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PERTURBATIONS OF THE METRIC IN
SEIBERG-WITTEN EQUATIONS

by Luca SCALA

ABSTRACT. — Let M a compact connected oriented 4-manifold. We study the
space = of Spin®-structures of fixed fundamental class, as an infinite dimensional
principal bundle on the manifold of riemannian metrics on M. In order to study
perturbations of the metric in Seiberg-Witten equations, we study the transver-
sality of universal equations, parametrized with all Spin®-structures =. We prove
that, on a complex Kahler surface, for an hermitian metric A sufficiently close to
the original Kéhler metric, the moduli space of Seiberg-Witten monopoles relative
to the metric h is smooth of the expected dimension.

RESUME. — Soit M une variété riemannienne compacte connexe orientée de di-
mension 4. On étudie ’espace E des structures Spin® de classe fondamentale fixée,
comme fibré principal de dimension infinie sur la variété des métriques rieman-
niennes de M. Afin d’étudier les perturbations de la métrique dans les équations
de Seiberg-Witten, on étudie la transversalité des équations universelles, paramé-
trées par l’espace Z de toutes les structures Spin®. On montre que, sur une surface
de Kahler, pour une métrique hermitienne h suffisamment proche a la métrique de
Kéhler de départ, I’espace de modules de monopéles de Seiberg-Witten relatif & la
métrique h est lisse de la dimension attendue.

1. Introduction

Let (M, g) a compact connected oriented riemannian 4-manifold. Chosen
on (M, g) a Spin®-structure £ of spinor bundle W = W, @ W_ and of de-
terminant line bundle L ~ det W, consider the Seiberg-Witten equations:

(SWea) DS =0
(SWeb) pe(F4) = [v" @ lo,

Keywords: Seiberg-Witten theory, perturbations of the metric, Kéhler surfaces,
transversality.
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in the unknowns (A,) € Ay (L) x (W), where Ay1)(L) denotes the
affine space of U(1)-connections on L. The aim of this article is the study of
the behaviour of Seiberg-Witten equations (see [21], [17], [18], [14]) under
perturbations of the metric g.

In Donaldson’s theory of SU(2)-istantons, deeply related to Seiberg-
Witten theory, the behaviour of ASD equations FX = 0 when changing the
metric is well understood, and metric perturbations are the main tool to
obtain transversality results: the celebrated Freed-Uhlenbeck theorem ([4],
[7]) states that, for a generic metric, the functional defining ASD equations
is transversal to the zero section at irreducible connections: consequently,
for a generic metric, the moduli space of irreducible istantons is smooth of
the expected dimension.

On the other hand, an analogue result in Seiberg-Witten theory is un-
known; more generally, no much is known on the dependence on the metric
of Seiberg-Witten equations, one of the reasons being probably the fact
that the transversality for equations (SW¢) on an irreducible monopole
can be very easily obtained by perturbing the second equation adding
a generic selfdual imaginary 2-form 7. The dependence of the metric in
Seiberg-Witten equations has been studied by Maier in [13], but always
for a generic connection A and no transversality issue is addressed. The
problem of transversality with perturbation just of the metric appears in
the work of Eichhorn and Friedrich (see [5], reported also in [8] and cited in
[1] and more recently in [16]): the authors claim to give a positive answer,
but their proof is not correct: we will discuss the reason in remark 5.12.
The purpose of this article is to establish an analogue of Freed-Uhlenbeck
theorem in Seiberg-Witten theory, giving a correct proof of the fact that,
for generic metric, the Seiberg-Witten functional is transversal to the zero
section and hence that the moduli space is smooth of the expected dimen-
sion (at least on irreducible monopoles). We succeed in proving this for
Kahler surfaces; in all generality our aim is not completely achieved, but
reduced to the vanishing of solutions of a specific system of PDEs.

In order to write Seiberg-Witten equations on the oriented riemann-
ian 4-manifold (M, g), we have to fix a Spin®structure, that is, an equi-
variant lifting £ : Qgpinc(4y — Pso(g) of the SO(4)-principal bundle of
equioriented orthonormal frames for the metric g to a Spin®(4)-principal
bundle Qgpine(s). Since the Spin®-structure is a metric concept, that is, it
actually determines the metric, when changing the metric on M we are
forced to change Spin‘-structure; however, for different metrics the SO(4)-
bundles of equioriented orthonormal frames are isomorphic and can be
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PERTURBATIONS OF THE METRIC IN SEIBERG-WITTEN EQUATIONS 1261

lifted to the same principal bundle Qgpine(4) (of course by means of dif-
ferent morphisms £): consequently, we can fix the bundle Qgpinc(4) once
for all. Therefore it turns out that the right setting to study perturbations
of the metric in Seiberg-Witten equations is considering universal equa-
tions, parametrized by all Spin®-structures = of fundamental class ¢ and
Spin“-bundle Qgpine(a); we will then characterize only in a second step the
variations of Spin®-structures coming from a variation just of the metric.
The space = can be given the structure of a (trivial infinite dimensional)
principal bundle over the space of riemannian metrics Met(M), of struc-
tural group Aut(Qspinc(4) Xspinc(4) SO(4)); on the principal bundle Z there
can now be defined a natural connection, the horizontal distribution being
characterized by consisting precisely of variations of Spin°®-structures com-
ing from variations just of the metric. The connection thus defined turns
out to have nontrivial curvature: it is therefore impossible to find (even lo-
cally) a parallel section Met(M) — =, by means of which parametrizing
correctly Seiberg-Witten equations with just the metric. This is however
not a difficult issue, since the universal Seiberg-Witten moduli space M
admits a Aut(Qgpine(4))-equivariant fibration M —— = over the space
of Spin“-structures Z; hence the transversality of equations (SW¢) at the
point £ does not depend on the Spin®-structure £, but only of the met-
ric g¢ compatible with &: consequently the problem of transversality of
Seiberg-Witten equations for generic metrics is equivalent to the problem
of transversality of these equations for generic Spin°®-structures.

