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SUBSTITUTIONS WITH COFINAL FIXED POINTS

by Bo TAN, Zhi-Xiong WEN, Jun WU & Zhi-Ying WEN

ABSTRACT. — Let ¢ be a substitution over a 2-letter alphabet, say {a,b}. If
p(a) and ¢(b) begin with a and b respectively, ¢ has two fixed points beginning
with a and b respectively.

We characterize substitutions with two cofinal fixed points (i.e., which differ only
by prefixes). The proof is a combinatorial one, based on the study of repetitions of
words in the fixed points.

RESUME. — Soit ¢ une substitution en un alphabet {a,b} de deux lettres. Si
p(a) et ¢(b) commencent par a et b respectivement, alors ¢ posséde deux points
fixes débutants par a et b respectivement.

Nous caractériserons les substitutions avec deux points fixes co-finaux (c’est-a-
dire, qui different que par leur préfixe). La démonstration est combinatoire, elle se
base sur une étude de répétitions de mots dans les points fixes.

1. Introduction and Main Result

Combinatorial properties of finite words and infinite sequences are of
increasing importance in various fields of mathematics, physics as well as
computer science, bioinformatics - -+ (the reader is referred to the series of
books by Lothaire [5, 6, 7], and the references therein for more information).

Substitutions are very simple combinatorial objects, and play an impor-
tant role in the study of sequences. Roughly speaking, substitutions are
rules to replace letters by words, and by iteration, they produce sequences.
The combinatorial properties of these sequences are of great interest in
various subject (see, for instance, the book by Allouche and Shallit [1], the
book by Fogg [9] and the references therein).

Note that a substitution can be naturally extended to a morphism of the
corresponding free group; If this extension is an automorphism, the sub-
stitution is said to be invertible. These substitutions have been intensively
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studied by different authors: Wen and Wen [12] showed that the monoid of
invertible substitutions over a 2-letter alphabet is finitely generated, also
they gave a set of the three generators. Ei and Ito [4] provided a geomet-
rical characterization of these invertible substitutions. A survey on this
subject can be found in Chapter 9 in [9]. The situation in a bigger alpha-
bet is much more complicated; For example, Wen and Zhang [14] showed
that the monoid of invertible substitutions over a 3-letter alphabet is not
finitely generated. The structure of invertible substitutions over a 3-letter
alphabet is studied in Tan, Wen and Zhang [11].

The sequences generated by invertible substitutions have very interesting
properties. In the 2-letter case, these sequences are shown to be the so-called
Sturmian sequences (with some trivial exceptions). For a sequence s, the
complexity p is defined to be the function which associates with each pos-
itive integer n the number of different words of length n occurring in s.
Sturmian sequences are exactly the ones of minimal complexity (that is,
p(n) = n+ 1) amongst all non periodic sequences. There are many equiv-
alent definitions of Sturmian sequence. For example, Sturmian sequences
can be geometrically generated by the intersections of a straight line with
a grid in the plane. Sturmian sequence are extensively studied and we refer
the reader to Chapter 2 in [6] or Chapter 6 in [9] for more details and in-
formation. Up to now, there are few results on the sequences generated by
invertible substitutions over a bigger alphabet. A special class of sequences
over three letters which can be generated by invertible substitutions were
studied in Arnoux and Rauzy [2].

The aim of the present paper is to characterize the substitutions over
a 2-letter alphabet with two cofinal fixed points. This characterization is
motivated by some interesting properties of the invertible substitutions.

Let us introduce some definitions and notations first.

Let S = {a,b} be an alphabet consisting of two letters. Let S* and S
be respectively the free monoid (with the empty word, denoted by e, as
identity element) and the free group generated by S. Let ST = S*\{e}.
Let SN be the set of (one-sided) sequences over S, indexed by N*.

A morphism ¢ : §* — S* is called a substitution. In this work, we deal
only with non-erasing substitutions, which means that both ¢(a) and ¢(b)
are different from e. Since a substitution ¢ is determined by the images
of the generators, we can identify a substitution ¢ with the ordered pair
(¢(a),o(b)). Thus (ab,a) denotes the well known Fibonacci substitution
which maps a to ab and b to a.
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A substitution ¢ can be naturally extended to be a morphism of the free
group S which we also denote by ¢. If ¢ is an automorphism of S, we say
that ¢ is an invertible substitution.

