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REGULAR PROJECTIVELY ANOSOV FLOWS
ON THREE-DIMENSIONAL MANIFOLDS

by Masayuki ASAOKA (*)

ABSTRACT. — We give the complete classification of regular projectively Anosov
flows on closed three-dimensional manifolds. More precisely, we show that such a
flow must be either an Anosov flow or decomposed into a finite union of T2 x I-
models. We also apply our method to rigidity problems of some group actions.

RESUME. Nous classifions complétement les flots projectivement Anosov ré-
guliers en dimension trois. Plus précisément, nous prouvons qu’un tel flot est un flot
d’Anosov ou se décompose en une union finie de T2 x I-modeles. Nous appliquons
aussi notre méthode au probléme de rigidité de certaines actions de groupes.

1. Introduction
1.1. Regular projectively Anosov flows

In [19], Mitsumatsu introduced a bi-contact structure on a three-dimen-
sional manifold, i.e., a pair of mutually transverse positive and negative
contact structures. He observed that a three-dimensional Anosov flow nat-
urally induces a bi-contact structure whose intersection as a pair of plane
fields is tangent to the flow. In general, the intersection of a bi-contact struc-
ture does not define an Anosov flow. In fact, he showed that a bi-contact
structure corresponds to a projectively Anosov flow, which is a general-
ization of an Anosov flow. In [13], Eliashberg and Thurston also studied
bi-contact structures and projectively Anosov flows (conformally Anosov
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flows in their book) from the viewpoint of confoliation theory. They ob-
served that a bi-contact structure naturally appears in a linear deformation
of a foliation into contact structures.

A flow & = {®'};cr on a three-dimensional manifold M is called a
projectively Anosov flow (or a PA flow) if it has no stationary points and
admits a decomposition TM = E" 4+ E° by continuous plane fields such
that

o E¥(2)NE*(z) =T®(2) for any z € M, where T'® is the line field
tangent to the orbits of @,

e DO (E(2)) = E?(®(2)) for any o € {u,s}, z € M, and t € R,
and

e there exist two constants C' > 0 and A > 1 such that

IN®| (5 jray) || - (N | (B jrayz) ' < CAT

for any 2 € M and t > 0, where N® = {N®'},cg is the flow on
TM/T® induced by ®.

We call the decomposition TM = E* + E* a PA splitting. If it satisfies
stronger inequalities

[N®| (g jray) | S CAT' (N (gu o)) I < CAT

for any z € M and t > 0, then the flow is called an Anosov flow and
the splitting is called a weak Anosov splitting (1), We remark that a PA
splitting is a dominated splitting on the whole manifold. Such a splitting
plays important roles in the modern theory of dynamical systems. See [7]
for example.

It is known that a PA splitting is always integrable. However, the splitting
is not smooth in general® . In fact, any orientable closed three-dimensional
manifold admits a smooth PA flow, but no PA flow on the three-dimensional
sphere admits a C! PA splitting. See Theorems 4.2.6 and 4.3.1 in [20].
From the viewpoint of confoliation theory, a PA flow with a smooth PA
splitting corresponds to a linear deformation of a smooth foliation into
contact structures whose derivative generates another smooth foliation (see
[13, Proposition 2.2.3]).

n [15], Ghys classified three-dimensional Anosov flows with a smooth
weak Anosov splitting. We say an Anosov flow ® is algebraic if there exists
a Lie group G, its cocompact lattice I', and a one-parameter subgroup

(M1t is different from but equivalent to the common definition of an Anosov flow as
pointed out by Doering [12, Proposition 1.1].

(2) A PA flow with a smooth PA splitting is called regular. However, we do not use the
term ‘regular’ in this sense since we use this term in other context below.
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REGULAR PROJECTIVELY ANOSOV FLOWS 1651

{a'}i1er of G such that @ is a flow on T'\G given by ®!(I'g) = T'(g - a'). It
is known that there are only two choices of G' up to covering:
(1) The universal covering group P%i(Q, R) of the special linear group
of R?.
(2) The semi-direct product R x R? associated to a homomorphism
H : R—GL(2,R) given by H(t)(x,y) = (e'x, et 1 7).
In the former case, the algebraic Anosov flow can be identified with the
geodesic flow on a closed surface with a hyperbolic metric up to finite
cover. In the latter case, the algebraic Anosov flow can be identified with
the suspension flow of a hyperbolic toral automorphism.

THEOREM 1.1 ([15]). — Ifan Anosov flow on a closed three-dimensional
manifold admits a C? PA splitting, it is smoothly equivalent to an algebraic
Anosov flow.

It is natural to ask whether any PA flow with a smooth PA splitting
is equivalent to an algebraic model or not. In [23], Noda showed that if a
PA flow on a T2-bundle over S' admits a smooth PA splitting and has an
invariant torus, then it must be represented as a finite union of so-called
T? x I-models. Roughly speaking, a T? x I-model is a flow on T? x [0, 1]
which is transverse to T? x {z} for any z € (0,1) and is equivalent to a
linear flow on each boundary. See [23] for the precise definition. In a series
of papers, he and Tsuboi gave a classification for certain manifolds, which
is summarized as follows.

THEOREM 1.2 ([23, 24, 25, 28]). — If a PA flow on a Seifert manifold
or a T?-bundle over S' admits a smooth PA splitting, then it is either an
Anosov flow or represented as a finite union of T? x I-models.

The author of this paper also approached the classification from another
direction. In [4], he showed that if a PA flow on any closed three-dimensional
manifold admits a smooth PA splitting and all periodic orbits are hyper-
bolic, then it is equivalent to one of the above.

In [24], Noda conjectured that the above is the complete list of three-
dimensional PA flows with a smooth PA splitting. The goal of this paper
is an affirmative solution to the conjecture.

THEOREM 1.3. — If aPA flow on a closed, connected, and three-dimen-
sional manifold admits a C? PA splitting, then it is either an Anosov flow
or represented as a finite union of T2 x I models.

The theorem gives a solution to a conjecture posed by Mitsumatsu (Con-
jecture 4.3.3 in [20]) immediately.

TOME 60 (2010), FASCICULE 5



1652 Masayuki ASAOKA

COROLLARY 1.4. — Any bi-contact structure associated to a PA flow
with a smooth PA splitting consists of tight contact structures.

We give the proof of Theorem 1.3 in Sections 2 and 3. In Section 2,
we show a dichotomy on dynamics of a PA flow with a C? PA splitting.
Namely, either the flow is topologically transitive or the non-wandering set
is the union of invariant tori with rotational dynamics. It is not so hard to
see that the latter implies that the flow is represented by T2 x I-models. In
Section 3, we show the former implies that the flow is Anosov. It is done
by proving the hyperbolicity of all periodic orbits.

1.2. Foliations with a tangentially contracting flow

Let F be a codimension-one foliation on a three-dimensional manifold
M. We say a flow ® is tangentially contracting with respect to F if there
exist C' > 0 and X > 1 such that |[N®!|rz/rec)|| < CA7 for any z € M
and t > 0. We apply the method developed in this paper to a classification
of foliations which admit a tangentially contracting flow.

THEOREM 1.5. — Let M be a closed three-dimensional manifold and F
a C" codimension-one foliation on M with r > 2. Suppose that F admits
a C" tangentially contracting flow ®. Then, ® is Anosov and F is C"-
diffeomorphic to the weak stable foliation of an algebraic Anosov flow.

We give two examples of group actions which induce a foliation with
a tangentially contracting flow naturally. The above theorem implies the
rigidity of such actions.

Locally free actions of the affine group. Let GA be the group of
orientation preserving affine transformations of the real line R. It is gener-
ated by two one-parameter subgroups {a’};cr and {b*},cr with a relation
b* - at = at - b>P(=D% We say an action p : M x GA —M on a manifold M
is locally free if the isotropy subgroup {g € GA | p(p,g) = p} is discrete for
any p € M. By O(p, p), we denote the p-orbit {p(p,g) | g € GA} of p € M.
If p is of class C! and M is closed, then the partition O, = {O(p, p) | p €
M} is a foliation. The flow {p(-,a’)}ser is tangentially contracting with
respect to O,.

In [14], Ghys classified C" locally free action of GA on closed three-
dimensional manifolds for » > 2 up to C" conjugacy assuming the exis-
tence of an invariant volume. Applying Theorem 1.5 to O,, we obtain a
classification of the orbit foliation of actions without the assumption on an
invariant volume.

ANNALES DE L’INSTITUT FOURIER
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THEOREM 1.6. — Let p be a C" locally free action of GA on a closed
three-dimensional manifold with r > 2. Then, the orbit foliation of p is C"
diffeomorphic to the weak stable foliation of an algebraic Anosov flow.

In the forthcoming paper [2], we will give a classification of the actions
of GA up to smooth conjugacy.

Actions of Fuchsian groups on the circle. Let I'j be the fundamental
group of the oriented closed surface of genus g > 2. We identify the circle
S with the real projective line. It induces a projective structure to the
circle. We call an action ® of I'y on the circle projective if it preserves the
projective structure. We say two actions ®; and ®; of I'y are C"-conjugate
if there exists a C" diffeomorphism H (or a homeomorphism if 7 = 0) of S!
such that H(®1(v,p)) = Pa2(y, H(p)) for any v € I'y and p € S*. In [15],
Ghys proved the rigidity of projective actions.

THEOREM 1.7 ([15]). — Let ® : 'y x S'—=S' be a C" action withr > 3.
Suppose that ® is C%-conjugate to a projective action. Then, it is C"-
conjugate to a projective action.

His proof can be divided into two steps. The first step is to show that the
suspension foliation of the action admits a tangentially contracting flow.
The second step is to construct a transverse projective structure of the
foliation using the flow obtained in the first step. The first step can be
done even for r = 2. The second step also can be done even for r = 2 if the
flow obtained in the first step is Anosov, as Ghys mentioned in Section 5 of
[15]. Hence, Theorem 1.5 implies the following improvement of the above
theorem.

THEOREM 1.8. — Theorem 1.7 holds even for r = 2.

Tt is known that the theorem does not hold for r = 1. See [15].

