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THE INTRINSIC TORSION OF ALMOST
QUATERNION-HERMITIAN MANIFOLDS

by Francisco MARTíN CABRERA & Andrew SWANN

Abstract. — We study the intrinsic torsion of almost quaternion-Hermitian
manifolds via the exterior algebra. In particular, we show how it is determined by
particular three-forms formed from simple combinations of the exterior derivatives
of the local Kähler forms. This gives a practical method to compute the intrin-
sic torsion and is applied in a number of examples. In addition we find simple
characterisations of HKT and QKT geometries entirely in the exterior algebra and
compute how the intrinsic torsion changes under a twist construction.

Résumé. — Nous étudions la torsion intrinsèque des variétés presque hermi-
tiennes quaternioniennes via l’algèbre extérieur. En particulier, nous montrons
comment elle est déterminée par trois-formes particulières, formées à partir de
simples combinaisons des différentielles extérieures des formes kählériennes locales.
Ceci donne une méthode pratique pour calculer la torsion intrinsèque qui s’applique
dans de nombreux exemples. En plus, nous trouvons des caractérisations simples
des géométries HKT et QKT en utilisant l’algèbre extérieur et nous calculons la
modification de la torsion intrinsèque pour une construction twistée.

1. Introduction

An almost quaternion-Hermitian manifold M is a Riemannian
4n-manifold which admits an Sp(n) Sp(1)-structure, i.e., a reduction of
its frame bundle to the subgroup Sp(n) Sp(1) of SO(4n). This is equiv-
alent to the presence of a Riemannian metric g = 〈·, ·〉 and a rank-three
subbundle G of the endomorphism bundle EndTM , locally generated by
three almost complex structures I, J , K satisfying the identities of the
imaginary unit quaternions. Almost quaternion-Hermitian manifold are of
special interest because Sp(n) Sp(1) is included in Berger’s list [2] of possi-
ble holonomy groups of locally irreducible Riemannian manifolds that are

Keywords: Almost Hermitian structure, almost quaternion-Hermitian structure, G-
structure, intrinsic torsion, G-connection, HKT-manifold, QKT-manifold.
Math. classification: 53C15, 53C10, 53C26, 53C80.



1456 Francisco MARTíN CABRERA & Andrew SWANN

not locally symmetric. Also in the field of theoretical physics, the study of
supersymmetric sigma models and their couplings to supergravity is very
related with the study of complex and quaternionic structures defined on
Riemannian manifolds [10, 16].

Since Sp(n) Sp(1) is a closed and connected subgroup of SO(4n), there
exists a unique metric Sp(n) Sp(1)-connection ∇aqH = ∇LC + ξ, where
∇LC is the Levi-Civita connection and ξ is a tensor, called the intrinsic
Sp(n) Sp(1)-torsion, in T ∗M ⊗ (sp(n) + sp(1))⊥. Here (sp(n) + sp(1))⊥ de-
notes the orthogonal complement in so(4n) of the Lie algebra sp(n)+sp(1).

Under the action of Sp(n) Sp(1), the space T ∗M ⊗ (sp(n) + sp(1))⊥ of
possible intrinsic torsion tensors ξ decomposes into irreducible Sp(n) Sp(1)-
modules, giving rise to a natural classification of almost quaternion-Her-
mitian manifolds. In [27] it was shown that, in general dimensions, ξ has six
components and 26 = 64 classes of such manifolds potentially arise. An al-
most quaternion-Hermitian manifold is said to be quaternion-Kähler, if the
intrinsic torsion ξ vanishes. In this case, the reduced holonomy group is a
subgroup of Sp(n) Sp(1) and the manifold is Einstein. On the other hand, if
the three almost complex structures are globally defined, then M is said to
be endowed with an almost hyperHermitian structure (an Sp(n)-structure).
When the three Kähler forms ωI , ωJ , ωK of the Sp(n)-structure are covari-
ant constant, the manifold is called hyperKähler. HyperKähler manifolds
have reduced holonomy group contained in Sp(n) and their Ricci curvature
vanishes.

By identifying the intrinsic Sp(n) Sp(1)-torsion ξ with the Levi-Civita co-
variant derivative of a certain four-form Ω, defined below in equation (2.1),
one obtains an analogue of the method of Gray & Hervella [13] for finding
conditions for classes of almost quaternion-Hermitian manifolds. Detailed
conditions describing classes in this way were given in [20].

In the present paper, we will take another approach. In fact, we will
show how the intrinsic torsion ξ can be determined by means of the exte-
rior derivatives dωI , dωJ and dωK of the local Kähler forms corresponding
to the almost complex structures I, J , K. In the process, there will arise ad-
ditional, detailed information about the components of ξ which will be very
useful in working on examples of almost quaternion-Hermitian manifolds.
For all of this, we give expressions for the covariant derivatives ∇LCωA
in terms of dωI , dωJ and dωK , see Proposition 4.3. Such expressions con-
tribute to a better understanding of Hitchin’s result [14] saying that if ωI ,
ωJ and ωK are closed, then they are covariant constant. Indeed in Propo-
sition 4.3, we show how the Nĳenhuis tensor NI in general is determined
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THE INTRINSIC TORSION OF AQH MANIFOLDS 1457

by the difference JdωJ −KdωK . Let us briefly explain one application of
this result, cf. §6.

It is known that the geometry of the target space of (4, 0) supersym-
metric even-dimensional sigma models without Wess-Zumino term (tor-
sion) is a hyperKähler manifold. In presence of torsion, the geometry of
the target space is a hyperKähler manifold with torsion, usually called an
HKT-manifold [17].

Grancharov & Poon [11] showed that an almost hyperHermitian manifold
(M, I, J,K, 〈·, ·〉) is HKT if and only if:

(i) the three almost complex structures I, J and K are integrable, and
(ii) IdωI = JdωJ = KdωK .

A direct consequence of our expression for NA is that condition (ii) is suf-
ficient to characterise HKT geometry, and in particular (ii) implies the in-
tegrability condition (i). Similarly, we also show how Grancharov & Poon’s
holomorphic characterisation for HKT-manifolds may be simplified, see §6.

It is known that an almost quaternion-Hermitian manifold the three
covariant derivatives ∇LCωI , ∇LCωJ and ∇LCωK are not independent,
but rather any two determine the third [8, 20], see equation (4.5). The
corresponding statement for the exterior derivatives dωI , dωJ , dωK is not
true. However, we find that there are still relations expressed by symmetries
of the three-forms

βI = JdωJ +KdωK , etc.

see (4.12). These symmetries are equivalent to requiring βA to be of type
{2, 1} = (2, 1) + (1, 2) with respect to the almost complex structure A.
Algebraically the βI , βJ and βK are independent three-forms of these
types and we find that the space of possible triples of covariant deriva-
tives (∇ωI ,∇ωJ ,∇ωK) is isomorphic to the space of possible triples of
three-forms (βI , βJ , βK).

The relevance of the three-forms βI , βJ , βK is clearly seen in Propo-
sition 5.3, where we demonstrate how they may be used to compute the
components of the intrinsic Sp(n) Sp(1)-torsion ξ. This gives a practical
way to compute ξ via the exterior algebra and will be used in the study of
concrete examples in §10.

In §7, we focus attention on quaternion-Kähler manifolds with torsion,
also known as QKT-manifolds. Motivation for studying these structures
can be also found in the field of theory of supersymmetric sigma models,
see [15]. Our results lead to a new characterisation (7.5) of QKT-manifolds
that is simpler than that provided by Ivanov [18, Theorem 2.2]. We also
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1458 Francisco MARTíN CABRERA & Andrew SWANN

obtain new expressions for the torsion three-form and torsion one-form and
study of the integrability properties of the almost complex structures.

In §9, we consider the intrinsic torsion of quaternion-Hermitian manifolds
obtained by the twist interpretation of T-duality given in [28]. Using the
exterior algebra is particularly advantageous here. We see that in many
cases the QKT condition is preserved.

Finally, in §10, we give an number of examples of types of almost
quaternion-Hermitian manifolds. We particularly mention one of the
quaternionic structures considered on the manifold S3×T 9 which is a non-
QKT-manifold admitting an Sp(n) Sp(1)-connection with skew-symmetric
torsion (0, 3)-tensor. In the various examples, we have also determined the
types of almost Hermitian structure. Because it is an advantage to handle
Lie brackets instead of directly using ∇LC, we determine such types by
means of the exterior derivative dωI and the Nĳenhuis tensor NI . There-
fore, in §8, we include Table 8.1 showing conditions in terms of dωI and
NI to characterise the Gray-Hervella classes.

Acknowledgements. — This work is supported by a grant from the MEC
(Spain), project no. MTM2007-66375. We thank the organisers of the Work-
shop on “Special Geometries in Mathematical Physics”, Kühlungsborn,
2006, for the chance to present some of this material.

2. Definitions and notation

Let G be a subgroup of the linear group GL(m,R). A manifold M is said
to be equipped with a G-structure, if there is a principal G-subbundle P
of the principal frame bundle. In such a case, there always exist con-
nections, called G-connections, defined on the subbundle P . Moreover, if
(Mm, 〈·, ·〉) is an orientable m-dimensional Riemannian manifold and G a
closed and connected subgroup of SO(m), then there exists a unique metric
G-connection ∇G such that ξ = ∇G − ∇LC takes its values in g⊥, where
g⊥ denotes the orthogonal complement in so(m) of the Lie algebra g of G
[25, 4]. The tensor ξ is said to be the intrinsic G-torsion and ∇G is called
the minimal G-connection.

A 4n-dimensional manifold M is said to be almost quaternion-Hermitian,
if M is equipped with an Sp(n) Sp(1)-structure. This is equivalent to the
presence of a Riemannian metric 〈·, ·〉 and a rank-three subbundle G of the
endomorphism bundle EndTM , such that locally G has an adapted basis
I, J,K satisfying I2 = J2 = −1 and K = IJ = −JI, and 〈AX,AY 〉 =

ANNALES DE L’INSTITUT FOURIER



THE INTRINSIC TORSION OF AQH MANIFOLDS 1459

〈X,Y 〉, for all X,Y ∈ TxM and A = I, J,K. An almost quaternion-
Hermitian manifold with a global adapted basis is called an almost hyper-
Hermitian manifold. In such a case the structure group reduces to Sp(n).
We note that if I, J,K is an adapted basis then so are J,K, I and K, I, J ;
thus formulæ derived for an arbitrary adapted I, J,K will also apply to
cyclic permutations of these almost complex structures.

There are three local Kähler-forms ωA(X,Y ) = 〈X,AY 〉, A = I, J,K.
From these one may define a global, non-degenerate four-form Ω, the fun-
damental form, via the local formula

(2.1) Ω =
∑

A=I,J,K

ωA ∧ ωA.

We will write
ΛI : ΛpT ∗M → Λp−2T ∗M

for the adjoint of · 7→ · ∧ ωI with respect to the metrics

〈a, b〉 = 1
p!a(ei1 , . . . , eip)b(ei1 , . . . , eip).

In particular, for a three-form β we have ΛIβ = 〈· y β, ωI〉, and for a one-
form ν, we have

ΛI(ν ∧ ωA) = − 1
2

4n∑
i=1

(
ν(ei)ωA(Iei, ·) + ωA(ei, Iei)ν + ν(Iei)ωA(·, ei)

)
.

In the next section, we will explicitly describe the intrinsic torsion of
almost quaternion-Hermitian manifolds. For such a purpose, we need some
basic tools related with almost quaternion-Hermitian manifolds in a context
of representation theory. We will follow the E-H-formalism used in [23,
27] and we refer to [3] for general information on representation theory.
Thus, E is the fundamental representation of Sp(n) on C2n ∼= Hn via
left multiplication by quaternionic matrices, considered in GL(2n,C), and
H is the representation of Sp(1) on C2 ∼= H given by q.ζ = ζq̄, for q ∈
Sp(1) and ζ ∈ H. An Sp(n) Sp(1)-structure on a manifold M gives rise to
local bundles E and H associated to these representation and identifies
TM ⊗R C ∼= E ⊗C H.

On E, there is an Sp(n)-invariant complex symplectic form ωE and a
Hermitian inner product given by 〈x, y〉C = ωE(x, ỹ), where y 7→ ỹ = jy is
a quaternionic structure map on E = C2n considered as left complex vector
space. The mapping x 7→ xω = ωE(·, x) gives us an identification of E with
its dual E∗. If {u1, . . . , un, ũ1, . . . , ũn} is a complex orthonormal basis for E,
then ωE = uωi ∧ ũωi = uωi ũ

ω
i − ũωi u

ω
i , where we have used the summation

TOME 58 (2008), FASCICULE 5



1460 Francisco MARTíN CABRERA & Andrew SWANN

convention and omitted tensor product signs. These conventions will be
used throughout the paper.

