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ON THE FOURIER TRANSFORM OF THE
SYMMETRIC DECREASING REARRANGEMENTS

by Philippe JAMING

ABSTRACT. — Inspired by work of Montgomery on Fourier series and Donoho-
Strak in signal processing, we investigate two families of rearrangement inequalities
for the Fourier transform. More precisely, we show that the L2 behavior of a Fourier
transform of a function over a small set is controlled by the L2 behavior of the
Fourier transform of its symmetric decreasing rearrangement. In the L' case, the
same is true if we further assume that the function has a support of finite measure.

As a byproduct, we also give a simple proof and an extension of a result of Lieb
about the smoothness of a rearrangement. Finally, a straightforward application
to solutions of the free Shrodinger equation is given.

RESUME. — Le but de cet article est d’approfondir des travaux de Montgomery
sur les séries de Fourier et de Donoho et Stark en traitement du signal sur la
transformée de Fourier de la réarrangée d’une fonction. Plus précisément, nous
montrons que le comportement L? sur un petit ensemble de la transformée de
Fourier d’une fonction est controlé par le comportement L2 de la transformée
de Fourier de sa réarrangée symétrique. Dans le cas L' un résultat similaire est
démontré pour les fonctions a support de mesure finie.

Par ailleurs, nous donnons une démonstration simple et une extension d’un
résultat de Lieb sur la régularité d’une réarrangée. Finalement, nous donnons une
application directe aux solutions de I’équation de Shrodinger.

1. Introduction

The use of rearrangement techniques is a major tool for proving func-
tional inequalities. For instance, it has been used extensively for proving the
boundedness of the Fourier transform between weighted Lebesgue spaces
(see e.g. [15, 16, 2] and the references therein). Let us mention that a
weighted inequality for the Fourier transform was proved in [2] with the
help of a result of Jodeit-Torchinsky [14] showing that an operator that is
of type (1,00) and of type (2,2) satisfies some rearrangement inequalities.

Keywords: Fourier transform, rearrangement inequalities, Bessel functions.
Math. classification: 42A38, 42B10, 42C20, 33C10.



54 Philippe JAMING

Results mentioned so far deal with the rearrangement of Fourier trans-
forms and not with Fourier transforms of rearrangements. The rearrange-
ments we consider here are the spherical rearrangement i.e., we rearrange
a function ¢ on R into an equi-measurable function |¢|* that is radially
decreasing. Of course, rearranging and taking Fourier transforms are two
operations that are far from commuting, it is thus not possible to deduce
anything about the behavior of the Fourier transform of the rearrangement
of a function from the results mentioned so far. In that direction, a remark-
able theorem is due to Lieb [18, Lemma 4.1] that shows that the decreasing
rearrangement |¢|* of a function ¢ preserves smoothness:

THEOREM 1.1 (Lieb for s = 1 [18], Donoho-Stark for 0 < s < 1 [7]). —
Let d > 1 be an integer and 0 < s < 1. Then there exists a constant C,
such that, for every ¢ in the Sobolev space H*(R?) i.e., for which

1/2
lelle = [ 10@OP@+ 1) a€) < o

Ilel*|| 7o < Csllell .-

Further results relating smoothness and rearrangements may be found
e.g. in papers by A. Burchard [3], B. Kawohl [17]. The best possible estimate
for second order derivatives was obtained by Cianchi [4]. We will also show
some sort of dual version of it, namely that ||o|| ;. < Cs|/|o|*]| 5. if s <O.

In this paper, we are mainly dealing with a slightly different type of es-
timates. Namely, we will show that the frequency content of the rearrange-
ment of a function controls the frequency content of the function. We first
show an “L!-result” which may be stated as follows:

THEOREM 1.2. — Let S,Q2 > 0. Then there exists a constant C' =
C(S,9) such that, for every ¢ € L'(R?) with support of finite measure
S, and for every a,x € R?,

[ a@ereoa
[€—al<Q

This theorem is inspired by and generalizes a result of Donoho and Stark
[8] which states that, for d = 1, C'(S,Q) = 1 provided QS is small enough,
a result that we will generalize to higher dimension. One does not expect
C(S,9) to be bounded when S — +oo so that the hypothesis on the
support of ¢ may not be lifted. Nevertheless, we show that the result can

<C lpl* (&) d€.
B(0,Q)

(1.1)

be somewhat improved by taking Bochner-Riesz means.
We also show that in the “L?-case” the situation is better:

ANNALES DE L’INSTITUT FOURIER
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THEOREM 1.3. — Let d be an integer. Then there exists a constant
kq such that, for every set ¥ C R? of finite positive measure and every

¢ € L*(RY),
~ 2d <
/E 136 dé < g /B .

where 7 is such that |B(0,7)| = |X|.

— 2
FRGIKES

A similar estimate for Fourier series was previously obtained by Mont-
gomery [22]. The result of Montgomery has also been generalized to Fourier
transforms in a different way in [15, 16] where rearrangements of Fourier
transforms are considered rather than Fourier transforms of rearrangements
as in Theorem 1.3. Also, those papers deal with the one-dimensional (non
symmetric) decreasing rearrangement.

