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PATH FORMULATION FOR MULTIPARAMETER
D3-EQUIVARIANT BIFURCATION PROBLEMS

by Jacques-Elie FURTER & Angela Maria SITTA (*)

ABSTRACT. We implement a singularity theory approach, the path formula-
tion, to classify D3-equivariant bifurcation problems of corank 2, with one or two
distinguished parameters, and their perturbations. The bifurcation diagrams are
identified with sections over paths in the parameter space of a D3-miniversal un-
folding K of their cores. Equivalence between paths is given by diffeomorphisms
liftable over the projection from the zero-set of Fy onto its unfolding parameter
space. We apply our results to degenerate bifurcation of period-3 subharmonics in
reversible systems, in particular in the 1:1-resonance.

REsuME. — Nous utilisons une approche de la théorie des singularités pour
classifier des problémes de bifurcation D3-équivariants de corang 2, avec un ou
deux parametres de bifurcation distingués, et leurs perturbations. Les diagrammes
de bifurcation sont identifiés avec des sections sur des chemins dans ’espace des
parametres d’un déployement miniversel D3-équivariant Fy de leur noyau. Les équi-
valences entre les chemins sont données par des difféomorphismes qui se relévent
le long de la projection de I’ensemble des zéros de F) dans l’espace de ses para-
metres. Nos résultats sont appliqués aux bifurcations dégénérées de solutions sous-
harmoniques de période 3 dans des systémes dynamiques réversibles, en particulier
dans la résonance 1 :1.

1. Introduction

This work is about the implementation of a singularity theory approach,
the path formulation, to classify multiparameter bifurcation problems and
their perturbations. We chose problems in corank 2 equivariant with re-
spect to the dihedral group D3 because their classification is only complete
up to codimension 1 in the literature and such problems occur regularly
because D3 is isomorphic to the permutation group S3, for instance in the

Keywords: Equivariant bifurcation, degenerate bifurcation, path formulation, singularity
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1364 Jacques-Elie FURTER & Angela Maria SITTA

bifurcation of period-3 orbits in reversible systems. Other problems include
five dimensional actions of O(3) ([23, 21]), permutations of 3 objects ([2]) or
as the Weyl group of the isotropy subgroup (Si)? in Ssx-equivariant prob-
lems ([13]). We show how to use the path formulation approach to study
bifurcations of higher codimension and how versatile it is in dealing with
parameter structures.

Singularity theory is a powerful tool to systematically classify and qual-
itatively analyze bifurcation problems and their perturbations. For prob-
lems corresponding to bifurcation equations of the type f(z,A) = 0, where
x € R™ are the state variables, A € R is the bifurcation parameter and
f:R"1 — R” is a smooth bifurcation function, Golubitsky-Schaeffer in-
troduced in [20] a parametrized version of contact equivalence theory. Two
bifurcation functions f, g are bifurcation equivalent around (0, 0) if there
exist smooth changes of co-ordinates (7, X, L) with

(1.1) 9(377/\) :T(va)f(X@;v)‘)vL()‘))

where T : R"*! — GL(n,R) is a map of invertible matrices and (X, L) :
R™1 — R™*! is a local diffeomorphism around the origin. Note that (1.1)
preserves the A-slice structure of the bifurcation diagrams, the zero-sets
of the bifurcation functions. Around a bifurcation point of f, where the
Jacobian matrix (%) is singular, the equivalence (1.1) is arguably the best
approach to classify systematically the possible normal form for f, solve its
recognition problem and study its deformations.

In such analysis it is sensible to consider f as a germ of function at the
origin to be able to state results that will persist on any neighbourhood of
the origin. A germ of a function around a point is its equivalence class
under the filtration by the neighbourhoods of that point. In general, we
use the notation f: (R™ zy) — RP to denote the germ of f around zy. To
make sense of equations like f = 0, when f : (R""10) — R™ we define
germs of sets, or germs of varieties, at a point using filtrations by
neighbourhoods of that point. Unless otherwise stated, we only consider
here smooth germs. We denote by f : (R%0) — (R?,0) a germ such that
f(0) = 0. We also know from singularity theory that the sets of germs of
functions have nice algebraic properties (of local rings, noetherian in the
complex case) that we can exploit in our algebraic calculation.

The equivalence (1.1) is extended to cover equivariant bifurcation germs,
satisfying f(vx,A) = vf(x,\) where v € T} a compact group acting on R",
by requiring additional equivariant structure on (T, X, L), see (2.2) here
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PATH FORMULATION FOR D3-EQUIVARIANT BIFURCATION 1365

and [24] for a comprehensive account. In [25], the abstract theory for mul-
tiparameter equivariant bifurcation problems has been shown to obey the
general abstract framework for singularity theory of Damon [10].

We implement an alternative singularity theory approach, the path for-
mulation, to classify Ds-equivariant one and two-parameter bifurcation
germs of corank 2 and their perturbations. In the path formulation, a bi-
furcation germ f is viewed as an [-parameter deformation (unfolding) of
its core fy, fo(z) = f(x,0), with parameter A. Hence, if the core has an
appropriate miniversal a-parameter unfolding F(z, o), a € (R% 0), bifurca-
tion diagrams are diffeomorphic to sections {(z,A) : Fy(z,a(\)) = 0} over
paths A — &()) in the parameter space of Fj (see Section 2.2.1). Equiv-
alence (1.1) is then replaced by equivalence (2.5) between paths given by
diffeomorphisms liftable over the projection mg, : (Ey(0),0) — (R*,0). We
believe that the path formulation offers conceptual, even computational,
advantages when we have multidimensional parameter problems. Once the
initial set-up for the core has been obtained, it is simpler to take account in
the algebraic calculations of the different path structures. But, if required,
explicit changes of co-ordinates are easier to get from (1.1) because liftable
diffeomorphisms are difficult to handle explicitly.

The path formulation has already been used in [3] in the context of
Dy-equivariant gradient problems, reproducing the classification of [22] ob-
tained by classical means. For k > 5, some Dy-equivariant normal forms
have already been identified in the literature (see [6, 24]), but a systematic
classification for all k is rather lengthy and the path formulation involves
some other technical issues that are better discussed elsewhere.

1.1. Main results

Due to the technical nature of the main parts of this paper, we state
here a self-contained version of our main results. Our bifurcation germs
f: (R**L0) — (R20) are equivariant with respect to the standard action
of D3 on R% f(yz,\) = vf(z,\), Vy € D3, where z = (2,y) € (R%0).
We establish two types of results. We classify one or two-parameter bifur-
cation germs of low codimension (a measure of their degeneracy) modulo
changes of co-ordinates of type (1.1) respecting the Ds-equivariance and
give for each class a polynomial model, their normal form. To study per-
turbations of f, we introduce the notion of b-parameter unfoldings of f,
b €N, as germs F : (R¥H+20) — (R20) such that F(2,),0) = f(2,\)
and F(vyz, A\, 3) = vF(z, )\, 83), Vv € D3. For each normal form, we give a
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1366 Jacques-Elie FURTER & Angela Maria SITTA

distinguished polynomial unfolding of the normal form, a miniversal un-
folding. From it, we can recover any information on the behaviour of the
unfoldings of f modulo changes of co-ordinates, using the minimal number
of parameters necessary. We use the path formulation to establish the clas-
sifications. The cores fy : (R%0) — (R20) are D3-equivariant maps. Each
core of finite codimension, say N, has a polynomial normal form and a poly-
nomial miniversal unfolding £ : (R**V,0) — (R20). Given an I-parameter
path @ : (R} 0) — (RY,0), the pull-back a*F defines a bifurcation germ
(a*Fy)(z,A) = Fy(z,a(N)). An unfolding A of & determines an unfolding
A*Fy of a*Fy. We define in (2.5) an equivalence for the paths. Our funda-
mental result states that the theories of bifurcation and path equivalences
coincide for problems of finite codimension.

THEOREM (Theorem 5.1). — Let f be a D3-equivariant bifurcation germ
with a finite codimension core fy, there is a path o such that f is bifurca-
tion equivalent to a*Fy. The codimensions of f, with respect to bifurcation
equivalence, and of &, with respect to path equivalence, are equal. A map A
is a miniversal unfolding of &, with respect to path equivalence, if and only
if A*Fy is a miniversal unfolding for &*Fy, with respect to bifurcation equiv-
alence. Finally, for finite codimension problems, two paths &, 3 are path
equivalent if and only if &@*F and *F are bifurcation equivalent.

An essential ingredient for the theory, and calculations, of path equiv-
alence is the module Derlog*(Fy) of smooth vector fields liftable over the
projection mg : (£ (0),0) — (RV,0), as defined in (2.7). Like in the non
equivariant case ([26]), we show that its sub-module of analytic liftable
vector fields, obtained through the complexification procedure described in
Section 2.2.3, has a useful algebraic structure.

THEOREM (Theorem 4.3). — For every Ds-equivariant core fo of finite
codimension N, the module of analytic vector fields liftable over the pro-
Jjection T, is a free module of rank N.

In the smooth case, the N analytic generators produce enough vector
fields one can integrate to achieve the path equivalence between paths of
finite codimension and calculate their miniversal unfoldings. Liftable vector
fields are tangent to the discriminant of 7, . Like in the non-equivariant case
(see [26]), the converse is true in our context for analytic vector fields.

CoOROLLARY (Corollary 4.4). — An analytic vector field is liftable over
mr, if and only if it is tangent to the discriminant of mg.

The second sets of results are explicit classifications. The ring of Ds-
invariant polynomials in two variables is generated by u = z2 + y? and
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v = 23 — 3zy% The Ds-equivariant polynomial maps on R? form a free
module over the ring of D-invariants, generated by Z; = (z,y) and Zy =
(2% — y?, —2zy). We show that there are four normal forms of the cores up
to topological codimension 3.

