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ON A GENERALIZED CALABI-YAU EQUATION

by Hongyu WANG & Peng ZHU (*)

ABSTRACT. Dealing with the generalized Calabi-Yau equation proposed by
Gromov on closed almost-Kéhler manifolds, we extend to arbitrary dimension a
non-existence result proved in complex dimension 2.

RiESUME. — En travaillant sur I’équation de Calabi-Yau généralisée proposée
par Gromov pour des variétés presque-Kalhériennes fermées, nous étendons le ré-
sultat de la non-existence prouvé en dimension complexe 2, & des dimensions arbi-
traires.

1. Introduction

The Calabi conjecture [2] asserts that any representative of the first
Chern class of a closed Kahler manifold (M,w) of real dimension 2n can
be written as the Ricci curvature of a Kahler metric w’ cohomologous to w.
This conjecture was proved by S. T. Yau [14]. Yau’s result is equivalent to
finding a Kéahler metric in a given Kéhler class with a prescribed volume
form. More precisely, by d0-lemma on a Kéhler manifold, this amounts to
solve the complex Monge-Ampére equation:

(1.1) (w4 V=100¢)" = eF'w,
for some real function ¢ with
w4+ V/—=190¢ > 0,

where F' € C*°(M;R) satisfies that

/er":/ w™.
M M

Keywords: Calabi-Yau equation, symplectic form, almost complex structure, Hermitian
metric, Nijenhuis tensor, pseudo holomorphic function.

Math. classification: 53C07, 53D05, 58J99.
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We call Equation (1.1) Calabi-Yau equation. Yau solved this equation by
virtue of the continuity method. Consider the system of equations obtained
by replacing F' by tF + ¢, where ¢; is a constant for ¢ € [0,1] (co = ¢; = 0).
An openness argument is obtained by the implicit function theorem and
a closeness is derived by a priori estimate. Similar questions are proposed
in symplectic manifolds in different cases and studied by many authors
(3, 4, 10, 12].

Suppose that (M,w) is a closed 2n-dimensional symplectic manifold with
a volume form o € [w™]. In [9], Moser proved that there exists a symplectic
form w’ € [w] which is symplectomorphic to w satisfying that

(1.2) W =o0.
That is, there exists a diffeomorphism,
f:M— M,
isotopic to the identity such that
ffut=o.

It is easy to see that w’ = f*w is cohomologous to w and f*w satisfies
Equation (1.2). This is independent of the almost complex structures. It
is well known that there are many almost complex structures which are
compatible with the symplectic form w and they form a contractible space
[1, 8]. Here w is compatible with an almost complex structure .J, that is, at
every point p € M, wy(v, Jv) > 0 for every nonzero vector v € T, M and
w(JY,JZ) = w(Y, Z) for all vector fields Y and Z.

Now we suppose that (M, g, J,w) is an almost Kihler manifold, that is,
the symplectic form w is compatible with the almost complex structure J
and g(X,Y) = w(X,JY). Obviously, g is a Riemannian metric. Consider
the existence of the solution of Equation (1.2) in the following form,

(1.3) W =w(p) =w+d(Jde),
for

¢ € C(M;R).
Here

(Jdp)(X) = dp(JX),
and W' tames J, that is, at every point p € M, wy, (v, Jv) > 0 for every
nonzero vector v € T, M. More precisely, this question can be expressed as
follows:
Does there exist a smooth function,

¢ € C=(M;R),
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satisfying the following conditions?

W' = o,
(1.4)
W' =w(p) = w+ dJd¢ tames J,

where o is a given volume form in [w"]. Following a suggestion of M. Gro-
mov, P. Delanoé studied this problem in [3].

We call Equation (1.4) generalized Calabi-Yau equation. In particular, if
(M, g,J,w) is Kahler (that is, J is integrable), then,

d(Jd¢) = d(J(0 + 0)¢)
=V-1(0+09)(0—0)¢
= 2/—190¢.
This implies that the form w’ is a Kahler form. So Equation (1.4) reduces
to the Calabi-Yau equation on K&hler manifolds, which was solved by S.

T. Yau [14].
We define an operator F' from C*°(M;R) to C*°(M;R) as follows:

¢ — F(o),
where
(1.5) F(g)w" = (w(9))".