Acknowledgments. The author would like to thank Professor Takashi
Inaba for letting the author know the stability theory and the level theory of
Cantwell and Conlon, which are necessary to prove Lemma 2.14. This paper
was partially written when the author stayed at Unité de Mathématiques
Pures et Appliquées, Ecole Normale Supérieure de Lyon. He is grateful
to the members of UMPA, especially to Professor Etienne Ghys for their
warm hospitality. He would also like to thank an anonymous referee for
many comments to improve the paper.
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2. A dichotomy on dynamics

In the rest of the article, we fix an orientable, closed, connected, and
three-dimensional manifold M. Let ® be a C? PA flow on M with a con-
tinuous PA splitting TM = E“ + E*°. For a compact ®-invariant set A, we
define the stable set W*(A) and the unstable set W*(A) by

We(A) = {z € M| lim d(®(z),A) = o}

and W¥(A) = W*(A; @~ 1), where &1 is the time-reverse of .

We call a ®-invariant torus T' is normally attracting if there exists C' > 0
and A > 1 such that [|[N®|g: jra(s)|| < CA7F for any z € T and t > 0.
By the existence of a PA splitting, our definition coincides with the usual

definition. It is known that if T" is a normally attracting invariant torus, then
W#(T) is an open neighborhood of T and is diffeomorphic to T? x R. We
say an invariant torus 7" is normally repelling if T is normally attracting
with respect to the time-reverse ®~!.

Let Q. be the union of invariant embedded tori to which the restriction
of ® are topologically equivalent to a linear flow. For p € {u, s}, let Qf be
the union of tori in 2, tangent to E*. By the linearity of the flow on tori
and the domination property of the splitting, we have Q, = QYUQS, Q¥ is a
union of normally attracting ®-invariant tori, and €2¢ is a union of normally
repelling ®-invariant tori. The exactly same argument as Proposition 3.9
of [1] shows that €. consists of finite number of tori.

The aim of this section is to show the following dichotomy.

PROPOSITION 2.1. — If ® admits a C? PA splitting, then either

(1) @ is topologically transitive, or
(2) M =Ws(QU)uQs =W*(Q) U QL.

The latter implies that ® is equivalent to one of the known models.

PROPOSITION 2.2. — In the latter case of Proposition 2.1, ® is repre-
sented by a finite union of T? x I-models.

Proof. — Fix connected components Ty of Q2 and U of W*(T)\Ty. Take
an embedding ¢ : T? x [0, 1]— M such that ¥(T? x 0) = Tp, Im) C U UTy,
and 1(T? x 1) is transverse to the flow. Put 7”7 = (T2 x 1). Since W*(Q¥)
is a disjoint union of the stable sets of connected components of Q¥, we
have T C W*(Ty) for some connected component T of Q.

Let U; be the connected component of W#(Ty) \ T; which contains
T'. Since Ty is normally attracting there exists an embedding vn : T? x

ANNALES DE L’INSTITUT FOURIER
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[0,1]—M such that Tm1p; C T7 U (Up \ Im 1)), 91 (T? x 0) = T3, ¢1(T? x 1)
is transverse to the flow, and each ®-orbit contained in U; intersects with
1 (T? x 1) exactly once. Then, we can take a smooth positive function 7
on T’ such that ®™(*) () € ¥;(T? x 1) for any z € T". It implies that

U=U; =ImypUImyp; U{D(2) | z€ T, t € [0,7(2)]}

is diffeomorphic to T? x [0, 1] and its boundary is Tp U T3.

Inductively, we obtain sequences (T}, )n>0 and (Bp)n>0 of subsets of M
such that T}, is a connected component of €2, B,, is diffeomorphic to T? x
[0,1], 0B, = T, UTy 41, and B,,N By 11 = Ty for any n. Since 2, contains
only finitely many tori, we have T,, = T,,, for some n # m. It implies that
M is a T?-bundle over S'. By Noda’s classification [23], ® is represented
by a finite union of T2 x I-models. O

The rest of this section is devoted to the proof of Proposition 2.1. In
Subsection 2.1, we show the existence of the stable and unstable manifolds
of invariant sets without irregular periodic points. In Section 2.2, we prove
the dichotomy when all periodic points outside €2, are regular. In the both
of subsections, we assume only a weaker condition on the regularity of the
PA splitting since the C? regularity of the splitting is too strong when we
apply the results to a foliation with a tangentially contracting flow. At last,
in Subsection 2.3, we prove that all periodic points are regular for a PA
flow with a C2? PA splitting.

2.1. Hyperbolic-like behavior

Let ® be a C? PA flow and TM = E* + E* its PA splitting. In this
subsection, we do not assume the the splitting is of class C?.

For z € M, we define the orbit O(z), the a-limit set a(z), and the w-limit
set w(z) by

O(z) = {#'(2) | = € R},
a(z)= @@ 1< -1V,

T>0

= {2'(z) [t >T}.

T>0

We say a point z € M is periodic if there exists T > 0 such that ®7'(z) = 2.
The minimum of {¢ > 0 | ®'(z) = 2} is called the period of z. We denote
the set of periodic points of ® by Per(®), and the non-wandering set of @
by Q(®).

TOME 60 (2010), FASCICULE 5



1656 Masayuki ASAOKA

We say a periodic point zg is s-regular when there exists an embedded
closed annulus A tangent to E® such that ®'(A4) C Int A for any ¢ > 0
and (,5 ®*(A4) = O(z). Similarly, we say a periodic point z is u-regular
when there exists an embedded closed annulus A tangent to E* such that
@A) C Int A for any ¢ > 0 and (),., 7 *(A) = O(z). We also say z is
p-irregular for p € {u, s} if z¢ is not p-regular. Let Per? (®) be the set of
p-irregular periodic points. Put Perj., (®) = Per. (®) U Perj; (®). The aim
of this subsection is to show the existence of the unstable manifolds for a
compact invariant set which does not intersect with Q. U Per;,,(®).

Fix a continuous family {¢.}.cnr of C? embeddings of [—1,1]? into M
such that Im ¢, is transverse to T® and ¢,(0,0) = z for any z € M.
We call {¢,}.enr a family of local cross sections. Let rt be the holonomy
map of the orbit foliation of ® between Im ¢, and Im ¢g:(;) along the
path {®'(2) | ' € [0,#]}. We call {rL}(. yerrxr the family of local returns
associated to {¢.}.en. For A > 0, put Da(z) = {2’ € Im ¢, | d(z,2') <
A}, where d(z,2') is the distance of z,2’ € M. By the continuity of the
family {¢%}.car, there exists Ay > 0 such that rf is well-defined on D, (2)
for any z € M and t € [-1,1].

The splitting TM/T® = (E°/T®) @ (E"/T'®) defines projections 7° and
7 from TM to E*/T® and E"/T® respectively. For a > 0, we say an
embedded interval I in M is an (E®, a)-transversal if |7°(v)| < of|7%(v)||
for any z € I and v € T, I. Similarly, we say an embedded interval I in M is
an (E", o)-transversal if || 7" (v)|| < a|7*(v)|| for any z € T and v € T,I. For
A > 0, an interval I is called a (A, E®)-interval if it is an (E*, 1)-transversal
and 7L (1) C Da(®!(z2)) for any ¢t > 0. Similarly, an interval I is called a
(A, E%)-interval if it is an (E“,1)-transversal and 7, (1) C Da(®%(2))
for any t > 0.

The next lemma is a variant of “the Denjoy property”, which was proved
by Arroyo and Rodrigues-Hertz in [1] for flows without non-hyperbolic
periodic points.

LEMMA 2.3. — There exists Ag > 0 such that

(1) the interior of any (Ao, E®)-interval contains a point z such that
w(z) is a periodic orbit in Perii .(®) or is a torus in Q¥, and

(2) the interior of any (Ao, E*)-interval contains a point z such that

or(®) or is a torus in 2.

a(z) is a periodic orbit in Perj,,

Proof. — We will show the former assertion since that the latter can be
obtained in the same way. In the proof of Proposition 4.2 in [1], Arroyo and
Rodrigues-Hertz used the hyperbolicity of all periodic points only in the

proof of Lemma 4.3 and 4.4 and the other part of the proof works even if
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there are non-hyperbolic periodic points. Hence, it is sufficient to see how
to recover the proof of Lemmas 4.3 and 4.4 for our case.

Fix a (8, E®)-interval I which contains z. Put I; = rt(I) for ¢t > 0. Let
{Js}s>0 be the family of (A, E*)-intervals in the proof of Proposition 4.2
of [1], i.e., the maximal one among families of (A, E¢)-intervals satisfying
I, C Js and 747%(Jg) C J; for any t > s > 0. As shown in Lemma 4.1 of
[1] (its proof does not require the hyperbolicity of periodic orbits), there is
a uniform bound from below of the length of the local stable manifold of
each point of Js. Let JS be the union of the local stable manifold of each
point of Js. Lemma 4.3 of [1] deals with the case that rt(J¢) C J¢ for some
z € M and t > 0. In this case, the exactly same argument as Lemma 4.3
of [1] shows that the forward orbit of some point in Int Jy converges to a
u-irregular periodic orbit.

Lemma 4.4 of [1] deals with the case that limsup |J5| > 0 and 7 (J¢) N
Per(®) # 0 for some s and ¢ > 0. In this case, we need to show the
inclination lemma for an (A, E®)-interval J; and a periodic point which is
sufficiently close to J;. However, it is an easy consequence of the existence
of the local stable manifolds with uniform length (Lemma 4.1 in [1]). O

Let A be a compact ®-invariant set such that A N (Q, U Per;,, (®)) = 0.
In the rest of the subsection, we will show that the stable and unstable
manifolds are well-defined for any point of A.

For a subset S of M and § > 0, we denote the d-neighborhood {p €
M | infgesd(p,q) < 0} by N5(S). Fix 0 < Ay < Ag such that NMa, (A) N
(Q* U m) = (). By the center-unstable manifold theorem, there exist
constants 0 < §; < 82 < A; and a continuous family {W%(2)},em of C2
(E?,1)-transversals such that

o z € W2(2) C Ds,(2) and OW i (z) C 0Ds, (%) for any z € M,
o Wit (z) = W&(z) N Ds(z) is an interval for any 0 < § < d2 and
z € M, and

o 1 H(W5H(2)) C W5(®(2)) for any 0 <t < 1and z € M.
PROPOSITION 2.4. — For any given § > 0, there exists €; > 0 such that
(1) r7H (W (2)) € Wg(®'(2)) for any z € A and t > 0, and
(2) lim¢oo (sUp.cpy [z (WEH(2))]) = 0.
Proof. — Without loss of generality, we may assume ¢ < d7. If the lemma

does not hold, then there exist sequences {ex > 0}r>1, {tx > 0}r>1, and
(zr € A)32, such that

L hmkﬂoo €k = 07
o r (W (2)) C WP (2y)) for any k > 0 and 0 < t < ty, and

TOME 60 (2010), FASCICULE 5
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o limsupy_ . [r;* (W (2))| > 0.
By the first and the last items, we have limy_. . tx = co. By taking sub-
sequences, we may assume that &t (zx) converges to a point z, of A
and 7" (WE"(z1,)) converges to an interval I C Wg*(z,) with positive
length. Then, I is a (J, E®)-interval. Since z, is a point of I N A, we have
w(z) € N5(A) for any z € I, and hence, w(z) N (Q*(q)) UPerm((I))) = 0.
However, it contradicts Lemma 2.3. O

COROLLARY 2.5. — For any sufficiently small € > 0, W"(z) is tangent
to E" for any z € A.