This formalism (appeared first in [15]) allows us to reduce the problem
— after completing Fréchet spaces to Sobolev ones in a standard way —
to the proof of the surjectivity of the differential D4 4 ¢)Fner(ar) of the
functional

Futer(a) (4,9, €) = (DS, pe(Fi %) — [0 @ ¢lo),

defining universal Seiberg-Witten equations, at the solution (A4,v,&) €
Ay (L) x T'(W,) x 2. To compute this operator, we need to compute the
variation of the Dirac operator, performed first by Bourguignon and Gaudu-
chon [3]. We present here a simple alternative proof: our approach has the
advantage of fixing once for all the bundle Qgpine(s) and consequently the
bundle of spinors W, and is particularly adapted to the transversality prob-
lem: indeed in this way all Dirac operators act on the same space of global
sections, without any need of delicate identifications or transmutations op-
erators.

The surjectivity of the differential D4 ¢)Funier(ar) 18 equivalent to the
injectivity of the formal adjoint (D4, ¢yFanet(ar))*: consequently nontrivial
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solutions of the kernel equations (D(4y,¢)Fyes(ary) u = 0 represent the
obstruction to the transversality of the functional Fypeq(ar)- In the general
case the equations are intricate and we still do not have the answer.

When (M, g,J) is a complex Kéhler surface with complex structure J
and with canonical line bundle Ky, the Seiberg-Witten equations admit an
interpretation in terms of holomorphic couples (5,4, a), where d4 is a holo-
morphic (0, 1)-semiconnection on a line bundle N such that K},@N®? ~ L,
and « is a holomorphic section of (N, 94). This facts allow a drastic simpli-
fication of the Seiberg-Witten equations and consequently of the problem
of transversality for generic metrics. After interpreting all the preceding ob-
jects in the context of complex geometry, and thanks to the splitting of the
symmetric endomorphisms with respect to the metric into hermitian and
anti-hermitian ones, the kernel equations (D4, ¢)Fumet(ar))*u = 0 become
much simpler. Indicating with My, (ar) (with Mg (ar)) the moduli space
of hermitian (kdhlerian) monopoles — that is, monopoles [A, v, £] such that
ge is an hermitian (kéhlerian) metric on M — we proved that the mod-
uli space My, (nry is smooth at irreducible kéhlerian monopoles M?(.;(M)-
In other words, we get that Seiberg-Witten equations are transversal for
a generic hermitian metric sufficiently close to the Kéhler metric g. We
precisely proved:

THEOREM. — Let (M,g,J) a Kéahler surface. Let N a hermitian line
bundle on M such that 2deg(N) — deg(Kps) # 0. Consider the Spin®-
structure £ given by the canonical Spin®-structure on M twisted by the
hermitian line bundle N. For a generic metric h in a small open neigh-
bourhood of g € Met(M) and for all Spin°®-structure &', compatible with h,
the Seiberg-Witten moduli space ME,W is smooth. Actually, the statement
holds for a generic hermitian metric h in a small open neighbourhood of g.

2. Spin‘-structures and metrics

The aim of this section is to recall the basics on Spin®-structures from a
point of view adapted to the study of metric perturbations, and to describe
the set of all Spin‘-structures of fixed type and fundamental class as a
principal fibration over the space of metrics on the manifold. See also [15,
section 2].

ANNALES DE L’INSTITUT FOURIER
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2.1. Spin“-structures

Let n € N, n > 1. Recall the fundamental central extensions of groups:

(2.1a) 0 — Zy — Spin°(n) Z="Y s0(n) x S' —— 1.

(2.1b) 1 — S' — Spin°(n) £ SO(n) — 1

Let now M be a compact connected oriented manifold of dimension n and
let Pgr, (n) the principal GL(n)-bundle of oriented frames of the tangent
bundle TM.

DEFINITION 2.1. — A Spin®-structure on M (of type Qgspinc(n)) is the
data of a Spin®(n)-principal bundle Qgpine(n) over M and of a p-equivariant
morphism £ : Qspine(n) — Par, (n)- The line bundle L := Qgpine(n) X2 C
is called the determinant line bundle and its first Chern class ¢ := ¢1(L) is
called the fundamental class of the Spin®-structure £. Two Spin®-structures
§: Qspinc(n) — Par,n) and £ Q,spinC(n) —— Pgr., (n) are isomorphic
if there exist a Spin‘(n)-equivariant morphism f: Qspine(n) —* Q’Spinc(n)
such that & o f = ¢£.

It is well known that a Spin®-structure of fundamental class c¢ exists if
and only if ¢ = we(M) mod 2.

