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A NEW LAGRANGIAN DYNAMIC REDUCTION IN
FIELD THEORY

by Francois GAY-BALMAZ & Tudor S. RATIU (*)

ABSTRACT. — For symmetric classical field theories on principal bundles there
are two methods of symmetry reduction: covariant and dynamic. Assume that the
classical field theory is given by a symmetric covariant Lagrangian density defined
on the first jet bundle of a principal bundle. It is shown that covariant and dynamic
reduction lead to equivalent equations of motion. This is achieved by constructing
a new Lagrangian defined on an infinite dimensional space which turns out to be
gauge group invariant.

RisUME. — Considérons une théorie des champs décrite par une densité la-
grangienne définie sur le fibré des jets d’ordre 1 d’un fibré principal. Si la densité
est invariante sous ’action du groupe de structure du fibré il y a deux approches
possibles pour réduire le systéme : ’approche covariante et ’approche dynamique.
Dans cet article nous montrons que ces deux approches produisent les mémes équa-
tions réduites. Afin d’obtenir ce résultat, nous construisons, & partir de la densité
lagrangienne, un nouveau lagrangien défini sur un espace de dimension infinie et
invariant sous 'action du groupe des transformations de jauge.

1. Introduction

The solution of an evolutionary partial differential equation can be viewed
either as a curve in an infinite dimensional space or as a section of a bundle
over spacetime. These two points of view lead to the two classical geomet-
ric approaches for the study of these partial differential equations and lead
either to dynamical systems in infinite dimensions or to the evolution of
sections in jet bundles of finite dimensional manifolds.
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In the case of conservative evolutionary equations there is additional
structure that plays a fundamental role. Such equations have Lagrangian
and Hamiltonian formulations. Regarding the solutions as curves in infi-
nite dimensional spaces leads to the dynamic point of view which presents
the equations as Lagrangian or Hamiltonian vector fields on the tangent
and cotangent bundles of an infinite dimensional configuration manifold,
respectively. In the Lagrangian formulation, the equations are obtained
from the usual variational principle for a real valued Lagrangian function
on the tangent bundle. Interpreting the solutions as sections of a bundle
over spacetime leads to the covariant point of view. In this approach, the
equations appear as the Euler-Lagrange equations of a Lagrangian density
defined on the first jet bundle of a given fiber bundle with values in the den-
sities over spacetime. It is well known that the covariant approach admits
a dynamic formulation by choosing a slicing of the configuration bundle
over spacetime (see e.g. [10], [9] and references therein for the details of
this construction).

Assume that a field theoretical Lagrangian density admits a Lie group of
symmetries. Then covariant reduction can be performed if the configuration
bundle is principal and the symmetry is a subgroup of the structure group
(see [5], [1], [4]). The theory for general covariant Lagrangian reduction is
still in development and the principal bundle case mentioned before is the
only one which is completely understood. In the dynamic approach, if the
Lagrangian has a symmetry group, one can apply the usual reduction pro-
cedures from classical mechanics. Thus, given a symmetric field theoretical
Lagrangian density, the question naturally arises if one can construct an
associated dynamic Lagrangian admitting also a symmetry and if yes, how
are the two reduction procedures (covariant and dynamic) related.

In this paper we propose a new approach to dynamic reduction of classi-
cal field theories on principal bundles. Let P — X be a right principal G-
bundle and £ : J'P — A" X a Lagrangian density, where dim X = n+1.
For simplicity, we assume that the spacetime X admits a standard slic-
ing X = R x M for some manifold M and that P = R x Py, where
Py — M is a principal G-bundle. To the density £ we associate a family
of time-dependent Lagrangians Lffo : TGau(Py) — R, where Gau(Pyy) is
the gauge group of the G-principal bundle Py; — M and I'y is a connection
on Py;. This gives a function L* : TGau(Py) x Conn(Py) — R if we think
of Ty as a variable; here Conn(Pys) denotes the space of connections on the
bundle Py; — M. Remarkably, if £ is G-invariant, it turns out that L*
is Gau(Pys)-invariant. This is reminiscent of the Utiyama trick by which
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one defines a gauge invariant Lagrangian from a G-invariant Lagrangian by
substituting the derivatives by covariant derivatives. Thus the affine Euler-
Poincaré reduction, introduced in [8] in order to deal with symmetry reduc-
tion for complex fluids, can be applied to L* to yield a reduced Lagrangian
1 : gau(Py) x Conn(Pyr) — R together with the associated reduced
equations of motion and variational principle on gau(Pys) x Conn(Pay),
where gau(Pys) denotes the Lie algebra of Gau(Pys). In this context, the
reduced Euler-Lagrange equations are called affine Euler-Poincaré equa-
tions. Concerning the covariant description, since the Lagrangian density
L is G-invariant, one can perform covariant reduction leading to a La-
grangian density ¢ : (J'P)/G — A"T'X together with the equations of
motion and variational principle on (J'P)/G. In this context, the reduced
Euler-Lagrange equations are called covariant Fuler-Poincaré equations.
The main result of the paper states that the equations obtained by covari-
ant reduction of the density £ are equivalent to the affine Euler-Poincaré
equations obtained by dynamical reduction of the Lagrangian L*. Thus,
our results show that the underlying geometry of this new dynamical re-
duction is identical to the one usually employed in rigid body dynamics or
continuum mechanics.

It should be noted that there is a main difference between the covariant
and the dynamic reduction processes. A solution of the covariantly reduced
system, that is, a connection ¢ on P — X, is the projection of a solution
of the original system if and only if ¢ is flat. In the dynamic approach
no additional condition is imposed to reconstruct solutions. It is shown
that the advection equation in the affine Fuler-Poincaré system in the dy-
namic approach is equivalent to the flatness of the connection, which is the
compatibility condition for reconstruction in the covariant approach.

We note that our construction is different from the one in [2]. They
associate to £ a time dependent instantaneous Lagrangian L : TT'(Py) —
R obtained by the classical procedure (see e.g. [10], [9]), where I'(Pyy)
denotes the space of local sections of the principal G-bundle Py, — M.
If £ is G-invariant then the construction of L implies that it is also G-
invariant and hence, by Lagrange-Poincaré reduction, one obtains a reduced
Lagrangian ! : (TT'(Py))/G — R and the corresponding Lagrange-Poincaré
equations (see [3] for details of this construction). In [2] it is shown that
the evolution equations determined by £ : (J'P)/G — A""'X and [ :
(TT(Par))/G — R are equivalent. As before, the reconstruction of solutions
from the covariantly reduced system necessitates the flatness of the solution
connection whereas the reconstruction of the dynamically reduced system
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1128 Frangois GAY-BALMAZ & Tudor S. RATIU

does not need any additional hypotheses. This difference is only apparent
since, in the dynamic approach, the configuration manifold T'(Pys)/G is
interpreted as the space of flat connections and hence the compatibility
condition appearing in covariant reduction is built into dynamic reduction.

The paper is structured in the following way. It begins with a presenta-
tion of the covariant FEuler-Poincaré reduction in Section 2. All formulas
are explicitly computed in the case of a trivial bundle over spacetime. In
Section 3 the affine Euler-Poincaré reduction in the formulation useful to
the theory of spin systems is recalled; in particular the bundle is trivial. The
passage from covariant to dynamical reduction in the case of trivial prin-
cipal bundles and the equivalence of the reduced equations is presented in
Section 4. Affine Euler-Poincaré reduction for non-trivial principal bundles
is formulated in Section 5. Section 6 contains the main result of the pa-
per: the passage from covariant to dynamic reduction for general principal
bundles and the equivalence of the two reduced systems.

2. Covariant Euler-Poincaré reduction

In this section we present all the background material for covariant re-
duction of principal bundle field theories. We begin by recalling the general
covariant Lagrangian reduction procedure and work out in detail all for-
mulas for trivial bundles which are needed in later sections.

2.1. The general case

Let X be a (n+ 1) dimensional manifold and let 7 : P — X be a right
principal bundle over X, with structure group G. For U C X an open
subset, we will denote by 7y : Py — U the restricted principal bundle
over U.