Proof. — Fix § > 0 and take €; > 0 in Proposition 2.4. For z € A, 2’ €
W& (z), and t > 0, let a(z, 2/, ¢) be the angle between T, —+ (7> F(Wern(z))
and E“(r;%(z")). By the domination property of the PA splitting, there
exist C > 0 and A > 1 such that a(z,2',t) > CAa(z,2/,0). On the
other hand, the continuity of the family {W£"(2)}.en and the proposi-
tion implies that « is bounded as a function of z, 2’ and t. Hence, we have
a(z,2,0) =0 for any z and 2'. O

LEMMA 2.6. — There exists Ay € (0, Ay/2) which satisfies the following
property: If an (E", 1)-transversal I is contained in D, (z) for some z € M

and satisfies ;' (0I) C Da,(®7*(2)) for any t > 0, then it is a (A1/2, E")-
interval.

Proof. — Since TM = E*® + E* is a PA splitting, there exists o > 0
such that if I is an (E“,1)-transversal and 7, (I) is well-defined for some
z € M and t > 0, then r;*(I) is an (E“, a)-transversal. By the uniform
transversality of (E", a)-transversals to E*, we can take 0 € (0,A1/2) and
B > 1 such that |J| < 8- diam(9I) for any z € M and any (E“,«)-
transversal with J C Ds(z). Put Ay = §/43. We remark that Ay < §/4 <
A1/8

Let I be an (E“, 1)-transversal contained in Da, (z) for some z € M such
that 7, t(0I) C Da,(®7%(2)) for any ¢ > 0. It is sufficient to show that

to =sup{t; = 0| r;*(I) C Ds(®(2)), |r;*(I)| < 6 for any t € [0,,]}

is infinite. Suppose that o is a finite number. Since r;*(I) is an (E%, )-
transversal and r;*(0I) C Da,(®4(2)) for 0 < t < tg, we have

(2.1) Tt (1)] < 8- diam(r; (1)) < 284, = §/2.

It implies |ri(I)] < § for any ¢ sufficiently close to ty. By the inclusion
r;%0(dI) C Da, (P71 (2)) again, the inequality (2.1) implies

(2.2) 17 0(I) C D540, (®77(2)) C D(3ays (@77 (2)).
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Hence, r;*(I) C Ds(®*(2)) for any ¢ sufficiently close to t. It contradicts
the choice of tg. O

PROPOSITION 2.7. — There exists e; > 0 such that
() ri(De(@7'(2))) € W (2)
>0

for any z € A and 0 < € < €.

Proof. — Let €1 > 0 be the constant obtained by applying Proposi-
tion 2.4 for 6 = A,. By the uniform transversality of (Ap, E)-interval
to E°, we can take a constant es € (0,¢;) which satisfies the following
property: For any z € A and 2’ € D, (z) \ WE*(z), there exists an (E", 1)-
transversal J in Da,(2) and z; € JNWE(2) such that 0J = {7/, zs}.

Suppose that the proposition does not hold. Then, there exists z € A
and 2 € (507t (De, (P7H(2))) \ WE(2). Take an (E*,1)-transversal J
in Da,(2) and z; € J N W (2) such that 9J = {2/,zs}. Since both
r;%(2') and r;t(z;) are contained in Da,(®%(2)) for any t > 0, J is an
(A1/2, E*)-interval by Lemma 2.6. Hence, we have

r74J) C D(a, j2)+2,(®7(2)) C Da, (®74(2)).

By Lemma 2.3, the set ¥ = (5, r7(J) intersects with Qf U Per{ (®).
However, ¥ is contained in the Aj-neighborhood of A. It contradicts the
choice of A;. O
We define a family {V*(2)}.ca of subsets of M by
vz =J U @),
t>02/€0(z)
It is a continuous family of C? open immersed surfaces tangent to E* by
Corollary 2.5. By Proposition 2.4, V*(z) does not depend on the choice of
sufficiently small € > 0. It is easy to see that
o V¥%(z) is diffeomorphic to S* x R for any periodic point 2y € A,
and
o V¥(z1) NV¥(2z) # 0 for 21,29 € A implies V¥(z1) = V*(22).
Similar to {W§*(2)}.ca, we can take a family {W§*(2)}.ea of (E¥,1)-
transversals. We define a family {vs (z)}ze A by

=UJ U e'mvee))

t>02'€0(z)

for any small € > 0. It has analogous properties to {V"(z)}.ea-
For ®-invariant compact subsets A; and Ay of A, we write A; < Ag if
Ws(Al) N Wu(Ag) # 0.
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PROPOSITION 2.8. — Suppose that A is locally maximal, i.e., there ex-
ists a neighborhood U of A such that A = (),cp ®*(U). Then,
e W*(A) = UzeAnQ(<I>) Ve(z),
e there exists a decomposition A N Q(®) = (J;~, A; into mutually
disjoint topologically transitive compact invariant subsets, and
e < is a partial order on {Ay,--- A, }.

Proof. — By Propositions 2.4 and 2.7, A has the shadowing property
(see e.g. [27]). We can show the required properties by the same argument
as the case of locally maximal hyperbolic sets. g

The partially ordered set ({Aq1,---, A}, <) is called the spectral decom-
position of AN QD).

We say a point z of a topological space X is accessible from a subset A
of X if there exists a continuous map [ : [0,1]—X such that (1) = z and
I(t) € Afor any t € [0,1).

LEMMA 2.9. — Let A’ be a topologically transitive compact invariant
subset of A such that W*(A') N W*(A') = A'. If z € A’ is accessible from
VE(z)\ A/, then V¥(z) contains a periodic point z. € A’ which is accessible
from V*(z.) \ A'. Similarly, if = € A’ is accessible from V*(z) \ A’, then
V*(z) contains a periodic orbit z, which is accessible from V*(z,) \ A’

Proof. — The same argument as the proof of Proposition 1 of [22] shows
that V"(z) contains a periodic point z,. Since the a-limit set of z coincides
with the orbit of z,, the invariance of A’ implies that z, € A’. By the
accessibility of z from V*¥(z)\ A/, there exists a curve I C V*(z) transverse
to E° such that I N A’ = {z}. Suppose that z. is not accessible from
V#(z.) \ A’. By the continuity of V*(z') with respect to 2’ € A there
exists z1 € A’ N V¥(z,) such that V¥(z1) N (I \ {z}) # 0. Since W*(A") N
Wu(A") = A and VO(2') € W7(A) for any 2z’ € A’ and o = s,u, we have
INV¥%z) C A'. However, it contradicts the choice of I. Therefore, z, is
accessible from V*(z,) \ A'.

We obtain the latter from the former by reversing the time. |

2.2. Dichotomy under regularity of periodic orbits
The aim of this subsection is to show Proposition 2.1 under some addi-
tional assumptions.

PROPOSITION 2.10. — Let ® be a C? PA flow and TM = E* + E“
be its PA splitting. Suppose that Per;..(®) C 2, and E* generates a C>
foliation. Then, either
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(1) Q. = Peryy(®) = 0 and P is topologically transitive, or
(2) M = W*(Q3) UQ¥ = W*(Qu) U Q.

Remark that we do not assume the C?-regularity of E*.
Put Q) = M\ (WH(Q5) UW*(Q2)).

LEMMA 2.11. — Q, is a locally maximal closed invariant set.

Proof. — Since 2f is normally repelling, there exists a compact neighbor-
hood K* of Q3 such that ®~*(K*) C K* forany t > 0,5, @ *(K*) = Q3,
and |J;5o @ (K®) = W*(Q3). Similarly, there exists a compact neighbor-
hood K" of Q¢ such that ®'(K") C K* for any t > 0, (5, ®*(K") = Q,
and (J,5o @7HKY) = W*(Q). Then, U = M\ (K"UK?) is a neighborhood
of €, such that (), ®*(U) = Q. O

Tt is easy to see that a(z) Uw(z) C Q5 U Q¥ U Q, for any z € M. Since
QY is normally attracting and 27 is normally repelling, we have

M = WH(Q),) UW™(Q5) UQE = WH(€,) UIWH(Q%) U Q.

We assume Q;, # () and show that M = ) and @ is topologically
transitive. It implies that Q¥ = Q2 = ), and hence, Per;,(®) = (§ by the
assumption.

By G(z), we denote the leaf of a foliation G that contains a point z. Let
F* be the C? foliation generated by E°.

LEMMA 2.12. — F*(z) = V?®(z) for any z € (.

Proof. — Since V*#(2') is tangent to E® for any 2z’ € Q, it is a connected
open subset of F*(2’). Since F*(z) C M\ QS = W3 (Qp)UW?*(Q¥), we have
a decomposition

Fl)=F@nw@nu  |J V()
2'€QrNFs(z)

of F*(z) into mutually disjoint open subsets. It implies that V*(z) coincides

with F*(z). O
By Proposition 2.8 and Lemma 2.11, the invariant set 5, N Q(®P) admits
a spectral decomposition ({Ag, -+, A}, X). Take a maximal element Ay

with respect to <. By the same argument as the hyperbolic case, we have
We(AL)NW¥(Ay) C Q(P). The maximality implies that W*(A;) C AL U
W (Q2). Since W (AL)NW*(Q¥) = 0, we have We(AL)NW™(A4) = A4,

Recall that a subset A of M is called a saturated set of F* if F*(z) C A
for any z € A.

LEMMA 2.13. — A is a closed saturated set of F?*.
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Proof. — We will show W*(Ay) C A;. It completes the proof of the
lemma since F*(z) = V*(z) C W*(A4) for any z € Ay.