PROPOSITION (Proposition 3.3). — There are four classes of cores of
topological codimension i < 3, denoted by C?. In cartesian co-ordinates,
miniversal unfoldings are the following. The normal forms are obtained by
setting the unfoldings parameters «;, i = 1,2,3, to 0.

(1) C3, see (3.12): anZy + €Za,

(2) C3, see (3.13): (e1u + a1)Z1 + (€20 + a2) 2o,

(3) C3, see (3.14): (e1u + a1)Z1 + (630 + azv + a2) Za,

(4) C3., see (3.15): ((u+ ao)v + asu+ a1) Z1 + (€su + az) Zs,
where €2 = e? =1,i9=1...4. The asterisk * indicates that the parameter
is modal, invariant with respect to smooth equivalences.

Finally, we classify the one and two-parameter paths of low codimension.
Each of the normal form for the paths is given with a miniversal unfolding.

THEOREM. — There are 8 one-parameter paths of topological codimen-
sion k < 2, given in Theorem 5.2, and there are 5 two-parameter paths of
topological codimension k < 1, given in Theorem 5.3.

In Section 2, we define our main technical terms and concepts. In (2.5)
we define the equivalence on paths reproducing the classification and anal-
ysis of the bifurcation equivalence (1.1) in the context of Dz-equivariant
germs. In Section 3, we discuss Ds-equivariant cores, with their classifica-
tion up to (topological) codimension 3 in Proposition 3.3. For each core
C3,i = 1,2,3,3*, we determine a miniversal unfolding and calculate in
Proposition 4.2 the generators of its sub-module of Derlog*(C?) of analytic
liftable vector fields. Those generators are central to the theory because
they are used to perform the algebraic calculations we need, like the tan-
gent spaces of the paths we classify. With those results, we prove our main
results in Section 5. Theorem 5.1 states that, for finite codimension germs,
path and bifurcation equivalences lead to the same classification. Some one-
parameter bifurcation germs of topological codimension 1 or 2 have been
obtained in [6, 24]. In Theorem 5.2, resp. Theorem 5.3, we complete the clas-
sification of one-parameter, resp. two-parameter, paths, up to topological
codimension 2, resp. 1. In Section 6, we describe the bifurcation diagrams
of the normal forms, and their miniversal unfoldings, needed for our appli-
cation to the degenerate bifurcations of period-3 points in reversible maps
at the 1:1-resonance. In each of our diagrams we can find a bifurcation
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of period-3 points for some reversible problem, but the 1:1-resonance has
particular interest because it corresponds to a degenerate behaviour of the
bifurcation parameters. Details of the low codimension problems for that
resonance are presented in Section 7. We finish, in Section 8, commenting
on variational problems and the Dg-classification, k > 4

2. Path versus bifurcation equivalences
2.1. Notations and preliminary structures

Via the notation z = z + iy we identify C and R2 Let 6 = eXp(2”’)
be a third root of unlty. The standard action of D3 on C is generated
by the rotation z +— 6z and the reflection z — z. We deal with smooth
Ds-equivariant [-parameter bifurcation germs f : (C x R,0) — C with
A € (RLO) and f(y2,)\) = vf(2,\), ¥y € D3. We denote their set by 5( -
The superscript © denotes the evaluation of the germ at the origin and
subscripts denote derivatives, for instance f{, = g; (0,0). Because D3
acts absolutely irreducibly on C, f¢ =0if f € 5 e Ds L

For a local ring R, we denote by M its maxmlal ideal and the R-module
generated by the elements {m;}¥_; is denoted by < m; ... my >g. The
following description of rings and modules of functions is well-known.

LEMMA 2.1 ([24], p.178). — Let o € (R%0) be any parameter,

(1) The ring S](D;‘fa) of smooth Ds-invariant germs from (CxR%0) — R
is generated by the invariant polynomials u = zz, v = (2% + 2°)
and «, that is, any f € Sa?:a) can be written as p(u, v, ) for some
smooth p : (R2+a 0) — R.

(2) The free S 3 —module g SQ) of smooth Ds-equivariant map germs
from ((CxRa 0) — C is generated by Z1(z) = z and Zy(z) = 72
Every f € g?i?a) can be uniquely written as

(2.1) f(z,0) =pZy + qZy = p(u,v,a) z + q(u, v, o) 22
for some p,q € 8D3 . In that case, we denote f by [p, q].
(3) The free 5 module MPs
of 2x2- matnces satisfying M(’yz, a)y =yM(z, ), Vv € D3, is gen-
erated by the maps M1 (z)w = w, Ma(2)w = zre(2w), M3(2)w = zZw
and My(z)w = zre(z%), linear in w € C.

(20) of smooth D3-equivariant map germs
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2.1.1. Bifurcation equivalence (see [24])

Let f,g € é_"g;), we say that f is Ds-bifurcation equivalent to g if
(2.2) F(2A) = T(2, ) g(Z(2,0), L(V)
where

T: (R**0) — GL(2,R), Z : (R*™,0) — (R%0) and L : (R,0) — (R’,0)

are smooth germs such that 7% Z2 have positive entries and det(Lg) > 0.
Moreover, we ask for the Ds-equivariance of T' and Z, that is,

T(vz, Ny =~T(z,N), Z(vz,A) =~vZ(2,A), VyeDs,V¥(z,\) € (RQ'H, 0).

The relation (2.2) means that the zero-sets f~1(0) and g=!(0) are diffeo-
morphic under (Z,L) which preserves the orientation, the symmetry, as
well as the A-slice structure of the zero-set.

The Ds-bifurcation equivalences (T, Z, L) form a group by composition,
denoted by IC]];)S, acting on 523) via (2.2). Tt is a semi-direct product of the
subgroups of matrices T € M?j NE with T° of positive entries, and the sub-
group of orientation-preserving diffeomorphisms (Z, L) where Z € 6_'2?)\)
and L : (R} 0) — (R} 0). The d-parameter deformations of f, called un-
foldings of f, are Ds-equivariant germs F : (R***+40) — (R%0) such
that F'(z,A,0) = f(z,\). To compare them, we say that a d;-parameter
unfolding F of f maps into a ds-parameter unfolding Fy of f if

(2.3) Fy(z,a0) =T(z,0)F1(Z(2,a2), A(as))

where T, Z are unfoldings of the identity in their respective category and
A (R%0) — (R%,0) is in general not invertible. We say that an unfolding
F of f is versal if any other unfolding of f maps into F', meaning that we
get all possible perturbations of f~1(0) via F~%0). The versal unfoldings
of f with the minimum number of parameters are called miniversal.

Following [24], the calculation of the extended tangent space ’TGIC?S f)
of f is fundamental in the theory. Its exact form here is given in (2.8). The
real dimension as a vector space of the normal space

NKRE(f) = €25 TR (F)

is called the codimension of f, denoted by cod(f). When cod(f) = k is
finite, a miniversal unfolding F' of f needs k parameters and F' is miniversal
if and only if < Fg ...F; >gr projects onto a basis of N33 (f). Finite
codimension is also a necessary and sufficient condition for f to be finitely
determined, that is, equivalent to a finite segment of its Taylor series

TOME 60 (2010), FASCICULE 4
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expansion. In particular, if f is finitely determined, a normal form for f
and a basis of NI} (f) can be chosen to be polynomials.

In this paper, more groups of equivalence will be considered beside IC]BS.
When needed, we use the terminology G-codimension, G-miniversal unfold-
ing, and so on, to emphasize the underlying group of equivalences.

2.2. Paths and path equivalence
2.2.1. Paths

We can view each bifurcation germ f € 5_'23)\) as an [-parameter unfolding
of its core fo. When A = 0, (2.2) reduces to the classical Dz-equivariant
contact equivalence without parameters between fy, go € £22:

90(2) = T(2) fo(Z(2))

where T € M2 and Z € @DS are locally invertible with positive en-
tries for 79 Z2. Such equivalences (T, Z) form a group KP* acting on EZD?
We first classify the cores and their miniversal unfoldings under P The
germ f is of finite core if the KP3-codimension of fy is finite, say N. In
that case, fy and a KP%-miniversal unfolding of fo, Fy(z,a), a € RY, can be
cast to be polynomials. Because f is an [-parameter unfolding of fj, from
the KPxtheory of unfoldings and (2.3), there is a mapping of unfoldings
(T, Z,a) where (T, Z,1I) € IC];»B, 1 is the identity map, such that

(2.4) f(z:0) =T(z,X) F(Z(z,A),a(}))

where a : (R} 0) — (RY,0) is a path associated with f. Note that & has no
reason to be invertible. But (2.4) means that f and the pull-back a*Fy are
Ds-bifurcation equivalent with strong equivalence (T, Z,I). We denote
by 736\5\ the space of smooth paths a : (R,0) — (RY,0) associated
with Ij, contained into 75}\\7, the space of smooth maps (R} 0) — RY.