Remark 2.2. — Given a Spin®(n)-principal bundle Qgpine(n), We can
form the SO(n)-principal bundle Qso(n) = Qspinc(n) Xu SO(n) and the
U(1)-principal bundle Qp (1) := Qspine(n) XU (1). Every p-equivariant mor-
phism § : Qspinc(n) — Par, (n) factors through the composition of the
Sl-fibration 7 : Qspinc(n) — Qso(n), followed by the SO(n)-equivariant
embedding v¢ : Qsom) “— Par, (n)- It is thus clear that, once fixed a
Spin®(n)-bundle Qgpine(n), the data of a Spin“-structure of principal bun-
dle Qgpinc(n) is equivalent to the data of a SO(n)-equivariant embedding
Q@som) — FPoL,. ()

Remark 2.3. — Tt is a fundamental fact that a Spin‘-structure £ is a
metric concept. Indeed the embedding 7, induced by a Spin“-structure &,
provides a SO(n)-reduction of the principal bundle Py (n), correspond-
ing to the choice of a riemannian metric g¢ on T'M. We will denote with
Pso(ge) the image of 7, that is, the principal SO(n)-subbundle of Pgr (n)
consisting of ge-orthonormal oriented frames and with ag¢ the lifting a :
Qspinc(n) — Pso(g.)- We will say that the metric g¢ is compatible with
the Spin‘-structure &.

TOME 61 (2011), FASCICULE 3
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2.2. Spin“-structures of fixed type and fundamental class

Let now ¢ € H?(M,7Z) such that ¢ = wo(M) mod 2. The long non-
abelian cohomology sequences associated to the central extensions (2.1)
read, for the H'-level, identifying H'(M, S') with H?(M,Z):

b .
H°(M,S0(n)) x H(M,S*) — HY(M,Zy) — H'(M,Spin°(n)) — H'(M,S80(n)) x H*(M,Z) — H*(M,Zs)

| | |

H(M,SO(n)) H*(M,Z) 5 H'(M, Spin®(n)) HY(M,SO(n)) H*(M,S")

Setting t := Torsy H2(M,Z) = Im e and ¢ := ker a, we have immediately
that ¢ C t and hence the exact sequence:

0 —> ¢ — t —%» H'(M,Spin°(n)) — H'(M,SO(n)) x H*(M,Z) — H*(M,Z).

Remark 2.4. — Since SO(n) is a maximal compact subgroup of GL (n),
HY(M,SO(n)) ~ HY(M,GL4(n)) [12, appendix BJ; hence we can replace
part of the first long exact sequence in (2.2) with
HY(M,Zy) — HY(M,Spin®(n)) — H*(M,GL,(n)) x H*(M,Z) — H*(M, 7).

Fix now a Spin®(n)-bundle Qgpine(,) such that its isomorphism class
[Qspinc(n)] € H'(M,Spin®(n)) lifts the couple ([Pgr, (m],c) € H'(M,
GL4(n)) x H*(M,Z). For any metric g on M the element [Qgspine(n)] lifts
the couple ([Pso(g)],c) € H(M,SO(n)) x H?(M,Z), where Pso(g) is the
principal bundle of oriented frames in 7'M, orthonormal for the metric g.

We denote with = the space of all y-equivariant morphisms: § : Qgpine(n)
— Pgr, (n) Or, equivalently, by remark 2.2, all SO(n)-equivariant maps:

v Qsom) — Par, (n):
E 1= Mor,, (Qspinc(n)s Par, (n)) = Morsom)(Qsom)s Par, (n))-

The space Z parametrizes all the Spin® structures on M of fixed type
Qspinc(n) and fundamental class c. Since every Spin‘-structure determines
a metric, the space Z is fibered over the space of riemannian metrics:

(2.3) = —— Met(M).

Two Spin®-structures compatible with the same metric differ by the action
of Aut(Qso(n)), hence = has the structure of Aut(Qso(y))-principal bundle;
however, two Spin®-structures compatible with the same metric need not
to be isomorphic: indeed, they are isomorphic if and only if they differ by
the action of Aut(Qgpinc(n)). The long exact sequence:

I — COO(M7 SI)HAUt(QSpinC(n)) LAUt(QSO(n))H Hl(M7 Sl)

ANNALES DE L’INSTITUT FOURIER
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induced by the central extension (2.1b), implies that the group I' := Im 4
acts in a free and transitive way on each isomorphism class of Spin®-
structures inside the fibers of (2.3); moreover, the group coker 7 ~ ¢ para-
metrizes the set of isomorphism classes of Spin®-structures of fixed type
Qspinc(n) and fundamental class ¢ over a fixed metric. The quotient Z/T" is
isomorphic to:

E/F ~ E/ Aut(QSpinc(n)) ~ Met(M) X 7T()(E/ Aut(QSpinc(n)) ~ Met(M) X c,

because Met (M) is contractible. If M is simply connected, all Spin®-struc-
tures compatible with the same metric are isomorphic.

Remark 2.5. — If n=dim M = 4, the map b: H'(M,Z>) — H'(M,
Spin©(4)) is trivial; consequently ¢ ~ t = Torsy H?(M,Z). This fact can be
seen via the equivalence between Spin®-structures on an oriented euclidian
vector bundle (F, g) of rank 4 on the 4-manifold M (that is, the data of a
Spin®(4)-principal bundle Qgpine(s) on M together with a p-equivariant
map Qspinc(4) — Par, ) (E) from Qgpinesy to the principal bundle
Pgr (4)(E) of oriented linear frames on E) and quadruples (W5, W_, 1, p),
where W4 are rank 2 hermitian vector bundles on M, i is a prescribed
unitary isomorphism ¢: det W+ ~ det W_ and p: E —— Hom(W,,W_)
is a morphism such that p(z)*p(x) = —g(z, ) idw, (see [20]). Given such a
quadruple, the principal bundle Qgpine(4) is built as the bundle of quadru-
ples (05,04, 07,05 ), where (Tit, UQi is a unitary frame of W, respectively,
such that i(o;” Aoy) = o7 Ao, . Hence the principal bundle Qspine(4) just
depends on (W, W_,i) (but not on p). The fact that the morphism b is
zero follows from the following facts.

