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A MEAN VALUE THEOREM FOR THE SQUARE OF
CLASS NUMBER TIMES REGULATOR OF
QUADRATIC EXTENSIONS

by Takashi TANIGUCHI

ABSTRACT. Let k be a number field. In this paper, we give a formula for
the mean value of the square of class number times regulator for certain families
of quadratic extensions of k characterized by finitely many local conditions. We
approach this by using the theory of the zeta function associated with the space
of pairs of quaternion algebras. We also prove an asymptotic formula of the corre-
lation coefficient for class number times regulator of certain families of quadratic
extensions.

RESUME. — Soit k un corps de nombres. Dans cet article, nous donnons une
formule pour la valeur moyenne du carré du nombre de classe multiplié par le
régulateur pour certaines familles d’extensions quadratiques de k caractérisées par
un nombre fini de conditions locales. Notre approche utilise la théorie de la fonction
zéta associée a ’espace de paires d’algébres de quaternions. Nous prouvons aussi
une formule asymptotique pour le coefficient de corrélation du nombre de classe
multiplié par le régulateur de certaines familles d’extensions quadratiques.

1. Introduction

We fix an algebraic number field k. Let 91, M., and M; denote respec-
tively the set of all places of k, all infinite places and all finite places. For
v € M let k, denote the completion of k at v and if v € M then let g,
denote the order of the residue field of k,. We let Ay, r1, ro, and e be
respectively the absolute discriminant, the number of real places, the num-
ber of complex places, and the number of roots of unity contained in k. We
denote by ((s) the Dedekind zeta function of k.

Let S D My be a finite set of places. We fix an S-tuple Lg = (Ly)ves
where each L, is a separable quadratic algebra of k,, i.e., either k, x k, or

Keywords: Density theorem, prehomogeneous vector space, quaternion algebra, local
zeta function.
Math. classification: 11M41.



626 Takashi TANIGUCHI

a quadratic extension of k,. Let Q(Lg) be the following family of quadratic
extensions of k;

QLg) ={F|[F:k]=2F®k, =L, forall v e S}.

Let hy and Rp be the class number and the regulator of F', respectively. We
would like to find the average value of h3.R% for F € Q(Lg). For F € Q(Lsg)
we denote by Ap/, the relative discriminant of F'/k and by N(Ag/;) its
absolute norm. Let

QLs, X) :=={F € QLs) | N(Ap/) < X}.
The following is one of the main results of this paper.

THEOREM 1.1 (Theorem 10.12). — Let Lg = (L,)yes be an S-tuple
such that L, is a field for at least two places of S. Then the limit

: 1 2 p2
o 2 MR
FeQ(Lg,X)
exists, and its value is equal to

(Ress—1Gk(s))* AeRCe(2)? 11

2r1+r2+192r1(Ls) (277)2r2(Ls)

eo(Lo) [] (1-3a,+24, % +4,° ¢, °).
veESNMe vEMs

Here we denote by r1(Lg) and ro(Lg) respectively the number of real and
complex places of F € Q(Lg,X) (these numbers do not depend on the
choice of F') and also for v € M; we put

27 (1 +q;)(1—q,?) Ly 2 ky X Ky,
eo(Ly)= 2_1(1 — qv_l)3 L, is quadratic unramified,
2_1N(ALU/,%)_1(1—qv_1)(1—qv_2)2 L, is quadratic ramified.

We discuss on the condition of Lg in Remark 10.13.

We explain one more theorem we prove in this paper. We fix a quadratic
extension k of k. Let Mem, NMin and Mg, be the sets of finite places of
k which are respectively ramified, inert and split on extension to k. We
assume I, does not contain places which divide 2. For any quadratic
extension F of k other than 7@:, the compositum of F and k contains exactly
three quadratic extensions of k. Let F* denote the quadratic extension
other than F and k. Take any F € Q(Lg) and put L = F*®k, forv € S,
which does not depend on the choice of F.

THEOREM 1.2 (Theorem 11.2). — Assume S D My U M. Let Lg =
(Ly)ves be an S-tuple. Assume two of L,’s and two of L} ’s are fields. Then
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SQUARE OF CLASS NUMBERS 627
the limit

ZFEQ(LS,X) hpRphp+ Rp-

1/2
(Zreawsn 3R%) " (Sreagws.x) he-Fe-)

exists, and the value is equal to

2q,°
1] T
vEMin\S Qv v v Qv

lim
X—o00

1/2

It is an interesting phenomenon that the value is a product of factors
indexed over My,. For example, if we take k such that k splits at all the
small places of k, then hp Rp and hp« Rp~ are strongly correlated.

We prove these density theorems by applying Tauberian methods to the
zeta functions associated with prehomogeneous vector spaces. In the beau-
tiful work of Wright and Yukie [18], they showed that 8 types of prehomo-
geneous vector space possess significant interest in arithmetic, and laid out
a program to prove a series of density theorems. One advantage to using
those zeta functions is that we can prove density theorems over general
number field &k rather than just Q, as we stated above.

This paper is concerned with the representation

G’ = GL(2) x GL(2) x GL(2), V' =k’ @k @ k?

which is referred to as the Dy case in [18]. It was found in [18] that the
principal parts of the zeta function of this type are closely related to the as-
ymptotic behavior of the mean value of h% R% of quadratic extensions F/k.
However, the global theory of prehomogeneous vector spaces is difficult in
general and more than ten meaningful cases including the case (G', V') are
left open.

Our approach to work on this topic is to consider inner forms. Let B
be a quaternion algebra of & and B°P the opposite algebra. We regard
B> and (B°P)* as algebraic groups over k. In this paper, we consider the
representation

G =B* x (B°?)* x GL(2), V =B®k?

which is an inner form of (G, V). Note that if B splits then (G, V) is equiv-
alent to (G', V). We call (G, V) the space of pairs of quaternion algebras.
As we saw in [15], the orbit space of V also carries a rich structure. The
non-split case is useful because the global theory becomes much easier than
the split case. In this paper we consider (G, V') when B is a division algebra
over a number field k. For this case, we determined the principal parts of
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628 Takashi TANIGUCHI

the global zeta function in [15] using Fourier analysis. The necessary result
is quoted in Theorem 4.2.

As we will see in Proposition 10.3, the global zeta function is still an
approximation of the counting function of h% R% for quadratic extensions,
and we could not directly deduce Theorem 1.1 from the global theory [15].
The aim of this paper is to fill this gap by carrying out what is called the
filtering process originally developed by Datskovsky and Wright [3] and
Datskovsky [1]. This process requires a local theory in some detail. We
consider the localizations of (G, V') at each place of k. We note that the
localizations of (G,V) are equivalent to (G’,V’) all but finite number of
places at which B ramifies. An outer form of the representation (G’, V") is
studied by Kable and Yukie [6, 7, 8] and some of their results are useful
for us. After we prove Theorem 10.12, we study the correlation coefficient
in the final section combined with the results of [6].

In the filtering process we change the order of limits and at present this
hides information of the error term in Theorem 1.1. It is likely that the
zeta function possesses much information on the error term also and the
improvement of the filtering process is an important problem.

We note that there are several approach to studying the distributions of
class numbers of quadratic extensions. In particular there is a good deal
of works on moments of hrp Rp for quadratic fields F over Q. For example,
Granville and Soundararajan [4] recently obtained the mean value of a
general complex power of hp Rp for quadratic fields F with an estimate
of the error term, which is much stronger than that given in Theorem 1.1
when k£ = Q. Their method is based on the Pélya-Vinogradov inequality
which is understood only over QQ, and it may be difficult to apply their
method to other base fields. Some related results on relative quadratic
extensions over a totally real field of class number one were obtained by
Peter [10] using the space of binary quadratic forms. The approach using
zeta functions of prehomogeneous vector spaces is completely independent
of the base number field, and the study with non-principal characters will
provide further arithmetic results as in [2], [5], or [12, 13]. All of these
methods have different strengths and technical improvements will yield
further arithmetic information in each approach.

For the remainder of this section, we will give the contents of the paper.
In Section 2, we introduce the notations used throughout the paper. More
specialized notations are introduced when required. In Section 3, we define
the space of pairs of quaternion algebras, and recall from [15] its basic
properties. In Section 4, we first define various invariant measures on the
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groups and the representation spaces. After that we introduce the global
zeta function and review its analytic properties.

From Section 5 to Section 9, we consider the local theory. We establish
the necessary local theory to obtain the density theorem in these sections. In
Section 5, we define a measure on the stabilizer of semi-stable points, which
is in some sense canonical. In Section 6, we define the local zeta function
and the local density. Also we quote from [6] an estimate of the standard
local zeta function, which we need in order to apply the filtering process
in the proof of the mean value theorem in Section 10. In Sections 7, 8 and
9, we compute the local densities. Section 7 is for finite unramified places
(the places B splits), Section 8 for finite ramified places, and Section 9
for infinite places. The unramified cases were almost done in [6, 7] and we
essentially quote their result, but we will give a refinement for dyadic places
by applying the method developed in [14]. After that we study the ramified
cases.

In Section 10 we go back to the adelic situation. We first define some
invariant measures and show that our zeta function is more or less the
counting function of the unnormalized Tamagawa numbers of the stabiliz-
ers. After that we apply the filtering process to our case and find the mean
value of the Tamagawa numbers. Then with an explicit computation, we
give a formula for the mean value of the square of class numbers times
regulators for a certain family of quadratic extensions. In Section 11, we
define the correlation coefficient of class number times regulator of qua-
dratic extensions. Then we explicitly compute the value in some cases by
combining the results of [6] and this paper.

Acknowledgments. The author express his gratitude to his advisor T.
Terasoma for the constant discussions and suggestions. The author also
would like to thank to Professor A. Yukie who suggested to consider the
topic in Section 11, and to A. C. Kable who pointed out several references
including [4], [10] with useful comments. The author was also inspired by
their series of work [6, 7, 8]. Special thanks goes to the author’s colleague
Uuye Otogonbayar, who read the manuscript and gave many comments.

2. Notation

In this section we collect basic notations used throughout in this paper.
If X is a finite set then #X will denote its cardinality. The standard
symbols Q, R, C and Z will denote respectively the rational, real and com-
plex numbers and the rational integers. The set of positive real numbers
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630 Takashi TANIGUCHI

is denoted R. For a complex number z, let (z), 3(z) and z be the real
part, the imaginary part, and the complex conjugate of z. If R is any ring
then R* is the set of invertible elements of R, and if V' is a scheme defined
over R and S is an R-algebra then Vs denotes its S-rational points. Let us
denote by M(2,2) the set of 2 x 2 matrices.

We fix an algebraic number field k. Let 9, Moo, Mg, Mgy, Mr and Mc
denote respectively the set of all places of k, all infinite places, all finite
places, all dyadic places (those dividing the place 2 of Q), all real places
and all complex places. Let O be the ring of integers of k. If v € 91 then
k, denotes the completion of k at v and | |, or | |, denotes the normalized
absolute value on k,. If v € M then O, denotes the ring of integers of k,,,
p, the maximal ideal of O, and g, the cardinality of O, /p,. Fort € k)X, we
define ord, (t) so that |t|, = gu ordv(®) For a practical purpose in Sections 7
and 8, we do not fix a uniformizer in O, here. For any separable quadratic
algebra L, of k,, let Or, denote the ring of integral elements of L,,. That
is, if L, is a quadratic extension then Op, is the integer ring of L, and if
L, =k, X ky then Op, = O, x O,,.