Theorem 1.3 should be compared to Theorem 1.1. Both theorems state
that one can control one of the Fourier transforms of ¢ or of |p|* by the
other one in a weighted L?-sense. Our results show that if the weight is
“small” (e.g. the characteristic function of a set of finite measure), then
@ controls @. In Lieb’s result, the weight is “big” and the control goes
the opposite way. We conjecture that this is also the case when the weight
is the characteristic function of the complementary of a set of finite mea-
sure, at least when ¢ has a support of finite measure. We will show how
this would imply an optimal generalization to higher dimension of an un-
certainty principle proved by F. Nazarov in the one-dimensional case.

Further, Theorem 1.3 may be interpreted in the following way: assume

that o has a big “high-frequency component”, in the sense that / |B(&)|? dé¢

stays large for some X in a set of balls of radius 1 and centered avzvay from 0,
then |p|* must be big near 0. In other words, high-frequency oscillations are
“pushed” to low-frequency oscillations by symmetrization (see Figure 1.1
for an illustration).

The paper is organized as follows. In the next section, we introduce the
necessary notation and a few simple preliminary lemmas. In Section 3,
we give a new proof of Theorem 1.1 and prove its “dual” version. The
following section is devoted to the proof of Theorem 1.2. We pursue in
Section 5 with the proof of Theorem 1.1 and present a conjecture related
to Nazarov’s Uncertainty Principle. We then give a direct illustration of
the result in terms of solutions of the free Shrédinger equation. Finally, we
explain how to extend our results to other symmetrizations.

TOME 61 (2011), FASCICULE 1
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Figure 1.1. The modulus of a smooth (even) function |¢| and its re-
arrangement |p|*. Note that |p|* keeps some of the smoothness of ¢
but has a second derivative that is not in L?: 8%|¢|* is of the form
Y + €104, + c204,. Also |@|* “oscillates” less than ¢ which means that
its Fourier transform must be more concentrated near 0.

2. Preliminaries and Notations
2.1. Generalities

Throughout this paper, d will be an integer, d > 1. On R¢, we denote
by (.,.) and |.| the standard scalar product and the associated norm. For
a € R? and 7 > 0, we denote by B(a,r) the open ball centered at a of
radius r: B(a,r) = {x € R? : |z —a| < r}.

The Lebesgue measure on R? is denoted dz and we write |E| for the
Lebesgue measure of a Borel set E. The various meanings of |A| should be

d
clear from the context. We will denote by wq = |B(0,1)| = #3_2). The
2
characteristic function of a set E' will be denoted by xg, so that xg(z) =

1 ifzek
{ n . The Fourier transform F[p] = @ of ¢ € L*(R?) is defined

0 otherwise
by

pe) = [ ele = at
Rd
This definition is extended from L!(R?)NL2(R%) to L?(R?) in the standard

~

way. The inverse Fourier transform is denoted F =1y = ¢.

ANNALES DE L’INSTITUT FOURIER
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2.2. Bessel functions and Fourier transforms

Results in this section can be found in most books on Fourier analysis,
for instance [11, Appendix B] and of course in Watson’s treatise on the
subject [28].

Let A be a real number with A > —1/2. We define the Bessel function Jy
of order X on (0,+400) by its Poisson representation formula

A

T 1 ds
— 1— 2\ A -
Ix(z) 2/\I‘()\+%)I‘(%) /4( $%)" cos sz —

Let us define J_; /5(x) = cosx and for A > —1/2, Jy(z) := ]*T(f) Then J)
satisfies |7y (2)] < On(1 + |z|)~*~1/2. Tt is also known that Jy, A > —1/2,
has only positive real simple zeroes (jx x)r>1-

We will need the following well-known result:

7,2l
€1%
from which we deduce that |Yp01)(£)| < C(1 + €)= thus XB(0.1) €

LP(R?) for all p > 24

More generally, if we denote by mq(z) = (1 — |z[?)¢, then

X50.1)(¢)

(2~1) XB(0,1)

I‘(a+ 1) J%+a(27r|f‘) _ 2%+Q7T%F

@(ﬁ) = ey |£‘%+a

(0 1)T 4o (271€)).

2.3. Rearrangements

For a Borel subset E of R? of finite measure, we define its d-dimensional
symmetric rearrangement E* to be the open ball of R? centered at the
origin whose volume is that of E. Thus

E* = B(0,r) with |B(0,7)| = wqr? = |E|.

Let ¢ be a measurable function on R%. We will say that ¢ vanishes at
infinity if its level sets have finite measure: i.e., the distribution function of
o, dp(N) = [{z € R? : |p(x)| > A}, is finite for all A > 0. This is of course
the case if ¢ € L? for some p > 1. We define the symmetric rearrangement
|p|* via the layer-cake representation:

+oo
lel*(x) :/0 X{yeR?: |o(y)|>a}+ (T) dA

TOME 61 (2011), FASCICULE 1
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which should be compared with the layer-cake representation of |p|:

400
@I = [ Xpperss 1oion @)
Rearrangements satisfy many useful properties:

= o] = |e[eo]".

— For a set F of finite measure and for a > 0, (aE)* = aE*. There-
fore, if we write o (x) = @(x/a), then |a|*(x) = |o|* (z/a).

— If ¢ is a non-negative radially decreasing function that vanishes at
infinity, then [¢|* = ¢ and if || < 9 then |p]* < 4.