The first jet bundle is the affine bundle J'P — P over P whose fiber at
p is

JyP ={yp € L(T,X, T,P) | Ty, = idr, x },

where x = 7(p) and L(T, X, T, P) denotes the linear maps vy, : T, X — T, P.
Given a local section s : U C X — Py, the first jet extension of s is the
section jls of the fiber bundle J' Py — U C X defined by jls(m) := Ty,s.
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A global section exists if and only if the bundle is trivial. The structure
group G acts naturally on J!P, the action being given by

Vp = TPy :=T Dy 0y,

The resulting quotient space J'P/G is an affine bundle over X, whose
sections can be identified with principal connections on P.

A Lagrangian density is a smooth bundle map £ : J'P — A"T1X over
X, where n +1 = dim X. It is said to be G invariant if

LT®gvp) = L(Wp),

for all g € G. In this case, £ induces a reduced Lagrangian density ¢ :
JYP/G — A" X. For simplicity, we suppose that X is orientable and we
fix a volume form p on X. In this case we can write £ = Lu, and £ = p,
where

L:J'P—R, (:J'P/G—R.
Given a principal connection A on P and denoting by V P the vertical
subbundle of TP, we have an affine bundle isomorphism over P defined by

(2.1) Fa:J'P— L(TX,VP), Falyp) =1, — Hory,

where L(TX,VP) — P denotes the vector bundle whose fiber at p is
L(T,X,V,P) and H0r;,4 denotes the horizontal lift with respect to A. Note
that for 6, € L(T, X, V,P) we have

FA(’YP + (sp) = fA('Yp) + 510'

The map F 4 drops to the quotient spaces and gives an affine bundle
isomorphism over X

Va:J'P/G — L(TX,VP/G), Wul(ly)) = [7, — Hor}'] .
Note that for [6,] € L(T X,V P/G), we have

Y A([vp + 0p]) = W al[rp]) + [0p]-

We denote by AdP := (P x g)/G the adjoint bundle and by [p,{]¢ an
element in the fiber (Ad P),,z = 7(p). Recall that there is a vector bundle
isomorphism

c:AdP—-VP/G

over X, given by o ([p. £l) = [€p(p)], where

d

(2.2) plp) = o

q)exp(tf) (p) € VPP
t=0
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1130 Frangois GAY-BALMAZ & Tudor S. RATIU

is the infinitesimal generator. The inverse of o is given by o, '[v,] =
[p, A(vp)]e. As a consequence, we can see ¥ 4 as a bundle map over X
with values in L(T'X, Ad P), given by

Uy :J'P/G — L(TX,AdP), [y]+ [p, Amle,

where L(TX,Ad P) — X denotes the vector bundle whose fiber at z is
L(T,X,Ad P;) and (A-v)(up) := A(p) (p(up)) for any u, € T,P.
~ The reduced Lagrangian density on L(TX,Ad P) is defined by ¢4 :=
oWl

Remarks. — (1) The isomorphism ¥ 4 is the analog, for J'P/G, of the
connection dependent vector bundle isomorphism
(2.3) TP/G —-TX ®&x AdP, [uy] — (Tpym(up), [p, Alup)lc) -

(2) Note that J'P/G is only an affine bundle. However the choice of a
connection A allows one to endow J'P/G with the structure of a vector
bundle, by pulling back the vector bundle structure of L(T'X, Ad P). The
zero element in the fiber at = is [Hor]ﬂ.

(3) The fact that the affine bundle J'P/G has the vector bundle L(TX, AdP)
as underlying linear space reflects the fact that the sections of J'!P/G are
principal connections and that the affine space Conn(P) of all principal
connections on P has Q'(X,Ad P) = I'(L(TX, Ad P)) as underlying vec-
tor space. Given a section o of J'P/G, the associated principal connection
on P — X is denoted by A% and is determined by the condition

(2.4) [Hor;‘” (vx)] = o(2)(va),

forallp € P and all v, € T, X,z = 7(p).
(4) Note that if [y,] € (J'P/G),, x = 7(p), then [p, Ay,)c € L(T, X, Ad P;).
Indeed, applying [p, A-y,]e to a vector v, € T, X, we get the vector

[p, A(vp(ve))]e € Ad P

Given a local section s : U C X — Py, its reduced first jet extension is the
local section o : U C X — J1Py /G defined by

o(z) = [j's(x)].
We will also define its reduced first jet extension associated to the connection
A given by the local section o4 : U € X — L (TU, Ad Py) by

o (x) = Wa(lj's(@)]) = [s(2), A-Tus]c-

Note that a section of the vector bundle L (TU,Ad Py) — U C X can
be interpreted as a one-form on U C X taking values in the vector bundle
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Ad Py, that is,
I'(L(TU,Ad Py)) = Q' (U,Ad Py).
For example, we have o4 € Q(U, Ad Py).
We now state the covariant Euler-Poincaré reduction theorem, see [5].

THEOREM 2.1. — Let w : P — X be a right principal G-fiber bundle
over a manifold X with volume form y and let £ : J'P — A"T'X be a
G invariant Lagrangian density. Let £ : J'P/G — A"*'X be the reduced
Lagrangian density associated to L. For a local section s : U C X — Py,
let 0 : U — J'Py/G be the reduced first jet extension of s and let o :
U — L (TU, Ad Py) be defined as before, where A is a principal connection
on the bundle Py — U. Then the following are equivalent:

e The variational principle

5/U£(jls) =0

holds, for vertical variations along s with compact support.

e The local section s satisfies the covariant Euler-Lagrange equa-
tions for L.

e The variational principle

5/{/(0):0

holds, using variations of the form
do = VAT] - [UAaT]]’
where n: U C X — Ad Py is a section with compact support, and
VA T(Ad Py) — QYU, Ad Py)
denotes the affine connection induced by the principal connection
A on PU.
e The covariant Euler-Poincaré equations hold:

W 00 5
: _ * -
div 5o Tr (adaA ; ) )

7 .
where 5o is the section of the vector bundle L (TU,Ad Py)" =
g
L (T*U, Ad P}) defined by

YA d
%(Cm) =7

Lo(z) +tly),

t=0

TOME 60 (2010), FASCICULE 3



1132 Frangois GAY-BALMAZ & Tudor S. RATIU

for ¢, € L(T,X,Ad P,),z € U, and where
div? : T(L(T*U, Ad P%)) = (U, Ad Pj;) — T(Ad Py).

denotes the covariant divergence associated to the connection A,
defined by the condition

div(w-n) = (divA w) -+ w-V=An,
for all w € X(U,Ad P*) and n € T'(Ad P).

Remarks. — (1) One can also write the covariant Euler-Poincaré equa-

tions in terms of /4 on L(TU, Ad P). Using the equality

STA o0

SoA b0’
the covariant Euler-Poincaré equations read

504 504
A B *

(25) le 50_7-/4 = — TI' (adoA W) .

(2) Not any solution of the covariant Euler-Poincaré equations comes from
a solution of the original covariant Euler-Lagrange equations of £. An extra
equation, a compatibility condition, must be imposed. This condition simply
reads

d4” A% = 0;
that is, the principal connection A? associated to the critical section o
must be flat.

2.2. The case of a trivial principal bundle

Let us work out the previous theory in the case of a right trivial principal
G-bundle

7:P=XxG—-X, ===z,
where p = (x,¢g). The tangent map to the projection reads simply
Tr:TX xTG —TX, Tr(ug, &) = Us.

The first jet bundle J'P — P can be identified with the vector bundle
L(TX,TG) — P. More precisely, we have JIP(Lg) ~ L(T, X, TyG). Indeed,
any Y(z,g) € L(ToX, T, X x T4G) reads

V) () = (a2(tz), bz g) (uz))

ANNALES DE L’INSTITUT FOURIER
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where a, € L(T,X,T,X) and b(, 4 € L(T,X,T,G). Thus, the condition
T7T(Y(2,9)(Uz)) = uy reads

Ay = idex.
As a consequence, any (. q) € J' Py g) is of the form
'Y(m,g)(ux) = (umb(z,g)(uw))v b(a:,g) € L(T, X, TgG)v

that is, we have (. 4y = td7,x X b(z,q), and we can identify v, 4 with
b(x,q)- This proves that

J' Py = L(T, X, T,G).