(1) The Spin“structures on the oriented euclidian bundle E on the
manifold M form a H?(M,Z)-torsor; an element N in the topo-
logical Picard group Picep(M) ~ H?(M,Z) acts on the quadru-
ple (W4, W_,i,p) by tensorising Wi with N; hence det(Wi ®
N) ~ det Wi ® N?; moreover i and p are changed into i ® idy= ,
p ®idy, respectively. Consequently the Spin®-structures on F hav-
ing fundamental class ¢ = ¢q(det W,.) are parametrized by t =
Torsy H?(M, 7).

(2) Given a quadruple (W, W_ i, p), the associated principal Spin©(4)
bundle Qgpine(4) does not depend on 4, but just on W, , W_. Indeed
the map det : Aut(W;) —— C>(M, S1) is always surjective if
n = 4, by obstruction theory.

(3) If N € Torsy H?(M,Z), the Chern classes of W4 ® N equal those of
W, respectively. Since in dimension 4 an hermitian vector bundle
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1266 Luca SCALA

is classified topologically by its rank and its Chern classes, we can
conclude.

Remark 2.6. — As a consequence of the previous remark, for any fixed
fundamental class ¢ € H?(M,Z), there is a unique isomorphism class
[Qspine (1)) lifting the couple ([Pgr, 4)],¢) € HY(M,GL,(4)) x H*(M,Z)
in remark 2.4. In this case the space = parametrizes all the Spin® struc-
tures on M of fixed fundamental class c. The connected components of the
quotient Z/I" are parametrized by t.

Remark 2.7. — The spaces Met(M) and = can be viewed as spaces
of global (smooth) sections of fiber bundles. Indeed, considered the fiber
bundles over M:

(2.4) Met(M) := [ Met(T. M)
reM
(25) MOT,U«(QSpin”(n); PGL+(n)) = H MOIM(QSpinC(n),xa PGL+(n),z)
reM

then Met(M) = T'(M, Met(M)) and E = T'(M, Mor,(Qspinc(n)s Par+m)))-
Moreover, for each x € M, the projection

(26> MorM(QSpin”(n),xvPGL+(7L),$) - Met(TxM)

is a trivial finite dimensional principal bundle of structural group SO(n),
noncanonically isomorphic to the SO(n)-principal bundle Pgr, (n), —
Met (T, M). The fiberwise projection (2.6) induces the global projection
of fiber bundles Mor,(Qspinc(n); ParL, (n)) — Met(M) and the infinite
dimensional principal bundle = — Met(M).

Remark 2.8. — The spaces Met(M), of riemannian metrics over M,
and Z, of Spin“structures on M of type Qspinc(n), are infinite dimen-
sional Fréchet manifolds, because spaces of global sections of fiber bun-
dles over M, as explained in [6] and, more recently, in [11]. The projection
E —— Met(M) gives E the structure of an infinite dimensional Fréchet
principal bundle with regular Fréchet-Lie group Aut(Qso(n)) as structure
group (see [11], Chapter VIII, § 38-39).

Remark 2.9. — The manifold Met(M) of riemannian metrics on M, can

be equipped with a natural riemannian metric making it a co-dimensional
Fréchet riemannian manifold (see [7], [9]).

ANNALES DE L’INSTITUT FOURIER
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2.3. Changes of metric: the natural connection on =

The group Aut(Pgr, n)) acts freely and transitively (on the right) on
the space =, hence the choice of an element £ € = defines an isomorphism:
Aut(Pgr, (n)) ~ Z, defined by ¢ ot
The choice of € € = determines the polar decomposition:

Aut(Par, (n)) = Aut(Pso(ge)) X Sym+(PSO(g§))a

where we denoted with Sym™ (Pso(ge)) the space of functions f : Pso(g,)
—— Sym™(n) such that f(pg) = g~'f(p)g = "gf(p)g for all g € SO(n)
and where Sym™ (n) is the space of positive symmetric automorphisms of R”
with respect to the standard scalar product. It is clear that Sym™ (Pso(ge))

o ¢ and such that g,-1,¢ = ©*ge.

=~ Sym™ (T M, ge), the space of symmetric automorphisms of TM with re-
spect to the metric ge.
Consider the section

g,
Met(M) =~ Sym*(Psog)) ——>

(1]

(2.7)

" ge < Xy - lot

Taking the tangent space of the image of this section in ¢, He := T¢(im o),
defines in a natural way a Aut(Qso(x))-equivariant horizontal distribution
in TZ and hence a connection on =, which we will call the natural connec-
tion on Z. It is then natural, when changing the metric g € Met(M) along
a path g;, to change the Spin°“-structure lifting the path to Z in a parallel
way for the natural connection on = just defined.

Remark 2.10. — Since Z — Met(M) is an infinite dimensional prin-
cipal bundle with regular Lie group as structural group, the parallel trans-
port exists and it is unique for any connection on =. Moreover the curvature
of a connection can be interpreted, as usual, as the obstruction of the in-
tegrability of the horizontal distribution. See [11, Chapter VIII, §39], for
details.