— ¢ and |p|* are equimeasurable, that is, for all A > 0 d,(\) =
djp+(A). In particular, ¢ and |p|* have the same LP norm for
I1<p<oo

— The following theorems of Hardy, Littlewood and Riesz will be use-
ful (see e.g. [19, Chapter 3] for a proof):

LEMMA 2.1 (Hardy-Littlewood). — Let ¢, be non-negative functions
vanishing at infinity, then

[ eorwae < [ ot @il dr
R4 Rd

LEMMA 2.2 (Riesz). — Let @, %, ¢ be non-negative functions that vanish
at infinity. Then

[ [ ettct—nasar< [ [ I @i -nasa

3. Lieb’s Theorem and its “dual” version

Assume that either ¢ € L?(R?) and ¢ € L*(R?) N LY(R?) or vice versa
¢ € L*(R?) and v € L2(R?) N L*(R?). Then,

[ oepera= [ desenede
R4 R4
= (48,8) = (b5 9.8) = W, 9)
by Parseval. The computations are justified by the fact that, as ¢ € L?(R%)

and ¢ € L'(R?) (or vice versa), 1 x ¢ € L?(R?). As ¢ € L?(R?), we may
apply Fubini to get

/]Rd YOOI d = /Rd /Rd U(z — y)p(z)p(y) de dy
) / / [0l (2 = )l (@) el (v) da dy

ANNALES DE L’INSTITUT FOURIER
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with Riesz’s Rearrangement Inequality (Lemma 2.2). Unwinding the pre-
vious computations, we thus obtain

~ - 2 . o™ 2
sy [ el e < [ FFOlITE O @
Remark 3.1. — The hypothesis on ¢ and ¢ can not be totally lifted.

For instance, one can not have the inequality with 12 = xs for large enough
S (see [8]). However, Theorem 1.3 gives a good substitute in that case.

As an application of (3.1), let us prove the following:

PROPOSITION 3.2. — Let s > 0, and let ¢ € L. Then

/ (1+ [€)*[3(O)[ de < / (1+[€2)*[77 ()2 de.
R4 Rd

Proof. — Let us recall that, for each s > 0, there exists a number c¢s such
that, for every &€ € R?,

R I e
R

Let us define ¢, (x) = cs|u|25—2de_”‘“|2e‘”'z‘z/"”z. A simple computation
then shows that ¢, (§) = cs\u|25*de’”(1+|g|2)|“|2. Applying (3.1) to ¥ = 1)y,
we obtain
—d - 2yl A~ s—d _—m Hlul? 75
[ e s o) Rag < [ cfultedesmOHEI G )ag,
R4 R

Integrating over v € R gives the result. O

As a second consequence of (3.1), we give a new proof of Lieb’s result and
Donoho-Stark’s extension of it, Theorem 1.1. The proof is directly inspired
by Lieb’s proof.

THEOREM 3.3. — Let d > 1 be an integer and 0 < s < 1. Then
there exists a constant Cy such that, for o in the Sobolev space H*®(R?),

el s < Csllpll -
Proof. — The case s = 0 is trivial:
(3.2) ez = lllel*ll2 = llelly = [1#]2-

If 0 < s < 1, define g,(z) = e ™*I" for 2 > 0. Then, g, is completely
monotonic, that is, for every integer k, (—1)*9*g4(z) > 0 for x > 0. Accord-
ing to a celebrated theorem of Bernstein (see e.g. [9, Chapter 18, Section 4]

TOME 61 (2011), FASCICULE 1
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or [29, page 161]), g5 is the Laplace transform of a positive measure us on

+oo
(0, +00): gs(x) = / e ™ dpg(t). In particular, for ¢ € R9,
0

2s Foo 2
e—le’ / e (1),
0

From (3.1) applied to ¢ defined by ¥ (t) = t’d/2e*”|I|2/t, we obtain

LR < [ R ae
Rd

Rd

Integrating with respect to us(t), we thus obtain

/ e—ﬂ't|€|25 @(f)|2d£ </ 6—71'15|f|2S
Rd

Rd
With (3.2), it follows that

1 emmtlel® 1—e el
| Rl [ T jp@P e

(&) de.

—mt|¢[*

1 — et
< ml€]?* so that

11—
Finally, ——— — 7[¢|** as t — 0 and ¢

Lebesgue’s Dominated Convergence Theorem implies that

s /\* 2 S|~ 2
(33) el ae < [ jeao) .
Rd Rd
A new appeal to (3.2) and to the fact that 1+ |¢[>* ~ (14 |£]?)* gives the
result. |

Note that for s = 1, 1+ [£]?* = (1+ |£]?)® so that C; = 1. Note also that
the proof does not extend to s > 1 as g, is no longer completely monotonic
in that case.

4. An extension of a result of Donoho and Stark

4.1. Higher dimensional generalization of Donoho
and Stark’s theorem

We will start this section by giving a simple generalization of Donoho and
Stark’s result. The main purpose of this is to explain the idea of the proof
of the following theorem (Theorem 4.4) which may appear a bit obscure
and technical otherwise.

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 4.1. — Let d > 1 and « > —1/2. Then there exists a
constant ¥ = 9(d, ) such that, for every Q, S > 0 with Q5S¢ <9 and for
every ¢ € LY(RY) with support of finite measure at most S, we have

\/ ma(€/9)3 dg’ |, male/ Il )
where ma () = (1 — [2]2)2.

