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CONVERGENCE IN CAPACITY

by Yang XING

ABSTRACT. — We study the relationship between convergence in capacities of
plurisubharmonic functions and the convergence of the corresponding complex
Monge-Ampere measures. We find one type of convergence of complex Monge-
Ampere measures which is essentially equivalent to convergence in the capacity Cp,
of functions. We also prove that weak convergence of complex Monge-Ampeére mea-
sures is equivalent to convergence in the capacity C,,—1 of functions in some case.
As applications we give certain stability theorems of solutions of Monge-Ampeére
equations.

RESUME. — Nous étudions la relation entre la convergence en capacité des fonc-
tions pluri sous-harmoniques et la convergence des mesures de Monge-Ampere
complexes correspondantes. Nous trouvons un type de convergence des mesures
de Monge-Ampeére complexe qui est essentiellement équivalent & la convergence
en capacité Cp, des fonctions. Nous montrons aussi que la convergence faible des
mesures de Monge-Ampeére complexes est équivalente & la convergence en capa-
cité Cp—1 des fonctions dans certains cas. Comme application nous donnons des
théorémes de stabilité des solutions des équations de Monge-Ampere.

1. Introduction

Let PSH () be the set of plurisubharmonic (psh) functions in a bounded
domain Q in C*. Write d = 9 + 0 and d° = i(0 — 0). The inner capacity
C, of a subset F in () is defined by

Cs(E) = Cs(E,Q) = sup {Cs(F); F is a compact subset of E},
where
C,(F) = sup {/ (dd°u)® A (dd®|2[2)"~%; u € PSH(Q), 0 < u < 1}.
F

Clearly, the capacity C,_1 is locally dominated by a constant multiple
of C,. The capacity C, was introduced by Bedford and Taylor in their

Keywords: the complex Monge-Ampére operator, plurisubharmonic function, capacity.
Math. classification: 32W20, 32U15.
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fundamental paper [3]. The capacities play a great role in pluripotential
theory. They are very effective tools in the study of psh functions and
complex Monge-Ampere operators, see [11] [6] [13] [15]. In particular, one
can use capacities to deal with continuity of the Monge-Ampeére operator
(dd®)™. By examples of Cegrell [5] and Lelong [14] there exist uniformly
bounded psh functions u; which converge weakly to a psh functions u, but
the Monge-Ampere measures (dd®u;)™ do not converge weakly to (dd®u)”.
It is also known that the Monge-Ampere operator is continuous under
convergence of functions in capacity Cs with s > n— 1. In [17] we obtained
the following convergence theorem.

THEOREM A. — [17] Let w € PSH(Q) N L2 () and u; be locally

uniformly bounded psh functions in Q. If u; — u in C;,,_1 on each E CC §)
then (dd®u;)" — (dd°u)"™ weakly in Q.

Theorem A is useful in many applications. We shall give a stronger ver-
sion of the theorem in terms of the capacity C,,. Our main goal in this paper
is to study the converse problem: which convergence of the Monge-Ampere
measures (ddu;)" can imply convergence of the functions u; in capacity?
Unfortunately, weak convergence of measures (dd“u;)" to (dd“u)™ generally
cannot imply weak convergence of the functions u; to u (hence, there is
no convergence of the u; to u in capacity either.), even in the case that all
the u; as well as u coincide on the boundary of the domain. This is shown
in a simple example: the functions u;(z) = max(jIn|z|,—1) converge to
u(z) = 0 nowhere in the unit ball, whereas the measures (dd°u;)" converge
weakly to zero. Therefore, additional assumptions on functions near the
boundary are needed to guarantee a positive result. We shall give certain
is equiva-
lent to convergence of the u; to u in capacity. Using the capacity C),,_1 we
obtain the following converse theorem.

conditions such that weak convergence of (dd®u;)™ to (dd®u)”

THEOREM 1.1. — Let Q be a bounded pseudoconvex domain and u €
PSH(RQ). Suppose that {u;} is a sequence of locally uniformly bounded
functions in PSH N L*°(Q) such that

i) u; — u weakly in €;
ii) lirgérflzf(uj —u) > 0 uniformly for all j;
iii) (dduj)™ — (dd“u)"™ weakly in Q.
Then u; — u in C),—1 on each ¥ CC (.

We have an example to show that under the assumptions of Theorem 1.1
one cannot expect convergence in C, of the u; to u. Some conditions
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stronger than weak convergence of Monge-Ampere measures are needed
to ensure convergence in C,, of the functions. We obtain several results in
this direction. Our results enable us to find solutions of the Monge-Ampeére
equations and furthermore to deal with stability of solutions. Recently,
Cegrell and Kolodziej proved the following stability theorem.

STABILITY THEOREM. — [10] Let © be a strictly pseudoconvex domain.
Suppose that dy = (dd°v)™ for some v € PSH N L*> () with lim v(¢) =0
c—z

for z € 09 and fQ(ddcv)” < 00, and suppose that f; are p-measurable
functions with 0 < f; < 1 such that the measures f; du converge weakly to
fdu. For a continuous function ¢ in 02, denote by u; the unique solution
of the Dirichlet problem

u e PSH N L®(Q);

(dd°w) = f; dps

lim u(s) = ¢(z) for z € ON.
S—z

Then there exists u € PSHNL* () such that (dd°u)” = f du and u; — u
in C), on €.

The stability Theorem was proved first in the special case when ¢ is
smooth, f; is continuous and p has a compactly support, and then in gen-
eral by an approximation argument. We give here a more general stability
theorem.

COROLLARY 1.2. — Let Q2 be a bounded domain. Suppose that {u;} is
a sequence of locally uniformly bounded functions in PSH N L* () such
that
i) limsup |u; — u;| = 0 uniformly for all j and i;
z—00Q
ii) (dd°u;)™ converges weakly to a positive measure dy in €;

iii) there exists a positive measure dv vanishing on all pluripolar sets
in Q such that (ddu;)™ < dv in 2 for all j.