2.2.2. Path equivalence

Fix a core fy and a KP3-miniversal unfolding F. To compare paths such
that the sections of a*F) over them are equivalent bifurcation diagrams, we
say that the paths a, 3 : (R, 0) — (R¥,0) are path equivalent if

(2.5) a(A) = H(\ B(L(N))

ANNALES DE L’INSTITUT FOURIER
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where L : (R, 0) — (R%0) and the smooth A\-parametrized family H (-, \) :
(RM,0) — (RY,0) are diffeomorphisms whose linear parts are path con-
nected to the identity. We also require that H lifts to a A-family of equi-
variant diffeomorphism preserving F(')_l(()). That is, there exists a smooth
A-family ®(-, ) : (RZN,0) — (R2+,0) of D3-equivariant diffeomorphisms
preserving I, (0) such that H o 1y = 75 o ® on F; 0) where mg :
E7Y0) — (RM,0) is the restriction to Fy '(0) of the natural projection
(R2FN 0) — (RM0). For fixed F, the path equivalences (H, L) form a
group, denoted by K* acting on ﬁé& via (2.5). The explicit determination
of the diffeomorphisms H in (2.5) is nearly impossible: we cannot in general
simplify H to a multiplication by a matrix. But we can characterize the tan-
gent spaces needed for the algebraic calculations pertinent to the singularity
theory for IC*. Let o € 75’(1)\7  be a path. Consider all one-parameter families
t — (H(t),L(t)), t € (R,0), of unfoldings of the identity in K* that is,
H(0)(A\,a) = o and L(0)(\) = A. Differentiating ¢ — H(¢)(A, a(L(t)(N)))
at t = 0, we get the extended tangent space of &

(2.6) T.K* (@) =< ay >e, +a" (Derlog® (R))e,

where Derlog*(Fy) is the module of liftable vector fields, the algebraic
Derlog of Fy. A vector field ¢ : (RY,0) — (RY,0) is liftable if

(2.7) (F)z(2, ) Z(z,0) + (F)a(z,a) §(0) = T(2,a) (2, ),

where Z and T are Dz-equivariant in z. The KX*-codimension of a path &
is cod(a) = dimg P /T.K*(a).

2.2.3. Liftable vector fields, discriminant and complexification

Let I € 5(]1330(), the discriminant AP of 7z is the set
AP ={a e (RM0) : 3z € (C,0), F(z,a) =0 =det(F).(z,a))}

of values of o where Fy(z,a) = 0 has a local bifurcation. By projecting
down along g, any liftable diffeomorphism H in (2.5) preserves the dis-
criminant A, Because of that, the group of contact equivalence preserv-
ing A in the target, Kam in the notation of [10], was used in [31]. Its
extended tangent space is formed using the module Derlog(Af?) of the vec-
tor fields tangent to the discriminant Af. Our interest in smooth germs
introduces a difficulty. From [1], the module of smooth vector fields tangent
to a discriminant is not necessarily finitely generated, even when F is a
polynomial, and A can be too small to characterize the liftable vector
fields. We are only interested in finitely determined germs, therefore germs
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1372 Jacques-Elie FURTER & Angela Maria SITTA

equivalent to polynomials. Because the essential calculations can be done
in the analytic category, we are going to be able to work with smooth real
germs. In [11], it is shown that the sets of smooth and analytic vector fields
tangent to Af® differ by a submodule of infinitely flat vector fields. There-
fore, in the smooth case, when germs are finitely determined, the subset of
analytic vector fields will be sufficient to perform the algebraic calculation
we need.

Often in singularity theory, the underlying algebra has a full geometrical
interpretation in the holomorphic situation. To use techniques of algebraic
geometry, we need to be able to complexify our situation, use geometri-
cal ideas and come back taking real slices of our results. Explicit details
are as follows. The important point is that the real and complex algebras
will coincide and we need to keep track of the signs that exist in the real
case. The injection (z,y) < (z,z) induces on C? the complexification of
our action of D3 given by k(21,22) = (22,21) and 0(21,22) = (021, 0%3),
where 62 = 1. We denote by O3 resp. (’393, the ring, resp. the O P3-module,
of D3-invariant, resp. D3-equivariant, holomorphic germs (C2 0) — C, resp.
(C%0) — C? generated by the invariants u® = 2120 and v© = (2} + 23),
resp. generated by Z¥ = (21, z2) and Z§ = (22, 2?). We shall use the nota-
tion O instead of £ to denote sets of analytic, instead of smooth, germs. The
complexification of an analytic germ p € €23 is given by p(z1, 22) where 2
is replaced by z; and z by z,. Similarly the complexification of an analytic
map germ f = pZy +qZs € 6_'2@3 is given by

p(ucv UC) Zic(zly 22) + Q(ucv UC) Zg(zlv 22)'
When Fj is real analytic, we actually choose F(')_l(O), resp. A% as the

real slices of the zero-set (F*)~Y(0), resp. of the discriminant AR, of the
complexification E)‘C of Fj, resp. of the projection 71'(1% . In coordinates,

Af = {a e (CM,0) : 3z € (C%0), K (2,a) = 0 = det(FC).(2,a))}.
It is also the set of the singular values of the projection
i (B)7H(0) = €T,

restriction of the natural projection (C*+¥,0) — (C¥,0). In practice, those
real slices may be larger than in the direct calculation for real objects, but
they behave well under complexification. A good example is given by the
swallowtail where it is known that the discriminant of the real projection
and the real slice of the complex projection differ by a hairline, half the
parabola of double crossing points (see [1]).
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Let 7 (AFOC) be the ideal of germs vanishing on Af. The module of
vector fields tangent to AE:V, the geometric Derlog, is given by

Derlog(A) = {£ 1 (C¥,0) — C : £.go € T(A), vg € T(AF)},

We define Derlog™(F)) as the submodule of the real vector fields of the
module Derlog*(F°) of liftable vector fields.

Similar ideas and techniques can be traced back to Martinet [27], Tessier
[38] and have been used in various work, for instance, by Rieger in [32, 34,
33] in his A-classifications of maps. In the non-equivariant case, Derlog(Af)
and Derlog™(F) are equal free module ([26]). This is also the case here (see
Corollary 4.4) but it is not always the case for other equivariant problems.
For Dy-equivariant cores, k > 4, Derlog*(F)) is free but is a proper Lie
subalgebra of Derlog(Af). The Dy-equivariant core of lowest codimension
has a modulus. Liftable vector fields must keep the moduli subvariety of Af
pointwise invariant, that is, vanish on it. This is an additional condition for
the elements of Derlog™(Fj). When k > 5, the reason is less clear but might
be related to hidden conditions for the extension of vector fields from the
fixed point subspaces to the full space. But the presence of moduli in the
typical case does not always imply a difference between Derlog*(Fy) and
Derlog(A). For Zy @ Zo-equivariant maps, the two modules are the same,
even if the core of lowest codimension has a modulus ([9]).

2.3. Path versus bifurcation equivalences: comparison of the
two approaches

Both ICHA)3 and IC* are geometric subgroups of the contact group K in the
sense of [10], so Damon’s general theory about unfoldings and determinacy
applies in both cases. We show in Theorem 5.1 that the two theories lead
to the same results for our finite codimension problems. But they are not
equal when we use them in practice. The path formulation differentiates
between the singular behaviour attributable to the core and to the paths.
Moreover, there is an important difference in the algebra. The algebraic
techniques of bifurcation equivalence are well-known and involve modules
over systems of rings ([10]). For instance,

(2.8) ZK?s(f) =<Tf, fZZ>£](DS>\) + <[r>e,

is the extended tangent space of f € 5(]]33)\), which is a module over the

system {&), 8237)\)}. The issue is that ’TeICH)]\JS(f) is not an SED;%)\)—module and
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is not finitely generated as an £,-module. But, in general, it behaves well-
enough to generate an R-vector subspace of 5’23) of finite codimension,
ensuring that the main results of singularity theory go through. When
A € (R,0), the restricted tangent space < Tf, f.Z >(Séng,A is of finite

codimension if and only if f is of finite codimension ([24]). With more pa-
rameters, this result is in general false and the calculations need a more
sophisticated use of the Preparation Theorem ([10, 25]). On the other hand,
T.K* (@) in (2.6) is an Ex-module, even for A € (R, 0). Moreover, the con-
tribution of Derlog*(F)) in the tangent spaces does not depend on I.

The recognition problem for a normal form is the set of equalities
and inequalities satisfied by the derivatives of the germs equivalent to that
normal form. And so, it is usually simpler to solve recognition problems
using the bifurcation equivalences of ICH33 because explicit simplification of
the low order terms to their normal form is easier.

3. Ds-equivariant cores

In this section we classify the cores up to topological codimension 3 un-
der KPsequivalence. If needed, we can adapt the results of [24], p. 178 and
pp- 191-198, ignoring the A-dependence of their formulas. For complete-
ness, we recall some important steps and definitions. Let fy € 6_';1[)3. Recall
that fo = [p,¢] from (2.1). From [24], p. 178, the extended tangent space
T.KP3(fo) is generated over £23 by

(3:1) [pql,  [up+vg,0], [ug,p], [u®q+vp,0],
(3.2) [2upy + 3vpy, ¢ + 2uqy + 3vq,),  [ug + 2vpy + 3upy, 20q, + 3uq,].

The number cod(fo) = dimg (NP3 (fo)) = dimg (EP3 /TP (fo)) is the
KPs-codimension of fy. When cod(fy) = N < oo, an unfolding F of f
is KPsminiversal if and only if it has N parameters a € (RY,0) and the
vector space < (F)9, ... (F)S, >r projects onto a basis of NP3 (fp).

