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SHUFFLE BIALGEBRAS

by Maria RONCO (*)

ABSTRACT. — The goal of our work is to study the spaces of primitive elements
of some combinatorial Hopf algebras, whose underlying vector spaces admit linear
basis labelled by subsets of the set of maps between finite sets. In order to deal
with these objects we introduce the notion of shuffle algebras, which are coloured
algebras where composition is not always defined. We define bialgebras in this
framework and compute the subpaces of primitive elements associated to them.
These spaces of primitive elements have natural structure of some type of coloured
algebras, which we describe in terms of generators and relations.

RESUME. — Le but de ce travail est I’étude des espaces d’éléments primitifs de
certaines algébres de Hopf combinatoires, dont les espaces vectoriels sous-jacents
admettent des bases indexées par des sous ensembles de ’ensemble des applica-
tions entre ensembles finis. Pour donner une description précise de ces objets nous
introduisons la notion d’algeébre shuffle, qui correspond a un type d’algébre colorée
pour laquelle les compositions ne sont pas toujours définies. Nous définissons des
bigebres dans ce contexte et nous calculons leurs sous espaces d’éléments primitifs.
Ces espaces d’éléments primitifs peuvent étre décrits en terme des générateurs et
relations comme des exemples d’autres types d’algebres colorées.

Introduction

In this paper we study Hopf algebra structures defined on vector spaces
spanned by families of maps between finite sets, like the Malvenuto-
Reutenauer bialgebra of permutations (see [2]), the bialgebra of surjec-
tive maps (see [18]) or the bialgebra of parking functions (see [17]). Our
goal is to study these algebras in a similar framework than the one set for
algebras spanned by planar rooted trees in [3], [8], [9], [11], [13] and [21]. In
order to do that, we need to describe the Malvenuto-Reutenauer algebra,
spanned by permutations, as a free object on one generator, and the alge-
bra of surjective maps as a free graded object spanned by one generator in

Keywords: Bialgebra, planar rooted trees, shuffles.
Math. classification: 16A24, 16 W30, 17A30, 18D50, 81R60.
(*) Research supported by FONDECYT 1085004.



800 Marfa RONCO

each degree, for some algebraic theory. The natural solution of this problem
is not properly a type of algebra but of coloured algebra, which we call a
shuffle algebra.

Shuffle algebras are a particular case of monoids in the category of S-
modules, as described in [19] and [10], where the operations do not preserve
the action of the symmetric group. Applying this notion we are able to
introduce the notion of shuffle bialgebra, in such a way that the Hopf al-
gebra structures defined on the space spanned by maps between finite sets
are induced by shuffle bialgebra structures on these spaces. Hopf algebras
associated to shuflle bialgebras are, in general, neither commutative nor
cocommutative, and this new point of view permit us to compute the sub-
spaces of their primitive elements. Although the primitive elements of the
Malvenuto-Reutenauer algebra and of the algebra of planar binary rooted
trees have been previously computed in [2], [3] and [8], our description has
the advantage of showing them as free objects for some coloured algebraic
theories described in terms of generators and relations.

In the general case, there does not exist a standard method to compute
the space of primitive elements of a non-cocommutative coalgebra. Shuffle
bialgebras present the advantage of being equipped with an associative
product x, called the concatenation product, which verifies a nonunital
infinitesimal relation with the coproduct. Nonunital infinitesimal bialgebras
were introduced in [14], where we proved that any connected nonunital
infinitesimal bialgebra is isomorphic to the cofree coalgebra spanned by
the space of its primitive elements. This result is the main tool used in the
present work to compute the primitive elements.

Afterwards, we extend our results to other algebraic structures: preshuffle
algebras and pre-Lie systems, the last ones are given by the underlying
spaces of non-symmetric operads. The way we study them is largely inspired
by the treatment given by J.-L. Loday to the so-called triples of operads,
see [12]. Let us describe briefly the method employed:

(1) Given a linear algebraic theory 7, we introduce the notion of T
bialgebra, in such a way that any free 7 algebra has a natural
structure of T bialgebra.

(2) In a second step, we identify the theory 7 with the space of all
the operations of the theory, and compute a basis for a subspace
Primy of T, such that the space of primitive elements of any T
bialgebra is closed under the action of the elements of Primy.

(3) Afterwards, we prove that any free 7 algebra 7(X) is isomor-
phic, as a coalgebra, to the cofree coalgebra spanned by the space
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SHUFFLE BIALGEBRAS 801

Primy(X), generated by the operations of Primy on the elements
of X. Applying results proved in [14], we get that Prims(X) is the
space of primitive elements of 7 (X).

(4) Finally, we describe the algebraic theory associated to Primy in
terms of generators and relations; and prove that the category of
connected 7T bialgebras is equivalent to the category of Primy al-
gebras.

It is quite easy to compute the theory Primg, when 7T is the theory of
shuffle algebras. The other examples follow from this case.

The paper is organised as follows:

We recall first elementary definitions of coalgebras as well as some well-
known constructions on permutations, maps between finite sets and planar
rooted trees, needed in the following sections.

In Section 2 we give the definition of a shuffle algebra, describe the free
objects for this theory in terms of spaces spanned by surjective maps, and
give the main examples. Shuffle bialgebras are introduced in Section 3,
where we show that most of the examples of shuffle algebras given in the
previous section have a natural structure of shuffle bialgebras.

In Section 4 we construct functors from the category of shuffle bialge-
bras to the categories of nonunital infinitesimal bialgebras, of dendriform
bialgebras and of 2-associative bialgebras.

In Section 5 we compute the primitive elements of a shuffle bialgebra and
we prove a Cartier-Milnor-Moore Theorem in this context.

In Section 6 we introduce the notion of preshuffle bialgebras. From the
definition of Primg, algebras, we compute the subspaces of primitive ele-
ments of preshuffle bialgebras and describe any conilpotent preshuffle bial-
gebra as an enveloping algebra over its primitive part. Pre-Lie systems are
obtained as a particular case of preshuffle algebras. We prove that any pre-
Lie system equipped with an admissible coproduct gives rise to a shuffle
bialgebra, which shows that if (A, o) is a pre-Lie algebra (see [6]) obtained
from a pre-Lie system with coproduct then o may be extended to an asso-
ciative product on A. Finally we describe the space of primitive elements
of a pre-Lie system with a coproduct.

The last section of the paper contains some applications of the previous

results to some good triples of operads (see [12]).
Acknowledgement. The author wants to thank the support of Ecos-
Conicyt Project E06C01 during the correction of this paper, as well as
J.-L. Loday, T. Schedler and the referee of the work for helpful com-
ments.
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802 Maria RONCO
1. Preliminaries

We introduce here some definitions and notations that are used in the
paper.

Let K be a field, ® denotes the tensor product of vector spaces over K.
In order to simplify redaction, we use sometimes the term space instead of
K-vector space. Given a graded K-vector space A, A, is the space A @ K
equipped with the canonical maps K — A; — K. We denote the degree
of a homogeneous element z € A,, by |z| = n.

For any set X, K[X] denotes the vector space spanned by X. For any
vector space V, the graded space T'(V) := @n>0 V@ is the tensor space
over V. The reduced tensor space T'(V') over V is the subspace D, VI

The space T(V), with the concatenation product given by:

(Ul®®vn)(wl®®wm) ::Ul®"'®vn®w1®"'®wm7

forvy, ..., vp,w1,...,wy, €V, is the free associative algebra spanned by V.

Coalgebras. A coalgebra C over K is a vector space, equipped with a
coproduct A : C' — C' ® C, which is coassociative.

We use Sweedler’s notation, and denote A(z) = > x(1) ®x(9), for z € C.
A coalgebra C' is counital if there exists a linear map € : C — K such
that (e ® Idc) o A = Ide = (Idc ® €) o A, where we identify K ® C and
C ® K with C, via the canonical isomorphism.

For a counital coalgebra (C,A,¢), the reduced coproduct is defined on
Ker(e) as the map A := A — Idc ® ¢ — e ® Idc. Note that A : Ker(e) —
Ker(e) ® Ker(e) is coassociative too.

Let C = @n>0 C,, be a graded K-vector space. A graded coassocia-
tive coproduct on C' is a coassociative coproduct A such that A(C,) C
EBZL:O C; ® C,,—;. Given a coassociative coproduct A on C and an integer
r > 1, A" denotes the homomorphism defined recursively as A! := A and
AT = (A" ® Idc) o A, for r > 1.

The coalgebras C' we deal with in the paper satisfy that Cy = 0. Given
such a coalgebra (C,A) we define the coalgebra (Cy,Ay), where Cy :=
K @ C and A, is the unique coproduct on C such that A, |c = A and
(Cy,AL) is a unital coalgebra.

Let V be a vector space, the deconcatenation coproduct on T'(V) is given
by:

n—1
Zc(v1®--~®vn) = Z(m@---@vi)@(w“®-~-®vn).

i=1

ANNALES DE L’INSTITUT FOURIER



SHUFFLE BIALGEBRAS 803

DEFINITION 1.1. — Let C' = (€D,,5, Cn,A) be a graded coalgebra. An
element x € C is called primitive if A(x) = 0. The subspace of primitive
elements of C is denoted by Prim(C).

DEFINITION 1.2. — Let (C,A) be a coalgebra. Consider the filtration
F,C on C given by:

F1C := Prim(C)
F,C:={xeC|A(x) € F,,1CQ F,_1C}.
We say that C is conilpotent if C' = Ule E,C.

The definition of primitive element for the counital coalgebra C becomes
x € Prim(Cy) if Ay (z) = 2®1+1®x. In this case, Prim(Cy) = Prim(C).

The main purpose of this work is to study bialgebra structures on spaces
spanned by (coloured) functions between finite sets, permutations and
trees. The rest of this section is devoted to introduce definitions and el-
ementary results on these objects.

Permutations and shuffles. Let S,, be the group of permutations on n
elements. A permutation o is denoted by its image (o(1),...,0(n)). The
element 1,, denotes the identity of .S,,. The set S, := Un>1 S, is the graded
set of all permutations.

DEFINITION 1.3. — Given 1 < r < n, a composition n of n of length r is
an ordered family of positive integers (ni,...,n,) such that y ;_, n; = n.
The number 7 is called the length of the composition n.

For any composition n = (n1,...,n,) of n, there exists a homomorphism
Spy X o0 X S, < S, given by (01,...,0,) — 01 X -++ X 0., where
(o1 X+ xo)(i)i=0op(i —ny — - —ng—1) +n1+ -+ + N1,

for ng + -+ np-1 < i < g+ -+ ng. Let Sy or Sy, x...xn, denote
indistinctly the subgroup of S,, which is the image of S,,, x -+ x S, under
this embedding. The operation X : S, X S, —> Sp4m defined previously
is an associative product on S, called the concatenation.

DEFINITION 1.4. — A permutation o € S,, is irreducible if

n—1
g ¢ U Sl X Sn—i-
i=1

We denote by Irrg, the set of irreducible permutations of .S,.

TOME 61 (2011), FASCICULE 3



804 Maria RONCO

The graded vector space K|[Sw] := €D,,5, K[Sn], equipped with the con-
catenation product, is the free associative algebra generated by Un21 Irrg,, .

DEFINITION 1.5. — Given a composition n = (nq,...,n,) of n, a
(n1,...,n.)-shuffle, or n-shuffle, is an element o of S,, such that:

071(n1+"~+m€71+1) < e <0’71(77,1+~"+7Lk), forl<k<r—1.
The set of all (ny, ..., n,)-shuffles is denoted either Sh(nq,...,n,) or Sh(n).
Given positive integers n, m, the permutation €, ., = (n +1,...,n +
m,1,...,n) belongs to Sh(n,m).

The following result about Coxeter groups are well-known. For the first
assertion see for instance [22], the second one is proved, in a more general
context, in [4].

PROPOSITION 1.6. — (1) Given a permutation o € S,, and an integer
0 < i < n there exists unique elements 021) e S;, 0?2;1 € S,_; and vy €
Sh(i,n — 1) such that o = (afl) X 0?27') .
(2) Given compositions n of n and m of m, we have that:
(Sh(n) x Sh(m)) - Sh(n, m) = Sh(n U m),
wherenUm := (ny,..., 0, my,...,my).

The proof of the following lemma is straightforward.

LEMMA 1.7. — Let 0 < r < n+ m be an integer and let vy be a (n,m)-
shuffle. There exist a unique non negative integer 0 < ny; < r and permu-
n+m-—r

tations ~(}) € S and () € Sn4m—r such that v = (1,, X €4—pn, m, X
Tm—m,) (’yZ’l) X 'yg;'m_T), where n; = |y 1({1,...,n}) N {l,...7}| and

my := r — ny. Moreover, " belongs to Sh(ni,m;) and vg)rmfr belongs
to Sh(n —ny,m —my).
Remark 1.8. — For any permutation v € Sh(n, m) there exists unique

integers nq,...,n, and mq,...,m, such that:
y=(1,...,n,n+1,...n+my,n; +1,...,n
+ng,...,my 4+ +me_1+1,...,m),

where Z:Zl n; = n, Z;Zl mj =m,ny >0,n; >1fori>2 m; >1for
j <r,and m, > 0.

Functions on finite sets. Given positive integers n and r, let F,. be the
set of all maps f: {1,...,n} — {1,...,7}. An element f € F} is denoted

ANNALES DE L’INSTITUT FOURIER



SHUFFLE BIALGEBRAS 805

by its image (f(1),...,f(n)). The constant function (1,...,1) € F}! is
denoted by &,. For n > 1, the set F,, is the disjoint union J!"_, F7.

For 1 < r < n, we denote by ST, the subset of all surjective maps in
Fp and by 8T, the disjoint union ST, := (J_, ST,, C F,. Clearly, the
set S, of permutations of n elements is equal to ST,.

For any n, m,r and k, the concatenation product x : S,, X S;, — Sp+m
extends to an embedding F7 x FF —s Frtk given by

m n—+m?
fxg:=(fQ),....,f(n),g1) +r,...,9(m)+7r), for f € F and g € FE.