Then there exists w € PSH N LS. () such that (dd°u)™ = dp and uj — u
in C,, on €.

Moreover, without assuming that all the Monge-Ampeére measures are
dominated by some fixed measure vanishing on all pluripolar subsets, we
have

COROLLARY 1.3. — Let Q be a bounded domain. Suppose that {u;} is
a sequence of locally uniformly bounded functions in PSH N L* () such
that
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i) limsup |u; — u;| = 0 uniformly for all j and i;
z2—0Q
ii) there exists a positive measure dy in Q such that g (dd®u;)™ con-

verges weakly to gdp in Q uniformly for all ¢ € PSH()) with
0<g< 1.
Then there exists w € PSH N LS. () such that (dd°u)™ = dp and u; — u
in C,, on €.

The assumption ii) of Corollary 1.3 is in fact a necessary condition as
shown in Theorem 2.1 of this paper. So such a convergence of complex
Monge-Ampere measures is essentially equivalent to the convergence in C,,
of functions.

In the second part of the paper we extend our results to Cegrell’s class
F(Q) of unbounded psh functions on which the Monge-Ampére operator is
well defined, where {2 is a hyperconvex domain. The subclass F%(2) consists
of those functions v from F(2) for which the Monge-Ampeére measure has
zero mass on any pluripolar subset, see [9]. Theorem A has been generalized
to some unbounded functions in [8] and [16]. For functions in F(Q2) Cegrell
proved

THEOREM B. — [8] Suppose that u; € F(Q), j =0,1,... and u; > uo.
If u; — w in C,, on each E CC Q) then (dd°u;)" — (dd°u)™ weakly in .

Under the hypotheses in Theorem B we prove that for each fixed g €
PSH N L>*(Q) the currents g (dd°u;)™ converge weakly to g (dd®u)™ in Q.
Moreover, in the case of ug € F*()) we obtain a stronger convergence of
Monge-Ampere measures in the following sense.

THEOREM 1.4. — Suppose that ug € F*(?) and that u; € PSH(Q)
satisfy 0 > u; > up in Q. If u; — u in C,, on each E CC Q then g (dd®u;)"
converges weakly to g (ddw)™ in Q uniformly for all psh functions g with
0<g<1.

We also show that the assumption of convergence in capacity of Theo-
rem 1.4 is sharp by giving a converse result, which is a generalization of
Corollary 1.3 for functions in F%(¢, Q).

It is a great pleasure for me to thank Urban Cegrell for many fruitful
comments.

2. Convergence for Bounded Plurisubharmonic Functions
In this section we consider sequences of locally uniformly bounded psh

functions in €. First we prove a convergence theorem. Next we prove that
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weak convergence of Monge-Ampere measures is equivalent to convergence
in the capacity C, _1 of functions if all the functions converge weakly and
have uniformly the same boundary values. Then in terms of the capacity
C,, we obtain several converse results. Finally, we give different types of
stability theorems for solutions of the complex Monge-Ampere equations.

Recall that a sequence of functions u; is said to be convergent to a
function u in Cy on a set F if for each constant § > 0 we have that C’S{z €
E; |uj(2) — u(z)| > 6} — 0 as j — oo. We begin with a convergence
theorem.

THEOREM 2.1. — Let w € PSH(Q) N L2.() and let u; be locally
uniformly bounded psh functions in §). Then for any family B of locally

uniformly bounded psh functions in () the following assertions hold.

(a) If uj — w in Cp—y on each E CC Q then g(dd‘u;)" converges
weakly to g (dd°u)™ for each g in B.

(b) Ifuj — w in C,, on each E CC ) then g (dd°u;)™ converges weakly
to g (dd°u)™ in Q uniformly for all g € B, that is, for each given
¢ € C5°(Q) we have that [, ¢g(ddu;)™ — [, pg(dd°u)™ uniformly
for all g in B.

(¢) Ifu; — win C, on each E CC Q and g; € B converges weakly to
g € B, then g; (dd°u;)" converges weakly to g (dd°u)™ in Q.

Proof. — Assertion (a) follows directly from Theorem A and the quasi-
continuity of the psh function g, see [3].

To prove (b), by Theorem A we have that (dd®u;)" — (dd°u)™ weakly
in Q and hence we can assume that B = {g € PSH(Q);0 < g < 1}. On
the other hand, for each given ¢ € C§°(2), by changing values of functions
near the boundary 9f), we assume also that all the u; coincide with u in
Q\ E for some subset E DD supp ¢. Hence for any € > 0 and all g € B, an
integration by parts yields

/d)g((ddcuj)” - (ddcu)")
Q

n—1
= / (uj — u)dd®(pg) A <Z dd°uj)F A (dd°u )"1k>
k=0

En{|uj—u|<e}

n—1
+ / (uj —u)dd(pg) A (Z dd®u;)* A (ddu )"—1—k>
BO{juj—ul>e} k=0

= AEJ‘ (¢) + Be,j(¢)'

TOME 58 (2008), FASCICULE 5
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Given ¢ in C§°(Q2), take a sufficiently large constant M such that ¢ =
(¢ + M |z]?) — M |2]? := ¢1 — ¢a, where 0 < ¢1, ¢o € PSH N L*(Q).
For both k = 1 and k = 2 we have that 2dd°(¢rg) = dd°((g + ¢%)?) —
dd®(g*) — dd°(¢3), where all dd on the right-hand side act on the bounded
psh functions in 2. So there exists a constant D independing of € and j
such that |A. ()| < |A-;(¢1)] + |Azj(¢2)| < DCh(E)e and |B. j(¢)| <
|Bej(¢1)| + | Be,j(¢2)| < DCh(EN{|u; —ul > ¢€}) — 0 as j — oo. This
implies that [, ¢g(dd®u;)" — [, ¢g(dd°u)™ as j — oo uniformly in B.
Finally, to prove (c) we write g; (dd®u;)™ — g (dd“u)" = g; ((dd°u;)™ —
(dd°u)™) + (g5 — 9) ((dd°u)™ — (dd°vs)™)+(g; — g) (dd°vs)™, where v, are
smooth psh functions decreasing to u. By (b) the second term on the right-
hand side of the last equality tends weakly to zero as s — oo uniformly for
all j. Then, for a fixed sufficiently large s, both the first and third term
converge weakly to zero as j — oo. Hence we have proved (c) and the proof
of Theorem 2.1 is complete. O

As a consequence of Theorem 2.1 we obtain that weak convergence of
psh functions g, (with respect to the Lebesgue measure) implies weak con-
vergence of the g; with respect to any measure vanishing on all pluripolar
sets.