Proof. — Let R = (S/w4)/?, so that the ball of radius R has measure
S, |B(0, R)| = S. Plancherel’s Formula shows that

/ 0 (€/QF(E) A = 2307 8/2T (o 4 1)00 / Tujra( 2793 ()
R4 R4
It follows from Lemma 2.1 that

/ ma(£/9)F df‘

< 24/2Hagd/2p( 4+ 1)Q? . 27|z z)| dx
< . d/2+a |z[)]|(x)

R
< 2 trand/2pg 4 )¢ J. (27 *(z) dx
< d/24a ( ¥ )

Rd

_ 2d/2+a7rd/21"(a+1)9d/( Wazsal (780D lol @) aa
B(O,R

In order to complete the proof, we will need the following fact:

Fact. There exists eg > 0 such that |Jg/2+4a|" = Ji/21+a on [0,€0).

We will postpone the proof of this fact to the end of this section. An
immediate consequence of this fact is that if 27Q|z| < g9 on B(0, R) i.e.,
Qst/d < sowl/d/%r then

[

@y < et el Tugzraxallpl*(@) do

3

2240520 0+ D [ Typa o CeSlel) gl (0) d

_ /R (/DT () d

which completes the proof once we have proved the fact. O

Let us now give the proof of the fact (note that this is obvious for the sinc
function). Recall that Jy /040 (2m|z]) = (24/2Tn4/2D(a + 1))_177/1;(:10). As
My is non-negative we obtain that J;/24 is positive definite. On the other

TOME 61 (2011), FASCICULE 1
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hand, Jj/244 is smooth and J;/24.4(t) — 0 when ¢ — +o00. The claim then
follows once we know that [7;/244(t)| has a global maximum at 0 which is
the only place where this maximum is reached. The following lemma shows
that this is the case for any non-periodic positive definite function (R¢ may
be replaced by any LCA group for that purpose):

LEMMA 4.2. — Let ® be a positive definite function on R?. Then ® has a
global maximum at 0 and, if there is ty € R4\{0} such that |®(to)| = |®(0)],
then |®| is tg-periodic.

Proof. — Recall that ® is positive definite if
St — ;)6 >0

ii=1,..on
for every integer n > 2, every tq,...,t, € R% and every &;,...,&, € Cie.,if
the matrix [®(t; —t;)]1<s,j<n is positive definite. In particular, taking n = 2
t1 =0,ty =tand & =1, & = 1 and & = i shows that ®(—t) = O(t).
Then, taking & such that &®(t) = —|P(¢)| shows that |®| has a maximum
at 0.

Now note that if ® is positive definite then, for every ¢ > 0, the matrix
o(0) D(tg) D(t—to)
D(to)  (0) ()
Dlt—ty) ()  B(0)
is positive definite and thus has non-negative determinant. In particular,
if B(tg) = +®(0), (B(t —to) T ®(£))* < 0. Tt follows that, for all £ > 0,
O(t —tg) = £P(¢) as claimed. O
Finally, note that if, as in [8] we use Riesz’s Inequality (Lemma 2.2)
instead of Hardy-Littlewood’s Iniequality (Lemma 2.1), we obtain the fol-
lowing:

PROPOSITION 4.3. — Let d > 1 and a > —1/2 and 9(d,«) be the
constant of Proposition 4.1. Let ¢ € L*(R%) with support of finite measure
S. If QS84 < 9(d, o) /2, then

‘LWWW@WF@MWWMWa

4.2. The main theorem

We are now in position to extend this result in the following way:

ANNALES DE L’INSTITUT FOURIER
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THEOREM 4.4. — Let d be an integer and let 3 > ¢ —1 and o > —3.
Let S, > 0. Set

(1+s)%(%_°‘) ifa < %
Ca(s) = ¢ In(2 + s) ifa=92
1 if o> 451

v ‘

Then there exists a constant C = C(d, a, 3) such that, for every p € L*(R?)
with support of finite measure S, for every z,a € R?,

[ 2001 - ap/angene
(4.2 < OG@%) / (1= [P /9 [eT (6) e

Remark 4.5. — The condition o > 9= that appears here for Cals) to
be constant is the same as the trivial bound for convergence of Bochner-
Riesz means (see e.g. [11]). Actually both bounds only depend on bounds
of appropriate Bessel functions.

Proof. — Throughout this proof, C will be a constant that depends only
on «, B and d and, as is usual, may change from line to line.

It is enough to prove (4.2) for a = x = 0 and then apply it to o(*®)(t) =
@(t—x)e? ™ Note that |o(®®)|* = |p|* so that the right hand side of (1.1
is unaffected by the change of ¢ to ¢(®?).

We may further replace ¢ by its dilate ¢(2/f2) so that, without loss of
generality, we may assume that {2 = 1. More precisely, assume we are able
to prove

@y [ a-lPe©d <o) [ - epRe

for every S > 0 and every functions ¢ with support of finite measure S.
We will then apply this to pq(z) = ¢(z/Q) which has support of measure
Q7S Note that

| a-lePi@m©as = [ at- a0
_ /R (- lel/9n)7 () de.