Therefore, Equation (1.4) is equivalent to the following problem:
Suppose that a positive function f € C°°(M;R) satisfies the following

equality,
/ w" = / fw".
M M

Does there exist a solution of ¢ € C*°(M;R) which satisfies the following
equation?

16) {F(¢> =,

w(¢) =w + dJd¢ tames J.

TOME 60 (2010), FASCICULE 5
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We need some notations in [3]:

DEFINITION 1.1. — Suppose that (M, g, J,w) is an almost Kéihler mani-
fold of real dimension 2n. The sets A, B, A} and By are defined as follows:

A:={¢ € C®(M;R) | /Maw” =0};

= C>(M; W = w'}s
B (e [ por= [ o
Ay = An{¢p € C*(M;R) | w(¢) tames J};
B, :=Bn{feC>®(M;R)| f >0}

Note that A, can be regarded as a convex open set of symplectic po-
tential functions (analogue of Kahler potential functions). Restricting the
operator F' to A, we get

F(A;) C By.

Thus, the existence of a solution to Equation (1.6) is equivalent to that the
restricted operator

(].7) F|A+ZA+—>B+,

is surjective.

Suppose that (M, g, J,w) is a closed almost Ké&hler manifold of real di-
mension 2n. If J is integrable, then F': Ay — By is surjective. Conversely,
if F: Ay — By is bijective and n = 2, then J is integrable. Delanoé [3]
proved this result by constructing a suitable smooth function ¢y on the
boundary of A, and he conjectured [3, Conjecture p.837] that the same
result holds when n > 2.

In this paper, we prove Delanoé&’s conjecture. Since an oriented surface
is Kahler, we always consider the case n > 2.

THEOREM 1.2. — Suppose that (M, g, J,w) is a closed almost Kéhler
manifold of real dimension 2n. Then the restricted operator F|a, : A; —
F(AY) is a diffeomorphism. Moreover, the restricted operator F|4, : Ay —
B, is a surjectivity map if and only if J is integrable.

Remark 1.3. — 1) S. K. Donaldson gave a conjecture in [4]. Suppose
that J is an almost complex structure on a closed symplectic manifold
(M, w) of dimension 4, and is tamed by the symplectic form w. Let o be a
smooth volume form on M with

|o=]
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Let @ be an almost Kéhler form corresponding to the almost complex
structure J (that is, @ is a symplectic form compatible with J) with [©] =
[w], and solve the Calabi-Yau equation

o? =o.
Donaldson conjectured that there are C'*° a prior bounds on @ depending
only on w, J and o. This is related to his broader program [4].

2) V. Tosatti, B. Weinkove and S. Y. Yau [10] proved that Donaldson’s
conjecture on estimates for Calabi-Yau equation in terms of a taming sym-
plectic form can be reduced to an integral estimate of a scalar potential
function. We will study Donaldson’s conjecture in a future paper [11].

This article is organized as follows. Section 2 contains a local theory of
the operator F' (Equality (1.5)) and the local expression of w(¢) (Equality
(1.3)) by choosing the second canonical connection. Section 3 gives the
proof of Theorem 1.2. In the following, we simply call Equation (1.4) the
Calabi-Yau equation.

2. Local theory of Calabi-Yau equation

This section is devoted to a local theory of Calabi-Yau equation. Let
(M, g,J,w) be a closed almost Kéhler manifold of real dimension 2n. The
C-extension of the almost complex structure J on the complexified tangent
bundle TM ® C is defined by

J(X+iY)=JX +iJY
for X, Y € TM. Obviously,
J?=-Id
on T'M ® C. Therefore,
TM@C=T4"q1%!,

where
T ={XeTM®C:JX =iX}.
J induces an almost complex structure on A*T*M @ C. Hence

NT*M®C="Tsg+Ti1+ Tpo2,

where T}, , is the space of (p, q)-forms. Let P» o, P11 and P2 be the pro-
jections to T o, Th,1 and Tp 2, respectively. For each ¢ € C°(M;R), set

(2.1) 7(¢) = P2o(w(9)),

TOME 60 (2010), FASCICULE 5
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(2.2) H(¢) = Pr1(w(o)).