Parallel transport on = for the natural connection. Let &, a given
Spin“-structure in = and g = ¢} ge, a path of metrics in Met(M), such
that ¢ € Sym™(TM,ge,) and ¢y = id. To determine the equation of
the parallel transport of &, along the path g¢; for the natural connection,
consider a path of Spin‘-structures &; in = starting from &y, and subject to
the condition g¢, = g;. Writing that the path ; is parallel means that ft =
d/dN\s=; (05 0 &), Oy € Sym™ (T M, g;), 0%g; = g»; indicating with 6(t) =
dHA/dA‘)\:t, we have & = —6(t) o &. Since 2¢,0(t) = §; and consequently
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O(t) =1/2 g; i, the parallel transport equation reads:

f=—2 (95 d¢) o &.

Curvature. The following proposition gives the curvature of the natural
connection on the principal bundle Z —— M. Similar computations have
been made pointwise by Bourguignon and Gauduchon [3] to compute the
curvature of the O(n)-principal bundle L(V) — Met(V) of linear frames
of a real n-dimensional vector space V over its cone of metrics Met(V).
The natural connection on = induces pointwise connections on the SO(n)-
principal bundles Mor, (Qspine (n),2> Pa L+ (n),2) = Par, (n),e —Met (T, M).
With exactly the same proof as in [3, Lemma 3], we find that the curvature
of this connection is given by: Q. (hs, k) = —1/4 (95 *ha, g5 Tk for g, €
Met(T, M), hy,k, € S*T;M. General facts on vector fields of spaces of
sections of fiber bundles (see [6, Appendix]) imply that the curvature
of the bundle & —— Met(M) is pointwise the curvature of the bundle
Par. () — Met(TM): (Qy(h, k))z = Qy, (ha, kz). Therefore we get:

PROPOSITION 2.11. — The curvature of the natural connection of the

principal bundle 2 — Met(M) is given by:

1. _ _
71[9{ 1h,g§ 1k]a

in ad(2) g, ~ s0(T M, ge), for b,k € S*T*M ~ T, Met(M).

Qg (h k) =

Remark 2.12. — Proposition 2.11 implies that the horizontal distribu-
tion He on T¢E is never integrable. Consequently there are no parallel
(smooth) sections o : Met(M) — Z (even locally).

2.4. Parametrized Dirac operators

Let m = [n/2]. Consider an irreducible CI(R™) representation pg : C1(R™)
— End(W,) where W, is an hermitian vector space of complex dimension
2™. The bundle of spinors is defined by W := Qgpinc(n) X p, Wo. The choice
of an element £ € = induces a map Qgpine(n) X CHR™) — Qspinc(n) Xpo
End(W)), which is, thanks to the identifications CI(T'M) ~ Qspinc(n) Xy
CI(R™), Qspinc(n) Xp, End(Wp) ~ End(W), the Clifford multiplication on
the bundle of Clifford algebras C1(T'M):

pe : CU(TM) — End(W).
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Identifying of T'M and T*M via g¢ we get as well a Clifford multiplication
on Cl(T* M), which we keep on denoting p¢. We have the following diagram:

Q U(1) ‘7 QSme(n)

N

Qsom) — Psows) — Par,(n)

Let wy, € A'(Pso(g,),50(n)) be the Levi-Civita connection on Pgo(g,): it
induces a SO(n)-equivariant connection form on Pgy, () which we keep on
denoting wg,. Let A € A'(Qu(1),u(1)) a U(1)-connection form on Q1.
The Spin®-connection Q4 ¢ on Qgpine(n) is defined as:

(2.8) Qae = dv™ (agwy, + 8" A)

seen in A (Qspine(n), 5pin°(n)), where dv is the isomorphism: spin® ~ so(n)
@u(1). The Spin“-connection form Q4 ¢ defines a connection Vz‘v’g on the
associated vector bundle of spinors W in the following standard way. If p
is the projection p : Qgpine(ny — M, the vector bundle p*W trivializes
as p*W =~ Qgpinc(n) X Wo. The connection vzv,g is then characterized by:

(2.9) PIVYE =d+Qag,

where Q4 ¢ is seen in A'(Qgpine(n), End(Wy)) and d is the trivial connection.
The Dirac operator Di is then the composition:
DS :T(W) AZGN I(T*M o W) 2 (W)
i .
Hence we have a family of first order differential operators
(2.10) D2 — Diff! (W),

given by D(&) = Di and parametrized by Spin®-structures £ € =, all acting
on the same vector bundle of spinors W.

2.5. Parametrized Seiberg-Witten equations
Let now be n = 4. The irreducible CI(R*)-module Wy splits as the di-
rect sum WO+ ® Wy of irreducible Spin“(4)-representations: consequently,

the bundle of spinors W splits as well in the direct sum of positive and
negative spinors: W = W, @ W_. The determinants of W, and W_
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are canonically identified with the determinant line bundle L; we indi-
cate with ¢ the identification det Wy ~ det W_. The Clifford multipli-
cation pe induces isomorphisms ALT*M ~ su(W.), denoted again by
pe- Let C := Ayy(L) x T'(W,) be the space of unparametrized config-
urations and D := I'(W_) x isu(W,); we denote moreover with C* :=
Ay (L) x (I(W4) \ {0}) the irreducible configurations. In order to con-
sider general parameter spaces, let T be a Fréchet splitting!”) submani-
fold® of the manifold Met(M) of riemannian metrics on M. Let Z1 be
the restriction of the principal bundle = to the submanifold 7. The nat-
ural connection on = induces a natural connection on =y — 1. The
parametrized Seiberg-Witten equations for unknowns (4,1,£) € C X Zr
are:

(2.11a) D&Y =0
(2.11b) pe(F9) — [* @]y =0

We denote with Fp : C x Er — D the functional defining the equations
and with St the space of solutions. The group Aut(Qspine(4)) acts on W via
isometries, respecting the decomposition in positive and negative spinors
and the identification ¢ between the determinants det W, and det W_; if
we denote with U(W,.) xo U(W_) the bundle of groups of pairs (f;, f-) €
U(W,) x U(W_) with the same determinant, we have Aut(Qgpinc(4)) =~
C(M,U(Wy)xoU(W_)). Consequently Aut(Qspine(4)) acts (on the right)
on C x Zp and D, respectively, setting;

(A,9,8) - f:= (BU)" A, f1, 76)
(X?ﬂ) : f = (f71Xa fﬁlﬁf)

where 3(f) denotes the image of f by the morphism Aut(Qspine(1)) —>
Aut(Qp (1)) induced by the projection 3. The restriction of this action to the
group G := C>®(M, S') C Aut(Qgpinc(4)) coincides with the classical action
of the Seiberg-Witten gauge group on C. The functional Fr is equivariant
for the Aut(Qgpine(4))-action:

(2.12) Fr((A,4,8) - f) =Fr(A,4,8) - f.

As a consequence the group Aut(Qgpine(4)) preserves the solutions Sz of the
equations (2.11). Moreover the actions of G and of Aut(Qgpine(4)) commute,

(Din the sense of [11, Definition 27.11]

) We will always consider submanifolds T" given by a space of C'*°-sections of a fiber
subbundle of the fiber bundle Met(M) — M considered in remark 2.7.

ANNALES DE L’INSTITUT FOURIER



PERTURBATIONS OF THE METRIC IN SEIBERG-WITTEN EQUATIONS 1271

so that we can form a parametrized Seiberg-Witten moduli space My :=
St/G, fibered over Zrp:

(2.13) mr: Mp — Er,

equipped with a I'-action, making the preceding fibration equivariant. The
fiber Mg = 7,1 (€) of the fibration (2.13) over ¢ is exactly the standard
Seiberg-Witten moduli space for the Spin“-structure £ € E.

3. Variation of the Dirac operator

This section is devoted to the computation of the variation of the Dirac
operator with respect to the metric, by means of the formalism introduced
in section 2: what we will say in this section holds for any n > 1. Given
a particular Spin“-structure £, € E, we compute the differential D50@| "
in the point &y of the family D of differential operators (2.10) restricted to
the horizontal direction He, for the natural connection on =Z; this amounts
to compute the differential at the identity of the family of differential op-
erators:

Dooe : Sym™ (T M, g¢) — Diff' (W)

o D
Let us compute Diq(D o o¢)(s) for s € sym(TM, g¢) ~ Tiq Sym™ (T M, g).
Consider the path in Sym™ (T'M, ge) given by ¢, = id +ts for small . Let
g+ be the metric g, := ¢} ge. Let k = dg;/dt|t—0 = 2gs. Set ¢, = ©; !, seen
in Aut(PgL, (n))- Since by definition of the Clifford multiplication on the
cotangent bundle T*M, we have pg,oe = pe © ¢}, the searched differential
is:

_4
- dt],,

_(4
- \dt|,_

= —peos o VY + peo VI (s),

D¢t0§

Dia(D o o¢)(s) A

d

* w, W0

P£°¢t>°v,4£+ﬂ£odt qusz
t=0

where ¢; and s* (the transposed of ¢; and s, respectively) act on the
first factor of T*M ® W. We compute now the variation of the spinorial
connection VY (s).
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3.1. Variation of the spinorial connection

The following lemma contains the wanted result about the variation of
the spinorial connection. Let V9 be the Levi-Civita connection on T M for
the metric ge.

LEMMA 3.1. — The differential of the map: = —— A(W) sending
to VE/’C in the point ¢ along the horizontal direction corresponding to the
variation of the metric g¢ in the direction s € sym(T'M, g¢), is given by:

VI (5) = 5pe(V(s) — V9<5) € A (M, su(1V))

where V(s) denotes the variation of the Levi-Civita connection in the
point g¢ along the direction s and where we see the form V(s) — V9%s
in AY(M,s0(TM, g)).

Proof. — We first compute the variation of the spinorial connection form
Qa,e on Qgpine(n)- Let wy, the Levi-Civita connection form on Pgg(y,), seen
as a connection form in A'(Pgy, (n), gl(n)). The spinorial connection form
is defined as:

QA’@OE = pOdV_l((¢t o €>*w9t + ﬂ*A)
Differentiating this relation in ¢ = 0 we obtain:
d

(610 €)"wy, = podv '€ 7

t=0

. d
Qae = podv~'—

¥ (67500,

t=0

It is straightforward to remark that the form ¢jwg, is defined on Pso(y,)
and is there pseudotensorial ) of type (ad,so(n)); hence its derivative
d(¢fwg,)/dt|t=o is tensorial of type ((ad,so(n)). Consequently, if ¢ is the
projection g : Pso(g) — M, there exists a form wys € AY(M,s50(T M, ge))
such that

d
o (G7wn,)