The Sp(1)-module H will be also considered as a left complex vector
space. Regarding H as a 4-dimensional real space with the Euclidean metric
〈·, ·〉 such that {1, i, j, k} is an orthonormal basis. The complex symplectic
form is given by ωH = 1[∧ j[+k[∧ i[+ i(1[∧k[+ i[∧ j[), where h[ is given
by q 7→ 〈h, q〉. We also have the identification, h 7→ hω = ωH(·, h), of H
with its dual H∗ as complex space. On H, we have a quaternionic structure
map given by q = z1 + z2j 7→ q̃ = jq = −z̄2 + z̄1j, where z1, z2 ∈ C and
z̄1, z̄2 are their conjugates. If h ∈ H is such that 〈h, h〉 = 1, then {h, h̃} is
a basis of the complex vector space H and ωH = hω ∧ h̃ω.

The irreducible representations of Sp(1) are the symmetric powers SkH ∼=
Ck+1. An irreducible representation of Sp(n) is determined by its dominant
weight (λ1, . . . , λn), where λi are integers with λ1 > λ2 > · · · > λn > 0.
This representation will be denoted by V (λ1,...,λr), where r is the largest
integer such that λr > 0. We will only need to use some of these repre-
sentations and use more familiar notation for these: SkE = V (k), the kth
symmetric power of E; Λr0E = V (1,...,1), where there are r ones in expo-
nent and Λr0E is the Sp(n)-invariant complement to ωEΛr−2E in ΛrE; also
K = V (21), which arises in the decomposition E ⊗ Λ2

0E
∼= Λ3

0E +K + E,
where + denotes direct sum.

Most of the time in this paper, if V is a complex G-module equipped
with a real structure, V will also denote the real G-module which is (+1)-
eigenspace of the structure map. The context should tell us which space we
are referring to. However, when a risk of confusion arise, we will denote the
second mentioned space by [V ]. Likewise, the following conventions will be
used in this paper. If ψ is a (0, s)-tensor, for A = I, J,K, we write

A(i)ψ(X1, . . . , Xi, . . . , Xs) = −ψ(X1, . . . , AXi, . . . , Xs),

A(ij...k) = A(i)A(j) . . . A(k), and

Aψ(X1, . . . , Xs) = (−1)sψ(AX1, . . . , AXs).

3. The intrinsic torsion via differential forms

The intrinsic Sp(n) Sp(1)-torsion ξ, n > 1, is in T ∗M⊗(sp(n) + sp(1))⊥ ∼=
EH ⊗ Λ2

0ES
2H ⊂ T ∗M ⊗ Λ2T ∗M . The space EH ⊗ Λ2

0ES
2H consists of

tensors ζ such that
(i) (1 + I(23) + J(23) +K(23))ζ = 0;
(ii) ΛA(ζX) = 0, for A = I, J,K, X ∈ TM ,

ANNALES DE L’INSTITUT FOURIER
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where I, J,K is an adapted basis of G. We recall that Λ2T ∗M = S2E +
S2H + Λ2

0ES
2H, where S2E ∼= sp(n) and S2H ∼= sp(1) are the Lie algebras

of Sp(n) and Sp(1), respectively.
A connection ∇̃ is an Sp(n) Sp(1)-connection if ∇̃Ω = 0. This is the same

as saying that ∇̃ is metric, ∇̃g = 0, and quaternionic, meaning that for any
local adapted basis I, J , K of G we have

(3.1) (∇̃XI)Y = γK(X)JY − γJ(X)KY, etc.,

where γI , γJ and γK are locally defined one-forms. Here and throughout
the rest of this paper, ‘etc.’ means the equations obtained by cyclically
permuting I, J,K.

Proposition 3.1. — The minimal Sp(n) Sp(1)-connection is given by

∇aqH = ∇LC + ξ,

where ∇LC is the Levi-Civita connection and the intrinsic Sp(n) Sp(1)-
torsion ξ is given by

ξXY = − 1
4

∑
A=I,J,K

A(∇LC
X A)Y + 1

2

∑
A=I,J,K

λA(X)AY,

for all vectors X,Y . Here the one-forms λI , λJ and λK are defined by

(3.2) λI(X) = 1
2n

〈
∇LC
X ωJ , ωK

〉
, etc.

Note that if n = 1, then ∇aqH = ∇LC and ξ = 0.

Proof. — It is not hard to check ∇aqHg = 0, so ∇aqH is metric. Now,
computing (ξXI)Y = ξXIY − IξXY , it is straightforward to obtain

(3.3) (∇LC
X I)Y = λK(X)JY − λJ(X)KY − ξXIY + IξXY, etc.

Hence (∇aqH
X I)Y = (∇LC

X I)Y + (ξXI)Y = λK(X)JY − λJ(X)KY . There-
fore, ∇aqH is an Sp(n) Sp(1)-connection.

Furthermore, the tensor ξ satisfies∑
A=I,J,K

AξXAY = ξXY and
4n∑
i=1

〈ξXei, Aei〉 = 0,

for A = I, J,K. Since these conditions imply ξ ∈ T ∗M⊗(sp(n)+sp(1))⊥ =
T ∗M ⊗ Λ2

0ES
2H, then ∇aqH = ∇LC + ξ is the minimal Sp(n) Sp(1)-con-

nection. �

The next result describes the decomposition of the space of possible in-
trinsic torsion tensors T ∗M⊗Λ2

0ES
2H into irreducible Sp(n) Sp(1)-modules.

TOME 58 (2008), FASCICULE 5



1462 Francisco MARTíN CABRERA & Andrew SWANN

Theorem 3.2 (Swann [27]). — The intrinsic torsion ξ of an almost
quaternion-Hermitian manifold M of dimension at least 8, has the property

ξ ∈ T ∗M ⊗ Λ2
0ES

2H = Λ3
0ES

3H +KS3H + ES3H

+ Λ3
0EH +KH + EH.

(3.4)

If the dimension of M is at least 12, all the modules of the sum are non-
zero. For an eight-dimensional manifold M , we have Λ3

0E = {0}. Therefore,
for dimM > 12, we have 26 = 64 classes of almost quaternion-Hermitian
manifolds, whereas there are 24 = 16 classes when dimM = 8. The map
ξ 7→ ∇LCΩ = −ξΩ is an isomorphism, and in [20] this was exploited to
give explicit conditions characterising these classes in terms of conditions
on ∇LCΩ. However, from such conditions, it is not hard to derive descrip-
tions for the corresponding Sp(n) Sp(1)-components of ξ as we will now
demonstrate.

Firstly, the space of three-forms Λ3T ∗M decomposes under the action of
Sp(n) Sp(1) as

Λ3T ∗M = Λ3
0ES

3H + ES3H +KH + EH.

Consider the operator

(3.5) L = LI + LJ + LK

on Λ3T ∗M , where
LA = A(12) +A(13) +A(23).

The operator L has eigenvalues +3 and −3 with corresponding eigenspaces
(K +E)H and (Λ3

0E +E)S3H. For ψ ∈ Λ3T ∗M , we have ψ = ψH + ψS3H

with

ψH = 1
6 (3ψ + Lψ),(3.6)

ψS3H = 1
6 (3ψ − Lψ).(3.7)

The component ψH is characterised by LAψH = ψH , for A = I, J,K. On
the other hand ψS3H satisfies

∑
A=I,J,K A(12)ψS3H = −ψS3H . Writing ψH =

ψ(KH)+ψ(EH) ∈ KH+EH and ψS3H = ψ(33)+ψ(E3) ∈ Λ3
0ES

3H+ES3H,
one computes

ψ(EH) = − 1
2n+1

∑
A=I,J,K

Aθψ ∧ ωA,

ψ(E3) = − 1
2(n−1)

∑
A=I,J,K

A
(
θψA − θψ

)
∧ ωA,

where θψA(X) = AΛAψ and θψ = 1
3

∑
A=I,J,K θ

ψ
A.

ANNALES DE L’INSTITUT FOURIER
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Let us now describe the Sp(n) Sp(1)-components of the intrinsic torsion ξ,
and include characterisations via three-forms. We will write ξ33, ξK3, ξE3,
ξ3H , ξKH and ξEH for the components of ξ corresponding to the modules
in the sum (3.4). We have the following descriptions:

(i) ξ33 is a tensor characterised by the conditions:

(a)
∑
A=I,J,K(ξ33)AA = −

∑
A=I,J,K A(ξ33)A = −ξ33,

(b) 〈·, (ξ33)··〉 is a skew-symmetric three-form.

Or equivalently, ξ33 is given by 〈Y, (ξ33)XZ〉 = ψ(3)(X,Y, Z), where ψ(3)

lies in the module Λ3
0ES

3H ⊂ Λ3T ∗M .

(ii) ξK3 is a tensor characterised by the conditions:

(a)
∑
A=I,J,K(ξK3)AA = −

∑
A=I,J,K A(ξK3)A = −ξK3,

(b) SXY Z 〈Y, (ξK3)XZ〉 = 0.

Or equivalently, ξK3 is expressed by

〈Y, (ξK3)XZ〉 =
∑

A=I,J,K

A(23)ψ
(K)
A ,

where ψ(K)
A , A = I, J,K, are local three-forms in the module KH such

that
∑
A=I,J,K ψ

(K)
A = 0.

(iii) ξE3 is given by

〈Y, (ξE3)XZ〉 = 1
n

∑
A=I,J,K

(
nA(θξA−θ

ξ)∧ωA−(n−1)A(θξA−θ
ξ)⊗ωA

)
(X,Y, Z),

where θξ is the one-form defined by

(3.8) 6
n (2n+ 1)(n− 1)θξ(X) = −〈ξeiei, X〉 = −

∑
A=I,J,K

〈AξeiAei, X〉 ,

and θξI , θ
ξ
J , θξK are the local one-forms given by

2
n (2n+ 1)(n− 1)θξA(X) = −〈AξeiAei, X〉 .

Note that 3θξ = θξI + θξJ + θξK .

(iv) ξ3H is a tensor characterised by the conditions:

(a) (ξ3H)AA−A(ξ3H)A −Aξ3HA = ξ3H , for A = I, J,K,

(b) SX,Y,Z 〈Y, (ξ3H)XZ〉 = 0.

TOME 58 (2008), FASCICULE 5



1464 Francisco MARTíN CABRERA & Andrew SWANN

Or equivalently, ξ3H is expressed by

〈Y, (ξ3H)XZ〉 =
∑

A=I,J,K

A(23)ψ
(3)
A ,

where ψ(3)
A , A = I, J,K are local three-forms such that

(p) ψ
(3)
A is in Λ3

0ES
3H,

(q) ψ
(3)
A is of type {2, 1} with respect to the almost complex structure A,

i.e., LAψ
(3)
A = ψ

(3)
A , A = I, J,K, and

(r)
∑
A=I,J,K ψ

(3)
A = 0.

One may check that one of these three-forms is sufficient to determine the
others. Indeed

ψ
(3)
J = − 1

2 (3 + LJ)ψ(3)
I and ψ

(3)
K = − 1

2 (3 + LK)ψ(3)
I .

(v) ξKH is a tensor characterised by the conditions:
(a) (ξKH)AA−A(ξKH)A −AξKHA = ξKH , for A = I, J,K;

(b) there exists a skew-symmetric three-form ψ(K) such that

〈Y, (ξKH)XZ〉 =
(
3ψ(K) −

∑
A=I,J,K

A(23)ψ
(K)

)
(X,Y, Z);

(c)
∑4n
i=1(ξKH)ei

ei = 0.

Note that conditions (v.a) and (v.c) can be replaced by saying that ψ(K) is
in KH, i.e., for each A = I, J,K, the form ψ(K) is of type {2, 1}A and
satisfies ΛAψ(K) = 0.
(vi) ξEH is given by

〈Y, (ξEH)XZ〉 = 3ei ⊗ ei ∧ θξ(X,Y, Z)

−
∑

A=I,J,K

(
ei ⊗Aei ∧Aθξ + 2

nAθ
ξ ⊗ ωA

)
(X,Y, Z),

where θξ is the global one-form defined by (3.8).
(vii) The part ξS3H = ξ33 + ξK3 + ξE3 of ξ in (Λ2

0E + K + E)S3H is
characterised by the condition∑

A=I,J,K

(ξS3H)AA = −
∑

A=I,J,K

A(ξS3H)A = −ξS3H .