If n = (ny,...,n,) is a composition of n, we denote &, the map &, =

(ffu X X fnr)

Remark 1.9. — For any element f € F, there exists a unique non-
decreasing function fT € F7 and a unique permutation o € Sh(ni,...,n,)
such that

f:fT'O'f,

where n; = |f~1(i)| for 1 < i < r, and - denotes the composition of
functions.

Let K,, be the set of all maps f € ST, verifying the following condition:
if f(i) = f(j), for some i < j, then f(k) < f(i) for all i <k < j.

It is immediate to check that f x g € K, for any f € IC;, and g € Iy,

We extend the definition of irreducible permutation to Un% Fn as fol-
lows:

DEFINITION 1.10. — An element f € F, is called irreducible if f ¢
U?;ll Fi X Fn—i. The set of irreducible elements of F,, is denoted Irrg, . In
a similar way, the set of irreducible elements of ST, (respectively, K,,) is
the set Irrst, := ST, N Irrg, (vespectively, Irri, := K, N Irrg,).

The graded space K[F] := EBn>1 K[F,], equipped with the concatena-
tion product, is the free associative algebra spanned by the set Un>1 Irrg, .
Analogous results hold for the spaces K[ST ]| = D, K[ST,] and
K[K] = ®n>1 KK,

TOME 61 (2011), FASCICULE 3



806 Marfa RONCO

Planar rooted trees

DEFINITION 1.11. — A planar rooted tree is a non-empty oriented con-
nected planar graph such that any vertex has at least two input edges and
one output edge, equipped with a final vertex called the root. For n > 2, a
planar n-ary tree is a planar rooted tree such that any vertex has exactly
n input edges.

Note that in a planar tree the set of input edges of any vertex is totally
ordered. All trees we deal with are reduced planar rooted ones. From now
on, we use the term planar tree instead of planar rooted tree.

Notation 1.12. — We denote by T,,, the set of all planar trees with m+1
leaves and by Y,, the subset of T}, of all planar binary trees with m + 1
leaves.

Let t be an element of T,,, the leaves of ¢ are numbered from left to
right, beginning with 0 up to m. We denote by ¢,, the unique element of
T, which has m + 1 leaves and only one vertex (the m-corolla).

Let X = J,>, Xn be a positively graded set. The set T;,(X) is the set
of planar binary trees with the internal vertices coloured by the elements
of X in such a way that any vertex with k input edges is coloured by an
element of X;_1.

DEFINITION 1.13. — Given coloured trees t and w, for any 0 < i < |w|,
define t o; w to be the coloured tree obtained by attaching the root of w to
the i-th leaf of t.

For instance

N NN
Y N Y z
N W02 T = N
z + z
1 1
Notation 1.14. — Given two coloured trees ¢t and w and z € X;, we

denote by t V, w the tree obtained by joining the roots of ¢t and w to a
new root, coloured by z. More generally, we denote by \/,(t°,...,¢") the
tree obtained by joining the roots of the trees t%,...,¢", ordered from left
to right, to a new root coloured with an element z € X,..

Any coloured tree ¢t may be written in a unique way as t = \/I(to7 coth),
with [t =Y |t/ +7—1and z € X,.

ANNALES DE L’INSTITUT FOURIER
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2. Shuffle algebras

Our goal is to describe the spaces spanned by coloured permutations
and coloured elements of ST o, as free objects for some type of algebraic
structure.

DEFINITION 2.1. — A shuffle algebra over K is a graded vector space
A= @ A,, equipped with linear maps
n>1

o, A, QK A, — A, for v € Sh(n,m),

verifying that:
T oy (y.(SZ) = (x.ay) o)z,

whenever (1, X §)-v= (o x 1) A in Sh(n,m,r).

Shuffle algebras appear in a natural way as monoids in the category of
S-modules, denoted S-Mod. Let us describe briefly this category.

The objects in the category S-Mod are infinite sequences M =
{M(n)}n>o of K-modules, such that each M(n) is a right K[S,]-module,
for n > 1, where K[Sp] := K. A homomorphism f from M to N in S-Mod
is a family of K[S,]-modules homomorphisms f(n) : M(n) — N(n), for
n > 0.

The category S-Mod is endowed with a symmetric monoidal structure
®s given by:

(M ®s N)(n) = (M (i) ® N(n — 1)) @ss,xs, ) K[Snl;
i=0
where M (i) ® N(n — i) has the natural structure of right K[S; x Sp—;]-
module.

By Proposition 1.6, the tensor product (M (i) ® N(n — 1)) @ k[, xS, _]
K|[S,] is isomorphic to M (i) ® N(n — i) ® K[Sh(i,n — )]. Moreover, the
associativity and symmetry of ®gs are given by the isomorphisms:

(1) OGMNR : (M ®Rs N) ®Rs R— M ®s (N Xs R), with

amNr((z@YR o) ©280) =@ (YR 207)®T,
whenever (o x 1) = (1, x ¥) - 7 in Sh(m,n,r), for x € M(m),
y € N(n) and z € R(r).
(2) CMN - M®SN —)N@S M, with
cuN(Z®YR0) =y ® (€n,m - 0),

where €, = (n+1,...,n4+m,1,...,n) € Sh(n,m), for € M(m)
and y € N(n).

TOME 61 (2011), FASCICULE 3



808 Marfa RONCO

LEMMA 2.2. — Let (M, o) be a monoid in (S-Mod, ®s), the space M =
®D,.>0 M (n) has a natural structure of shuffle algebra, given by:

re,y:=0(rRY®7),
for x € M(n) and y € M(m).

Proof. — The associativity of o implies that the products e, fullfill the
conditions of Definition 2.1. a

In [19] and [10], an associative monoid in (§-Mod, ®s) is called a twisted
associative algebra or an As-algebra in the category S-Mod, respectively.
For any associative graded algebra (A = @n>0 A,,e), consider A =

{A,, ® K[Sh]}n>0. The S-module A has a natural structure of monoid in
(8-Mod, ®s), given by:

o((z,0) @ (y,7) ®@7) = (zey) @ ((0 X 7)) € Aptm @ K[Sniml,
forz e A,, y € A, 0 € Sy, 7 € Sy, and v € Sh(n, m).

Examples 2.3. — a) The tensor space. For any vector space V, the
space T(V) := @,,5; V" has a natural structure of shuffle algebra, where
with the operations e, are defined by the formula:

(V1@ Q) &y (Vnt1 ® - @ Vpym) 1= Vy1) @ ® Vy(ntm)
for vy, ..., vp1m € V.

b) Free shuffle algebras. Consider, on the graded vector space K|[Ss] :=
@ K[S,], the operations e, given by c e, 7:= (¢ X 7) - 7,

n>1

for 0 € Sy, 7 € S, and v € Sh(n,m). It is immediate to check that the
space K [Soo| with the products e, is a shuffle algebra.

Let V=D, -V, be a graded vector space. The graded space K [Feo](V)n
is the vector space spanned by the elements f®z1®--- Qi) € F X, ®
-+-®X,, such that the image of f is the subset {i; < --- <ig}of {1,...,7},
with nj; = |f71(i;)| for 1 < j < k, and Z?Zl n; = n. On the graded space
K[F](V) = @D,51 K[Feo|(V)n, we define a structure of shuffle algebra
as follows:

fOT1® @z, 0y gRYI® - QYi = (fXg) 1OT1® T, QY1 ®+ - DY,

for fRT1Q@ - ®@zr) € Frx, g Q- Qyx) € F,x and v € Sh(n,m).

Denote by Sh(V) the subspace of K[F](V) spanned by the elements
f@r1® - ®x, € Fy x with f € ST,,. The space Sh(V) is closed under
the products e,. So, Sh(V) is a shuffle subalgebra of K[F](V).

ANNALES DE L’INSTITUT FOURIER



SHUFFLE BIALGEBRAS 809

ProrosiTION 2.3.1. — For any positively graded vector space V', the
algebra Sh(V') is the free shuffle algebra spanned by V.

Proof. — From the definition of shuffle algebra and Proposition 1.6, one
has that any element in the free shuffle algebra spanned by V is a sum of
elements z of type

T =T1 Oy (:L’g €y, ( . (mkfl 1 xk)))v

for unique elements x; € V and unique shuffles v;, 1 < i < k. Let ¢ be the
unique homomorphism from the free shuffle algebra spanned by V to the
space Sh(V') verifying that:

w(ﬂh *y (‘TQ Oy, ( .- (‘kal vy xk)))) = (gn Y L1y 73519)»
where
(1) n; =z, for 1 < i <k,
(2) v=(Tnytotnp s X Yom1) 700 (Lny X 72) =M.

Conversely, let f: {1,...,n} — {1,...,r} be a surjective map and let
n; = |f71(i)|, for 1 < i < r. There exists a unique permutation v €
Sh(n) such that f = &, - 7. Moreover, there exist unique permutations
vi € Sh(ni,nit1 + -+ + nyg) such that:

Y= (1n1+‘"+7l1c72 X ’Yk) e '(1711 X 72) "1

The inverse of ¥ is Y™ (f @21 @ @ xk) = T1 04, (X207, (- .. (Th—1 04, ,
Tr)))- O
¢) Nonunital infinitesimal bialgebras. Suppose that (4, ) is a graded
K-algebra, equipped with a coassociative coproduct A : A - A ® A such
that:

Az - y) :ch'y(1)®y(2)+zx(1)®x(2) y+rey, forxz,y € A,

where A(z) = > 21) ® z(), for z € A. The triple (A,-,A) is called a
nonunital infinitesimal bialgebra (see [14]).

It is easy to see that the reduced tensor space T(V), equipped with
the concatenation product and the deconcatenation coproduct, is a graded
unital infinitesimal bialgebra which is denoted T°(V).

Let A= EBR>1 A, be a positively graded nonunital infinitesimal bialge-
bra. The map Ay, .. n,. : Ay — Ay, ®---®A,, is given by the composition
of A"~! with the projection p,, ., : A®" — A, ®---® A, . For any

= A’ru let Anl’”.’nr(m) = Zm?ll) R ® ,’E’EL’;)

The proof of the following result is given, in a more general context, in
Theorem 6.7.

TOME 61 (2011), FASCICULE 3
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LEMMA 2.3.2. — Let (,5, An,",A) be a graded nonunital infinites-
imal bialgebra. The graded space A admits a natural structure of shuffle
algebra, given by the operations:

oy = Z x?ll)-yg)l-x?;)~ . yz:f), forz € A,,y € A, and v € Sh(n,m),
lyay =i

where nq,...,n, and my,..., m, are the integers which determine -y, de-
scribed in Remark 1.8.

For instance, if we consider the unital infinitesimal bialgebra TC(V), the
shuffle algebra structure described in point a) coincides with the one defined
in the previous Lemma.

d) The algebra of parking functions. (see [17] and [16]) Let PF, be
the subset of all functions f in F,;» which may be written as a composition
f=f1 o, with fr € F? such that fT(i) <iforall1<i<mnand o€ S,.
Such a function is called a parking function.

Applying Remark 1.9, we get that for any parking function f € PF,
there exist unique elements fT € PF, and o € Sh(ry,...,r,) such that fT
is a non-decreasing parking function and f = fT - o, where r; = |f~1(4)|.

The concatenation map x : PF, x PF,, — PF,,, is the restriction
of the concatenation product F? x F" —s fsﬂ,’l’ to PF, x PF,,. Note
that f x g is also a parking function. Moreover, for any functions f € PF,,,
g € PF,, and v € Sh(n,m), the product f e, g = (f x g) - v belongs
to PFpym. For n > 1, let PQSym,, denote the K-vector space spanned
by the set PF,. The space spanned by all parking functions PQSym :=

®D,.>: PQSym,, is a shuffle subalgebra of K[F].

Following 2.2.3 of [16], given a parking function f € PF,, an integer
be{0,1,...,n} is called a breakpoint of f if |{i| F(i) < b}| =b.

A Gessel primitive parking function is an element f € PF,, such that its
unique breakpoints are the trivial ones: 0 and n. Let PPF,, be the subset
of prime parking functions of PF,. It is immediate to check that f € PF,
if its associated non-decreasing parking function cannot be written a a
concatenation of parking functions of smaller degree.

Note that the definition of breakpoint implies that for any parking func-
tion f € P, and any permutation o € S, the sets of breakpoints of f and of
f - o are the same. So, the subset PPF,, is invariant under the right action
of S,.
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Remark 2.3.3. — (see 2.2.3 of [16]) A element in PPF,, is a parking
function which cannot be described as f e, g for some f € PFy, g € PF,,_}
and v € Sh(k,n — k).

Remark 2.3.3 implies the following result.

PROPOSITION 2.3.4. — The shuffle algebra PQSym is the free shuf-

fle algebra spanned by the set PPF := Un>1 PPF,, of all prime parking
functions.

The group S, acts on the right on the set PPF,, for n > 1. So, PPF =
{K[PPF,]}n>1 is an object in the category S—Mod. Applying Lemma 2.3.4
it is immediate to check that PQSym = Ts(PPF) = @, ., PPF?s" in
the category S—Mod. The previous assertion means that PQSym is the
free monoid spanned by PPF in the monoidal category (§—-Mod, ®s).

e) Singular chains of a Lie group. Let

n
A" ={(to,...,tn) ER™ | > t;=Tand t; >0, 0<i<n}
=0

be the standard n-simplex. The degeneracy morphisms s : A" —s An~1
are given by the formula

$'(toy -y tn) = (tos - tico, ticn + tistigt, - ),

for 0 < i < n—1. Given an (n,m)-shuffle o, let s, : A"™™ — A" x A™ be
the continuous map:

Sg 1= (Sa_l(nJrl) SR 80_1(n+m)) X (80_1(1) ©---0 sa_l(n))'
For any permutation 5 € Sh(n,m,r) such that 8 = (1, x6)-v = (o x1,)-T,
with § € Sh(m,r), v € Sh(n,m + 1), o € Sh(n,m) and 7 € Sh(n + m,r), it
is easy to check that:

(Idan X s5) 0 sy =(si, 0085, )x(s5, 008, )X(8k, 008k,

=(85 X Idar) 0 57,

where
o {(B7ln+1),....8 n+m+1r)}={i1 < <imir}
o {711),..., 87 (n), B (n+m+1),..., 67 (n+m+r)}={j <
< jn+r}a
o {B7H),....87 n+m)} ={ki < < knim}
Suppose that (X, : X x X — X) is a Lie group, and let C(X, K) be
the space of singular chains on X with coefficients in K. The operations s,
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with the product g define homomorphisms e, : C,, (X, K) @ Cpp, (X, K) —
Chnim (X, K) as follows:
fesg:=po(fxg)osey,
for f: A" —» X and g : A™ — X continuous maps.
f) Tensor product of shuffle algebras. Given graded spaces V =

D50 Vo and W = P, 5, Wi, there exist two different products of both
spaces:

(1) The Hadamard product of V and W, denoted by V % W, is the
graded vector space such that (V @ W), :=V,, @ W, for n > 0.
"

(2) The tensor product of V- and W, denoted by V ® W, is the graded
vector space such that (V @ W), := @ ,V; ® W,_;, for n > 0.