3.1. Low and high order terms

When solving the recognition problem for f; we need to control its low
order coefficients when applying a KP%equivalence. For our normal forms,
it is actually enough to stop at second order. Consider (7, Z) € KP3. From
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Lemma 2.1, T = cM; + dMy + eMs + gMy and Z = az + bZz? where
a,b,c,d, e, g are to be determined in £23. Define

(3.3) i =u(Z) = a*u + 2abv + b*u?

and

(3.4) v =v(Z) = a®v + 3a*bu? + 3ab®uv + 20%v? — bPuP
D,

Given [p,q] € £.%3, let [p', ¢'] = [p,¢|(Z) and [p”,q"] = T[p’, ¢']. And so,
(3.5) p = ap + 2b(au + bv)q, q = bp+ (a® — b*u)q,

where p(u,v) = p(@,0), §(u,v) = q(@,0), and

(3.6) p" =cp +dup’ +vq)+euq +glvp +u?q), ¢ =cq +ep.
Develop in Taylor series expansions:

(3.7) p(u,v) = Aju + Byv + Dy + Byuv 4+ Fio? + M3

(u,v)

3.8 q(u,v) = Ay + Asu + Bov + Dot + Equv + Fov? + M3 1.
(u,v)

In the appendix, we give the important coefficients for [p”, ¢"], resp. [p’, ¢'],
in terms of the coefficients of [p’,¢'], resp. [p,q]. To eliminate the tail of
the Taylor series of fy, we use the following ideas of Gaffney [16]. The set
P(fo) of higher order terms of fj is

P(fo)={p €& : go+p~xss g0, Yo ~xos fo }-

They are the terms that can be eliminated from any representative of the
KP3-equivalence class of fy. Before stating the result providing an estimate
for P(fo), we need the following definitions. The unipotent subgroup
UKP3 is formed of (T, Z) € KPs with T° = Z2 = I. It defines TUK(fo),
the unipotent tangent space of fj, formed of the t-derivatives, at the
origin ¢ = 0, of all the families t — T'(t) fo(Z(t)) where

Tt)=I1+tT,Z(t) =z +1tZ
with
To— 0= 40—,
A subspace of EZDS' is intrinsic if it is globally invariant under X2 Simi-
larly, an ideal of 2% is intrinsic if it is globally invariant with respect to
any Dz-equivariant change of co-ordinates Z € £23 such that Z2 has posi-

tive entries. The intrinsic part intr(N) of a vector subspace N of £23 is
its largest intrinsic subspace.

THEOREM 3.1 ([16]). — If fo € EP5 is of finite KP*codimension, P(fo)
is an intrinsic sub-module of £P* and intr(TUK(fo)) C P(fo).
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For explicit calculations we need the following.

LEMMA 3.2. — (1) The ideals <u,v> and <u?v> are intrinsic.
(2) Using the notation with the Ds-invariants, the sub-module [Z, J]| C
EPs is intrinsic if and only if T and J are intrinsic ideals of P
and <u,v>J CZCJ.
(3) The following maps are generators for the unipotent tangent space:

(3.9) Muwy[podls  [up+vg,0),  [ug,p], [uq+vp,0],
(3.10) M (o) [2upy + 30py, q + 2uqy + 3vg,],
(3.11) [ugq 4 2upy, + 3u’p,, 20q, + 3uq,).

Proof. —

(1) This follows immediately from (3.3) and (3.4).

(2) Suppose that Z, J are intrinsic ideals and <w,v> J C Z C J.
Apply to any [p,q] € [Z,J], any (T,Z) € KP2 From (3.3,3.4),
p=pZ) €T and § =q(Z) € J and so, from (3.5), p’ € T
and ¢’ € J. Hence, 7' C Z and J’' C J. Finally, from (3.6) and
<wuv>J CZICJ, IV CcZand J" C J. Hence, [Z,J] is
intrinsic. For the converse, let [Z,J] C E?ZDQ‘ be intrinsic. Take any
Z(2) = az + bz? with a® # 0. Choosing ¢ = 1, e = —2 in (3.6),
q" becomes (a? — 3b%*u — 2%1})@. Because a® # 0, the first factor
is invertible and so ¢ = ¢(Z) € J. Hence, J is intrinsic. Similarly,
choosingc=1,¢g=0,d = _a"‘i% and e = —azi% in (3.6), we

get
2

P = (a + adu — azi%(au + b’l))) p
and so Z is intrinsic. Finally, take c = e =1 and d = g = 0, in (3.6),
thenuJ CZ C J.Fromec=d=1ande=¢g=0in (3.6),vJ C Z.
Combining them, we see that <u,v>J CZ C J.

(3) In the definition of TUKP3(fo), let T'(z) = eM, +dMy+eMs+gMy,
with ¢ = 0, and Z(z) = az+bz?, with a® = 0. And so, the elements
of the unipotent tangent space of fo are T'fy + ( fO)ZZ . Explicitly,
we find the generators (3.9-3.11).

O

3.2. Classification of Ds-equivariant cores

For the classifications of one-parameter bifurcation germs up to topolog-
ical K?S—codimension 2, it is enough to list the cores of topological KCPs
codimension up to 3. We define A, ,(p, ¢) = p%q5 — p5¢5.
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PROPOSITION 3.3. — (1) There are four classes of cores of topolog-
ical KP3-codimension i < 3, denoted by C?. For given fo = [p, ql,
the normal forms and recognition problems are as follows.

(a) If ¢° # 0, let € = sign(q°), C} has normal form [0, €].
(b) If ¢° =0, but p% # 0. Let €; = sign(p?).
(i) If Ay o(p,q) # 0, C3 has normal form [eju, eav] where
€2 = sign(py, - Au,v(p, q))-
(ii) If Ay (p,q) =0, C3 has normal form [eyu, e30?] if

€3 = Sign ((pz)2Au,uu(pa Q) - QPZPfjAu,uu(p, Q) + (pg)zAu,vv (pa Q)) 7é 07
(c) If ¢° = pj = 0, but €4 = sign(qy) # 0, let p = pg/lag|. If
1 # 0, —ey, % €4, C3. has normal form [pv, equ]. The asterisk *
indicates that y is a modal parameter. The KP-codimension
of C3. is 4 and its topological K 3-codimension is 3.

(2) Miniversal unfoldings of the cores of topological KP-codimension
up to 3 are as follows (the «;’s are the unfolding parameters):

(3.12) C3:onz+ez?

(3.13) C3: (eu+ aq) z + (eqv + ag) 22

(3.14) C3: (qqu+aq) 2z + (e3v* + azv + ao) 22

(3.15) Ci.: ((n+ co)v + asu+ar) z + (equ + az) 2°
Proof. — We follow the usual techniques of [24] along the tree of degen-

eracies for p and g. We show the computations for C3.. Let [p, q] satisfying

q¢° =p% =0 and ¢° # 0. Set ¢4 = sign(q®) and p = p2/|q2|. First, we cast
[p,q] into [pv + M2, equ+ M3 ]. From (3.7-8) and (8.1-4) in Appendix

U,

8.2, using that Ag = A; =0, we get

Bi’ = CoaéBl,Ag = CoaéAQ
and

Bé/ = eoagBl + Coagbo(AQ =+ Bl) =+ coang.
Because (pu+e€4) # 0, (A2 + B1) # 0 and so BY can be put to 0 by choosing
bo. Then, we scale AJ to e, = sign(Az) and so BY is given by u = By /|As|.
In a final step, we eliminate the terms of MZ,U using the unipotent tangent
space of [uv, equ]. From (3.9-11), it is generated by
[wuv, equ®], [uv?, equv], [(ea + puv, 0], [equ?, po], [pv?, —puv]

and
[(e4 + 3p)u? 2e4v].
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Some elementary algebra shows that if

(3.16) f(€ea + p)(2ea — 3p) # 0,
TUKP3(fy) = [<u,v>2 <u? v >], which is intrinsic, showing that P(fy)
contains all the second order terms. Note that this last calculation confirms
that B is indeed irrelevant to the normal form.

We finish by calculating 7.KXP3(f) using the generators in (3.1-2). Note
that

T.K*(fo) = TUK™ (fo)+ < [p, q, [2upu + 3vpy, q + 2uqy + 3vg,] >k -

If (3.16) holds, the normal space N.KP3(fy) is generated by [1,0], [0,1],
[u,0] and the modal term [v,0]. Hence C3. is of KP3codimension 4, topo-
logical KP*codimension 3, with miniversal X +unfolding (3.15). |

4. Liftable vector fields

In this section we describe the discriminants and modules of liftable
vector fields for the cores of Proposition 3.3.

4.1. Discriminants and algebraic Derlogs
4.1.1. Zero-sets

The lattice of isotropy subgroup of D3 is simple: 1 — Z§ — D3. So
the zero-set P(u,v,a)z + Q(u,v,a)z? = 0 of a Dz-equivariant miniversal
unfolding [P, Q] is formed of three types of solutions: O, R and T, dis-
tinguished by their isotropy. Their defining equations and non-degeneracy
conditions are given in the following.

(1) The trivial solutions of type O, given by z = 0, of maximal isotropy
Ds. They bifurcate where P(0,«) = 0.
(2) The solutions (z,0) of type R, of isotropy Z%, given by the equation

P(z% 2% o) + Q(2? 23 a)x = 0.

They form three branches and bifurcate either where P = 0 or
where 2P,z + Q + 3Q,2® + (3P, +2Q,)z? = 0.

(3) The solutions (x,y), y # 0, of type T, of trivial isotropy 1, given
by the equations P(u,v, ) = Q(u,v,a) = 0. They bifurcate where
(PuQy — P,Qy) (u,v,a) = 0.
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4.1.2. Critical sets and discriminants

The discriminant is the projection on parameter space of the critical set,
points (z,a) € (R**Y,0) where there is a local bifurcation for Fy(z,a) = 0.
The critical set has four subsets corresponding to different bifurcations:

(1) The bifurcations from O, Sy, of equations z = 0 and P = 0.
(2) The folds Fgr on the R-branches, of equations

y=0, P+Qz =0, 2P,z + Q + (3P, +2Q,) 2% + 3Q,z> = 0.
(3) The folds Fr on the T-branches, of equations
P=Q=PQ, - P,Q,=0.

(4) The pitchforks Pr with a T-branch bifurcating from an R-branch,
of equations y = P(z% 23 o) = Q(2% 2% o) = 0.

For our cores, the discriminants are all principal but not irreducible va-
rieties. The second and third cases are not quasi-homogeneous.

