— X —)\3)- Fzyz, where 1 — A1 — Ao — A3 <0,
by Theorem 1.5. Therefore F},,. = 0. The other cases are similar.

Now, F,., =0, implies that F(z,y,2) = A(z,y) + B(z,y)z + C(x,y)2?,
where A, B, C are polynomials. Since F},,, = F,,, = 0, C'is a constant. The
fact that X (F) = F implies that X(4) = A and X(B) = (1—-X3)B. O

We have two possibilities: either (i) C # 0, or (ii) C = 0.

and F ~
Eyyyy = 0.

Case (i): C # 0. — We claim that in this case, A3 =
22+ E(z,y), where X (2) = 1z, X(E) = F and Eypyy = Eoyy,
In particular,

(3.10) E(z,y) = sy’ +ea(w) y* + e (@) y + eo(2),
where e3 € C and deg(es) < 1.

” [N

In fact, since C' # 0 we get F ~ 22 + By(z,y)- 2z + A1 (x,y), where A; =
C~' A and B; = C~' B. It follows from Remark 3.8 that A3 = § and F ~
2% 4+ E(z,y), where X(E) = E. Now, X (Eyzyy) = (1 —2(A1 + A2))* Epayy-
Since A\1 +Ag > 1— A3 = %, we get 1 — 2(A\1 + A2) < 0 and so Eygyy = 0.
Similarly E,,yy = Eyyyy = 0. This implies that E can be written as in
(3.10), where e3 € C and deg(ez) < 1.

Case (i.1): C # 0 and es # 0. — We claim that in this case, M is
equivalent to one of the following surfaces: Y, M35 2y or M(33,), where
r € {3,4,5}.

Proof. — 1t follows from Remark 3.8 that A; = % and that E(z,y)
0,

Yo+ fu@) g + folw), where fo, f1 € Cla] and X(f;) = (1— £)f;, j =
Therefore, F ~ 22 +4® + fi(x) -y + fo(x).

Note that, if f; # 0 then f;(z) is a monomial of the form a-z™, a € C¥,
j = 0,1. We have two possibilities: Either fy # 0, or fo = 0. Let us
consider first the case fy # 0. In this case, fy must be a monomial of the
form fo(z) = a-a™, where a # 0 and A\; = = < 3. After the change of
variables of the form (z,y,z) — (b-2,y,2), b™ = a, we can suppose that
a = 1. Since A\ + Aa + A3 > 1 we get that m < 6 and m € {3,4,5}.

In any case, we must have fi(z) = c- 2, where ¢ € C and k- \; = %, if

1.
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¢ # 0, because X (f1) = Zf1. This implies that if m € {4,5} then ¢ = 0
and F ~ z* +y® 4+ 2™. Hence, M is equivalent to M 3 ,,), m € {4,5}. If
m =3 and ¢ # 0, then k =2 and F ~ 22 + 93 + c- 22y + 23. Note that
E(z,y) =y +caz?y+a® = (y—air)(y — asx)(y — azx), where ay, as,as
are the roots of y> + cy + 1 = 0. Therefore, a; + as + a3 = 0. Since 0
is an isolated singularity of M, we must have a; # a; if ¢ # j. Consider
an isomorphism 1 of C? sending the lines y — ajz, j = 1,2,3, into the
lines y + z, y + 6-x, y + 6 'z, where § = €27/6. It can be checked that
Eov=Yz,y) = a(z® + y?), where a # 0. Hence F ~ 2% + a(z® + y°) ~
22 4+ 2% 4+ y3 and M is equivalent to M3,3.3).-

Consider now the case fo = 0. In this case F ~ 22 + 1% + 2™y = 22 +
y(y? + 2™), where m > 1. Since X (2™ y) = 2™y, we get m-A\; + Ay = 1,
and so A\ = 3% Note that the inequality A1 + A2 + A3 > 1 implies that
1 <m < 4. If m=3then F ~ 22 — y(y?> + 2®) and M is equivalent to
the surface Y. If m = 2 then y(y? + 22) is homogeneous of degree three
and F ~ 22 4+ 22 + 43, as we have seen before. Hence, M is equivalent
to M(g,33). If m = 1 then F' ~ 2?2 + y(y? + x). In this last case, after the
changes of variables ¥; (z,y,2) = (z+y2,y, 2) = (z1,y, 2) and s (21,9, 2) =
(B BV ) = (w9,ys,2), we get that F ~ 22 + x1-y ~ 2% + 23 + 3.
Therefore M is equivalent to M3 3 2). |

Case (i.2): C #0, e3 =0 and eg # 0. — We claim that in this case M
is equivalent to one of the following surfaces: M35y, 7 = 2, M(233), Xm,
m>=1or Z,,m>1.