Concerning the reduction of the tangent bundle, the tangent lifted ac-
tion of G on TP reads (uz,&n) — (uz, TR¢Ep). Thus the class [ug, &) can
be identified with the element (u,, TR,-1&,). More precisely, we have the
vector bundle isomorphism

TP/G —TX x g, [tz &) (g, TRy—1&,).

This isomorphism corresponds to the choice of the standard connection
A(z, g)(uz,&y) = TLy-1&, in the identification (2.3), that is, the horizontal
space H, P = T, X x {0}. In the case of a general connection A on P,
the vector bundle isomorphism (2.3) reads

TP/G - TX xg, [ug,&) (ug, A@)(uz) + TRy-1&,),
where A € Q'(X, g), denotes the local expression of A, that is,
Az, 9)(ug, &) = Adg-1 (Z(x)(ux) + TRg_1§g) )

Concerning the reduction of the first jet bundle, the action of G on
V(z,g) € J'P ~ L(TX,TG) reads

b(z,g) = TRp-b(z,g),

and we can identify the class [y(,,g)] With the element (idg, x, TR, " -b(y 4))
and we have the bundle isomorphism

J'P/G — L(TX,a), [Va.g))— TR, b

This isomorphism corresponds to the choice of the standard connection for
W 4. In general, the map ¥ 4 reads

J'P/G — L(TX,3), [Nugl— Al@)+TRy-1be ),

TOME 60 (2010), FASCICULE 3
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since Y(z,g) = td7, x X b(y,g). Indeed,
Vs (V) = [(2,9), Az, 9)- (id1, x, b(2.g)) ]
= [(@,9), Adgr (A@) + TRy=1 s, )|
= [(@,€), A(@) + TRy -b(a )]
Thus, using the identification of Q' (U, Ad Pyy) with Q(U, g) valid in the
trivial case, we can identify W 4(v(s,4)) With
A(z) + TRy-1-b(yq).-

(z,5(x)) where 5 €
z) = (uz, Tps(ug)) €
)EL(T X, T5()G).

A local section s : U C X — P reads simply s( ) =
F(U,G), and its first jet extension is j1s(x)(u,) =Tes(u

J P 5(z)) which can be identified with 7,5(u,) =j"5(x
The reduced first jet extension o := [j's] reads

O’(I) = [idme,T .§]

and this class can be identified with o(x) = TR__( ) Tos. As before, this

corresponds to the choice of the standard connection for ¥ 4. Note that, by
(2.4), the principal connection associated to o is

A?(2) = =T Ry(y)-1-T05 = =5 ().

For a general connection A, the reduced first jet extension o4 € Q' (U, Ad Py)
associated to A can be written

o) : = Wa(lj's(@)]) = [s(2), A-Tus]
= [(z, s(z)), A-(idr, x, T5)] ¢
= [(x, 5(x)), Adg(z)-1 (X(m) + T Rs(z)—1 'ng)]c
= [(z,¢), A(x) + TR5q)—1 - T:5]
=: [(x,e)ﬁA(x)]G.

Thus, using the identification Q' (U, Ad Py) ~ Q(U, g) valid in the case of
a trivial bundle, we can identify o4 with & given by

o (x) = A(x) + TRys(p)-1 To5 = A(z) + 6(z) € L(TX, g).

As a consequence, in the trivial case, the covariant Euler-Poincaré equa-

tions _
A ol
divt — 5o = ad’ 4 3o
read ~
=T ol
A _ *
div 5 At 55

ANNALES DE L’INSTITUT FOURIER
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or, equivalently,

50
div —=—ad: — or div ?—=0.
o o
Similarly, the constrained variations
05 = dn — 04, 1)
become
60 =dn — [, 7).

In the case of a trivial principal bundle, the covariant Euler-Poincaré re-
duction theorem can be stated as follows.

THEOREM 2.2. — Let m: P = X x G — X be a trivial right principal
bundle, with structure group G, over a manifold X endowed with a volume
form p. Let £ : J'P — A""'X be a G invariant Lagrangian density.
Let ¢ : J'P/G ~ L(TX,g) — A" X be the reduced Lagrangian density
associated to L. For a local section 5 : U ¢ X — G, let 6,64 : U —
L(TU,g) be defined by

o(x) = TRg(w)—l -T,s and 5A(I) = Z(x) + TR§($)71 ‘T,5 € L(TU, g),

where A is a principal connection on the bundle Py = U x G — U. Then
the following are equivalent:

e The variational principle

5/U£(j13) =0

holds, for vertical variations along s with compact support.

e The local section s satisfies the covariant Euler-Lagrange equa-
tions for L.

e The variational principle

5/ La(x) =0
U
holds, using variations of the form
0 = d*n — [6%,n] = dn — [&,7],
where n: U C X — g has compact support, and
dt: F(U,g) - Q' (Ug), d'n=df+[A4 f]

is the covariant differential on trivial principal bundles.

TOME 60 (2010), FASCICULE 3



1136 Frangois GAY-BALMAZ & Tudor S. RATIU

e The covariant Euler-Poincaré equations hold:

(2.6) divzg =—Tr(ad;a 6*{ ;
00 00
5t :
where 5518 the section of the vector bundle L(TU, g)* = L(T*U, g*)
a
defined by
5l dl 5.
%(gv) E % o £(0($) + tCJ;)v

for ¢, € L(T,X,g),x € U, and where

div* : T(L(T*U, g*))=X(U, g*) — F(U, g"), divA w=divw — Tr (ad%w)
is the covariant divergence (for a trivial principal bundle) associated
to the connection A.

3. Affine Euler-Poincaré for spin systems

We now recall from [8] the process of affine Euler-Poincaré reduction as
it applies to spin systems. This general procedure explains the geometric
structure of many complex fluid models. The key idea of this method is to
introduce new advection equations containing affine terms.

Given a manifold M and a Lie group G, we can form the group F (M, G)
of G-valued maps on M.

e Assume that we have a Lagrangian
L:TF(M,G)x Q' (M,g) — R
which is right invariant under the affine action of A € F(M, Q)
given by
06X 7) = (A XA, 04 (7)), Oa(y) == A7IyA + ATHdA.
e For a fixed vy € Q(M, g), we define the Lagrangian
Ly, :TF(M,G)—R

by L, (x;x) := L(x;X,7). Then L., is right invariant under the
lift to TF(M,G) of the right action of F(M,G),, on F(M,G),
where F (M, G)., denotes the isotropy group of 4o with respect to
the affine action 6.

e Right invariance of L permits us to define the reduced Lagrangian

I1=1(v,y): F(M,g) x Q"(M,g) — R.

ANNALES DE L’INSTITUT FOURIER
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e For a curve x(t) € F(M,G), let v(t) := x(t)x(t)~! € F(M,g) and
define the curve v(t) as the unique solution of the following affine
differential equation with time dependent coefficients

¥+dv =0,

where d”v = dv + ad, v and with initial condition ~o. The solution
can be written as

() = Ox-170 = x(Brx(®) 7"+ x(B)dx ()"
THEOREM 3.1. — With the preceding notations, the following are equiv-
alent:
e With v held fixed, Hamilton’s variational principle
to
5 [ L ket =
1

holds, for variations dx(t) of x(t) vanishing at the endpoints.
e x(t) satisfies the Euler-Lagrange equations for L., on F(M,G).
e The constrained variational principle

6L”uwwmumﬁ:m

holds on F(M,g) x Q' (M, g), upon using variations of the form

v =C—[r(, & =-d%,
where ((t) € F(M, g) vanishes at the endpoints.
e The affine Euler-Poincaré equations hold on F(M,g) x QY (M, g):
0 6l ol ol

OO0 aar 2 i 2
ooy Mg, TV S

Note that this reduction process generalizes easily to the case of a time
dependent Lagrangian.

In order to formulate the affine Euler-Poincaré equations above, one has
to choose spaces in (weak) nondegenerate duality with the spaces F (M, g)
and Q! (M, g), relative to a pairing (, ). The associated functional derivative

(v +1C).

is defined by
ol d
(56)=

It will be convenient to choose as dual spaces F(M,g*) and X(M, g*),
respectively, where the duality pairing is given by contraction followed by
integration over M, with respect to a fixed volume form on M.