PROPOSITION 4.1. — (1) For C3, Sy is aq = 0.
(2) For C3, Sy is a; =0, Pg is a3 + €103 = 0 and Fg is

16a; — 4o — 128e0a? + 25608 + 144ei 60010 — 2Teqaiy = 0.

(3) For C3, Sy is a1 = 0, Fr is 4ag — e3a3 = 0,
Fr is day — €103 + M2, =0 and Pg is

a3 — 2e1e3aian + ejatal +af = 0.
(4) For C3., Sy isay =0, Pg is eap®ai + (1 — e403)? = 0 and Fp is

27(p + €4)*a? + 4(p + e4)ad — 18(p + €4)arazas + 4agals — asai = 0.

4.1.3. Analytic generators of the algebraic Derlogs

The algebraic structure of the analytic liftable vector fields for the cores
of Proposition 3.3 is as follows.

PROPOSITION 4.2. — The following vector fields generate freely the an-
alytic vector fields of Derlog*(C?), i =1...3*:

(1) For C3, () = o,
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(2) For C3, a € (R%0), & = (11, &12) and & = (&1, E22) where:

€11(@) = 201 (3201 — 18403 + 166105 + 680 + 372€1 €001 a2
+ 552e00] + 234e1ata3 + 2880 — 27ereaaad),
£1a(a) = 3a1aa(32 — 184ex01 + 5207 + 348203
+90e1a103 + 1440 — 27ereaaiad),
Eo1(a) = 20 a0(—16€3 + 1120 — 156307 — 84e1 03
— 4403 4 601 20103 + 48ex0r} — Yeratad),
Eao(a) = —16€303 + 3261620 + 1920103 — 144€;af
— 404exa3al — 108€y v + 64ereaal + 120303

+ 108¢1 201005 — 2Te1aias + T2ea0 a3

(3) For C3, a € (R30) and we only state explicitly the jets of order 2:

&i(a) = (4aran, 203, —3asas) + Mi»
&(a) = (204%76061042,3041043) JFM?X’
&(a) = (2041043, asas, 10e3an — 204%) + Mi
(4) For C3., a € (R%0) and we only state explicitly the lowest non zero
order of the jets (a4 corresponds to the modulus p).
() = (3ay, 2a9, a3, 0),
(@) = (0,0, 3a1, —2eap02) + M2,
£3() = (0,0,0,301) + Mg,
(o) = (0,18e40?, 3e4 (61> — Tegpn + 6)ayaa,
2031 — 2€4) (11 + des)ad — 42u(p + €4)(3p — 2e4)onas) + M3
Proof. — Because the real and complex algebra coincide, we can cal-
culate Derlog*(C?) in real co-ordinates. From Theorem 4.3, the algebraic

Derlogs are free modules. To find them, we go back to first principles. A
vector field £ : (R%0) — (R%0) is in Derlog*(C3?), i = 4 for C3., if

(4.1) (F)=(2, ) Z(z,0) + (F)a(z,a) §() = T(z, @) (2, @),

where Fj is the unfolding of the core C3, Z € 57(]133&) and T' € M?j o)+ The
construction is algebraic, so we can write (4.1) directly in the algebra of
invariants where Fy = [P, Q]. We need to find a, b, ¢, d, e and g, functions of
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(u, v, @), such that for some &,

alP, Q] + b[uP + vQ, 0] + c[uQ, P)
+ d[uQ + vP,0] + e[2uP, + 3vP,, Q + 2uQ, + 3vQ,]
+ g[uQ + 20P, + 3u?P,, 2vQ,, + 3u*Q,] + ()at(a) = 0.
From Theorem 4.3, we know that Derlog*(C?) has cod(C?) generators, and
so we solved the system using Mathematica until we find the correct number
of independent generators. We fully computed Derlog*(C3). For C§ and C3,

we computed only the first few terms of their Taylor series expansion that
are needed for the proof of the classifications in Theorem 5.2 and 5.3. [

4.2. Free liftable and geometric Derlogs

Here we show that the algebraic Derlogs of the complexified cores in 693
are free modules and that the elements of the geometric Derlog are also
liftable. We refer to Section 2.2.3 for the definitions and notations used in
this section. Let f§ : (C%0) — C be a core of finite XP*codimension N
and let FC : (C**V,0) — C be a KPs-miniversal unfolding given by

N
Rf(z,0) = fe(2) + Zai hi(z),

where {h;}N | is a basis of the normal space N,KP3(f€) = OPs /T KPs (fE).
From the Malgrange Preparation Theorem,

NP (BY) = O | TK™ ()

is finitely generated as an O,-module by {h;}? ;. From the results of
Roberts [36, 35], NoKP3 (L) is a coherent sheaf of modules. Let p € O,
the formula ¢(p)(z,a) = Zf\ilpi(a) hi(z) defines a linear and surjective
map

(4.2) ON L NKP: (RF) — 0.

The kernel of ¢, that we also described in [15], is Derlog™(fy), because, if
&= (p1,...,pN) € ker @, there exists (T, Z) such that

N
sz'(a) hi(2) = (B ):(2,0)Z(z, ) + T(z,0) Fy (2, ).
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Re-arranging, and noting that h; = (F)a, (2,a), i =1... N, we get
N
—(F):(z,0)Z(z,0) + ) pi(a) (F)a, (2:0) = T(z,0) B (2, ).
=1

Hence, the vector field { = (—Z,&), is tangent at the smooth points of
(F©)~Y0) because it is in the kernel of the derivative (Fy©)(s,q)(z, @) when
FF(z,a) =0, and ( is the lift of ¢.

THEOREM 4.3. — The algebraic Derlog of a core of finite K s-codimen-
sion is a free Oy-module of rank equal to the KPs-codimension N of the
core.

Proof. — We need to prove that ker ¢ is a free O,-module. Because D
is finite, the ring OPs is Noetherian and Cohen-Macaulay ([17]). It is of
dimension 2 and regular. Of interest for us is the zero-th Fitting ideal of
ker ¢ in the exact sequence

(4.3) 0— O - 0N L N KPs(RE) — 0.

We use the argument of Tessier [38] as repeated several times in the litera-
ture (see [12]). Relation (4.3) is between coherent sheaves. The support is
a well-defined notion for any sheaf; it is the set of points where the stalk is
nonzero. The support of NP3 (FC) is the set of (z,a) where the germ of
FF is not infinitesimally stable. This corresponds to the critical set:

(4.4) Cpe ={(z,0) | EF(z,0) = 0 and rank (F°).(z,a) < 2}.

We can decompose C FC = C1 U Cy U (s, differentiated by their isotropy,
that is, C1 C Fix 1, Cy C Fix Z% and C35 C Fix D3, of equations
e (1: P=Q=P,Q,— P,Qu=0,
o Oy P(2223) +2Q(2%2%) =0,
22P, 4+ 322Q, + Q + 22°Q, + 323Q, = 0,
o C3: 21 =20=0, P(0,) = 0.

Let A; = (P,Q, P,Q,—P,Q,) and I; (A7) be the ideal of O(Hi?a) generated
by the elements of A;. From Theorem 3.19 of [29], dim(O(HZfa)/Il (A1) >
N — 1 because dim nga) =2+ N and, in the notation of [29], n =2+ N,
p =1, ¢ =3 and r = 1. The results hold similarly for A and A3 that define
C3 and Cs, respectively. Let mg : Ce C (RF)~Y0) — C¥ be the projection
(z, @) — a. It is a finite map because it is the restriction of the correspond-
ing projection for a K-miniversal unfolding of fj, that is a finite map (see
Looijenga [26]) and dim Cpe = N — 1. We finish following the argument in
Corollary 6.13 of [26] or Lemma 3.4 of [12]. Since Cpe = supp NP (RE)
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and has dimension N — 1, V,KPs (EL) is a Cohen-Macaulay O 3 )—module
hence a Cohen-Macaulay Oc C—module As 7 restricted to C e is finite

with Af = mg (Cpe), it follows that N.KP2(FC) is Cohen-Macaulay as
an OAFOC -module and hence as an O,-module. Because fy is of finite codi-
mension, the annihilator of N XP3(FL) is non zero and so N KP? (KC) has
projective dimension 1 and its zeroth Fitting ideal is principal. Hence ker ¢
is a free O,-module of rank V. O

Liftable vector fields must be tangent to the discriminant by project-
ing down from (F)~Y0). Here, the converse is also true, like in the non-
equivariant case.

COROLLARY 4.4. — An analytic vector field is liftable over mg, if and
only if it is tangent to the discriminant AR,

Proof. — The necessity is clear from projecting down 7g . For the con-
verse, this problem has been classically tackled using Hartog’s Theorem.
We use Bruce [4] for a nice exposition of the fundamental ideas. Outside
a set of codimension one in the critical set (4.4), the singularities on A
are of the type fold (no symmetry), pitchfork (Zs-symmetry) or Sy, the
Ds-equivariant germ of codimension 0. Any analytic vector field tangent
to A at those singularities lift locally (see [26], [14] and Proposition 4.2,
respectively), therefore, it lifts everywhere. O

5. Fundamental theorems of path equivalence and
classification

We can now state the fundamental abstract result showing that path
formulation achieves the same classification as bifurcation equivalence for
problems of finite codimension.