A substitution ¢ also acts on SN :

p(r1za.. Ty ...) = o(z1)e(T2) ... 0(TH) .. ..

If ¢ is a sequence such that p(§) = &, we say that £ is a fixed point of ¢.
Two sequences &; and &> are said to be cofinal if there exist two finite
words wy and ws, and a sequence £, such that & = wi& and & = ws€.
The following result by Wen, Wen, and Wu [13] motivated the present
study.

THEOREM 1.1. — (1) Let ¢ be a primitive invertible substitution with
two fixed points &; and &. Then ¢ is in the monoid (T, ) generated by
the substitutions T = (ba,a) and ™ = (b, a) and the total number of 7’s and
7’s in any decomposition of ¢ is even. Furthermore, there exists an infinite
sequence & such that & = abé and & = ba€.

(2) Let ¢ be a primitive substitution with two fixed points & and &. If
& = ab€ and & = ba€ for some sequence &, then ¢ is invertible.

Here are our results.

THEOREM 1.2. — A substitution ¢ has two cofinal fixed points if and
only if ¢ is of one of the following types:

(i) ¢(a
(il) ¢(a

abk, o(b) = b™ for some k > 1, m > 2;
a®, p(b) = ba™ for some k > 2, m > 1;
(a
aw

(

(iii) ¢( ) a, p(b) = (ba)™b for some k > 1, m > 1;

(iv) ¢(a w(b*w) =1, o(b) = bFw for some word w, k > 1

(v) p(a) = akw, ¢(b) = bw(akw)*~! for some word w, k > 1;

(vi) ¢ is an invertible substitution, and ¢ € (m, T) satisfying the total
number of w’s and 7’s in any decomposition of ¢ is even.

Q

)
)
) =
)

Remark that the substitutions of types (i) and (ii) are non-primitive, and
the substitutions of type (iii) are periodic. Also remark that types (i) and
(ii) are symmetric from each other, as well as types (iv) and (v).

The cofinal sequences ultimately coincide. Let us mention that other coin-
cidence conditions on a substitution o, defined in terms of prefixes of 0" (a)
and o™ (b), have been considered by other authors (see for example [3]). Tt
will be interesting to compare them with our work.

TOME 56 (2006), FASCICULE 7
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2. Preliminaries

If w e S* is a word, we denote by |w| its length (i.e., the total number
of letters appearing in w) and by |w|, (resp. |w|y) the number of times the
letter a (resp. b) occurs in w. Denote by L(w) the vector (|w)|q, |w|p).

A word v is a factor of a word w, and then we write v < w, if there exist
u,u’ € §* such that w = wvu’. We say that v is a prefix (resp. suffix) of a
word w, and then we write v <w (resp. v > w), if there exists u € S* such
that w = vu (resp. w = uw). The notion of factors and prefix extends in a
natural way to infinite sequences.

A word u € ST is said to be primitive if it is not a power of some word
(i.e., u = v* for some v € St implies k = 1).

Let w = x129 -+ -2, € S* (z; € S), we denote by w~! the inverse word
of w, that is w=! = z;'---zy 27", Let w = ww, then wo! := u by
convention.

A sequence n = m1m2 - - - is said to be ultimately periodic, if there exist k
and n in N such that, for any j > &, n; = nj4n.

Let ¢ : §* — S* be a substitution, the substitution matrix of ¢ is defined
to be M, = (L(¢(a))", L(p(b))"). Then we have Moy = M,M, for any
substitutions ¢ and ¢. If M, is primitive (i.e., there exists k > 1 such that
M* > 0), we call ¢ a primitive substitution.

We denote by Aut(S) the group of automorphisms of S. It is known ([8])

that Aut(S) is generated by the following three special automorphisms
o= (ab,a), = (ba), 5:(0'1[)_1)’

A substitution ¢ which also is an automorphism of S is called an in-
vertible substitution. The monoid of invertible substitutions, denoted by
IS(S), is generated by the three substitutions = = (b,a),0 = (ab,a), and
7 = (ba,a) (see [12]):

IS(S) = (m,0,7)
(where the notation (o1, - ,0,) denotes the monoid of substitutions gen-
erated by o1, -+ ,05).