TOME 60 (2010), FASCICULE 3
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4. Covariant to dynamical reduction for trivial bundles

In this section we work exclusively with trivial principal bundles. We
introduce a new dynamical Lagrangian associated to a symmetric field
theoretic Lagrangian density and show that it is gauge group invariant.
Covariant and dynamic reduction is performed and it is shown that the
resulting reduced equations are equivalent.

Given a manifold M we consider the manifold X = R x M which plays
the role of spacetime. For simplicity we suppose that M is orientable, with
volume form pps, and we endow X with the volume form p = dt A pyy.
Given a Lie group G, we consider the trivial principal bundles

vy Py =MxG—M and 7:Px =XxG— X.
Recall the we have the vector bundle isomorphisms
J' Py — L(TM,TG)

and
J'Px — L(TX,TG) = L(TR,TG) xpy, L(TM,TG)

over Py and Px respectively. Note that every element b, 4 € J Ip ~
L(TX,TG) reads

(4.1) b(a.g) = (D(t.g) bim.g))

where b o) € L(T;R, T,G) and by, oy € L(T,, M, T,G).
We consider a G invariant Lagrangian density £ : J'Px — A"T1X.
Using the decomposition (4.1), we can write

L(ba.g)) = £ (br.9: bm.g)) -
We are now ready to define the main object of this paper.

DEFINITION 4.1. — Let £ : J'Px — A""'X be a G-invariant La-
grangian density. The instantaneous Lagrangian is defined by

LE = LE(tx, %) I x TF(M,G) x Q'(M, g) — R,

(42) Lt /Etx ), dx(m) — x(m)y(m))par-

The Lagrangian L* has the remarkable property to be invariant under
the affine action of F(M,G). This is stated in the following theorem.
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THEOREM 4.2. — Consider a G invariant Lagrangian density £ : J'P —
A"1X and its associated Lagrangian L* defined in (4.2). Then for all
A € F(M,G), we have

LE(t, XA, XA AT YA+ ATTAA) = LE(t ), X, 7).
Proof. — We have

LE(A KA A A A1) = [ (e, d(e) ~xA(A A +471dA)
M

= / L(t, xA, dxA + xdA — xyA — xdA)
M
= /M L(t, XA, (dx — x7)A)

=/ L(t,x,dx — x7v)
M

= LE(t, X, X, 7)-
0

Recall that given an affine invariant, possibly time dependent, Lagrangian
L on TF(M,G) x QY(M,g) and a fixed 7o € Q' (M, g) we can reduce the
Euler-Lagrange equation for L., and obtain the affine Euler-Poincaré equa-
tions

0 4l ol ol
4. — = —ad® = +div? —
(43) ot dv & ”6u+ v 5y’
where v = xx ' and v = xyox ' + xdx L.

On the other hand, since the Lagrangian density £ on J!'P is invariant,
we can reduce the covariant Euler-Lagrange equations for £ and obtain the
covariant Euler-Poincaré equations for the reduced Lagrangian density /.
Using that X = R x M, we obtain that the jet bundle J' P is isomorphic
to the vector bundle L(TR,TG) x L(TM,TG). Thus, given a local section
5 =35(t,m) € F(U,G) of P, where U = I xV C Rx M = X, its first jet
extension reads

T5 = (5,d5).
Similarly, the fiber (J1P/G), of the reduced jet bundle is isomorphic to
the vector space
L(T:X,g) = L(TiR, g) x L(T,nM,g), == (t,m).
Thus, the reduced first jet bundle extension ¢4 € Q(I x V, g) reads
A _ ( 1 2)

G oo

and we have 6} :=a'(t, ) € F(M,g) and 77 :=52(t, ) € QY(M,g).
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Note that a principal connection A on Py reads
A, 9) (s s &) = Adg1 (A (@)u+ A (@) (um) + TRy, )
x=(m)eU=IxV.
Thus, we obtain that 4 = (¢!,52) is given by
5 (x) = A'(2) + TRyw)-15(x), 2(z) = A*(2) + TRs() 1 d5()

Choosing the standard connection (TL;IEQ) on P, the covariant Euler-
Poincaré equations (2.6) become in this case

0 ot —I—divﬁ:—adf M—Tr(ad’f 65),

ot 651 552 7' 551 7 552
which can be rewritten as
o &0 50 - o0
4.4 — = _adh, div(—o2) [ = 2=
(44) Dissr | Mot gm T ( 5&2)’
for

' =TR.1-5 and &2 =TR;1-ds.

Note the remarkable fact that equations (4.3) and (4.4) are identical! In-
deed, it suffices to set v(t)(m) = ' (z), x(t)(m) = 5(z),v(t)(m) = —5%(z),
and 79 = 0. This fact is explained in the following theorem, which is the
main result of this section.

Note that, in (4.3) and (4.4), the functional derivatives of £ and I belong
to the same space in spite of the fact that the Lagrangians ¢ and [ are
defined on different spaces. This is explained by the fact that the respective
functional derivatives are defined differently. The functional derivatives of
¢ are simply fiber derivatives whereas the functional derivatives of I involve
integration.

THEOREM 4.3. — Consider a local section § = 5(x) : U =IxV — G of
the trivial principal bundle X x G — X, where X = Rx M and x = (t,m),
and its reduced first jet extension ¢ = (o',5%) € Q'(I x V, g).

Define the curve x(t) € F(V,G) by x(t)(m) := §(x), and the curves
v(t) :== x(t)x(t)~t and y(t) := —dx(t)x(t)~! € QY(V,g). Thus we have

v(t)(m) =o' (z) and A(t)(m)=—0*(w).

Consider a Lagrangian density £ : J'P — A" X and define the associ-
ated time dependent Lagrangian Lfy:0 I xTF(V,G) — R by

L’Yo (ta X:X) = AZQ’X’ dX - X’YO),UV7

for all v € QY(V, g).

ANNALES DE L’INSTITUT FOURIER



A NEW LAGRANGIAN DYNAMIC REDUCTION IN FIELD THEORY 1141

Then the corresponding reduced Lagrangians verify the relation

l(t,l/,’y):/g(t’lj, _V)MV
14

and the following are equivalent:
(i) Hamilton’s variational principle
ta
a/"Lauwaamﬁ:m
t1

holds for variations 0x(t) of x(t) vanishing at the endpoints.
(ii) The curve x(t) satisfies the Euler-Lagrange equations for Lo on
F(V,G).

(iii) The constrained variational principle
ta
5 [ it =0,
ty

holds on F(V,g) x Q*(V, g), upon using variations of the form

ov = ¢— [V’ C]v 57 = 7d’YCa

where ((t) € F(V,g) vanishes at the endpoints.
(iv) The affine Euler-Poincaré equations hold on F(V,g) x QY(V, g):

9 ol 5l 5l
g gx 9 oy 90
atoy vy, VG

(v) The variational principle

(5/U£(j13) =0

holds, for variations with compact support.
(vi) The section s satisfies the covariant Euler-Lagrange equations
for L.
(vii) The variational principle
1) / L(o(z)) =0
U
holds, using variations of the form

where 7 : U C X — g has compact support, and d denotes the
derivative on X.
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(viii) The covariant Euler-Poincaré equations hold:
4 4
div_——=—-Tr{ad: —|.
V5o (a 4 50)
where div denotes the divergence on X.

Proof. — The statements (i) — (iv) are equivalent by the affine Euler-
Poincaré reduction theorem. The statements (v) — (viii) are equivalent by
the covariant Euler-Poincaré reduction, where the trivial connection has
been chosen. As we have seen before, equations (iv) and (viii) are equiva-
lent since o' (x) = v(t)(m) and a2(x) = —y(t)(m). O

One can also check that the constrained variational principles (iii) and
(vii) are identical. Indeed, if n(z) = £(t)(m), we have dn = (9, + d¢ and
[a,n] = [v,¢]0r — [, (], thus 66 = dn — [7, 7] is equivalent to

bv=(—1[v,¢{] and d&y=-d"¢C.