PROPOSITION 2.1. — Suppose that (M, g, J,w) is a closed almost Kéhler
manifold of real dimension 2n. Then w(¢) tames J if and only if H(¢)
tames J.

Proof. — From the definition of w(¢) and H(¢), we have
w(@)(X, JX) = (1(¢) + H(¢) + 7(¢)) (X, JX)
= H(¢)(X,JX).

The last equality holds since 7(¢)(X,JX) = 0, for every vector field
XeTM. O

Remark 2.2. — Observe that the taming (1, 1)-form H(¢) in Proposi-
tion 2.1 is not necessarily closed; it is, when J is integrable (Kahler case)
in which case it coincides with w(¢).

To compute 7(¢) and H(¢), we choose a local coordinate system and the
second canonical connection on an almost Hermitian manifold, (M, g, J, w)
of real dimension 2n, (that is, a Riemannian metric g is J-invariant and
wX,Y)=g9(JX,Y).).

There exists a local orthonormal basis {e1, Jey, -+, €,, Je, } of M. Set
e = % Then {ey,--- ,en, €1, -+ ,€n} is a local basis of TM ®@ C
and g(e;,ej) = g(€;,€;) = 0, g(es,€;) = d;;. Obviously, {er,---,en} is
a local basis of TH0. Let {6',---,0"} be its dual basis. Obviously, after
complexification, J, g, and w can be expressed locally as follows,

J=vV-1(0*®Q ey — 0" R e,),

g=> (0°®0°+0" @0,

i=1

(2.3) w=V=1) 0% A6".
a=1

Now, although this choice is not essential for the proof, we choose a dif-
ferent connection than the one used in [3], namely we choose the second
canonical connection V! (an almost Hermitian connection) on an almost
Kéhler manifold [5, 6, 10, 15]. Note that the second canonical connection
on the almost Hermitian manifold (M, g, J,w) is an affine connection V!
satisfying

(2.4) Vig=0=V'J,

ANNALES DE L’INSTITUT FOURIER
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and the (1,1)-component of its torsion vanishes [6, 10, 15]. We must redo
with V! calculations analogous to those presented in [3, Appendix 1]. From
Equality (2.4), we obtain that

v - (T*"M @ C) @ TH?,

€q wg K eg.
The second canonical connection, V!, induces

Vl : T170 — (T*M® (C) (39 T1,07
0% — —wi ®6°.

Let ¢ € C*°(M;R). Then

(2.5) dp = paf® + ¢o0°.
Thus,

(2.6) Jdp = V=1(¢a0" — $o0%).
Let

(2.7) o — dpws = Gapl’ + ¢o50”.

Then, equality d?¢ = 0 and Equation (2.5) imply that

(2.8) d(¢ad”) + d(éaéa) =0.
Let
(2.9) 0% = do™ + wi N 6°

be the torsion of the second canonical connection V!. Thus, ©® contains
(2,0) and (0,2) components only. Therefore,

(2.10) % =Tg,6° N6 + N§.6° N6,
with Tg = —T7; and Ngn_y = —N%. Indeed, the (0,2) component of the

torsion is independent of the choice of a metric and can be regarded as
the Nijenhuis tensor, N, of the almost complex structure J [10, 15]. From

TOME 60 (2010), FASCICULE 5
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Equations (2.3) and (2.9), we obtain that

dw =d(vV/=1)_ 6% N0
a=1
= V=1 (d6* AG* — 0 A db*)
a=1
=V=1) (0 N0 — 0 A 6%)
a=1

=V=1 Y (Tg,0°N0° N0 —Tg0%N0° NG
a,B,y=1
a g A pB A QY _ NO g B Y
(2.11) + NGO0* NO7 AT — NGO NO7 AB7).

Suppose that (M, g, J,w) is an almost Kahler manifold. By Equation (2.11),
we have

75, =0,
and
N5+ N§. + Njz = 0.
Combining with Equations (2.6)—(2.10), we obtain that
dJde = 2v/—1d(pa0%)

=2V —1(dpo N O™ + ¢ dO)

= 2V =1($apt® A O* + ¢,30° N O™ + $,0%)

= 2v/=1(¢apb’ N O + ¢,50° N 0" + ¢ N5-07 A OT).