Proof. — Since deg(ez) < 1 we have two possibilities: Either deg(es) = 0,
or deg(ez) = 1. If deg(ez) = 0 then E(z,y) = ez - y*+e1(x)- y+eo(z), where
es € C*. It follows from Remark 3.8 that A = % and E(z,y) ~ y? + fo(z),
where X (fo) = fo. Therefore, fo(x) must be a monomial of the form a-z",
where r > 2 and a # 0. Hence F ~ 22 + y?> + a-2" ~ 22 + y? + 2" and
M is equivalent to Mz 3, 7 = 2. If deg(ez) = 1 then ex(z) = a- x, where
a # 0. Similarly, e;(x) and eg(z) are also monomials, where deg(e;) > 1
and deg(eg) > 2, because 0 is a singularity of M. Therefore, we can write
E as E(z,y) = x(a-y* + b- 2%y + ¢ 2%). It follows from Remark 3.8 that
a-y?+ b2t y+c ¥ ~y? + o 2F. Therefore, E ~ x(y? + a- 2F). Note that
a # 0 because 0 is an isolated singularity of M. We have two possibilities:
Either k is odd, or k is even. If k is odd, k = 2m + 1, then F ~ 2%+ 2(y? +
a- 2?1 ~ 22 — g(y? + 2™+, Therefore, M is equivalent to the surface
Zm, m > 1. If k is even we have two possibilities: Either k = 2, or k > 2. If
k =2, then E(z,y) is homogeneous of degree three and F ~ 2% + 23 + 4,
as we have seen before. Therefore, M is equivalent to M, 3 3). If k¥ > 2 then
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k=2(m+1),m>1,and F ~ 22+ z(y* +a 22" "2) ~ 22 —g(y? —2?™+?) =
22 —x(y—2™ ) (y+2™F1). In this last case, if we set y; = y — 2™, then
we get that F ~ 22 — zy; (y1 +22™ ) ~ 22 — 2y(y + 2™ F1). Therefore, M

is equivalent to X,,, m > 1. O

Case (1.3): C # 0, e3 = ea = 0. — We claim that in this case M is
equivalent to M3 3 2)-

Proof. — In this case, F ~ 22+e(1)- y+eg(x) := G(x,y, 2). Since 0 is an
isolated singularity of M we must have e; # 0. We assert that e; (z) = a- z,
where a # 0. In fact, since X(e;) = (1 — Az)e1, e; must be a monomial
of the form a-2™, a # 0, m > 1. Similarly, eo(z) = b-2*, where a € C
and k > 2, because 0 is a singularity of M. This implies that G, = a-2™
and G, = ma- 2™ L y+kb- 271 If m > 1 then G, (0,y,0) = G,(0,y,0) =
G.(0,y,0) = 0 for all y and 0 is not an isolated singularity of M. Therefore,

F~ 22+x(a-y+b-xk_1) ~ 22 oy~ 2% 2?42
Hence, M is equivalent to M3 2 2). O

Case (ii): C = 0. — We claim that in this case M is equivalent to
M(2727,,.)7 T 2 2.

Proof. — In this case F(x,y,2) = B(x,y)z + A(x,y), where X(A) = A
and X(B) = (1 — A\3)B. Since F,,. = 0, B must be of the form B(xz,y) =
ax™ +by™, where m,n > 1 and either a # 0, or b # 0. Since 0 is an isolated
singularity of M, then, either m = 1, or n = 1 (if not, then F}(0,0,z) =
F,(0,0,z) = F.(0,0,2z) = 0). We have two possibilities: Either b = 0, or
b#0.If b =0 then a # 0 and m = 1. Hence, F = axz + A(x,y). Since
M is irreducible, x does not divides A, and so A(z,y) = cy” + z- A1 (z,y),
where ¢ # 0. Therefore

F=azz+cey +a Ay(z,y) = ey +x(az+ AL (z,9)) ~ y +az ~ x?+ 22447

Therefore M is equivalent to M35y, 7 = 2.