COROLLARY 2.2. — Suppose that a locally finite positive measure dj
vanishes on all pluripolar sets in 2 and suppose that go € PSH () is locally
integrable with respect to the du. If g; € PSH(S)) converges weakly to a
psh function g and |g;| < |go| in Q for all j then [|g; — g|du — 0 as

E

j— o0 onany ECCQ.

Remark 2.3. — In the case of the functions go, g; € F(Q2) Corollary 2.2
is an analogue of Lemma 2.1 in [§]

Proof. — We assume without loss of generality that all g; < 0and g <0
in . Since du vanishes on all pluripolar sets it is enough to prove that

Jo®gidp — [odgdp as j — oo for any ¢ € C5°(Q). Given ¢ € C5°(Q)
we write

/¢ggdu /cbgdu /¢> — max(g;, —s)) dp

+ [ 6 max(gy, ) — max(g, ~9) du+ [ 6 (max(g,~5) - g) d
Q

Q

ANNALES DE L’INSTITUT FOURIER
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where the first and third term on the right-hand side are dominated by

max || / —godp,
supp ¢N{go<—s}

which goes to zero as s — 0o. On the other hand, by Theorem 6.3 in [7] there
exist a bounded psh function ¥ and a nonnegative integrable function f in
Q2 with respect to the measure (dd®y)™ such that xsuppg dp = f (ddy)™,
where Xsupp ¢ is the characteristic function of supp ¢. So for any € > 0 there
exist s, k > 0 such that

¢gidp— [ dgd
‘! gj dp Q/ gdpl
< ‘/qﬁ(max(gj,—s) — max(g, —s)) min(f, k) (dd“¢)"| + .
Q

Then, take a h € C(£2) such that fsupp¢ | min(f, k) —h| (dd)™ < £. Hence

we have

‘Q/cbgjduﬂ/qbgdﬂ

< ’/(b (max(g;, —s) — max(g, —s)) h (dd“)"
Q

+ (2max|¢| + 1) ¢,

where by Theorem 2.1 the last integral goes to zero as j — oo and therefore
we have completed the proof of Theorem 2.1. O

Now we discuss necessity of convergence in capacity in the convergence
theorems. Our first result is the following one.

THEOREM 2.4. — Let ) be a bounded pseudoconvex domain and u €
PSH(Q). Suppose that {u;} is a sequence of locally uniformly bounded
functions in PSH N L*° () such that

i) u; — u weakly in €;
ii) liméréf(uj —u) > 0 uniformly for all j;
zZ—

ili) (dd®u;)™ — (dd®u)™ weakly in Q.
Then u; — u in C,,_1 on each ¥ CC (.

Recall that lim (%Iflzf (uj —u) > 0 uniformly for all j means that for any

constant € > 0 there exists £ CC € such that u;(z) —u(z) > —¢ holds for
any z € Q\ F and all j. To prove Theorem 2.4 we need two facts.

TOME 58 (2008), FASCICULE 5



1846 Yang XING

LEMMA 2.5. — [16] If u, v € PSH(Q) satisfy limgsl)f(u(z) —v(2)) >0,
then the inequality

/ (v —w)ddwy A dd°wa A - -+ A dd°w,,

u<<v

< /(r—wl) dd®(u — v) Add®ws A -+ A ddwy,

u<v

holds for any bounded functions wy,ws,...,w, in PSH(Q) and for any
constants r = sup w.
Q

Following the proof of Proposition 4.2 in [4] we have

LEMMA 2.6. — Ifu,v,wq,...w,—1 € PSHNLY (), then dd®max(u, v)A

loc

dd®wy A -+ ANddwy,_1 = ddu A dd®wq A - -+ A\ dd°w,_1 as measures on the
set {u > v}.

Remark 2.7. — For later reference we point out that the result of
Lemma 2.6 is still true in the case of arbitrary functions u, v, w1, ... wy—1
in F(¢,Q), since the proof in [4] works even for this class of functions.

Proof of Theorem 2.4. — Given E CC Q. Let a; = sup|z|?. For any
Q
d>0and we PSH(Q) with 0 < w < 1 by the definition of C,,_; we get

1
(dd“w)™ ™1 A dd®|z|* < — Cr—1(EN{uj; > u+d})
1
En{|u;—u|>d}
+ / (ddw)™ ™" A dd®|z|2.

uj; <u—0

Since u; — w in L, (£2), by Hartog’s Lemma and the quasicontinuity of
psh functions ([3]) we have that C,,—1 (E N {u; > u+0}) — 0 as j — oc.

ANNALES DE L’INSTITUT FOURIER
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On the other hand, it turns out from Lemma 2.5 that

1
/ (ddew)™ A dd?) = < & / (1 = uy) (dd°w)" " A dd°]|?

u;<u—04 uj<u—3§

(=)

2
<2 / (0 =y — g) (ddew)™ A dd?] =

uj<u—2
< % / (1 —w) dd(u — uj) A (dd“w)™ 2 A dd°|z|?
uj<u—3
g c . c, \n—2 c| |2
<5 dd®(u + u;) A (dd°w)"™ = A dd®|z|.