(viii) The part ξH = ξ3H + ξKH + ξEH of ξ in (Λ2
0E +K + E)H is char-

acterised by the condition

(ξH)AA−A(ξH)A −A(ξH)A = ξH ,

for A = I, J,K.
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4. Use of exterior derivatives

Here we will find out how the intrinsic torsion ξ can be determined by
means of the exterior derivatives of the Kähler forms dωI , dωJ and dωK .

In [21] it was shown that the covariant derivatives ∇ωI , ∇ωJ and ∇ωK
are given by

(4.1) ∇LCωI = λK ⊗ ωJ − λJ ⊗ ωK + J(2)αK −K(2)αJ , etc.

where λA are given by equation (3.2) and αI , αJ , αK ∈ T ∗M ⊗ Λ2
0E ⊂

T ∗M ⊗ S2T ∗M are defined by

αI := −λI ⊗ g + 1
2 (J(2) − J(3))∇LCωK

= −λI ⊗ g + 1
2 (K(3) −K(2))∇LCωJ , etc.

(4.2)

We may rewrite the intrinsic torsion ξ from Proposition 3.1 using equa-
tion (4.1) giving

(4.3) ξXY = − 1
2

(
(αI)XIY ) + (αJ)XJY + (αK)XKY

)
,

where (αA) is given by 〈Y, (αA)X Z〉 = αA(X;Y, Z). Thus the intrinsic
torsion ξ only depends on the αA’s; the λA’s have no influence.

Note that the dimension of the space of possible triples (αI , αJ , αK)
coincides with the dimension dimT ∗M ⊗Λ2

0ES
2H = 12n(2n+ 1)(n− 1) =

3 dimT ∗M ⊗ Λ2
0E of the space of possible intrinsic torsion tensors.

As EH ⊗Λ2
0E = Λ3

0EH +KH +EH, one may decompose αI into three
Sp(n) Sp(1)-components

αI = α
(3)
I + α

(K)
I + α

(E)
I ∈ Λ3

0EH +KH + EH.

If dimM = 8, the module Λ3
0E is trivial and the corresponding compo-

nent α(3)
I is not present. The component α(E)

I is determined from a one-form
ηI which is defined by

(4.4) ηI(X) = αI(ei, ei, X).

Furthermore, the components of the αA’s can be used to characterise classes
of almost quaternion-Hermitian manifolds.

Proposition 4.1 (Cabrera & Swann [21]). — Let M be an almost
quaternion-Hermitian manifold with intrinsic torsion ξ. If I, J,K is an
adapted basis of G, then for V = 3,K,E,

(i) each component ξV H is linearly determined by I(1)α
(V )
I +J(1)α

(V )
J +

K(1)α
(V )
K ,

(ii) each component ξV 3 is linearly determined by I(1)α
(V )
I − J(1)α

(V )
J

and J(1)α
(V )
J −K(1)α

(V )
K .
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Observing that A(1)α
(E)
A = Aα

(E)
A is linearly determined by the one-form

AηA, we have the following result.

Corollary 4.2. — Under the same conditions as Proposition 4.1, we
have:

(i) ξEH is linearly determined by IηI + JηJ +KηK ,
(ii) ξE3 is linearly determined by IηI − JηJ and JηJ −KηK .

We now proceed to express the covariant derivatives ∇LC
X ωI , ∇LC

X ωJ
and ∇LC

X ωK in terms of dωI , dωJ and dωK . We use a relation between
these covariant derivatives found in [8, 20], which may be symmetrically
expressed by

(4.5)
(
∇LC
X ωI

)
(JY,KZ) +

(
∇LC
X ωJ

)
(KY, IZ) +

(
∇LC
X ωK

)
(IY, JZ) = 0

and the following identity given by Gray [12]

(4.6) 2∇LCωI = dωI − I(23)dωI − I(3)NI ,

where NI(X,Y, Z) = 〈X,NI(Y, Z)〉 and the (1, 2)-tensor NI is the Nĳen-
huis tensor for I, i.e., NI(X,Y ) = [X,Y ] + I[IX, Y ] + I[X, IY ]− [IX, IY ].

Under the action of U(2n)I the space of three-forms decomposes in to
irreducible modules as

Λ3T ∗M = Λ{3,0}I T ∗M + Λ{2,1}0,I T ∗M + Λ{1,0}I T ∗M ∧ ωI = W1+3+4,I ,

where WiI are isomorphic to the Gray-Hervella modules described in [13]
and the subscript I indicates the almost complex structure considered. Note
that a three-form ψ lies in W3+4,I = Λ{2,1}I T ∗M ⊂ Λ3T ∗M if and only if

(I(12) + I(13) + I(23))ψ = ψ, i.e., LIψ = ψ.

Proposition 4.3. — For an adapted basis I, J,K the exterior deriva-
tives dωI , etc., determine

(i) the covariant derivative ∇LCωI by

2∇LCωI = (1− I(23))dωI + (I(2) + I(3))J(1)dωJ(4.7)

− (1− I(23))J(1)dωK

= (1− I(23))dωI + (I(2) + I(3))K(1)dωK(4.8)

+ (1− I(23))K(1)dωJ ,

(ii) the Nĳenhuis (0, 3)-tensor NI by

2NI = (I(12) + I(13) + I(23) − 1)J(23)(JdωJ −KdωK)

= (1− I(12))(K(23) − J(23))(JdωJ −KdωK),
(4.9)
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(iii) the one-form IλI of equation (3.2) by

2nIλI = IΛKdωJ + JΛKdωI + JΛIdωK(4.10)

= IΛKdωJ + ΛIdωI − ΛKdωK ,(4.11)

and moreover
(iv) JdωJ +KdωK ∈ W3+4,I , i.e.,

(I(12) + I(13) + I(23))(JdωJ +KdωK) = JdωJ +KdωK .(4.12)

The corresponding expressions with respect to J and K are obtained by
cyclic permutations of I, J,K.

Proof. — Equation (4.7) is derived from its right-hand side, taking into
account that dωA(X,Y, Z) = SXY Z

(
∇LC
X ωA

)
(Y, Z), A = I, J,K, and

making repeated use of equation (4.5). The proof for equation (4.8) is
similar. Now, (ii), (iii) and (iv) are immediate consequences of (4.7), (4.8)
and Gray’s identity (4.6). �

The expressions for the intrinsic Sp(n) Sp(1)-torsion ξ given in next result
are consequences of the last proposition and equation (3.3).

Proposition 4.4. — The intrinsic Sp(n) Sp(1)-torsion ξ is determined
by the exterior derivatives dωI , etc., by

ξXY = 1
4n S

IJK

(ΛKdωJ − IΛIdωI + IΛKdωK)(X)IY

+ 1
8 S
IJK

((
I(2) + I(3) + (J(12) + J(13) +K(23) − 1)I(1)

)
dωI

)
(X,Y, ei)ei.

Proof. — One computes first

ξXY = 1
4n S

IJK

{〈X y dωJ , ωK〉+ 〈IX y dωI , ωI〉 − 〈IX y dωK , ωK〉} IY

− 1
8 S
IJK

{
dωI(X,Y, Iei) + dωI(X, IY, ei)− dωJ(JX, Y, ei)

+ dωJ(JX, IY, Iei) + dωK(JX, Y, Iei)ei + dωK(JX, IY, ei)
}
ei;

and then takes advantage of the second cyclic sum to rearrange terms. �

5. A minimal description

Motivated by Proposition 4.3(iv), let us introduce the three-forms

βI = JdωJ +KdωK , etc.

These determine the exterior derivatives dωI , dωJ , dωK as follows

2dωI = I(βI − βJ − βK), etc..
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and βA ∈ W3+4,A = Λ{2,1}A T ∗M , so the dimension of the space of possible
exterior derivatives dωI , dωJ , dωK is at most 3 dim(W3+4) = 12n2(2n− 1)
[13]. On the other hand, equation (4.1) implies that the dimension of the
space of covariant derivatives∇ωI ,∇ωJ ,∇ωK is determined by the possible
triples of λ’s and α’s. This dimension is 12n+12n(2n+1)(n−1) = 12n2(n−
1), which coincides with the above one computed for the β’s. Therefore,
algebraically, the three-forms βI , βJ , βK are independent.

We will now show how, components of, the β’s determine the intrinsic
torsion. Consider the action of the group Sp(n) U(1)I , which is the inter-
section of U(2n)I with Sp(n) Sp(1), on the module W3+4,I = Λ{2,1}I T ∗M ⊂
Λ3T ∗M . It was shown in [21] that W3⊗C = (Λ3

0E+K +E)(LI +LI) and
W4 ⊗ C = E(LI + LI), where we write LI for the standard representation
of U(1)I on C. Since Λ3

0E, K, E are representations of quaternionic type
and LI is of complex type, the tensor products Λ3

0EL, etc., in the above
decompositions are all of quaternionic type. The underlying real modules
[V ]R obtained by regarding the modules V as real vector spaces give real
representations of Sp(n) U(1) and

W3I = [Λ3
0ELI ]R + [KLI ]R + [ELI ]R3, W4I = [ELI ]R4.

Using these decompositions, the tensor βI splits into four components

(5.1) βI = β
(3)
I + β

(K)
I + β

(E)
3I + β4I ,

with one-form parts

β
(E)
3I = − 1

2Jν
I
3 ∧ ωJ − 1

2Kν
I
3 ∧ ωK + 1

2n−1Iν
I
3 ∧ ωI ,(5.2)

β4I = − 1
2n−1Iν

I
4 ∧ ωI ,(5.3)

where νI3 and νI4 are one-forms, which we will now specify. We have

(5.4) νI4 = IΛIβI .

A computation gives the following formula determining νI3 from βI :

(5.5) JΛJβI = KΛKβI = 1
2n−1

(
νI4 + (2n+ 1)(n− 1)νI3

)
.

Here the first equality in (5.5) is equivalent to

(5.6) IΛKdωJ + IΛJdωK = −ΛJdωJ + ΛKdωK

which is an immediate consequence of equations (4.10) and (4.11) of Propo-
sition 4.3 and the fact that βA ∈ W3+4,A. We may now find the other
components of βI via (3.6) and (3.7):

(5.7) β
(3)
I = 1

6 (2− LJ − LK)β(3+K)
I , β

(K)
I = 1

6 (4 + LJ + LK)β(3+K)
I ,

where β(3+K)
I = βI − β

(E)
3I − β4I .
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Remark 5.1. — The expressions for the one-form parts are a little sim-
pler in dimension four, i.e., n = 1. Recall that the Lee form of ωI is
Id∗ωI = −ΛIdωI , where d∗ is the co-derivative. For n = 1, we have
W3 = {0}, so βI ∈ W4I , IΛIβI = JΛJβI = KΛKβI = νI4 , and

KΛJdωI = −JΛKdωI = −ΛIdωI = Id∗ωI , etc.

Remark 5.2. — In order to apply Proposition 4.1 to classify almost
quaternion-Hermitian manifolds, the tensors α(3)

A and α
(K)
A can be com-

puted from the triples β(3)
I , β(3)

J , β(3)
K and β(K)

I , β(K)
J , β(K)

K respectively. In
fact, we would begin with equations (4.2) which define αA and then use
Proposition 4.3.

To analyse the ES3H and EH components of the intrinsic torsion ξ, we
wish to apply Corollary 4.2 which requires knowledge of the one-forms ηI .
Let us see how these are determined by the βI ’s. Equation (4.1) gives

βI = −JλI ∧ ωK + JλK ∧ ωI + J Alt(K(2)αI)− J Alt(I(2)αK)

−KλJ ∧ ωI +KλI ∧ ωJ +K Alt(I(2)αJ)−K Alt(J(2)αI),

where Alt(φ)(X,Y, Z) = SXY Z φ(X,Y, Z), for φ ∈ T ∗M ⊗ Λ2T ∗M . This
combined with (4.11) leads to

4nIηI = 2(n− 1)JΛJβI + IΛI((n− 1)βI + βJ + βK)

− nJΛJβJ − nKΛKβK ,

4nIλI = 2JΛJβI + IΛI(βI − βJ − βK), etc.

Note that the right-hand sides of these equations are linear combinations
of νA3 and νA4 , A = I, J,K, so

IηI = (2n+1)(n−1)
4n(2n−1)

(
(2(n− 1)νI3 + νJ3 + νK3 ) + (νI4 − νJ4 − νK4 )

)
,

IλI = (2n+1)(n−1)
4n(2n−1) (2νI3 − νJ3 − νK3 ) + 1

4n(2n−1) ((2n+ 1)νI4 − νJ4 − νK4 ),

etc.
The next proposition shows clearly the rôles played by the three-forms

βI , βJ and βK in determining the components of the intrinsic torsion ξ.
This provides a practical way to compute ξ using the tools of the exterior
algebra.