Let us remark that the writing of an invertible substitution as a product
of 7, o, and 7 is not unique. For example: (aba, a) =comoT =To0mo0O0.
On the other hand, by considering the determinant of the corresponding
substitution matrices, the parity of the total number of 7, o and 7 in the
decomposition of an invertible substitution is independent of the decompo-
sition.

The following elementary lemmas will be used in the proof of the main
theorem. See for example [5, 6] for more details.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.1. — Let u,v € ST. If uv = vu, then there exist w € ST and
m,n € N such that
u=w", v=w".

LEMMA 2.2. — Let u,v,w € S*. If |u| > |v|, and wu = uv* for some
k € N, then there exist n € N and vy > v such that u = vyv™.

3. Proof for the non-primitive and periodic cases

In this section, we prove Theorem 1.2 in the non-primitive and periodic
cases. We consider the non-primitive case first.

If the substitution is not primitive, then either p(a) = a™ or (b) = b™
for some m > 1. We will only consider the case ¢(a) = a™.

Since ¢ has two fixed points, we have m > 2, and thus one of the fixed
points is a®. Since the two fixed points are cofinal, the other one (beginning
with b) will be ua® for some word u € S*.

We write ¢(b) = bv with v € S* and claim that |v|, = 0.

Indeed, assume that |v|y > 1, then |@(b)|p = 2, thus |p™(b)]|, > 2", and
the fixed point beginning with b will contain infinitely many of b, this is a
contradiction.

Hence, |v|, = 0, and ¢(b) = ba”*. The non-primitive cases follow.

Now we turn to the periodic cases. Suppose that one fixed point is ul-
timately periodic. Since two fixed points are cofinal, the other is also ulti-
mately periodic.

Séébold [10] enumerated the substitutions with periodic fixed point as
follows.

PROPOSITION 3.1. — Let ¢ be a primitive substitution over S. ¢ has
a ultimately periodic fixed point if and only if ¢ is of one of the following
types:
(1) ¢(a) =P, o(b) =v%, p,g 21, vE S
(2) ¢(a) = (ab)Pa, ¢(b) = (ba)?, p,q > 1.
By Proposition 3.1, ¢ will be of one of the above types. But ¢’s of type 1

have only one fixed point.
And it is trivial to check that ¢’s of type 2 have two cofinal fixed points.

4. Proof for other cases

In this section, we prove Theorem 1.2 in other cases.

TOME 56 (2006), FASCICULE 7
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4.1. Sufficiency

The proof of sufficiency is just direct checking. And by Theorem 1.1 and
the symmetry of types (iv) and (v), we need only consider the substitutions
of type

(iv) ¢(a) = aw(bFw) =1, p(b) = b*w for some word w, k > 1.

Setting x = w(b*w)*~1, we have

& = azp(x)p® () (x) - -
& = brap(x)p?(x)e?(x) -,

thus the fixed points are cofinal.

4.2. Necessity

We show the necessity by a series of lemmas and propositions.

LEMMA 4.1. — Let ¢ be a primitive substitution, u, v words in ST
such that a<u, b<v, |u| # |v|, and the last letters of u and v are distinct.
If moreover p(u) = uww, p(v) = vw for some w € S*, then |p(a)| > 3,
p(b)] = 3.

Proof. — Obviously a < p(a),b<¢(b).

Since ¢ is a primitive substitution, |p(a)ls = 1 and |p(b)|s = 1. The
conditions ¢(u) = uw and p(v) = vw together imply p(uv=1) = uv~1;
and |u| # |v| implies L(uv™') # (0,0), then 1 is an eigenvalue of M,, i.e.,
det(M, —I) = 0. So |¢(a)|la = 2 and |p(b)|s > 2, and thus |p(a)| > 3,

o (0)] = 3. 0

PROPOSITION 4.2. — Let ¢ be a primitive substitution, u, v words in
S such that a <u, b<w, |u| # |[v|, and the last letters of u and v are
distinct. If moreover ¢(u) = uw, p(v) = vw for some w € S* and the fixed
points of ¢ are not ultimately periodic, then ¢ is of one of the following
types:

(i) o(a) = ax(bkw)*=1, ©(b) = b*x for some word x, k > 2, and then
u=ua, v=">0"

(i) ¢(a) = a*x, ¢(b) = bx(a*z)*~! for some word x, k > 2, and then

Proof. — First we have a<p(a), b<ap(b), and by Lemma 4.1, |p(a)| > 3,
o ()] = 3.