If b # 0 then n = 1. In fact, if @ = 0 then it is clear that n = 1.
On the other hand, if a # 0 then A3 + mA; = A3 + nAy = 1, because
X(F) = F. This implies that n < m, because A\; < Ag. Therefore, n = 1
and F = z(by + az™) + A(z,y). After the change of variables ¢ (z,y, z) =
(z,by + azx™, z) = (x1,y1,21), we have

Fo 1/)71(5”173/1,21) =2+ A($1»b71y1 - bilaxm) =121 + Ai(z1,y1)
= F~yz+ Ai(z,y)
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Since M is irreducible, y does not divides A; and we can write A; =
cx” 4+ y- Bi(x,y), where ¢ # 0. Hence
F~ca” +y(z+ Bi(a,y) o’ +yz o’ +y° +2°

Therefore, M is equivalent to M5 o .y, 7 > 2. This finishes the proof of the
274 step. O

3.3. Proof of the 3rd step

We will use two invariants: the Milnor number of M at 0 and the fun-
damental group of M*. The Milnor number of M, denoted by p(M), is
the complex dimension of O3/ < F,, Fy, F, > (cf. [14]). It is known that
w(M) = [Fy, F,, F.]o (the intersection number of F,, F,, F, at 0 € C3). By
a direct computation, we have

1(Mpgr) =@—1)(g—1)(r—1)
(X)) =2(m+2)

u(Y)=5

w(Zm) =2m+3

(3.11)

On the other hand, as we have seen in Examples 1.11, 1.12, 1.13 and
1.14:

#(m (M) =1

#(m (M 5 5))) =8

#(m (M 5 4))) = 24
(3.12) H#(m (M 5. 5)) = 120

#(m(X5,) = 8m

#(m (V™) =48

#(m(Zr) =4(2m + 1)

As the reader can verify easily, if we take two of the above surfaces then,
either they have different Milnor numbers, or different fundamental groups.
This ends the proof of Theorem 1.9.

4. Proof of Theorem 1.10

Given a smooth complex manifold IV, we will use the following notations:

(I) Q%; = the sheaf of germs of holomorphic k-forms on N.
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(IT) xn = the sheaf of germs of holomorphic vector fields on N.

(IIT) If N = F~1(0) is a germ at p € C"*! of an analytic hypersurface
and V C C"*! is an open set where F is defined, then Ny, = NNV
and Ny, = Ny \ sing(N).

The proof of Theorem 1.10 will be in three steps:

1%t step. — Let M = F~1(0) be a germ of hypersurface at 0 € C**1,
n > 3. Suppose that dimg(sing(M)) < n — 2 and that there exists a
Stein neighborhood V of 0 € C"*! where F is defined and such that
H' (M3, ") = {0}. Then 0 ¢ sing(M).

27d step. — Let M = F~1(0) be a germ of hypersurface at 0 € C"*+1,
n > 3. Suppose that dime(sing(M)) < n — 3 and there exists a germ of
holomorphic map ¢: (C*,0) — (M, 0) such that ¢~*(0) = {0}. Then there
exists a Stein neighborhood V' of 0 such that H* (M, Q%l) =0.

374 step. — Let M be a germ of hypersurface at 0 € C**', n > 3.
Suppose that dimg(sing(M)) < n—2, 0 € sing(M) and there exists a germ
of holomorphic map ¢: (C™,0) — (M, 0) such that ¢=1(0) = {0}. Then all
components of sing(M) through 0 have dimension n — 2.

Since the 3"? step implies the theorem and is the easiest one, we will
prove it first by using the other two.

4.1. Proof of the 3" step

Let U and V be connected neighborhoods of 0 € C"* and 0 € C"*! such
that:

(i) F and ¢ have representatives F': V — C and ¢: U — C"*! such
that ¢(U) C V and Fo¢ =0.

(ii) ¢: U — My is a ramified covering. In particular ¢ is finite to one
in U and ¢~ (My) = U.