Uj <u—%

Repeating this argument n — 2 times we obtain that the right-hand side in
the last inequality does not exceed

g glon / dd®(u + uj)" " A dd®|z?
u;<u—21—7§
(n—1)n !
<277 (n—1)lém > (ddu)® A (ddu;)" ' A dde|z)?
uj<u—21—71§ k=0
n—1
<2 o) e / (w— ;) Y (dd°u)*
k=0

uj<u—21-7¢
A (dd®u)" 1R A dd€| 2|2

Since lim ('I)Iglzf (uj —u) > 0 uniformly for all j there exists a strictly pseu-
VAamd

doconvex domain ; with a defining function p in PSH(Q1) N C(Q4)
such that {u; < uw —2'""§} cC Q; cC Q for all j. Take a constant
as large enough such that azp(z) < |22 — a1 on {u; < u — 27"} for
all j. Then for any € > 0 choose a subdomain {25 such that all the sets
{uj < u—2'""0} CC Oy CC O and — < max(|z]? — a1, a2p(2)) < 0O
in O\ Q. Let a3 = irj;f{uj(z);z € Q;}. Take a function ¢ € C§°(Q1)

with ¢ = 1 on €y and take a constant ay > 0 such that asp < v — ag
and a4p < uj — az in supp ¢ for all j. Since u; — u in L}, (2) and u; are
locally uniformly bounded in €2, by Hartog’s lemma we get that for all j

TOME 58 (2008), FASCICULE 5
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large enough the last integral equals

n—1

(max(u — az, asp) — max(u; — as, asp)) Z(ddcu)k
u;<u—21—m§ k=0
A (dd®u;)™ % A dd® max(|z]* — a1, azp)

n—1

= /(max(u — as,asp) — max(u; — as, asp)) Z(ddcu)]c
3 k=0
1
A (dd“u )" 1=k A dd® max(|2|* — a1, azp) + O(e)
= /max(|z|2 —al,agp Z (ddu)” A (dduj)™~ 1=k
(921 k=0

A dd° (max(u — ag, asp) — max(u; — ag, asp)) + O(€)

:/¢) max (|z|* — a1, azp) Z (dd°u)® A (dduj)" 1=k
o k=0

A dd°(max(u — a3, asp) — max(u; — as, asp)) + O(e)

= /¢ max (|z|? — a1, azp) ((dd°u)™ — (dd°u;)"™) + O(e) — 0
2
as j — oo and then ¢ — 0,

where the equality before last follows from the inequality —e < max(|z\2 —
ay, (12[)(27)) < 0in 24 \ 22, and the last one follows from Lemma 2.6. Hence
we have proved that u; — w in C,,—1 on each £ CC Q and the proof of
Theorem 2.4 is complete. O

Under the assumptions of Theorem 2.4 one cannot expect the stronger
convergence result that u; — w in C, on each £ CC Q. For instance, by
[5] there exist uniformly bounded psh functions u; in a Q@ CC C such that
u; — u weakly and u; dd°u; /4 udd®u in Q. Changing values of functions
near the boundary 02 we can assume that all the u; coincide outside a
compact subset in Q. Hence the sequence {u;} satisfies the assumptions in
Theorem 2.4, but u; 4 w in C; on all E CC {2 since u; dd°u; /4 udd®u
and Theorem A. Therefore, we need some conditions stronger than weak
convergence of Monge-Ampere measures to ensure convergence in C,, of
the functions. Now our next result is

THEOREM 2.8. — Let u € PSH (). Suppose that {u;} is a sequence of
locally uniformly bounded functions in PSH N L>°(Q) such that

ANNALES DE L’INSTITUT FOURIER
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i) u; — u weakly in €;
ii) limgflzf(uj —u) > 0 uniformly for all j;
zZ—
iii) there exists a positive measure dyp in Q such that g (dd®u;)" con-

verges weakly to gdu in Q uniformly for all ¢ € PSH(Q)) with
0<g< 1.

Then (dd°u)" = dp and u; — w in C), on each E CC . Hence, if further-
more hmé%f(“ — u;) > 0 uniformly for all j then u; — v in C,, on Q.

To prove Theorem 2.8 we need a stronger version of the comparison
theorem.

LEMMA 2.9. — [17] Let u,v€ PSH(Q)NL> () satisfy liminf._ o0 (u(2)
—v(2)) > 0. Then for any constant r > 1 and all w; € PSH(Q) with
0<w; <1, j=1,2,...,n, we have

1
W / (v—u)" ddwy A -+ A ddw,, + / (r—wi) (ddv)"
u<v Wz

< /(r —wy) (ddu)".

u<v

If moreover (ddv)"™ > (dd°u)™ in € then v < w in Q.

Proof of Theorem 2.8. — Let E CC Q. Given 6 > 0 and any w €
PSH(Q) with 0 < w < 1 we have that

(dd°w)" < Co (BN {u; > u+6}) + / (dd°w)".
En{|u;—u|>d} u; <u—0

It follows from Hartog’s Lemma and the quasicontinuity of psh functions
([3]) that Cp,(EN{u; > u+d}) — 0 as j — oco. By ii) and Lemma 2.9
we get

/ (dd“w)"™ < % / (u — u;)" (ddw)"

uj;<u—94 u; <u—0
(nh)? e,y < (M) ¢y
S (dd®u;)"™ < yy (u — uy)(dd®u;)™.
u; <u—0 uj<u—=§

Given € > 0, take subdomains ©; CC Qs CC Q such that u; —u > —¢
in Q\ Q and {u; < vw— 40} CC Q for all j. It follows again from the
quasicontinuity of psh functions and Hartog’s Lemma that there exist jo >
0 and a set E C Qy with C,(E) < ¢ such that € + u(z) — u;j(2) > 0 in
Q2 \ E for all j > jo. Choose 0 < ¢ € C§°(Qs) with ¢ =1 in ;. Since all

TOME 58 (2008), FASCICULE 5
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the u; and u are uniformly bounded in s, then for j > jo the last integral
does not exceed

/ 6 (e +u — uj)(ddu;)" + O(c /¢> (u— u;)(ddu;)" + O(e)

Qi \E

= /(b(u—uj)((ddcuj)" —d,u) +/¢(u—uj)du+0(€),
Q

where by iii) and Corollary 2.2 the last two integrals tend to zero as j —
oo. Hence we have proved that u; — w in ), on each E CC €. Then
by Theorem A we get (dd°u)™ = dp and the proof of Theorem 2.8 is
complete. O

We write hm sup|f(z) — g(z)| = 0 if for any € > 0 there exists E CC Q
-0

such that |f gl <ein Q\ E. As a consequence of Theorem 2.8 we have
the following stability theorem of solutions of Monge-Ampere equations.