ANNALES DE L’INSTITUT FOURIER
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Due to the symmetry between a and b, we may assume that |¢(a)| >
().

We consider several cases, depending on the length of the word u and on
its last letter.

Case 1: apu and |u| > 3.

Since the last letters of u and v are distinct, we have b>v.

Write u = auja with u3 € S*. Since p(u) = ww, we have p(u) =
p(aura) = aujaw. Since |p(a)| = 3, |@(b)| = 3, we have |p(auy)| = |¢(a)|+
|o(uy)| > |u|. Therefore ¢(a) is a suffix of w. Similarly, ¢(b) is a suffix of
w. Now since |p(a)| = |¢(b)|, »(b) is a suffix of p(a).

Claim. — There exist n € N and w; > p(b), w1 # ¢(b) such that p(a) =
w1p(b)™.

One has v = bv;b for some v, € S*.

Subcase 1: a is not a factor of vy, that is, v = b* for some k > 2.

Since p(v) = p(b*) = ¢(b)* = bFw, we have |p(b)*| > |w| > |p(a)|. This
joint to the fact that ¢(a) is a suffix of w gives Claim 1.

Subcase 2: a is a factor of v;. Thus v = busab® for some vy € S* and
ke N.

(i) If |o(b)*| = |¢(a)|. As in Subcase 1, Claim 1 holds.
(ii) If |@(b)*| < |¢(a)|. There exists z € S* such that zp(a) = p(a)p(b)*.
Due to Lemma 2.2, Claim 1 holds.

The proof of Claim 1 is completed.

By Claim 1, we can write ¢(b) = wowi, p(a) = wi(wowy)™ for some
wy, W € S*.

Since a < ¢(a) and b<(b), we have that neither w; nor wy is the empty
word. Then a <wq, b<ws.

One has u = auja with u; € S* (remember that |u| > 3). Let « € {a, b}
be the last letter of uy.

Claim. — |¢(auia™1)| < |ul, |e(aur)| > |ul.

The inequality |¢(aui)| > |u| has been shown before Claim 1.

Now suppose that Claim 2 does not hold; Then |¢(auja™1)| > |u|. Since
o(u) = uw, we have |p(aa)| < |w|, and so p(aa) is a suffix of w.

Since ¢(b) is a suffix of ¢(a), wowiw; (wowy)™ is a suffix of w.

Subcase 1: a is not a factor of vy, that is, v = b, for some k > 2.

Since p(v) = @(b¥) = p(b)* = (wow1)¥, we have |p(b)*| > |w|. Then
w > p(b)* and woww (wew;)™ > (wow; )*. Therefore wowiw, = wywow,

TOME 56 (2006), FASCICULE 7
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and wiws = wowy. Then, due to Lemma 2.1 we have
_ P _ .4
w1 = wy, W2 = W;g,

for some w3 € ST and p, g € N. This implies the fixed point is periodic. A
contradiction.

Subcase 2. If a is a factor of v1, thus v = bveab® for some vy € S* and
keN.

(i) If |¢(b)*| = |p(aa)|. By arguing as in Subcase 1, we get a contra-
diction.

(i) I [p(b)¥] < [@(aa)]. We have [p(a)p()*] > [p(aa)], and p(aa) >
¢(a)p(b)k. This also implies wywy = wow;. In the same way, this
is a contradiction.

Claim 2 follows.
From Claim 2, we have |¢(auia™!)| < |u| = |ausa!|+2, this contradicts
Lemma 4.1. Thus Case 1 is impossible.

Case 2: abu and |u| = 2.

In this case, u = aa.

Subcase 1: |v| = 1.

Then v = b, p(b) = bw, and ¢(aa) = aaw; This contradicts |p(a)| >
9 (0)].

Subcase 2: |v| = 2.

This contradicts |u| # |v].

Subcase 3: |v| > 3.

We can write v = bv,b.

Claim. — |v1]e < 1.