We define, for any pair A and B of shuffle algebras, shuffle algebra struc-

tures on A (I% B and A® B. The proof of the following result is straightfor-

ward.
LEMMA 2.3.5. — Let (A,e,) and (B, o5) be two shuffle algebras.
(1) The Hadamard product A 63 B has a natural structure of shuffle
algebra, given by the operations:
(@ @y) oy (@' @y) = (z oy 2) @ (yor ¢),
forx € A,,y € Bp,2' € A,y € By, and v € Sh(n,m).

(2) The tensor product A® B has a natural structure of shuffle algebra,
given by the operations:

e nyn’ x/ ® O m+m/ ! B fOr n=n + 77,/ 5
(zQy) e, (@' @Y) = ( gt )&l Y ) ( h
0, otherwise,

where x € A,, v/ € A, y € A, v € Apr,s V(TLS”, € Sh(n,n’') and

’yg)"’m, € Sh(m,m') are the permutations defined in Lemma 1.7,

and (n+n'); =y '({1,...n+m}N{l,....,n+n'}.

3. Shuffle bialgebras.

Given a shuffle algebra A, the product * on A is given by:

TxY = Z T ey,

~yESh(n,m)
forx € A, and y € A,,.
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It is easy to verify that * is graded and associative applying Proposition
1.6 and the properties of the operations e,. For instance, in 2.3 a), the
product * on T'(V) is the usual shuffle product defined on the tensor space
over V.

Given a shuffle algebra (A, o), we want to describe coproducts on shuffle
algebras which turn the associative algebra (A, ) into a bialgebra. In par-
ticular, all the examples of shuffle algebras given in 2.3 may be equipped
in a natural way with a shuffle bialgebra structure.

DEFINITION 3.1. — Let (4, e,) be a positively graded shuffle algebra,
such that A is equipped with a graded coassociative coproduct A. We say
that (A, e, A) is a shuffle bialgebra if A verifies the following relations:

n+m—1

Alweyy)= 3 (D_(w) o, v1) @ (22) &y Y(2)),
r=1

-r

where 76) and ’yzgm are the permutations defined in Lemma 1.7, the

second sum is taken over all |z(1)| = ny and |y)| = my, and

x, formy=n

xr o, =
AR {y for ny = 0,

T(2) Oyt Y(2) =

@ y, formi=mn,

B {x, forn; =0

PROPOSITION 3.2. — Let (A, e,,A4) and (B, os, Ap) be shuffle bialge-
bras. The Hadamard product A® B with the operations e, given in Lemma
H

2.3.5 and the coproduct given by:
Apepz@y) = > (z0) @y) @ (@2 @y2)
" [z =1yl
is a shuffle bialgebra.

Proof. — Let x € A, y € By, 2 € Ay, w € B, and v € Sh(n,m). We
have that

Az ©y) & (0 w)) =
2 () oy, 20 BY(1) g, (1) B(B(2) &t 2(2) BY(2) 8t W),

7,8
where the second sum is taken over all elements such that |x(q) >, 2(1)| =
ly(1) *ve Wl

For 1 < r,s < n+m, we have that |z ., 29)] = r and |yq) e

way| = 5. So, |z ., 22)| = vy e wygy| if, and only if r = s, where
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My € Sh(ny,7 —nq). In this case, we get that |z = n1 = |yu)| and
|z(2)] = 7 — n1 = |w(zy|, which implies the result. O

Examples 3.3. — a) The free shuffle algebra. Let (C,0) be a posi-
tively graded coalgebra. Since Sh(C) is the free shuffle algebra spanned by
the graded vector space C' and Sh(C') ® Sh(C) is a shuffle algebra, there
exists a unique coproduct Ay on Sh(C) which extends ©.

For f = &, 0, withn = (nq1,...,n,.), 0 € Sh(n) and elements z1, ...,z €
V, with z; € V,,,, it is not difficult to check that Ay on Sh(C) is given by
the following formula:

N(fRZ1® - ®@ay) =

n

Z( Z (gmlo—él)(g)ml(l)@ : ®IT(1))®(§n7m10?2;l®x1(2)® : '®zr(2)))7
=0 |20y [=m
where

(1) 0=46; - (ofy) ®ofy)"), with & € Sh(i,n — 1),

(2) foreach 1 <i<n—1,

m; = |5;1{1,...7i}ﬂ{n1—l—---—l—nj,l+1,...7n1+-~-—|—nj}|,

(3) m:=(mi,...,mi)and n —m’ := (n; —mi,... n. —mb),

(4) O(zj) =Y zj1) ® Ty, for 1< j <

For example, suppose that C' = EBn2 1 K&, is the vector space spanned by
one element in each degree, equipped with the coproduct 9(&,,) = Z?:o &®
&n—i. For f =1(2,3,3,5,4,1,4,3), we have that:
No(f)=(1)®(2,2,5,3,1,3,2) + (1,2) ® (2,4,3,1,3,2)+

(17 27 2) ® (47 37 1’ 37 2) + (]‘7 27 27 3) ® (37 ]‘7 37 2) + (17 27 27 47 3) ® (17 37 2)+
(27 37 3’ 57 47 1) ® (27 1) + (27 37 37 5’ 47 17 4) ® (1)'
For instance, if Cyp = Kxg, with |z¢| = 1, the underlying vector space of

Sh(Cy) is K[Ss], and A is the unique coproduct such that:

n—1

Ao) = Z ol ® UE;T,

r=1

for o € Sy, where o = 6, - (07} X O’&;T), with §,1 € Sh(r,n —r), for
1<r<n—1.

b) Nonunital infinitesimal bialgebras. Let (A,-,A) be a graded
nonunital infinitesimal bialgebra.
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LEMMA 3.3.1. — The associated shuffle algebra (A, e.), equipped with
the coproduct A, is a shuffle bialgebra.

Proof. — Let v € Sh(n,m) be the permutation given by the sequences
ni,...,Ns and mq, ..., mg, as described in Remark 1.8. For any 1 < r <
n + m — 1, there exists 1 < k < s such that

k-1
Z(nl +m;) +ny, +my =r,
i=1
where either 0 < nj < nj and m) =0, or nj, = ni and 0 < mj, < my,.

If 5 = (Lny X €n—nymy X Lm—my) - () X 5y ™ "), then 77, is given by
the sequences ny, ..., ng_1,n) and mq,...,mi_1,mj, and 7&‘;’”7’” is given
by the sequences ny — nj, ng41,...,ns and my — my, My41,...,ms.

Given elements x € A,,, y € A,,, the coassociativity of A and the relation
between - and A state that:

Az s, y) =
D020 C X Gl ul e wlh) @ @Gy v v )+

1<kSr 1Sjp<ng

n . Ik —lg n My _
| <lz<: (@) a2y ) ® (s - iy Y ) =
1<l <mg
n+m
> (=) o, U(n) ® (2(2) o ympmr Y(2))s
r=0
which implies the result. 0

¢) Monoids in (S-Mod, ®s). For an S-module M, a coproduct on M is
a family of homomorphisms of K[S,]-modules €, : M(n) — @ M) ®
i=0
M(n —1i) ® K[Sh(i,n — )], for each n > 0. For € M (n), we have that
Qa)=>( > 2% o0).
=0 5eSh(i,n—1)

Given permutations o € Sh(n,m + ), 7 € Sh(m,r), 6 € Sh(n +m,r) and
w € Sh(n,m), such that (1, x 7) -0 = (w x 1,.) - §, the coassociativity of
implies that:

Y2l © (@) © (@)l = @) @ (@) ® 2y
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A monoid (M,o) in the category (S-Mod, ®s) is a bialgebra if it is
equipped with a coassociative coproduct verifying the condition:
Qo(z@y®7)) =D (2 @y @ 1) @ (205 @yl @ 2) @ p, (%)
for x € M(n), y € M(m) and € Sh(n, m), where
(Iny X €myns X Limy) - (0 X 7) -y = (a1 X a2) - p in Sh(ny, my,ng, ma),
with a1 € Sh(ny,m1), ag € Sh(na,mz2) and p € Sh(r,n +m — ), where
r=mni;+m.

We have seen that an algebra M in (S-Mod, ®s) is a shuffle algebra.
However, even if (M, o,) is a bialgebra in (S — Mod, ®s), it is not always
a shuffle bialgebra. But it is possible to obtain two shuffle bialgebras from
it, as we describe above.

PROPOSITION 3.3.2. — Let (M, 0,Q) be a bialgebra in (§-Mod, ®s).
(1) Let Qg be the coproduct on M defined as follows :

Qo(x) := szf) ® ng)v
i=0

where 1,, is considered as a (i,n — i)-shuffle for 0 < i < n. The shuf-
fle algebra (M = @n>0 M(n),e,), equipped with this coproduct ,
is a shuffle bialgebra.

(2) Let Qq0p be the coproduct on M given by:

n
€in—i €i,n—i
Quop(7) = Zx@) ®Tay
i=0
where €; ,,_; is considered as a (i,n — i)-shuffle, for 0 < i < n. The

data (M = €D,,o M(n), e, Qup) is a shuffle bialgebra.

Proof. — For elements € M (n) and y € M (m), a shuffle v € Sh(n, m)
and an integer 0 < r < n + m, we have that:

Y= (1711 X €n—ny,mq X lm_ml) ’ (ry(rl) X FY(HQ-;m_T)’

for ny = [y ({1,...,7}H)n{1,...,n}| and my; =7 — ny.
If =1, and 7 = 1,,, then:

(Lny X €myn—ny X Loy ) -y =
(Iny X €myn—ns X Lin—my) - (Iny X €n—nymy X Lin—m, ) - ('7(T1) X 'V?gmir) =
(Y1) x ’ngmfr) Lo,

which implies the first statement.
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To prove the second one, suppose that § = €, (,—n,) and T = €, (m—m,)-
We have that €, 4m—r) =

(1n1xem1(n—n1)><1m—m1 )'(e'm (n—n1) Xeml(m—m1))'(1n—n1 X€ny (m—mq) X 1m1 )

Moreover, if v = (1n—n; X €nym—my X Lm,) - (7?;)””77’ X 7(z)), then

€r,ntm—r (7(711—;_m_r X 7(2)) = (V(TQ) x V(HJm_T) “Entm—r,r-

€r,ndm—r __ _€ny,n—ny €mq,m—mq
So, we get that (z e, y)(l) =z v YD) and (z e,
€rmtm—r __ _€ny,n—mny €my,m—mq
= ° _
)@) @) rtm=r Y(g)

We conclude that:

n+m

Qiop(z oy y) = Y (woyy)3y """ @ (z o, )y " =
r=0

n+m

€ny,m—mnq €my,m—mq €ny,n—mny €my,m—mq
X ® nitm—r Xz o,
> v V) ERIE) Ty Y1) ’
r=0

which ends the proof. O

d) The bialgebra of parking functions. (see [16]) Given a function f €
FPF. recall that there exist a unique non-decreasing function f* € F* and a
unique permutation o € Sh(n) such that f = f7-o, where n = (ny,...,nz)
for n; = |(£1)71(3)] -

Following [16], there exists a graded map Park: U,,5, Fn — U,51 PFn
defined as follows.

Let fT € F,, be a non-decreasing function, the parking function Park(f)
is given by:

1, for j =1,
Min{ Park(f1)(j — 1)) + f1(5) = f1(5 = 1), j}, forj > 1.

If f = f10, then Park(f) := Park(f") - o.

Paf’k(fT)(j)i{

Remark 3.3.3. — (1) If f € F* be a function, then Park(f) is
the unique parking function such that f(i) < f(j) (respectively,
f(@) = f(y)) if, and only if, Park(f)(i) < Park(f)(j) (respectively,
Park(f)(i) = Park(f)(j)) for 1 <i,5 < n.
(2) For any pair of parking functions f,g, Park(f x g) = Park(f) x
Park(g).
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(3) If f € PF, is a parking function and v € S,, is a permutation, then
Park(f -~) = Park(f) - ~.

Let PQSym = EBPFn be the graded space of all parking functions.
n>1
The coproduct on PQSym is defined as follows (see [16]):
For f € PF,, and 0 <r < n,
n—1

APQSym(f) = Z Park(ff) ® Park( ;77,)7

r=1

for f7:=(f(1),...,f(r)) and f3~ " = (f(r+1),..., f(n)).
PROPOSITION 3.3.4. — The shuffle algebra (PQSym, e.), equipped with
the coproduct Apgsym, is a shuffle bialgebra.