The reality of dJd¢ implies that

bai = Do

and

Papd”® NO* = —Go NG 09 NG
Set
(2.12) h(rb)(X,Y):%(H(¢)(X,JY)+H(¢)(KJX))-
Then,
(2.13) 7(¢) = —2v=1¢aN§.0° A 67,
(2.14) H($) = V=1(6,5 — 204,3)0% N 67,

ANNALES DE L’INSTITUT FOURIER
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(2.15) h($) = (8,5 — 2045) (0% ® 0° +6° © 6),

dJdp = —2v/=1(¢aNG-0° N7 + ¢,50° NO° — o NG-0° A O7).

Where 6,5 = 1 if a = 3; otherwise, d,5 = 0. Hence, we have the following
lemma;

LEMMA 2.3. — Suppose that (M,g,J,w) is a 2n-dimensional almost
Kaéhler manifold, and ¢ is a smooth real function on M. Then,

w(¢) =7(¢) + H(¢) +7(9),
where 7(¢) and H(¢) are given by Equations (2.13) and (2.14), respectively.

Let [5] denote the integral part of a positive number %. Following [3],

let us define operators F; (j = 0,1,---,[5]) as follows:

F; : C*(M;R) — C*(M;R),
¢ — Fi(9),

n! —

(7(6) ATI)Y A H(9)" .

> Fi(9)w" = (r(¢) + H(¢) +7(¢))" = F(d)w".

7=0
The following result was proved in [3, Proposition 5]:

PROPOSITION 2.4. — Suppose that (M, g, J,w) is a closed almost Kéhler
manifold of real dimension 2n. Then

F(¢) = Fo(0) + -~ + Flz1(0).
If g € Ay, then Fy(¢) > 0 and Fj(¢) > 0, for j =1,2,--- ,[5].

For any ¢ € A, it is easy to see that the tangent space at ¢, Ty A, is
A. For u € TyjAL = A, define L(¢)(u) by,

L(6)(w) = S F(6+ tu)li=o

For a local theory of Calabi-Yau equation, we should study the tangent
map of the restricted operator F|4, . The following result was obtained in

TOME 60 (2010), FASCICULE 5
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[3, Proposition 1]:

LEMMA 2.5. — Suppose that (M, g, J,w) is a closed almost Kéhler man-
ifold of dimension 2n. Then the restricted operator

F A+ — B+
is elliptic type on A, . Moreover, the tangent map,
dFy = L(¢)

of F' at ¢ € A, is a linear elliptic differential operator of second order
without zero-th term.

The following result was proved in [3, Theorem 2J:

PROPOSITION 2.6. — Suppose that (M, g, J,w) is a closed almost Kéhler
manifold of dimension 2n. Then the restricted operator

F . A+ — F(A+)
is a diffeomorphic map.

Remark 2.7. — From the definition of F(¢) (Equality (1.5)), we see
that
FO)w" = (w(0))" = w™.
Thus, F(0) = 1. Therefore, Proposition 2.6 implies that the solution to
Equation (1.4) exists and is unique if ¢ is a small perturbation of w™.

3. Global theory of Calabi-Yau equation

In this section, we give a proof of the main theorem. Let (M, g, J,w) be a
closed almost Kéahler manifold of real dimension 2n. If the almost complex
structure J is integrable, then the surjectivity of the restricted operator
(1.7) is equivalent to the existence of solutions of Calabi-Yau equation on
Kéhler manifolds which was solved by S. T. Yau [14]. Suppose that J is not
integrable. We will prove that the restricted operator (1.7) is not surjective.
For the case n = 2, it was proved by P. Delanoé [3]. Now we give the proof
for the case n > 2. More precisely, as in [3, p.835], we want to construct
a function ¢y belonging to the boundary of the convex open set A, such
that F(¢g) € By . First, let us give the definition of a pseudo holomorphic
function [1, 7).

DEFINITION 3.1. — A smooth complex-valued function f on a manifold
M is a pseudo holomorphic function at some point p € M if df o J = idf
at p.

ANNALES DE L’INSTITUT FOURIER
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To construct ¢g belonging to the boundary of A, and satisfying inequal-
ity F'(¢p) > 0, we need the following lemmas:

LEMMA 3.2. — Let (M,J) be an almost complex manifold. Suppose
that f is a pseudo holomorphic function at some point p € M. Then, for
all vector fields X,Y,

df(N(X,Y)) =0,
at p, where N is the Nijenhuis tensor.
Proof. — If X, Y € T'?, then
NX,)Y)=[JX,JY]|-JX,JY]|-J[JX,Y] - [X,Y]
= =2[X,Y] - 2J[X,Y].