If |v1]q > 2, take any word vy satisfying |va|a = |v1la — 2, |v2]p = |v1]b.
Since |¢(b)| = 3 (due to Lemma 4.1) and ¢(aa) = aaw, we have

lp(v2)| = |p(v)] = 2|p(b)] = 2|p(a)] = [buvibw| — 2|p(b)| — 2|¢(a)|
< |val + 4+ |w| — 6 — |p(aa)] < |vo| +4+ |w| —6 — 2 — |w|

= |U2| —4,

which contradicts Lemma 4.1. Claim 3 follows.

According to Claim 3, we have |v1], =0 or 1.

Suppose first that |vi|, = 0.

We have v = b* for some k > 3 and (b*) = b*w. Since |p(b)]. > 1,
b* is a prefix of (b). As in the proof of Case 1, one shows that o(a) is a
suffix of w, p(b) = wawy, w(a) = wy(wewi)™ for some wy, we € ST with

ANNALES DE L’INSTITUT FOURIER
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a? qwi, bF Qws. So we write wq = a’ws, we = b*w4. We have
o(u) = p(aa) = a*ws(brwia’ws)"a®ws (B wyaws)" = aaw,

and
©(v) = p(b*) = brwsa’ws (Vrwia’ws)* 1 = brw.

Hence wzbFw4a?<w and wya?wsb*<w, but |wya?wsb®| = |wsbFwya?|, thus
waa?wsb® = wsbFwya?, which is impossible (since the last letters differ).

Now suppose that |v1], = 1.

We have v = b¥ab! for some k, | € N. Let p(a) = a™ws, where m > 2
and ws € ST with b<ws. Then

o(v) = p(babl) = brablw

=brabla"ta " p(aa) = brabla™ 2wsa™ws.

Again, by arguing as in the proof of Case 1, one shows that ¢(a) is a suffix
of w, p(b) = wawy, and p(a) = wy (waw; )™ for some wy, we € ST satisfying
a™<awy, b¥<wsy. Thus |¢(b)|s = |wi|e = 2, and this implies b*ab is a prefix
of p(b). Since p(brab') = bFablw, p(b*~tab!) is a suffix of w. This, together
with the facts that ¢(a) is a suffix of w and ¢(u) = ¢(aa) = aaw, gives
wiwy = wowi. Then the fixed point is periodic, and this is a contradiction.

This study of Subcases 1, 2, and 3 shows that Case 2 is impossible.

Case 3: abu and |u|=1.

In this case, u = a and ¢(a) = aw. Since |u| # |v|, we have |v| > 2. Write
v = buib.

Subcase 1: a is a factor of v.

For any word vy satisfying |va|, = [v]q — 1, |v2|p = |v]p, we have

[p(v2)l = le(v)| = lp(a)| = [v] + w| =1 = Jw]
= |U2| - 27

which contradicts Lemma 4.1.

Subcase 2: a is not a factor of v.

Since |u| # |v|, we have v = b* for some k > 2. By ¢(u) = ¢(a) = aw,
and ¢(v) = p(b*) = bFw, we have

pla) = ax(b*z)*1, o(b) = bz,
for some word =, k > 2, and u = a, v = bF.

This is just the case (i) in Proposition 4.2.

TOME 56 (2006), FASCICULE 7
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Case 4: bpu.

Write v = aub, v = bvia. By arguing as in the proof of Case 1, one
shows that (a) is a suffix of w, p(b) = waw1, ¢(a) = wy (waw)™ for some
wy, wy € ST.

Subcase 1:  If |v] > 3.

As in the proof of Case 1, if « is the last letter of vy, then |p(bvia™1)| <
[v], |(bv1)| > |v|. This contradicts Lemma 4.1.

Subcase 2: If |v| =2, |u] =2.

This contradicts |u| # |v].

Subcase 3: If |[v| =2, |u] > 3.

In this case, v = ba, and v = auyb for some word wu;. Since ¢(v) =
p(ba) = baw, p(u) = @(au;b) = auibw, we have |p(u1)| = |uy|. This
contradicts Lemma 4.1.

This study of Subcases 1, 2, and 3 shows that Case 4 is impossible. [

The above proposition corresponds to cases (iv) and (v) with k£ > 2 in
Theorem 1.2.

PROPOSITION 4.3. — Let u, v € ST. Assume a<u, b<dv, [u] = |v| > 3,
and the last letters of u and v are distinct. Then there are NO primitive
substitutions ¢ whose fixed points are non-ultimately periodic and such
that p(u) = uw, p(v) = vw for some w € S*.