On the other hand, |pq|*(z) = ||*(/Q) therefore [pa*(€) = QeJp[* (Q€)
so that

/ (1~ [¢2)] [pal*(€) dé = / (1= [€/92) ol (€) de
Rd Rd

TOME 61 (2011), FASCICULE 1
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It is thus enough to prove (4.3), i.e., to assume that = 1 in Theorem 4.4.
The beginning of the proof follows the lines of the proof of Proposition 4.1.

Using Parseval and Hardy-Littlewood’s Symmetrization Lemma 2.1, we
obtain

[ a-1ep) dg‘

Rzirer
< / Il Ol (0

Recall that Mg (t) = Cyalt|™¥? % Jy/210(27[t]). We will therefore write

Mal* () = Tja4a(lt)-
On the other hand

[P ©de = [ Caplt ™ P uyas(enlthliol ()
Rd Rd

But, as |¢]* is a radial function that is “radially decreasing”, we may write

ol (t) = / B0 () du(s)

where (1 is a non-negative measure, x p(o,s) is the characteristic function of
the ball of center 0 and radius s and sg is defined by |B(0,sg)| = S ie.,

sg = (S/wd)l/d. It is thus enough to prove that, for s < sg,
[ Tiparallthxso 0t

< CGS) [ 17 it . (1) d.

Switching to polar coordinates, this is equivalent to:

(4.4) / ..7;/2+a(7“)7“d_1 dr < C(a(S)/ r/2=B=1 oy 5(2mr) dr.
0

0
If 2ms < jas24p,1, the first zero of Jg 245, then this inequality follows
immediately from the fact that J;/o45(27r) ~ r4/2+8 and the fact that
T 312+a(0) > 0. We will now prove (4.4) when ji/2451 < 27s < Zn_§i/d,

Let us first estimate the left hand side. From |J, (¢)| < Cu(1 + |t])~1/2
we immediately get J;5, ,(t) < Ca.a(l + |t])~2(d+1+20) It follows that,

C(l+s)T 2 ifa<dt

s 2
/O Tijzia(r)rttdr < § Cln(1 + 5) if @ = 951
C if o > %

ANNALES DE L’INSTITUT FOURIER
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As sg ~ SY4_ it follows from standard computations that

| Tipealrrtar < ceuls)
0

for s < sg. It is thus enough to prove that the integral in the left hand side
of (4.4), / rd/Q_ﬂ_le/Hg(%rr) dr, is bounded below.

But, it ?s well known (see [28] or the remark below for more precise
bibliographic details) that the graph of a Bessel function J, (v > —1)
consists of “waves” that are alternately positive and negative, the first one
being positive. Moreover, the areas of these waves is strictly deceasing.
That is, if we denote by j, 1 the k-th zero of J, and j, o = 0, then

(4.5) / T ) dr

Jv,k

is strictly decreasing. As a consequence, we obtain that, for v > 0,

Ju,k+1 v, k1
/ () dr > / Jo () dr

Jv,k Jv,k

Jv, k42 B
> / juﬁgH\Jy(rﬂdr

Jv,k+1

Ju k2
> / 7| J,(r)| dr.

Jv k+1

It follows that, for x > j,1

T Jv,2
/ r VT, (r)dr = C, = / r=VJ,(r)dr > 0.
0 0
Inequality (4.4) follows immediately. a

Remark 4.6. — The behavior of Bessel functions used here is a classical
result that was proved originally by Cooke [5, 6] using delicate estimates
involving the Lommel functions and several properties of Bessel functions.
This is linked to the Gibbs Overshooting Phenomenon of Fourier series

which is best seen for v = 1/2 (the case d = 1, a = 0) for which J; 5(t) =
Lnt. The behaviour of the sinc function used here can then be found in

text books devoting a chapter on Gibbs Phenomenon like [27, Chapter 4.7]
or [30, Chapter 8.

In [20], Makai proved (4.5) for » > —1 in a simpler way using a differential
equation approach of Sturm-Liouville type. A particularly simple proof of
Cooke’s Theorem has been devised by Steinig in [25].
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The range of 7’s can be extended to some negative values v > —v(v)
where v(v) is defined in an implicite form for —1 < v < —1/2, (Askey and
Steinig [1]) and v(v) = —1/2 for v > —1/2 (Gasper [10]). Further results
may be found in [21].

The argument in the proof may be slightly modified to obtain the fol-
lowing;:

COROLLARY 4.7. — Let d be an integer and let 3 > g and a > —1/2.
Let S, > 0. Then there exists a constant C = C(d, «, 3) such that, for
¢ € LY(RY) with support of finite measure S, for every a € R?,

| BIa-le=ap/a2)s s < ca+ts) 2 [ (-1l /2o ) de.

More generally, there is a constant Y = Y(d) such that, if 1y € L?(R?%) N
L'(R?) then, for every o € L'(R?) with support of finite measure S,
(4.6)

[ Bl ds < Tl 0+ 792 [ (1- 1g/98)2 6T () de

while if 1 € L'(R%) then, for every ¢ € L'(R?) with support of finite
measure S,

[ Blivte/las < Ylwly(+2%8) [ - 162/92)21 ) de

Sketch of proof. — The first statement is a consequence of the second
one. Let us however only prove the first one as the comparison with the
previous proof is easier in that case, the general case follows by replacing
Me by 9 in the argument.