Thus
JN(X,Y) = —-2J[X,Y] - 2iJ%[X,Y]
(3.1) = —iN(X,Y).
If
df o J = idf,
then

df o J(N(X,Y)) = idf (N(X,Y)).
Combining with Equality (3.1), we get
df(N(X,Y)) =0,
at pe M. If X, Y € T%!, then
df(N(X,Y)) = df(N(X,Y)) =0,
atpe M. If X € T and Y € T10, then N(X,Y) = 0. Hence,
df(N(X,Y)) =0,
at p € M. The proof is completed. 0

Remark 3.3. — Note that if there exist n pseudo holomorphic functions
on a real 2n-dimensional almost Hermitian manifold (M, g, J) which are
independent at some point p € M, then the Nijenhuis tensor N iden-
tically vanishes at p. This means that an integrable complex structure
is one with many (pseudo)-holomorphic functions. It is a hard theorem
(Newlander-Nirenberg integrability theorem for almost complex structures)
that the converse is also true. In general, an almost complex manifold
has no holomorphic functions at all. On the other hand, it has a lot of

TOME 60 (2010), FASCICULE 5
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pseudo-holomorphic curves (i.e., maps f : C — (M?",g,J) such that
df oi = Jodf) [7].

Let (M, g, J,w) be a closed almost Kéhler manifold of real dimension 2n,
where the almost complex structure J is not integrable. Hence there exists
a neighborhood Uy of some point pg € M where the Nijenhuis tensor N
does not vanish. Pick f = ¢1 + i¢o, with ¢ and ¢o real-valued, a complex
function on M which is not holomorphic on Uy. By Lemma 3.2, it satisfies

df (N(X,Y)) # 0,

on the neighborhood Uy. Without loss generality, we can suppose that for
some 1 <a<f<n,

dg1(N (easep)) = ddi(esN]g) # 0,

on the neighborhood Uy of py. By Equality (2.15), there exists a suitable
(non-zero) constant ¢ such that h(céy), defined in Section 2 (Equalities
(2.12) and (2.15)), is a positive definite Hermitian matrix on M. Set ¢ =
c¢1. Then 7(¢), defined in Section 2 (Equalities (2.1) and (2.13)) is non-zero
on the neighborhood Uy of py. So we obtain the following lemma:

LEMMA 3.4. — Suppose that (M, g, J,w) is a closed almost Kéhler man-
ifold of real dimension 2n, where the almost complex structure J is not
integrable. There exists a function ¢ € C°°(M;R) satistying the following
conditions: (1) h(¢) is a positive definite Hermitian matrix on M; (2) there
is a neighborhood Uy of a point pg € M such that 7(¢) is non-zero on the
neighborhood U.

We can suppose that
(3.2) H(p) = V=1, (0)6% A 6

at po [13]. By Lemma 3.4, we have that A,(0) > 0, for a« = 1,--- ,n. There
exists a local coordinate system =1 : Uy — C™ such that (0) = py and

(3.3) % = e,
at pg, for a = 1,--- ,n. Without loss generality, we can suppose that there
is a polydisk A with center pg:
A={(z1,-,2,) €C": |z| < 1,1 <i < n} C o HUy)
and there is €; > 0 such that, on ¢(A),
(3.4) |T12(¢)| = €1 > 0.

ANNALES DE L’INSTITUT FOURIER
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Let 7j(r) be a C? cut-off function such that

1 r< 1,

(3.5) () = {0 . f
Given a real number R > 2, let

2
(3.6 ®a() = - G R
and
(3.7) nr(2) = i(|Rz1]) -~ - ii(| Rzn)).
Define a function g as follows,
(3.8) VYr(2) = Pr(2)nR(2),

where z € A. In the sequel, for short, we will abusively denote by z;, nr, ®g,
¥R, o, the corresponding functions on Uy C M obtained by composition
with ¢ ~!. With this abuse of notation, recalling (2.7), we obtain by a direct
calculation that

(3.9) Pra(dJd(vr)) = —2V=1 > (Yr)az0" A 07,
1<a,B<n

with

(3.10) (VR)ap = €seat’r — (YR)T 5

where F:; ;= w(eg) are connection coefficients of the second canonical
connection bounded on A. Set

1 .
Ar={(z1,"-- ,2n) ¢ 2] < E’l < i< n}.
Obviously, Ar C A. Henceforth, we will freely denote by the same letter
C various positive constants independent of R > 2.