COROLLARY 2.10. — Suppose that {u;} is a sequence of locally uni-
formly bounded functions in PSH N L*°(Q)) such that
i) limsup |u; — u;| = 0 uniformly for all j and %;

z—

ii) there exists a positive measure dy in Q such that g (ddu;)
verges weakly to gdp in Q uniformly for all ¢ € PSH()) with
0<g<1.

Then there exists u € PSH N L%, () such that (dd“u)" = dp and u; — u
in C,, on €.

" con-

Proof. — It is enough to prove that there exists u € PSH N L%, ()
such that from any subsequence of the given sequence {u;} one can extract
sub-subsequence {u;, } converging to v in C), on Q. Choose {u;, } from any
subsequence such that it converges weakly to a psh function u in Q. It then
follows from Theorem 2.8 that u;, — u in C,, on Q and by Theorem A
we have (dd°u)™ = du. By Lemma 2.9 such a function v is unique. This
completes the proof. O

In fact, following the proof of Theorem 2.8 one can prove another type
of converse theorem.

THEOREM 2.11. — Suppose that a sequence {u;} of locally uniformly
bounded functions in PSH N L>(Q)) satisfies

i) u; converges weakly to a psh function u in §);
ii) lim(igrsl)f(uj —u) > 0 uniformly for all j;
z—
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iii) (dd®u;)™ converges weakly to a positive measure du in §;
iv) there exists a positive measure dv vanishing on all pluripolar sets
in Q such that (dd°u;)™ < dv in 2 for all j.

Then (dd°u)™ = dp and u; — u in C,, on each E CC Q.

Proof. — Given EE CC Q and ¢ > 0, similar to the proof of Theorem 2.8
we get that for any € > 0 there exists 2; CC €2 such that the inequality
Con (BN {Juj —u| > 8}) < (n!)?67"" [ Ju—wu;|dv+e holds for all j large
enough. By Corollary 2.2 the last integral tends to zero as j — oco. Hence
u; — u in Cy, on I and the proof is complete. O

As a direct consequence of Theorem 2.11 we have

COROLLARY 2.12. — Suppose that {u;} is a sequence of locally uni-
formly bounded functions in PSH N L*> () such that

i) limsup |u; — u;| = 0 uniformly for all j and i;

zZ—

ii) (dd®uj;)™ converges weakly to a positive measure dyu in Q;

iii) there exists a positive measure dv vanishing on all pluripolar sets
in Q such that (dd°u;)"™ < dv in Q for all j.

Then there exists u € PSHNL{S. () such that (dd“u)" = dp and uj — u
in C,, on €.

Remark 2.13. — We do not assume in Corollary 2.12 that all the func-
tions u; have the same continuous boundary data. In fact, under the as-
sumptions of the stability theorem in [10] there exist functions hi, hg in
PSH N L*>®() such that (dd°hy)™ = dp, (ddhs)™ = 0 and lim hy(s) =

S—z
lim hs(s) = ¢(z) for z € 0N It then turns out from the comparison theo-
S—z

rem that ho > u; > hy in £ and hence the functions u; fulfill the hypotheses
of Corollary 2.12, since hs —h; = 0 on the compact set 9S2. Therefore, Sta-
bility Theorem follows from Corollary 2.12. Moreover, since Corollary 2.12
is valid for all type of bounded domains, it also implies the stability theorem
for hyperconvex domains, see [10].

Sometimes it is difficult to find such a measure dv which dominates all
the (dd®u;)™. For this reason, we feel useful to present a slightly different
version of Theorem 2.11.

THEOREM 2.14. — Suppose that a sequence {u;} of locally uniformly
bounded functions in PSH N L*°(Q)) satisfies

i) u; converges weakly to a psh function u in §);
ii) lim(igrglzf(uj —u) > 0 uniformly for all j;
z—
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iii) (dd®u;)™ converges weakly to a positive measure du in 2.
If there exist locally uniformly bounded psh functions v; in §2 such that
(dd°u;)™ < (dd®v;)™ for all j in ) and v; converges to some psh function
v in Cy, on each E CC Q, then (dd°u)" = dp and u; — v in C,, on each
E ccC Q. Thus, if furthermore ILIE iarglzf (u —u;) > 0 uniformly for all j then

u; — u in Cy, on L.

We omit the proof of Theorem 2.14 since it is completely similar to the
proof of Theorem 2.8. As an application we give a proof of the following
well known result due to Kolodziej.

COROLLARY 2.15. — [12] Let Q be a strictly pseudoconvex domain.
Suppose that v € PSH N L*(Q) satisfies lim v(s) = 0 for z € 9Q. Then
S—z

for any positive measure du < (ddv)™ there exists u € PSH N L* () such
that (dd°u)"™ = dp and lim u(s) = 0 for z € 9.
S—z

Proof. — It is no loss of generality to assume that [, (dd“v)"™ < oco. Take
a decreasing sequence {vy} of smooth psh functions in € such that vy \, v
in Q and vy = 0 on 9. By the Lebesgue-Radon-Nikodym theorem we
have du = f(dd“v)™, where 0 < f < 1 and f is integrable with respect
to the measure (dd°v)". Take f; € C§°(Q) with 0 < f; < 1 such that

Jo If = fil(ddev)™ < %, and then take a subsequence {vy,} of the {v}

such that | f,, f; ((ddv)" ~ (dd°vy,)")
exists since (dd°vi)™ converges weakly to (dd®v)™ in ). By [2] there exist
u; € PSH N C(Q) such that (ddu;)" = f; (dd°vi,)™ and u; = 0 on 9.
It follows from the comparison theorem that v < vg; Suy <0in Q). Since

< % for all j (such a subsequence

one can extract a subsequence of the {u;} such that it converges weakly to
some psh function u, by Theorem 2.14 we get that (dd°u)™ = dp and u =0
on Jf). The proof of Corollary 2.15 is complete. O

3. Convergence in the Class F*

In this section we first prove an approximation theorem for the Monge-
Ampere operator on F*(2). Then we give a converse theorem which gen-
eralize Theorem 2.4 and Theorem 2.8 to functions in F*(¢, §2).