Again, we may assume that a = 0. Let us write || = $e'® then

/ (1 - €2)2 3(6)] dé = / O (€)B(€) dé
Rd Rd

e ma 1 et a
< [ 1l el )
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where 1, is the Fourier transform of e**m,,. One can not expect any better
behavior of this function then to be in L? N L*°. In this case, Cauchy-
Schwarz gives (with the obvious abuse of notation)

) d—1 ° 2 d—1 H2 s
ﬁ*rrfdrg/ﬁ,*r rdr) —
[ ot ([ 1010 -
= Call|9al"lly5Y? = Call9a s>

where Cy is a constant that depends only on the dimension. It follows from
Parseval’s Identity that

S
/ Wal* (F)ri=1 dr < Callmall,s®>.
0

The rest of the proof follows the line of the previous one.

The general result is obtained in the same way by replacing m, by any
L' N L?-function.

Note that, if one only uses the fact that m, € L', then a worse bound
is obtained:

s i o o 5
| a0 <001 = 190l 5 < il -
One may again replace m,, by any L'-function. O

Finally, assume that ¢ € L? with support of finite measure S. Then
p € L' and [3(¢)| < [loll, < S"?[|¢],. Thus

/ BE)P de < SY2[lgll, / 13(6)] de
B(0,92) B(0,Q2)
< TW2Q02(1 4 §)E 51|, / o7 (€) de
B(0,9)

where we have used Corollary 4.7 with ¢ = x p(9 ). Using Cauchy-Schwarz,
we thus get

— 2 1/2
/ B de < £(1+Q9) el </ RG] d§> ,
B(0,Q) B(0,Q2)

where k is a constant that depends only on d. It turns out that this estimate
may be improved. This is done in Section 5 by adapting a result originally
proved for Fourier series in [22].
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5. The L? Theorem

Let us now prove Theorem 1.3 from the introduction. For convenience,
let us recall the statement here:

THEOREM 5.1. — Let d > 1 be an integer. Then there exists a constant

kq such that, for every set ¥ C R? of finite positive measure and every
p € L*(RY),

(5.1 JECRETY S

where ¥* is the symmetric rearrangement of 3.

PRGIES

‘ 2

Proof. — Let 7 be defined by |B(0,7)| = |X|, that is B(0,7) = ¥*. For
A >0, let D, () be the level set

D, (V) = {z € R : [p(a)| > A}.

Let us first notice that it is enough to prove the theorem for ¢ € L'(R%) N
L?(R%). Indeed, once this is done, fix ¢ € L*(R%) and, for A\ > 0, de-
fine o = @xp,(r) 50 that |oxl* = |¢|*xp,(r). Then, as D,(A) has finite
measure, ¢, € L(RY) N L2(R?) and we may apply (5.1) to it:

(52 [iE©rdc<n [

Moreover, when A — 0, px — ¢ (resp. || — |¢]*) almost everywhere
and, with Lebesgue’s Dominated Convergence Theorem, in L?(R?). By
continuity of the Fourier transform, we may thus go to the limit when
A — 0 in (5.2) to obtain the theorem.

Now, let us further choose A to be the smallest non-negative real number
A such that [Dy, ()] < [B(0,771)] so A = lim1+O lo]*(z). For simplicity

|z|—7—

— 2
RG]

de.

of notation, we will write D = D, (). Let us further write = f + g where

f(&) = / <P($)€_2m<x’§> dz and ¢(¢§) :/ (p(a?)e_%ﬂ’”@ da.
D R

d\]D)

[iroras<imiz, [ 1as< (/Dw(w)|d$)22|

< 1B, 7) ( [N dx>
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Further, using Parseval’s Identity
[oras [ g@pa= [ je@Pdo= [  jelran
h)) R4 R4\D |z| =71

As |B]? < 2[f]* + 2|g]?, we get
(5.3)

2
/ |¢<s>|2d§<2|3<o,7>|< / Isol*(a?)dHC) vz el @Pd
z B(0,71) || =71

On the other hand, let K = xp(0,1) * XB(0,1) and note that

. /2
(if) K is supported in B(0,2),
= — Jay2(2m|z])
(111) K = k2 where k(IE) = XB(O,I)(J:) = /|2$‘7d/2

d

Further, let K, (£) = L K(2¢/7) and k, (z) = ( r )1/2 k(z7/2). A simple

d wq29
computation then shows that

~/B(O,‘r)

= () ol 2imE(z—y) .
(5-4) /Rd /Rd ERGIEN) /RdKT(f) dé dz dy
= / / o ()" (9) k2 (z — ) da dy == I
Rd JRd

‘ 2

PRG

a6 > [ K@) i

Now, using the Poisson representation of Bessel functions,

rd \ 2 Jaso(mr|ul)
= — 9) — 242\ 11T
= () Mo/ = I
1
=vdmrd/2/ (1= 2)"7 cos(rlulrt) dt
0

where 4 is a constant that depends only on d. It is then obvious that, for
0 < Jul <1/,

Fo (1) > ke (1/7) = ydm#ﬂ/o (1= 12)%2 cos(nt) dt

= (val B0, 7)])"/?

vy = (W/Ola —12)“F cos(t) dt>
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We will now write I > I + I5. For I, we restrict the integration in (5.5)
to z,y € B(0,1/27) and for I, the integration is restricted over |z| > 1/7
and |y — x| < 1/7.