LEMMA 3.5. — Suppose that (M, g, J,w) is a closed almost Kédhler man-
ifold of real dimension 2n, and @}, ¥, /\ and Uy are defined as before. There
exists a constant C' (depending only on A1(0), A2(0), 7, w, g and J) such
that, (1) on A, for 1 < a < n,

C
(el < o
(2) on A, for 1 < a =<2,

TOME 60 (2010), FASCICULE 5
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otherwise,

|(YR)apl < Clo+ 5),

where o is a continuous function (independent of R) and o(0) = 0. More-
over, at the center of A, |(Yr),5] = )“*2(0), for 1 < a = < 2; otherwise,

Proof. — From (3.5), we can see that ¢ is zero on A\ Agr. Hence it
suffices to prove that the desired estimate holds on Ag. Note that, for
1 < o,8,i < n, the functions |eqz;|, |eaZ|, |€2il, |€gZil, |€geqz:| and
|egeqz;| are continuous and bounded on A. From (3.6) and (3.7), we have
on Ag

(3.11) Inr| <1, |®r|<CR™™.

A direct computation shows that

€anr(z Z{n [Rz1) (| Rzi]) - 7i(| Ren)

-7 (|R=il) - [R(2]zi]) 7 ((eazi)Zi + (eaZi)zi)] )
where the hat means that the term is omitted. It is easy to see that
(3.12) leanr] < CR,  |eanr| < CR.

Since

eaq)R =471 Z{A eazz Zi + (eazi)zi]

[20(1R?z:]) + R2|zili (1R 2]}

we obtain that

(3.13) lea®r| < CR™2, |ea®r| < CR2
Thus
(3.14) |(VR)al < |(ea®r)NR| + |Pr(eanr)] < CR™Z.

Now we consider

égeaVr =Pr(€geanr) + (ea®r)(€snR)
(3.15) + (es®Pr)(eanr) + (égeaPr)Nr

ANNALES DE L’INSTITUT FOURIER
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A direct computation shows that

epeann(z) = Y {ii(|Ral)- A Rzi]) ([ Rej]) (| Renl)

1<iZj<n
i (|Rzil) - [R(2]z:]) "' ((eazi)Zi + (eaZi)zi)]
i (|Rz;]) - [R(22]) "1 (8s25)Z; + (€521)%)] }
+ 3 {i(Ral)---A([Ral) - - (| Renl)

1<i<n

7 (|Rz:)R*(2]2i)) % - ((ea2i)Zi + (eaZi)2i)

((epzi)Zi + (epZi)z) + 47 Rif (|Rzi)

- (2(epeazi)lzil T E A+ (eazi)(@pZilzil T — (8p2i)|2i| 2))

+ Q(egeazi)|zi| Zi + (eaéi)(éﬂzﬂzirl - (égé¢)|zi\*3ziz))] }
Thus,
(3.16) legeanr| < ORZ.
A direct computation shows that
Epea®r =471 iAi(o){ [(Eseazi)Zi + (eazi)(€3Z:) + (EpeaZi)zi
i=1
T (ea)(Ep)] - [2(1R21) + B2zl (|R22:)]
+271 [(eazi)Zi + (eaZi)zi] - [(€p2i)zi + (€5%i) %)
(3.17) - [BR?|z | (|R?2i)) + RY" (IR 24])] }-
Ifa=06=1o0ra=3=2,then
(3.18) legea®r| < C
If3<a=0<norl<a#F<n, then
(3.19) legea®r| < Clo+R?) < C(o+ R,
where o is the continuous function on A such that o(0) = 0, defined by:
0(z) = max{|(eaz:)(€pz:)[(2), [(eazi)(€s2i)(2), [(€aZi) (€52:) (),
[(eaZi)(€pZ:)|(2) 11 =1,2,1<a#pB<n or 3<a=0F<n}