Suppose by contradiction that sing(My ) has a component, say B, of
dimension k < n — 3. Let p € BNV be a smooth point of sing(M) N V.
Note that there exists a (Stein) neighborhood Vi C V of p in C**! such
that BN Vy = sing(M) NV} has pure dimension k < n — 3. It follows from
(ii) that there exists ¢ € U such that ¢(q) = p. Let U; be the connected
component of ¢~1(V;) which contains q. Note that ¢~1(p) N"U; = {q}. Set
¢1 = @lu, : Uy — Vi. After composing ¢ with translations in both sides,
we can suppose that p =0 € C"*! ¢ =0 € C", ¢;: (C",0) — (C"*1,0)
and ¢ (0) = {0}. Since sing(M) N V; has dimension k < n — 3, it follows
from steps 1 and 2 that p = 0 is not a singularity of M, a contradiction.
Therefore all irreducible components of sing(M) have dimension n — 2.
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4.2. Proof of the 15 step

This step is a consequence of the following:

LEMMA 4.1. — Let M be a germ of hypersurface at 0 € C**1, n > 3.
Suppose that dimg (sing(M)) < n — 2. Then the following assertions are
equivalent:
(a) 0 is not a singular point of M.
(b) There exists a Stein neighborhood V of 0 € C™*! and a holomorphic
section Y': My, — TC" |y such that dF,(Y (p)) = 1 for all p €
M.

(c) There exists a Stein neighborhood V of 0 such that H' (M5, Q”M_vl) =
{0}.

(d) There exists a Stein neighborhood V' of 0 such that H' (M, XM‘*/) =

{0}

Proof. — Tt is not difficult to see that (a) implies the other assertions.
On the other hand, the interior product and the n-form 7 induce an isomor-
phism §: Xh; = Q?VE; defined by 6(Y) = iy (n), where Y is a holomorphic
vector field on some open subset of M7,. Therefore, (c) is equivalent to (d).

(d) = (b) Given V as in (d), consider the covering T = (M;)7_,
of M, where M; = {p € My|F,,(p) # 0}. Let Z;: M; — TC"*! be
defined by Z; = ﬁ% Note that dF(Z;) = 1. For i,j € {0,...,n}, set
Xij = Zj - Zl Sin]ce de(X”(p)) = 0 for all p < Mij = Ml N Mj, the
collection {X;;}}';_o can be considered as a cocycle in ZNT, xm; ). Hence,
Xij = X; — X;, where X, is a holomorphic vector field on M; for all
j=0,...,n, because H'(Mj, XM‘*/) = {0}. This implies that there exists
a holomorphic section Y: My — TC™*! such that Y|u, = Z; — X; for
all j = 0,...,n. Observe that dF'(Y)|n, = dF(Z;) — dF(X;) = 1, which
proves (b).

(b) = (a) Let Y: Mj> — TC""! be a holomorphic section such that
dF,(Y(p)) =1 for all p € M. The idea is to prove that Y can be extended
to a holomorphic vector field on V', say X. Since 0 € M, this implies that
dFy(X(0)) = 1. Therefore, dFy # 0 and 0 is not a singular point of M.

We will use the following result (cf [6] p. 133), which is a generalization
of [4]: Let N be a Stein manifold of dimension m > 3 and A C N be an
analytic subset of IV such that dimc(A) < m —3. Then H}(N \ A4, 0) = 0.

In particular, since dime(sing(M)) < n—2 = (n+ 1) — 3, we have
HY(V ~sing(M), O) = 0. Let us prove that the section Y can be extended
to V. Since codimy (sing(M)) > 2, by Hartogs’ theorem it is sufficient
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to prove that Y can be extended to a holomorphic vector field on V' ~
sing(M) := V*. Since M C C""!, we can write Y = Z;L:()Yja%j, where
Y; € O(My). Hence, it is sufficient to prove that Yp,...,Y, extend to
holomorphic functions on V*. In fact, any f € O(M;;) can be extended
to a holomorphic function on V*. Let U = (V}),cs be a Leray covering of
V* by open sets such that, if V; N M7, # 0 then f|v]-mM;; can be extended
to a holomorphic function, say f;, on V. If V; N M{, = 0, set f; = 0. In
this way we have a collection (f;);cs, where f; € O(V;) and f; = f on
V; N My, if this set is not empty. This implies that, if V;; :=V;NV; # 0
then f; — f; = fi;.F, where fi; € O(V;;). Now, the collection (fi;)v;, 20
is an additive cocycle. Therefore, if V;; # 0, we can write f;; = g; — g
where g; € O(V;), because H'(V*,0) = 0. This implies that there exists
h € O(V*), defined by hly, = f; — g;- F for all j € J. This implies (a),
because h|y = f. O

4.3. Proof of the 2"? step

In this step we will use Dolbeault’s theorem (cf. [7]): if N is a complex
manifold of dimension n then H'(N, Q') ~ Hgil’l(N). Hence, we are
going to prove that there exists a Stein neighborhood V' of 0 € C**! such
that H2 "' (M) = {0}.