Proof. — Let f € PF,, g € PF,, be parking functions, and let v be a
(n,m)-shuffle. For 1 < r < n — 1, we want to check that:
Park((f e 9)1) ® Park((f e, g)3"™ ") =
(Park(f') 7, Park(gi"")) ® (Park(f3 ") @ n+m-r Park(gy"™™")),
1 @

where v = (1n1 X €my,n—n; X lm—ml) : (’7(1) X ,Y(nz—;-m—r)

Computing (f X g) - (1n, X €mym—n; X Lm—m,), we get that:
(foy )i = (1" x g1 [n—ml) -2
and
(F oy )87 = (57" x g5 ™ [ma]) -l ™ ",

where fi'* x g [n —ni] = (f(1),..., f(n1),9(1) +n,...,g(m1) +n).
By Remark 3.3.3, we get that

Park(f ey a)i) = Park(f{*) ey, Park(gi").
Park(f o 93" ) = Park(f ") @ s Park(gs' ™)),
which ends the proof. O

4. Relations with dendriform and 2-associative algebras

We want to relate shuffle bialgebras to other algebraic structures. In [1],
M. Aguiar constructs functors relating infinitesimal bialgebras to dendri-
form algebras (see [11]) and brace algebras. We want to include shuffle
bialgebras in his framework.

The following results are immediate to verify applying the definition of
shuffle bialgebra.
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LEMMA 4.1. — Given a shuffle algebra (A, ».) there exist three associa-
tive algebra structures on A, defined as follows:

(1) the products x ey y and x e.,, y defined by:

LTOY =TO, Y

TOopY =Y .em,n xZ,

(2) the product x xy := Z’yESh(n,m) re,y,
where x € A, and y € A,,.

LEMMA 4.2. — Let (A, o;,A) be a shuffle bialgebra.

(1) The relationship between A and the associative products ey and
o.op is given by the following equalities:

Alzegy) = (ze0yw) @Y + o1 ® (z@2) %0 y) + Ty,
Az oopy) = Z(»’U ®op Y(1)) @ Y(2) + Z (1) ® (T(2) ®0p Y) + T DY,

for z,y € A. So, (A, ep,A) and (A, e, A) are nonunital infinitesi-
mal bialgebras.

(2) The product * may be extended to Ay = A ® Kin a unique way
such that 1 xx = x = x * 1 for x € A. The triple (A4, %, AL)
is a bialgebra, which means that:

Ap(zry) =Y (z0)*ya) @ (2@ * Y2), for v,y € Ay

The previous result implies that there exists two functors, Hy and Hyep,
from the category of shuffle bialgebras to the category of graded nonunital
infinitesimal bialgebras. Let G : Gre — Sh be the functor which assigns to
any graded nonunital infinitesimal bialgebra (A4, -, A) the shuffle bialgebra
(A,e,,A). It is easy to check that the compositions Hy o G and Hypp 0 G
are equal to the identity functor.

DEFINITION 4.3. — (see [14]) Let B be a K-vector space equipped with
two associative products * and -, and a coassociative coproduct A, such
that:

(1) (B,#*,A) is a bialgebra over K,
(2) (B,-,A) is an infinitesimal unital bialgebra.

Then (B, *,-,A) is called a 2-associative bialgebra.

Lemma 3.3.1 implies that if (A4, e, A) is a shuffle bialgebra, then (A} =
K & A, x, 00, A) is a 2-associative bialgebra.
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DEFINITION 4.4. — A dendriform algebra (see [11]) over K is a vector
space D equipped with two bilinear maps >, <: D ® D — D which verify
the following relations:

Dz-@Wwr2)=@@>y+z=<y) >z,

2 z>(y=<2)=(@x>y) <z

B)ez<yrz+y<z)=(x<y) <z
for x,y,z € D.

Note that any dendriform algebra D has a natural structure of associative
algebra with the product *, defined by: zxy=x =y +z < y.

For nonnegative integers n,m, let Sh™ (n,m) and Sh™(n,m) be the fol-
lowing subsets of Sh(n,m):
a) Sh™(n,m) := {o € Sh(n,m) | o(n +m) = n+m},
b) Sh™(n,m) := {o € Sh(n,m) | o(n +m) = n}.

It is immediate to check that Sh(n,m) is the disjoint union of Sh™ (n,m)
and Sh™(n,m).

Let (A, e,) be a shuffle algebra. Define on A the operations > and < as

follows:
(1) z>y:= Z z ey,
'yES}f(n,m)
(2) z=<y:= Z ey,
’YGSh< (n,m)

for z € A, and y € A,,. Note that the associative product * defined at the
beginning of Section 3 is the sum of > and <. The proof of the following
Lemma may be obtained by straightforward calculation.

LEMMA 4.5. — Let (A,e.,) be a shuffle algebra, then (A, >, <) is a den-
driform bialgebra. Moreover, if (A, ., A) is a shuffle bialgebra, then >, <
and A verify the following equalities:

Al -y) = (xa) *yn) ® (2@) = Yz) + D21 @ (2@) = y)+
Dy @ (@ - ya) + ) (@ ya) ®ye) + T,
Az <y) = (za) *yw) @ (T@) < Ye) + D U1 ® (& < ye)+
D (@xym) Oye) + > rw) @ (3@ <y) +ye,
for all x,y € A.

The Lemma above states that any shuffle bialgebra has a natural struc-
ture of dendriform bialgebra.
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5. Primitive elements of shuffle bialgebras

We recall some results proved in [14] that we need in order to study
primitive elements in shuffle algebras.

Following [14], let (H,-, A) be a triple such that (H,A) is a conilpotent
coassociative coalgebra and (H, -) is an associative algebra. Define the linear
map e € Endg (H) as follows:

e(l') = — Zx(l) .x(z) +... + (_1)7+1 Zx(l) .x(z) e ‘T(’l") +... —
D (1) oA (@),
r>1

where A”(z) =Y 21y @ T(2) @ -+ @ X ().
PROPOSITION 5.1. — (see Proposition 2.5 of [14]) Any conilpotent non-
unital infinitesimal bialgebra (H,-, A) verifies that:
(1) the image of e belongs to Prim(H),
(2) the restriction € |prim ()= Idppim(m), and
(3) e(z-y) =0 for all z,y € Ker(e).
4) any element x of Ker(e) verifies that

z=e(x)+ Ze(fﬂ(n) e(zz) +o + Ze(x(l)) cee(@m) +
where A™(z) = Y (1) @ - @ T(p).
THEOREM 5.2. — (see Theorem 2.6 of [14] ) Any conilpotent infinitesi-

mal bialgebra H is isomorphic to
(T(Prim(H)) == (B Prim(H)*",v,A),
n>1
where v is the concatenation product and A is the deconcatenation coprod-
uct.

We want to prove a Cartier-Milnor-Moore theorem in the context of
shuffie bialgebras. In order to do it, we introduce the notion of Primg,
algebra.

DEFINITION 5.3. — A Primg, algebra is a graded vector space V
equipped with operations BY : V, ® V,, — V, for v € Sh(n,m) \
{1n4m, €nm}, and a binary operation {—,—} which satisfy the following
relations:

(1) {LL‘7 {y7 Z}} = {{xvzi}vz} + Blnxermﬂ{‘% z},y) - BEmnXlr(y; {2117 Z})7
(2) {2 B7(y;2)} = B7(y;{=z,2}) + B'({z,y}; 2), where J := (€mn X
1) (Ln x7) and 5 = 1, x 7;
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(3) {BY(w1y), 2} = BX({w; 2}sy) + BV (25 {y, 2}), where v := (L, x
€rn) - (7 X 1)
(4) BY(B%(z;y); 2) = B (x; B? (y; 2)), whenever (§x1,)-y = (1,, x0)-T,
with o # 1,4;
forxeV,,yeV, and z € V,.

Note that relation (4) of Definition 5.3 makes no sense when the permu-
tations 0 and ~ are such that (§ x 1,.) -v =7 € Sh(n,m + r). In this case,
the permutation 7 verifies that 7(1) < 7(n +m) and 7(n+m) + 1 < 7(n).
Conversely, if a (n, m+r)-shuffle 7 verifies these conditions, then there exist
unique permutations § € Sh(n,m) \ {lntm,€nm} and v € Sh(n +m,r) \
{1ntmsrs €ntm)ry such that 7 = (6 x 1,.) - 7. The following Lemma gener-
alizes this situation, its proof is immediate applying Proposition 1.6.

LEMMA 5.4. — Let (m1,...,mq) be a composition of m. If a permu-
tation T € Sh(n,m) is such that 7(1) < 7(n + mq) and 7(n + my +
<-4+ mg_1) +1 < 7(n), then there exist unique families of permutations
0; € Sh(n+mq + -+ +m;_1,m;), for 1 < i < g, such that:

(1) o # Lntmy4..mi_s and o; # E(ntmi+t-+mi_1)m;>
(2) 7= (01 X Lin—my) - (02 X Lin—ymy—my) =+ + O,
(3) for2<i<q—1,let T := (01X Lmytotm;) (02X Lingtoopm, ) o+ *+ 05
The element 7; € Sh(n,my + - - +m;) verifies that 7;(1) < 7;(n +
mq) and Ti(n+mq + - +mi—1) + 1 < 7;(n).
Notation 5.5. — Let V be a Primyg, algebra. Given elements x € V,

and y; € Vi, for 1 <14 < ¢, and a permutation 7 € Sh(n,mq + -+ +my)
such that 7(1) < 7(n 4+ mq) and 7(n +mq + -+ my_1) + 1 < 7(n), we

denote by BJ (x;y1,...,y,) the following element of Vi 4, 4. ym,:
Bi(@3y1,. ., yq) == (B7(.. (B (B (3 91); ¥2) - - - )3 Ya),
where o4, ..., 0, are the permutations described in Lemma 5.4.

Let (A,e,) be a shuffle algebra over K. In order to simplify notation,
given elements x € A,, and y € A,,, we shall keep the notations x e y for

the element x ey, y, and y e, o for the element x e, y. Recall that

€nm

both operations are associative.
Define binary operations {—, —} and BY on A by the formulas:
(1) {z,yt =z 0py—zey,
(2) B (z;y) ==z 0y 9,
forx € A,, y € Ay, and v € Sh(n,m) \ {1ntm, €nm |-
To see that there exists a functor from the category Sh-alg of shuffle
algebras to the category of Primgy, algebras, we need the following result.
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PROPOSITION 5.6. — Let (A, o.,) be a shuffle algebra. The space A with
the operations {—, —} and B" is a Primyy, algebra.

Proof. — We need to check that the operations defined on A verify the
relations of Definition 5.3. For the first equality note that €(;;,47)n = (1 X
€rn) - (€nm X 1), which implies that:

{z,{y, 2} ) =a0opyetopz+rogyenz—xe,,(yeyz)—ze(ye,,z) =
{{H{a,yh 2} + (2 00y) 01op 2+ (T 010 Y) 80 2 — T 010, (Y 90 2) — T 00 (Y O10p 2) =
{{{z, vt 2} +{z, 2} 01, xcr ¥ =y 0c,1, {7, 2}

The second and the third equalities may be verified in an analogous way,

using the properties of the e,’s. The fourth one is immediate from the
definition of shuffle algebra. O

Remark 5.7. — For a shuffle algebra A, given elements z € A, y1, ... Yq,
with y; € A, and a permutation 7 € Sh(n, m) such that 7(n+mq) < 7(1)
and 7(n +m —mg) +1 < 7(n), the element B7 (z;y1,...,y,) defined in
Notation 5.5 verifies:

By (591, -,yq) = T 07 (Y190 80 Yy),

where m = mq +--- + my.

The following Proposition states that the subspace of primitive elements
of a shuffle bialgebra is closed under the operations {—, —} and e,.

PROPOSITION 5.8. — Let (A, e, A) be a shuffle bialgebra, the subspace

of primitive elements Prim(A) is a Primgy, subalgebra of A.

Proof. — It is immediate to check that A(z e, y) = 2@y = Az e
y), for z,y € Prim(A), which implies that A({z,y}) = 0 whenever z,y €
Prim(A).

For any permutation v € Sh(n,m) \ {1,+m, €nm}, the coproduct verifies
that:

A(.I .’Y y) = Z(Z(l’(l) .7(1) y(l)) X (Z(g) .,y(v;«;»‘m,—r y(Q))),

where v = () X 5" ")+ (Lny X €(nny)my X Lm—my)-
Since Y21y ® 2(2) = 0 and Y y(1) ® y(2) = 0, we have that (z() o,
Y1) (2 .’Yn+m—ry(2)) # 0 if, and only if, either r = n; = n, and therefore
)

Y =1lptm, 0or r =m1 =m, and ¥ = €pm. As ¥ & {11m, €nm }, we get that
Az e, y) =0. O
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Given a positively graded vector conilpotent coalgebra on (C, ©) we may
describe, applying Theorem 5.2, the free shuffle algebra Sh(C) in terms of
its primitive elements.

Let e : Sh(C) — Prim(Sh(C)) be the linear map defined in Proposition
5.1. The restriction of the map e to the elements &, ® z, with n > 1 and
x € C,, gives a linear isomorphism betweenC' and the subspace e(C) of
Prim(Sh(C)). In order to simplify notation, we denote by Z the image
under e of the element £, ® x.

Let P(Sh(C)) be the subspace of Sh(C) spanned by the set e(C') with the
operations BY and {—, —}, and let P(Sh(C))*™ C Sh(C') be the subspace
spanned by all the elements of the form z; ey 22 & --- ¢ 2, with z; €
P(Sh(C)), for 1 < j < n.

PROPOSITION 5.9. — The space T*°(P(Sh(C))) := €D,,5, P(Sh(C))*"
coincides with Sh(C).

Proof. — We prove first that C C T*°(P(Sh(C))). If z € Cy, then T =
& ® x € P(Sh(C)). Suppose that z € Cy, for n > 2, the definition of e
implies that

®e =T+ Y ($ni7(1)) 0 F(2),
where ©(x) = > x(1) ® 2(2). The elements T and T(3) belong to e(C) C
Primg,(C). Applying a recursive argument on the degree of x, we get that:

§ny @ (1) = Z?If ©Theo ek,
k
with yF € Crpis for 1 <1< . So, & @ 2 belongs to T'*° (P(Sh(C))).

Since (Sh(C'), e.,) is the free shuffle algebra spanned by the vector space
C, any homogeneous element y € Sh(C),, may be written in a unique way
as y =y, (&, @ x1) 0, y;, with 2 € Cy,,, y; € Sh(C) such that |y| < n
and v, € Sh(n;,n —ny).