Proposition 5.3. — For an almost quaternion-Hermitian 4n-manifold,
n > 1, we have:

(i) The three-form ψ(3), which determines ξ33, is given by

(5.8) ψ(3) = 1
12 (β(3)

I + β
(3)
J + β

(3)
K ).
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(ii) The local three-forms ψ(3)
I , ψ(3)

J , ψ(3)
K each of which determine ξ3H ,

are given by

(5.9) ψ
(3)
A = − 1

8β
(3)
A + 1

48 (3 + LA)
∑

B=I,J,K

β
(3)
B .

(iii) The three-form ψ(K), which determines ξKH , is given by

(5.10) ψ(K) = − 1
48 (β(K)

I + β
(K)
J + β

(K)
K ).

(iv) The local three-forms ψ(K)
I , ψ(K)

J , ψ(K)
K which determine ξK3, are

given by

(5.11) ψ
(K)
A = − 1

2β
(K)
A + 1

6

∑
B=I,J,K

β
(K)
B .

(v) The one-form θξ, which determines ξEH , is given by

(5.12) θξ = n
24(2n−1)

∑
A=I,J,K

(νA3 − 2AλA),

(vi) The local three-forms θξI , θ
ξ
J , θξK whose differences θξA−θξ determine

ξE3, are given by

(5.13) θξA = n
4(n+1)

(
(νA3 − 2AλA)− n−1

2(2n−1)

∑
B=I,J,K

(νB3 − 2BλB)
)
.

Proof. — For the covariant derivative of the local Kähler forms ωI , we
have

∇LC
X ωI(Y, Z) = λK(X)ωJ(Y, Z)− λJ(X)ωK(Y, Z)

− 〈Y, ξXIZ〉 − 〈IY, ξXZ〉 ,
(5.14)

from which one derives

IdωI = −IλK ∧ ωJ + IλJ ∧ ωK − S
XY Z

(
〈Y, ξIXIZ〉+ 〈IY, ξIXZ〉

)
and

βI = KλI ∧ ωJ − JλI ∧ ωK − Iλ+
I ∧ ωI

− S
XY Z

(
〈Y, ξJXJZ〉+ 〈JY, ξJXZ〉+ 〈Y, ξKXKZ〉+ 〈KY, ξKXZ〉

)
,

(5.15)

where λ+
I = JλJ +KλK .

For parts (i) and (ii), equation (5.15) gives

−β(3)
I (X,Y, Z) = S

XY Z

〈Y, (ξ33 + ξ3H)JXJZ〉+ 〈JY, (ξ33 + ξ3H)JXZ〉

+ 〈Y, (ξ33 + ξ3H)KXKZ〉+ 〈KY, (ξ33 + ξ3H)KXZ〉 .
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We now get

β
(3)
A = 6ψ(3) + 2LAψ

(3) − 8ψ(3)
A

which leads to equations (5.8) and (5.9) as required.
For parts (iii) and (iv), we use (5.15) to get

β
(K)
A = −16ψ(K) − 2ψ(K)

A ,

which gives equations (5.10) and (5.11).
Finally, for parts (v) and (vi), use (5.15) to find

nβ
(E)
I = −I

(
nλ+

I + 6(n− 1)θξ − 2(3n+ 1)θξI
)
∧ ωI

− J
(
nIλI + 6(n− 1)θξ + 2(n+ 1)θξI

)
∧ ωJ

−K
(
nIλI + 6(n− 1)θξ + 2(n+ 1)θξI

)
∧ ωK , etc.

Using equations (5.2), (5.3) and (5.5), this gives

νA3 = 2AλA + 4
n

(
3(n− 1)θξ + (n+ 1)θξA

)
,(5.16)

νA4 = (2n− 1)λ+
A + 2AλA + 6(n−1)(2n+1)

n (θξ − θξA),(5.17)

for A = I, J,K. As 3θξ = θξI + θξJ + θξK , equations (5.12) and (5.13) follow.
�

We may now quickly record what happens under conformal changes of
metric.

Proposition 5.4. — On a almost quaternion-Hermitian 4n-manifold,
if we consider a conformal change of metric 〈·, ·〉o = e2σ 〈·, ·〉, with σ ∈
C∞(M), then

ωoA = e2σωA, dωoA = e2σ (2dσ ∧ ωA + dωA) ,

Ad∗ωoA = Ad∗ωA − 2(2n− 1)dσ, AλoA = AλA − 1
ndσ,

βoI = e2σ (βI + 2Jdσ ∧ ωJ + 2Kdσ ∧ ωK) , etc.,

νA3
o

= νA3 − 4dσ, νA4
o

= νA4 − 4dσ, θξ
o

= θξ − 1
4dσ, θξ

o

A = θξA −
1
4dσ.

In particular, the only component of the intrinsic torsion that changes
is ξoEH .

Proof. — The identities follow from the definitions of each tensor in-
volved. For the intrinsic torsion, use these identities, Proposition 5.3 and
the descriptions of the components of ξ given at the end of §3. �
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6. HyperKähler manifolds with torsion

In this section we will see some consequences of Proposition 4.3 in HKT-
geometry. This geometry arises on the target space of a N = 2 super-
symmetric (4, 0) σ-models with Wess-Zumino term.

Definition 6.1 (Howe & Papadopoulos [17]). — An almost hyperHer-
mitian manifold (M, I, J,K, g = 〈·, ·〉) is an HKT-manifold (hyperKähler
with torsion), if the following conditions are satisfied:

(i) the almost complex structures I, J,K are integrable;
(ii) M admits a linear connection ∇HKT = ∇LC + 1

2T , such that
(a) ∇HKTI = ∇HKTJ = ∇HKTK = 0, and
(b) ∇HKTg = 0;

(iii) the (0, 3)-tensor field, also denoted by T , defined by T (X,Y, Z) =
〈X,T (Y, Z)〉 is a skew-symmetric three-form.

A result of Grancharov & Poon [11] says that an almost hyperHermitian
manifold M is HKT if and only if (I, J,K, 〈·, ·〉) is hyperHermitian (i.e.,
NI = NJ = NK = 0) and IdωI = JdωJ = KdωK . We now give the follow-
ing improvement of this result, showing that the integrability assumption
is redundant.

Proposition 6.2. — Let (M, I, J,K, g) be an almost hyperHermitian
manifold. Then the following conditions are equivalent:

(i) M is an HKT-manifold;
(ii) IdωI = JdωJ = KdωK ;
(iii) βI = βJ = βK .

Proof. — If M is a HKT -manifold, we have a connection ∇HKT =
∇LC + 1

2T satisfying the conditions given in Definition 6.1. The integrabil-
ity condition gives NI = 0 = NJ = NK and ∇LCωA ∈ W3+4,A. Now, using
equation (4.6), we obtain T = IdωI = JdωJ = KdωK = 1

2βI ∈ W3+4.
Conversely, suppose IdωI = JdωJ = KdωK . Proposition 4.3(ii)

gives NI = NJ = NK = 0. The connection ∇HKT = ∇LC + 1
2T , where

〈X,T (Y, Z)〉 = IdωI(X,Y, Z) now satisfies the HKT conditions. �

Grantcharov & Poon [11] give a second characterisation of HKT man-
ifolds in terms of the complex geometry of I. Let us define as usual the
operators ∂A and ∂̄A acting on a p-form ψ by

∂Aψ = 1
2 (d+ (−1)p iAdA)ψ, ∂̄Aψ = 1

2 (d− (−1)p iAdA)ψ.

Assuming integrability of I, J and K, Grantcharov & Poon show that M
is HKT if and only if the (2, 0)-form ωJ + iωK is ∂I -closed. Once again we
may weaken the integrability requirements.
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Proposition 6.3. — Let (M, I, J,K, g) be an almost hyperHermitian
manifold. Then the following conditions are equivalent:

(i) M is an HKT-manifold;
(ii) JdωJ = KdωK and NJ = 0;
(iii) ∂I(ωJ + iωK) = 0 and NJ = 0;
(iv) ∂̄I(ωJ − iωK) = 0 and NJ = 0.

Proof. — It is easy to see that the three conditions JdωJ = KdωK ,
∂I(ωJ + iωK) = 0 and ∂̄I(ωJ − iωK) = 0, are equivalent. Moreover, by
Proposition 4.3(ii), the condition JdωJ = KdωK implies NI = 0. Now,
the integrability of I and J implies that K is integrable (see [22] or the
newer proof [21]). Hence, any of the last three conditions gives that the
manifold is hyperHermitian and ∂I(ωJ + iωK) = 0 and we obtain HKT
from Grantcharov & Poon.

Alternatively, we may prove the result just using tools contained in
the present paper. Suppose NJ = 0 and JdωJ = KdωK . Then JdωJ
and hence KdωK lie in W3+4,J . However, Proposition 4.3(iv) gives that
KdωK + IdωI ∈ W3+4,J , so we have IdωI ∈ W3+4,J too. Now let us use
Proposition 4.3(ii) for the integrability of J . We have 0 = K(23)(−J(12) −
J(13) + J(23) − 1)(KdωK − IdωI). But J(12) + J(23) + J(13) = 1 on W3+4,J

and JdωJ = KdωK , so

J(23)(JdωJ − IdωI) = JdωJ − IdωI .

Skew-symmetrising both sides of the identity, we find that JdωJ − IdωI =
3(JdωJ − IdωI). So, IdωI = JdωJ = KdωK . �

Next we describe the very special situation for four-dimensional HKT-
manifolds.

Proposition 6.4. — If M is an almost hyperHermitian 4-manifold,
then the following conditions are equivalent:

(i) M is an HKT-manifold;
(ii) the three Lee one-forms are equal, i.e., Id∗ωI = Jd∗ωJ = Kd∗ωK ;
(iii) the almost complex structures I and J are integrable;
(iv) the almost Hermitian structures corresponding to I and J are lo-

cally conformally Kähler, so M is locally conformally hyperKähler.

Proof. — For dimension 4, the Gray-Hervella modules W1 and W3 are
zero, we have Iθ ∧ ωI = Jθ ∧ ωJ = Kθ ∧ ωK , for all one-forms θ, and any
three-form may be written in this way. If M4 is an HKT-manifold, we see
that the almost Hermitian structures are of type W4 and that

T = AdωA = −At ∧ ωA,
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where t = AΛAT = −ΛAdωA = Ad∗ωA. On the other hand, if the three
Lee forms are equal to a one-form t, then

IdωI = −It ∧ ωI = −Jt ∧ ωJ = JdωJ .

Hence IdωI = JdωJ = KdωK and M is HKT.
For conditions (iii) or (iv), the three almost complex structures are in-

tegrable, so the almost Hermitian structures have a common Lee form,
by [21]. �

In §4 it was shown that for any almost quaternion-Hermitian manifold,
the exterior derivatives of the three local Kähler forms of an adapted basis
I, J , K satisfy the identities (5.6). When the manifold is HKT, additional
identities are also satisfied.

Lemma 6.5. — For a 4n-dimensional HKT-manifold, the exterior
derivatives dωI , dωJ and dωK satisfy

(6.1) t = −ΛIdωI = KΛJdωI = −JΛKdωI , etc.,

where t = Id∗ωI = Jd∗ωJ = Kd∗ωK . Furthermore, IλI = JλJ = KλK =
1
2n t, θ

ξ = θξI = θξJ = θξK and the one-forms corresponding to the E-parts
of βA are such that

νI4 = νJ4 = νK4 = 2t,(6.2)

νI3 = νJ3 = νK3 = 32θξ = 4
2n+1 t,(6.3)

where the second line holds for n > 1.

Proof. — Since 2T = βI = βJ = βK , we have

IΛIβA = JΛJβA = KΛKβA,

from which we obtain (6.1) and (6.2), via (5.4). Now, using equation (5.5),
we have (2n+ 1)(n− 1)νA3 = 4(n− 1)Ad∗ωA and hence (6.3). �

7. Quaternion-Kähler manifolds with torsion

A genuinely quaternionic analogue of HKT geometry also arises in the
physics literature via the theory of super-symmetric sigma models. In this
section we give a definition in terms of intrinsic torsion, relate this defini-
tion to the existence of connections with skew-symmetric torsion, provide
different characterisations of the geometry and describe the relationship
with HKT geometry. Important mathematical work in this direction was
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previously done by Ivanov [18]. Here we concentrate on the intrinsic geom-
etry, fit the geometry into our general formalism and improve and clarify
a number of his results.