If k1 /ko is a finite extension of either local fields or number fields then
we shall write Ay, /, for the relative discriminant of the extension; it is an
ideal in the ring of integers of ky. For conventions, we let Ay, yx,/x, be the
integer ring of ko. If the extension &y /ks is of number fields, let N(Ag, /x,)
be the absolute norm of Ay, /i,. The symbol Ay, will stand for N(Ay, /q),
the classical absolute discriminant of k; over Q. We use the notation Ny, s,
for the norm in ky /ks.

Returning to k, we let 71, r2, hi, R and e be respectively the number of
real places, the number of complex places, the class number, the regulator
and the number of roots of unity contained in k. It will be convenient to
set

Q:k =2M (27T)T2 hkRke,;l .

We refer to [17] as the basic reference for fundamental properties on
adeles. The ring of adeles and the group of ideles are denoted by A and
A* | respectively. The adelic absolute value | | on A* is normalized so that,
for t € A*, |t| is the module of multiplication by ¢ with respect to any
Haar measure dz on A, i.e., [t| = d(tx)/dz. Let A = {t € AX | |t| = 1}.
Suppose [k : Q] = n. For A € Ry, A € A is the idele whose component
at any infinite place is A'/™ and whose component at any finite place is 1.
Then we have |A| = .

For a finite extension L/k, let A, denote the adele ring of L. We define
AZ,A%,CL etc., similarly. The adelic absolute value of L is denoted by
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| |- There is a natural inclusion A — Ay, under which an adele (a,),
corresponds to the adele (by,), with b, = a, if w|v. Using the identification
L ®; A= Ap, the norm map Ny /, can be extended to a map from Ay, to
A. Tt is known (see p. 139 in [17]) that [Ny ()| = |t|L for t € A. Suppose
[L : k] = m.For A\ € Ry, we denote by A, € A} the idele whose component
at any infinite place is A1/ and whose component at any finite place is
1, so that |A; | = A. Clearly A = AT' and hence |A|, = A™. When we have
to show the number field on which we consider A, we use the notation such
as Ay.

If V' is a vector space over k we write V} for its adelization. Let S(V, ) and
S(Vi, ) be the spaces of Schwartz—Bruhat functions on each of the indicated
domains.

For v € M;, we choose a Haar measure dx,, on k, to satisfy f o, dr, = 1.
We write dz, for the ordinary Lebesgue measure if v is real, and for twice
the Lebesgue measure if v is imaginary. We choose a Haar measure dx on
A to satisfy dx =[], con d2o. Then fA/k dx = |Ag|*? (see [17], p. 91).

For v € 9, we normalize the Haar measure d*t, on k; such that
Jox @ty = 1. Let d*t,(z) = [z]; 'dz, if v € Moo We choose a Haar mea-
sure d*t on A* so that d*t = [], .9y d*t,. Using this measure, we choose a
Haar measure d*t° on A° by

ft)dt = / FALY) dN1°,
AX 0 AO

where d*\ = A~1d\. Then Jao 1 d*tY = &, (see [17], p. 95).
Let (x(s) be the Dedekind zeta function of k. We define

Zi(s) = | A/ (fs/Qr (g)) ((2m)1=*T(5))™ Culs)

This definition differs from that in [17], p.129 by the inclusion of the |A|*/2
factor. It is adopted here as the most convenient for our purposes. It is
known ([17], p.129) that

Resg—1 (i(s) = |Ak\*%¢k and so  Resg—1 Zi(s) = €.

Let H denote the quaternion algebra of Hamiltonians over R. We choose
and fix an element j € H so that HH = C @ Cj as a left vector space
over C and the multiplication law is given by j2 = —1 and jo = aj for
a € C. Let us express elements of H as © = x1 + x2j where z1, 25 € C. We
choose a Haar measure on H so that dx = dx1dxs, where dxi and dxo are
twice the Lebesgue measure on C as above. If we let |z|g = |z1|c + |z2]|c,
then |x\ﬁ2dm defines a Haar measure on H*. For practical purposes, we

TOME 58 (2008), FASCICULE 2
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choose d*t(x) = 7~ !|x|z dz as the normalized measure on H*. We put
H = {t € H* | |t|n = 1}

3. Review of the space of pairs of quaternion algebras

In this section, we define the prehomogeneous vector space of pairs of
quaternion algebras which are at the heart of this work and reviewing their
fundamental properties. Arithmetic plays no role here, so in this section
we consider the representation over an arbitrary field K. We later use the
result in this section both local and global situations.

Let B be a quaternion algebra over K. This algebra is isomorphic to
either the algebra M(2,2) consisting of 2 X 2 matrices or a division algebra
of dimension 4. Let T and N be the reduced trace and the reduced norm,
respectively. We denote by B°P the opposite algebra of B. We introduce a
group G71 and its linear representation on B as follows. Let

Gu = BX, G12 = (BOP)X7 and G1 = G11 X G12.

That is, GG1 is equal to B* x B> set theoretically and the multiplication law
is given by (g11,912)(h11, h12) = (g11h11, h12g12). If there is no confusion,
we drop ‘op’ and simply write G2 = B* instead. We regard G; as an
algebraic group over K. The quaternion algebra B can be considered as a
vector space over K. We define the action of G; on B as follows:

(91, w) — griwgi2, g1 = (911, 912) € G1,w € B.

This defines a representation B of G;. We consider the standard represen-
tation of Go = GL(2) on K2. The group G = G; x G acts naturally on
V = B ® K?2. The representation (G, V) is the main object of this paper.
This is a K-form of

(3.1) (GL(2) x GL(2) x GL(2), K? ® K* @ K?),

and if B is split, (G, V) is equivalent to the above representation over K.
The representation (3.1) was studied in [18] in some detail, and our review
is a slight generalization [15] of that.

We describe the action more explicitly. Throughout this paper, we ex-
press elements of V= B @ B as x = (1, x2). We identify x = (x1,22) € V
with the liner form z(v) = v1z1 + vox2 in two variables v = (v1,v2). Then
the action of g = (g11, g12,92) € G on x € V is defined by

(gz)(v) = g11z(vg2)gia.
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SQUARE OF CLASS NUMBERS 633

We put F.(v) = N(z(v)). This is a binary quadratic form in variables
v = (v1,v2). We let P(x) (x € V) be the discriminant of F,(v), which is
a polynomial in V. That is, if we express F,(v) = ag(x)v} + a1(x)vive +
as(x)v3, then P(z) is given by P(x) = ay(x)?—4ag(z)az(x). Let x; (i = 1,2)
be the character of G; defined by

x1(91) = N(g11)N(g12), x2(g2) = det ga,

respectively. We define x(g) = x1(g1)?x2(g2)?. Then one can easily see that

P(gz) = x(9)P(z)

and hence P(z) is a relative invariant polynomial with respect to the char-
acter x. Let V* = {x € V | P(z) # 0}, and we call this the set of
semi-stable points. That is, z € V' is semi-stable if and only if Fy(v) does
not have a multiple root in P* = {(v; : v2)}.

Let T = ker(G — GL(V)). Then it is easy to see that

T = {(t11,t12, t2) | t11, tr2, ta € GL(1), t11t1ate = 1},
which is contained in the center of G. Throughout this paper, we will
identify T with GL(1)? via the map
T— GL(1)?, (ti1, t12, (t11t12) ") — (t11, tr2).
We are now ready to recall the description of the space of non-singular
G g-orbits in V.
DEFINITION 3.1. — For x € V¥, we define
Z = Proj K|vy, va]/(Fx(v)),
K(z) =T(Z,0z,).

That is, K () is the global section of the scheme Z,. Also we define K (z)
to be the splitting field of F,(v).

Note that IN((;E) may not be a field. Since V7 is the set of x such that F,
does not have a multiple root, Z, is a reduced scheme over K and K (x)
is a separable commutative K-algebra of dimension 2. By definition, we
immediately see that K(z) = K x K if F,(v) has K-rational factors and
K(z) = K(z) if F,(v) is irreducible over K.

The following lemma is useful for our practical purposes. For the proof,
see [15, Lemma 3.3].

LEMMA 3.2. — Any Gg-orbit in Vi contains an element of the form
wy = (1,u) for some u € Bg.
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Note that for v € By, w, = (1,u) is semi-stable if and only if u is a
separable quadratic element of Bg. For w, € V¥, F,, (v1,—1) = N(v1 —

u) is the characteristic polynomial of u and hence K(z) is isomorphic to
K[u] C By as a K-algebra.

DEFINITION 3.3. — Let Ax(Bg) be the set of isomorphism classes of
separable commutative K-algebras of dimension 2 that are embeddable
into Bg.

Note that if By is non-split, then any element of A3 (B ) is a quadratic
extension of K. The following proposition is proved in [18], [15].

PropPOSITION 3.4. — The map = — I?(;U) gives a bijection between
GK\V;({’ and AQ(BK)

For x € V2, let G, be the stabilizer of x and G, its identity component.
Both are algebraic groups defined over K. We have shown in [15] that
G, = (GL(l)f((z))Q as an algebraic group over K. We close this section
with a detailed description of the K-rational points of the stabilizer G,,,, .

We first recall the isomorphism G, - = (K[u]*)?. Since {1,u} is a basis
of Ku] as a K-vector space, for any s1,s2 € K[u]*, {s152,s152u} is also a
K-basis of K[u]. Hence there exists a unique element g5, s, € GL(2)x such
that gs,s, ‘(s182,s152u) = *(1,u). Since K|u] is a commutative algebra,
s182u = $1uSa. Therefore we have (s1,$2,9s,s,) € Gu, k- The following
proposition is proved in [15, Lemma 3.4].

PrOPOSITION 3.5. — The map

%/Ju: (K[U}XF I GZ)“Ka (81782) L (51782798182)

gives an isomorphism of the two groups.

Finally we consider the structure of G, x /G, - Let o be the non-
trivial K-automorphism of K [u]. Then there exists v € By \ K|u| such that
v? € K, B = K[u]® K[u]v as a K[u]-vector space, and the multiplication
law is given by va = a’v for o € K[u].

PROPOSITION 3.6. — Let a = u+u’ € K. We have [Gu, k : G5, ;] =2

and G, i /G, i is generated by the class of T = (V‘l, v, ( clz _01 ))

Proof. — A simple computation shows 7w, = w,. On the other hand,
by [18] we have [G, g : G? z] =2 because (G,V) is a K-form of (3.1).
Since [Gu, i : Gy, k] <Gy, g G 7]

By Lemma 3.2, we have [G, i : G2 ] = 2 for any © € V5.

, the proposition follows. O
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4. Invariant measures and the global zeta function

For the rest of this paper, we fix a number field £ and a non-split quater-
nion algebra B over k. In this section, we define various invariant measures
in both local and adelic situations and summarize the necessary results.
For the proof, see [16] for example. In this paper, we always choose the
adelic measure as the product of local measures. After that we introduce
the global zeta function of the prehomogeneous vector space (G, V) and
recall from [15] its most basic analytic properties.

We define My to be the set of places v of k such that B is ramified at
v. For v € M, let B,, denote B ®y k,. Then, by definition, v € My if and
only if B, is a division algebra. It is well known that 913 is a finite set.