Suppose that W*(Ay) ¢ Ay. Then, there exists z, € Ay which is ac-
cessible from V?®(z,) \ A4. Since W?*(A4) N W*(A4) = A4, we can apply
Lemma 2.9 to A;. Hence, we may assume that z, is a periodic point. Ac-
cessibility implies that a connected component L of V?®(z,) \ O(z,) is a
subset of W*#(A1)\ Ay, and hence, is contained in W*(2?).

Take a simple closed curve v C L which is homotopic to O(z,) in F*(z.).
Since z, is a u-regular periodic point, the holonomy of F* along ~ is non-
trivial.

Since W*(T') is a connected open subset of M for any torus T in F,
there exists a torus 7} in QF such that L C W*(T). Take an embedding
2 T2 x [-1,1]=W¥(T) such that (T? x 0) = T\ and ¥ (T? x {—1,1})
is transverse to the flow. There exists ¢ > 0 such that ®~t(y) C ¥(T? x
(—1,1)). Let G be the restriction of F to Im4. Since T, is the unique
compact leaf of G, a classification theorem of C? foliation on T2 x [0, 1] due
to Moussu and Roussarie [21] implies that T} is the only leaf of G that has
non-trivial holonomy. It contradicts that the holonomy of F* along ®~*(v)
is non-trivial but ®~*(~) is not contained in 7. O

Recall that a leaf of a codimension-one foliation is called semi-proper
when it accumulates to itself from at most one side. We also say a leaf is
proper when it does not accumulate to itself from either sides.

LEMMA 2.14. — Let G be a C? codimension-one foliation of a closed
three-dimensional manifold. Then, any semi-proper leaf of G diffeomorphic
to S x R is proper and it has trivial holonomy.

Proof. — Let L be a leaf of G which is diffeomorphic to ST x R.

By the level theory of Cantwell and Conlon [9], L is either proper or con-
tained in an exceptional local minimal set. Duminy’s theorem [10] implies
that the end set of a semi-proper leaf in an exceptional local minimal set
must be a Cantor set. Since the end set of L consists of two points, the leaf
L is proper. By a stability theorem of proper leaves with finite ends due to
Cantwell and Conlon [8, Theorem 1], L has trivial holonomy. O

Now, we prove Proposition 2.10. Let ® be a PA flow satisfying the as-
sumptions of the proposition. Then, F* is a C? foliation and all periodic
points in €, are wu-regular. Suppose that the proposition does not hold.
Let A4 be the maximal set in the spectral decomposition of Q5 N Q(P).
By Lemma 2.13, it is a closed saturated set of F*. Since the restriction
of ® to A is topologically transitive, the assumption implies A, # M.
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In particular, A, contains a semi-proper leaf L of F°. By Lemma 2.9, L
contains a periodic point ¢ in A, and hence, it is diffeomorphic to S x R.
Lemma 2.14 implies that the holonomy of F* along the orbit of ¢ is trivial.
In particular, q is a u-irregular periodic point. However, it contradicts that
all periodic points in €2, are u-regular.

2.3. Local dynamics at periodic points

Let ® be a C? PA flow with a PA splitting TM = E“ + E°. In this
subsection, we suppose that E* and E* generate C? foliations F* and F*,
respectively. Remark that Qf is a union of closed leaves of F? for p = s, u.

The main aim of this subsection is to show the following proposition,
which completes the proof of Proposition 2.1 by combining with Proposi-
tion 2.10.

PROPOSITION 2.15. — Per?

rr

(®) C Q¥ and Per}, (®) C Q2.

rr

Fix a family {¢, : [-1,1]*>M}.em of C? local cross sections so that
#.(0,0) = z, ¢.([—1,1] x y) is tangent to E?, and ¢, (x x [—1,1]) is tangent
to E* for any (z,y) € [—1,1]%. Let {rl} be the family of local returns
associated to {¢.}.en-

Recall that Ds(z) be the d-ball in Im ¢, centered at z. Let A > 0 be the
constant obtained in Lemma 2.3. For 0 < § < A, put

I5(z) = Ds(2) N ¢=([—1,1] x 0),
I§(z) = Ds(2) N ¢-(0 x [-1,1]).

By replacing A with a smaller one, we may assume that I§(z) and I3(2)
are intervals for any z € M and 0 < § < A.

LEMMA 2.16. — Suppose that sequences (z, € M)n,>1, (0, > 0)p>1,
and (t, > 0),>1 satisfy the following properties:
e lim, .6, =0.
o 1L (I§ (2n)) is well-defined for any n > 1 and 0 <t < t,.
e limsup,, . |2 (I3 (zn))] > 0.

Then, any accumulation point of {z,}n>1 Is contained in Per;, (®) U Q2.

Proof. — Take an accumulation point z, of (zp)n>1. By taking subse-
quences if it is necessary, we may assume that z, converges to z., ® (zn)
converges to a point zs, and i (I 3 (zn)) converges to an interval I, C
I3 (2s0). Remark that ¢, goes to infinity. In fact, [r] (I3 (zn))| converges
to zero for any given T > 0 since d,, goes to zero.
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The interval I is a C? (A, E%)-interval, By Lemma 2.3, there exists 2’ €
Int I, such that its a-limit set «(z’) is a periodic orbit in Per;,..(®) or an
embedded torus in Q. In each case, N®~¢
on a(z'). Hence, there exists a compact neighborhood V of 2z’ in F*(z’) such
that (,o o Uy sy @77 (V) = a2’). For any sufficiently large n > 1, the inter-
val ri (I3 (2,)) contains a point z;, of V. Then, z, = lim, oo (ri") "' (z},)

Zn

gw/Te is uniformly contracting

is contained in a(z’). Hence, z, is contained in Per. (®) or Q2. O
LEMMA 2.17. — Let zy be an s-regular periodic point. Then, the fol-
lowing holds:

e There exists § > 0 and 7 : W*(O(z))—R such that I3(®7*)(z)) C
W#(O(zp)) for any z € W*(O(zp)).

e For any z € W*(O(z)), F*(2) N W*(O(z)) is an open subset of
F*#(z) with respect to the leafwise topology.

e If A is any open annulus such that O(zg) C ACF*(zo)N"W*(O(z0)),
then J,5, ®~(A) is a connected component of F*(O(z0)) N W*(O

(20))-

Proof. — Let T be the period of zg. There exists a closed interval I C
[—1,1] and C? maps f,g : I—[—1,1] such that 0 € f(I) C IntI, 1 o
¢Zo (x,y) = ¢20 (f(x)?g(y))? and ﬂn>0 fn([) = {0} Put A" = ﬂngo g—n(])
and Ay = {y € A" | lim,,— ¢"(y) = 0}. For any (z,y) € Int I x A¥, we
have 7 0 ¢, (x,y) = ¢, (f"(x), 9" (y)). By the compactness of A*, there
exists § > 0 such that

(2.3) 15(¢20 (2, y)) C ¢z, (Int I x y)
for any (x,y) € f(I) x A™.

If (z,y) € Int I x AY, then (f™(z), g"(y)) converges to (0,0) as n goes to
infinity. For any z € W*(O(2)), its positive orbit {®*(z) | t > 0} intersects
with ¢, (f(I) x AY). Hence, we have

W*(O(20)) = | @7 0 ¢ (F(I) x A§) = | J 27" 0 ¢z (Int I x AY).
20 20

It completes the proof of the first assertion of the lemma with the inclusion
(2.3). The second assertion is an immediate consequence of the first.
Put

Vi=|J® " o0p.,(IntIx0),

20

Vo=@ "o, (Int I x (Af\ {0})).

t>0
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Since f(I) C Int I, g(0) = 0, and g(A§ \ {0}) C Ay \ {0}, the set F*(z9) N
W#(O(zp)) is a disjoint union of its open subsets V1 and VaNF*(zy). Hence,
V1 is a connected component of F*(zo) NW?*(O(z)). Let A be the annulus
in the third assertion of the lemma. Then, ¢, (f™(I)) C A for some large
m > 1. It implies

= Jo oo, (U clJoi(4) cw.

t=0 t=0

LEMMA 2.18. — Let zg and z1 be periodic points of ®.

(1) If zp is s-regular and z is accessible from a connected component V
of W#(O(z0)) N F*(z1). then F*(z9) = F*(z1), the orbits of zy and
z1 are homotopic in F*(zy) as unoriented curves, and V contains
O(Zo)

(2) If z¢ attracting and z; is accessible from W*(O(zy)) N F*(z1), then
F(z9) = F“(z1) and the orbits of zy and z; are homotopic in
F*(z0) as unoriented curves.

Proof. — First, we show the former assertion of the lemma. Suppose that
zo is s-regular. Let T be the period of zy. There exists a closed interval I and
C? maps f,g : I—[—1,1] such that 0 € Int I C f(I), ,5o f"(I) = {0},
by (I X 1) 1 O20) = {20}, and 1T, 0 oy (@,5) = 2 (f(2),g(y)) for any
(x,y) € IxI. Put U = U;‘F:O rt (I x I) and let G(y) be the connected
component of F*(¢.,(0,y)) NU which contains ¢.,(0,y). Then, we can see
the following properties of G and U:

e G(y) is not contractible if and only if g(y) = v.
o If z = ¢, (x,y) is a point of W*(O(z9)) and ®*(z) € U for any
t > 0, then ¢g"(y) converges to 0 as n tends to infinity.