Definition 7.1. — An almost quaternion-Hermitian manifold of di-
mension 4n > 8 is QKT (quaternion-Kähler with torsion) if its intrinsic
torsion lies in (K + E)H.

As in other cases, we may write this condition on the intrinsic torsion in
terms of three-forms.

Lemma 7.2. — The intrinsic torsion ξ lies in (K +E)H precisely when
it is given by a three-form ψ ∈ (K + E)H ⊂ Λ3T ∗M via

(7.1) 〈Y, ξXZ〉 =
(
3ψ +

∑
A=I,J,K

(
−A(23)ψ + 2

nAθ
ψ ⊗ ωA

))
(X,Y, Z),

where θψ = IΛIψ = JΛJψ = KΛKψ. Moreover, for a given intrinsic torsion
ξ ∈ (K + E)H we have that ψ ∈ Λ3T ∗M is unique and given by

48(n− 1)ψ = (n− 1)d∗Ω + 1
2

∑
A=I,J,K

Aθd
∗Ω ∧ ωA,

where Ω is the fundamental four-form (2.1) and d∗ is the co-derivative.

When applying this result it is often useful to recall the formula [20]

d∗Ω = 2
∑

A=I,J,K

(d∗ωA ∧ ωA −AdωA).

Let us now demonstrate how the QKT condition relates to connections
with skew-symmetric torsion and so the original definition of Howe, Opfer-
mann & Papadopoulos [15]. Recall that (K +E)H ⊂ Λ3T ∗M is the (+3)-
eigenspace of the operator L given in (3.5).

Theorem 7.3. — An almost quaternion-Hermitian manifold M is QKT
if and only if there exists a metric connection ∇QKT = ∇LC + 1

2T that is
quaternionic and whose (0, 3)-torsion T (X,Y, Z) = 〈X,T (Y, Z)〉 is a three-
form satisfying in LT = −3T . When M is QKT, ∇QKT is the unique
Sp(n) Sp(1)-connection on M with skew-symmetric torsion.

Concretely, we claim that the intrinsic torsion ξ of the QKT structure is
given by (7.1) with ψ = − 1

8T and that so

T = − 1
6d

∗Ω− 1
12(n−1)

∑
A=I,J,K

Aθd
∗Ω ∧ ωA.
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Note that in §10 we will provide examples of almost quaternion-Her-
mitian manifolds that are not QKT but none-the-less admit Sp(n) Sp(1)-
connections with skew-symmetric torsion.

Proof. — If ξ ∈ (K +E)H, then ξ is given by equation (7.1) for some ψ
in (K +E)H. Putting T = −8ψ we find that ∇QKT = ∇LC + 1

2T is metric
and, via (3.3), quaternionic.

Conversely, if M has such a connection ∇QKT, then

(7.2) ∇LCωI = γK ⊗ ωJ − γJ ⊗ ωK − 1
2 (I(2) + I(3))T,

where γA, A = I, J,K, are the one-forms given by (3.1) for ∇̃ = ∇QKT.
Using equation (5.14), we find

〈Y, ξXZ〉 = −1
8

(
3T −

∑
A=I,J,K

A(23)T
)
(X,Y, Z)

+
1
2

∑
A=I,J,K

(λA − γA)⊗ ωA(X,Y, Z).
(7.3)

As ξ ∈ T ∗M ⊗ Λ2
0ES

2H, we have 〈Aei, ξXei〉 = 0 and find

(7.4) λA − γA = − 1
2nAt,

with t = IΛIT = JΛJT = KΛKT . Using (7.3) and (7.4), we obtain equa-
tion (7.1) with ψ = − 1

8T ∈ (K + E)H. �

Remark 7.4. — The situation for 4-dimensional almost quaternion-
Hermitian manifolds is very special. Here the Levi-Civita connection is
always quaternionic, i.e.,

∇LCI = λK ⊗ J − λJ ⊗K, etc.

Also in this dimension, we have Λ3T ∗M ∼= T ∗M and any three-form T may
be written as T = −At∧ωA for some one-form t valid for A = I, J and K.
In this way, given any t ∈ Ω1(M), we may construct ∇̃ = ∇LC + 1

2T and
find

∇̃I = γK ⊗ J − γJ ⊗K, etc.,

where γA = λA + 1
2At. Hence ∇̃ is a connection with skew-symmetric

torsion preserving the almost quaternion-Hermitian structure. However, in
this case, ∇̃ is not unique.

Forgetting the metric of an almost quaternion-Hermitian structure we
are left with an almost quaternionic structure. This is an integrable quater-
nionic structure if there is a torsion-free quaternionic connection ∇q, i.e.,
∇̃ = ∇q satisfies (3.1); this is a weaker condition than integrability of I, J

ANNALES DE L’INSTITUT FOURIER



THE INTRINSIC TORSION OF AQH MANIFOLDS 1477

and K. In the presence of a compatible metric, integrability of the quater-
nionic structure is equivalent to the vanishing of ξS3H , the (Λ3

0E + K +
H)S3H-part of the intrinsic torsion, cf. [24]. In dimension four, this con-
dition is just self-duality of the conformal structure. In dimension 8, the
module Λ3

0E is zero, so ξ ∈ (K + E)(S3H + H) and integrability implies
that ξ ∈ (K + E)H. We thus have:

Proposition 7.5. — Any compatible metric on an eight-dimensional
quaternionic manifold is QKT.

This applies for example to any metric compatible with Joyce’s invariant
hypercomplex structure on SU(3) [19].

The one-form t in the proof of Theorem 7.3 has independent importance.

Definition 7.6. — For a QKT manifold with torsion three-form T the
torsion one-form t is defined by

t = IΛIT,

for any compatible almost complex structure I.

There are many alternative expressions for t:

Lemma 7.7. — For a 4n-dimensional QKT -manifold, n > 1, the torsion
one-form t satisfies

− 3(n−1)
4n t = (ξeiei)

[ = − 3
2AηA = 1

16n ∗ (∗dΩ ∧ Ω) = − 3
8nAΛAd∗Ω,

where ηA is given by (4.4) and X[ = 〈X, ·〉.

Remark 7.8. — The one-form

∗(∗dΩ ∧ Ω) = −2
∑

A=I,J,K

AΛAd∗Ω

was considered in [20] in relation with the EH-component of ξ in general.
One finds that ∗(∗dΩ ∧ Ω) = 16n (ξei

ei)
[. There it was noted that

4n(JηJ +KηK) = 2IΛId∗Ω = − ∗ (∗dΩ ∧ ωI ∧ ωI) .

Proof. — Using (4.3), one finds (ξeiei)
[ = − 1

2

∑
A=I,J,K AηA. When ξ is

in (K + E)H, we have IηI = JηJ = KηK . Therefore, (ξei
ei)

[ = − 3
2IηI .

On the other hand, using Ψ = − 1
8T in equation (7.1), we obtain (ξeiei)

[ =
− 3(n−1)

4n t.
The remaining equalities follow from Remark 7.8 �
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Further relations between the torsion three-form T and the four-form Ω
follow from equation (7.2). In particular, we have

∇LCΩ = −
∑

A=I,J,K

(A(2) +A(3))T ∧ ωA, dΩ = −2
∑

A=I,J,K

AT ∧ ωA.

Let us now give a characterisation of QKT manifolds.

Theorem 7.9. — An almost quaternion-Hermitian manifold M is QKT
if and only if for each local adapted basis I, J , K there are local one-forms
γI , γJ , γK such that

βJ − βI = IdωI − JdωJ

= I(KγK) ∧ ωI − J(KγK) ∧ ωJ +Kγ−K ∧ ωK , etc.,
(7.5)

where γ−K = IγI − JγJ ;
In this case, the skew-symmetric torsion three-form T is given by

2T = 2(IdωI + J(KγK) ∧ ωJ +K(JγJ) ∧ ωK)(7.6)

= βI + J(IγI) ∧ ωJ +K(IγI) ∧ ωK + Iγ+
I ∧ ωI , etc.(7.7)

where γ+
I = JγJ +KγK and

(7.8) 2(n− 1)IγI = (ΛJ + IΛK)dωJ = (ΛK − IΛJ)dωK , etc..

Remark 7.10. — Equation (7.7) also implies that, for dimensions strictly
greater than four, the QKT-connection ∇QKT is unique. This fact was al-
ready proved by Ivanov, who also characterised QKT-manifolds by the dif-
ferences (IdωI)W3+4,I

− (JdωJ)W3+4,J
[18, Theorem 2.2]. Our Theorem 7.9

can be considered as an improved version, based on the three-forms βA,
which are automatically in W3+4,A.

Remark 7.11. — Let us write W(E)
3I (ηI) and W4I(ηI) for the right-hand

sides of equations (5.2) and (5.3), respectively. Equation (7.7) can then be
written

2T = βA −W(E)
3A (2AγA)−W4A

(
2AγA + (2n− 1)γ+

A

)
.

Consequently, we see that QKT-manifolds have

β
(3)
A = 0, β

(K)
I = β

(K)
J = β

(K)
K ,

νA3 = 2AγA + 4
2n+1 t and νA4 = 2AγA + (2n− 1)γ+

A + 2t,

using equation (7.4) and Lemma 7.7. This should be compared with the
results of Lemma 6.5.
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Proof. — Suppose M is QKT. From ∇QKT = ∇LC + 1
2T and equa-

tion (7.2), we have

(7.9) dωI = −IT + γK ∧ ωJ − γJ ∧ ωK .

Multiplying by I gives (7.6) and equation (7.5) follows.
Conversely, if equation (7.5) is satisfied for some one-forms γA, then we

may consider the three-form T given by (7.6) and use (7.5) to obtain the
alternative expression (7.7), see that it is unchanged by a cyclic permutation
of I, J,K, and hence globally defined. By Proposition 4.3(iv), we find that
T ∈ W3+4,A, for A = I, J,K. Hence T ∈ (K + E)H and M is a QKT -
manifold for the connection ∇QKT = ∇LC + 1

2T .
Finally, using equation (7.9), we get

KΛJdωI = t+ JγJ + (2n− 1)KγK and − ΛIdωI = t+ JγJ +KγK .

Using the identity (5.6), now provides the claimed expressions for IγI . �

The contraction identity (5.6) used above is valid for all almost
quaternion-Hermitian manifolds. When the structure is QKT, there are
additional identities of this type.

Proposition 7.12. — For a local adapted basis I, J,K of a QKT-
manifold, the following identities are satisfied:

Id∗ωI = t+ JγJ +KγK = JλJ +KλK + 2IηI , etc.,(7.10)

JγJ −KγK = JλJ −KλK = −(Jd∗ωJ −Kd∗ωK), etc.,(7.11)

JΛKdωI +KΛIdωI = −2(n− 1)(ΛJdωJ − ΛKdωK), etc.,(7.12)

JΛIdωK +KΛIdωJ = (2n− 1)(ΛJdωJ − ΛKdωK), etc.(7.13)

Proof. — As M is a QKT-manifold, we have from equation (7.2)

d∗ωI = −(∇eiωI)(ei, ·) = −It− I(JγJ +KγK)

giving the first equality of equation (7.10). On the other hand, it was shown
in [21] that Id∗ωI = JλJ +KλK + JηJ +KηK . But, for manifolds of type
KH + EH, we have IηI = JηJ = KηK by Corollary 4.2, and we obtain
the second equality of equation (7.10).

Equation (7.11) is an immediate consequence of equation (7.10).
Finally, equation (7.12) and equation (7.13) can be deduced from equa-

tions (7.8), (5.6) and (7.11), using Id∗ωI = −ΛIdωI . �
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Remark 7.13. — It is not hard to prove that an almost quaternion-
Hermitian 4n-manifold, n > 1, is of type Λ3

0ES
3H + KS3H + Λ3

0EH +
KH + EH if and only if equation (7.12) is satisfied for any local adapted
basis I, J , K. In other words, (7.12) characterises the vanishing of the
ES3H-component of the intrinsic torsion.

Let us now turn to the question of integrability of compatible almost
complex structures I, J and K. Taking the following identity

NI(X,Y ) = −(∇LC
X I)IY − (∇LC

IXI)Y + (∇LC
Y I)IX + (∇LC

IY I)X,

into account, we obtain that the corresponding (0, 3)-tensorNI =〈·, NI(·, ·)〉
is given by

(7.14) NI = Jγ−I ∧ ωJ −Kγ−I ∧ ωK − Jγ−I ⊗ ωJ +Kγ−I ⊗ ωK , etc.