We have proved yet that &, @ z =), fll o) -9 Efn_l. To end the proof
we are going to see that for any collection of elements y and {z;}1<igq
in P(Sh(C)), the element w = y o, (21 8y 22 8y --- 8y z,), belongs to
®n>1P(Sh(C))*". Let |y| = m,|zi| =7, for 1 <i < g, andr = >0 7.
The result is obvious for v = 1,,,.

For ~ # 1,4, we proceed by induction on ¢. If ¢ = 1, then

e w= BY(y;z), for v # emnyr,, and
o w={z1,y} + 21 8y, for v = €y,
If ¢g >1and y(m) < y(m + 71+ -+ +14-1) + 1, then there exists
¥ € Sh(m,T) such that v = 4 x 1, , where 7 = r; + --- +r,_1. We have
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that w = (ye5 (2100 --®924—1)) 9 24. By recursive hypothesis, the element
y @5 (21 80 - - - g z4_1) belongs to T*°(P(Sh(C))), which implies that w €
T*(P(Sh(C)).
If g >1and y(m) = y(m+7r1+---4+7ry_1)+1, then we have to consider
three situations:
(1) I ~(1) < y(m+ry) then w = B) (y; 21, - - ., 24) € P(Sh(C)),
(2) i 4(1) > A(m + 1) then, then 7 = (mr, X Lrr,) - (L, x 9), for
some 4 € Sh(m,r —ry). We get that:

w={z1,y} ®1,, X5 (2200~ @0 2) + 21 80 (Y 05 (22 80 - - 8¢ 2;)).

But, by a recursive argument, the elements {z1, y} ®1. x5 (2000 - -9
zq) and y e (220 - - - 8¢ z,) belong to T*° (P(Sh(C))), which implies
that w € T*°(P(Sh(C))). O

For any graded coalgebra C, let Primg,(C) denotes the free Primgy,
algebra spanned by the underlying space of C'. Lemma 5.4 implies that any
homogeneous element of degree n in Primyy, (C) is a sum of elements of type
Bl (w591, .- ,Yq), with x = {{{{z1, 22}, 23},...}, 20}, for z1,...,2, € C,
and y1,...,yq € Primg,(C), with |z] + Y7 |yi| = n. Let {C}o be the
vector space spanned by the elements {{{{z1, 22}, 23},...}, 20}, with z; €
C, we have that {C}¢ is a subspace of Prims,(C).

Define recursively
{Chn :={C}n @(@ Bp)

m>1
where B,, is the space spanned by the elements B} (z;y1,...,Ym), with
xz € {C}o, y; € {C},—1 for 1 < j < m Note that {C}, C {C}lpi. It is
clear that Primsn(C) =3, 5(1C}, as a vector space.

PRrROPOSITION 5.10. — Let C' be a positively graded coalgebra. The sub-
space P(Sh(C)) is the subspace of primitive elements of Sh(C'). Moreover,
it is the free Primyy, algebra Primg,(C).

Proof. — Note first that it suffices to prove the result for the case where

C = EBC” with C), a space of finite dimension, for all n > 1. For the
n>1

general case, C is a limit of graded vector spaces which verify this condition

and the result follows.

Proposition 5.8 states that P(Sh(C')) C Prim(Sh(C)), while Proposition
5.9 implies that Sh(C) = T(P(Sh(C))) as a vector space. From Theorem
5.2, one has that Sh(C) = T(Prim(Sh(C)), so P(Sh(C)) = Prim(Sh(C)).
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For the second assertion note that, since Sh(C) is the free associative

algebra over the space [Irrs(C) = @IM“ST”(C) spanned by the irre-
n>1
ducible surjective maps coloured with elements of C', the previous assertion

states that P(Sh(C)) is isomorphic as a a vector space to Irrs7(C). From
Proposition 5.8 we know that P(Sh(C)) is a Primg, algebra which con-
tains e(C). To see that it is free, it suffices to define a linear isomorphism
B : Irrs7(C) — Primg,(C). On C C Irrp(C), B coincides with the iden-
tity map. Let y = (£, ® ) oy y1 € Irrp(C), with x € C), and n > 1. We
define 3(y) as follows:

If y1 € Irrp(C) and v # €,m,, then B(y) :== B (x; 8(y1)).
If yy € Irrp(C) and v = €y, , then

Bly) = {B(y1), =}, for B(y1) € {C}o,
Bi({w,x}; 21,0, 2),  for B(y1) = B (w21, ..., 2¢),

where |y1| = mi, w € {C}o, |w| = s, z; € Primg,(C) for 1 < j < g,
doilzl =rand 7= (7 x 1) - (1s X €ny).

Suppose that y; =t; &g - & tp,, with t; € Irrp(C) and p > 1. The fact
that y is irreducible implies that y(n + hy + -+ hp—1 + 1) < v(n), for

If v(1) < y(n + hy), then B(y) := B (x; B(t1), ..., B(tp)).

If y(n+ h1) <7v(1) — 1, then

By) = {B;l({ﬁ(tl),x};ﬁ(tz), o Blty), for B(t1) € {Co
B;_p_l({w,x}; 2155 2q, B(t2), ..., B(tp)), for B(t1) = BqT(w; 21y 2g)s

where 7 = v (€nyn X Lnggooqn, )y T := V- (In X T X Lpgy g, ) - (€ X 1),
and h:=>"" | h;.

It is not difficult to check that 3 is bijective, which implies that P(Sh(X))
is isomorphic to Prims,(X). O

The following result is a straightforward consequence of Theorem 5.2 and
the previous results.

PROPOSITION 5.11. — Let (C,©) be a positively graded coalgebra. The
nonunital infinitesimal bialgebra Sh(C) is isomorphic to T' (Prim,(C)),
where Primgy, (C) is the free Primg), algebra spanned by the vector space C.

Example 5.12. — Primitive elements of the K[ST »]. As a shuffle
algebra K[ST | is freely generated by the set {&, }>1, while it is the free
associative algebra spanned by the irreducible elements of ST .
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Let © be the unique coproduct on €, K[{,] such that ©(£,) =
Z?;ll & ® &n—q, for n > 1. Given an irreducible element f € Irrsy, , with
ny = |f~1(1)|, we associate to it a primitive element Ep(f) as follows:

If ny = n, then f =¢, and

n

E&)=el6) =) (1) D Euso ek

r=1 ni+-+n,.=n
If ny < n, then f = &, o, fi, with v # 1,. There exists a unique
family g¢1,...,g, of irreducible elements, such that fi = g; eg - eg g,.
Let |gj| = m;, for 1 < j < r. Since f € Irrst,, we get that y(n;) >
v(n1+my +---+mp_1 +1). The element E(f) is given by:
(1) E(f) := E(&n,) - (E(g1) 80 - - - 80 E(gr)), for v(1) <~(n1 +mq),
(2) E(f) :={E(q1), E(&)} o5 (E(g2) ®0 - - - 90 E(gy), for 4(1) = y(n1 +
mi),

where v = (€n,,m; X Lingteotm,.) - 7-
Note that E(f) = f + >_, fi, such that the f; are not irreducible, which

implies that the family {E(f)} irreducible is linearly independent. Proposi-
tions 5.9 and 5.10 imply that the family {E(f)
space of primitive elements of K[ST ].
For example, let f = (3,2,4,1,6,4,1,5,5) = &> ®345,1,6,7,2,8,9) ((2,1) 8o
(1,3,1,2,2)). We get that
E(§2) = (171)_(172)7 E(271) = (231)_(1?2)7
B(2,1,1) = {E(&), EE)} = (2,1,1) — (3,1,2) — (1,2,2) + (1,2,3),
E(1,3,1,2,2) = E(&) ®(1,3,2,4,5) E(2,1,1)=(1,3,1,2,2) — (1,4,1,2,3)—
(1,2,1,3,3) + (1,2,1,3,4) — (1,4,2,3,3) + (1,5,2,3,4)+
(]-a 33 27 47 4) - (17 37 23 43 5)7
E(3a 2) 47 17 6a 47 1) 57 5) = {E(2a 1)) E(€2)} .(1,2,5,3,6,7,4,8,9) E(17 37 1a 27 2)

}relrrs, 18 @ basis of the

We want to prove the equivalence between the categories of conilpotent
shuffle bialgebras and Primgy, algebras. More precisely, given a Primgp,
algebra (V,B7,[—,—]), let Us,(V) be the shuffle bialgebra obtained by
taking the quotient of the free shuffle algebra Sh(V) by the ideal (as a
shuffle algebra) spanned by the set:

{B’Y(m;y) _F’Y(x;y)’ {I,Z} - [CE,Z}L

with x € V,,, y € Vi, 2 € V. and v € Sh(n, m) such that v(1) < y(n+my)
and y(n+m3 +---+mp_1+1) < v(n). Here BY and {—, —} denote the
operations associated to the shuffle algebra Sh(V).
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THEOREM 5.13. — a) Let (H,o,,A) be a conilpotent shuffle bialgebra.
As a shuffle bialgebra H is isomorphic to Ugp (Prim(H)), where Prim(H)
is the Primgy, algebra of primitive elements of H.

b) Let (V,B,,{—,—}) be a Prim,, algebra. As Primy, algebra V is iso-
morphic to Prim(Ugp(V)).

Proof. — a) .Define ¢ : Sh(Prim(H)) — H as follows:

Lp(xl *y (3’32 €y, ( x (‘r’ﬂfl.‘%n—w:n)))) ‘=1 9y, (.1?2 O ( . (:L‘n*lo’)/nflwn)))7

where z; € Prim(H) for 1 < ¢ < n. Note that ¢(B7(z;y)) = p(r ey y) =
zoyy = B (z;9), and o({z,y}) = p(xe1py—ze0y) = [2;y], 50 © factorizes
through Usyp, (Prim(H)). Moreover, it is immediate to check that ¢ is a
bialgebra homomorphism. Applying Theorem 5.2, the inverse morphism is
given by

o Nx) = clle(x)) + ch(ag(l) o T2)) + -+ ch(ml o -9 T,),
where ¢l denotes the class of the element in Usy, (Prim(H)).

b) It is clear that V' C Prim(Usy(V)). Proposition 5.11 implies that
Prim(Sh(V)) = Primg, (V). So, the primitive elements of Ug;, (V') are gen-
erated by V under the operations BY and {,}, which are precisely the
elements of V' in the quotient. O

6. Preshuffle bialgebras and pre-Lie systems

We want to apply our description of primitive elements of shuffle bial-
gebras to other structures. We introduce the notion of preshuffle algebras,
related to leveled trees, and study pre-Lie systems (see [6]) as a particular
type of preshuffle algebras.

Shuffle algebras are related to a weak version of monoids in the category
(§-Mod, ®s), when we do no ask for a compatibility relation between the
operations e., and the action of the symmetric group. In the present section,
we consider the family of block-shuffles, which is closed under compositions,
and define a preshuffle algebra as a graded space equipped with operations
o, only when 7 is a block-shuffle. For any non-symmetric operad P =
{P,}n>0 the space A = @n>o P,+1 has a natural structure of preshuffle
algebra. More precisely, non-symmetric operads are, via this identification,
preshuffle algebras satisfying some extra conditions.
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DEFINITION 6.1. — (1) A preshuffle algebra over K is a graded
vector space A = @n21 A, equipped with linear maps
o, : AR A, — A, for 0 <i<m,
satisfying:
(zo;y)ejz=rxe;(ye;z), for 0 <i<|yland 0<j <z

(2) A pre-Lie system is a preshuffle algebra (A, e;) such that the oper-
ations e; satisfy the following additional conditions:

ve;(ye;z)=ye; ., (ve;2), for 0 <i<j,
for any elements z,y, z € A.

The relations verified by a preshuffle algebra may be pictured as follows:

- :

For non-negative integers n and 0 <@ < m, let w;"™ be the permutation
2= €ni X 1y € Sh(n,m). The element w%>™ is equal to €, .

w’L
It is immediate to verify that:

m,r

n,m-+r
j .

(I, xw i

)@ = (R x 1)

] )

for 0 < j <rand 0 < i < m+ r, which implies that any shuffle algebra is
a preshuffle algebra with the product e; given by:

Ty =T e mmy, forxe A,, ye A, and 0 <i < m.

DEFINITION 6.2. — (see [6]) A pre-Lie algebra is a vector space V
equipped with a bilinear map o : V ® V. — V satisfying that:

zo(yoz)—(woy)oz=ao(z0y)—(ro2)oy,
for any elements x,y,z € V.

Associative algebras are particular examples of pre-Lie algebras.
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Any pre-Lie system (A, e;) induces a pre-Lie algebra structure on the
space A with the product o given by:
roy= 3wy,
0<i<m

forz € Aand y € A,,.

DEFINITION 6.3. — Let (A4, o;) be a positively graded preshuffle algebra,
such that A is equipped with a graded coassociative coproduct A. We say
that (A, e;, A) is a preshuffle bialgebra if it verifies:

(1) A(z o9 y) Zl“u (7(2) ooy)+$®y+zxooy 1)) ®Y2)-

2) Alweiy)= > yu) @ (z ey, Y2+
ly(1y|<i

Z (1) 9 Y1) @ (7(2) 0 Y(2)) + Z (7 o y1)) @ Y2y,
[y l=i ly(ay|>i

for 1 <4< Jyl.
(3) Az oy v) = D y1) @ (T 0y U2) T YR T+ Y (21 oy Y) @ T(2)-

We shall use indistinctly the terms pre-Lie system with coproduct or
coalgebra structure on a pre-Lie system to design a preshuffle bialgebra
(A, e;,A) such that (A,e;) is a pre-Lie system.

Clearly any shuffle bialgebra is a preshuffle bialgebra.