From (3.11)-(3.19), we obtain that

c, I<a=p3<2;
7l <
[(VRr)agl < { C(oc+ %), otherwise,
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where o is a continuous function and ¢(0) = 0. Besides, by (3.3) combined
with (3.5) and (3.17), we obtain at z = 0 that |(¢Yg)aal(0) = ’\"T(m, for
1 < a < 2; otherwise, |(¥r),5/(0) = 0. O

LEMMA 3.6. — Suppose that (M, g, J,w) is a closed almost Kéhler man-
ifold of real dimension 2n, where the almost complex structure J is not inte-
grable. Suppose ¢, Y, ¢, 7, A and Uy are defined as before. Let s € [0, 1].
Then there exists Ry > 2 independent of s € [0,1] such that, for each
R 2 Rl7 on QD(AR)a

_ €
[m12(¢ + spr o) = 51 >0,
where €1 > 0 is the constant occuring in (3.4).

Proof. — Combining Lemma 3.5 with

Taﬂ(wR o Spil) = _2\/j1(¢R o 9071)’7‘]\7(;@7

on p(Ag), we have the following inequality,
c C

—1
|Tag(YrOo @™ )| < 72 < 7

By Lemma 3.4 and Inequality (3.4), we obtain,

|T12(¢ + sr 0 o™ )| = |T12(0)| — s|Ti2(Wr 0 ™)

> [112(8)] — [m2(Yr o ™)
C
> € — E
We can choose R; > 2 such that ¢; — R% > 5. Thus, for each R > Ry, the
desired estimate follows. O

For s € [0, 1], we consider the function ¢ + sir o = 1. If s = 0, then
(3.20) Wo+0-vrog™") =h(¢)

is a positive definite Hermitian metric on M. As observed above, we have
(3.21) Pry(dJd(ro e ) (po) = —V=1 Y Aa(0)0% A 67,
1<ag?
which, recalling (3.2), yields:
(322)  h(p+1-¢rop ow(0)= > Aa(0)(6" @0+ 6 @06%).
3<agn

The latter is a semi-positive definite Hermitian matrix at the center of Ag
(i.e., po = ¢(0) € M). Following [3, Definition 3|, let us recall the notion of
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positivity amplitude:

DEFINITION 3.7. — Suppose that (M, g, J,w) is a closed almost Her-
mitian manifold of real dimension 2n. For each non-constant function ¢ €
C>(M;R), the positivity amplitude of ¢ is the real number

ay(¢) = sup{s € (0,00) : h(s¢) is a positive Hermitian matrix
function on M},

where h(¢) is defined in Section 2 (Equalities (2.12) and (2.15)).

Since M is closed and the support of g is compact, the positivity am-
plitude is finite. Hence, by Lemmas 3.4—3.6 and Equalities (3.20), (3.22),
we obtain the following proposition:

PROPOSITION 3.8. — Suppose that (M, g, J,w) is a closed almost Kéhler
manifold of real dimension 2n, where J is not integrable. Suppose A g, Vg,
Ry, ¢, v, Uy ,A and a,(¢) are defined as before and set

Or =0+ au(p)(Wro@ ") Yrop L.
Then, for each R > Ry, we have: (1) 0 < aye)(Vro ¢ ') < 1; (2) ¢r
lies on the boundary of Ay;: (3) h(¢ + aug)(Wro @) - Yroe™!) is a
semi-positive definite Hermitian matrix function on p(Ag) and a positive
definite Hermitian matrix function on M \ ¢(AR).

Now we will prove the following key lemma, sticking to the assumptions
of Proposition 3.8:

LEMMA 3.9. — There exists Ry > Ry large enough such that the func-
tion ¢pg = ¢p, satisties F'(¢o) >0 on M.

Proof. — Note that

(3.23) H(¢r) = H(}) + ay@p)(Yro@™ ") - PLi(dJd(vroe™")).
From (2.16), we have at pg
Fi(¢r) = Z [Tt (dr)|? - det ((h((bR)aB)a,BE{1,...,/::,...,f,.‘.,n})'
1<kAl<n

From Equalities (3.2), (3.21), Lemma 3.6 and Proposition 3.8, we have, at
Po, that

Fi(é8) 2 [12(6R) - det(h(0R)ap)scascn) = (5)° ] Aa(0) > 0.