Note that equation (7.4) gives γ−A = λ−A, where λ−I = JλJ −KλK .
Fixing the almost complex structure I and under the action of the

subgroup Sp(n) U(1) of U(2n)I , it was noted in [21] that, for n > 1,
W1 ⊗ C = (Λ3

0E + E)(L3 + L̄3) and W2 ⊗ C = (K + E)(L3 + L̄3). As
in § 5, we get

W1 = [Λ3
0EL

3]R + [EL3]R1, W2 = [KL3]R + [EL3]R2.

It is well known that, in general, the tensorNI belongs to W1+2. In our case,
equation (7.14) gives us that NI ∈ [EL3]R1 +[EL3]R2, i.e., the components
of NI in [Λ3

0EL
3]R and [KL3]R vanish.

Using equations (7.14) and (7.11), we thus have:

Corollary 7.14. — Let M be a QKT-manifold of dimension 4n >

4. Then, for any local adapted basis I, J,K, the following conditions are
equivalent:

(i) the almost complex structure I is integrable;
(ii) the Lee forms Jd∗ωJ and Kd∗ωK are equal;
(iii) the one-forms JλJ and KλK are equal;
(iv) the one-forms JγJ and KγK are equal;
(v) the equation ΛKdωJ = −ΛJdωK is satisfied;
(vi) the equation JΛKdωI = −KΛJdωI is satisfied;
(vii) the equation JΛIdωK = −KΛIdωJ is satisfied.

Corollary 7.15. — Let M be a 4n-dimensional, (n > 1), almost
quaternion-Hermitian with a global adapted basis I, J,K, i.e., M is
equipped with an almost hyperHermitian structure. Then the following
conditions are equivalent

(i) M is an HKT-manifold;

ANNALES DE L’INSTITUT FOURIER



THE INTRINSIC TORSION OF AQH MANIFOLDS 1481

(ii) M is a QKT -manifold such that IλI = JλJ = KλK = 1
2n t;

(iii) M is a QKT -manifold such that Id∗ωI = Jd∗ωJ = Kd∗ωK and

IΛKdωJ = Id∗ωI , etc.

Proof. — This is an immediate consequence of Theorem 7.9, Proposi-
tion 7.12 and Corollary 7.14. �

Finally, let us look at the two special types of QKT-manifolds with in-
trinsic torsion in one summand of (K + E)H.

Lemma 7.16. — An almost quaternion-Hermitian manifold M of di-
mension 4n > 4 is of type Λ3

0ES
3H +KS3H + Λ3

0EH +KH if and only if,
for any local adapted basis I, J , K, we have

(7.15) − IΛKdωJ = (n− 1)Id∗ωI − nJd∗ωJ − (n− 1)Kd∗ωK , etc.

Proof. — We have θξ = θξI = θξJ = θξK = 0. Equations (5.16) and (5.17)
then give

νA3 = 2AλA, νA4 = (2n− 1)λ+
A + 2AλA.

From these equalities together with equations (5.3), (5.5) and (4.11), we
deduce equation (7.15). �

Theorem 7.17. — Let M be an almost quaternion-Hermitian 4n-
manifold, n > 1.

(i) M is of type KH if and only if M is a QKT -manifold and, for any
local adapted basis I, J , K, equation (7.15) holds.

(ii) M is of type EH if and only if there exists a global one-form t

defined on M such that, for any local adapted basis I, J , K, we
have

dωI = − 1
2n+1 t ∧ ωI −K

(
KλK + 1

2n(2n+1) t
)
∧ ωJ

+ J
(
JλJ + 1

2n(2n+1) t
)
∧ ωK , etc.

In this case, M is called a locally conformal quaternionic Kähler
manifold and the one-form t is given by

2(n− 1)t = 2nId∗ωI −KΛJdωI + JΛKdωI , etc.
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Proof. — The first part follows directly from Lemma 7.16.
For M of type EH, then T = − 1

2n+1

∑
A=I,J,K At∧ωA. Equation (7.16)

then follows from equations (7.9) and (7.10) and Lemma 7.7. �

8. Almost Hermitian structures

In this section, we will consider almost Hermitian manifolds M of dimen-
sion 2n and the classification of Gray & Hervella [13]. These manifolds are
equipped with an almost complex structure I compatible with a Riemann-
ian metric 〈·, ·〉. Therefore, their orthogonal frame bundles can be reduced
to the unitary group U(n).

By identifying the intrinsic U(n)-torsion ξaH with ∇LCωI via ξaH 7→
−ξaHωI = ∇LCωI , Gray & Hervella [13] gave conditions characterising
classes of almost Hermitian manifolds by means of the covariant deriva-
tive ∇LCωI . The space of intrinsic U(n)-torsions is then isomorphic to the
space W ∼= T ∗M ⊗ Λ{2,0} of covariant derivatives of the Kähler form ωI .
Under the action of U(n), n > 2, W decomposes into four irreducible mod-
ules,

W = W1 + W2 + W3 + W4
∼= Λ{3,0} + [U3,0]R + Λ{2,1}0 + Λ{1,0}.

Therefore, for n > 2, there are 24 = 16 classes of almost Hermitian mani-
folds. For n = 2, W1 = W3 = {0} and there are only 4 classes.

On the other hand, because dωI ∈ Λ3T ∗M = W1+3+4, only partial in-
formation about ξaH can be recovered from the exterior derivative dωI .
The remaining component can be found in the Nĳenhuis (0, 3)-tensor NI ∈
W1+2 ⊂ T ∗M ⊗ Λ2T ∗M , which is often more convenient to work with
than ∇LC. Table 8.1 lists conditions characterising the classes of almost
Hermitian manifolds in terms of tensors dωI and NI . The symbol NI de-
notes the three-form obtained by skew-symmetrisation of NI , i.e.,
NI(X,Y, Z) = SXY Z NI(X,Y, Z). The conditions are found by studying
the U(n)-maps

ξaH 7→ − S
XY Z

(ξaH
X ωI)(Y, Z) = dωI(X,Y, Z),

ξaH 7→ −(ξaH
Z ωI)(IX, Y )− (ξaH

IZωI)(X,Y )

− (ξaH
Y ωI)(IZ,X)− (ξaH

IY ωI)(Z,X)

and recalling the following well-known identity [12]

NI(X,Y, Z) = (∇LC
Z ωI)(IX, Y ) + (∇LC

IZωI)(X,Y )

+ (∇LC
Y ωI)(IZ,X) + (∇LC

IY ωI)(Z,X).
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K NI = 0 and dωI = 0

W1 = NK dωI = − 3
4INI

W2 = AK dωI = 0

W3 NI = 0 and d∗ωI = 0

W4 = LCK NI = 0 and dωI = − 1
n−1Id

∗ωI ∧ ωI
W1+2 dωI = − 1

4INI

W1+3 NI = 3NI and d∗ωI = 0

W1+4 dωI = − 3
4INI −

1
n−1Id

∗ωI ∧ ωI
W2+3 NI = 0 and d∗ωI = 0

W2+4 dωI = − 1
n−1Id

∗ωI ∧ ωI
W3+4 NI = 0

W1+2+3 d∗ωI = 0

W1+2+4 dωI = − 1
4INI − 1

n−1Id
∗ωI ∧ ωI

W1+3+4 NI = 3NI
W2+3+4 NI = 0

W no relation

Table 8.1. The Gray-Hervella classes of almost Hermitian structures
characterised by the Nĳenhuis tensor and the exterior derivative of the
Kähler form.

9. Twisting

In this section we consider the effects of “twisting” an almost hyperHer-
mitian in the sense of [28] where this construction was shown to be an
interpretation of T-duality.

Let (M, I, J,K, g = 〈·, ·〉) be an almost hyperHermitian manifold. Sup-
pose that X is a tri-holomorphic isometry, so

LXg = 0, LXI = 0 = LXJ = LXK.

Let Fθ be a closed 2-form with LXFθ = 0 and choose a nowhere vanishing
function a ∈ C∞(M) so that Xθ = X yFθ = −da. If P →M is a principal
R-bundle with connection θ whose curvature is Fθ, then X may be lifted to
a transverse vector field X̃ on P that preserves θ: the vertical component
is given by aY where Y generates the principal action. Locally the twist W
of M by (X,Fθ, a) is the quotient W = P/〈X̃〉 with the geometry induced
from the horizontal space H = ker θ. Each X-invariant (0, p)-tensor κ on M
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is H-related to a unique (0, p)-tensor κW on W defined by the condition
that the pull-backs to P agree on H. Exterior differentiation on W then
corresponds to the twisted derivative dW = d−Fθ∧ 1

aXy on invariant forms
on M .

If we twist an almost hyperHermitian structure the three-form βI =
JdωJ +KdωK transforms to

βWI = βI − 1
aX

[ ∧ (J +K)Fθ.

Thus to compute the change of the intrinsic torsion we should decompose
βWI as in (5.1). We start by decomposing Fθ ∈ Λ2T ∗M = S2H+Λ2

0ES
2H+

S2E:

Fθ = (µIωI + µJωJ + µKωK) + (I(1)κI + J(1)κJ +K(1)κK) + αθ,

with each κA ∈ Λ2
0E ⊂ S2T ∗M and αθ ∈ S2E. We have

αθ = 1
4 (1 + I + J +K)Fθ, µA = 1

nΛAFθ,

A(1)κA = − 1
4A(1 + I + J +K)AFθ − µAωA.

We find that

1
2 (J +K)Fθ = −µIωI − I(1)κI + αθ ∈ Λ1,1

I .

Proposition 9.1. — Suppose W is obtained from an almost hyperHer-
mitian manifold M by a twist of the R-action generated by a symmetry X
and using a curvature form Fθ. Then W carries an almost hyperHermitian
structure and the intrinsic almost quaternionic torsion is determined by
the one-forms

νI4
W

= νI4 + 2
a{µI(2n− 1)IX[ −X y αθ − IX y κI},

νI3
W

= νI3 + 4
a(2n+1)(n−1) (nIX y κI − (n− 1)X y αθ).

and three-form components

β
(3)
I

W
= β

(3)
I + 2

3a (2X[ ∧ I(1)κI + JX[ ∧K(1)κI −KX[ ∧ J(1)κI)

+ 2
3a(n−1) (2(X y κI) ∧ ωI − (KX y κI) ∧ ωJ + (JX y κI) ∧ ωK),

β
(K)
I

W
= β

(K)
I − 2

aX
[ ∧ αθ

+ 2
3a (X[ ∧ I(1)κI − JX[ ∧K(1)κI +KX[ ∧ J(1)κI)

− 2
3a(2n+1) ((X y κI) ∧ ωI + (KX y κI) ∧ ωJ + (JX y κI) ∧ ωK)

− 2
a(2n+1) ((IX y αθ) ∧ ωI + (JX y αθ) ∧ ωJ + (KX y αθ) ∧ ωK).
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Proof. — One first computes the following contraction formulæ

IΛI(X[ ∧ αθ) = X y αθ, IΛI(γ ∧ ωI) = (2n− 1)Iγ, IΛI(γ ∧ ωJ) = Jγ,

IΛI(X[ ∧ IκA) = −IX y κA, IΛI(X[ ∧ JκA) = JX y κA.

These lead directly to the claimed expressions for νI4
W and νI3

W and then
give

β4I
W = β4I + 2

a(2n−1) (µI(2n− 1)X[ + IX y αθ −X y κI) ∧ ωI ,

β
(E)
3I

W
= β

(E)
3I − 4

a(2n+1)(n−1)(2n−1) (−nX y κI − (n− 1)IX y αθ) ∧ ωI
− 2

a(2n+1)(n−1) (−nKX y κI − (n− 1)JX y αθ) ∧ ωJ
− 2

a(2n+1)(n−1) (−nJX y κI − (n− 1)KX y αθ) ∧ ωK .

The remaining components of βIW are then found using (5.7) with

LI(γ ∧ αθ) = γ ∧ αθ, LI(γ ∧ ωJ) = 2Iγ ∧ ωK − γ ∧ ωJ ,
LI(γ ∧ ωI) = γ ∧ ωI , LI(γ ∧ J(1)κA) = 2Iγ ∧K(1)κA − γ ∧ J(1)κA. �

Corollary 9.2. — Twisting by Fθ ∈ S2E + S2H leaves ξ33, ξ3H and
ξK3 unchanged. Furthermore,

(i) if 3Xθ = −2(n+ 2)
∑
A µAAX

[, then ξEH is not affected;
(ii) if Fθ ∈ S2E, then ξE3 is unaltered.