Suppose that a periodic point z; is accessible from a connected compo-
nent V' of F?(z1) N W*(O(z0)). Then, there exists a simple closed curve
~ in V' which is homotopic to O(z1). By the Poincaré-Bendixon theorem,
O(z1) and 7 are not null-homotopic in F*(z;). We can take t; > 0 such
that ®'(y) C U for any ¢t > t;. It implies that ®*(y) C G(y) for some
Y € Nypso9 "(I) with lim,, . g"(y) = 0. Since the closed curve & (v) is
not null-homotopic in G(y) C F*(z21), we have y = 0. Hence, ®*' () is ho-
motopic to O(zp) in F*(2p) as an unoriented curve and the set V' intersects
the connected component of F*(zy) N W*(O(zp)) which contains O(zp).
Therefore, we have F*(z1) = F*(20), O(20) and O(z1) are homotopic in
F*(z0) as unoriented curves, and O(z) C V.
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Next, we show the latter assertion of the lemma. Suppose that zg is
attracting. Let T be the period of 2. There exists a closed interval I and C?
maps fi, g1 : I'—[—1,1] such that 0 € Int I" C g1(I'), (,,50 97 (") = {0},
0 is the unique fixed point of fi|1, ¢z, (I x I') N O(z9) = {20}, and 7% o
020(2,9) = 02 (f1(2), 91(y)) for any (2,y) € T'x I Pus U' = ULy rt, (I
I) and let G’(x) be the connected component of F*(¢,,(x,0)) N U’ which
contains ¢, (x,0). Then, we can see the following properties of G’ and U’:

e G'(x) is not contractible if and only if z = 0.
o If 2 = ¢, (z,y) is a point of W*(O(z)) and ®'(z) € U’ for any
t >0, then f*(x) converges to 0 as n tends to infinity.
Now, the same argument as above, where we replace g, G, and F* with fq,
G’ and F¥, respectively, shows the latter assertion of the lemma. (|

LEMMA 2.19. — The following holds for any s-regular periodic point zy:
(1) F5(z) C W*5(O(2p)) for any z € W5(O(z0)) \ F*(20)-
(2) F*(20) NW*(O(20)) is homeomorphic to S* x R.
(3) If F5(z0) ¢ W?*(O(z0)), then F*(zy) contains an s-irregular pe-
riodic point such that the orbits of zy and z; are homotopic as
unoriented closed curves in F*(z).

Proof. — Since zj is s-regular, there exists an embedded closed annulus
Ay C F*(z) such that ®(Ag) C Int Ay for any ¢ > 0 and (., ®*(Ao) =
O(z0). Put Vo = U,50 ™" (Ao)- Tt is diffeomorphic to S' x R and is a con-
nected component of W?#(O(zy)) NF*(zp) by the third item of Lemma 2.17.

Fix a leaf L of F° and a connected component V of LNW?#*(O(z)). We
suppose that V' # L and show V = V}. Take z; € L\ V which is accessible
from V. There exist sequences (z), € V),>1 and (§, > 0),>1 such that
z1 € I§ (z;,) for any n > 1 and 4, converges to zero. By Lemma 2.17, we
can choose § > 0 and (T}, > 0),>1 such that I3(®T(2])) C W*(O(z))
for any n > 1. Since O(z1) N W*(O(zy)) = 0, there exists a sequence
(tn € (0,T)))n>1 such that ri; (I3 (2,)) is well-defined for any ¢ € [0,1,]
and |rfy (I3 (z,))| = 0. By Lemma 2.16, z; is a point of Perj, (®) U Q3.
Since }ES (1) contains a periodic point z; and some non-periodic points in
V, we have F°(z1) ¢ QF. Therefore, z; is an s-irregular periodic point.
Since z; is accessible from V' C W#(O(zp)), we can apply the former part
of Lemma 2.18. It implies that F*(z1) = F*(20), V = Vb, and the orbits of
2o and z; are homotopic as unoriented closed curves in F*(zg). O

LEMMA 2.20. — Per}(®) N F*(z) is a closed subset of F*(z) for any

z € M. Similarly, Perj, (®) N F%(z) is a closed subset of F"(z) for any
zeM.
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Proof. — We show the former assertion. The proof of the latter is similar.

Suppose that a sequence (z,),>1 in F*(z) N Per},(®) converges to z
with respect to the leafwise topology of F*(z). By replacing z,, in its or-
bit, we may assume that there exists a sequence (4, > 0),>1 such that
limy, 0 0, = 0 and I§ (zn) contains z, for any n > 1. Let T,, be the period
of z, and A > 0 be a constant such that Da(z) C Im ¢, for any z € M.

First, we suppose that there exists ng > 1 such that |rf_ ( I (zno))| <A

for any ¢ € [0,T},]. Then, rz"o (I3 (zno)) is well-defined. Slnce Zy Is a limit
point of the sequence (zy,)n>1 of perlodic points with respect to the leafwise
topology, we can choose a sequence (z],),>1 of periodic points of ® such
that lim, .o 2, = 2. and z;, € I§ (zn,) for any n. Since rzTn (2ng) = Zny

no

Ty - . . .
and 7, is an orientation preserving homeomorphism on an interval, we

Th . . Tn
have 7.0 (z,,) = z;, for any n. It implies that 7., (2.) = z.. Therefore, 2.

is an s-irregular periodic point of ®.

Now, it is sufficient to consider the case that there exists a sequence
(tn € [0,Tu])n>1 such that |rl (I3 (2,))] < A for any t € [0,t,] and
[rin (I3 (2n))| = A. By Lemma 2.16, z, = lim,, .o 2y is a point of Perj,, (®)
uQg. If zi € QF, then F*(z,) is an embedded torus contained in Per;, (®)
since {z,} C Perj, (®) N F*(2.). O

LEMMA 2.21. — For any zy € Perj,,(®), the leaf F*(zy) is proper, has
trivial holonomy, and is contained in W*(O(zp)).

Proof. — The periodic point zq is s-regular. Hence, there exists a closed
annulus A% in F*(29) NW*(O(zp)) such that ®*(A*) C Int A* for any ¢ > 0
and (50 ®/(A%) = O(20). Put V =5, ®7/(4%). Lemmas 2.17 and 2.19
imply that V' = F*(z5) N W*(O(z0)) and F*(z) C W?*(O(zy)) for any
z € W9(O(z0)) \ V. Since 2y is u-irregular, there exists a closed annulus
AY in F“(zp) such that O(z0) C 0AY, Ay N A® = O(zp), and ®'(AY) C AY
for any ¢t > 0. It is easy to see that V N Af = O(zo).

First, we show V=F?%(zg). Suppose that it does not hold. By Lemma 2.19,
F*(zp) contains an s-irregular periodic point z; such that the orbits of 2
and z; are homotopic as unoriented closed curves in F*(zy). For ¢ = 0,1,
let T; be the period of z;. Put ¥ = [ D®Ti|gu(.y[| and X = || DT | g, |-
Since zq is u-irregular, z; is s-irregular, and TM = E°*4+ E" is a domlnated

splitting, we have
(2.4) A5 < AG S 1TA] <AYL

Since A} is the absolute value of the linear holonomy of F* along the orbit
of z; for each ¢ and the orbits of zy and z; are homotopic in F*(zg) as
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unoriented curves in F*(zp), we have A% = (A\})*!. Hence, the inequality
(2.4) implies

(2.5) M=) <L

In particular, O(zp) is an attracting periodic orbit. Since W?*(O(z)) is an
open subset of M, there exists a closed annulus A} C F*(z1) such that
O(z1) C OAY and F*(z) intersects with (Af \ O(z0)) N W*(O(z)) for any
z € AY\O(z1). Now, we recall that VNAY = O(zp) and F*(z) C W*(O(z))
for any z € W*(O(z)) \ V. They imply that A} \ O(z1) is contained in
W3(O(z0)). In particular, z; is accessible from F“(z1) N W*(O(zp)). By
Lemma 2.18, we have F%(z1) = F*“(z0) and the orbits of zp and z; are
homotopic in F*(zy) as unoriented closed curves. Since A is the absolute
value of the linear holonomy of F" along the orbit of z;, we have A\j =
(A3)*!. Hence, the inequality (2.4) implies
Xo= ()7
However, it contradicts with the inequalities (2.4) and (2.5). Therefore, we
have V' = F*(z).
Since VNAY =O(zp), the leaf F°(zp) =V is semi-proper. By Lemma 2.14,
F4(20) is a proper leaf with trivial holonomy. O
Now, we prove Proposition 2.15. We claim that Perj; .(®) C QY. Once

it is done, we can show that Per. (®) C Qf by applying the claim to the
time-reverse of ®.
Take a leaf L* of F* which intersects with Perj,.(®). By Lemmas 2.20
and 2.21, Per; (®) N L* is a closed and open subset of L*. Hence, L“ is
(®). It is sufficient to show that L* is a closed leaf. If it
is not, then there exists a transversal J of F* such that .J is contained in
a leaf L® of F° and J N L* is not a relatively compact subset of L*. Take
a point z, € L¥ N J. By Lemma 2.21, J C L® is contained in W*(O(z.)).
Since L* C Per(®), it implies that L* N J is contained in O(z.). However,

it contradicts that L* N J is not a relatively compact subset of L*.

a subset of Per’

rr

3. Topologically transitive regular PA flows
The aim of this section is the following proposition, which completes the
proof of the main theorem by combining with Propositions 2.1 and 2.2.

PROPOSITION 3.1. — Ifa C? topologically transitive PA flow on a closed
three-dimensional manifold admits a C? PA splitting, then it is an Anosov
flow.
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When the PA flow & admits a global cross section, the proof of Propo-
sition 3.1 is reduced to an observation that the distortion of a holonomy
map of a one-dimensional foliation on a surface can be estimated by the
area of rectangle sweeped out by the holonomy. We refer the reader to [3]
for the detail. If a PA flow admits invariant one-dimensional subbundles of
E? and E" which are transverse to the flow, then we can apply the proof
in [3] with a small modification. However, a PA flow admits no invariant
one-dimensional subbundles transverse to the flow in general. This is the
main technical difficulty in the proof.

The structure of the section is as follows: In Subsections 3.1 and 3.2, we
show the (possibly non-uniform) contraction along the direction transverse
to E* by the standard argument using a Markov partition and a theorem
due to Mané. In Subsection 3.3, in order to overcome the above technical
difficulty, we show that the diameter of ®¢(D?®) is uniformly bounded for
any small disk D?® tangent to E® and ¢t > 0 after we replace the original
flow ® by a suitable time-change. This condition makes us enable to apply
the method in [3]. It is done in Subsection 3.4.

3.1. One-dimensional topological Markov maps

In this section, we prove some results about piecewise C? Markov maps
on a finite union of compact intervals, which we use later.

Let I, be a finite union of compact intervals in R and A, be a finite
subset of Int I,. We say a map F : I,—I, is a C? pre-Markov map with
the set of discontinuity A, if F(A,) C 01, F(I,\ Ay) = I, and for each
connected component J of I, \ A,, there exists a connected component I
of I, such that F|; extends to a C? diffeomorphism from J to I. Put I? =
IL\U._, F~"(A,) and I® = N> il For x € I2° and n > 0, let I}'()
be the connected component of I that contains x. Then, the restriction of
F™ to In(x) extends to a C? diffeomorphism onto I7~™(F™(z)) for any
zellandn>m > 0.

For n > 1, let Per,, (F) be the set of all periodic points of period n. Since
F(A.UdI,) C 8l and 9L, N A, = 0, the set Per, (F) is a subset of I for
any n > 1.