5.1. Fundamental theorem

In this section we shall use every group of equivalence we have considered.
First we recall the set-up for path formulation we developed in Section
2.2.1. The core fy € EP of a l-parameter bifurcation germ f € éﬂji),
with A € (R!,0), is defined by fo(z) = f(2,0). Given a Dz-equivariant a-
parameter unfolding F : (R**20) — R? of fy, with a € (R%0), a path
is a smooth map a : (R,0) — (R%0) and it defines a bifurcation germ
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ok € 6:23) via (a*F))(z, A) = F(z,@())). The set of such paths associated
with Fg is denoted by 730?/\.
THEOREM 5.1. —  (a) If f € é_"(ﬂji\) has a core fo of finite KP3-codi-
mension, say N, with KP*miniversal unfolding I, there exists a
path a € 736\] y such that f is Ds-bifurcation equivalent to a*F.
(b) In the situation of (a), the K*-codimension of & is finite if and only
if the IC]E\D?’—codjmensjon of a*ky is finite. In that case, a map A is a
K*-miniversal unfolding of & if and only if A*F) is a K?S—mjniversal
unfolding for a*F).
(¢) Let a,f € 756\)’)\, a is path equivalent to ( if and only if &*Fy is
Ds-bifurcation equivalent to 3*Fy for finite codimension problems.

Proof. —

(a) This follows from the unfolding theory for the core fy (see (2.4)).

(b) Our set-up corresponds to the algebraic path formulation of Theo-
rem 3.3.2 of [15] where part (b) is proved in a general context by
defining the module M = TEICDS(EJ) N<hy ... hy >¢, of vector
fields on R, where {h;}, is a basis of N.XP3(f;). The complexifi-
cation of the situation using finite determinacy leads to the module
MCE, corresponding to Derlog*(FC), equal to ker ¢ where ¢ is defined
in (4.2).

(¢) Suppose that two paths ap and @; are K*equivalent (see 2.5), that
is, there exists (H, L) such that

ar(A) = H(X, ao(L(A)).
And so, H can be taken to lift to a A-family of diffeomorphisms
@ : (RFNH o) — (R?TN)0)

preserving F(’)_l(O). Hence, @ is a diffeomorphism between the sections over
ao(L) and &;. Their zero-set being diffeomorphic, ag(L)*Fy and afFy are
K?B—equivalent using the usual construction of equivalences of contact type
between germs with the same zero-set ([28]).

For the reverse implication, we assume that ag*Fy and a;*F are IC]E)Z‘—
equivalent, with equivalence (T, Z, L) say. Let 3 = a;1(L). Because D3 acts
absolutely irreducibly (the only Ds-equivariant matrices are multiple of the
identity), we can define a smooth family ¢t — (17(¢), Z'(t),I), t € [0,1], of
KY*equivalences where T"(t) = (1 — t)I +¢T and Z'(t) = (1 — t)z + tZ.
Therefore the family ¢ — g(t) = (T"(t), Z'(t),I)-(ap*F) € ‘C’?(E),S/\V t€0,1],

connects ao*F and 8*F by K?iequivalent germs. We want to associate to
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the family t +— g(t) a family of paths for Fy connecting & and § via K*
equivalent paths. For A = 0, (T'(%,0,t), Z'(2,0,t)) defines an (invertible)
family in K3 and so, h(t) € 5_"(]2?)\), defined via the equation
9(t)(z,A) = T'(t)(2,0)h(t)(Z'(t)(2,0), ),
corresponds to a (A, t)-unfolding of fy because (ap*F)(z,0) = fo(z). We
use the KP3-unfolding theory with (¢, \) as unfolding parameters to derive
the family of paths in 736\,& associated with g. Let ¢ be arbitrary in [0, 1],
we consider germs around ¢t if necessary. Hence there is a smooth family of
paths a(t) : (RExR, (0,%)) — (RY,0) such that
h(t)(z,A) = T(t)(z, N B(X (1) (2, A), a(t)(N),
for t close to t. Thus, the family ¢ — g(t) satisfies
g(t) = (T'(), X' (), 1)-(T(t), X (), D)- (@(t)"F) = (T(t), X (t), I)- (a(t)"F).
The family ¢t — g¢(t) is formed of IC]/I\%—equivalent maps, so there exists a
family of change of coordinates t — (T"(t), X'(t), I) € K}* such that
(5.1) 98)(2X) = T(8) (2 VB(X'(8)(2, A), Gol(N)):
Using (5.1), (5.2) defines (T'(t), X (t), ) € KY* such that
a(t)’R = (T@),X(6), )™ - (T'(t), X' (t), 1) - (30"R)

Finally we need to show that the family ¢ — &(t) is locally K*trivial and

conclude using, if necessary, a partition of unity to join together our local

information. Recall that, for all ¢ € (R,?), the Dsequivariant bifurcation
germs a(t)*F) are K?s—equivalent and so, differentiating in ¢ at t = ¢,

(5.2)

do
dt
Because the paths a@(t) are of finite codimension, the techniques of Lemma
3.2 of [30] show that the derivative 92 is the pull-back by a(t) of a liftable
vector field £. Integrating this vector field, and its lift, gives the K*-equiva-
lence of the members of the family ¢ +— a(t). O

()R € TK* (a(t) ).

5.2. Classification of one-parameter bifurcation germs

We can now classify the one-parameter paths up to topological K*-
codimension two corresponding to the cores (3.12-15). We use (’s as our
unfolding parameters for the paths so as not to create confusion with «,
which we used for the miniversal unfoldings of the cores.
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THEOREM 5.2. — There are 8 one-parameter paths of topological K*-
codimension k < 2. Their K*miniversal unfoldings A are given in the
following list. To recover the paths, set the unfolding parameters (;’s to
0, a(\) = A\, 0).

(1) for C§, there are three K*miniversal unfoldings A : (R'*% 0) — R:
I3 012, 115 : 52)\2 + 01, 1115 : (Sg)\‘3 + 1A+ (o,
(2) for C3, there are three K*miniversal unfoldings A : (R'*% 0) — R?
(see Figure 5.1):
X3 : (5)‘7 VA + ﬂ1)7
XI3 : (X, VA% + B1 + (2)),
XI5 : (VA% + B1, 6 + B3o).
(3) for C3, there is one K*miniversal unfolding A : (R'** 0) — R
X3 : (6N vA+ b1, B2),
(4) for C3., there is one K*miniversal unfolding A : (R'** 0) — R*
XIVg . (51)\,(52)\+ﬁ1,ﬂ2,0),

where the v’s are modal parameters for the paths. In Section 6 we give
explicit formula for the sign constants §*> = §? = 63 = 1 and the moduli.

Proof. — To compute the codimension, the normal spaces and the higher
order terms of the different paths, we use the definition of the extended
tangent spaces to the paths given in (2.6). For instance, for case XIII3, the
path is (0A, v\, 0). Replacing «y by 0\, ae by v\ and g by 0 in (2.6) and
using the generators for Derlog*(C3) in Proposition 4.2, we get:

a'ty = (40vA* + M3, 202X + M3, M3)
'l = (207 + M3, 660N% + M3, M3) ,
a’ts = (Mi,M?/{, 10esv A + Mi) .

Using the ideas in [5], the higher order terms that can be removed belong to
the intrinsic part of the unipotent subgroup of £* generated by a*;’s (they
are quadratic or with upper triangular derivatives) and A2ay = (5A% A2 0).
When v # 0, the terms ignored in the path are contained in that intrin-
sic part, so they can be removed. For the unfolding theory, the extended
tangent space of a is TK* () =< a*y, a’a, a*és, ay >g,. When v # 0,
it contains /\;li and so the normal space N K*(&) is generated over R by
(0,0,1), (0,1,0) and (0, ,0), hence v is a modal parameter and & is of
topological codimension 2 with the given K*miniversal unfolding. O
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Path formulation allows us to identify where the modal parameter be-
longs to, the core or the path, controlling its relative position with respect
to AfS, The following figure represents the situation for C3. We have por-
trayed in Figure 5.1 the 3 paths of Theorem 5.2 that are a straight line
for X3 or parabolas for XI3, XII3 with their positions with respect to the
discriminant, determined ultimately by the different moduli.

L2
Fr
- X3 g = drvag
: a XI3: ag=va?
Xy X3 : «a =va3
X113
Pr 5

Figure 5.1. Discriminant related to the core Cy, €; = 1, and paths for
X3, XI3 and XII3. The coefficients év and v are all positive.

5.3. Classification of two-parameter bifurcation germs

We classify two-parameter paths up to topological K*codimension 1 to
illustrate the power of path formulation in the multiparameter situation.

THEOREM 5.3. — There are 5 two-parameter paths of topological K*-
codimension k < 1. Their K*miniversal unfoldings A are given in the fol-
lowing list. To recover the paths, set when needed the unfolding parame-
ter 3 to 0, a(\) = A(A1, A2, 0). The sign constants are 67 = 1,1 = 1,2, and
1, v are modal parameters.

(1) for C3, there are two K*miniversal unfoldings A : (R***0) — R,
namely, A1 o(\) = A1, of K*codimension 0, and Ay 1 (X, 3) = 5123+
8223 + B3, of K*codimension 1.

(2) for C3, there are two K*miniversal unfoldings A : (Rt 0) — R?
namely Aj o(A) = (A1, 0A2), of K*-codimension 0, and Az 1 (), 5) =
(0101, 01 + 8203 + B3), of K*codimension 1 when pi # 0.

(3) for C3, there is one K*miniversal unfolding A : (R**1 0) — R?
ngBH by A3’1()\75) = ((51)\1,62)\2, l/)\1 + ﬁ) when v 7é 0.
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Proof. — It is straightforward to see that the classification of the -
parameter paths for the core C$ is given by the classical contact equiv-
alence classes of @ : (R, 0) — (R,0). When [ = 2, there are two such classes
up to codimension 1, with miniversal unfoldings A; o and Ay ;.

For the two other cores, the procedure is routine. For the path As o for
the core C3, if the determinant (@1)§, (@2)%, — (@1)3,(@2)3, # 0, a change
of coordinate brings the path into the pre-normal form

a= (A +M3,50 + M3).