We give a normalization of invariant measure on Gy, and Vj, . First we
consider the places v ¢ My. For each of these v, we fix once and for all a
ky-isomorphism B, = M(2,2), and identify these algebras. Then

Gkv = GL(Z);CU X GL(Z)]% X GL(Z)]%, Vkv = M(Z, 2)/% D l\/[(Q7 2)]%.
We choose a Haar measure dz, on Vj, so that
dx, = dzr1,dToy, diy = dri1edringedioiedeiog, (i =1,2)
for
Ti2lv  Ti22v

For v € M, we put Vo, = M(2,2)0, ® M(2,2)p,, which is a compact
subgroup of Vi, . We note that fVo dr = 1. If v € My, we put a maximal

o = (10, T20), - ( Tille  Til2e ) (i=1,2).

compact subgroup I, of Gy, as
K:U = GL(Z)OU X GL(Q)OU X GL(Q)OU,

and normalize the measure dg, on Gy, so that the total volume of K,
is 1. For v € My, we first give a measure for GL(2)p where F' = R
or C. As in Section 2, we shall take Lebesgue measure to be the stan-
dard measure on the real numbers and twice the Lebesgue measure to
be the standard measure on the complex numbers. If h, = (hijv)i1<i,j<2,
then du(h,) = dhi1,dhi2,dha1,dhas, /| det(h,)|% defines a Haar measure
on GL(2)r. We put dh, = prdu(h,) where pg = 7! and pc = (2m)~L.
Using this measure, we define dg, for v € M as dg, = dg11,dg120dG2y
where g = (g11, 912, 92) € Gk, = (GL(2),)>.

Next we consider the case v € Mg. For v € My, let Op, be the ring
consisting of integral elements of B,,. We put Vo, = O, ® Og,, which is a
compact subgroup of V. We choose a Haar measure dz, on Vj,, = B, ®B,
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so that the volume of Og, @ Og, is 1. Also we put a maximal compact
subgroup K, of G}, as

Ko = 0}, x 0% x GL(2)o,,

and normalize the measure dg, on Gy, so that the total volume of I, is 1.
Now the remaining case is for v € My, N My, which is an element of
Mr. We fix an isomorphism B, = H. Then

G, = H* x H* x GL(2)g, Vi, = Ho H.

We set measures dg, and dz, on Gi, and Vi, as the product measures,
where we consider the measures on H*,H as in Section 2 and GL(2)g as
above. For v € M., we put

0O(2,R)3 v € Mg \ Mg,
K, =<{U(2,C)3 v € Mc \ Mz,
H° x H° x O(2,R) v € M,

which is a maximal compact subgroup of Gy, .
Using these local measures, we define the measures dg and dz on G, and
Va by
dg = H dgy and dx = H dx,.
veEM veEM
If we put
Agp=AL J[ @& and Ay =Aj,
vEMa NMs
then it is well known that the volume of Vi /V}, with respect to the measure
dx is A%,/g. Hence our choice of measure dz on Vj in this paper is A%// 2
times that of [15], in which we defined so that the volume of Vj /V}; is equal
to 1.

Our definition of measure dg, on Gy, can naturally be considered as
the product measure dg, = dg11v,dg120dga, for g, = (9110, 9220, g20) and
we shall do so below. For example, if v € 9 N My, the Haar measures
dgi1v, dgi2, and dga, on Giik,, G2k, and Gag, are normalized so that

/ dgi1e = / dgi2e = / dgz, = 1.
o5, oz, GL(2)o,
We define the measures dgi1, dg12 and dgs on Gi1a, Gi2a and Gop by
dgi1 = H dgi1v, dgiz = H dgizy and dgs = H dgay-
veEM veM veM

Clearly, we have dg = dg11dg12dgs.
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Since T = GL(1) x GL(1) is a split torus, the first Galois cohomology set
HY(K',T) is trivial for any field &’ containing k. This implies that the set of
k/-rational point of G coincides with G /Ty . Therefore (G/T)A = GA/TA
and (G/T)A/(G/T) = G4 /TsGj. We put the measures d*t, and d*% on
T and TA respectively to satisfy d*t, = d™t1,d*toy, At = d*t;d*ty for
t, = (t1o, tow, (trotay) 1), t = (t1,t2, (t1t2)~1). Using these, we normalize
the invariant measure dg, and dg on Gy, /T, and Ga/Ty so that dg, =
dg,d*t,, dg = dgd*t. Note that dg = [1,con A9 since dg = [, con dgo and
=11, €mdxtv.

We put

Glin = {91 € Guaa | IN(g10)| =1} (1 =1,2),

GYy = {g2 € Gau | | det(ga)| = 1}.
Then the maps

Ry X GYip — Gria, (M, g8s) — Aughs (i =1,2),
Ry X Gy — Gan, (A2,99) — Aags,

give isomorphisms of these groups. We choose Haar measures dg?, and dg9
on GY,, and GY, so that dgi; = 2d*\1;dg?;,dga = 2d*\2dg). Then it is
known that

/Go /G dg?i = Allc/zekzk@) H (v — 1),
15A/ T lik

vEM g NM¢
/ dgg = A,lc/zc‘:ka(2)
on/ G2k

We now define the global zeta function.

DEFINITION 4.1. — For ® € §(V,) and a complex variable s, we define
Z@9)= [ W@ Y oG d
Gu/TaG zeVss

and call it the global zeta function.

It is known that the integral converges if $(s) is sufficiently large and
can be continued meromorphically to the whole complex plane. In [15], we
described the principal parts of Z(®,s) by means of certain distributions.
However, we used a slightly different formulation in [15], and we need some
arguments to translate the results from that paper. Also, in this paper we
only consider the rightmost pole of Z(®, s) because this is enough to deduce
the density theorems.

TOME 58 (2008), FASCICULE 2



638 Takashi TANIGUCHI

We put GY, = GY,, x G%,,. The domain of integration used in [15] is
Ry x GY /Gy, where G = GY, x GY,. Let 70 = G N Ts. Then we have

(R+ X G%)/Tg = GA/TA

via the map which sends the class of (X, g9}, g%, 99) to class of (¢9;, ¢%5, Ag9).
In [15] R4 x GY is made to act on Vi by assuming that (X, 1) acts by mul-
tiplication by A, and the above isomorphism is compatible with the actions
of the two groups on V. We will compare the measure dg on G/ fA with
the measure d*\dg® on Ry x GY used in [15]. The argument in [15] is valid
for any choice of measure on G, and we consider dg?,dg?,. We note that
the measure dgJ on GY, in the present situation is A,lc/ 2@:% times that of
used in [15].

We have G /Ty = (RE x G9)/(R2 x T7) where R x T9 is included in
R ><~G% via (A1, Ag, 1) — (Al,)\Q,Afl)\gl,fo) and R3 x GY maps onto
Ga/Ta via (A1, A2, A3, 9°) — (A1, A2, A3)g°. With this identification we have
chosen the measure dg to be compatible with the measure 8d”\1d*Aod* A3
dg® on RY x G and AN d>*Nad” 0 on R? x fg, where the volume of ig/fk
under d*t° is €. Moreover, |x(1,))| = A\, and so if Z*(®, s) denotes the
zeta function studied in [15], then we have Z(®,s) = 8A,1€/2Z*(<I>,45). In
[15], it is shown that Z*(®, s) has a holomorphic continuation to the region
R(s) > 6 except for a possible simple pole at s = 8 with residue

2@ [ dghdgt [ v
0./G1k Va

where the measure dz on V} is A‘_,l/ % times that of in this paper. Thus we
arrive at:

THEOREM 4.2. — Assume that the Schwartz-Bruhat function ® € S(Vy)
has a product form ® = ®,em®, and each @, € S(V,) is K,-invariant.
The zeta function Z(®,s) has a meromorphic continuation to the region
Re(s) > 3/2 only with a possible simple pole at s = 2 with residue

Rl H/ (I)'U(xv)d‘rlh
where we put

Ri=208."%¢2.,2° ] (-aqh%
VEMNM

This completes our review of the analytic properties of the global zeta
function. To arrive at the density theorem from this, we need various prepa-
rations from local theory. We do it in the next five sections.
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5. The canonical measure on the stabilizer

In this section we shall define a measure on G7, for z € V;® which is
canonical in the sense made precise by Proposition 5.1. Recall that there
exists a unique division quaternion algebra B up to isomorphism over a
local field F' other than C, and that for any separable quadratic extension
L/F, there exists a injective homomorphism L — B of F-algebras. Hence
by Proposition 3.4, the set of rational orbits Gk\Vij corresponds to the set
of all separable quadratic algebras of k, if v ¢ Mx and to the set of all
separable quadratic extensions of k, if v € M.

Following [6], we attach to each orbit in V;** where v € 9, an index or
type which records the arithmetic properties of v and the extension of k,
corresponding to the orbit. The orbit corresponding to k, x k, will have
the index (ur sp). (This case does not occur when v € Mp.) The orbit
corresponding to the unique unramified quadratic extension of k, will have
the index (rm ur) or (ur ur) according as v is in My or not. An orbit
corresponding to a ramified quadratic extension of k, will have the index
(rm rm) if v € My and (ur rm) if v ¢ M.

We first give a normalization of the measure on the stabilizer G, = for
elements of Vj?* of the form w, = (1,u). We recall that &, [u] is isomorphic
to either k, x k, or a quadratic extension of k, as a k,-algebra. By using
this isomorphism, we can construct an isomorphism of multiplicative group

X
V,Wo,

o kX X kX w,, has type (ur sp),
ko [u]* =
otherwise,

where L, ,, is the splitting field of F,, (v) if this quadratic form is irre-
ducible. Using the normalized measure of k) and LJ, in Section 2 (we
consider the product measure on k) X k), we induce a measure ds on
kp[u]* as the pullback measure via the above isomorphism. We note that
this normalization does not depend on the choice of the isomorphism.

For an element of the form w, = (1,u), we constructed an isomorphism

wu: kv[u]x X kv[u]x — GS‘U’[L koo (51352) L g:{;my = (51; 52795152)

in Section 3. Using this isomorphism and the product measure d;s1d so

o

on ky[u]* x ky[u]*, we define a Haar measure dg,, , on G§, , by

dg':llju,v = (d)u)*(d; Sld: 52)7

the pushout measure. For a general element x € V;® we choose an ele-
ment g € Gy, so that z = gw, for some w, € V*, which is possible by
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Lemma 3.2. Then

s o o " "o 1" —1
lg: qu ky Gac kyo gwu,v gac,’u - ggwu,vg

gives an isomorphism of groups. We define the measure dg;, ,, on Gy, by
A, = (ig)«(dgy, )-

We let dg, , on G, /T, such that dgly , = dﬁg’vdxﬁ,. Note that we defined
the measure d*t, on fku in Section 3.
We have to check that these normalizations are well-defined.

PROPOSITION 5.1.

(1) The above definition of dg; , does not depend on the choice of u
and g.

(2) Moreover, suppose that x,y € V§* and that y = g,,x for some
Gy € Gy, . Let ig,, + Gy, — G5y be the isomorphism ig,,(9) =
g;ylggwy. Then

dgy , =iy, (dg;,)  and  dg,, =i (dg;,).

Gzy

Proof. — By the construction of the measures, a formal consideration
shows that it is enough to prove (2) for x = (1,u1),y = (1,u2) where
U1, ug € By, . We write

gwy:(a76ag2)a go = (p a )

r S

Then, since y = gy, we have

(5.1) B=(p+qu)t-al, u=a r+ suy ol

Therefore if we let
77331;—’3@7 77(0):04_1'9.@7

we have 7(uz) = (r + su1)/(p + qu1)~! € k,[u1] and hence 7 induces an
isomorphism of k,-algebras

(5.2) 0 kyug] — kyluq]
and an isomorphism of groups
(5.3) n: kylua] — kyluq] ™.