Compatibility condition. As we have mentioned before, the covariant
Euler-Poincaré equations are not sufficient for reconstructing the solution
of the original variational problem. One must impose the additional com-
patibility condition given by the vanishing of the curvature:

d* A% =0,

where A is the connection associated to the reduced jet extension o. Recall
the in the case of a trivial principal bundle, we have

A7 (2) = =a(z) = =(v(t)(m), —y(t)(m)) = (=v(t)(m), 7 (t)(m)).
and we get
AN A7 o d 7 (—5) = 0 & { 3?;3 .

The compatibility condition of the covariant point of view is equivalent to
the affine advection equation v+ d”v = 0 of the connection ~ together with
the vanishing of the curvature d”y = 0 valid in the particular case 7y = 0

5. Affine Euler-Poincaré reduction on a principal bundle

We now generalize the theory developed in Section 3 to the case of a not
necessarily trivial right principal bundle Py; — M with structure group G.
We begin by recalling our conventions and the necessary facts used in the
subsequent sections; for details and more information see [7].
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The group of gauge transformations of Py is the group Gau(Py) of all
diffeomorphisms ¢ of Py such that mps 0 = mpr and po®y = & 0. The
Lie algebra gau(Pys) of Gau(P)ys) consists of all G-invariant and vertical
vector fields U on Pys. Thus gau(Pyy) can be identified with the Lie algebra
Fa(Pu,g) of all equivariant maps U : Py — g, that is, we have

U(Q4(p)) = Ady-1U(p), forall geG.
The Lie algebra isomorphism is given by
U€ Fa(Pu,g)— U € gau(Py), Ulp) = U(p))p (p),

where, for £ € g, {p is the infinitesimal generator defined in (2.2). We can
also identify Fg(Par,g) with the Lie algebra I'(Ad Pyy) of sections of the
adjoint bundle, the identification being given by

U e Fa(Pg)—UEcT(AdPy), U(m):=[p,U(p)lc.
The dual space to gau(Pyy) is given by
gau(Py)* = {a e T ((VP)") | ®ja = a},

that is, for all p € P, a(p) is a linear form on the vertical space V, P and
we have

(@, () (T, (1)) = alp) (), forall g € G.

The duality pairing is given by integration, over M, of the function m
a(p)-U(p), 7(p) = m, that is

(0, U) = /M o(p) Up)um

The dual space gau(Pys)* can be identified with the spaces Fg(Pas, g*)
and I'(Ad P;;) as follows:

a € gau(Pu)* — p € Fo(Par,g%),  p(p) = J(a(p)),

where J : T*P — g is the momentum map of the cotangent lifted action of
G on T* P, and

(5.1)  p:Fa(Pu,g") — g eT(AAPY), A(m) = [p,u(p)lc-
Denoting by Q4 (P, g) the space of all g-valued one-forms on Py sat-
isfying the condition
Qjw=Adg1ow
and by X (P, g*) the space of all g*-valued vector fields on Py satisfying

OIX = Ad) o0 X,
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we have the L? duality paring between Xg(Par, g*) and Q¢ (P, g) given
by

(w, X) = /M w(p)-X(p)

We will consider the subspace QL(Pys,g) C QL (P, g), consisting of all
g-valued one-forms w on Py; such that

Plw=Adg1ow and w(p)=0, forallge Gand{e€y,

and the subspace X(Pys, g*) C Xg(Pyr, g*), consisting of all g*-valued vec-
tor fields X on P,s such that
P X =Ad;oX and X(p) € L([V,P]°,g%),

where [V, P]° := {o, € Ty P | ay,(Ep(p)) = 0 for all £ € g}. The L? duality
pairing restricts to these subspaces.

The space W(PM, g) is of special importance since it is the underlying
vector space of the affine space Conn(Pys) of all principal connections on
Pys. Note that Q(Pyy, g) can be identified with the space T(L(T'M, Ad Pyy))
of all sections of the vector bundle L(T'M, Ad Py;), the identification being
given by

we QY (Pr,g) — @ e N(L(TM,Ad Pyr)), @(m)(vm) = [p,w(p)(up)]a,
where u, € T,Pyr is such that T7(u,) = vp,. In a similar way, its dual
space X(Pyr, g*) is identified with the space I'(L(T*M, Ad P},)), the iden-
tification being given by
(5.2)

X € X(Py,g") — X e I(L(T*M,Ad Pyy)), X(m) :=[p, X o (Tpym)*],

In the case of a general principal bundle Py; — M, Theorem 3.1 gener-
alizes as follows.

e Assume that we have a Lagrangian
L :TGau(Py) x Conn(Pp) — R
which is right invariant under the action of ¥ € Gau(Pys) given by
(5:3) (0, 1) = (poth, ot ¢ T).
e For a fixed Ty € Conn(Pyy), we define the Lagrangian
Ly, : TGau(Py) — R

by Lr,(p,¢) := L(p,$,Tg). Then Ly, is right invariant under the
lift to TGau(Pys) of the right action of Gau(Pas)r, on Gau(Pyy),
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where Gau(Pys)r, denotes the isotropy group of I'g with respect to
the action (5.3).
e Right invariance of L permits us to define the reduced Lagrangian
I =1(U,T): gau(Pyr) x Conn(Pyr) — R.

e For a curve ¢; € Gau(Pyy), let Uy := ¢y 0 <p;1 € gau(Pys) and
define the curve I'; as the unique solution of the following affine
differential equation with time dependent coefficients

r+d'u =0, T(0)=T,

where A"/ = dif + [T, U] is the covariant derivative. The solution
can be written as

ry= (%)*F(y

Below, the functional derivative 0l/0U is interpreted as an element of
Fc(Pas,g*) and 61/6T is interpreted as an element in X(Pys, g*). The co-
variant divergences

div' : X(Pu,g*) — Fo(Par, g%)
and
div' : T(L(T* M, Ad Py;)) — T(Ad P¥)

are defined as minus the L? adjoint to the the covariant derivatives
d" : Fo(Pu,g) — QL(Py,g) and V' :T(AdPy) — T(L(TM,Ad P)),
respectively.

THEOREM 5.1. — With the preceding notations, the following are equiv-
alent:

e With I'y held fixed, Hamilton’s variational principle
ta

5 [ Lnyfe. o)t =o.

t

1
holds, for variations d¢ of ¢ vanishing at the endpoints.
e o satisfies the Euler-Lagrange equations for Lr, on Gau(Pyy).
e The constrained variational principle

ta
5/ (U T)dt =0,
ty

holds on Gau(Pyr) x Conn(Pyr), upon using variations of the form
ou = C - [uv C]a oI = _dFCa
where ((t) € Fa(Pum,g) vanishes at the endpoints.
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e The affine Euler-Poincaré equations hold on Fg(Pa,g)X
Conn(Par):
0 4l ol r ol

a@:—adu——i—dlv —.

(54) ou or

6. Covariant to dynamic reduction

This section contains the main results of the paper. Given a field theo-
retic Lagrangian density defined on the first jet bundle of a not necessarily
trivial principal bundle we construct a new family of real valued dynamic
Lagrangians on the tangent bundle of the gauge group depending para-
metrically on a connection. If the Lagrangian density is invariant under
the structure group of the principal bundle we will show that the dynamic
Lagrangian is gauge group invariant. We perform covariant and dynamic
reduction and show that the resulting reduced equations are equivalent.

6.1. Splitting of the covariant reduction

Let Py — M be a right principal bundle with structure group G. For
simplicity we suppose that M has a volume form p5,. On the manifold X =
R x M we consider the volume form g = dt A pips and the principal bundle
Px :=R x Py; — X. Note that the first jet bundle J' Px is isomorphic to
the bundle V Py x x J'Py;. More precisely, each Ytp) € JlP(typ) reads
(6.1)

Yitp) P TIRX T M — TiRXT, P, ) (£, 0), um) = ((E,0), apv+p(tm)),
where a, € V,P and v, € J' Py.