Let us first estimate I;:

I > vl BO,7)] / / o (@)l (v) dz dy
x,yEB(O,l/Qr)

> w4l B0, 7)] </| ol (z )

N

From

/ |so\*<x>dx:/ ol (a / (2) dz
|z|< 5= lo|<2 5= < 1

we deduce that
* 1 *
[ @z g [ el
| jaj <t

o< 5

We thus obtain the etimate

2
v *
(55) 11>2§|B<o,r>|< [ <x>dx> .
B(0,1/7)

On the other hand, if |y| < |z|, then |p|*(y) = |¢|*(z), so that

lo* (k2 (z —y) dy

> ol [ kr(e =) dy
{yeR? :|y|<|z|,|z—y|< 1}

Using the properties of &k, we then obtain

o (y)k2(z — y) dy

/{yER”’ yl<|z],|lz—yl<L}

/{yGRd Jyl<|o|,le—y|< L}

> *(x K2(t) dt

et )/|t<1,z+t<|x| v
> " (2)k2(1/7)|B(0,1/7) N Bz, |2])|
z  |el"(z)va| B(0,7)[|B(0,1/27)]

wad |

"(2)

provided |z| > =, since then

1
] < = x+t<|x|}sB( g )

27|z|’ 27
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Therefore, as for 1> we have restricted the integration in (5.5) to (z,y)’s

such that |z| > 1, |y| < |z| and |z — y| < L, we obtain
(5.6) B> [ o an
2 Jjojz1

From (5.5) and (5.6) we get that

»/B(O,’T)
2
x 2|B(0m></ Isol*(w)dw> 2 / o] (2)? da
B(0,1/) |z]> L

Udmln 1 |B(0,1)] A
> 120" e

in view of (5.3), as claimed. O

— Vg min(l,wg)

2
W) € > g

COROLLARY 5.2. — Let d > 1 be an integer and let k4 be the constant
given by the previous theorem. Let ¢ be a non-negative function on R¢
that vanishes at infinity. Then for every p € L?(R?),

[ voleorac<n [ wre@fTe| a

Proof. — For A > 0, Theorem 5.1 implies that

/Rd X{e: w(e)>a}|P(E)P dE < nd/Rd X{¢: p©>ap |l (€)] dE.

Integrating this inequality over A > 0 and exchanging the order of integra-
tion gives the result. This comes from the layer-cake representation for the
left hand side and from the definition of |¢|* for the right side. O

It seems natural to us to conjecture that if the characteristic function xx
of ¥ is replaced by the characteristic function of its complement xsc then
the inequality in (5.1) is reversed, or at least that the following holds:

‘ 2

CONJECTURE 5.3. — Let d > 1 be an integer. Then there exists a con-
stant kq such that, for every set S,¥. C R¢ of finite positive measure and
every o € L*(R?) with support in S,

ol (£)]2 ra(lS| =) 562
6 [, PRI < e JANEGIES

Let us note that (5.7) may be rewritten, with &g = ke (5 =Dt

/!|so| ()2 de - /||so| ©) e < nd(/ 13(6) df—/zla(ofdg).
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As |||<TDFH2 = Hg’5||2, this is equivalent to

/E!¢(£)|2d£< (1—%) /}Rd|<ﬁ(§)|2d£+Rid/z*ﬂa\*({)fdf.

If this conjecture were true, then the following conjecture would follow:

CONJECTURE 5.4. — Let d > 1 be an integer. Then there exists a con-
stant Cy such that, if S and X are two sets of finite measure then, for every
¢ € L*(RY),

1/d 2 ~ 2
lolI2 < CaeCatsIIsh (/ () [* de + / 13(6)| df).
R\ S RA\S

This conjecture has been proved in dimension d = 1 by F. Nazarov [23]
and for d > 2 and either S or ¥ convex by the author in [13]. (The result
was stated with a constant of the form Cye€? min(w(8)|S1M 0 (M)IS1Y) where
w(S) —resp. w(X)- is the mean width of S —resp. X if this set is convex.
But, it is a well known fact that w(S) < Cy|S|'/9, see e.g. [24]).

Let us now show how Conjecture 5.3 implies Conjecture 5.4. First, as is
well known (see e.g. [23] or [12]) and easy to prove, it is equivalent to show
that

[lp dg < caccutsi=n™ [ |5 ag
b RI\E
for every ¢ € L? with support in S. But, from Theorem 5.1,

/|@<§>|2ds</ PR de.
> >

Now |p|* is supported in S*, so that the particular case of Conjecture 5.4
that has already been proved in [13] (and |S*| = |S], |X*| = |¥|) implies
that

/\@(f)deg < Cdeodusnzn”d/ el () de.
s R4\ 5

Finally, once Conjecture 1 is established, this would imply that

LIBOF dg < racue@rmatsin ™ [ joe) .
¥ R

d’\E
Our original statement of Conjecture 5.3 was without the extra assump-

tion of ¢ being of support of finite measure and the extra eralISIIENY* term,

This fact is obviously false. Indeed, take ¥ = B(0,1) = ¥* and assume that
@ is supported in X. Then
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would imply that |</pF is also supported in X. But this implies that |p|* is
an analytic functions. This is obviously not always the case, as the example
= X/B(O\,l) shows. We thank Aline Bonami for pointing out this fact.