Proof. — The assumption on Fθ is equivalent to the vanishing of κI , κJ
and κK . We thus have β(3)

I

W
= β

(3)
I and that β(K)

I

W
−β(K)

I is independent
of I, from which the invariance of the components in (Λ3

0E+K)S3E+Λ3
0EH

follows.
The change in IηI is (n−1)

2na ((2n+1)(µIIX[−µJJX[−µKKX[)−Xyαθ).
If 3X y αθ + (2n + 1)

∑
A µAAX

[ = 0, then there is no contribution to∑
AAηA and hence no change in ξEH . On the other hand, if Fθ ∈ S2E

then each µA = 0, and there is no contribution to ES3H. �

Remark 9.3. — Case (ii) shows in particular that the QKT condition is
preserved by twisting with Fθ ∈ S2E.

10. Examples

In this section we use the techniques developed in the previous sections to
compute the intrinsic torsion in a number of particular examples. In the first
instance we consider examples which a almost hyperHermitian with each
Hermitian structure of the same Gray-Hervella type. From [21] we know
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that certain combinations can not occur. Table 10.1 gives an overview of
which types may be obtained. The 4n-torus T 4n = Hn/Z4n is hyperKäh-
ler and so has intrinsic torsion 0. The Hopf-like manifold S4n−1 × S1 =
Hn \ {0}/(q 7→ 2q), is locally, but not globally conformal, to the flat hyper-
Kähler metric, so each almost Hermitian structure is of class W4 and the
almost quaternionic type is EH. The other examples are described below.

I, J,K {0} W1 W2 W1+2

{0} T 4n impossible impossible impossible
W3 HQ S3×T 9 T 3×M(k)3 T 3×(Γ\H)3

W4 S4n−1×S1 impossible impossible unknown
W3+4 S3×T 4m+1 S3 × T 9 T 3×(Γ\H)3, T 3×M(k)3 T 3×(Γ\H)3

Table 10.1. Examples with common almost Hermitian structures

10.1. The manifold S3 × T 9

The sphere S3 is isomorphic to the Lie group Sp(1). In the Lie algebra
sp(1) there is a basis x, y, z such that [x, y] = 2z, [z, x] = 2y and [y, z] = 2x.
From x, y, z one can determine the left invariant one-forms a, b, c which
constitute a basis for one-forms and their exterior derivatives are given by
da = −2b ∧ c, db = −2c ∧ a and dc = −2a ∧ b.

In the product manifold M = S3 × T 9, we write a1, b1, c1 for the one-
forms corresponding to the factor S3 and ai, bi, ci, i = 2, 3, 4, for a basis of
invariant one forms on T 9 = (S1)9. On M we consider an almost hyperHer-
mitian structure I, J , K with compatible metric 〈·, ·〉 =

∑4
i=1(a

2
i + b2i + c2i )

and whose Kähler forms are given by

(10.1) ωI = a2a1 + a4a3 + b2b1 + b4b3 + c2c1 + c4c3, etc.(234),

where a2a1 = a2 ∧ a1 and “etc.(234)” denotes the corresponding equa-
tions obtained by simultaneously cyclically permuting (I, J,K) and (2, 3, 4).
Their respective exterior derivatives and the three-forms βA are given by

dωI = 2S
abc

a2b1c1, βI = −2S
abc

(a1b3c3 + a1b4c4) , etc.(234).

Since ΛBdωA = 0, A,B = I, J,K, we have λA = 0 and β
(E)
A = 0, for

A = I, J,K. Then, using equation (5.7), we obtain

β
(K)
I = − 2

3 S
abc

(a1b1c1 + a1b2c2 + a1b3c3 + a1b4c4) , etc.

β
(3)
I = − 2

3 S
abc

(−a1b1c1 − a1b2c2 + 2a1b3c3 + 2a1b4c4) , etc.(234).
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Using Proposition 5.3 we get ψ(3)
A = 0, ψ(K)

A = 0, θξ = 0 = θξA, for A =
I, J,K, ψ(3) 6= 0 and ψ(K) 6= 0. Therefore, we have

ξ ∈ Λ3
0ES

3H +KH.

Note also that ξ33 6= 0 and ξKH 6= 0.
Furthermore, if we consider the connection ∇̃ = ∇LC + 1

2T , where T is
given by

〈Y, TXZ〉 = 1
6

∑
A=I,J,K

(
β

(K)
A − β

(3)
A

)
(X,Y, Z),

we will obtain that this connection is metric and ∇̃I = ∇̃J = ∇̃K = 0.
Thus, we have got an example of a quaternion-Hermitian manifold, which
is not QKT, admitting an Sp(n) Sp(1)-connection with skew-symmetric
(0, 3)-torsion.

We compute the Nĳenhuis (0, 3)-tensors for I, J and K via Proposi-
tion 4.3:

NI = 2a1b1c1 − 2S
abc

a1b2c2, etc.(234).

Since NI , NJ , NK are skew-symmetric, then the almost Hermitian struc-
tures are of a type that lies in W1+3+4. However, Ad∗ωA = −ΛAdωA = 0
implies that such structures are of type W1+3. The facts 4dωA 6= 3ANA
and NA 6= 0 respectively imply that the structures are not of the types W1

and W3.
Finally, if we make a conformal change of metric 〈·, ·〉o = e2σ 〈·, ·〉 as in

Proposition 5.4, we obtain a new quaternionic structure with

ξo ∈ Λ3
0ES

3H +KH + EH.

The new almost Hermitian structures are of type W1+3+4.

10.2. The manifold S3 × T 4m+1

In the product manifold M = S3×T 4m+1, m > 1, we write n = m+1, a2,
a3, a4 to denote the one-forms corresponding to the factor S3 and a1, ai, i =
5, . . . , 4n, for a basis of invariant one-forms on T 4m+1. On M we consider
an almost hyperHermitian structure I, J , K with compatible metric 〈·, ·〉 =∑4n
i=1 ai ⊗ ai and whose Kähler forms are given by the expressions

(10.2) ωI =
n−1∑
i=0

(a4i+2a4i+1 + a4i+4a4i+3) , etc.(234).
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Their respective exterior derivatives and the three-forms βA are given by

dωI = −2a1a3a4, etc.(234), βI = −4a2a3a4, etc.

Hence, by Proposition 6.3, M is an HKT-manifold. Although this example
is already known, we wish to give a few more details. We have

Id∗ωI = −2a1, IλI = − 1
n a1, νI3 = − 8

2n+1 a1,

νI4 = −4a1, θξ = θξI = − 1
4(2n+1) a1, etc.,

so

ξ ∈ (K + E)H

with ξKH 6= 0 and ξEH 6= 0. Also, the three almost Hermitian structures
are of type W3+4 \ (W3 ∪W4).

Making a local conformal change of metric 〈·, ·〉o = e2σ 〈·, ·〉, with σ satis-
fying dσ = 4θξ = − 1

(2n+1) a1, we will obtain a new almost hyperHermitian
structure {I, J,K; 〈·, ·〉o} with

ξo ∈ KH.

However, by Proposition 5.4, we will have

Id∗ωoI = − 4
(2n+1) a1, IλoI = − 2

2n+1 a1, νI3
o

= − 4
2n+1 a1,

νI4
o

= − 8n
2n+1a1, θξ

o

= θξ
o

I = 0, etc.,

so the identities given in Lemma 6.5 are not satisfied and structure is not
HKT. It has AλoA = 1

2n t
o 6= 0, but the three almost Hermitian structures

are still of type W3+4 \ (W3 ∪W4).
Finally, for a local conformal change of metric by σ satisfying dσ =

− 1
2n−1a1, we obtain an almost hyperHermitian structure with three almost

Hermitian structures of type W3. However, such a structure is not HKT.
The almost quaternion-Hermitian structure has

ξo ∈ (K + E)H

but not in any submodule. In fact, we will have

Id∗ωoI = 0, IλoI = − 2(n−1)
2n−1 a1, νI3

o
= − 4(2n−3)

4n2−1 a1,

νI4
o

= − 8(n−1)
2n−1 a1, θξ

o

= θξ
o

I = 1
2(4n2−1) a1, etc.
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10.3. The quaternionic Heisenberg group

Now we consider the quaternionic Heisenberg group HQ described by
Cordero et al. [6]:

HQ =


1 q1 q3

0 1 q2
0 0 1

 : q1, q2, q3 ∈ H

 ,

which is a connected nilpotent Lie group. A basis for the left-invariant
one-forms on HQ is given by ai, bi, ci, i = 1, . . . , 4, where

dq1 = a1 + ia2 + ja3 + ka4, dq2 = b1 + ib2 + jb3 + kb4,

dq3 − q1dq2 = c1 + ic2 + jc3 + kc4.

With ΓQ be the subgroup of matrices of HQ with qi ∈ Z{1, i, j, k}, we
see that these forms descend to the compact manifold MQ = ΓQ\HQ.
Consider the almost hyperHermitian structure on MQ with metric 〈·, ·〉 =∑4
i=1(a

2
i + b2i + c2i ), and Kähler forms given by (10.1).

Proposition 10.1 (Cordero et al. [6]). — The three almost Hermitian
structures I, J , K defined on MQ are of type W3.

Structures of type W3 are sometimes called balanced Hermitian.
The three-forms βA are given by

1
2βI = a1b1c1 + a1b2c2 + a1b3c3 + a1b4c4

− a2b1c2 + a2b2c1 − a2b3c4 + a2b4c3, etc.(234).

Using equation (5.5), we obtain that νA3 = νA4 = 0, so ξEH = ξE3 = 0 by
Proposition 5.3.

On the other hand, using equation (5.7), we obtain β
(K)
I = β

(K)
J =

β
(K)
K 6= 0 and β(3)

I + β
(3)
J + β

(3)
K = 0, with each β(3)

A 6= 0. Therefore, Propo-
sition 5.3 gives ξ33 = ξK3 = 0, ξ3H 6= 0 and ξKH 6= 0. In summary,

ξ ∈ Λ3
0EH +KH.

10.4. The manifold T 3 × (Γ\H)3

Let H be the real Heisenberg group of dimension 3:

H =


1 x z

0 1 y

0 0 1

 : x, y, z ∈ R

 .
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A basis of left-invariant one-forms is given by {dx, dy, dz − xdy}. Let Γ be
the discrete subgroup of matrices of H whose entries x, y, z are integers.
The quotient space Γ\H is called the Heisenberg compact nilmanifold. The
one-forms {dx, dy, dz−xdy} descend to one-forms p, q, r on Γ\H with dr =
−p ∧ q.

10.4.1. A first structure

Let M be the manifold T 3 × (Γ\H)3. On M we consider a basis of
invariant one-forms a1, b1, c1 for T 3 and one-forms a2, a3, a4, b2, b3, b4,
c2, c3 and c4 corresponding to the factors Γ\H such that da2 = −a3a4,
db3 = −b4b2 and dc4 = −c2c3.

On M we consider an almost hyperHermitian structure I, J , K with
compatible metric 〈·, ·〉 =

∑4
i=1(a

2
i + b2i + c2i ) and whose Kähler forms are

given by the expressions (10.1).
Their respective exterior derivatives and three-forms βA are given by

dωI = −a1a3a4, βI = −b2b3b4 − c2c3c4, etc.(abc; 234).

Using equations (5.3), (5.5) and (4.11), we obtain

νI3 = − 2
7 (b1 + c1), νI4 = −b1 − c1, IλI = 1

6 (a1 − b1 − c1), etc.(abc).

Therefore, by Proposition 5.3, we get

56 θξI = −3a1 + b1 + c1, −168 θξ = a1 + b1 + c1, etc.(abc).

Thus, the ξE3 and ξEH parts of the intrinsic torsion are not zero.
On the other hand, by equations (5.2) and (5.3), we have

7β(E)
I =

∑
A=I,J,K

A(b1 + c1)ωA, etc.(abc).

Hence, by equation (5.7) on β
(3+K)
A = βA − β

(E)
A , we have

β
(3)
I = 0, β

(K)
I = −b2b3b4 − c2c3c4 − 1

7

∑
A=I,J,K

A(b1 + c1)ωA, etc.(abc).

Proposition 5.3 then gives ξ33 = ξ3H = 0, ξK3 6= 0 and ξKH 6= 0 and we
conclude

ξ ∈ KS3H + ES3H +KH + EH.