Examples 6.4. — a) The free preshuflle algebra. Let V' be a pos-
itively graded vector space. In b) of Examples 2.3 we introduce a shuffle
algebra structure on the space K[F](V), so K[Fso](V) is a preshuffle al-
gebra with the operations e, := e, . Moreover, the subspaces K[K (V)] :=
D,.>1 KK (V)] and K[ST oo (V)] := D,,51 K[ST (V)] are closed under
the operations e;, so they are sub-preshuffle algebras of K[F(V)].

THEOREM 6.4.1. — For any positively graded vector space V', the space
KK (V)], with the operations e;, is the free preshuffle algebra spanned by
V. We denote it by Psh(V).

Proof. — Any element of = € V,, is identified with the pair &, ® z. The
result follows easily using that any element z in the free preshuffle algebra
spanned by V is of the form x e; y, with x € V,. for some 1 < r and y an
element of the free preshuffle algebra such that |y| < |z|. O

Given a coalgebra (C, ©), the coproduct Ag : Sh(C') — Sh(C)®Sh(C),
defined in Example c) of 3.3, restricts to Psh(C). So, any free preshuffle
algebra is a preshuffle bialgebra.
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The free preshuffle algebra spanned by the one dimensional space Kxg
of degree one is just the space K|S, @K |, with the operations

n>1
L%

b) Infinitesimal bialgebras Given a graded nonunital infinitesimal bial-
gebra (A,-,A), example b) of 3.3 shows that there exists a natural way
to define a shuffle bialgebra structure on A, where the coproduct is A and
the operations e, are constructed using - and A. It is easy to see that the
preshuffle algebra structure on A, given by e; = e »m is in fact a pre-
Lie system. So, any graded nonunital infinitesimal blalgebra gives rise to a
coalgebra structure on a pre-Lie system.

c) The free pre-Lie system. The graded vector space K[Ts] spanned by
the set of planar trees T := Un>1 T,, with the products o; described in
Definition 1.13 is a pre-Lie system. Moreover, the subspace K[Y,,], spanned
by the set of planar binary trees, is a sub-pre-Lie system of K[T].

For a graded vector space V =D, 5 Vi, let V[—1] be the graded space
such that V[-1]p = 0, V[-1]; = Kid and V[-1],, = V;,_1. The free non-
symmetric operad spanned by V[—1] (see for instance [15]) is the vector
space P, K[T,-1(V)] spanned by the set of planar rooted trees with
the internal vertices coloured by the elements of V', in such a way that a
vertex with r+ 1 inputs is coloured by an element z of V,., with the maps o;
induced by the pre-Lie system structure of the space K[Tx] in an obvious
way. So, the free pre-Lie system PLie(V') on V is just the space of coloured
trees K[Too(V)] = D,,5, K[Tn(V)] with the compositions o;.

d) The space of Hochschild cochains. (see [6] ) Let A be a unital K-
algebra, and let C*(A) := P, 5, Homg (A®", A) be the space of Hochschild
cochains on A.

The space C*(A)[1] == D, Hompg (A% A) is a pre-Lie system
with the operations e; defined as follows:

gei fi=fo(id3" x g xid?™™),
for g € C™(A, A) and f € C*(A, A).
Consider on C*(A)[1] the following coproduct:

)= [y @ [l for f e CM (A, A),
=1

where

(1) f(il)(xh...,xi) = f(l'17...,$i,1A7...,1A) S Cl(A,A)
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(2) f(';)_Hl(xl, cosTpai—i) = f(la,. o la, 21,0 Tpg1—i)
€ C"TITH AL A).
It is easy to see that A defines a coproduct on the pre-Lie system. This
example motivated M. Gerstenhaber’s definition of pre-Lie systems.

e) The underlying space of an algebraic operad. Let K be a field of
characteristic 0, and let P be a K linear operad as described in [7]. Consider

the graded K-vector space PP[1 @IP’ n + 1) equipped with the maps:
n=0
Aov:i=7 131,..1r01Q - Q1AR1I®---®1),

where 1 € P(1) = P[1 ]0 is the identity operation, and A € P(m) is at the
i+ 1-th place. It is easy to check that P[1] with these products is a pre-Lie
system over K.

As an example of coproduct on a pre-Lie system given by a non-
symmetric operad consider the operad As.
The pre-Lie system structure of As[1] = B,,5 K[Sn+1] is given by the
operations:
(co;T)= (T(il) X o X 7'(”21)7"71) 07,

where 7 = (~(il) x 11 % %(m_i_l) - with 6 € Sh(i,1.m —i — 1), %(il) € 5;,

2)
~(7;) i-1 € Spm_i_1, and

5(k), for 6(k) <iand k<57 1(i +1),
o0(k)+n—1, for (k) > i and k < 6~ 1(i + 1),
oM(k):=<qi+r+1, for k=0"1(i+1)+rand 0 <r <n,
0k —mn+1), for 6(k) <iand k>d0"1(i+1)+n—1,
S(k—n+1)+n—1, for6(k) >iand k>d"1(i+1)+n— 1.

In fact, o e; 7 is obtained by replacing 7 + 1 in the image of 7 by (o(1) +
i,...,0(n)+1). For instance,
(2a 47 17 3) o (17 37 2a 5) 4) = (17 6? 3) 57 27 4a 8? 7)

To define a coproduct on As[1], let v € S,,,11 be a permutation, for an

integer 0 < ¢ < m, there exists unique decompositions:
v=00) XAy 0= 0G0 x Ak ) e

where ?gi) €S, fori=1,2,0"1 € Sh(i + 1,m —i)and € € Sh(i,m — i + 1).
Define

m

~m+z 7
Aas(r) =D A @4
=0
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PROPOSITION 6.4.2. — The space As[l] = @, K[Sn+1], equipped
with the operations e; and the coproduct Aas is a coalgebra structure on a
pre-Lie system.

Proof. — We know that (As[1], ;) is a pre-Lie system. To check that A
is coassociative, it suffices to note that, for v € Sm+17 we have that:

B @ida)oda) = X A 07 o5t
i+j+k=m
= (idAs[l] & AAS) o AAS (’V)v
where, for each compositions (i, j, k) of m, the following equalities hold:
v = (I XAy X A) -1 = By X Aoy X)) 02 = By X Ay X Ay ) 03,
with 16) € Sy, for 1 =1,2,3, 01 € Sh(i+1,j,k), 02 € Sh(i,j + 1,k) and
d5 € Sh(i,j, k+1).

To prove the relationship between A 4, and the operations e;, note that
for any v € S,, and any 0 < ¢ < n, there exist unique order preserving
bijections ¢f;) : {1,...,i} — v '({1,...,4}) and g+ {1,...,n—i} —
v 1({i+1,...,n}). The permutations 7(1) and 7(2) Z are given by the for-
mulas:

Aty = (1) (D)) -+, 7(p(0y (0))
Yoy = (V) (1), -, v(() " (n = 1))

Using the formulas above, it is easily seen that, for o € Sy, 11, T € St
and 0 < j < n+ m, we have that:

%{fgl, for 0<j <
(oo 7'){;_)1 = ~21)Z+1 '3 ?(Zigl, fori<j<i+n
oe; %(Jl)”ﬂ, fori+n<j<n+m.
gei iy T, for 0 < j <i
(o ®; T)Egmfjﬂ = 5?;)” I+l o 7:(”21) W fori<j<i+n
~(7;)+" g+l fori+n<j<n+m,
which ends the proof. (|

For any graded vector space V there exists homomorphisms of preshuffle
bialgebras
Sh(V) «+> Psh(V) — PLie(V).
The following results extend Lemma 2.3.5 and Proposition 3.2 to preshuf-
fle algebras, their proof is straightforward.
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LEMMA 6.5. — Let (A,e;) and (B,o;) be preshuffle algebras (respec-
tively pre-Lie systems).

(1) The Hadamard product A® B has a natural structure of preshuffle
H

algebra (respectively pre-Lie system), given by the operations:
(z@y)ei (@' @y) = (ve;a) @ (yoiy'),

forz e A,,y € B,z € A,y € B, and 0 <1 < m.
(2) The tensor product A @ B has a natural structure of preshuffle
algebra (respectively pre-Lie system), given by the operations:

rze; )R (yo,_uny), for i=l2'],
(x®y)0i(x’®y'):: ( ) (yzlx\y) | |
0, otherwise.
PROPOSITION 6.6. — Let (A, e;,A4) and (B, o;, Ap) be two preshuffle
bialgebras. The Hadamard product A ® B with the operations e; given in
H

Definition 6.5 and the coproduct given by:

Apepz@y) = > (1) @) @ (@) @y>)
H
[z =1yl

where Aa(z) = Y xq) @ 22y and A(y) = > ya1) ® Y(2), is a preshuffle
bialgebra.

Let (A, e;,A) be a coalgebra structure on a pre-Lie system, we want to
show that there exist a natural way of defining operations e, on A is such
a way that (A, e, A) is a shuffle bialgebra.

(1) Given a composition (n1,...,n,) of n, we denote by A, ., the
composition m,, .n is the projection from
A®P o
Ap, @+ ® Ay,

(2) Let v be an (n,m)-shuffle. There exist unique compositions

o AP, where mp, g

P p

(n1,...,n.) of n and (mq,...,myy1) of m such that m; > 0,
Mmey1 = 0, m; > 1for 2 <i<ryandn; >1forl <j <o,
such that

y=Mn+1,...n+my,1,...;n,n+m+1,...,n+mq + mao,

n1—|—1,...,n1+n2,...,n—|—m),
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that is
k k
j+n72ni, for0<j72n1;+m1;<mk+1, with0 < k<r
10)= = =
j— Zle m;, for mpy <j— Zm +m; < Mgy1 + ngr1, with 1 <k <.
i=1

For instance, if v = (1, 3,4,2,5,6) € Sh(2,4), then (m1,my, m3) =
(Oa 25 2)7 and (nlynQ) = (17 1)

Given elements © € A,, and y € A,,, define the element x o, y €
Ay m as follows:

ToyY = Z x?f) om, (- (CE?TT:;) Omytdmy_y (371(1;) ®myttm, Y))))s

,,,,,

THEOREM 6.7. — Let (A, e;,A) be a coalgebra structure on a pre-Lie
system. The graded space A equipped with the operations e., defined above
for any shuffle v, is a shuffle bialgebra.

Proof. — Let z € A,, y € A, and z € A, be homogeneous elements
of A, and let v € Sh(n,m+r), § € Sh(m,r), A € Sh(n+m,r) and o €
Sh(n, m) be such that

(1o x 8) -7 = (o x1,)-\

We want to verify that z e, (y o5 2) = (z e, y) o) 2.

Let v be the permutation given by the integers (ni,...,n,) F n and
(hi,...,hpy1) Fm+r. We proceed by a recursive argument on p.

If p=1, then vy = wZ’m+T.

Suppose that § € Sh(m,r) is given by integers (m1,...,my) F m and

(r1,...,7q+1) F r, we have to consider two different cases.
k

a) If there exists 0 < k < ¢ such that 0 < h — Zri 4+ m; < rg+1, then
i=1
(1px8)-y = (ox1,)-A, where 0 = w;;;"y ., and X is the (n+m,r) shuffle
associated to the compositions (mq, ..., mg,n, Mi41,. .., Mq) of n+m and
k

(715 5Tk By Thr — By Thgo, o Ty1) of 7, with b= h — Zh‘ +m;.
i=1
Applying the properties of a pre-Lie system, we get that:

ze, (yesz)=
€T ep (y<"17)1 o ( .. (y'(’:;; Oy 4ty Z))) =

92711)1 o (.- y(’;é; Oty (T .h’721<1<k ms (y(vr);ifll) Orido g (.- (yz;; Ory 4oty 2)))))-
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iy, for 1<j<k,
Since (X &, 4., y)?;; =4z, for j =k +1 , we get the result.
ygfll), for j <k+1,
k—1
b) If there exists 0 < k < ¢ such that 0 < h— Z(TZ +m;) 4+ ry < my, then
i=1

o=wr vtp With hi=h— Z r;+m;)—rg, and X is the (n+m, r)-

shuffle associated to the Composmons (m1,...,mp_1, Mt +m,...,my) of
n—+mand (r1,...,7p+1) of 7.
We have that
(1) (z ®myttmu_ith y)(j) y(J) , for j # k,
(2) (@ oyt +h Y () = T On Y-
In this case, using the properties of pre-Lie systems, it is immediate to
check that:

T 0y (Y o52) = (T ®mytotmi_1+h Y) ®1 2.

For p > 1, note that if v is the (n,m + r)-shuffle associated to the
compositions (n1,...,np) Fn and (hq,..., hpt1) of m+r, then

o (yo5z) = alh o, (fy™ o (495 2),

where 4 is the (n — ny,m + r)-shuffle associated to the compositions
(ng,...,ny) of n —nq and (hq + ha, ..., hpt1) of m 47,
We get that:

T oy (y L) Z) = x?f) ®h, ((x?;)nl o5 y) o5 Z) = (x?f) oL, (le2*)n1 o5 y)) o)z,

where (L,—p, X 0) -9 = (6 x 1) A, and
(1n+m—n1 X )‘) 'w217n+m+r_nl = (WZlthrm " X 17') A

1
So, we have that
zoy(yesz)=(resy)erz,
with o == (1, x &) - wpm™ ™7™ and (1, x §) -y = (¢ x 1,,) - A, which ends
the proof. O

Note that Theorem 6.7 implies that for any pre-Lie algebra (A, o) defined
from a pre-Lie system with coproduct, it is possible to define an associative
structure on A just by constructing the shuffle algebra structure (4, e.,) and
taking the associated product * =" e.,.
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Primitive elements of preshuffle bialgebras.

Since any shuffle bialgebra is a preshuffle algebra, we look for the oper-
ations obtained by compositions and linear combinations of the primitive
operations {—, —} and B, introduced in Section 4, which can be defined
in terms of the multiplications e; of a preshuffle algebra.