Since (5.2) is an isomorphism of k,-algebras, (5.3) is a measure preserving
map.
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Now we show that the diagram

(Ko [uz] X)Q 7 Yy,

(5.4) (nm)l ligzy

Y
(kolur]?)® —2 GO,

is commutative. Let s1, 89 € ky[ug]™. We compare

(55) wul o (777 77) (817 52) a'nd igxy © qug (817 52)-

Note that by Proposition 3.5, the Gio-part of an element of G3, is uniquely
determined by its G1-part and hence to prove the above elements are same,
it is enough to verify that their Gi-parts coincide. By the definition of the
maps, we immediately see

by 0 (,1)(51,82) = (@™ 510,07 8201, %),

Ggay © Yus (51, 52) = (o, B, 92) 7' (51, 82, %) (e, B, g2)
= (o 's1a, Bsa 37, %).
Note that we defined G12 to be the multiplicative group of the opposite
algebra of B. We consider the Gya-part of the latter element. By (5.1), we
have
af =ap+qu)tat =971 ((p + qul)fl) € ky[us]

and hence commute with sy € k,[us]. Therefore afsy = spaf and hence
Bs23~1 = a~tsya. This shows that the G-parts of (5.5) coincide and hence
the diagram (5.4) is commutative. Since (1,1): (ky[u2]*)? — (ky[u1]*)? is
measure preserving, the commutativity of the above diagram establishes

the first claim of (2) and the second claim follows from the observation

that iy, |~

7 is the identity map. a

6. The local zeta function and the local density

In this section, we make a canonical choice of a measure on the stabilizer
quotient Gy, /Gy~ and define the local zeta function. We also choose a
standard orbital representative for each Gy, -orbit in V;*, and define the
the local density E, for v € 9t which will show up later in the Euler factor
in the density theorem.

We choose a left invariant measure dg;, , on G, /G5, ~such that dg, =
dg., ,dg. - Recall that we defined invariant measures dg, and dg, , on Gy,
and G3 . in Sections 4 and 5, respectively. If g, € Gy, satisfies y = g,
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and 4, is the inner automorphism g — g,/ gg., of Gy, then iy, (G5, ) =
Gy 1, and so i, induces a homeomorphism Gy, /Gy . — Gk, /G5 ., which
we also write iy, .

PROPOSITION 6.1. — We have iy (dg; ,) = dg,, ,.

Proof. — Since the group Gy, is unimodular, iy (dgy) = dgy,. On the
other hand, we have iy (dg;,) = dg,,, by Proposition 5.1. Hence,

dg,,.dgy,, = dgu = ig,,(dg0)

=iy, (dgmdg v) =iy, (dgs.)iy, (dgs )
= iy, (dg.. ,)dgy ,
Therefore iy, (dgs, ) = dgy,,- O

DEFINITION 6.2. — For v € 9 and z € V; we let by, > 0 be the
constant satisfying the following equation

/ f(gh0) dgl, , = bm/ FW)IP), > dy
Gry/G3 G, @

for any function f on Gy, x C Vj, integrable with respect to dy/|P(y)|?.

This is possible because dy/|P(y)|? is a Gy, -invariant measure on V;*
and each of the orbits G,z is an open set in V;*.

PROPOSITION 6.3. — Ifz,y € Vi* and Gi,x = Gi,y then by, = by ..

Proof. — Let f(y) be as in Definition 6.2 and y = gy for g, € Gk, .
Then taking into Proposition 6.1 into account, we have

| rwlrwira=sl [ g,
Gkvx Gkv/ngv
1 _
=b,, / F (9 9y 0y) g
Gy /G2

— b lby. / FW)PW)[52 dy.
Gkv(ll

Note that the last step is justified because dg,, ,, is left G, -invariant. There-
fore by, = by v O

DEFINITION 6.4. — For ® € §(V},) and s € C we define
Zeo@u) = [ G0 e
G, /G2

and call it the local zeta function.

ANNALES DE L’INSTITUT FOURIER



SQUARE OF CLASS NUMBERS 643

By the definition of b, , and the equation P(g; ,v) = x(g;.)P(x), we
have

b
Zyw(®,8) = S P 5729 .
o(®0) = e [ P e dy

This integral converges absolutely at least when Re(s) > 2. For z,y € V;*
lying in the same orbit, by the above equation and Proposition 6.3, we
obtain the following.

PROPOSITION 6.5. — Ifz,y € Vi* and Gy, v = G,y then

[P(y)l;
= ¢ .

Py, )

By this proposition, we see that the local zeta functions for the same
Gy,-orbit are related by a simple equation. In section 10, we define and

consider certain Dirichlet series arising from the global zeta function. There,
collecting the orbital zeta functions lying in the same Gy, -orbit will be

Zz,v(q)m S)

fundamental. For this purpose, we fix a representative element for each
G, -orbit in Vie¥, which also has some good arithmetic properties if v € M.

DEFINITION 6.6. — For each of Gy, -orbits in V}3*, we choose and fix an
element x which satisfies the following condition.

(1) If v € My, then x is of the form (1,u) and u generates O (a) OVeT
O, via the identification k,[u] = k,(z).
(2) If v e My, then |P(z)|, = 1.
We call such fixed orbital representatives as the standard orbital represen-
tatives.

If v € My, for any standard representative z = (1,u) € Vi®, u is a root
of F(vi,—1) and so the discriminant P(z) of F,(v) generates the ideal
Ak, (2)/ky -

DEFINITION 6.7. — For any v € M, let @, ¢ be the characteristic func-
tion of Vo,. Also we put

Z0(8) = Za,0(Pu,0,9)-

We call Z,, ,,(s) for any standard orbital representative = a standard local
zeta function of x.

To describe estimates of Dirichlet series, we introduce the following no-
tation.

o0

DEFINITION 6.8. — Suppose that we have Dirichlet series L;(s)=3_~_,
bimm™® for i = 1,2. If |{1 | < Loy, for all m > 1 then we shall write
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We set Sp = Mo U Mgy, U Mg, To carry out the filtering process, we
need a uniform estimate of the standard local zeta functions. The follow-
ing proposition concerning the standard local zeta functions for v ¢ Sy is
proved in [6, Corollary 8.24, Proposition 9.25]. Since Sy is a finite set, the
result is enough for our purposes.

PROPOSITION 6.9. — Let v ¢ Sy and x € V* be one of the standard
representatives. Then Z, ,(s) can be expressed as

Tuale) = 3 22
>0 4y
with agz 0 =1 and a5, = 0 for all n. Also let us define

. 14 29q;2(s—1) _ 21%—4((9—1) i 7q;6(s—1)
1)(5) = —(2s—1 —2(s—1
(1— g @)1 — g2y

Then Z, ,(s) < Ly(s).

Now we define the local density.

DEFINITION 6.10. — Assume x € V;® is a standard orbital representa-
tive. We define )
P(x
) — P
bz,v

Also we define the local density at v by
E, = Z ey(x)

where the sum is over all standard representatives for orbits in Gy, \V*.

These values play essential roles in the density theorem. The purpose
in the next three sections are to compute the local densities. To make
the density theorem more precise, it is better to evaluate ¢, (x) separately
rather than the sum F,. We compute for v € 91 in Sections 7, 8 and for
v € My in Section 9. For v ¢ My, those were already almost carried out
in [6, 7] and except for a refinement for dyadic places in Proposition 7.4,
we quote their result.

Remark 6.11. — We briefly compare the definition of standard orbital
representatives and the value &,(x) in [6] and in this paper for v ¢ Mgy, to
confirm that we can directly use their result. Let G;% denote the group of
the representation Vj, used in [6]. Then one can easily see that the isomor-
phism G}~ — Gy, given by (g1,92,93) — (g1,"g2, 93) is compatible with
their actions on Vi, . If we identify these groups using the isomorphism,
we immediately see that our choice of measure on G}, coincides to that
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of in [6], and moreover, measures on G7,, ~also. The latter claim holds be-
cause both papers used the isomorphism in Proposition 3.5 to normalize
the measures on G35, . The normalizations of the measures on Gy, /G35 .
are slightly different, but from the definitions we can easily see that the
constants b, ,’s coincide. Although our choices of the standard orbital rep-
resentatives = for v € My are also slightly different, the values of |P(x)l,
coincide since the standard orbital representatives z in [6] are also chosen
so that P(z) generate Ay, () /k, . Since €,(x) is determined only by |P(z)|,
and b ,, this shows that our €,(z)’s coincide with those of [6].

7. Computation of the local densities
at finite unramified places

In this and the next sections, we assume v € 9. We first introduce some
notations for these sections. For any v € M we shall put 20, = p*v. Of
course m,, = 0 unless v € Mqy. If © € V;* then let Ag z)/n, = pff’”. For
v & May, 0z, is either 0 or 1. It is well-known that if v is dyadic then J; ,
takes one of the values 0,2,...,2m,,2m, + 1.

We now assume v ¢ 9y, The following propositions are proved in [6,
Lemma 7.3] and [7, Propositions 4.14, 4.15, 4.25].

PROPOSITION 7.1. — Assume v ¢ IMp. Let x € Vi be one of the
standard representatives.
(1) If z has type (ur sp) then ,(z) = 271(1+ ¢, 1) (1 — ¢, )2
(2) If z has type (ur ur) then e,(x) = 271(1 — ¢, 1)?(1 — ¢, 2).

PROPOSITION 7.2. — Assume v ¢ IMp. Let x € Vi be one of the
standard representatives.
(1) Ifv ¢ Mgy and x has type (ur rm) thene,(z) = 27 g, 1 (1—g, 1) (1—
7).
(2) Ifv e Myy then
Yoo a@=0-¢"0-¢ 4"

2< 60,0 =20<2m,

S e(@) = (1 gy - gp %)y Y,

Op,0=2my+1

where x runs through all the standard representative with the given
condition of discriminants.
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PROPOSITION 7.3. — Let v ¢ My. Then
E,=(1-¢,2)(1-3¢"+2¢," +¢,° - ¢,°).

These results are already enough to prove our density theorems. However,
if we know the each value of ¢, () also for v € Mgy in the Proposition 7.2,
then the density theorems become finer. In this section we refine Proposi-
tion 7.2 to the following.

PROPOSITION 7.4. — Assume v ¢ Mgz. Let x € V3 be a standard
representative with the type (ur rm). Then

eu(®) = 27 Ag, e, 5 (1= g ) (1 — ;%)

It is well known that there are 2¢/71(q, — 1) numbers of quadratic ex-
tensions of k, with the absolute value of the relative discriminant ¢2' if
1 <1 < m, and 2¢;"» numbers of quadratic extensions of k, with the
2mvt1 Hence this is in fact a
refinement of Proposition 7.2. We give the proof of this proposition after
we prove Lemma 7.9.

absolute value of the relative discriminant g

Let L/k, be a quadratic ramified extension, w a uniformizer of L, and
w” the conjugate of w with respect to L/k,, henceforth fixed. We put
a1 =w+w’,ay = ww’. Following [6], we let
(7.1)

1 1
x = (x1,22), where 1z = ( 0 > and zo = ( 2a1 >

1 ay a1 aj —as

Then F,(v) = —(v? 4+ a1v1v2 + agv3) = —(v1 + @) (v + @ v2) and hence
L = k,(x) and P(z) generates the ideal Ay )k, . Therefore we can replace
the standard representative for the orbit corresponding to L to this x to
compute &,(z) = |P(z)[2b, 1,

The following lemma is a consequence of [6, Lemma 7.3] and [7, Propo-
sition 3.2].

LEMMA 7.5. — We have ¢, (z) = vol(KCyx).