Consider a G invariant Lagrangian density £ : J'Px — A"t1X. Using
the previous notation, we can write

(6'2) ﬁ(’y(txp)) = ‘C(t’apvfyp)'

In the same way, the reduced jet bundle J! Py /G can be identified with the
bundle (V Py /G) xx (J'Py/G). Recall that the vector bundle V Py /G
is canonically isomorphic to the adjoint bundle Ad Pys, the isomorphism
being given by the map o defined by

[p,€la € (Ad Py), = 0a ([p,€la) == [Ep(P)] € (VPu/G), -

Note that the inverse is

(6'3) O';l[ap] = [ 7A(a;ﬂ)]G’
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where A is any principal connection. Note that the right hand side of
this formula does not depend on the connection A since a, is a vertical
vector. We denote by ¢ the reduced Lagrangian density on J!Px/G =

Given a principal connection Ay; on Py, there is a bundle isomorphism
U4, 2 JPPy /G — L(TM, Ad Py). Thus we get the connection dependent
isomorphism

J'Px /G = (VPy/G) xx (J' Py /G) — (Ad Pyy) xx L (T M, Ad Py)
given by

(6.4) N = ([ap], 1)) — (07 [ap], [, Avrvle) -
Note that the connection Ap; on Pp; naturally induces a connection A
on Px given by A(t,p)((t,v),up) = Am(p)(up). Using the connection
A, we have the bundle isomorphism ¥4 : J'Px/G — L(TX,AdP) =
L(TX,Ad Py) over X. This isomorphism is equivalent to (6.4). Indeed,
using (6.1) and (6.3), given [y )] € J'Px/G and ((t,v),un) € T X, we
have
\I/A([’Y(t,p)])((ta 'U)v um) = [(t,p), A(t,p)((t, ’U), apv + ’Yp(um))]c

= [p, An(ap)v + Ap (hp(um))]

= U;l[ap]v + [P, AM('Vp(um))]G .
As before, we denote by ¢4 := (o \IJ;ll the reduced Lagrangian induced on

L(TX,AdPy) = L(TR,Ad Py) xx L(TM,Ad Pyy)
by the map ¥ 4.
From now on, V' C M will denote an open subset of M and U is defined

by U := I xV C X, where I is an open interval. Given a local section
s: U C X — Px, we will use the identification

Px 3 s(z) = (t,s¢(m)) = s¢(m) € Py, = (t, m)

and we shall regard s; as a local time-dependent section of Py;. Interpreted
this way, the first jet extension reads

jts(x) = (5¢(m), i s¢(m)) € VyayPrr X (J' Pas)s(a)s

where $ denotes the partial derivative with respect to the variable ¢, and
j1s, denotes the first jet extension of the time-dependent section s, of Pyy.
Note that the relation 7y o s; = idy; implies

Tﬂ'M(St(m)) =0 and T7T]\/[~j18t(m) = idTmJVf'

TOME 60 (2010), FASCICULE 3



1148 Frangois GAY-BALMAZ & Tudor S. RATIU

The reduced first jet extension reads
UA(x) =U4 ([]ls(x)]) =Ty ([ét(m),jlst(m)])
=0, ' [3:(m)] + [s:(m), Anr-j'se(m)]
=: (07 (m),07(m)) € (Ad Py),, xx L (T;nM,(Ad Py),,) -

Thus, the reduced jet extension UA(a?) can be identified with the two time
dependent sections o} and o? of the vector bundles

AdPy — M and L(TM,AdPy)— M,
respectively. We can write the reduced Lagrangian as

tA(o(x)) = £4(t, 04 (m), 0} (m)),

and we can identify the fiber derivative g{% with the time dependent sec-

tions B B
A
ool do2
of the vector bundles
AdP}; =M and L(T*M,AdP},)— M,
respectively. Thus, the covariant Euler-Poincaré equations (2.5) reads
d oA 54 54 54
(6.5) ——— 4 div™ — = —ad — —Tr(adl — | .
o 002 o

2
7" §o2

6.2. Definition and gauge invariance of the instantaneous
Lagrangian

Given a G-invariant Lagrangian density £ : J!Px — A"t1X, we write
L=Ldt A,
and we have
ip, L = L.
In order to define the instantaneous Lagrangian we shall need the following

Lemma.

LEMMA 6.1. — Let (p,¢) € TGau(Py), £ : J'Px — A" X be a G-
invariant Lagrangian density, and I' be a principal connection on Py;. Then
for all t, the map

p € Py —ip L (t, o(p), Hori’(‘;) € A" M
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is well defined and G-invariant. Thus, it induces a map
me M ip, L (w( ). Hor?; ! ) € A" M.
Proof. — To show that the map is well-defined, it suffices to see that
(£(0) Hort (1)) € Vi Par x Tl Pas = T P

Thus, it makes sense to evaluate the Lagranglan density £ on it. Note that
for all g € G, we have

£ (tp(@y ), Horfig, ) ) = £ (6T (6(p), 70, - Hor?i)))
=L (t, &(p), Horwzp))

This proves that for all ¢, the map m — L (t, »(p), Hor¢(p)) where m(p) =
m, is well-defined on M. O

We are now ready to states the main definition of this section.

DEFINITION 6.2. — Let £ : J'Px — A™"'X be a G-invariant La-
grangian density. The instantaneous Lagrangian is defined by

L* = L(t,,,T) : I x TGau(Pyr) x Conn(Pyy) — R,

C . L o . Px
(6.6) LE(t, ¢, ¢,T) = /M io, L (?W( ), Horgo(p))

The Lagrangian L has the remarkable property to be invariant under the
right action of the gauge transformation group Gau(Pps). This is stated in
the following theorem which generalizes Theorem 4.3 to the case of non-
trivial principal bundles.

THEOREM 6.3. — Consider a G-invariant Lagrangian density £ : J'P —
A"t1X and its associated Lagrangian defined in (6.6). Then L* is well
defined and for all 1) € Gau(Pys) we have

LE(t,potp, 09, " T) = LE(L ¢, 4, T).
Proof. — For all ¢ € Gau(Pyr) we have

LA(t, 0, g 01, 'T) = /M in, £ (1. @(v(p)) Horl 705 ")

_ /M io, L (t,<p(w(p))»H0fiZ£<p>>> :

Since 1) is a gauge transformation, we can write (p) = ®,(,)(p) where
7: P — G is such that

T(®4(p)) = g_lT(p)g, for all g € G.
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We obtain
P (@) = o (Pr(p) (P) = Prp) (2 (),
and we have Hor? (F( y =T®rp) Hor‘”* . Similarly, we have

o(v(p) = T‘Pr(p)(so(p)),

thus, by invariance of the Lagrangian density £, we can write

LE(, 00 h, ¢ o, §°T) = /M io,£ (£, T+ ($(0)), Ty (Hor?)) ) )

= [ s, L (t,o(p), Hor”: L
/M ( w(p))
- Lﬁ(t? @7 <)-07 F)'
O

Recall from Theorem 5.1 that given a possibly time dependent gauge
invariant Lagrangian

L:IxTGau(Py) x Conn(Py) — R

and a fixed connection I'y € Conn(Pys), a curve ¢ € Gau(Pyr) is a solution
of the Euler-Lagrange equation for Lr, if and only if U := ¢ o p~! €
gau(Pys) and T' := ¢*T'y are solutions of the affine Euler-Poincaré equations

9 sl 5l Pl
900 a0l g
atou ~  Mugy T Sp

where [ : I x gau(Pps) x Conn(Py) — R is the reduced Lagrangian induced
by L.

By G-invariance of £ and £ and ip, £ = Lz, we deduce that ip, £ = Cupy.
Thus, in the case of L*, the reduced Lagrangian is given by

I£(t,U,T) = / io, £ (¢, U (p), Hor, )
M

_ /M it W) [Horh] Y
- o ]

where £ is the reduced Lagrangian density on J'Px /G = (VPy/G) xx
(J1P]V[/G) and (A = (o \11;‘1 is the reduced Lagrangian density on
Ad Py xx L(TM,Ad Py). Recall that ¢4 is defined with the help of a
fixed connection Ap; on Py;. We will always choose

Ay =T,
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where I'g is the initial value of the connection in the affine Euler-Poincaré
picture. We thus have

I“(t,U,T) = /

MEFO (t,?](m), [p, I’0~Hor£]G),uM.