Throughout this section we assume that  is a hyperconvex domain
in C", that is, Q is a bounded domain and there exists a negative psh
function p in €2 such that {z € Q;p(z) < —c} CC  for any ¢ > 0. Recall
that £y(2) is the set of bounded psh functions u in  with lim._,, u(¢) =0
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for any z € 9Q and [,(dd°u)" < oco. Denote by F(Q) the set of psh
functions w in € such that there exists a decreasing sequence {u;} in & (£2)
satisfying u; “\, v in € and sup; fQ(ddcuj)" < 00. We shall use the subclass
F(Q) of functions from F(€2) whose Monge-Ampeére measures have zero
mass on all pluripolar subsets of 2. The Monge-Ampeére measure (ddu)"
is a well defined finite positive measure in ) for any v € F(f2), see [9].
Recall that a sequence {u;} of positive measures is said to be uniformly
absolutely continuous with respect to C,, in a set E if for any constant
€ > 0 there exists a constant § > 0 such that for all Borel subsets F4 C E
with C,,(E1) < ¢ the inequality p;(E1) < € holds for all j. We begin with
several lemmas.

LEMMA 3.1. — For any wg, w1, wa, ..., w,—1 € F(Q) and any g € ()
the measures

(—wp) dd° max(wy, —j) Addwa A -+ - A dd°wn_1 A ddg

are absolutely continuous with respect to C,, in € uniformly for all j =
1,2,....

Proof. — Write T = ddws A --- A dd°w,—1 A dd®g. Since wy is upper
semicontinuous and dd® max(wi, —j) AT converges weakly to ddw; AT in
Q as j — 0o, we have

liminf | (—wp)dd® max(wy, —j) AT > /(—wo) dd‘wy AT.
j—oo
Q Q
On the other hand, an integration by parts yields

/(—’LU()) dd° max(wl, —]) AT < /(—’LU()) ddc’wl ANT.
Q Q
Hence we get
lim | (—wp) dd® max(wy, —j) AT = /(fwo) dd‘wy NT.
o Q Q
Therefore, for any a > 0 by the remark of Lemma 2.6 we have

lim (—wo) dd° max(wy, —j) AT
j—o0
wi<—a
= lim [(—wp)dd°max(wy,—j) AT— lim / (—wp)dd® max(wy, —j)AT
! Q ! w1 =—a
= /(—’ZUO) ddcwl ANT — / (—'wo) ddcwl ANT = / (—wo) ddcwl ANT.
Q wiz=—a wi<—a
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So for any € > 0 there exist ag > 0 and jy > ag such that for all j > jy and
any E C ) we have

/(—wo) dd® max(wy, —j) NT < / (—wp) dd° max(wy, —j) AT
E En{wi>—a}
+ / (—wp) dd° max(wy, —j) AT < /(—wo) ddwy AT + €.
wi<—a E

Using the inequality

/ ddwy AT < 571 /(—wk)ddcwl AT < st /(—g)ddcwl
w<—s Q Q

A ANddw,_1 A ddCwy,

we have that the measure dd“w; AT is absolutely continuous with respect
to C, in €2, and together with

/(—wo) ddwi AT = / (—g) ddwg A dd°wy A -+ A ddwp—1 < 00
Q Q

we get that [.(—wo)dd“w; AT is small when C,(E) is small. Since for
each j the measure (—wp)dd®max(wy,—j) AT is absolutely continuous
with respect to C,, we have proved that (—wp)dd® max(wy,—j) AT are
absolutely continuous with respect to C, in Q uniformly for all j. The
proof of Lemma 3.1 is complete. O

Now we can prove a generalization of Lemma 2.5 for functions in F(2).

LEMMA 3.2. — If u, v, wy,ws,...,w,—1 € F(Q) and g € & (Q), then
we have

/ (v —u) ddwy A - ANdd°w,—1 A dd°g
u<v
< / (—wq) dd(u — v) Addwa A -+ A ddwy,—1 A ddCg.
u<v

Proof. — Write uj; =max(u, —j), vy =max(v, —k) and w} =max(wy, —I)
and T = dd°wy A - -+ A dd°wy,—1 A dd°g. By a similar proof of Lemma 2.5
we have

/ (v —uj) ddwi AT + / (—wh) dd°vi, AT < / (—wh) dd°u; AT.

u; <vg uj <Vg u; <vg
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Let j — oo and by Fatou lemma we get

/ (vp —u) dd°wi AT+ / (—w') dd®vy AT < liminf / (—wn) ddu; AT.
Jj—o0
u<v u<v ULV

By Lemma 3.1 and the quasicontinuity of psh functions, we can assume
without loss of generality that {u < v} is open and {u < v} is closed.
Hence, letting | — oo, & — oo and by the weak convergences of these
currents we obtain the inequality

/ (v—u) dd°uny AT < / (—wq) dd°(u—v) AT.

u<v uLv

Applying the last inequality for v + € g instead of v and then letting the
constants € \, 0 we get the required inequality. The proof is complete. [

LEMMA 3.3. — The following assertions hold.

a) If ug € F2(R), then the measures (—u) (dd°u)"~! A (dd°g) are ab-
solutely continuous with respect to C,, in §) uniformly for all u €
PSH(Q) with 0> u > ug and for all g € E() with0 > g > —1.

b) If uy € F(R), then for each fixed g € () the measures (—u)
(dd°u)"~1 A (dd°g) are absolutely continuous with respect to C,, in
Q uniformly for all w € PSH () with 0 > u > uy.