Let us now analyse the almost Hermitian structures. We compute the
Nĳenhuis tensors using Proposition 4.3:
NI = b3 ⊗ b1b3 − b3 ⊗ b2b4 − b4 ⊗ b1b4 − b4 ⊗ b2b3

− c3 ⊗ c1c3 + c3 ⊗ c2c4 + c4 ⊗ c1c4 + c4 ⊗ c2c3, etc.(abc; 234).

We see that the alternation of the Nĳenhuis tensors NA are zero. Therefore,
the almost Hermitian structures are of type W2+3+4.
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Moreover, NA 6= 0 so the structure is not of type W3+4. Since Id∗ωI =
−a1, etc.(abc), the structures are not of type W2+3. It can be also checked
that 5dωA 6= −Ad∗ωAωA, so the structures also not of type W2+4.

Finally, making a conformal change of metric 〈·, ·〉o = e2σ 〈·, ·〉 with σ is
a local function satisfying dσ = 4θξ = − 1

42 (a1 + b1 + c1), we obtain locally
a new almost quaternion-Hermitian structure {I, J,K; 〈·, ·〉o} with

ξo ∈ KS3H + ES3H +KH.

The three new almost Hermitian structures are still in W2+3+4.

10.4.2. A second structure

This time, on M = T 3 × (Γ\H)3, consider a1, b1, c1 a basis of invariant
one-forms on T 3, as before, and let a2, a3, a4, b2, b3, b4, c2, c3, c4 denote
linearly independent one-forms on the factors Γ\H now with da2 = −b2c2,
db3 = −c3a3 and dc4 = −a4b4.

Take the almost hyperHermitian structure I, J , K with compatible the
metric 〈·, ·〉 =

∑4
i=1(a

2
i + b2i + c2i ) and with Kähler forms are respectively

given by (10.1).
Their respective exterior derivatives and three-forms βA are given by

dωI = −a1b2c2 + a3b4c3 − a4b4c3, etc.(abc; 234),

βI = −a1b1c4 − a1b3c1 − a2b2c4 − a2b3c2 − a2b3c3 − a2b4c4, etc.(abc; 234).

Note that ΛBdωA = 0 and ΛBβA = 0, for A,B = I, J,K, so AλA = 0
and β

(E)
A = 0. This implies that ξE3 = ξEH = 0. Furthermore, using

equation (5.7) one computes the components β(3)
A and β

(K)
A and obtains

that
∑
A=I,J,K β

(K)
A 6= 0 and 3βA 6=

∑
B=I,J,K β

(K)
B . By Proposition 5.3,

we find that ξK3 6= 0 and ξKH 6= 0. Also we compute
∑
A=I,J,K β

(3)
A 6= 0 and

6β(3)
A 6= 3

∑
B=I,J,K β

(3)
B + LA

(∑
B=I,J,K β

(3)
B

)
, so ξ33 6= 0 and ξ3H 6= 0.

In summary, we get

ξ ∈ Λ3
0ES

3H +KS3H +KH + EH.

Now we turn to analysis of the almost Hermitian structures. Since
Ad∗ωA = −ΛAdωA = 0, the almost Hermitian structures are of type
W1+2+3. Moreover, using the expressions for NA in Proposition 4.3, we
have
NI = −a1 ⊗ b1c2 − a1 ⊗ b2c1 + a2 ⊗ b2c2 − a2 ⊗ b1c1

+ b3 ⊗ c3a3 − b3 ⊗ c4a4 − b4 ⊗ c3a4 − b4 ⊗ c4a3

− c3 ⊗ a3b3 − c3 ⊗ a4b3 − c4 ⊗ a3b3 + c4 ⊗ a4b4, etc.(abc; 234).
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We find that NA is not skew-symmetric, the alternation NA of NA is non-
zero and that 4dωA 6= −ANA. Therefore, the almost Hermitian structures
are not of type Wi+j , for i, j = 1, 2, 3.

Making a global conformal change we obtain almost Hermitian structures
of the general type W1+2+3+4 whilst preserving the almost quaternion Her-
mitian type.

10.5. The manifold T 3 ×M(k)3

Let us consider the manifolds M(k) described in [1] as S1/D and studied
geometrically in [5, 7, 9]. For a fixed k ∈ R \ {0}, let G(k) be the three-
dimensional connected and solvable (non-nilpotent) Lie group consisting of
matrices:

G(k) =



ekz 0 0 x

0 e−kz 0 y

0 0 1 z

0 0 0 1

 : x, y, z ∈ R

 .

A basis of right invariant one-forms on G(k) is {dx−kx dz, dy+ky dz, dz}.
The Lie group G(k) possesses a discrete subgroup Γ(k) such that the

manifold M(k) = G(k)/Γ(k) is compact. One example of Γ(k) is generated
by choosing r > 0 so that ekr + e−kr ∈ Z and then taking the subgroup
of G(k) generated by (x, y ∈ Z, z = 0) and (x = 0 = y, z = r). The given
basis of one-forms on G(k) descends to one-forms a, b, c on M(k) satisfying
da = −kac and db = kbc.

10.5.1. A first structure

Let M be the manifold M = T 3 ×M(k)3. Consider a basis of invariant
one-forms a1, b1, c1 on T 3 and one-forms a2, a3, a4, b2, b3, b4, c2, c3, c4
corresponding on the factors M(k) with

da3 = −ka3a2, da4 = ka4a2, etc.(abc; 234).

Now we consider on M an almost hyperHermitian structure I, J , K with
compatible metric 〈·, ·〉 =

∑4
i=1(a

2
i + b2i + c2i ) and Kähler forms given

by (10.1).
The respective exterior derivatives and three-forms βA are given by

dωI = kb1b2b3 − kc1c2c4, βI = −kb1b2b4 − kc1c2c3, etc.(abc; 234).
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Note that
∑
A βA = 0. Therefore,

∑
A β

(3)
A = 0 and

∑
A β

(K)
A = 0. This

implies that ξ33 = 0 and ξK3 = 0. To compute the E-parts of βA and ξ, we
first find

Id∗ωI = kb3 − kc4, IΛKdωJ = −ka2 + kc4,

IΛJdωK = −ka2 + kb3, etc.(abc; 234).

Using equation (4.11), we now obtain IλI = k
3 (−b3 +c4), etc.(abc;234). On

the other hand, using νA4 = AΛAβA and equation (5.5), we get

νI4 = k(−b3 + c4), νI3 = 2k
7 (−b3 + c4), etc.(abc; 234).

Finally, from the obtained expressions for AλA, νA3 and νI4 , using Proposi-
tion 5.3, we find

θξ = 0, θξI = 5k
28 (−b3 + c4), etc.(abc; 234).

Hence ξEH = 0 and ξE3 6= 0. Furthermore, since

β
(E)
I = k

7

∑
A=I,J,K

A(b3 − c4) ∧ ωA, etc.(abc; 234),

we have LA(βB −β(E)
B ) = βB −β(E)

B , for A,B = I, J,K. Therefore, β(K)
A =

βA−β(E)
A 6= 0 and β(3)

I = β
(3)
J = β

(3)
K = 0. These last claims imply ξK3 6= 0

and ξ3H = 0. In conclusion,

ξ ∈ KS3H + ES3H.

Now we analyse the almost Hermitian structures. Using the expression
for NA in Proposition 4.3, one can obtain Nĳenhuis (0, 3)-tensor for I, J
and K. These tensors NA are not zero and but their alternations NA are
zero. Therefore, the almost Hermitian structures are of type W2+3+4.

Moreover, NA 6= 0, this implies that the structures are not of type W3+4.
Additionally, we have seen above that the Lee one-forms Ad∗ωA are non-
zero, so the structures are not of type W2+3. Finally, one can easily check
that dωA 6= − 1

5Ad
∗ωAωA, so the almost Hermitian structures are not of

type W2+4.

10.5.2. A second structure

We again consider M = T 3 ×M(k)3. We take a1, b1, c1 to be a basis of
invariant one-forms on T 3 and now a2, a3, a4, b2, b3, b4, c2, c3, c4 is basis
of one-forms on M(k)3 with

db2 = −kb2a2, dc2 = kc2a2, etc.(abc; 234).
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On M we consider an almost hyperHermitian structure I, J , K with com-
patible metric 〈·, ·〉 =

∑4
i=1(a

2
i + b2i + c2i ) and Kähler forms given by (10.1).

The respective exterior derivatives and the three-forms βA are given by
1
k dωI = a3a4b3 − a3a4c4 − b1b2a2 + b3b4c4 + c1c2a2 − c3c4b3,

1
k βI = −a1a3b1 + a1a4c1 − a2a3b2 + a2a4c2 − b1b4c1 − b2b3a3

− b2b4a4 − b2b4c2 + c1c3b1 + c2c3a3 + c2c3b2 + c2c4a4,

etc.(abc;234). Since ΛBdωA = 0, for A,B = I, J,K, we have AλA = νA3 =
νA4 = θξ = θξA = 0, so ξE3 = 0 and ξEH = 0. Now, using (5.7), one can
compute the components β(3)

A and β(K)
I . One checks that

∑
A=I,J,K β

(3)
A =

0, β(3)
A 6= 0, the β(K)

A , A = I, J,K, are distinct and
∑
A=I,J,K β

(K)
A 6= 0.

Therefore, ξ33 = 0, ξEH 6= 0, ξK3 6= 0 and ξKH 6= 0. In summary,

ξ ∈ KS3H + Λ3
0EH +KH.

For the almost Hermitian structures, one computes NA via Proposi-
tion 4.3 and find that they are non-zero but their alternations NA vanish,
so the structures lie in W2+3+4. Since ΛBdωA = 0, for A,B = I, J,K, we
have that the respective W4-parts are zero. Thus, the almost Hermitian
structures are of type W2+3. Because NA 6= 0 and dωA 6= 0, the structures
are not of the simple types W2 or W3.

10.6. Twisting tori

Up to this point we have obtained all the claimed examples of Ta-
ble 10.1 and determined the corresponding types of the almost quaternion-
Hermitian structures. Let us now use the twist construction of §9 to give
some other examples of types of ξ.

Let us first demonstrate that the condition in Corollary 9.2(i) can be
satisfied. Let M = T 4n, n > 2, with the standard flat hyperKähler struc-
ture. Take Fθ = ωI + αθ and X an arbitrary isometry. Then µI = 1,
µJ = 0 = µK and Xθ = −IX[ +X y αθ. The condition of Corollary 9.2(i)
is now equivalent to X y αθ = − (2n+1)

3 IX[. This is satisfied if we take
αθ = − (2n+1)

3‖X‖2 (X[ ∧ IX[ − JX[ ∧ KX[). Locally, we may now twist to
obtain a structure with

ξW ∈ KH + ES3H.

Since X[ ∧ αθ 6= 0, α is supported on HX and n > 2, we have ξKHW 6= 0.
On the other hand the values of the µA ensure that ξE3

W 6= 0.
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As second example, consider T 4n, n > 3 with invariant basis a1, . . . , a4n

and two-forms (10.2). Take Fθ = a2a1 + a4a3 − a6a5 − a8a7. We have
Fθ ∈ Λ1,1

I orthogonal to ωI and of type {2, 0} for J and K, so Fθ = I(1)κI .
Twisting via any X such that X y Fθ = 0 and each AX y Fθ = 0 yields an
almost quaternion-Hermitian structure with

ξW ∈ (Λ3
0E +K)(S3H +H)

but not in any proper submodule. Making a conformal change we may also
obtain structures with intrinsic torsion in (Λ3

0E+K)S3H+(Λ3
0E+K+E)H.

10.7. Twisting Salamon’s example

Recall that Salamon [26] gave an example of a non-quaternionic Käh-
ler 8-manifold that has dΩ = 0. The manifold is a compact nilmanifold
Γ\G, where G has a basis of left-invariant one-forms a1, . . . , a4, b1, . . . , b4
satisfying

da2 = −
√

3a1a4 − 3a4b1, db2 = a1a4 +
√

3a4b1,

db4 = −a1a2 −
√

3a2b1 −
√

3a1b2 + 3b1b2,

with the other basis elements closed. The Lie algebra g is a direct sum
R3 + h, with h two-step nilpotent. Salamon’s structure is then given by
(10.1) (with ci = 0). In terms of intrinsic torsion this has

ξ ∈ KS3H.

The two-form Fθ = a1a3 + a2a4 is a closed element of S2E and defines
an integral cohomology class on M for an appropriate choice of Γ. We may
thus twist using, for example, the central vector field X dual to b3 to obtain
an almost quaternion Hermitian 8-manifold W with

ξW ∈ K(S3H +H).

Conformally scaling these two examples we may obtain structures with

ξo ∈ KS3H + EH and ξW
o ∈ KS3H + (K + E)H.
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