Fix Stein neighborhoods U of 0 € C"™ and V of 0 € C**! such that:

(i) F hasarepresentative F': V — C and ¢ a representative ¢: U — V.
(ii) ¢: U~ ¢~ (sing(M)) — M is a ramified covering with d sheets.
We will use the notation U \ ¢~ (sing(M)) = U*.

We claim that HZ~"'(U*) = H'U*,Qp7Y) = {0} In fact,
since U is Stein and dimc(¢~! (sing(M))) < n — 3 (see (ii) of
Remark 1.17), we have H1(U*,0) = 0 (cf. [6]). On the other hand,
any holomorphic (n — 1)-form on an open set A C U* C C” can be
written as

Zajdul/\-~-/\@?/\~-~dun,aj € O(A).
j=1

This implies that H'(U*, Q72" ~ (HY(U*,0))" = 0, which proves
the assertion.

Now, let a € Q*~L1(M7;) be C°° and such that da = 0. We want
to prove that a = dw for some w € Q"= LO(M?). Since ¢~ 1 (M) =
U* and Hg_l’l(U*) = 0 we have that ¢*(a) = 983, where 3 is a
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(n — 1,0)-form on U* of class C*. Let n be the holomorphic n-
form on M7, defined as in §2. As we have seen, ¢*(n) extends to a
holomorphic n-form on U which can be written as f(u)-dug A--- A
duy,, where f € O(U). Note that C = {p € U*|f(p) = 0} is the set
of critical points of ¢|y~ and ¢(C) = CV is the set of critical values
of ¢|y-. In particular, if W = U* < ¢=2(CV) and M = M ~ CV,
then ¢|lw: W — Mis a covering with d-sheets.

Using the method of the proof of Lemma 3.1, it is possible to
construct a (n—1,0)-form of class C*°, w on Z/\l\, such that dw = a.
The form w is defined on M by

(4.1) Wp =~ Z (¢q)*(ﬂq)7
q€¢(p)

where (¢,). denotes the map induced by the isomorphism D¢(q):
T,(C™) — T,(M). It is well defined because ¢l : W — M is a
covering map. At this point, we observe that if f(0) # 0 and V
is small then M = My and the 2" step is proved in this case. If
f(0) = 0, we must prove that w extends to CV. The idea is the
following: Fix a point p € C'V. Since da = 0, it follows from the O-
Poincaré Lemma that there exists a (n — 1, 0)-form ¢, of class C*,
defined in a neighborhood V,, of p in M, such that 96, = o on V,.
Since d(w — d,) = 0, the form w — §, is holomorphic. Therefore,
we have only to prove that w — §, extends to V,,, for all p € C'V.
This will be done as follows: We will divide C'V into two parts, say
CV = CV; UCV,, such that

(iii) CV; is contained in the smooth part of CV, dim¢(CVy) = n —1
and if p € C'V; then w — §, can be extended to V}, by using a local
form of ¢ that will be stated in (v). This will imply that w can be
extended to ]\/4\U CV.

(iv) dim¢(CV2) < n—2. If we suppose that (iii) is proved, we can extend
w to MU CVi. Hence, if p € CV; then w — d,, can be extended to
V, by Hartogs’ theorem, because C'V, NV, has codimension > 2 in
Vp.

Therefore, it is sufficient to prove the existence of such a decomposition.