= ¢*(Wnr) € A (Pso(ge),50(n)).
t=0
Therefore:

s — 1% %/ - —1 /- 1 * .
Qae = podv™ ' q* (wnr) = podv™'p* (onr) = 5P (pe(@nr))-

G P—+ Mis a principal bundle over M of structural group G and p :
G —— GL(V) is a representation of G, then a V-valued k-form o € AF(P,V) is
pseudotensorial of type (p, V) if, for all g € G, Rjo = p(g~1)o, where Ry is the right
translation by g on the bundle P; the form o is tensorial if it is pseudotensorial and
horizontal, that is, o(t1,...,tx) = 0 if one of the vector fields t; € TP is vertical. One
has that a V-valued k-form o € A*(P,V) on P is tensorial of type (p, V) if and only if
o is the pull back on P of a P x, V-valued k-form on M. See [10].
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where we recall that p denotes the projection Qgpine(n) — M, and where
pe acts on wyy via the isomorphism so(T'M, g¢) ~ Cly(T*M); the factor
1/2 comes from the fact that v is a 2 : 1 covering. Differentiating the
relation (2.9) characterizing VZ‘V’@O&, we get p* (VW) = (1/2) p*(pe(wnr)),
yielding: )
VI (s) = Speleonn)
It remains now to determine the form wy;; but this comes from the fact that
¢7wy is the connection form on Pso(y,) inducing the connection ¢;1V9t o
on TM: consequently its derivative p*(wys) induces the form wy, = d(¢;*
V9 ;) /dt| =0, that is the form Wy = V(s) — V9%s € AY(M,s50(TM, g¢)),
because the connection ¢; 179 ¢, is compatible with the metric ge for all ¢.
O

3.2. Variation of the Levi-Civita connection

In order to explicitly compute the variation folv(s) we only need the
computation of the variation of the Levi-Civita connection V(s) in the point
ge along the symmetric tensor s. This is well known (see [2, Th. 1.174]):

PROPOSITION 3.2. — The variation of the Levi-Civita connection V9
on the tangent bundle TM along the direction s € sym(T'M, g¢) is the form
V(s) € AY(M,End(TM)) given by:

(3.1) g¢(V(s)xY,2) = ge (V5 9)Y, Z)~ge (V5 5)Y. X)+0¢ (V¥ 5)Z, X).

We now express formula (3.1) in terms of a local orthonormal frame
e; € TM,i=1,...,n for the metric g¢. Let e’ its dual frame. Let Ti’} and
cfj the components of the tensors Vs and V9%s, respectively, with respect
to the frame e;:

TiI} = g£<v(8)€iej’ek> Cf] = gg(ngS(ej),ek)
fj is symmetric in j,k because the Levi-Civita connection V9%
preserves the bundle of symmetric endomorphisms sym(7T'M, g¢) for the
metric ge. In the frame e;, formula (3.1) reads:

k k

— i i
Tij = Cij = Cij + Ci-

The tensor ¢

The tensor Ti’} is symmetric in 4, j. The components of the tensor wy; =
V(s) — V9%s are:

wfj = cé- B c};j.
The tensor wfj is skew-symmetric in j and k, and hence belongs to A'(M, so

(TM,ge)), as expected.
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3.3. Variation of the Dirac operator

We can now continue the computation began in the introduction of this
section. Let us compute pgoVL"VqS for a spinor ¢ € T'(W). In the chosen local
orthonormal frame ¢;, we denote with E]k the endomorphism e’ ®ey, —ek®ej
in so(T'M, g¢). We know that:

Wy = g wfje’ el ®e, = = g wkeZ®E
ijk zgk
therefore:

VW(b— Zw ' @ pe(elef)o.
zyk
Consequently the term pg o Vﬂ/qﬁ is:
: 1 . y
peo V6= wiple'ee)o.
ijk

Recalling now that wfj = Tfj fj, that T is symmetric in ¢, 7 and that cfj

is symmetric in j, k:
peoVio= - E Thpe(el)d + — E chipe(el)o.
j

Recalling the definition of 7' and that of ¥
2divs —dtrs and >,

J o
ij» we have that Thel =

ij ﬂe = dtrs. Hence we get:

. 1
peo VY ¢ = —§p§(divs — dtr s)g.
We proved the theorem:

THEOREM 3.3. — The variation of the family D of Dirac operators:
=3 & — Di € Diff'(W) in the point ¢ along the horizontal di-
rection corresponding to the variation of the metric g¢ in the direction
s € sym(T'M, ge) is the first order differential operator given by:

d el _ s ouWe _ L
(3.2) —D5 =—peos oV, " — —pe(divs —dtrs).
dt 0 2

The result agrees with the one obtained by Bourguignon and Gauduchon

(see [3, Th. 21]).
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4. Variation of the Seiberg-Witten equations

The aim of this section is to compute the full differential of the universal
Seiberg-Witten functional Fyreg(ary : Av(1)(L) x T(W3) xE — T(W_) x
isu(W,) on a solution (A, 1, ). We will denote with F; and Fo the compo-
nents of Fypee(ary with values in I'(W_) and isu(W, ), respectively. We will
use the splitting T= ~ V @ H defined by the natural connection on =. The
most interesting part of this computation is the one dealing with the vari-
ation of Fyjer(ar) along the horizontal direction, that is, the perturbation
of the metric; the difficult point was the variation of the Dirac operator,
treated in the previous section.