The extended tangent space is equal to 73§ (the codimension is 0) and the
tangent space is invariant to the second order terms as required to eliminate
the higher order terms. For the path As; for the core C3, under the same
condition, a change of coordinates brings the path into the pre-normal form
(81A1, 622, vA1) modulo M3. We get the generators:

461 M Ao + M3 20102 + M3 M3
20003 + M3 |, M3 A M3
—3vAi A2 + M3 AT + M3 A2 + M3

and the derivatives (01,0,v), (0,02,0). When v # 0 we get that M2 C
T.K*(a) which takes care of the higher order terms. The normal space
N K*(&) is generated over R by (0,1,0) and (0, A, 0), hence v is a modal
parameter and « is of topological K*codimension 1 with the given K*
miniversal unfolding. |

6. Bifurcation diagrams

In this section we analyse the cases from Theorem 5.2 that we need for
our application in Section 7.

6.1. Bifurcation diagrams and stability

The bifurcation diagram of f € 6_'23) is its zero-set. We use the same
terminology for any a-parameter unfolding F' = [P, Q] of f, with unfolding
parameter o € (R%0). We described in Section 4.1.1 the three types of
solutions in the zero-set set of Pz 4+ Qz> = 0 with different classes of
isotropy subgroups. Here, we specify the information on the eigenvalues of
the linearisation of F.
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(1) For O, the double eigenvalue of F,(0, A, ) at the trivial solution
z =0 is equal to P(0,0, )\, ).

(2) For R, the eigenvalues of F,(z,0,\, «) at the Zs-symmetric points
of equation

P(z% 23\, a) + 2 Q2% 23\, a) =0
are 3P or —3Qz for one, and
2 (Q +2Pyx + (3P, +2Q.)x? + 3Q,2°)

for the other.
(3) For T, the sign of the determinant of F, at the points without any
symmetry, of equation

P(U,U, )‘70‘) = Q(U,U, )‘7 OZ) = Oa

is equal to the sign of (P,Q, — P,Q,) and the sign of the trace is
the sign of

(2uP, + 3u?Q, + 3vP, + 20Qy,).

To keep track of the stability, we recall that the signs of the eigenvalues
of the linearisation for the trivial and R-branches are invariant under ICH))\)S—
equivalence ([24], pp. 99-101). On the T-branches, the sign of det(F,) is
invariant. Moreover, from the previous data for solutions of the type T
(which can exist only if Q° = 0), we can conclude that the signs of the
real part of the eigenvalues are also invariant on the T-branches when
P2 (P°Q° — P°Q?°) # 0. Case XIV; in the one-parameter classification
partially escapes the scope of those results. Because the hypotheses for the
T-branches are not satisfied, a Hopf bifurcation may occur.

6.2. Transition varieties

The transition varieties are the hypersurfaces in the space of unfolding
parameters delimiting open regions where the bifurcation diagrams of the
unfolding are topologically equivalent. The transition varieties belong to
two categories: the values of the parameters where there is a multi-local
singularity (at least two generic singularities for the same value of A\) and
the values where there is a codimension 1 singularity. In the first case
we denote the transition variety D(X,Y) where X,Y are any of the 3
generic singularities of Section 4.1.2 arising at the same value of A. In the
second case there are the usual codimension 1 bifurcations on the R or
T-branches, Br, Br (symmetry preserving bifurcation point), or Hg, Hr
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(hysteresis point), and the codimension one, corank one bifurcations with
Zo-symmetry, Cr, Jr, and the codimension one, corank two bifurcations
with Zs-symmetry, Qp, and, finally, Sy and Sy the Ds-equivariant germs of
K?B—codimension one occurring on the trivial branch. Here, for the paths II3
and XII3, we only need explicitly Sir, Sx and Bg. Their defining equations
are P(0,0,\) = Px(0,0,\) = 0 for Sy, P(0,0,A) = Q(0,0,\) = 0 for
Sx, and P(z,0,\) + Q(z,0,\)x = 0, Px(z,0,\) + Qx(z,0,\)z = 0 and
[2P,x + Q + (3P, +2Q,) 22 + 3Q,23](x,0,\) = 0 for Bg.

6.3. Normal forms with ¢° # 0

Let F = [P(u,v, A, 3),Q(u,v, A, 3)] be a miniversal unfoldings of a nor-
mal form, where § represents the unfolding parameters. Setting 5 =
recovers the normal form. The diagrams are basically of two types depend-
ing if the O(2)-symmetry breaking term ¢° is zero or not. When ¢° # 0,
we have a family of normal forms [0;A¥, €], where k € N and e = sign(¢°).
The necessary conditions on f = [p,q] are p{; =0, j = 0...k — 1. The
non-degeneracy conditions are ¢°- p$, # 0, with dx = sign(pS$.). A IC];»B—
miniversal unfolding is [0, \* + Zf}f Br_i_1A\% €]. The transitions varieties
are, respectively, empty for I3, S; : 31 = 0 for II3 and Sp7 : B2+ == > 46563 =0
for I1I3. All solutions are Zg-symmetric (type R) for some Zy C D3, and so
form 3 conjugate branches. Here the branches exhibit only a simple “snake-
like” behaviour. In the figures, the given linearised stability corresponds to
the dynamics of 2 = F(z, A, 3). Figure 6.1 illustrates that the typical Ds-
bifurcation is to saddle points. The central axis corresponds to the trivial

44 »

solution, the vertical direction to the -axis. The constants in the dia-

grams are such that the trivial solution is always stable for A < 0. Thick
lines represent stable solutions or transition varieties in parameter space.

N ng Z e

132

A

R B1>0 81 <0

Figure 6.1. Bifurcation diagrams for I3 (61 = 1) and II3 (62 = —1), e = 1.
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6.4. Normal form XII3 with ¢ =0

In the second type of diagrams there are solutions with trivial symmetry
(type T'). We only discuss the case XII3 we use for our application. The
necessary conditions ¢° = p{ = 0 and the nondegeneracy conditions are
P8 g% pSy - Auw(q) - (4p5pSy — ¢5%) # 0. The normal form for the
IC]E\DB—miniversal unfolding is

(81 + e1u + VA2, B2 + €2v + 6]

where e; = sign (p - Ay »(p,q)), €1 = signpg, § = signg and v =| pg |
Py - (%) 72 The modal parameter v has critical values %el and, for the
unfolding, also 0. The transition varieties are S;; : ; =0, Sx : B +v33 =
Oand B : f1 = (4617’1’/_1)6§+. ... We can also solve the recognition problem
for unfoldings. In the path formulation, the unfolding (A1 (A, 3), Aa(A, 8))
is miniversal if and only if 3 € (R%0) and the Jacobian matrix of the map

(N, B1, B2) — (A1, (A1), A2) is invertible at the origin.

Sx, P
Br (_F A /B
E C
Sir ‘D ge>
\ ' \\J
B: - D: -~ F: like B
WO

-
R A WA
N

Figure 6.2. Bifurcation diagrams and transition varieties for
X3, 0< v, =€ =€ = 1.
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The diagrams and transition varieties are represented in Figures 6.2-6.4.

ﬁl R\
TD
652 0: \
B

A "
R (\ E: B reversed
B: A

HE
Sy F A
Br
D :
\&‘)\ C
{R
T K')\ C .

S

<) FE : C reversed

Figure 6.3. Bifurcation diagrams and transition varieties for Xllg,
*i<l/<0,§:61:€2:71.

7. About the 1-1:resonance for period-3 points in
reversible systems

Our set-up can be used to describe subharmonic bifurcations in reversible
systems (Vanderbauwhede [39]). In that paper the generic bifurcations in
reversible forced vector fields are considered when the kernel of the lineari-
sation is two dimensional and irreducible. In [19], Gervais studied the same
problem using the singularity theory approach to the bifurcation equations,
although without analyzing new normal forms. In [3] the bifurcation of pe-
riodic points for reversible-symplectic maps was studied. When a multiplier
associated with a fixed point crosses a root of unity exp(27i %), m = 1,2,
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1 B: N

' A
jg R
NVﬁQ C;

=@

|
S

. Wi
(\ (\

Figure 6.4. Bifurcation diagrams and transition varieties for XIlg, v <

=

!

4,61—5—7

or when there is a collision of two multipliers at such a root of unity, we get
Ds-equivariant gradient bifurcation equations of corank 2 via a discrete La-
grangian formulation. For the bifurcation of subharmonic periodic orbits of
reversible (possibly also symplectic) systems there are problems leading to
each of our diagrams. The core depends essentially on the nonlinearity and
the dependence of the multipliers of the linearisation on the parameter A
typically controls the path. The normal forms II3 and XII3 are important
because they correspond to the bifurcation of periodic orbits from a col-
lision of multipliers on the unit circle at the third root of unity. To get
details of those collisions we use the recent approach of Ciocci [7, 8] on the
bifurcation of periodic points in reversible maps building on ideas of Van-
derbauwhede ([39]). This framework can also be used for periodically forced
ODEs or autonomous systems via time-7" or Poincaré maps ([39, 40]).

To facilitate comparison we follow the derivation and notation of [8].
Let ® : (R**0) — (R"0) be a family of R-reversible map, R?> = I and
R®(Rz,\) = ® Y(x,)). We assume that Ay = ®,(x¢,)\) is invertible
when there is an R-invariant fixed point (2o, Ao), Rxo = 2. The Implicit
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Function Theorem implies that we have a branch of those. With a change
of co-ordinate, we can assume that the branch is the trivial branch, that is,
®(0,\) = 0, VA € (R,0). The spectrum of Ay has single 1, complex
conjugate pairs {u, i} on S* or quadruples {u, u~ L i, i~} outside of St
Of interest are the pairs on S Without colliding, they are stuck on the
circle as A\ varies. They will encounter roots of unity and generically two
periodic orbits will bifurcate ([7]). Suppose n > 4, we are looking at the
bifurcation near the collision of two pairs of conjugate eigenvalues at a
third root of unity. This collision corresponds in general to the splitting
of the eigenvalues off the unit circle, creating a kernel of Ay of geometric
multiplicity 1 and algebraic 2. Clearly this collision can only occur in a
two-parameter problem. Some of its aspect is parameter driven: how the
parameters drive the eigenvalues. Here we shall pay more attention to the
degeneracies in the nonlinear part.