6.3. Affine Euler-Poincaré formulation of covariant reduction
The situation described in the preceding two subsections can be summa-
rized in the following commutative diagram:
L:J' Py — A" X ——— L*: 1 xTGau(Py) x Conn(Py) — R
reduction by G i J{ reduction by Gau(Pas)
0:J'Px/G — A"T1X  ——— 1% . I x gau(Py) x Conn(Pyr) — R.

Given a G-invariant Lagrangian density £ : J'!Px — A" X, we associate
the gauge invariant time dependent Lagrangian

LE(t, . To) = /

iatﬁ (tv So(p)v HOI‘LP*FO) .
M ©(p)

To the reduced Lagrangian density £ : J! Px /G — A" "1 X we associate the

time dependent Lagrangian

I£(t,U,T) := / i, ¢ (t7 U(p)], [Horﬂ)
M

_ /M ié)tgro (t,z;l(m)7 {p7 I‘O.Horﬂ G) .

Then [ is precisely the Lagrangian obtained by reduction of L*. In this

(6.7)

sense we say that the diagram commutes. We now show the link between

L
the functional derivatives of £7° and I*. Recall from Section 5 that ‘;l—u €
Fo(Par,g*) and % € X(Pu,g*). The functional derivatives of (' are
simply fiber derivatives.

LEMMA 6.4. — Consider the Lagrangian I* and (T° as defined in (6.7).
Then we have the relations
U ~ sor MY ST T T e

where we use the isomorphisms ~ defined in (5.1) and (5.2), respectively.
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Proof. — We have
51 SIE

~ d r
' m(m)V(m)uM =y W(P)'V(P)MM = 7 E:Ol (t,U+¢€V,I)
_ d To y ¥ I
= E|_ /MZ (t,U(m) +eV(m), [p7 FO'HOTP}G) 1373
§¢Fo -
=/, F(m)'V(m)uM,

this proves the first equality. We will use the formula

a
de

H01"£+Ew(vm) - (w'Horg(vm)>P (p) © VpPM7
e=0

valid for all w € Q(Pyy, g), the tangent space to Conn(Py;). We have
sIE 51€
~w(m)-wlmpn = | —=(p)-wp)umr =
ot o7 = [, 5T e
d

I(t,U,T + ew)
e=0

L o ]

de

de|._
/ MFO( ) d [ I -Ho F+€w]
= — m . —_— . I‘
" (50‘2 de o b,lo P a 1238
YA
= | Sorm)-[p.To ((wHorf (), )]
YARY r
= _ /M W(m) |:p,w-HOI'p (vm)}GuM
YAy .
== " W(?ﬂ)'tﬂ(m)uM.
This proves the second equality. O

Note that the correspondence of the various Lagrangians holds globally,
that is, on the whole base manifolds X and M. The situation is different
for the dynamics, since a principal bundle admits only local sections unless
the bundle is trivial.

Therefore, from now on, we need to fix an open subset V' C M and an
equivariant map & : Py — G such that

§o(Py(p)) = &o(p)g-

This is equivalent to the choice of a preferred local section sg : V — Py,
given by

SO(m) = (I)fo(p)71 (p)7
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where p is such that 7(p) = m. To the map &, we associate the principal
connection I'g on Py — V by
Lo = TLTé.

We choose an open subset I C R and define U :=1 x V C X. In order to
prove the main result of this section, we will need the following technical
lemma.

LEMMA 6.5. — Let & : Py — G be an equivariant map and I'y be the
associated principal connection as defined above. Let s : U C X — Py C
Px be a local section and ¢, a curve in Gau(Py ), and suppose that they
verify the relation

st(m) = @g,(py-1 (pe(p))-
Then we have

(pt)+To

5¢(m) = T®¢ py-1 (Pe(p)) and glsy(m) = T®¢,(p)-1-Hor (3

The second equality can be rewritten as

jlst (m) = TO,, (p)€o(p)—1 (HOI‘?O + (TRTt(p)*l Tp’l't'HOI‘gO)P (p)) ,
where the curve 1 € Fg(Py,G) is defined by
ie(p) = Pr, () (P)-
Define the reduced objects o' = (o},0?), U, and T' by
'

o (m) = o, [3(m)], oi(m) = [s:(m),To-j'se(m)],, Ui=@iop;

and
Iy = ((Pt)*FO-
Then, we have the relations
ot (m) = o7 [Us(p)] = Uh(m) and of(m) = [p,To-Horft|
The second equality can be rewritten as

ol(m) = [p, TR,y T -Horgo} G

Proof. — The first equality is clearly true. For the second, by differenti-
ating the relation s, om = @551 o ¢ we get

Tsi(T(vp)) = TPe(py—1 (Tnpt(vp) — (TLio(p)*leo(Up))p (p))
= TP¢,p)-1 (Te(vp) — (To(vp)) p (P)) -

By choosing v, = Horg‘J (vm) where v, € T,,, M, we obtain

T'st(vm) = T®¢y(p)—1 (T@t (Horgo (vm))) =T P¢(p)-1 (Hor;ft(z)g*)ro (vm)> .
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To obtain the third equality we note that

Horg'jt(z)’gro = T@t-Horg‘J =T¢,, (p)-(Horg" + (TRTt (p)—lTTt'HOI'gO)P (p)) :

Concerning the reduced objects, we have
op(m) = o, " [3:(m)] = 01 [Te, )1 (96(0)] = 05" [Us(0(p))]
= 0, [Ui(@7, 0y (0))] = 01 [TD, ) Us(p)] = 05" [Un(p)] = Uy (m)
and
o (m) = [su(m). To-s"s:(m)] ¢ = [@ey()-1 (21(9)), Do TPy 1 -Horl |
= [‘I’n o)+ (), T T®r, ()¢ )+ -Hor, }

= [p, T ~H0r£} .

G

For the last equality, we note that
af(m) = [st(m)7I‘0-jlst(m)]G
= [‘Pn(mmp)fl (1), Lo T®r, (p)éo ()1 (H0r£°+ (TRn(prlTTt'HorzF)“) b (p)ﬂ

_ [p, TR, )T -Horgn]

G

G

We are now ready to state the main result of the paper.

THEOREM 6.6. — Consider a right principal G-bundle Py; — M and
define the principal G-bundle Px := Rx Py; — X := Rx M over spacetime.

Let £ : J'Px — A"™"'X be a G-invariant Lagrangian density. Define
the associated reduced Lagrangian ¢ and the associated Lagrangians L*
and 1.

Let s : U =1 xV — Py = R x Py be a local section, choose an
equivariant map &y € Fa(V,G), define the curve

Yt ‘= (I)fo 0S8t O E gaU(Pv),
and consider the reduced quantities
op =0, '8, of =[s,T0j'sile

U=¢rop; ', T'=(p)To,

where 'y := TLffleo.
0
Then the following are equivalent.
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(i) Hamilton’s variational principle

ta
6/ Li/:‘o(ta@tv%bt)dt = 07
t1

holds, for all variations d¢ of ¢ vanishing at the endpoints.

(ii) The curve @, satisfies the Euler-Lagrange equations for Ly, on the
gauge group Gau(Py ).

(iii) The constrained affine Euler-Poincaré variational principle

ta

5/ I1£(t,U,,Ty)dt = 0,

t1

holds on gau(Py) x Conn(Py), upon using variations of the form
U=C—[U], or=-d'(

where (; € Fg(Pyv,g) vanishes at the endpoints.
(iv) The affine Euler-Poincaré equations hold on gau(Py)Xx
Conn(Py):
d 81F . OlF _p OlF
otou
(v) The variational principle

5/U£(j15) =0

holds, for variations with compact support.

(vi) The local section s satisfies the covariant Euler-Lagrange equa-
tions for L.

(vii) The variational principle

5/{/(0):0

holds, using variations of the form
oo = Vron — [Uro,n] ,
where n: U C X — Ad Py is a section with compact support, and
V' . T(Ad Py) — T'(L(TU,Ad Py))

is the covariant derivative associate to the connection Iy, viewed as
a connection on Py .
(viii) The covariant Euler-Poincaré equations hold:

7 5
:To — _ *
div 5o Tr (adgro (50) ,
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where div'® is the covariant divergence associated to the connection
I’y viewed as a connection on Py .