The extra assumption on the support of ¢ and the fact that the constant
Rq with |S]|3] are hoped to be sufficient to take care of this problem.

6. An application to the Free Shrodinger Equation

Let us recall that the solution of the Free Shrédinger Equation

1

100+ — A2 =0
47

v(z,0) = vg(x)

(6.1)

with initial data vy € L2(R%) has solution

o(z,t) = /Rd e—iw|£|2t+2i7r(a:,§),&6(£)d£

(6.2) = F e ) ()
imlz|?/t
_ ¢ inly|?/t —2im(y,@)/t
= e /Rd e vo(y)e dy
eiﬂ'\z|2/t il 12/t
(6.3) = W]:[e vo(x/1).

We may thus apply Corollary 4.7 and Theorem 5.1 to obtain a control of
v(x,t) over sets of finite measure. This is stated in terms of |50T* for small
time and of |;0\|* for large time. More precisely, using respectively (6.2) and
(6.3), we obtain the following:

THEOREM 6.1. — Let v be the solution of (6.1) and let ¥ be a set of
finite measure and let T be defined by | B(0, 7)| = |X|. Let k4 be the constant
in Theorem 1.3 and Y4 be the constant in Corollary 4.7. Let 3 > % —1.

(1) For every t > 0,

[ranpde<u [ (@RS 6
P B(0,7)

s

Moreover, if 0y has support of finite measure S and if Q > 0, then

/ ol )] dir < Ya[S[/2092(1 4 Q5)1/2 / (1 [€[2/92)2 [Go](€) de.
>

Rd
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(2) For every t > 0,

[P de <mat [ /ol ae
b> B(0,7)

— 2
(6.4) —na [ il d
B(0,7/t)
Moreover, if vg has support of finite measure S and if Q > 0, then
[ ote bl de < TR+ 092 [ (1 e/l ) .

Here C is a constant that only depends on d and on (3.

Sketch of proof. — The first part of each statement results immediately
from Theorem 1.3. For the second part of (1), we have used ¢ = xx/q in
Corollary 4.7 and a trivial change of variables. The second statement of (2)
results from the following computation:

/E|v(x,t)|dx:fdﬂ/z|f[e”|-\2/tu0](x/t)|dx

2
— 4d/2 ) |f[6”rH /tUO](IE”XZ/tQ(x/Q) dz.
R

Now taking 1 = x5/ in Corollary 4.7 shows that / |v(z,t)| dz is
b

2\P# __
< Yat?||xs s, (1 +019)12 / (1—'5) |vo|2(€) d€
Rd

Q).
€Y’ —
— Td|E|1/QQ*d/2(1+QdS)1/2/ <1 - 2) [uo|2(€) dé.
Rd Q)

O

1 1
Let us remark that, using Holder, we have for 1 < ¢ < o0, — + — =1

qa g

/ ool ()] dé = / Xm0 [0l ()] de
B(0,7/t) R4
|2

|[vol*(€)

< HXB(O,T/t)Hq’

ql

= |B(0,7/t)|"/ !I%\\*(é)!qu,

|E|1/q 9
S pd/g |||’U0|*||%
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where, in the last line, we have used Hausdorff-Young’s Inequality [11, page
2q 1 1
104] with p:= —— € [1,2] and — + — = 1. It follows from (6.4) that
Jwith p = = € [1,2] and ~ + 5 (6.4)

I
[ vte 0 < -

This estimate can also be obtained directly from the standard dispersive
estimate (see e.g. [26])

’ 1/17/ d(2
(/R lo(z, )P dx) <t~ 4G oyl

1 1
(= + = =1, p < 2) and Hélder’s inequality. Recall that this estimate is
p

p
just the interpolation between the trivial L' — L>-estimates and Parseval

applied to (6.3).
The estimate (6.4) is slightly more precise and also shows that the case
of radial initial data is somehow the worst case.

7. Concluding remarks

For the clarity of exposition, we have chosen to deal only with the d-
dimensional radial decreasing rearrangement of functions. An alternative
would have be to deal with the 1-dimensional (resp. k-dimensional) sym-
metric decreasing rearrangement defined as follows: for a set E C R of fi-
nite measure, we define E* = [—a, a] where a = |E|/2 (resp. E* = B(0,7) C
R* with |B(0,7)|r = |E|4). One can then define the symmetric decreasing
rearrangement of functions through the layer cake representation:

—+o0
lol*(x) :/0 X{yeRe: [p(y)|>a}* (T) dA.

This rearrangement has similar properties to the one we considered so far.
One may then adapt directly the proofs of Theorems 4.4 and 5.1 to obtain
the following results:

THEOREM 7.1. — Let d > 1 be an integer.

(1) Let @« > —1/2, 8 > 0. Let S, > 0 and let {, be as in Theorem 4.4.
Then there exists a constant C = C(d, «, 3) such that, for every

TOME 61 (2011), FASCICULE 1



76 Philippe JAMING

¢ € LY(RY) with support of finite measure S, for every z,a € RY,
‘ [ 20~ l¢ - aPjaygenes dff‘
Rd

< @amaéufmwmﬁﬁﬁaw

(2) There exists a constant kg such that, for every ¥ € R¢ of finite
measure and every ¢ € L*(R%),

—

[31]/2
/W@f&ém/ P @) de.
Py —|3]/2
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