The equation we would like to solve is ®(z, \)® = x. Define the following

matrices
(0 -1 (10 (] 0
Jz‘(1 0)’R1_(0 1)’J°_(0 Jz)’
_(-Ri 0 (0 I (0 0
R‘( 0 R1>’NO_<0 0>’M0_<12 0)’

R 0
So = exp(boJo) = < 090 Ro )

where Ry, = cos(fp)I2 + sin(fp)J2. Under the previous hypotheses, there
exists a basis for U = ker(A3 — I) such that Ay = Spexp(Np). The matrix
unfolding of Ay in the sense of Arnold is

A9, 0) = Spexp(Nog + B(9,0))

dJy 0
0’]2 19J2
unity and o representing the separation from the unit circle.

In [7] the Generalised Lyapounov-Schmidt (GLS) reduction is derived.
There exists a reduced map @, : (UxR%0) — U and an R-equivariant map
z* : (UxRL0) — R™ such that ®,.(0,\) =0, (®,),(0,\) = AW(N),a(N),
2*(0,A) =0, (0, \) = I with the following important property:

For all A € (RY0), x is a period-q point for ® if and only if x = 2*(u, \)
where u is a period-q point for ®, if and only if ®,.(u, A) = Spu.

Note that, for every k, z*(u,\) = O(||u|*) and @, is the restriction
to U x R!,0) of the Birkhoff normal form of ®. We can define a more
convenient bifurcation map on U. In our case of the 1:1-resonance, U is four

where B(¢,0) = < >, 1 measuring the distance to the root of
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dimensional, so we identify it with (z,w) € U = C? where z corresponds
to the co-ordinates on the geometric kernel. On U, (®,)(0, A) is

AW(N),0(X)) = exp(PJy) exp(No + o My) — exp(—1dJp) exp(—(No + o My)),
where 9,0 : (R, 0) — (R,0). The equation ®,(u, \) = Sou is equivalent to
B(u,\) = Sy '@, (u, \) — So®,  (u, \) =0,

where B : (C? x R%0) — (C20) is Sp-equivariant (rotation) and R anti-
equivariant (reflection) (hence Ds-equivariant). Let

B(z,w,\) = (B1(z,w, A), Ba(z,w, \)).

The linear part of B can be calculated. The dependence of the functions 9,
o on the parameters A can be complicated and many scenarios are possible.
It is here that path formulation is useful as it allows to consider most cases
with similar calculations. The Taylor series expansion of B(; ., (0,0, A) is

201+ 3+ %) at... 201—2)1+Z)+...
2001- L)1+ %) +... 200+5+%)h+... )

We solve the first equation for w = (2, A) because the derivative (81)S, =
215. Replacing into Bs, we get the Ds-equivariant bifurcation equation
whose normal form is II3 when ¢g # 0 and XII3 when ¢y = 0:

(7.1) Bs(2,\) = Ba(z, (2, \), N).

The symmetries are By (z,w) = —Bi(z,w), Ba(z,—w) = —Bi(z,w) and
B;(e'%z, eow) = €% B (z,w), i = 1,2. This means that 0 is e*equiva-
riant and R anti-equivariant, hence it is an imaginary valued Dz-equivariant
map of the form [ip(u, v),iq(u,v)] where [p,q] € EP. Note that Joz = iz.
Therefore, B3 is D3-equivariant with respect to the standard action. The
Taylor series expansion of @ is O(|z|?) and so ¢° for Bz depends only on
the term in z2 of By. If that term is non zero we get the normal form II3
provided the main bifurcation parameter is ¢ and o represents the unfold-
ing parameter. In case ¢° = 0, we have the normal form XII3 with the same
parameter structure. To understand the diagrams in our context, bifurcat-
ing orbits have period 3, of type R they consist of points in Fix(R), of type
T of points without extra symmetry. When ¢° # 0 we find the diagram
of the generic collision with the two bifurcating families mentioned in [8].
When ¢° = 0, the next branching structure is described in Figures 6.2-
6.4. Note that the bifurcation to the T-branches is the symmetry breaking
Rimmer bifurcation [40].
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8. Final Remarks
8.1. Variational problems

When the map is symplectic, for instance because the underlying dynam-
ical system is Hamiltonian, most reduction techniques will give rise to a gra-
dient bifurcation equation. Our normal forms and their miniversal unfold-
ings are gradients of some Ds-invariant potential because they satisfy the
identity 3p,(u,v) = 2¢,(u,v). With additional structure, germs and their
variational miniversal unfoldings should be constrained and produce fewer
examples, but this is not very spectacular at low codimension. The only re-
striction is for C3, where the modal parameter is fixed to p = % sign ¢ and
obviously precludes the existence of any possible tertiary Hopf bifurcation.
The only one-parameter diagram affected is normal form XIVs.

THEOREM 8.1. — The variational problems of topological codimension
up to 2 correspond to all the normal forms I3 up to XIVs (in that last case
the modal parameter y = % sign ¢2 ). Their miniversal unfoldings are all
gradients as well.

Thus it is possible to treat the Ds-equivariant gradient problems as dis-
sipative up to codimension 1. At codimension 2, there is only one situation
where additional care is needed. Ignoring a gradient structure for a par-
ticular diagram is of no consequence because the main qualitative features
are not lost by change of coordinates, provided one does not use generic-
ity arguments for its existence. But what might be very different are the
possible perturbations as it is the case with corank 2 problems without sym-
metry ([3]). Here we need at least three parameters to see any difference.

8.2. The classification for the other dihedral groups

The more complex classification occurs for k = 4 and is due to [22],
re-organised in [3] following the path formulation. Written in terms of the
invariants [p, ¢, the normal forms with the @(2)-symmetry breaking ¢° = 0
are the same for k > 4. Cases X, XIg, XIIx, XIII; and XIV} represent all
the normal forms up to topological Kﬂgk—codimension 2 when ¢° = 0. The
main difference arises when ¢° # 0, because there is more complicated be-
haviour depending on k. Also, some germs have many moduli, often without
influence on both the bifurcation diagrams and their deformations ([9]).
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With an automatic computer procedure, additional normal forms of Ds-
equivariant bifurcation germs were calculated in [18], improving on [6].
But not all the normal forms we classify were found. We believe that path
formulation would add more structure to such systematic research. In par-
ticular, it helps to split it into 2 steps: classify the cores and then study
the paths for each core.

Appendix A

Explicit changes of co-ordinates

We refer to Section 3.1 for the details of the notation. The coefficients of
the Taylor series expansion of [p”,¢”] in (3.6) are given by

(81) Alll = CoAll + 60A6, Bi’ = CoBi + doAE),
(82) AIOI = C()A/O, Ag = C()A/2 + €0A/1, Bg = eoBi + CoBé,

for the first order terms, and, for the second order terms, by

Dlll = (Cu + do)All + C()Dll + 6014/2,
EY = (o + 90) A + (cu + do) By + coE} + eo By + do Ay,
Fi' = (co + 90) By + doBj + co Y,

DY = egD} + e, A} + coDb + ¢, A,

EY = eoE} + e, B] + e, A} + coEy + ¢y By + ¢, A,

F) = eqF| + e, B] + coFy + ¢, B,
To keep the formulas simple we have ignored the Ag, A} terms on the
coeflicients of second order because they are not needed if Ay # 0 as the
normal forms simplify immediately.

The coefficients of the Taylor series expansion of [p’, ¢'] in (3.5), in terms
of the coefficients of [p, ¢] in (3.7-8), are given by

(83) All = a%Al + 2a0b0A0, Bi = QCL%boAl + aéBl + 2&01)3140,
(8.4) Ay =adAg, Al =adboAr + agAs + 2aga, Ay — b3 Ao,

for the first order terms, and, for the second order, by
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D = 3ada, Ay + agbi Ay + 3a3bo By + aj Dy + 2a3boAs,

B} = 3aka, Ay + dagboa, Ay + 2a3b, Ay + 4ada, By + 3a2bi By
+ 4a3b0D1 + agEl + 6a%b3A2 + 2a§bOBQ,

F| = 4agboa, Ay + 2a3b, Ay + 4aja, By + 2a0bj By + 4agbi A,
+ 2a3b3 By + 4a3b2 Dy + 2a5bo By + af Fy,

Bl = 2a0b3 A1 + agbo By + 2a3bo A + ad By + 2apa, Ao,

= 4a8auA2 + 2agboa, A1 + bgAl + 3aébOBg + agbuAl

+ 3a3b2 By + agbo Dy + a$ Do,

Bl = 4ada, Ag + 6a2bya, Ay — 2agb3 Ag 4 5aga, By + 2a3b3 Ba
+ QaSbuAg + 2a¢bga, A1 + agEg + 4agbob, A1 + 2b(2JauA1
+ a2b, Ay + ajb, By + 3akboa, By + 3aoby By + 4ajba Dy
+ a5bo By + 4agbo D,

Fj = 6a2boa, Az + 5aga, By + 2aib, As + 2a3b3 By + 4aghi Do
+ 2a3bo By + 4agbob, Ay + 2a,b3 A1 + 3aboa, By + 2b3 By
+ 4a2b3 Dy + 2agb3 Er + albo Py + ag Fy + alb, B.
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