We compute vol(KC,z) with a slight modification of the method in [7],
along the lines of [14]. To begin we introduce some notations, which we also
use to consider similar problems in Section 8. We regard IC,, as the set of O,,-
rational points G, of a group scheme G = GL(2) x GL(2) x GL(2) defined
over O, acting on a module scheme V = M(2,2) & M(2,2) also defined
over O,. Then, since = is an O,-rational point of V', we can consider the
stabilizer of z as a group scheme also defined over O,, in the sense of [9].
Let G, denote this group scheme. Note that this definition of G, differs

ANNALES DE L’INSTITUT FOURIER



SQUARE OF CLASS NUMBERS 647

from [7, 8]. Let ¢ be a positive integer. For an O,-scheme X, let tx ; denote
the reduction map Xo, — Xo,/p: . If the situation is obvious we drop X

and write tv; instead. For rational points y1,y2 € X, , we use the notation

v?

y1 = vy (p) if vi(y1) = ti(y2). We also use the notation “y mod p?” for

vi(y)-
For the element x of the form (7.1), let

c d
Azle,d) = < —asd ¢+ aid >

Then if A, (c;,d;) € GL(2)p, for i = 1,2, by computation we see that the
element

(Am(Cl, dl), Am(CQ, dg), Am(Cl, dl)ilAm(CQ,dQ)il) € ,Cq)

stabilizes z. Let N, denote the subgroup of K, consisting of elements of
the form above. We naturally regard N, o, as the set of O,-rational points
of a group scheme N, which is a subgroup of G, defined over O,,.

PROPOSITION 7.6. — We have N, = (Of (I))2 as group schemes over
O,.

Proof. — Let R be any O,-algebra. Then we could see that the map
(Azlcr,dr), Axlca, d), Aglcr, dy) " Ag(ca, d2) ") = (1 + wdy, ¢z + wds)

gives an isomorphism between N, g and {(Ok, () ®o, R)*}?, and this map,
denoted by 1 r, satisfies the usual functorial property with respect to ho-
momorphism of O,-algebras. This shows that there exists an isomorphism
Pyt Ny — (O;v (m))Q as groups schemes over O, such that 1, r is the in-
duced isomorphism for all R. g

We now consider the orbit K, . The approach in [7] is to consider modulo
p, congruence condition on Vo, to compute the sum ) vol(KC,x) where
x runs through all the standard representatives with the given relative
discriminant. Let n = ;. + 2m, + 1 as in [14]. Then, as we demonstrate
below, deliberation of the congruence relation modulo p} allows us to treat
the single orbit KC,z. We note that the idea of considering modulo a certain
high power of prime ideal is already presented in [7] and used to compute
gy () in some other cases.

DEFINITION 7.7. — We define D ={y € Vo, |y =z (p})}.
LEMMA 7.8. — We have D C K,x.
Proof. — Let y € D. First we show y € Gy, x. Since P(y) = P(x) (p)

v

and ord, (P(x)) = 8,4, we have P(y)/P(z) = 1 (p2™*1). Then by Hensel’s
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lemma, we have P(y)/P(x) € (k))?. Therefore the splitting fields of F,(v)
and F,(v) coincide and hence by Lemma 3.4, we have y € Gy, . The rest
of argument is exactly the same as that of [6, 7] and we omit it. O

LEMMA 7.9. — We have [Gp o, /pn : Nuo, /pn] = 2607

Proof. — The same argument as in the proof of [7, Proposition 4.15]
shows that each right coset space of N, o, /pg\Gw o,/pr contains exactly
one element of the form g = (g1, 92), g1 = (911, g12) with

(10 (1w (o B
g11 = w s y 922 = 0 t , 92 = 75-

Hence we will consider when such an element actually lies in G, o, /pn-
Suppose that g is in the form above and gz = z in Vo, /pn. We put y =
(y1,y2) = (g1, 1)x. Then by computation we have

(0t o 1 v+ at
n=ls « ) 27 w4 ars * ’

Therefore, by comparing the (1,1), (1,2) and (2,1)-entries of x; and ay; +
Byz, we have f =0 and s =t = a~!. Also under the condition s = ¢, from
21 =Yy + dy2 we have § =1, u = v and v = s~ !(a; — u — ays). Hence

0 1
ayr + ﬁZUQ = 1 2u+ a1s ;

1 a
YY1 + 0y = < ! >

a; —u?+ (2u+a18)a; — a1su — ass?
and therefore we see that gx = x if and only if
2u+ais=a; and u?+ajsu+ass®=as in O, /py.

This system is exactly as the one we considered in [14, Lemma 4.7] and it
has 2qg””’“ solutions in all. O

We are now ready to prove Proposition 7.4. Let t,, be the reduction map
Go, — Go, /pr- Then by Lemma 7.8, we have

vol(KC,x) = vol(Go,x) = #(Go, /t, (G, 0,/pn)) - vol(D).

Since

Go, /0 (Geo,/pr) = Go,en /Gao, s
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by Lemma 7.9 we have

vol(Kui) = vol(D) - — TG0 1v)
2,7 - #(Nx Ov/pj})
—8n {q4” —q;H( - q—z)}S

v

(- )
:271q1}6m’v(1_q'u )(l_qv )

Since [Ag(z)/klv = qgw"”, we obtained the desired result.

8. Computation of the local densities
at finite ramified places

In this section we assume v € Mg and so B, is a non-split quaternion
algebra of k,. We briefly recall the algebraic structure of B, and prepare the
notations to begin with. We take a commutative subalgebra F;, of B, such
that F), is a quadratic unramified extension of k, and henceforth fixed in
this section. Let o denote the non-trivial element of Gal(F,/k,). Then for
any prime element m, € k,, B, can be identified with F, ® F;,/7, as a left
vector space of I, and the multiplication law is given by \/m,a = a,/m,
for a € F,. The involution of B, is denoted by a +— a*. Then for o, 5 € F,,
(a + By/my)* = a” — B/m,. Hence the reduced trace T and the reduced
norm N of B, are given by

T(a+ByT) = a+a”, N(a+Bym) = aa® — w86,

for o, 8 € F,. The map v — ord, (N(u)) defines a discrete valuation of B,,
and it is well known that Op, = {u [ [N(u)], < 1},05 = {u | [N(u)|, =
1}. If we restrict the reduced norm to any quadratic subfield L,,, it coincides
with the norm map Ny, /., of the extension L, /k,. Hence Op, NL, = O,
and Oy N L, = Of . We fix an element ¢ € O, so that Or, = O,[]. By
computation we have the following.

LEMMA 8.1. — We have

Ogv = {a—i_ﬁ\/ﬂ ‘ aaﬁ € OFu}v
Ox ={a+pBym |acOf B€0x}.
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For any quadratic ramified extension L,, of k, contained in B,,, we can also
write

Op, ={a+p0]a,€0,},
Op, ={a+p0]a,B€0L,,a€0f orpeOf },

and moreover, by changing 6 if necessary, the multiplication law is given by
Oa = a7 for a € L, where T denotes the non-trivial element of Gal(L, /k,).

As in Section 7, we can and shall regard /IC, as the set of O,-rational
points G, of a group scheme G defined over O, acting on a module scheme
V also defined over O,. For example, the group Gp, = O%v x (0p,)" x
GL(2)o, acts on the module Vo, = Og, & Os,. Then any standard orbital
representative = is an element of Vp, and as in Section 7, we regard the
stabilizer G, as a group scheme defined over O,. If z € Vo, then F,(v) €
SmeOg. We also regard SmeOg as a module scheme over O, and the map
x — F,(v) as a morphism of schemes. We continue to use the notation t;
defined in Section 7. Further, for any quadratic extension L, of k,, we use
the abbreviation Oy, /p for v;(Or,), where we regard Or, as a scheme
over O,. For example,

Op, /vy, = (Ou /)] = {a+ B0 | a, 5 € O, /pL}.

In this section, we will express g € G, as

p q
9= (911,912,92), 92= ( > .
T S

PROPOSITION 8.2. — Let x be one of the standard representatives. Then

there exists an injective homomorphism ((’)if )2 — G, as a group scheme

(z)
over O,.

Proof. — Let & = (1, u). We construct the injective homomorphism
quZ {(Ofl;,(w) X R)X}Q N GzR

for any commutative O,-algebra R.
We put R(z) = O%v(x) ® R. Note that R(z) = R[u] is a subalgebra of
Ogp, ® R and is commutative. Since {1,u} is a O,-basis of O,[u], this is
also an R-basis of R(z). Let s1,s2 € R(x)*. Then {s1s2, s150u} is also an
R-basis of R(z), and so there exists a unique element g = g,,,, € GL(2)g
such that g *(s1s2, s182u) = ¥(1,u). Hence

YuR: (81782) — (31732798132)
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gives an injective homomorphism from (R(z)*)? to Gy, and as in the
proof of Proposition 7.6, we can regard this map as the induced one from
the morphism of schemes. O

Let N, C G, be the image of this homomorphism.

PROPOSITION 8.3. — Let x € V® be one of the standard representa-
tives. Then
/ gy, = 1.
KonGe,

Proof. — Let = (1,u) be a standard representative. We claim that
Y HKuNGS ) = (Oy[u]*)? where 1), is defined in Section 5. The inclusion
Y Ky NGy ) C ((’)/,:v[u])2 follows from Oy Nk, (z) = Ol;,(x)' Let s1, 52
be elements of ka,, ]’ Then since {s1s2,s152u} also forms an O,-basis of
Ok, 1], we have gs,5, € GL(2)o,. This shows the reverse inclusion. Now
the proposition follows from the definition of dg; . O

The following simple observation will be sometimes useful in the con-
crete calculations below. This easily follows from Proposition 3.5 and the
properties of the norm map of the quadratic extension of local fields.

LEMMA 8.4. — We define
¢: Gy, — Z* as g+ (ordy(N(g11)), 0ordy(N(g12)))-

Then the image (G2, ) is (2Z)* if z corresponds to the quadratic unram-
ified extension and Z? if x corresponds to a quadratic ramified extension.

From now on we consider the case k,(z) is unramified and ramified sep-
arately. We first consider the former case. Till Proposition 8.10, we as-
sume z has type (rm ur). We note that in this case the polynomial (F(v)
mod p,) € Sym?(0,/p,)? is irreducible and especially F,(0,1) € OF. By
changing the choice of the included unramified extension F,, and the gen-
erator of the integer ring  if necessary, we may assume z = (1,0). Let us

) ) € CL(2)o,. We

fix a prime element m, € k, and put 7, = (\/mfl, /T, Tg), which then
generates the non-trivial class of Gy, /G5, -

write 0 = a+b07,a € O,,b € OF and set 79 = ( clz

LEMMA 8.5. — Let = have type (rm ur). Then K,G.x, = K,G5,, 1
TG .

Proof. — Since ord,(N(,/7y 1)) = ordy(m;!) = —1, we have 7, ¢
KyvGg ., as a consequence of Lemma 8.4. Now the lemma follows since
T, normalizes the group /C,. O
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LEMMA 8.6. — Let x have type (rm ur). Then &,(z) = 27 1vol(K, ).

Proof. — By the definition of dg, ,, Proposition 8.3 and Lemma 8.5,

o )
Uz ky /Gz ko

2 JkGary /G2 ot

x ko

Hence, if we let ®,, be the characteristic function of IC,x, by Definition 6.2

2 / dg,., = / B, (g, ) dg),,
KoGar, /G2 ' G, /G2 7 7

x ko x kqy

b, / B, ()| P(y)];2 dy
Gr,x

we have

Koz

Since |P(y)|, = |P(x)|, for all y € K,z, we have g,(z) = |P(x)|?b,} =

vYz,v

27 vol(K,x). O
We will compute vol(IC,z). In the case k,(x) is unramified extension, it
is enough to consider the congruence relation modulo p,,.
DEFINITION 8.7. — We define D ={y € Vo, |y =z (py)}-
LEMMA 8.8. — We have D C K,x.