Let (A, o;) be a preshuffle algebra, and let x € A,,y € A, and z € A, be
clements of A. Note that {x,y} = z e,y — T egy and B " (z;y) =z ey
are defined for all 1 <7 < m — 1. But also the element

BY el ({m,2hy) = 2 @i1n (w00 y) — @0 (2 0 )

may be defined in A for 1 <4 < m. In a similar way, the element

B;({Z‘1,Z};I2, e ,.Tq;y) =
Z 0,1 (11 89 22 8 - Tq 90 y) —x1 90 (2 ®noti (z2 00 --- 9 Tq ®0 ),

where w = 1,,, X wzzgt_njﬁzﬂ, for |x;| = n;, may be defined on A.

DEFINITION 6.8. — Let (A, o;) be a preshuffle algebra over K. For ¢ > 0
and 1 < p < ny, let LP the g + 2-ary operation defined by:
Li(y;2) :==zepy, 0<p<lyl,
LY (y;2) = {y, 2} =y orop 2 — y #0 2,
Lh(z1,. .., mg5y;2) == 2 @y (T1 00 -+~ 80 T4 00 )

—T1 9 (Z .PJrn;z (:CQ o) 09Ty 9 y))a q = 17

where (z1,...,24;y; 2) denotes the element 1 ®--- @z, Ry 2z € A®(@+2),
ng = ||, nsp =D 1 n; and n =nxq, for 1 <k < q.
In the set of planar leveled rooted trees, the element LP(z1,...,24;y;2)

may be represented by the element

Since the relations between the products e; and the coproduct A are
the same that the ones between the operations e, and the coproduct in a
shuffle bialgebra, we get the following result. Its proof is a consequence of
Proposition 5.8.
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PROPOSITION 6.9. — Let (A = @Ak, e;,A) be a preshuffle bialgebra.
k>1
If the elements w1, ...74,y, 2 belong to Prim(A), then LE(z1, ..., 24 y;2)
belongs to Prim(A), for any 1 < p < |z4].

Note that, A(L}(z;y)) =0 for all y € A and z € Prim(A) and 0 < i <
.

We want to prove analogous results for preshuffle algebras that the
ones proved in Propositions 5.9 and 5.10 for shuffle algebras. Note that,
since Psh(V) < Sh(V) is a homomorphism of preshuffle bialgebras, then
Prim(Psh(V)) = Psh(V) [ Prim(Sh(V). So, the first two relations and
the last one of Definition 5.3 are satisfied by the operations ey and Lj.

LEMMA 6.10. — Let z1,...,24,Yy, 2 be elements of a preshuffle algebra
A. With the same notations that in Definition 6.8, the product ey and the
operations Lg defined above verify the following equalities:

1) For j <yl

q

. n ,
Lj(w1, gy zeow) =Y Ly Man, o L (ks mgiy3w); 2),
k=0
and
L‘qyl(zl,...,:cq;y;zoo w) =
q
+
ZL‘kyl n2k+1($17"'axkaquylk;(mk+17"'axq;y;w);z)
k=0
+L‘qy|(z1a7xqayvz) o) W,
2) For 1 < j < |z, Lg(ml,...,xq,zoo y;w) = Lg(wh...,mq;z;w) oy, and

. L Z,y;w) + z e L ;2), forg=20
Lffz(fvl,-.-,xq;z-oy;w):{ 1= 330) + 2 20 Lo(y; 2) I

L) (w1, 2, 2z5y5w),  forg>1,
3)
j L] (1’17...71' —1,%,% ay7w)7 fOI"Q>2»
Lg](xla-“vxqflaz‘ﬂ Tgiyiw)= ?H ! Z
Ly(z,21;y;w) + 2 80 Ly (21;y;w), for ¢ =1.

Proof. — The formulas are straightforward to check. We prove for in-
stance the last one, the other ones may be obtained similarly.
For g > 2, the result is obvious.
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For ¢ = 1, we have that:

L{(Z o) Ty W) = w O tntr (z 80z @) y) — (200 ) 8 (w o, y) =
(Wejinir(z00x00y) — 20 (We;, (regy)))
+(z 00 (wejin (Togy)) — (20 7) 8 (we;y)) =
Lé(z,:r;y;w) + z e L{(:ﬂ;y;w).
O

We introduce some notation, in order to prove the relations satisfied by
the operations LL.

Notation 6.11. — Let (A, ;) be a preshuffle algebra and let x1,...,x,
be elements of A. Given a partition p = {p1,...,pm} of n, with p; > 0 for
1<i<m,and 1 <j <n—1, we denote by x the element 71 ® --- @ x,, €
A®n by xPt the element xp, 41 ® -+ @ x,, € A®"7P1 and by xS/ the

element (z1,...,2;) € A®I. The degree of x is |x| := Y., |z;|. For any
1<j<m—1,let P, = (Pj+1;- -, Dm) be the partition of n —p; —--- —p;.
Let x = (21,...,2pn), ¥, 2 = (21,...,2m), t and w be a collection of

elements in A. Given nonnegative integers 0 < j < |y|, 0 < k < |w| and
1 <1 < m we define:

(1) for a partition p = {p1,...,pm} of n,
Lé(x,y,z) =L (xq,...,2n;y;2), form =1,
sz(xa y,Z) = Li’l e (1‘17 e zpl;Lél (Xpl;y; (227 L) Zm)v 21)7
q
where ns.; 1= Z |z;].

i=j+1
(2) for a partition p = (p1,...,Pm+1) of n,

Lék(x, Y, Z, t) = Lf,;rkJrn”lel(ml, e Tpys Lél (xP',y,z);t).
(3) for a partition p = (p1,...,pi41) of n,
Lfg(x,y,z,uut)
= L];1+m_l+1(.131, vy Ly L|£yl‘ (Xplvyv Zgl)v 41y 2ms W, t)

THEOREM 6.12. — Let (A,e;) be a preshuffle algebra over K. Given
elements X = (x1,...,2,), Y, Z2 = (21,...,2m), w and t , the operations L7,
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verify the following relations:

n

a) L), (x;y; L (wst)) = > LIFFmr (kST L (24, s g3 w) )+
r=0

5j\y\Lﬁ+1(Xay;w§t)*

n

E j+ sy (TIHEANS (ST T AN
5k\w| Li > (Li- z (X\ 7Ln—r(‘rf’+17"'7xnayat)vw)7

r=0

1, for p=g,

where 0, :=
v {0, otherwise.

b) Form > 1,

L, (x5 3 Lm(z:w't)) =

(L3 ey 2 ) = Ly (s L 2 )5 20)) +
P

m m
EE. . .
Gyl ZZ (x,9,2,w,t) Z ZLM T Dy, (X7 Y, 2w, ) 2)
=1 g r

L51+m+1 X )Y, 25 W, f ZLlyH—TbS n+m s( s+17"'7-73n7y7221“~~,Zm;w;t):rzl))7
where the first sum is taken over all partitions p = (p1,...,Pm+1), the
second one is taken over all partitions ¢ = (q1, ..., q+1), and the third one
over allT = (ry,...,m41) of n and z' := (21,..., 2m, w).

Proof. — For n,m = 0,1 the formulas may be checked by a straightfor-
ward calculation. The other cases are obtained by recursive arguments on
n and m, applying Lemma 6.10 and the formula:

LiH_l(xla oy Tn415Y;5 w) = Li;HIHJrl‘ (xh ooy Ty Tn+1 ®0 Ys ’UJ),
for ¢ > 1. O
DEFINITION 6.13. — A Primps, algebra is a graded vector space V

equipped with operations L : V" @ V,, ® V. — V, for n > 0 and
1 < j < m, which satisfies the relations of the Theorem 6.12.

Note that the Theorem 6.12 implies that the free Primy,, algebra over
a vector space V is linearly spanned by elements © = LP (z1,...,Zn;y; 2),
where x1,...,x,,y are elements in the free algebra, and z € V.

Theorem 6.12 states that there exists a functor from the category Presh of
preshuffle algebras to the category of Primys algebras. Given a preshuffle
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bialgebra H, the subspace of primitive elements Prim(H) is a Primys,
subalgebra of H.

We prove for preshuffle algebras analogous results that those obtained
for shuffle algebras in Section 4.

Let (C,0) be a positively graded coalgebra, since the triple
(Psh(C), e, Ag) is a conilpotent nonunital infinitesimal bialgebra, the
map

e(ns ) = (Eniz) — Z(&nl,nz;x(lﬁ $(2)) o
+ (—1)T+1 Z(&nl,‘..,nﬁ ‘r(l)7 R 7x(r)) +...

gives a linear isomorphism between C and the subset e(C) of
Prim(Psh(C)).

We denote by P(Psh(C)) the subspace of Psh(C') spanned by the space
e(C) with the operations L!,, and by P(Psh(C))*"™ the space spanned by
all the elements of the form z, 80220 - -8z, with each z; € P(Psh(C)), for
1 < j < n. Note that Theorem 6.12 states that any element w in P(Psh(C'))
is a sum of elements of type LI'(xi,...,Tn;y;t), with z1,...,2,,y €

P(Psh(C)) and t € e(C).

PROPOSITION 6.14. — Let (C,©) be a positively graded coalgebra. Any
element z in Psh(C) belongs to @P(Psh(C))'O”.

n=1

Proof. — We only need to check that an element
z=e(n @) e; (21902200 90 2;),

with © € C,, and z; € P(Psh(C)), belongs to @P(Psh(C))'O".
n>1
We show it applying a recursive argument on 7.

If r = 0, then z = e(§, ® x) belongs to e(C), and the result is obvious.

Ifr =1and 0 < j < |z1], then z = L}(z1;e(&, @ x)) belongs to
P(Psh(C)).

Ifr=1and j = |z, then z = ngll(zl; e(§n®x))+ 21 90¢e(&, @) belongs
to P(Psh(C)) @ P(Psh(C))®2.

Suppose that 7 > 2. If 0 < j < |21]|+- - -+|2,|, then there exists 1 < k < r
such that |z1| + -+ |zk—1] < J < |z1| + -+ |2x|, and

z=(e({n@x) 0 (21000 2L)) 80 24190 - - - 80 2y

Clearly, if & < r the result follows immediately by recursive hypothesis.
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If K =r, then
2= LI (21s e 21 20 €(En @)+ 21 00 (€(E, @) 0|y (2200 - -0 21)),
where m = |z1] + -+ + |2—1]- But Lﬁ:;"(zl,...,zr,l;z,;e(fn ®x)) €
P(Psh(C)) and, by recursive hypothesis, e(§, @ x) ®;_|.,| (2200 -8 2,) €
PP (Psh(C))*". So, z € P (Psh(C))*". 0
n>=1 n>1

For a vector space V', let Primys, (V) denotes the free Primy,s, algebra
spanned by V.

PROPOSITION 6.15. — Let (C,©) be a positively graded coalgebra. The
subspace P(Psh(C)) is the subspace of primitive elements of Psh(C).
Moreover, it is the free Primps;, algebra spanned by C.

Proof. — As for shuflle algebras, it suffices to prove the result for the
case where C,, is finite dimensional, for all n > 1.

Proposition 6.9 states that P(Psh(C)) C Prim(Psh(C)), while Propo-
sition 6.14 implies that Psh(C) = T(P(Psh(C))) as a vector space. From
Theorem 5.2 one has that Psh(C) = T(Prim(Psh(C))), so P(Psh(C)) =
Prim(Psh(C)).

For the second point, we know that the dimension of the subspace
P(Psh(C)),, of homogeneous elements of degree n of P(Psh(C)) is
e, (C)]-

We need to check that the dimension of the homogeneous subspace of
degree n of Primy,e,(C) is precisely |Irrg, (C)].

Let Primysn(C), denotes the subspace of degree n of Primys,(C). Let
X = Un>1 X,, be an homogeneous basis of C, a basis of Primys,(C),, is
given by the set B,,, where:

B, = X, U
- .

{LiGcys2) 1< <yl arrozgye | JBe. 2€ X, g2 0and > foil + [y| + 2] = ).
k=1 i=1

On the other hand, note that if f@z1®---®x, € Irr;cn (C), then
[ =& 1) % [, for 1 < j <|f'|. Moreover, 1ff = fL 09 fr, with
fi € Irrc,,, for 1<e<r, then =&y o [ withny +---+n,1 <
i<Ifl-
Define a map « : U B, — U Irre, (C) as follows:
n>1 n>1

(1) a(z) = (&, @), for z € X,,,
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(2) a(Ly(y; 2) = (§2) ® 2) ®; aly), for 1 < j < Jyl,
(3) a(Ly(xsy;2)) =
(§2) ® 2) 04 1x| ((x1) @0 - - - 80 (g) @0 (y)),
for 1 < j <yl

The previous argument states that « is well-defined.

Conversely, let f @ 21 ® -+ ® x,, € Irr, (C), with x1,...,2, € X, be
such that f = &y-1(1) ®; f', where [’ = fi 8o ---eq f., with f; € Irryg, for
I1<i<ryandng + - +npmq <J < |f]- U r =0, then (f;21,...,2,) =
(&, @ z1) and B(&, ® x1) =11 € X. |

Ifr=1then B(fR@11 @ - ®@y,)) = LA(B(f @x2 @ - @ @) 21).

If r > 1, then there exists a composition (ji,...,j.) of n — 1 such that
ittt
Z |x;| = n;, for 1 < ¢ < r. In this case, we have that:

l=j1++ji—1+2

Bf@x1® - Qx,) =
L (B(fi@ze®@ - @Tj41)s oy Bfro1 @ @ Ty oty 41); B(fr @ - @ )5 21).

Clearly, g is the inverse map of «, which implies that the dimension of
Primpsn(C)y is |Irrg,, (C)], for n = 1. So, Primy,s,(C) = Prim(Psh(C)).
O

The following result is a straightforward consequence of Theorem 5.2 and
Proposition 6.15.

PROPOSITION 6.16. — Let (C,0) be a positively graded coalgebra.
There exists a coalgebra isomorphism between Psh(C) and
T (Primysn(C)).

Example 6.17. — Basis of primitive elements for the Malvenuto-
Reutenauer bialgebra. In [5] and [2] the authors describe different basis
for the subspace of primitive elements of the Malvenuto-Reutenauer bialge-
bra. We construct another one using our description of primitive elements
of a preshuffle bialgebra.