3<asn

Let
H(¢r)=H'+ H",

TOME 60 (2010), FASCICULE 5
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where

H' =V=1 3 H(@)u50" N0" +VTau)(Vrop™)

1<aAB<n
LY WREN D (VR)aal AO7]
1<aAB<n 3<agn,

and

= V=1 Y H($r)aal® AO"+ V=1 Y H()aat" A0°.

1<ag2 3<asn

Note that H(¢)aa(po) = Aa(0), for 1 < a <n. H(¢),5(po) =0, for a # 3.
Let us define a neighborhood of 0 € A by:

Vs =12 € 81 l0l(2) < b 1 H@haal(p(2)) > 222,

[H(¢)p5(¢(2)) < 6,8 #}
for some & € (0, 1). Recalling (2.16), we have
Fi(¢r) = n(n = 1)1(¢r) AT(¢r) A (H' + H")" " Jw"
=n(n —1){r(¢r) A 7'(¢R) A(H")" 2

+7(¢r) AT(R) /\Z A(H")" 2R

By Lemma 3.5, we obtain that, on Agr[) Vs, each component of H' is less
than C(0 + ) and |(T(¢r))as| < C, where C is independent of R. By
Lemma 3.4, we have that, on Ag N Vj,

0 < H(¢)aéz < 07

where C' is independent of R and o = 3,--- ,n. By Lemma 3.5 and Propo-
sition 3.8, we have that, on Ag NV,

0 < H(¢R)aa < H(P)aa + [(YR)aal < C

where a = 1,2 and C' is independent of R. Therefore, on AgNVj, recalling
the positivity lemma of [3, Appendix 3|, we have

1

Fi(¢r) 2 [(1(¢r)h12 Tl _3(H (¢)aa) — C(5 + il
> 27"EN_ A\ (0) — C(6 + %)
= €9 — 0(5 + %),
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where C' and ¢q is independent of R. Choose

601

0 < min{4c,§

4C
},  Re > max{R;,—}.
€
Thus, for each R > Ra,
€
Fi(¢r) > 5 >0,

on Vs, (VAgr. Moreover, we can choose Ry > Ry such that Agr, C Vj,.
Define
(3.24) G0 = O+ au() (R, © 97 1) YR, 0
By construction, we have ¢g = ¢ on M \ ¢(Ag,) and, on p(Ag,):
€

Fi(¢o) > 50 >0,  Fo(do) 20,
and also [3, Appendix 3]: Vj > 2, Fj(¢9) > 0. Therefore, by Proposition
2.4, we conclude that F'(¢9) > 0 on M, or else F(¢o) € B. O

Proof of Theorem 1.2. — For completeness, let us redo the argument of
[3]. First, Proposition 2.6 has shown that F|4, : Ay — F(Ay) is a diffeo-
morphism. If J is integrable, then (M, g, J,w) is a closed Ké&hler manifold.
The restricted operator F'| 4, is a surjectivity map since there always exists
a solution of Calabi-Yau equation on Ké&hler manifold [14]. Suppose that J
is not integrable. From Lemma 3.9, we have constructed a function ¢g be-
longing to the boundary of Ay and F(¢g) > 0 on M. We claim that F(¢o)
does not belong to the image of F' on A. Otherwise, we may assume that
there exists a function ¢; € A such that

F(o) = F(¢1).
For t € (0,1], let
¢r = td1 + (1 —t)o.
Obviously, for all t € (0,1], ¢ € A;. Hence
1
d
| Grei=o.

But

/0 %[F(@)]dtwn = /0 n(w(@)" " A (d(Jd(¢1 — go))dt.

Then, by Lemma 2.5, we have that

L(o) ()" = / n(w ()"~ Ldt A d(Jdf)

TOME 60 (2010), FASCICULE 5
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is a linear elliptic operator of second order without zero-th term. Making
use of maximal principle of Hopf, we obtain that the kernel of L(¢p) consists
of constant functions. Therefore,

b0 = ¢1
(note that ¢g, ¢1 belong to A, ) which implies that

Po € Ay
This contradicts the fact that ¢y belongs to the boundary of A, . O
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