Construction of CVy and CVy. — It will be done in such a way that:

(v) For any p € CV; and q € ¢~ 1(p) there exist local coordinate systems
(Ugs (u,v) = (ug,...,up—1,v)) and (Vp, (z,y) = (z1,...,2n-1,y)) around
g and p respectively, where V,, is a neighborhood of p in Mj;, such that
u(g) = z(p) =0 € C" 1, v(g) = y(p) =0 € C, p(Uy) = Vp, x(V;) =D
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and y(V,) =D (D = {z € C||z| < 1}) and

(42) ¢(u7 U) = (U" Um)7

where m € N depends only on the irreducible components of C'V and
#~1(CV) which contain p and ¢ respectively.

Since CV = ¢(C) and C = f~1(0) N U*, all irreducible components
of CV and of $~1(CV) have complex dimension n — 1. Moreover, if ¥ is
an irreducible component of ¢~1(C'V) then ¢(X) is an irreducible compo-
nent of CV. Denote by A; the singular set of CV. Note that dimc(4;) <
dim¢(CV) and that CV ~ A; is smooth of dimension n — 1. Let ¥ and
#(X) be as before and denote by ¢x the restriction ¢|s: ¥ — ¢(X). Let
Ay = {q € ¥\ ¢71(Ay)|rank(D¢s(q)) < n — 2}. Note that ¢(Ayx) and
AL = ¢71(¢(Ax)) are analytic subsets of M and U*, both of dimension
< n—2. Therefore, the closure in U, ZIZ is also an analytic subset of U C C"
of dimension < n — 2.

Set B = Uy ¢(Z/Z) (in the union ¥ runs over all irreducibe components of
¢~ 1(CV)), CVa = AyUB and CV; = CV \. CVa. Then dimg(CV;) =n—1
and dim¢(CV2) < n — 2. Let us prove (v).

Notice that if p € CV; and ¢ € ¢~ !(p), then CV and ¢~ (CV) are
smooth of dimension n — 1 at p and ¢ respectively and D¢(Q)\Tq¢fl(0\/) :
T,0~1(CV) — T,(CV) is an isomorphism. If ¢ ¢ C then, in fact D¢(q):
T,C" — T,(M) is an isomorphism and it is clear that we can obtain
coordinate systems satisfying (3.11) with m = 1. If ¢ € C, it follows from
the implicit function theorem that there exist local coordinate systems
(Ug, (u,v) = (u1,...,uUp—1,v)) and (V,, (z,y) = (z1,...,%Tn-1,Yy)), where
ulg) = 2(p) = 0 € ", u(q) = y(p) = 0 € C, $(U) = Vy and ¢(u,v) =
(u, f(u,v)) where f € O(U,) and f,(0,0) = 0. We can assume ¢~ *(CV) N
U, = {v =10} and CV NV, = {y = 0}. This implies that f(u,0) = 0 and
f(u,v) = g(u,v)-v™ for some m > 2, where g # 0. Now, the set of critical
points of ¢ in U, is defined by f, = 0 and is contained in ¢~*(CV) N
U, = {v = 0}. Since f,(u,v) = o™ (m- g(u,v) + v- gy (u,v)), we get that
g(u,0) # 0 for all (u,0) € U,. Therefore by taking a smaller U, we can
suppose that U, is simply connected and that g € O*(U,). Let h € O*(Uy)
be such that h™ = g and consider the change of variables in a neighborhood
of q given by ' = u, v = g(u,v)-v. In the coordinate system (u’,v") we
have ¢(u',v") = (v, (v')™). Hence, we get property (v).

In order to prove that w can be extended to a neighborhood of any point
p € CVq, we need a lemma.
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LEMMA 4.2. — For any p € CV; there exists a coordinate system
(Vo (z,y) = (21, ...,2n—-1,y)) such that:
(a) z(p) =0 C" 1, y(p) =0€C, z(V,) =D""! and y(V,) = D.
(b) CVA N1V, = {y = 0}.
(c) There exist 0 < a < 1, ¢ > 0 and a compact neighborhood K,, = K
of p such that if w = wy(z,y)dzy A+ ANdzp_1+ Z;:f wj(z,y)dz A
- ANdxj_1 ANdxjp1 N--- Ady, then

(4.3) max {|wi(x,y)|,. .., |wn(z,v)|} < e |y~ V(z,y)eK :=K~{y=0}.