The bialgebra associated to the free preshuffle algebra Psh(Kxg),
spanned by one element in degree one, is the Malvenuto-Reutenauer bial-
gebra K[So]. The dimension of the subspace of its primitive elements of
degree n is the number of irreducible permutations of S,,. Using Proposi-
tion 5.10, we associate to any o € Irrg, a primitive element E(c) in the
following way:

(1) E(1) := (1), for (1) € S;.
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(2) For o € Irrg, with n > 1, there exists a unique family of irreducible
permutations o1, ...,0, and § € Sh(1,n — 1) such that o = ((1) x
o1 X -++ X o) - 6. Since o is irreducible, we get that o=1(1) >
ny+ -+ n.—1 + 1 for |o;| = n;. We define

o 1) —1—ni——np_
B(o) =17, H(B(on), - Blor-1): Eor): (1)),
where the operations Lz are the operations introduced of Defini-
tion 6.8.
Propositions 6.14 and 6.15 imply that the set {E(U)}UGU Irrs 1 a basis

of the subspace of primitive elements of the Malvenuto-Reutenauer bialge-
bra. Forexample, we have that:

E(z,l) =(2,1)—(1,2), E(3,1,2) = L(l)(E(2,1)§ (1) =(3,1,2)-(2,1,3),

Eia25716 = Ls(Ees 1y, Eqy; Eeay; (1) =

(3,4,2,5,7,1,6) — (2,3,1,5,7,4,6) — (3,4,2,5,6,1,7) + (2,3,1,5,6,4,7)—
(2,4,3,5,7,1,6) + (1,3,2,5,7,4,6) + (2,4,3,5,6,1,7) — (1,3,2,5,6,4,7).

Given a Prim,sy, algebra (V, fil), let Upsp (V') be the preshuffle bialgebra
obtained by making the quotient of the free preshuffle algebra Psh(V') by
the ideal (as a preshuffle algebra) spanned all the elements:

Lé(xla ey Tgl Ys Z) - z;(xla e Tgi Y Z)a
with z1,...,24,5,2 € V, ¢ > 0 and 1 < i <| y |, where L denotes the
operations associated to the preshuffle algebra K[IC(V)].

The proof of the following result is obtained applying the same steps and
arguments that those used in the proof of Theorem 5.13.

THEOREM 6.18. — a) Let (H,o0;,A) be a conilpotent preshuffle bial-
gebra, then H is isomorphic to Upsp(Prim(H)), where Prim(H) is the
Primpsp, algebra of primitive elements of H.

b) Let (V, ffl) be a Primys, algebra, then V is isomorphic to
PTim(uPsh(V)).

Primitive elements of pre-Lie systems.

Let (A, e;,A) be a coalgebra structure on a pre-Lie system, we want to
compute its primitive elements.

By Proposition 6.9, the elements LP(x1,...,x,;y;2) are primitive in A,
for 1 < p < |y|, whenever the elements z1,...,z,,y, z belong to Prim(A).
However, an easy calculation shows that L (xy,...,2,;y;2) = 0 for any
T1,...,Tn,Y,2 € A and n > 1, which motivates the following definition.
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DEFINITION 6.19. — A Primpr;. algebra over K is a graded vector
space V equipped with a family of binary operations {—, -} : V@V — V
and e, : V@V, — V, for 1 <p < n—1, such that:

(1) {{x,y},z} = {xv{yvz}} T Y 0y {xvz}; for z,y,z € V.
(2) {zopy,2} =ze,{y, 2},
(3) {z,y o 2} =y & 4p {2, 2},
() {z,y} opz=y o, (ve,2) —z ey (ye,2), for 1 <p <z,
(5) (zopy)egz=x0,14(ye,2),
(6) zop(yogz)=yo g (vey2), if 1 <p<q<lzl,
for z,y,z € V.

Clearly, any grafting bialgebra (A,e;, A) has a natural structure of
Primpre algebra, such that Prim(A) is a Primpp;. subalgebra of A.

For any positively graded coalgebra (C, ©), there exists a natural exten-
sion of the coproduct to a coassociative coproduct Ag such that
(PLie(C),;,Ag) is a pre-Lie system with coproduct. Moreover, the vec-
tor space PLie(C) equipped with the associative product og and Ag is a
nonunital infinitesimal conilpotent bialgebra, so it is isomorphic to
T°(Prim(PLie(C))).

Let P(PLie(C)) the subspace of PLie(C) spanned by e(C) with the
operations {—, —} and o,.
PROPOSITION 6.20. — Let (C,©) be a positively graded coalgebra. Any

element z in PLie(C) may be written as a sum z =Y, 2f 09250 0g 2F
with zF € P(PLie(C)).

Proof. — The space PLie(C) is a quotient of Psh(C), the projection
is denoted by II. Let epgy, (respectively, eq,.) denotes the projection from
Psh(C) (respectively, PLie(C')) into its primitive part.

The set 117! (epric (7)) has a unique element, for any € C; which implies
that the restriction of II to epg,(C) is a monomorphism, whose image is
eprLie(C).

Moreover, since II sends the product e, to op, for p > 0, we have that
II(P(Psh(C))) € P(PLie(C))).

Let z € PLie(C), there exist at least one element Z € Psh(C') such that
II(2) = z.

We know that Z =", Z} eg 25 e - - - e ZF | with 23 € P(Psh(()).

So, z =3, TI(2F) 0o TI(25) 0g- - -0 II(ZE ), with II(2}) € P(PLie(C)). O

PROPOSITION 6.21. — Let (C,©) be a positively graded coalgebra. The
subspace P(PLie(C)) is the subspace of primitive elements of PLie(C).
Moreover, it is the free Primpr;. algebra Primpr;.(C), spanned by C.
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Proof. — The proof of the first assertion is identical to the ones given
for preshuffle and shuffle algebras. To prove that P(PLie(C)) is the free
Primprie algebra Primpri.(C), we may suppose that the space C,, is
finite dimensional, for all n > 1.

Let X be an homogeneous basis of C. Since the associative algebra
(K[Tw(C)]), @) is free on the set {t = \/ (|,¢',...,t")}, the dimension
of the subspace of homogeneous elements of degree n of Prim(PLie(C))
is the number of trees of the form ¢ =\/_(|,¢!,...,t"), where z € X, and
it =2 igj<r W +7— 1.

Let { X'} be the set of all elements of the form z = {z1,{...,{zk-1,2x}}},
with k > 1 and z; € X. From Definition 6.19 we have that the elements of
X and the elements of type:

z=x10;, (-0, , (Tr—1 0, (T, 0, W))),

with iy > -+ >, 1 <5 < |xjpi|+- -+ 2| +|w], z; € X, and w € {X},
are a basis of Primpr;.(C) as a vector space.

The map ~ from the basis described above to the set {t=\/_([,t',...,t") |
with 2 € X, and [t| =3, ;, [t7] 4+ 7 — 1}, is defined as follows:

v(x) := (¢, ), for z € X

'7({xla { EE) {xk*hxk}}}) = \/(|a7({x27 { ) {xkflv xk}}}))’

Z1

for z1,...,x € X

V(w10 (-0, (Tr—10 (05, w)))) = (Cnys 21)04, (- - - ((Cn,, )05, Y (W),

for |x;| = n;.

Clearly, v is a graded bijection, which sends elements of degree n of the
basis to trees of the same degree. So, P(PLie(C)) is a quotient of the free
Primpr;. algebra over C' such that both spaces have the same dimension
on each degree, which implies they are isomorphic. |

There exists a natural equivalence between the categories of conilpo-
tent coalgebra structures on a pre-Lie system and Primpyr;. algebras. As
in previous cases we define, for any Primpr;. algebra (V,[—,—],0p), the
universal envelopping pre-Lie system Upp;.(V) as the quotient of the free
pre-Lie system PLie(V) by the ideal spanned by the elements:

{z,y}—[z,y] and ze,y—zo,y, for z,y € Vand 1 < p < |y|, where {—, —}
and e, denote the operations associated to the pre-Lie system PLie(V).

ANNALES DE L’INSTITUT FOURIER



SHUFFLE BIALGEBRAS 847

The proof of the following result is similar to the proof given for shuffle
and preshuffle bialgebras.

THEOREM 6.22. — a) Let (H,o0;,A) be a conilpotent coalgebra struc-
ture on a pre-Lie system, then H is isomorphic to Upr.(Prim(H)), where
Prim(H) is the Primpr;. algebra of primitive elements of H.

b) Let (V,{—,—},e,) be a Primpr;. algebra, then V is isomorphic to
Pm’m(uPLie(V)).

7. Some triples of operads

Note that preshuffle algebras, shuffle algebras and pre-Lie systems alge-
bras are not described by classical linear operads, but by coloured operads.
In this section we give an easy way to compute primitive elements of in-
finitesimal bialgebras having two associative products applying the results
obtained in Section 6. The examples that we study describe two good triples
of K-linear operads, in the sense of [12], where the co-operad is always the
associative co-operad.

Recall that a 2-associative algebra is simply a vector space equipped with
two associative products - and o. In [14] we give a description of the free
2-associative algebra on a vector space V' which we denote by 2-ass(V).

DEFINITION 7.1. — A 2-infinitesimal nonunital bialgebra is a 2-associa-
tive algebra (A, -, o) equipped with a coassociative coproduct A, such that
the triples (A, -, A) and (A, o, A) are infinitesimal nonunital bialgebras.

For any preshuffle bialgebra (A, e;, A) the triple (A, o9, 80y, A) is a 2-
infinitesimal nonunital bialgebra. If we look at the structure of Primysp
algebra of A described in Definition 6.8, then the unique operations which
are defined using the products e, and e;,, are the n + 2-ary products
Llﬁ’l(asl, .oy Tn3Y; 2), for n > 1. Note that they do not verify any relation-
ship.

DEFINITION 7.2. — A Mag(oco) algebra over K is a vector space M,
equipped with n-linear maps p,, : M®* — M, for n > 2.

Let (A,-,0) be a 2-associative algebra, define p, : A®" — A be the
n-ary operation:
p2(z1,T2) == 21 - T2 — T1 0 Ta,
tn(T1, ..., Ty)

= (1 (o (@2 ) 0w — @ - (@2 (- (Bng - 2p1))) 0 20),
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for x1,...,2, € A and n > 2. Clearly, (A, u,) is a Mag(co) algebra.

PROPOSITION 7.3. — Let (A,-,0,A) be a 2-infinitesimal nonunital bial-
gebra, the subspace Prim(A) of primitive elements of A is closed under the
products i, for n > 2.

Proof. — The result is a straigthforward consequence of Proposition 6.9,
applying that p, (21, ..., x,) coincides with Llffz‘ll(xl, ey Tp—25 Tp—15 T )s
forzegy:=x-yand x e, y=you. O

Applying similar arguments that the ones we use in Section 6, we get
that

PROPOSITION 7.4. — (1) For any vector space V there exists a
unique coassociative coproduct A on 2-ass(V') such that all the el-
ements of V are primitive and (2-ass(V').-,0, A) is a 2-infinitesimal
nonunital bialgebra. Moreover, the space of primitive elements
Prim(2-ass(V)) is the free Mag(oo) algebra on V.

(2) If we denote by Mag, (V) the free Mag(oo) algebra on V', then
2-ass(V) is isomorphic, as a coalgebra, to T (Mag,_(V)).

(3) The functor which sends any 2-infinitesimal nonunital bialgebra H
to the Mag(oco) algebra Prim(H) gives an equivalence between the
category of conilpotent 2-infinitesimal nonunital bialgebras and the
category of Mag(oo) algebras.

The following example is studied in [12].

DEFINITION 7.5. — A duplicial algebra (A, /,\) is a 2-associative alge-
bra over K such that the associative products / and \ satisfy the following
relation:

z/(y\z) = (z/y)\z,
for z,y,z € A.
Note that for any pre-Lie system (A, e;), the space A with the products:
z/y:=zegyand z\y =T e, Yy
is a duplicial algebra.

It is not difficult to verify (see [20] or [12]) that the free duplicial algebra
spanned by a vector space V is the space of planar binary rooted trees
K[Y5(V)], with the vertices coloured by the elements of V. We denote it
by Dup(V).

Let (A, /,\) be a duplicial algebra, a duplicial bialgebra structure on A is

given by a coassociative coproduct A such that (4, /,\, A) is a 2-associative
bialgebra. In particular, for any vector space V, the free duplicial algebra
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DupV) is a duplicial bialgebra. The unique operation of Primpr; which
may be defined in any duplicial algebra is the product {—, —}, which does
not verify any relation.

DEFINITION 7.6. — A magmatic algebra over K is a vector space M
equipped with a bilinear map M @ M — M.

Consider the functor from the category of duplicial algebras to the cate-
gory of magmatic algebras, which maps (4, /,\)— (A, {—,—}). If (4, /,\, Q)
is a duplicial bialgebra, then (Prim(A),{—,—}) is a magmatic subalgebra
of (A7 {_, _})

In this case again, we get a structure theorem relating conilpotent dupli-
cial bialgebras and magmatic algebras. For any vector space V', let {V,V'}
denote the subspace of the free duplicial algebra Dup(V') spanned by the
elements of V under the operation {—, —}. The proof of the following results
may be obtained following the same arguments that in Proposition 6.21.

PROPOSITION 7.7. — The coalgebra T°{V, V'} is isomorphic to Dup(V).
Moreover, {V,V'} is the free magmatic algebra spanned by V.

Consider the functor from the category of duplicial algebras to the cat-
egory of magmatic algebras, given by (A4, /,\) — (4,{—, —}), and let Uy,
be its left adjoint. A Cartier-Milnor-Moore type theorem for conilpotent
duplicial bialgebras follows applying the general results obtained in [12] for
triples of operads, we just state it.

THEOREM 7.8. — a) Any conilpotent duplicial bialgebra A is isomor-
phic to Ugyy(Prim(A)), where Prim(A) is the magmatic algebra of primitive
elements of A.

b) Any magmatic algebra M is isomorphic to Prim(Uguy,(M)).
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