Proof. — To prove a), from ug € F*(Q2) it turns out that v € F(£2). The
result is trivial when the u is bounded. Otherwise, for any £ C 2 and a > 0
we have

/ (—u) (dd°u)" "' Add°g < / (—u) (dd°u)™~' A ddg

E u<l—a

+ / (—u) (dd°u)" ' A ddg

En{u>—a-1}
By Remark 2.7 we get that the last integral equals
(— max(u, —a — 1)) (dd° max(u, —a — 1))n_1 A ddtg

En{u>—a—1}
< (a+1)7"CL(E).
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From Lemma 3.2 it turns out that

/ (—u) (ddu)" ' A dd°g < / (—ug) (dd“u)"~' A dd°g

u<—a up<—a

< / (—2ug + max(2ug, —a))(dd“u)"~* A dd°g

2ug<max(2ug,—a)

< / —2u (ddu)" "2 A dd°ug A dd°g.
2up<—a
Continuing in this manner n —1 more times we obtain that the last integral
is dominated by

2n / (—g) (dd°up)™ < 2" / (ddup)” — 0 as a — oo,
2nup<—a 2nrupg<—a
since ug € F(2). Hence we have proved a).
To prove b), using the same method as the proof of a) we get that for
any £ C Q and a > 0 the inequality

/(—u) (dd“u)" ' Ndd°g < 2"t / (—up) (ddug)™ ' A ddg
E 2n—lypg<—a
+(a+1)""Cn(E)

holds. From ug € F(Q) it turns out that the measure (ddug)" ! A dd°g is
absolutely continuous with respect to C,, in 2 and hence the last integral
tends to zero as a — oo, which has proved (b). The proof of Lemma 3.3 is
complete. O

THEOREM 3.4. — Let B be a family of locally uniformly bounded psh
functions in Q2. Suppose that uwy € F*(2) and that the functions u; €
PSH(Q) satisty 0 > uj > ug. If uj — w in C,, on each E CC ) then
g (dd°u;)™ converges weakly to g (dd“u)™ in Q uniformly for all g € B. Fur-
thermore, if g; € B converges weakly to g € B, then g; (dd°u;)" converges
weakly to g (dd°u)™ in Q.

Proof. — Tt is no restriction to assume that B C £ (). For any a > 0 we
write (ddu;)™ — (dd°u)™ = ((ddu;)™ — (dd® max(u;, —a))n) + ((dd°® max
(uj, —a))" — (dd® max(u, —a))") + ((dd® max(u, —a))" — (dd°u)") := Ai(a)
+A§(a) + A;’(a). From Theorem 2.1 it turns out that for each fixed a > 0
the currents g A?(a) converges weakly to zero in {2 uniformly for all g € B.
On the other hand, for ¢ € C5°(2) and any g € B we write ¢ g = ¢ (g —
ngn g)+oé ms%n g and then, following the proof of Theorem 2.1, the current
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dd®(¢g) can be written as a sum of finite terms of the form =+ f;dd€fs
where f;, fo are locally uniformly bounded psh functions depending only
on ¢ and g. Hence there exists a family By of locally uniformly bounded
psh functions in Q such that the current dd°(¢g) is dominated by dd®gs
for some g4 in Byg. Therefore, using an integration by parts we have
n—1
’/(bg A} (a)’ = ‘/(uj — max(u;, —a)) dd(¢ g) N Z(ddcuj)k
Q Q

k=0

A (dd® max(u;, —a))nflfk‘

/ (uj + a)dd(¢g) A (ddcuj)"*l‘ < / (—u;)ddge A (dduj)™
uj<—a up<—a

which by a) of Lemma 3.3 tends to zero as a — oo uniformly for all g €
B. Similarly, gA;)-’(a) converges weakly to zero uniformly for all g € B.
Hence we have proved that g (dd®u;)"™ converges weakly to g (dd°u)™ in
uniformly for all g € B. The second assertion follows from the first one,
and the proof of Theorem 3.4 is complete.

Following the proof of Theorem 3.4 and using b) instead of a) in Lemma
3.3, we obtain the following theorem which is a slightly stronger version of
Theorem B due to Cegrell [8]. O

THEOREM 3.5. — Suppose that uy € F(§2) and that the functions u; €
PSH(Q) satisfy 0 > u; > ug. If u; — u in C), on each E CC € then for
each fixed g € PSHNL™(Q) we have that g (dd°u;)" — ¢ (dd°u)™ weakly
in Q.

We shall show that the assumption of convergence in capacity of The-
orem 3.4 is necessary in some case. Let ¢ € C(9Q) and h be a maximal
psh function in © such that lim h(s) = ¢(z) for all z € 9. Denote by

S—z

F(¢,Q) the class of those u € PSH(Q) for which h > u > h + v for
some v € F(Q2). We use the subclass F%(¢,2) of functions from F(¢,2)
whose Monge-Ampere measures put no mass on all pluripolar subsets of €2,
see [1][10]. Clearly, F(2) = F(0,9Q) and F*(2) = F*(0,9Q). We need the
following fact.