We say a pre-Markov map F is a C? topologically Markov map if ﬂn>1

I7(x) consists of exactly one point for any x € I2°.

LEMMA 3.2. — Let F be a C? topologically Markov map on I,. Then,
Per,, (F) is finite for any n > 1 and any periodic point « € Per,,(F) satisfies
|DE"(z)| > 1.
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Proof. — Tt is an immediate consequence of the equations (5, /5" (z) =
{z} and
Fr (150 @)) = T8 Ge) o 150" (@)
for any « € Per, (F). O

Recall the definition and some properties of the distortion of a one-
dimensional map. For a C? map h : I—I' between intervals I and I’,
we define the distortion dist(h, ) by

dist(h,I) = sup (log|Dh(x)| —log|Dh(y)|).

z,y€el

It is easy to verify

(3.1) dist(hp 0 -0 ho, 1) < Y dist(hp, hun—1 0 -+ © ho(I)).

m=0

By the Mean Value Theorem for h and log |Dh|, we also have

(3.2) dist(h, I) > sup |log|Dh(z)| — log |h|(II|)| ,
xzel
(3.3) dist(h, I) < |I] - sup |D(log|Dhl)(x)|.
zel

Let Per,(F) be the set of non-hyperbolic periodic points. The following
proposition is a variant of Mané’s theorem([18]).

PROPOSITION 3.3. — Let F be a C? topologically Markov map on I,
and A, be the set of discontinuity of F. Then,

(3.4) nlLrI;o (inf{|DF"(z)| | z € Per,(F)}) = o0

and Per,(F) consists of only finitely many points. Moreover, for any given
neighborhood U of Per, (F),

(3.5) Jim (inf{|DF™(z)| |z € I} \ F~"(U)}) = +o0.

Proof. — The equation (3.4) is a consequence of Theorem 5.1 of [17],
which is a version of Maifié’s theorem for piecewise C? maps. By Lemma 3.2,
it implies the finiteness of non-hyperbolic periodic points.

Since I consists of finitely many connected components for any n and

Nyso I(z) = {a} for any = € I2°, there exist sequences (K,)pl, and
(K22, such that lim,, . K, = lim, o K}, =0 and K,, < |[I*(z)| < K,

for any n > 0 and = € I
Fix a neighborhood U of Per,(F'). By the finiteness of Per,(F'), there
exists N > 1 such that IN(z,) C U for any z, € Per,(F). Remark that
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IN(z) N Per,(F) =0 if x ¢ U. Put
c1 = |I| - sup{|D(log [DF|)|(z) | x € I \ A},
co = inf{|DF(x)| |z € I, \ A}

We say that an interval J C I, is (A, m)-compatible for A > 1 and m > 1
if JCI™and > |[F*(J)| < 525 |L.|. The properties of distortion imply
—ax [FT(J)]
3 f DF'HL 2 >\1—1 . |7
inf | (@) > e 7]
for any (A, m)-compatible interval J.
By the argument in Section IIL.5 of [11], it can be shown that there exists
A > 1 and ng > 1 such that IV (z) is a (A, n — ng)-compatible interval if
x € "N satisfies IN (F™(x)) N Per,(F) = (). It implies that

¢ N+ng n—mng
DF"(@)] > |DF" (o a))] - o555 L))

L ()]
C;lo e ;1731 KN"F”(J
= KI
for any n>1 and x € I, with IN (F"(z))NPer, (F)=1. Since lim,, o, K/, =0,
it completes the proof. O

3.2. Markov partitions

Fix a closed three-dimensional Riemannian manifold M. Let {(¢x, 7 )}
be a family of pairs of a continuous embedding of [0,1]? into M and a
continuous positive-valued function on [0, 1] such that the map (w,t) —
P! o ¢y (w) is an embedding of {(w,t) | w € [0,1]%,¢ € [0, 7x(w)]} into M
for each k. We define a family {¢}}7, of embeddings of [0,1]* into M
by ¢ (w) = &™) o ¢y (w). Put Ry = Im¢y, R, = Im¢), and P, =
{®% 0 ¢p(w) | w € [0,1]2,¢ € [0, T(w)]}.

We say the family {(¢x,7%)} determines a Markov partition {Pj}i,
associated to a flow @ if it satisfies the following properties:

(1) ¢x([0,1] x y) and ¢g(x x [0,1]) are intervals tangent to E° and E"
respectively, for any (z,y) € [0,1]> and k = 1,...,m.

(2) M=, Pi.

(3) For each pair (k,1), (P, N P) = 0P, N 0P, and there exist subin-
tervals Ij,; and Ji; of [0,1], which may be empty sets, such that

R;c N Rl = ¢;€([07 1] X Ik,l) = ¢l(<]k,l X [07 1])
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Remark that {Int I} ;};*; and {Int Ji/;}}_, are partition of [0, 1] up to
finite set for any fixed (k,l). Put I, = [0,1] x {1,...,m}. The family
{(¢x, ™)} 7, induces a piecewise continuous map F : I,—I, by F(y, k) =
W0 if ¢i(Jry xy') = ¢,,((0,1] x y). We call the map F' the reduced return
map.
We say a PA flow & is E*-fine if
(1) both Q. and Per;,,(®) are empty, and
(2) ® admits a PA splitting TM = E“ + E® such that E® is a C?
subbundle.

Remark that @ is topologically transitive by Proposition 2.10.

LEMMA 3.4. — Let ® be a C? E*-fine PA flow. For any given € > 0, ®
admits a Markov partition {Pj}}"_, such that the reduced return map is a
C? topological Markov map and the diameter of each P, is smaller than e.

Proof. — As we see in Section 2, the flow ® has the shadowing property
on M. Hence, we can obtain a Markov partition { P}, associated with ®
such that the diameter of each P is smaller than a given constant € > 0 by
the same argument as the hyperbolic case (see e.g. [26] for the hyperbolic
case). By the C?-regularity of E*, we can choose {¢} so that 1, o (j),?l is
of class C?, where 7, (z,y) = y. It implies that F is a piecewise C? map. It
is easy to check that F' is a pre-Markov map with the set of discontinuity
(U?’l:l 8ka1) \ 9I.. By Proposition 2.4, F' is a topologically Markov map.

O

For 0 = s,u, let Per(®) be the set of periodic point z, such that
| NPt
an immediate consequence of the above lemma and Proposition 3.3.

PROPOSITION 3.5. — If a C? PA flow ® is E*-fine, Perl(®) consists of

finitely many orbits. Moreover, for any given neighborhood U of Per (®),
there exists T = T(U) > 0 such that

(B7/T®)(=)|| = 1, where t, is the period of z.. The following is

1

3
COROLLARY 3.6. — If a C? PA flow ® is E*-fine and Per! (®) is empty,

then there exists C' > 0 and X > 1 such that [|[N®™|gu ra(s)|| < CA™* for

any z € M and t > 0.

sup{||N(I)_t|(Eu/Tq>)(z)|| | t>T,z¢€ M\U} <

3.3. Non-expansion property

Let M be a closed three-dimensional Riemannian manifold and ® be a
C? Es-fine PA flow. As we saw in Subsection 2.1, there exists a family
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{V%(2)}.em of C? immersed submanifolds of M which are tangent to E*.
For z € M and 6 > 0, let B(z,d) be the closed d-ball centered at z and
D"(z,0) the connected component of V*(z) N B(z,d) that contains z. By
the definition of V*(z), we can see that

o VU (®!(2)) = ®H(V¥(z)) for any z € M and t € R,
e D%(z,6) is a C? embedded disk which varies continuously with re-
spect to z if § is sufficiently small.

We say that ® is u-bounded if there exists a positive-valued function ¢ on
R such that

O~ (D% (2,0(€))) C DY(®(2),¢€)

for any z € M, t > 0, and € > 0. Similarly, we can define a C? disk D*(z, §)
which is tangent to E® for any z € M and any sufficiently small § > 0. We
say that ® is s-bounded if there exists a positive-valued function ¢’ on R
such that

®'(D*(2,6'(€))) C D*(®'(2),¢)

for any z € M, t > 0, and € > 0.

If E* admits a continuous D®-invariant splitting E* = T® & E*“, then
we can show @ is u-bounded by Proposition 2.4. However, a PA flow is
not u-bounded in general. In fact, if there exists a ® invariant embedded
annulus tangent to E* on which ®' is conjugate to the map (z,y) —
(z+ (1 +y)t,y) on ST x [0,1], then @ is not u-bounded.

We say that ® admits a local invariant foliation G transverse to a com-
pact ®-invariant set A if G is a C? two dimensional foliation on an open
neighborhood U, of A which is transverse to the orbits of ® and satisfies
DO (TG(2)) = TG(®(2)) for any t > 0 and 2 € (o &~ (U,). Remark
that a suitable time change of ® admits a local invariant foliation transverse
to Pery (®) if Pery(®P) consists of finite number of orbits.

The aim of this subsection is to show the u-boundedness of ® under a
mild assumption.

PROPOSITION 3.7. — Ifa C? E*-fine PA flow ® admits a local invariant
foliation transverse to Pery(®), then ® is u-bounded.

Fix a local invariant foliation G which is transverse to Pery(®) on a
neighborhood U, of Pery(®).

LEMMA 3.8. — For any given neighborhood U of Pery (®),

sup{||DQ>*t|Eu(z)|| |t>0,z¢€ M\U} < 0.
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Proof. — By taking a finite covering, we may assume that E" is ori-
entable without loss of generality. By X, we denote the vector field gener-
ating ®. Fix a continuous vector field Y* such that {X(z),Y"(2)} spans
EY(z) for any z € M and Y"(z) is tangent to G(z) if z € U,. We define
functions 7 and A on M x R by

DY (2)) = 0z, ) X(D7'(2)) + Az, )Y (27" (2)).
Since D®~ (X (z)) = X(®%(2)), the following identities hold:

n(z t+t) =n(z,t) + Mz, t) - (@7 (2), 1),
Mzt + 1) = Mz, t) - M@ 7(2), ).

By the local invariance of G, if ®7%(z) € U, for any 0 < t < ty then
n(z,to) = 0.

Without loss of generality, we may assume that U is a subset of U,. By
Proposition 3.5, there exists 7' > 0 such that |A(z,t)| < 1/2 for any ¢t > T
and z € M \ U. Take a constant Ky > 1 such that |A(z,t)| + |[n(z,t)| <
Ko —1for any z € M and any 0 < t < T. It is sufficient to show that
IA(z,t)| + [n(z,t)] < 4Ky for any 2 € M \ U and ¢t > 0.