Proof. — Let y € D. Since (F,(v) mod p,) = (F,(v) mod p,) € Sym?
(O, /py)?, the splitting field of Fy,(v) is the quadratic unramified extension.
Hence, y € Gy, x. Let y = gz, 9 = (911, 912, g2) € Gy, . Note that

IX(9)] = [N(g11)N(g12) det(g2)|2 = 1

since |P(y)|y = |P(z)|,. We will show that g € K,Gy,. By Lemma 8.4,
multiplying an element of G7; = and 7, if necessary, we may assume that g
satisfies either one of the following conditions.

(A) IN(g11)lo = [N(g12) [ = 1, (hence | det(gz)[, = 1.)
(B) IN(g11)lo = qv: IN(g12)]o = 1, (hence | det(g2)]y = ¢, *.)

From the definition of the representation we have

Fy(v) =N(g11)N(g12)Fz(vg2)
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and hence

!
—
\’l—‘
o
=
Il

N(g11)N(912)Np, /&, (0 + ¢0),
F,(0,1) = N(g11)N(912)Np, /i, (r + 50).

On the other side, since F,(v) = Fy(v) (py), both Fy(1,0) and Fy(0,1)
are units of O,. If g satisfies the condition (B), then ord,(Ng, /i, (p + ¢0))
must be 1. But this is a contradiction since F,/k, is the quadratic unram-
ified extension. Hence we assume g satisfies the condition (A). Then both
Npg, /k, (p+4q0) and N,/ (7+50) are elements of O and so p, q,7,s € O,.
det(g2)|, = 1, we conclude g2 € GL(2)p,. Thus g € K, and the
lemma follows. g

Since

LEMMA 8.9. — We have G0, /p, = Nz o, /p.-

Proof. — In the proof of this lemma, if we have y = ¢’ (p,) for any
two O,-rational points of an O,-scheme, we drop (p,) and simply write
y = y' instead. Clearly G, 0, /p, D Nz 0, /p, and hence we prove the reverse
inclusion. Let g = (g11,912,92) € G20, /p,- We choose representatives of
911, 912, 92 in G110,,G120,, G20, and use the same notation for them. By
Lemma 8.1 and Proposition 8.2, multiplying by an element of N, ¢, /p, if
necessary, we assume that

g1 =1+ a/m, g2 =14 B/m,,

where o, 8 € OF,. Put y = (y1,y2) = (911, 912, 1)x. Then by computation
we have

=14 (a+ BT, g =0+ (6" +50)y/T.

Since ¢ (y1,92) = g5 1 1(1,0) and 1,0 € OF,, we have t; (1), t1(y2) € OF, /Po.
Hence o + 3 = 0,a0” 4 6 = 0. Then since § — 67 € O, , we have
a = f = 0 and hence g7 = g12 = 1. Then go = I and this shows
Gw@v/pv CNzo,/p,- O

PROPOSITION 8.10. — Let = has type (rm ur). Then g,(x) = 271(1 —
% °)1 =g ")

Proof. — By Lemma 8.8, we have
vol(K,z) = vol(Go,z) = #(Go, /v7 (Gs o, /p,)) - VOL(D).

Since
Go, /v (G, 0u/p0) 2 G0, /0. /Gr0, /pys
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by Lemma 8.9 we have

#(Go,/p,)
vol(K,x) = vol(D) - 7#(]\71 o))
_ s (@2 — 1) (a5 — D(as — qv)
! (g5 —1)?
=(1-g¢, )1 —g").
Now the proposition follows from Lemma 8.6. O

Next we consider orbits corresponding to quadratic ramified extensions.
From now on to Proposition 8.15, we assume x has type (rm rm). Let x =
(1,w). Then w is a prime element of L, = k,(w) = k,(x). Let 7 denote the
non-trivial element of Gal(L, /k,). Then Fy(v1,v2) = (v1+wv2)(v1 +w vs)
is an Eisenstein polynomial and (w — @)% € O, generates the relative
discriminant Ay (4y/k, = pg”’”.

LEMMA 8.11. — Let x have type (rm rm). Then &,(z) = vol(KC,x).

Proof. — We can prove this lemma exactly the same as Lemma 8.6.
The only difference is that we can take the generator 7 of G, /G5, in
Proposition 3.6 from K, and hence K,Gx, = K,Gg . O

We put n = 6, ,+2m, +1. As in the case = has type (ur rm) in Section 7,
we consider the congruence relation of modulo pJ! to compute vol(KC,x).

DEFINITION 8.12. — We define D ={y € Vo, |y = = (p})}.
LEMMA 8.13. — We have D C K,x.

Proof. — Let y € D. Then as in the proof of Lemma 7.8, we have y €
G, 2. The rest of argument is similar to that of Lemma 8.8 and we shall
be brief. Let y = gz, g € G,. By Lemma 8.4, multiplying by an element
of G3 ;. if necessary, we may assume that

IN(g911)o = [N(g12)[v =1, and hence |[det(g2)|, = 1.
Since F,(v) € Sym?02, we have
Fy(1,0) = N(g11)N(912)Nk, (2) /8, (P + q@) € Oy,
Fy(0,1) = N(g11)N(912)Ny, (2) /1, (7 + ) € Oy

Hence both Ny, ()%, (P + qw) and Ny, ()%, (r + sw) are elements of O,
and so p,q,r,s € O,. Since |det(g2)|, = 1, we conclude g2 € GL(2)p, .
Hence g € K, and the lemma follows. 0

LEMMA 8.14. — We have [G 0, /pr : N o, /pn] = 2qg””,
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Proof. — We shall count the number of elements of the right coset space
Npo,/pn\Gro,/pn- Let g € Gy, pn. By Lemma 8.1 and Proposition
8.2, the right coset N, o, /png’ contains an element g = (g1, g2) with g1 =
(911, 912) of one of the following forms

(A) giu=1+ab,g12 =1+ 30,
(B) gun=1+ab,g12 =0 +0,
(C) gir1=a+0,g12 =1+ 0,
(D) g =a+0,912=0+0,

where o, 3 € O, /py, and also they are determined by the coset N, ¢, /pn g’
only. We will count the possibilities for g for each of the above cases. We
choose representatives of a, 8 in Or, and use the same notation.

From now on we consider the case v ¢ M4y, and v € Mgy separately. We
first consider the case v ¢ Mgqy. In this case §,, = 1 and n = 2. Also since
2 € OF, by changing 6 and x = (1,w) if necessary, we may assume that
62 € O and @™ = —w. Let y = (y1,v2) = (g1, 1).

First consider the case (A). By computation we have

y1=1+aB70>+ (a+3)0, y2=w(l—ap?)+wm(B— )
Since *(y1,y2) = g5 ' {(1, @) (p2), we have va(y1), t2(y2) € Or, /p2. Hence
a+8=0(p) and w@w(B-a)=0(p)).

It is easy to see that there are g, possibilities for pairs of (o, 3) modulo p?
satisfying the above condition. On the other hand, for each of these pairs,
we have y; = 1 (p?) and yo = w (p2), and hence (1, g2)y = = (p?) if and
only if go = I (p3).

Next we consider the case (B). In this case, we have

y1 =B+ b + (1+af™)b, y2=w(B— 0492) +w(l—apm)b.

Again since (y1,12) = g5 " H(1, @), we have ta(y1), t2(y2) € Or, /p2. Hence

1+af”=0(p2) and w(l—aB)=0(p2)

but this is impossible since 2 € O,. Hence any right coset of G, 0, /p2 does
not contain elements of the form (B).

The remaining two cases are similar. We can see that there are no pos-
sibilities for g of the form (C) and g, possibilities for g of the form (D).
These give the desired description for v ¢ Myy.

We next consider the case v € Mgy . In this case we may choose 6 so that
62 = 6 + c for some c € 0. Again we let y = (y1,v2) = (g1, 1)z
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Let us consider the case when g is of the form (A). By computation we
have

n=1+caf” + (a+ 5+ af")b,
y2 = (w+caf @w") + (aw” + fw + af"w)b.

Hence as before, we need
B+a+af” =0 (p) and Bw+ @ (a+af”) =0 (py).

Under the first equation, the second equation is equivalent to f(w —w™) =
0 (p2). If we write 8 = 31 + B2 where (1, f2 € O, /p?, this equation holds
if and only if

B, B € py =2 Jpr 2 < 8y < 20,
ﬂl € Pgim”/ﬁy 62 S ngm”fl/ljﬁ 537,11 = va + 1.

Hence there are qg”"” possibilities for 3. Also for each of these 8, 1 + 37 is
invertible and so « is uniquely determined by the first equation.

Then for each of these pairs («, 3), we have y; = 1 (p?}) and y2 = w (pI}),
and hence (1, g2)y = = (p)}) is equivalent to go = I5 (pI'). Hence there are

é
quv

x,v

choices of g of the form (A) in all.

The remaining three cases are similar. There are no possibilities for g of
the form (B) and (C), and @ choice of g of the form (D). We have thus
proved the lemma. O

PRrROPOSITION 8.15. — Suppose the standard representative x has type
(rm ur). Then ey (z) = 27| Ag, @)/, [ (1 + ¢, (1 — ¢,%)%
Proof. — By Lemma 8.13, vol(K,z) = #(Go, /t;, (G0, /pn)) - vol(D).
Since
Go, /[t (Gro,pn) = Go,jpn /Gao, jpns
by Lemma 8.14 we have
#(Go,/py)
Oz,v
2q,™ '#(NmOu/PLL)
n — 2 n - —
e "1 -6} (1) - )
v Ox,v — 2
2¢," {g3"(1—a")}
=271, (L4 g, ) (1 — ;%)%

vol(Kyx) = vol(D) -

Now the proposition follows from Lemma 8.11. O
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9. Computation of the local densities at infinite places

In this section, we compute €,(x) at infinite places. We assume v € Mo
in this section. For the unramified places, the values were already computed
in [7], and the remaining case is for places v € Mz N M. Note that
this case does not occur if v € Mc and that for these places V;* is the
single G -orbit. In the computation we need to know the 8 x 8 Jacobian
determinant associated with the map g — gx in some coordinate system.
This calculation is carried out using the MAPLE computer algebra package
[11].

PROPOSITION 9.1. — Let v € Mz N M. Then &, (z) = 73 /2.

Proof. — Since |P(x)], = 1 if = is a standard representative, £,(x) =
b,y We proved in Proposition 6.3 that if y € Gy, 2 then by, = bay.
Therefore we will compute b, for z = (1,4/—1) instead of the standard
representative.