Proof. — The statements (i) — (iv) are equivalent by the affine Euler-
Poincaré reduction theorem. The statements (v) — (viii) are equivalent
by covariant Euler-Poincaré reduction. We now prove that (iv) and (viii)
are equivalent. In §6.1, we have shown that the covariant Euler-Poincaré
equation (viii) can be rewritten as

7T, 7T 7T 7T
9 ot S A _H<ad:2<s£ )

+ div

ot dot do2 o §ol do2
Using Lemma 6.4 and 6.5, this equation can be rewritten as
0 61F I e SI- e
. —— —div® — = —ad;, — +Tr e— .
(6.8) otou W T el g T (a o 5r>

Let p be a section of the adjoint bundle. It can be written as p(m) =
[p, f(p)]g where f € Fo(Py,g). We have

Vios = [p.df(p)(up) + [Co(up), f (Pl
Vs = [P, df (0)(up) + D (), f(0)]] »

[o2,5)(vm) = [p. | Do (Hory (va)) . £)]] -

el
where u,, is such that T'n(u,) = vp,. By choosing u, = Horg (vm) we obtain
the equality
Vs = Vs + 02, 5],
thus, by duality, we get
SIF S§1¢ S1¢
— diVFO (ST = — diVF 6T —+ TI' <ad:;2 61—‘) .

Using this equality, equation (6.8) can be rewritten as

o §IF N 5L . F(Sl‘
orou ~  Mugy TV S

which is exactly the affine Euler-Poincaré equation (iv). O
7. Examples: sigma models and spin glasses
In this section we apply the theory developed in this paper to sigma

models over non-trivial principal bundles, that is, the case of a Lagrangian
density of the form

1
L) = lwlPex, e P,
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where the norm is associated to a right invariant bundle metric K on
J'P over P. In doing this we have used the affine bundle isomorphism
Fa: J'P — L(TX,VP) covering P given in (2.1) and the vector bun-
dle structure of L(T'X,V P) — P. This metric can be constructed using a
pseudo-Riemannian metric g on X, an adjoint invariant inner product
on g, and a connection A on P as follows

K(vp,72) == Trg (v (A, A))

where Tr, is the trace of a bilinear form with respect to the metric g.
Assuming that we have the trivial slicing X = R x M and P = R x Py,
we can choose the pseudo-Riemannian metric g = dt? — gps, where gy is a
Riemannian metric on M, and the connection A((t,v),up) := Aum(up) as
before. In this case, the Lagrangian density reads

1
Llap, ) = 5 (lapll* = Ipl*) dt A par,

where the first norm is associated to the metric induced on V Py; by ~ and
the second norm is associated to gas, 7y, and Aps. The reduced Lagrangian
density ¢4 : Ad Py xx L(TM,Ad Py) — A" X is

1
(7.1) ¢4 (0},02) = 5 (032 = 10212) dt A uay.

Note that, a priori, two principal connections are needed for this example.
The first one appears in the expression of the norm in £ and is part of the
physical problem. The second is needed to identify the reduced jet bundle
with the bundle Ad Py x x L (T M, Ad Pyy) through the map ¥ 4. We have
of course chosen the same connection in both places. In this case, even if the
Lagrangian ¢ is constructed from the connection dependent isomorphism
W 4, its expression does not depend on the connection, since the norms
only involve the metric gy and the inner product . The covariant Euler-
Poincaré equation (6.5) associated to the reduced Lagrangian density (7.1)
for sigma models becomes

d
(7.2) ﬁal —divA™ g2 = Tr (adj2 0?) .

Recall that o} and of are time-dependent local sections of the vector
bundles Ad Py and L (T'M, Ad Pyy) respectively. In writing this equation
we have made certain obvious identifications using the metrics on the
bundles involved in the computation of the functional derivatives. Thus
504 /5ot € Ad Py, but we interpret it as an element of Ad Pj; by using the
bundle metric induced by v on Ad Py;. A direct computation then shows
that 664 /00 is identified with o'. Similarly, 6¢4/50% € L (T*M, Ad P;,)
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is identified with an element of L (T M, Ad Pys) by using the bundle metric
on L (T'M, Ad Py;) induced by v and gjps. A direct computation then shows
that §¢4 /602 is identified with —o2.

According to Definition 6.2, the instantaneous Lagrangian associated to
L is

) 1 ) .
(ool =5 [ (1@ = IHorZg) 1)

From the general theory we know that this Lagrangian is gauge invariant
and that the reduced Lagrangian is given by

W) =5 [ (I = . Aw-Horf ) 1) .

The affine Euler-Poincaré equations (5.4) become

d . Ty T,
(7.3) @Ut = —div (AM-horp ) ,

since we have
S1¢
o
where hor' denotes the horizontal part with respect to the connection
I'. Recall that here U; and T'; are time dependent curves in Fg(Py,g)
and Conn(Py ), respectively. Here we made the same identifications using
various bundle metrics in the calculations of the functional derivatives.

In order to apply the general theory developed previously, we suppose
that the connection Ay, appearing in the norm of the sigma model is of the
form Ay = TLgo—leOv where & is an equivariant map in Fg(Py,G) and
we apply the affine Euler-Poincaré reduction to the Lagrangian Lr,, where
'y = Aps. By Theorem 6.6, the covariant and dynamic reduced equations
(7.2) and (7.3) for sigma models are equivalent.

Remarkably, in the case of a trivial bundle, we recover the theory of spin
glasses as described in [6]. In particular, we obtain the motion equations
via covariant Euler-Poincaré reduction and the dynamic approach agree
with that described in [8] in the case of general spin systems. We indicate
briefly how the Lagrangians simplify in the case of a trivial bundle.

Consider the trivial principal bundle P = X xG — X and the Lagrangian
density £(j1s) := || T'5]|?, where the norm is associated to the right invariant
bundle metric on J!P constructed from a spacetime metric g = dt? — gas
on X =R x M and an adjoint-invariant inner product v on g. We use the
trivial connection on the principal bundle P = X x G — X. Employing
the notations of Section 4, we can write £(j's) := (||5]|* — ||d5]|?)/2 and

the reduced Lagrangian density reads £(at,5%) = (||lat||® — [|a2]/?)/2.

= —AM-horg e QL(Py,qg),
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The corresponding instantaneous Lagrangian L* and its reduced expres-
sion I£ are

. 1 .
EEGekn) = 5 [ (RIP = =) o

e =5 [ (I = 1)

Thus we have recovered the spin glasses Lagrangian [ considered in [6].
The motion equations can be obtained either from L* by dynamic reduc-
tion, or from L by covariant reduction. The covariant and dynamic reduced
equations are

o' +dive? = — Tr (adk»6°) and ©=div 7,

respectively. One can directly see that these equations are equivalent by
recalling the relations

—1 _ =2 __
Ut =V Ut =~V

between the covariant and dynamic reduced variables. Recall that the com-
patibility condition for the first equation (obtained by covariant reduction)
is equivalent to the advection equation ¥+ d”v = 0 and d7vy = 0 that need
to be added to the second equation (obtained by dynamic reduction) to
complete the system. All the considerations above can of course be gener-
alized to arbitrary Lagrangians. In this case, the covariant reduced equation

reads
YA 5l 50 YA
900 a2t — aan, 28 v (aaz, 2L
diser ~WVaz T TR r(a 7 5&2>’

together with the compatibility condition. The dynamic reduced equation
is
c c c
D0 = O i %
together with the advection equation ¥ + d”v = 0 and the vanishing of
curvature d7y = 0.

If M = R and G = SO(3), these systems of equations appear in the
macroscopic description of spin glasses, see equations (28) and (29) in [6].
See also equations (3.9), (3.10) in [11], or system (1) in [12] and references
therein for an application to magnetic media and the expression of more
general Lagrangians. In this context, the variable v is interpreted as the
infinitesimal spin rotation, §1*/6v is the spin density, and the curvature
d7~ is the disclination density.
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