We define a function 7 : M \ U—[T, o] by

(2) = { inf{t >T|® " (2) ¢U} if 2 & Nysqp (V)

00 otherwise.

We claim that |A(z,t)|+|n(z,t)| < Ko forany z € M\U and 0 < ¢ < 7(2). It
is trivial if ¢ < 7. Suppose that 7' < ¢ < 7(z). Then, () is contained in
U for any T < t' < t, and hence, n(®~7(2),t —T) = 0. Since \(z,t) < 1/2,
we have

NGO + (201 = NG 0] + 1 T) + Az T) - 0(@ 7 (), = T)
<3+ T < Ko,

It completes the proof of the claim.
Fix z € M \ U Take a sequence (t;);>¢ in [0,00] such that ¢, = 0,
tiv1 =t; +7(®7"(2)) for any i > 0. We claim

(3.6) Mz, t) <27 n(z,t) <2Ko (1-277)

for any ¢ > 0. The proof is by induction. The inequalities for i = 0 is
trivial. Suppose that they hold for i. Since T' < t;41 — t; = 7(®7%(2)) and
T(®~ % (2)) & U, we have |\(®7%(2), ;41 — t;)| < 1/2. The first claim also
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implies [n(® % (2),t;+1 — t;)| < Ko. By the assumption of induction,

|A(2z,tig1)
In(z,tiv1)

A )] M@ (), by — )] < 270 271 = 2 (D),
< Iz, t)| + A (2, t0)] - (2% (2), tia — i)
< 2K (1-277) + 27Ky = 2K, (1 — 270FY).
Therefore, the inequalities (3.6) hold for ¢ 4+ 1. The claim is proved.
Take t > 0. There exists ¢ > 0 such that t; <t <t;41. Since 0 <t —¢; <
7(®~*(2)), the above claims imply
Az, t)| - IN@ 7 (2),t — 1) < 1 Ko = Ko,
n(z,t)] + Az, t)] - (@77 (2),t = t;)]

O

LEMMA 3.9. — There exists a neighborhood Uy of Per(®) and a posi-
tive-valued function d; on R such that

(D" (2,01(¢)) C D*(®7(2),€)
for any e >0,t >0, and z € ﬂt/e[o,t] <I>t/(U1).

Proof. — For an interval J C R and a subset S of M, we denote the set
{®4(2) | z € S,t € J} by ®/(9).

Fix a neighborhood U; of Pery(®) and a constant 0 < €’ < ¢/2 such that
No(Uy) NN (M \ Uy) = 0. Take a family {¢.}.enr of local cross-sections
so that Im¢, C G(z) for any z € Uy. Let {rt} be the family of returns
and put I§'(z) = D"(2,6) NIm ¢,. Since {D"(z, A)} is a continuous family
of C?-disks, {I§(z)} is a continuous family of C*-intervals. By Proposi-
tion 2.4, there exists & > 0 such that r;*(I{(z)) C I4(®%(2)) for any
t > 0 and z € M. Take an open interval J C R containing 0 such that
®7(I%(2)) € D%(z,2€) for any z € M. By the invariance of G, we have
r;t(lg,(z)) = ®7(I§(2)) for any 2 € Ny, ®"(U;). We also take § > 0

so that D%(z,8) C ®/(I%(z)) for any z € M. Then, we have
®H(D"(2,0)) € 2H(DV(I5i(2)) = @7 (DT (I5(2)) = @7 (r* (15 (2)))
C ®/(I4(D27(2))) € DY(®(2),2¢') € DD (2),€).
for any ¢ > 0 and 2 € (y¢(o 4 ' (Uy). O

Now, we prove Proposition 3.7. Fix € > 0. Let U; and ; be the neigh-
borhood of Pery(®) and the function that are given by Lemma 3.9. There
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exists a neighborhood Uy of Pery(®) and a constant 0 < €3 < € such that
Ne,(Uz) NN, (M \ Uy) = (. By Lemma 3.8,

K =1+sup{||D® guyll |t > 0,2 € M\ Us}

is finite. Put &y = d;(e2 K1) and § = min{ds, o K ~1}. Tt is sufficient to
show the inclusion

(3.7) ®~H(D"(2,8)) C D“(®7'(2),¢)

for any z € M and t > 0.
For z ¢ Uy, we have D%(z,eo K1) N Uy = 0, and hence,

(3.8) OHD"(2,62K7 1)) € DY(®71(2),e2) € DY(P7(2),€)

for any ¢ > 0. It implies the inclusion (3.7) for z ¢ U;. If z € Uy, put
T=inf{t >0]|®(2) €Us} € (0,00]. For 0 <t < T, we have

OH(D"(2,0)) C D"(®H(2), &K~ 1) € DU(®7(2), ).

It implies the inclusion (3.7) for the case T'= oo or 0 < t < T. If T is finite,
then ®~T(D%(z,482)) C D*(®~ T (2),eaK~1). Since =7 (2) ¢ Uy, we have
O~ (T+)(D¥(z,8,)) € D¥(®~(TH)(2), €) for any ' > 0 by (3.8). It implies
the inclusion (3.7) for the case z € Uy and t > T.

3.4. Hyperbolicity of periodic orbits

The following proposition is the last piece of the proof of Proposition 3.1.

PROPOSITION 3.10. — If a C? E’-fine PA flow ® is s- and u-bounded,
then Pery(®) is empty.

Proof of Proposition 3.1. — Let ® be a topologically transitive PA flow
with a C? PA splitting. Topological transitivity implies that €2, is empty.
By Proposition 2.15, all periodic points are s- and u-regular. In particular,
® and ! are E*-fine.

By Proposition 3.5 for ® and ®~!, we see that Per, (®) consists of finite
number of orbits. Take a time-change ®; of ® which admits a local invariant
foliation transverse to Per,(®). Remark that both ®; and ®; ' are and E*-
fine. We apply Propositions 3.7 and 3.10 to ¢; and <I>f1. The former implies
®, is s- and u-bounded. The latter for ®; implies that Pery(®;) is empty
and the same for <I>f1 implies that Peri(®;) is empty. Hence, ®; is an
Anosov flow by and Corollary 3.6. Since ® is a time-change of ®;, also
P is. ]
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The rest of the subsection is devoted to the proof of Proposition 3.10. Fix
a C? E°-fine PA flow ® on a closed three-dimensional manifold M which is
s- and u- bounded. Let TM = E“+ E* be a IPA splitting of ® such that E*
generates a C? foliation F*. Remark that D*(z,8) C F*(z) for any z € M
and 0 > 0.

Take a family {1,}.cp of C? embeddings from [—1,1]® to M such that
¥:(0,0,0) = 2, 1/’2([*171]2 xy) C F*(¢:(0,0,y)) for any y € [-1,1], and
the map (z,w) — 1, (w) from M x [—1,1]3 to M is of class C2. By B(z,§),
we denote the closed ball of radius § which is centered at z. There exists
€0 > 0 such that B(z,8¢y) C Imw, for any z € M. Since ® is s- and
u-bounded, we can take dp > 0 so that ®'(D*(z,d0)) C D*(®*(2), o) and
O~t(D"(2,80)) C D“(®7*(z),€0) for any 2 € M and ¢ > 0.

Suppose that Per} (®) is non-empty and contains a point p. There exists
a continuous injective map H : (—1,1)>—M such that

(1) H(0,0) =p,
(2) Im H C Imy,
(3) H(x,-) is of class C? and H(x x (—1,1)) C D*(H(x,0),dy) for any
xz € (—1,1), and
(4) H((0,1) xy) C D*(H(0,y), o) for any y € (—1,1).
We put V = U,¢(_1,1) D*(H(z,0),d0).

By Proposition 3.5, Pery(®) consists of finitely many orbits. Since ® is
topologically transitive, the union of periodic orbits is a dense subset of M.
Hence, H((—1,1)?) contains a hyperbolic periodic point q. Put (z.,y.) =
H'(q).

For z € [0,z.] and t > 0, we put J"(x,t) = ® *(H(x x [0,y.])). Let
V(x,t) be the arcwise connected component of ®~*(V) N B(®~¢(H(z,0)),
3¢p) which contains ®~*(H (x,0)). Since

J"(x,t) € @Y D“(H(x,0),50) C D“(®*(H(x,0)),¢0),
we have J*(x,t) C V(x,1).
Let 7, : R®> — R be the map defined by m,(w,z,y) = y. Put I(z,t) =
Ty © w;},,(H(m’O))(J"(J;, t)). We define a map hyy : [0, y.]—I(z,t) by
hyt(y) =y 0 1/’;;(1{(9;70))(@%(}[(% Y)))-

Remark that it is a C? diffeomorphism.
The map hy, ¢ o hy o can be decomposed in two ways;

(3.9) e, 40 h(;g = (hg.t0 h;j’o) o (ha, 00 haé)
= (ha,t0hgy) o (hotohgy) -
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We estimate the distortion of each decomposition. It will lead us to a con-
tradiction.

LEMMA 3.11. — {dist(hy, s 0 h} o, I(2.0,0)) | t = 0} is bounded.

x4,07

Proof. — Let T be the period of ¢ and put h = h,, 7 o h;*l’o. Then,
I(z.,T) C I(z,0) and the map h is C? conjugate to the local return map
of ®~! on J*(z,,0). Since ¢ is a hyperbolic periodic point, there exist C' > 0
and A € (0,1) such that |h"(I(x.,T))] < CA™ for any n > 0. Take K > 0
so that |D(log |Dh|)(y)| < K for any y € I, o. Then, we have

dist(ha, o1 0 hyto, I(24,0)) = dist(h", I(2.,0))

z.,07

= 3 dist(h, B (I (2.,0)))
m=0

n—1
<Y K-CA"<EKC(1-XN""

m=0

Since dist(hy, ¢ © h;*170,(1(m*,0))) is continuous with respect to ¢, it is
bounded on [0, T]. Hence, the lemma follows from the formula (3.1). O

We will show that the distortion of the last term of (3.9) is unbounded.
Once it is shown, it contradicts Lemma 3.11, and hence, Pery (Per(®)) is
empty.

LEMMA 3.12. — {dist(ho, o hg ¢, 1(0,0)) | t > 0} is unbounded.