We define

1:C* — GL(2)r as tr— ( —%93("2) ;Eg > ’

which is an injective homomorphism. Then the isomorphism in Proposi-
tion 3.5 can be expressed as

Yo7 ((CX)2 — Gog, (s1,82) — (51752%(5152)71)-

Recall that the measure dg.; , on G was defined as the pushout measure
of d¥s1d*ss.
Let H = {(u+j)s|ueC,s € C*} and D = H x H' x GL(2)g. Then D

is an open dense subset of Gy, and we will compare the measures on this

"

set. Any element g of D can be written uniquely as g = g;, g5 , where

Gow = (ur + jiuz +4.93), g, = (s1,52,0(s152)7")
with

uy,ug € C, g3 = ( G a2 ) € GL(2)g, and s1,s2 € C*X,

Q21 Q22
and when g , is written in this form, R(u;), 3(u;) and a;; for 4,5 = 1,2
may be regarded as coordinates on Gr/GS . An easy computation shows

that

1 du1 dUQ
d ! - —5 . d
o0 = 3 o+ DF (uale + 17 19
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with respect to these coordinates. Note that we are setting du; twice
the Lebesgue measure on C as usual and that we defined du(gs) to be
dallda12da21da22/| det(g3)|ﬂ2§

We consider the Jacobian determinant of the map

o / /
GR/G;E]R - GRJ:’ Gz0 7 Gz 0l

To do this, we choose their respective R-coordinates. For Gr/Gog, we
regarded R(u;), S(u;) and a;; for ¢, j = 1,2 as its R-coordinates. For Grz,
which is an open subset of Vg = H @ H, by expressing elements of Grz as

y = (y11 + Y127, Y21 + y224), yi; € C (4,5 =1,2),

we regard R(yi;), S(yi;) for 4, j = 1,2 as R-coordinates of Grz. Then with
respect to the coordinate systems above, the Jacobian determinant of the
map is found to be 4(|Jus|c + 1)2(Juz|c + 1)?|det(gs)|3 by using MAPLE
[11]. Note that this map is a double cover since [Gyr : Gog] = 2. As
P(g,0%) = X(9z,,)P(x) and

x(9e.0)lr = (Jutle + 1)*(luzle + 1)%| det(gs) |5, |P(2)lr = 4,
it follows that the pullback measure of dy/|P(y)|3 to Gr/G°y is

du1 dUQ

! dyi(gs)
2 (ulc+ 12 (uale +1)2 19

We note that we chose the measure dy on Vg to be 24 times to that of
product of Lebesgue measures [[; ;[d{R(yi;)}d{S(y:;)}]. Comparing this
measure and dg;, ,,, we have b, , = 2/ 73 and hence the proposition follows.

0

Combining [7, Propositions 5.2, 5.4] and the above proposition, we obtain
the following.

PROPOSITION 9.2. — Assume v € M. Let = € V¥ be one of the
standard representatives.

(1) If v € My then e,(x) = 72/2 for any type of the standard repre-
sentative.
(2) If v € Mc then g,(x) = 4n3.

All of these finish the necessary preparations from local theory and we
are now ready to go back to the adelic situation.
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10. The mean value theorem

In this section, we will deduce our mean value theorem by putting to-
gether the results we have obtained before. We will see in Proposition 10.3
that the global zeta function is approximately the Dirichlet generating se-
ries for the sequence €2 for quadratic extensions L of k which are em-
beddable into B. If it were exactly this generating series, the Tauberian
theorem would allow us to extract the mean value of the coefficients from
the analytic behavior of this series. However, our global zeta function con-
tains an additional factor in each term. We will surmount this difficulty
by using the technique called the filtering process, which was originally
formulated by Datskovsky and Wright [3].

Let z € V. We define measures dg/ and dg,, on G, and GM/TA to
be dg; = [I,con 495 , and dgy = [[,con 49, ., Where we defined dg}; , and
dgy; , in Section 5. We choose a left, invariant measure on G /G5, . Since
G is isomorphic to (GL(l)z(z))2 as an algebraic group over k, the first
Galois cohomology set H'(k', G2) is trivial for any field &’ containing k.
This implies that the set of k’-rational points of Gy /GS ., coincides with
(G/G3)yr- Therefore Gy /G5, = (G/G5)a. Hence if we let dg;, =[], dg, ,
(we defined dg, , in Section 6), then this defines an invariant measure on
Ga/G3 . We have dg = dg,,dg;, since dg, = dg, ,dg.. , for all v, and hence
dg = dg,dg, -

We first determine the volume of G2, /T4G°, under dg”, which is the
weighting factor of the Dirichlet series arising from our global zeta function.

PRrorosITION 10.1. — Suppose x € V;3*. Then the volume ofG;A/fAGZk
with respect to the measure dg. is (2€k(m)/€k)2.

Proof. — Identifying T with (GL( )e)? and GY with (GL(1)k())?, we
define T9 = (A%)?2 and G°0, = (A? hay)’- Let d*t° and dg”° be the measures
on Tg and G°Y, such that dgZ = d*\1d*\2dg!’°, At = d"Ad*Nodt0 for

g:(&k(z)’&k( )g./L/O’ t:(ﬁkvﬁk)t

Note that if A € Ry then the absolute Value of A\, as an idele of k(z) is
A?. Therefore, dgl/ = 22d*\1d*\adg)® for gl = (A1, A2, )gy°. Since dgl =
d*tdg" this implies that 22dg”° = d*t°dg". Therefore

f/ @T:/ _dg) [ &
RV GN/G T T T

= vol(G°%, /TGS )/VNdXEO.
Ty /T
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Since

/ dg)® = ¢,y  and /v _ P =g,
G20, /G° TO /T

this proves the proposition. O
Forz € V> and & = @@, € S(V,) we define the orbital zeta function of x

tobe Z,(®,s) = [[,con Zz,0(Po, 5). Note that we defined Z,, ,,(®,, s) in Sec-

tion 6. If « lies in the orbit of the standard representative w, , in V,fvs then we
shall write Z; ,(Pv,s) = Zu, ,0(Pv,s) and Z4(P,5) = [[,con Ee,o(Po, 5).
We call Z,(®, s) the standard orbital zeta function.

PROPOSITION 10.2. — For z € V® and ® = @9, € S(V4) we have
Zo(®,5) = N(Apzy/n) *Ea(P,8).

Proof. — By Proposition 6.5, we have

(H |P Wy, z v) x((I),S).

veEM

Since P(x) € k*, we have [ [, con |P(2)], = 1 by the Artin product formula.
Also since P(w,, ) generate the local discriminant Ay, (z)/x, of ky(x) if
v e My and |P(wy z)|y =1 if v € My, we have

H |P(Wv,m)|v = H |P(Wv7w)‘v = H |Aku(w)/kv|v = N(Ak(x)/k)_l
veEM vEM¢ vEMs

Thus we have the proposition. O

PrOPOSITION 10.3. — If ® = @®,, € S(Vi) then we have

2 )
Z(®,5) = = — = (@,s).
< m%vss N(Ar(ey/x)

Proof. — By the usual manipulation, we have

fGiA/i*ngdgg ANE / /
Z(®,s)= Y, e o Ix(g,)]°® (g, x)dg],.
A

zGGk\V’fS [ka : Gx k]

x A

For each x € G \V;®, the last integral in the above equation is equal to
Z(®, s) since ¢ = ®,®, and dg,, =[], dg,, .- Now the proposition follows
from [G, : G2 ,] = 2 and Propositions 10.1, 10.2. O

We are now ready to describe the filtering process. This process was
originally used in [3] and was also used in [6]. Since our situation is quite
similar to [6], we follow this reference.

ANNALES DE L’INSTITUT FOURIER



SQUARE OF CLASS NUMBERS 661

We fix a finite set .S O Sy of places of k. Let T denote any finite subset
T DO S of M Let Eg4(s) = Eg0(Pyo,s). (We defined Sy and &, in
Section 6.)

DEFINITION 10.4. — For each finite subset T' O S of 9, we define

Zar( H Exwl and Lr(s) = H L,(s)

vgT vgT

where L, (s) is as in Proposition 6.9.

By Proposition 6.9, we have the following.

PROPOSITION 10.5. — Both E; r(s) and Ly(s) are Dirichlet series. We
let
‘—‘$ 1 ,m d I _ Tm
Then 0 < ay r,, < leL for all m and a; 7, = 1. Also Lr(s) converges

absolutely and locally uniformly in the region Re(s) > 3/2.

We consider T-tuples wr = (wy )yer Where each w, is one of the standard
orbital representatives for the orbits in Vi*. If z € V* and z € Gy, w, then
we write £ ~ w, and if x ~ w, for all v € T then we write x ~ wr.

DEFINITION 10.6. — We define

&
(z) -
ur(s) = Z 7S:x,T(5)
z€GR\V®,amwr N(Ak(m)/k)
and
)
&u ,T(S) = 735'E£.T(5) ’
’ Z N(Ak@y/e)®

mEGk\Vss,w%ws
which is the sum of &,,.(s) over all wp = (wy)yer Which extend the fixed

S-tuple wg.

The following lemma is exactly the same as [6, Lemma 6.17] and we omit
the proof.

LEMMA 10.7. — Let v € M, x € V;* and r € C. Then there exists a
K,-invariant Schwartz-Bruhat function ®,, such that the support of ®,, is
contained in Gy, &, Zy ., (®y,s) is an entire function and Z, ,(®,,7) # 0.

PRrROPOSITION 10.8. — Let T 2 S be a finite set of places of k and
wr be a T-tuple, as above. The Dirichlet series £,,.(s) has a meromorphic
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continuation to the region Re(s) > 3/2. Its only possible singularity in this
region is a simple pole at s = 2 with residue
Re [ (- [[olen),
VEM 5NN veT
where
Ro = A€ 7,(2)%.

Proof. — For each v € T' we choose KC,-invariant Schwartz-Bruhat func-
tion @, such that supp(®,) C Gi,wy. Let & = @, cqp Py ® ®v¢T ®,0 €
S(Va). For v € T we have E; ,(®,,s) = 0 unless ¢ ~ w, and hence by
Proposition 10.3 we have

Z(®,s) = é >

k zeay \Vesamwr

(H Ziryo(®u s >§W< ).

veT

( H Er (Do, s )Efc,T(S)

Ak(m )/k) T

Using Lemma 10.7 and Theorem 4.2, this formula implies the first state-
ment. Also by the equation just before Proposition 6.5, we have

Z ey 0 (®,2) :ev(wv)*/ ®,(z)dz,.
Vi

v

Since fv (x)dz, =1 for v ¢ T, by Theorem 4.2 we have the residue

of §ur (s ) 0
As a corollary to this proposition, we obtain the following.

COROLLARY 10.9. — The Dirichlet series &, 7v(s) has a meromorphic
continuation to the region Re(s) > 3/2. Its only possible singularity in this
region is a simple pole at s = 2 with residue

Ra H (1-(];1)21—[&:@(&)”)' H E,.
vEM s NMMe veES UGT\S

We are now ready to prove a preliminary version of the density theorem.
Since the proof is exactly same as that of [6, Theorem 6.22], we omit it.
Note that by Proposition 7.3, the product [], .oy E. converges to a positive
number.

THEOREM 10.10. — Let S D Sy be a finite set of places of k and wg an
S-tuple of standard orbital representatives. Then

1 1 _
Xlgnoo ﬁ Z Q:i(z) = §R2 H (1_% 1)2 Hsv(wv)~ HE»U .
2€GR\ VS zrws vEMpNMe veES vgS
N(Ag(z)y/k)<X
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We will rewrite Theorem 10.10 as a mean value theorem for the square
of class number times regulator of quadratic extensions. Let S D 9., be
a finite set of places. As in Section 1, we let Lg = (L, ),es be an S-tuple
where each L, is a separable quadratic algebra of k,, and put

QLs)={F|[F:kl=2,F®k, =L, for all veS},
QLs, X) = {F € QLs) | N(Ap/r) < X}

where X is a positive number.
To state our main theorem, we define the constants as follows.

DEFINITION 10.11.
(1) For v € M¢ and L, a separable quadratic algebra over k,, we put
271 (1+ ¢, )1 - ;%) Ly 2 ky % Ky,
ev(Ly) = 42711 — g, b)? L, is quadratic unramified,
27YAL e T (1 =gy 1) (1 — ¢, %)? Ly is quadratic ramified.

(2) Let S D M. For an S-tuple Lg = (L,)yes of separable quadratic
algebras, we define

¢oo(Ls) = 2_r1(Ls)(27T)_T2(Ls)

where we put

ri(Lg) =#{veMp | L, =R xR} x 2,

ro(Lg) = #{v € Mg | L, Z R x R} + 2r,.

(3) For v € M¢, we put
€, =1-3¢," +2¢," +¢,° — ;.
Also we define
Ry, =2 (mHrtleled,

Note that the constants e,(L,) are (1 — ¢;2)~! times those we have
listed in Propositions 7.1, 7.4 and (1 — ¢; 1)?(1 — ¢, ) 'times those we
have evaluated in Propositions 8.10, 8.15.