Proof. — Fix p € CV; and let ¢~(p) = {q1,...,¢}. Since CV; is
smooth of codimension one in Mj;, we can find a local coordinate sys-
tem (B, (z,y)) around p such that z(p) = 0 € C*! y(p) = 0 € C
and CV; N B = {y = 0}. Given ¢; € ¢~ *(p) fix local coordinate systems
(Uj, (uj,v5) = (w1, - - ujn—1,v5)) and (Vj, (5, 95) = (@51, Tjn—1,9;))
as in (v), where ¢(uj, v;) = (u;,v;""), m; € N. Observe that m; +- - -+m, =
d. We can suppose without lost of generality that V; C Bforallj =1,...,7.
Let K be a compact neighborhood of p such that K C N;V;.

Since CV4 NV; = {y = 0} = {y; = 0}, there exists a constant &y > 1

such that
(4.4) kit ly(2)] < ly; (2)] < k- Jy(2)]

forall z € Kandall j = 1,...,r. Now, fix a point pg = (x0,y0) € K~ {y =
0}. In the coordinate system V; we have py = (zo;,yo;) and ¢~ (po) NU; =

{(1'0]'7'7(,'00]') = qg] | (= 1, A ,mj}, where Y is a primitive m;h root of
. m
unity and 'UOjJ = Yo;. Let
Blu; = Bnluj,v;) duji A=+ Adujn—1
n—1
+ Z Br(uj,v;) duji A Adujp—1 A dwjper A - A dv,
k=1

where 31, ..., B, € C°°(U;) (recall that ¢*(a) = 93). The inverse of ¢ from
a small neighborhood of py to a small neighborhood of qgj can be written

as z/JSj(xj,yj) = (xj,ye.yl-/mj), where yjl-/mj is a branch of the m?h

of y;. Therefore, the contribution to the sum in (18) which comes from
¢~(p) N Uj, in this neighborhood of py, is of the form %>/, 6]

root

0% = (wg])*(ﬁ) = Hindle AKERIAN dxjn_l
n—1
+ Z aimd(ﬂjl AR dxj,m—l A dxj,m-}-l A A dy]

m=1
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where

; 1/m,;
0], = ﬂn(xj,fyk.yj/mj) and Oim

1 1 1/m;—1
:5m(1’j7’7 yj/mj)'ﬁ'yk-yj/mj , m=1...,n—-1
j

Since B4, ..., 3, are bounded in ¢! (K) N U;, we get from the above rela-
tions that

(4.5) |9km(xj7yj)| i lyil™ = UmJ)

where ¢; > 0. Now, let us write 0% in the coordinate system (x,y) as

n—1
0, =0 dey A ANdan_ 1 + Z 0L dzy A+ ANdTp1 AdTpir A--- Ady.
m=1
Since (x,y) — (z;,y;) is a diffeomorphism for all j =1,...,r, we get from
(4.4) and (4.5) that
(4.6) 107 (@, )| < e [y,

for all m = 1,...,n, where c} > (0. We leave this last computation for

the reader. Set a = max{1 —1/my|j = 1,...,r} and ¢ = }7_, ¢j. Since
w=3"_ > 67, we obtain from (4.6) that

Iwmxy\—lzzﬁkmxy Zzwkmxy eyl ™,

forallm=1,...,n. O

In order to finish the proof of Theorem 1.10 it is enough to show that
w can be extended to the compact neighborhood of p, K, C V,, like in
Lemma 4.2. Let §, be a C* form on V}, such that 85, = aly,. Note that
w — §, is holomorphic on V, \ (V, N C'V7). Set

n—1
dp = Op(x,y)dz1 A-- -/\dxn_1—|—z di(x,y)dzi A---ANdxj_1 Adxjr1 A---Ady
j=1
where d1,...,0, € C>(V,). Since w — d,, is holomorphic on V,, \ (V,NCVy),
we get that wy, — d,, € OV, \ (V, NCVy)), for all m = 1,...,n. On the
other hand |d,,| is bounded in K. Hence,

(4.7) lwm (2,y) = dm (2, y)| < er- [y~ V(2,y) € Kp,

for all m = 1,...,n, where ¢ is a positive constant. Since 0 < a < 1, (4.7)
implies that, for a fixed x, the holomorphic function y — wy, (2, y) —dm (2, )
has a removable singularity at y = 0. Hence, w,, (2, y) — dm (2, y) extends to
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K, as a holomorphic function, for all m = 1,...,n. This finishes the proof
of Theorem 1.10. O
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