LEMMA 3.6. — Suppose that ug € F*(¢,Q) satisfies [,(ddug)” < oo
and lim ug(s) = ¢(z) for all z € 0. If u € F(¢,Q) with u > ug then
c—z

u € F(¢,Q) and [;,(dd°u)" < oco. Moreover, the measures (dd“u)™ are
absolutely continuous with respect to C,, in Q uniformly for all u € F(¢, )
with u > ug.
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Proof. — Tt is no loss of generality to assume that ¢ < 0 on 9. By the
definition of u € F(¢, Q) there exists w € F(Q) such that h > u > u+ h
in Q. Take a sequence {u;} in & /() such that @; \, @ and define u; =
max(u,T; + h). Then u; \ u in © and each u; > uo with equality on 0f2.
we claim that [, (ddu;)" < [ (ddug)™ < oo for each j. If the claim is
true, then for any k € £(Q ) we have

/ ke (dduo)™ — / k (ddeu;)" = / k ((dd°uo)™ — (dd°u;)™)

Q Q Q
n—1
= /(uo —u;)dd°k A (ddug) A (dduy)" ™" < 0.
a 1=0
Using Theorem 2.1 in [9] we get that [, —k (dd®u;)" < [, —k (dduo)™

for any negative k € PSH N L*>®() and all j. Let j — oo and, since
(dd°u;)™ — (dd“ )" Weakly in Q and k is upper semicontinuous, we get that
Jo =k (ddu)™ < [, —k (ddug)™ for any negative k € PSH N L>°(Q) and
hence [, (dd“u)™ < [, (dd°ug)™ < oo. Particularly, for k = max(u/t,—1)
with ¢ > 1 we obtain

/ (dd°w)" < / ~ max(u/t, 1) (ddu)"

u<l—t Q
< /f max (uo/t, —1) (dd®ug)” — 0
Q
as t — 00, since (ddup)™ put no mass on {ug = —oo}. This implies that

u € F%p,Q) and the measures (dd°u)™ are absolutely continuous with
respect to C,, in Q uniformly for all u € F(¢, Q) with u > ug.

It remains to prove the claim that [, (ddu;)" < [, (dd®ug)™ for each j.
Given b > 0, since }Lni(uo (s) —uj(s)) = 0 for z € O there exists a closed

subset F, C Q such that A, := {max(up, —a) + 1/b < u;} C F; for all
a > supg |u;|. So by the comparison theorem we have

/ (dduj)™ < / (ddu;)"™ < / (dd® max(ug, —as))"
ay,b Aaz,b Aaz,b
< /(ddC max(uo,—ag))n
Fy
for all as > ay > supg |u;|. Letting as — co we get that anl’b(ddcuj)” <
fF (dd°ug)™ < [ (ddug)™. Then, letting a; — oo and b — oo we have
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that [, _, (dd°u;)" < [o(dd°ug)™. Take go € E(2) with go # 0. Using
Uu; +€9o 1nstead of u; in the last proof and by u; € L>°(£2) we obtain that
Jo(ddu;)™ < [, (ddug)™, which concludes the proof of Lemma 3.6. [

THEOREM 3.7. — Suppose that ug € F*(¢, Q) satisfies [, (dd“ug)™ < oo
and hm uo(s) = ¢(z) for all z € 0N2, and suppose that u, u; € F(¢, Q) such

that u] uo in € and u; — u weakly in §). Then the following assertions
hold.

a) If g (dd°u;)"™ converges weakly to g (dd®u)™ in Q uniformly for all
g€ PSH(Q) with0< g <1, then u; — u in C,, on Q.
b) If (dd®u;)™ — (ddu)™ weakly in ), then u; — u in C,,—1 on Q.

Proof. — By Lemma 3.6 we have that u, u; € (¢, ) and [, (dd®u)™+
Jo(ddéuj)™ < oo. To prove a), write f, = 1 + max(ug/s, —1) for s =
1,2,.... Then f, € PSH(R) and 0 < fs < X{uo>—s} < 1. Thus, using
the equality 2gfs = (g + f5)> — ¢> — f? we get that g fs (dd°u;)" —
g fs (dd°u)™ as j — oo uniformly for all g € PSH(Q) with 0 < g < 1.
Since [ (dd°uj)™ < X{ug>—s} (Ad°U;)™ = X{ug>—s} (dd® max(uj,—s))n <
(dd° max(u;,—s))", by Theorem 8.1 in [7] there exist vi € PSHNL>(Q)
such that (ddvi)" = fs (dd°u;)" and hmv (c) = o(z ) for z € 09 and

s > maxg |h|. From the comparison theorem it follows that max(ug, —s) <
max(uj, —s) < v < h = max(h,—s) for s > maxgq |h|. Hence by Corol-
lary 2.10 there exist v®* € PSH N L*™(Q) such that (dd“v®)™ = f, (dd“u)™
and v§ — v* in C,, on Q as j — oo. Since (ddc 5 (ddu)™ as s oo
then v® N\, v for some v € F%(¢, ) with ug < v < h in Q. It then follows
that (dd°v®)" — (dd°v)™ and hence (dd°v)™ = (dd°u)™, which by Lemma 2
in [18] implies that v = u in Q. On the other hand, by Lemma 5.14 in [9]
there exist h$ € F*(2) such that (dd°h$)" = —max(u/s, —1) (dd°u;)".
Therefore, (dd®v$)" < (dd®u;)" = (dd“v§)" + (ddchs)” < (dde(vs + h;))n
which by the comparison theorem gives that v; + hj < u; < vj. Choose a
sequence { ¢y} of functions in () such that ¢k AN hs in Qand [, (dd“p)"
— [o(dd°h3)™. Given € > 0 and w € PSH(Q) With 0 < w < 1, by the
comparison theorem we have

e" /(ddcw)”< / (dd°e(w —1))" < / (dd°gsy,)"

Pr<—¢ Pr<e(w—1) Pr<e(w—1)

< /(ddc¢k)n-

Q
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Letting £ — oo and taking supremum over all such w, we get

e"Cr({h < —¢}) < /—max(uo/s, —1) (ddu;)"
Q

< /—max(uo/s, 71) (dd°ugp)™,
Q
where the last inequality follows from the proof of Lemma 3.6. This implies
that on each E' CC  the functions hj uniformly tend to zero in C,, as
s — oo. Finally, we have that |u; —u| < |u; — 3| + [v] — 0| + [v* —u| <
|h5] + [v§ — v®| + [v® — u| where on each E' CC € the third and first terms
in the last sum tend to zero in C,, as s — oo uniformly for all j, and for
each fixed s the second one tends to zero in C,, as j — oo. Thus, we have
obtained that u; — u in C), on each £ CC Q) and hence we have proved
a). We omit the proof of b) since it is similar to the proof of a). The proof
of Theorem 3.7 is complete. O
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