The following theorem is one of the main results of this paper.

THEOREM 10.12. — Let S D My, and Lg = (L,)ves an S-tuple. As-
sume there are at least 2 places v such that L, are fields. Then we have

1
Jim = S hEREL = RiAPG(2) % (Ls)? [ eolLo) [T €
FeQ(Lg,X) vESNM¢ vgS
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Proof. — We choose v1,vy € S so that L, , L,, are fields. We take the
quaternion algebra B of k so that 9y = {vy, vy}, which is possible by the
Hasse principle. We consider the prehomogeneous vector space (G, V) for
this B. Since the set of k,-rational orbits Gkv\Vksf corresponds to the set
of all quadratic extensions of k, if v € My and to the set of all separable
quadratic algebras of k,, if v ¢ Mz, we can take an S-tuple wg = (wy)ves
of standard orbital representatives so that each w, corresponds to L,. We
claim that if a quadratic extension F' of k satisfies F' € Q(Lg) then there
exists € V;*® so that F' = k(x). In fact, if F € Q(Lg) then F @ k,, = L,,
is embeddable into B,, for i = 1,2. Since B, = M(2,2);, for v ¢ Mz,
this shows that F' ® B, = M(2,2)pg, for all v and by the Hasse principle
we have FF @ B = M(2,2)r. Hence F is embeddable into B and so by
Proposition 3.4, there exists « € V® such that F = k().

Therefore, applying Theorem 10.10 for wg, we obtain
(10.1)

RIS CHD YN L I | EXOOR | 2

FeQ(Ls,X) vEM g NM¢ veS vgS
We consider the value €%. Let r1(F) and 72(F) be the number of set of real
places and complex places, respectively. Then if F' € Q(Lg) we immediately
see 1;(F) = ri(Lg) for i = 1,2. Also one can easily see that ep = e all
but finitely-many quadratic extensions F of k. This finite exceptions may
be ignored in the limit, and we have

€% = eao(Ls) e} 2h3R3

for almost all F' € Q(Lg). Let us consider the right hand side of (10.1). B
Proposition 9.2 and the definition of Zj(s), we have

1 _ sz Ak ’ 7T3 T1 3\72
5722 H 51}((-01)) = 2A5/2 (7(-7“1 (27T)T2 Ck(?)) (?) (47‘(’ )
VEM k
1 _
= S A GG = 6 RiA G (2)°.

Since (x(2) = [[,eom, (1 — q;2)" ! and E, = (1 — ¢, 2)€&,, from (10.1) we

1
(10.2)  Jim —5 > hpRE = AV20(2)2Riess (Ls)
T Peo(Ls,X)
Ev(wv) (1 - qv Ev w'u
X H 1— —2 H 1— H @
vE(SNMM)\ D T yesnomnms Gv vgs
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As in the observation after Definition 10.11, one can see that &,(w,)/(1 —
q;2%) = ep(Ly) for v € M \ My and (1 — g, 1)%e,(wy)/(1 — gy 2) = eu(Ly)
for v € My N Mp. Hence we obtain the desired description. O

Remark 10.13. — Let S D My and Lg = (L,)pes any S-tuple of
separable quadratic algebras. For a finite set T of places of k, let Qr be the
set of quadratic extensions L of k such that L does not split at least two
places of T. Then by Theorem 10.12, for any T so that T'NS = (), we can
see that

lim > h%R%

X —o00 X2
FeQr,FeQ(Ls,X)

=R G(2)%(Ls)? [ o) ] €

vESNMe v (SUT)
(1+¢ "0 -g2)
(e e
veT veT
and hence
1
lim  lim — > h2.R%

- 2
T/7(M\S) X—o0 X FeQr,FeQ(Ls,X)

=R 2G(2)%(Ls)? [ (L) [] €0

vESNM; vgS
If we could change the order of limits in the left hand side of the above
formula, we obtain the statement of Theorem 10.12 for unconditional S-
tuples also. But to assert the statement is true, we probably have to know
the principal part at the rightmost pole of the global zeta function for
B = M(2,2), which is an open problem. We conclude this section with this
conjecture.

CONJECTURE 10.14. — The statement of Theorem 10.12 also holds for
any unconditional S-tuple Lg.

11. The correlation coefficient

In this section, we define the correlation coefficient of class number times
regulator of certain families of quadratic extensions, and give the value
in some cases. The author would like to thank A. Yukie, who suggested
working on this topic.
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We fix a quadratlc extension k of k. For any quadratic extension F' of k
other than k the compositum of F' and k contains exactly three quadratic
extensions of k. Let F'* denote the quadratic extension other than F and
k. Note that if we write k = k[z]/(22 — o) and F = k[z]/(z* — 3) where
o, € k then F* = k[z]/(2? — afB). If F = k we put hp«Rp+ = 0. As in
Section 10, let S always denote the finite set of places of k£ containing M,
and Lg = (Ly)yes an S-tuple of separable quadratic algebras L, of k.

DEFINITION 11.1. — We define
> Fea(Lg,x) P Rrhp-Rp-

1/2 1/2
(Zreawen M3F2)  (Sreawex) Mo R )

if the limit of the right hand side exists and call it the correlation coefficient.

Cor(Lg) = lim

X —o0

The asymptotic behavior of the numerator as X — oo was investigated
by [6, 7, 8], while the denominator is considered in this paper. Hence we
find the correlation coefficients for certain types of k and Lg. Let My, NMin
and M, be the sets of finite places of £ which are respectively ramified,
inert and split on extension to k. Take any F € Q(Lg) to put L} = F* @k,
and LY = (L})ves, which does not depend on the choice of F'. In this
section we prove the following theorem.

THEOREM 11.2. — Assume M, N Mgy = 0 and S D Myy,. Let Lg =
(Ly)ves Is an S-tuple of separable quadratic algebras such that there are
at least two places v with L, are fields. Further assume that there are at
least two places v with L}, are fields. Then we have

22
Coba) = I (1= o)
vEMn\S 1+QU + Qv 72(]1} + qu

We first recall from [6] the asymptotic behavior of the function

> hpRphp-Rp-
FeQ(Ls,X)

as X — oo. We define the constants as follows.

DEFINITION 11.3.

(1) Let v € M \ My, and L, a separable quadratic algebra over k,.
We define f,(L,) as follows.
(i) If v € My, then we put §,(Ly) = ey (Ly).
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(ii) If v € My, then we define

L, = kv X kv or
271 (1 - ;)1 +¢;%)
fo(Ly) = L, is quadratic unramified,

(1 —q, )(1 - qv_“) L, is quadratic ramified.

ALkl
(iii) Ifv € My \ May, then we define

271 (1-¢;?) Ly = ky % ky,
fo(Ly) = 27 (1 —q;')? L, is guadratic unramified,
27, 21— qy2) Ly =k,
271¢:2(1 — q;1)? L, is quadratic ramified and L, % Ev_

(2) For an S-tuple Lg = (Ly)yes we define foo(Lg) = eoo(Lg).
(3) For v € M \ My, we put

= &, v € My,
T+ g -t ) ve My,

Then the following is a refinement of [6, Corollary 7.17] in case of Mgy N
mrIIl = ®'

PROPOSITION 11.4. — Assume Mqy N My, = 0 and S O Myy,. Then
the limit

lim — Z hFRFhF*RF*
FeQ(Ls,X)

exists and the value is equal to

RiG(A AT P (L)oo (L3) [T fulZo) I] S0

vESNM; ve s

Proof. — The only new part is that we determine the constant f,(L,)
for v € M4y and L, a quadratic ramified extension, whereas in [6] only the
sum of f, (L, ) for L,’s with the same relative discriminants were given. We
consider the constants f,(L,) for these cases. For v € My, we see from [6]
that Proposition 7.4 gives not only e,(L,) but also the value f,(L,). Let
v € My,. Then a similar argument from Lemma 7.5 to Lemma 7.9 again
leads us to the problem to count the number of the system of congruence
equations considered in [14, Lemma 4.7], and the result follows. Since the
argument is much the same as the case of v € M, we choose not to include
the details here. |
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We next consider the second term in the denominator.

We compare Ap. /i, and Ap i, . For v € My, we put sgn(L,) = —1 if
L, is a quadratic ramified extension and sgn(L,) = 1 otherwise. Then in
the case v ¢ My, N Mgy, the results are described as follows.

LEMMA 11.5. — We have A« 3, = ngn(L”)ALv/kv if v € Mym \ May,
while AL:/kv = ALu/kv ifv e msp @] fmin.

Proof. — For v € My, since Ly = L, we have Ap./p, = Ap, s, If
v € My \ Mgy, then L, is quadratic ramified if and only if L} is not. Also
Arp,/k, 18 py if L, quadratic ramified and is O, otherwise, and the result
follows. We consider the case v € M;,. If L, is not quadratic ramified, then
one of L, and L} is the quadratic unramified extension and the other is
k, % k,. Hence their relative discriminants are concurrent. Assume L, is
quadratic ramified. If v ¢ 9y, then L, and L} are the distinct quadratic
ramified extensions of k, with relative discriminants p,,, and therefore the
result follows. If v € Mgy then Ap.,p = Ap ji, is a corollary of [8,
Proposition 3.10]. Thus we obtained the desired description. O

For an S-tuple Lg, we define

H ngn(Lv).
VEMrm
PROPOSITION 11.6. — Assume My N Mgy = 0 and S O Myy,. Let
Ls = (Ly)yes be an S-tuple such that there are at least two places v with
L} fields. Then we have

: 1 2 2
Jim o5 ) MERE
FeQ(Lg,X)

= A3 RiANPG(2)%e(L5)? [ e [T e
vESNM; vgS

Proof. — By Lemma 11.5 we have N(Ap-«/;) = A N(Ap/y). Also by
definition, F' € Q(Lg) if and only if F* € Q(LY%). Hence, F' € Q(Lg,X)
if and only if F* € Q(L%,ArgX). Therefore by applying L% to Theo-
rem 10.12, we have the proposition. O

All of these establish the necessary preparations and now we go back to
the proof of Theorem 11.2. By Theorem 10.12 and Propositions 11.4, 11.6,
we have

s a1 G(2)
Cor(Lg) = N(Ai/k) AL Ckk(Q)Q H

1/2H@

vesnm, 1ev(L )ev L* 0éS
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Note that we used the relation N(Ax /k) = A;/A}. We naturally regard
the right hand side of the equation above as the Euler product of finite
places Hvesz oy,. Then we immediately see o, = 1 for v € My, and
1-%?? & _, 2q,°

-t & l+q ' +q0” — 20" +q0°

for v € M;, \ S. Now the remaining task is to verify a, = 1 for v € S\ M,
and this is easily carried out by one by one calculation. For example, if
v € SNMi, and L, is quadratic ramified, then we have

(1—g;?* 27"AL ko' (1 =g, )1 —g;?)
=gt 27 AL [ (- (1 — )2
and if v € SNIM,,,, (note that by the assumption My, N Mgy = 0, we have
v & Mgy in this case) and L, is quadratic unramified, then we have
2-1(1 — ;)2
216,21 g2 (1 - g?)
The other cases are similar and we omit the routine computation here.

v =

v

:1’

ay =q{"?7 (1 - ¢,?) =

v

Remark 11.7. — The purpose of the condition on the S-tuple Lg in
Theorem 11.2 is to make the use of Theorem 10.12 for Lg and L possible.
If Conjecture 10.14 is true, then we obtain Theorem 11.2 for unconditional
Lg also.
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