Proof. — Let T be the period of p = h&(l)(()). Put h =horo h&(l). Since
h is C? conjugate to the return map of ®~! on J%(0,0), we have I(0,T) =
h(1(0,0)) € 1(0,0), M1 2" (1(0,0)) = {0}, ~(0) = 0, and | DA(0)| = 1. By
the formula (3.2),
dist(ho,nr © hg o, 1(0,0)) = dist(h"™, 1(0,0))
> [log |[DR™(0)| —log [h"(1(0,0))] + log [1(0, 0)]
= |—log |n"(1(0,0))[ +log [1(0, 0)]| -

The last term goes to infinity as n tends to infinity since lim,_ o [h"
(1(0,0))] = 0. 0
To estimate the distortion of hy, ;o hg %, we need some preparations.

LEMMA 3.13. — If V(z1,t) NV (za,t) # 0 for 0 < 21 < 22 < . and
t > 0, then
U 7@t c e

z€[T1,22]
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Proof. — Since V(x1,t) UV (x2,t) is arcwise connected, we can take a
continuous map L:[0,1]—V (21, t)UV (29, t) such that L(0)=®~*(H (x1,0))
and L(1) = ®7(H(x2,0)). It defines a continuous map [ : [0,1]—(—1,1)
such that L(¢) € @~ Y(D"“(H(1(£)),0),d0) for any & € [0,1]. The diameter
of V(x1,t) UV (z2,t) is not greater than 6¢y and

JUUE),t) ULL(§)} € H(D"(H(1(€),0)), o) C D" (2" (H(1(€),0)), €0)-
Hence, J“(I(£),t) is contained in B(®~*(H (z1,0)),8¢) for any £ € [0, 1].
Since [z1,x2] C Iml and B(® *(H(x1,0)),8¢0) C Imtpe—t(p(a,0)), the
proof is complete. O

Let Vol(:) be the volume on M associated with the fixed Riemannian
metric of M.

LEMMA 3.14. — There exists a constant K, > 0 such that

[I(z,t)| < K, Vol(V(z,t))
for any x € [0,z,] and ¢t > 0.

Proof. — Since H ([0, z.] % [0, y.]) is contained in Int V', there exists €; >
0 such that D*(z,e1) C V for any z € H([0, z.] X [0, y.]). Since ® is s- and
u-bounded, we can take §; > 0 such that ®¢(D*%(z,61)) C D*(®'(z2),€1)
and ®*(D"(z,01)) C D“(®*(z),€1) for any 2z € M.

Put C(2,t) = U,cju(ps D*(2,01). For 2 = &~ (H(x,y)) € J*(,1),
®'(D*(2,81)) is contained in D*(®!(z2),e;) = D*(H(z,y),€1), and hence,
in V. Since

J*(z,t) C @ H(D"“(H(z,0),80)) C D“(®~*(H(z,0)),€0),
we have

C(z,t) c @ (V)N B(® “(H(x,0)),e0 +61) C V(x,t).

By the C? smoothness of the map (z,w, z,y) — . (w, x,y), there exists
Ko > 0 such that Kj'|lv|| < ||Dy¥; ()| < Kollv|| for any z € M, 2 €
Im4,, and v € T, M. Let Leb,, be the Lebesgue measure on R"™. Since

Leb, (w;}t(H(m)) (D*(z, 51))) > n02K;>

for any z € J%(x,t), we have

K? -
X - g% . Leb3 (1/)‘I’lt(H(.L,O))(C($7t))>
K3 K3

Vol (C(z, 1)) <

Vol (V(z, 1)) -

= 2 2
- 05 - 67
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Now, we estimate the distortion of h,_ ;o hai
LEMMA 3.15. — {dist(hg, ¢ oho_%,I(O t))} |t = 0} is bounded.

Proof. — For z,2' € M, the map v, ! 01,/ can be written as

w;l © d)z_/l(wa r,y) = (fz,z’ (w,, y)vgz,Z’ ()

by a map f, . valued in R? and a function gz, Take K1 > 0 so that
|D(log |Dg. . |)(y)| < K for any z,2/ € M and any y in the domain of
9z,2'-

By Lemma 3.13, if V(z1,t) N V(x2,t) # 0 for 0 € 21 < 22 < x4, then
Ty © Yot (H(zy,0)) (S (2, 1)) = I(x1,t) for any x € [z1,25]. It implies that
Byt 0 h;lljt = G2y(t),21 (1), Where 2;(t) = ®~*(H (x;,0)). Hence, we have

dist(hy, ¢ © hI1 »1(x1,t)) < K.

Fix t > 0. Let S be the set of sequences (x;)2, that satisfy ¢y = 0,
Ty = T, and V(z41,t) N V(x;,t) # 0 for any ¢ = 0,--- ,;m — 1. Tt is
non-empty by the compactness of [0, 1]. Take (z;)7, € S such that m is
minimal in S. For any z € M, the minimality of m implies that the number
of V(x;,t) containing z is at most two. Let K, be the constant given by
Lemma 3.14. Then, we have

dist(he, ¢+ 0 hg 1, 1(0,t)) < Zdlst wisnst © Bty I(@, 1))

=0

m—1

< KKy Y Vol(V (i, 1))
1=0

< 2K, K Vol(M).

Since K7 and K, does not depend on ¢, the lemma is proved. O

Since the second component of the middle term of (3.9) does not depend
on t, Lemma 3.11 implies that the distortion of the middle term is bounded
with respect to t. It contradicts Lemmas 3.12 and 3.15, which imply that
the distortion of the last term of (3.9) is unbounded with respect to t.
Therefore, Pery (®) is empty. Now, the proof of Proposition 3.10 is finished.
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4. Foliations with tangentially contracting flows

In this section, we prove Theorem 1.5.

Let F be a C? foliation on a closed three-dimensional manifold M. Sup-
pose that F admits a C? tangentially contracting flow ®. Let C' > 0 and
A > 1 be constants such that |[N®|rz/7e) || < CA™* for any z € M
and ¢t > 0.

LEMMA 4.1. — There exists a continuous subbundle E* of T M such
that ® is a PA flow with a PA splitting TM = TF + E™.

Proof. — The proof is almost identical to Lemme IV.1.1 in [14].
The differential of the flow ® induces a flow Nz® on TM/TF. Let S,
be the set of points z € M that satisfies

1 log A
(4.1) limsupglogHNf(I)iH < - O§ .
t—oo
We will show that S, must be empty. Once it is shown, we have
N®!
lim inf —H (TF/T®)(=) | =0
t—o0 [NF®L|

for any z € M. By a standard argument (see e.g. Proposition 2.3 of [5]),
we can show that there exists a continuous subbundle E* of T M such that
TM =TF + E" is a PA splitting for .

Suppose that S, is not empty. Take a point zy in S.. First, we claim
that ® admits an attracting periodic point. As an accumulation point of
the uniform measures on {®(z0) | ¢t € [0,7]} with T—o0, we obtain a
®-invariant Borel probability measure m, such that

) dm.(z) < — .

d
- log [ NFL|
LG :

It implies that there exists a Borel subset U, of M such that m,(Us) > 0
and all Lyapunov exponents of ® are negative on U,. By Pesin theory, the
w-limit set of any point of U, is an attracting periodic point. Therefore,
the claim is proved.

Suppose that z, is an attracting periodic point of ®. Since ® is tan-
gentially contracting, there exists a compact embedded annulus A in F(z,)
such that ®*(A) CInt A for any t >0, (5, P*(A) =O(z,), and U, @~ (A4)
= F(z,). In particular, the leaf F*(z,) is diffeomorphic to S* x R. Since
zq 1s attracting, we can take a compact neighborhood U of O(z,) in M
such that 0ANU = () and ®*(U) C IntU for any ¢ > 0. By the choice
of A, we have U N F(z,) = U N A. It implies that F(z,) is a proper leaf.

log A
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By Lemma 2.14, F*(z,) has trivial holonomy. However, it contradicts that
O(z,) is an attracting periodic orbit. O

LEMMA 4.2. — The PA flow ® is E*-fine.

Proof. — By the strong stable manifold theorem, each leaf of F is dif-
feomorphic to R? or S' x R. In particular, F has no closed leaves. By
Duminy’s theorem, there exists no exceptional minimal set of F. Hence,
each leaf of F is dense in M. By the same argument as the above lemma,
if zo is a w-irregular periodic point, then F(zg) is semi-proper. However,
it contradicts that each leaf of F is dense in M. Therefore, any periodic
point is u-regular. Since ® is tangentially contracting, any periodic point
is s-regular.

By Proposition 2.10, either Q, is empty or M = W*(Q2) N Q¥. Since F
has no closed leaves, (2 is empty. It implies that the latter case can not
occur. Therefore, 2, is empty. O

PROPOSITION 4.3. — The flow ® is an Anosov flow.

Proof. — Let TM = TF+ E* be a PA splitting for ®. Since & is tangen-
tially contracting with respect to F, we have Peri(®) = (). In particular,
Per,(®) = Per} (P).

By Proposition 3.5, Pery(®) consists of finitely many non-hyperbolic
periodic orbits if it is not empty. Any time-change of ® preserves each leaf of
F and is tangentially contracting with respect to F. Hence, we may assume
that ® admits a local invariant foliation transverse to Per,(®) = Per¥(®)
(see the beginning of Subsection 3.4). By Proposition 3.7, ® is u-bounded.

By the same argument as the hyperbolic case in [12], there exists a con-
tinuous D®-invariant splitting TF = T® & E*° and constants C' > 0 and
A > 0 such that [[D®|gss(. || < CAF for any z € M and ¢ > 0. It implies
that {||D®|7x([| | z € M,t > 0} is bounded. Hence, ® is s-bounded.

Since ® is a C? E*-fine PA flow, Proposition 3.10 implies Per,(®) =
Pery(®) = (. By Corollary 3.6, ® is an Anosov flow. a

Now, we prove Theorem 1.5. By Théoréme 4.1 of [15], F admits a C”
transverse projective structure. By Théoréme 5.1 of [6] (cf. Théoréme 4.7 of
[15]) @ is topologically equivalent to an algebraic Anosov flow. Therefore, F
is homeomorphic to the weak stable foliation of an algebraic Anosov flow.
Such a C™ foliation with r > 2 is classified completely by Ghys [15] and
Ghys and Sergiescu [16]. Their result implies that F is C”-diffeomorphic
to the weak stable foliation of an algebraic Anosov flow.
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