Proof. — Suppose that ¢ is a primitive substitution such that o(u) =
uw, ¢(v) = vw for some w € S*.

We have a < p(a), b<p(b) and |p(a)| = 2, |p(b)] = 2. Without loss of
generality, we assume |p(a)| = |p(b)].

We consider several cases.

Case 1: |p(a)] = 3, |p((b)] = 3.
As in the proof of Proposition 4.2, this is impossible.

Case 2:  |p(a)| = 2.

Since |p(a)| = |¢(b)|, and |¢(b)| = 2, we have |p(a)| = |¢(b)| = 2. Since ¢
is a primitive substitution and a < p(a), b<p(b), it follows that ¢(a) = ab,
©(b) = ba, and then the fixed points are the Thue-Morse sequences. But
o(uv™t) # uv~L. Thus ¢(u) = vw, p(v) = vw does not hold. So, Case 2 is
impossible.

Case 3: |p(a)| = 3, |o(b)] =2 and |u| = |v] = 3.
Subcase 1: a>u.

ANNALES DE L’INSTITUT FOURIER
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We have u = aaa, v = bBb with «, 8 € {a, b}. Thus

lp(u)| = |p(aca)| = 2[p(a)| + [ (b)]
> 2[p(b)] + |p(a)| = [ (bb)|
— lp(w)l,
which contradicts |p(u)| = |u| 4+ |w| = |v| 4+ |w| = |p(v)]. Thus, Subcase 1
is impossible.
Subcase 2: b u.
We have u = aab, v = bfBa with «, § € {a, b}.
(i) If @ # (. As in Case 1, this is impossible.

(ii) If @ = B = b. By ¢(v) = vw and |p(b)] = 2, we have ¢(b) = bb,
which contradicts that ¢ is a primitive substitution.

(iii) If « = B = a. Then u = aab, v = baa, aab is a prefix of ¢(a),
and ¢(b) = ba. As in the proof of Claim 1, one shows that ¢(a) =
wi(p(b))™ for some n € N and for some proper suffix w; of ¢(b)
(proper meaning wy # € and wy # (b)). Since ¢(b) = ba, it follows
that ¢(a) = a(ba)™ for some n € N, which contradicts that aab is a
prefix of p(a).

Thus Subcase 2 is impossible.
The study of Subcases 1 and 2 shows that Case 3 is impossible.
Case 4: |p(a)] = 3, |o(b)] =2 and |u| = |v| > 4.
As in the proof of Proposition 4.2, this is impossible. O

Proof of the Necessity. — Let ¢ be a primitive substitution with two
non-ultimately periodic fixed points &1 and £ which are of the form & = u€,
&5 = v€, where u and v are words.

Obviously, at least one of u, v is not the empty word. Also we can assume
that the last letters of v and v are distinct. Then

ug = p(u€) = p(uv™'vg)
= p(uv™ e,

We claim that u = p(uv~1)v. Otherwise u # p(uv~1)v, so there exists
ui € ST such that & = u;£. Thus € is periodic, and &; and &, are ultimately
periodic. This causes a contradiction.

Hence u = o(uv~1)v, so p(uv~™t) = uv=1.

Since |p(a)| =2, |o(b)| = 2, then u # £, v # £, and there exists w € ST
such that p(u) = vw, p(v) = vw.

Without loss of generality, we assume a <du, b<wv.

Case 1: |u| = |v| =1.
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Then u = a, v = b. In this case, ¢(a) = aw, p(b) = bw.
This corresponds to the cases (iv) and (v) with & = 1 in the statement
of the theorem.

Case 2 |u| = |v| = 2.

(i) If uw = aa, v = bb. Since ¢(aa) = aaw, @(bb) = bbw, there ex-
ist words w; and ws such that wijeaw; = w = wybbwy. This is
impossible.

(ii) If w = ab,v = ba. By Theorem 1.1, ¢ is an invertible substitution,
and ¢ € (m, 7) is such that the total number of #n’s and 7’s in any
decomposition of ¢ is even. This is just the case (vi) in the theorem.

The above argument, together with Propositions 4.2 and 4.3, yields the
necessity. O
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