We study here the variation of the equation (2.11b) with respect to the
metric. Since the Clifford multiplication on A2T* M transforms as Po—tog =
pe o (A%¢*)~1, we have to differentiate the map:

Fa(A, ), 0¢(—) : Sym* (TM, g¢) - isu(Wy)
¢ s (peo (A2")T)(FLT ) — [ @l

at the identity. The map ¢ is an orientation-preserving isometry between
(TM,¢*ge) and (T'M, ge), hence the Hodge star for the metric ¢*ge can be
expressed as: *

orge = AZp* o kg O (A%2¢*)~1. Consequently:

2
o [ *ge +1 N
:A2(p (%2> (AZ()O) 1FA.

Therefore, denoting P9 the projection onto self-dual 2-forms for the
metric ge, we get:

(pg o (M%) (L 779) = pe (P9 0 (A26") ' F),
Given a path of metrics in the direction s € sym(TM,g¢), g¢ = ¥} e,
w¢ = 1+ ts, and differentiating in t = 0 we get:

%(A,z/;,id)(s) — pe(PTOEi(sT)F),

where i(s*) is the derivation of degree 0 on A*T*M that coincides with
s* on T*M. In order to better understand the term P19¢4(s*)F4 consider
the splitting of symmetric endomorphisms:

sym(T'M, g¢) ~ symy(T'M, g¢) & C*°(M,R) - idras
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in traceless ones and scalar ones. It is now well known that the bundle
sym(T'M, g¢) embeds in End(A*T*M) via the morphism s — i(s*). Ac-
cording to the decomposition A*T*M ~ ATT*M @& A2 T*M and indicating
with sg the traceless part of s, we can express i(s*) as:

. trs P9gq(sh |A2T*M
i(s*) = p- .

985(s§ |A2 T M trs

Hence there remain induced isomorphisms
(4.1) 64 2 symg(TM, g¢) — Hom(AZLT* M, A?FT*M)

and an isomorphism between scalar endomorphisms of 7*M and homoth-
eties of A2T* M. Therefore PT9¢i(s*)Fy = (trs)Ff +d_(s0)F; and
OF, _
9y —— (A, 4,1d)(s) = —(trs)pe(Fy) — pe(9-(s0)Fy)-
The differential of the functional Fyeq(ary with respect to the connection
and the spinors components is well known (see [14]): we have, for variations

T €AY M), ¢ € T(Wy):

1

Frtercar) ( ~pe(r)v + Do )

A, &)(T, ¢ 2 )
0(4,9) ! o= dtr = [¢* @9 + ¢ @ ¢lo

To compute the full differential of Fyje(as) it remains to compute its varia-
tion along vertical direction of Z, that is, along the fibers. Since the group
Aut(Qspinc(s)) acts on the configuration space C x Z preserving the solu-
tions and since its action on = is transitive on the connected component of
the fibers, no contribution to the transversality can be obtained in this way,
because the component of the differential we get is a linear combination of
the other components.

5. The question of transversality

In this section we set up the transversality problem. Our final project
is to prove that the universal Seiberg-Witten moduli space Mygeq(ar) is
smooth, at least at its irreducible points. This can be achieved with stan-
dard methods via the implicit function theorem applied to adequate Banach
manifolds, once we know that the defining equations of Mye(ar) inside
(C x 2)/G are transversal at irreducible monopoles. In order to proceed in
such a way we need, as usual, to complete our till now Fréchet manifolds
to Banach ones.
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5.1. Sobolev completions

Let C2 =T(W,)2 x Ay)(L); and D} | = isu(W,)2 | x D(W_)2_, be
the completions of C and D in Sobolev norms || ||2,, and || [|2p—1, re-
spectively, so that they become a Hilbert affine space and a Hilbert vector
space, respectively. Consider also the Banach completions C! and D' of C
and D, respectively, in norm C', [ € N. The space of metrics Met(M) can
be completed to a Banach manifold considering the space of C”"-metrics
Met" (M). We suppose that the Fréchet submanifold T C Met(M) we are
considering admits a completion® to a Banach splitting submanifold 7"
of Met"(M). Complete now = with p-equivariant morphisms of class C”:
E" 1= Mor,, (Qspinc(4) Par, (a)); the space = becomes then a Banach prin-
cipal bundle with structural group Aut”(Qgso()) (the C"-gauge group of
Qso(a)) over the space of C"-metrics Met"(M); the natural connection
defined in subsection 2.3 extends to this setting. Now take =7 to be the
Aut" (Qgso(4))-Banach principal bundle on T" given by the restriction of
=" to T". We will always suppose » >> p >> 0. We will complete as well
the gauge group G to g§+17 in Sobolev norm || ||2,p+1 in order to have a
Banach-Lie group acting continuously on Cf, and Df)fl. Denote with Cf;* the
irreducible unparametrized configurations, that is, couples (4, 1) in Cﬁ such
that 1 # 0: such couples have trivial gg . 1-stabilizer; denote moreover with
B} the quotient B2 := C2/G2,, and with B2* := C* /G2, ; the latter is a
Hilbert manifold. Let now (QZT)IQ;T' = Cz x EI. be the space of parametrized
configurations, completed in Sobolev and C” norm, and (Q:*T)ZZ,’T = Cg’* X B
the irreducible ones. The quotient (B%)2" := (€})>" /G2, | is isomorphic
to B2* x Z7. and hence a Banach manifold. The functional Fr extends to
a IQJ | 1-équivariant map:

(Fr)2": (€r)2" — Dy ;.

We indicate with (M7)2" := Z((Fr)2")/Gpy1 the parametrized Seiberg-
Witten moduli space and with (M7)2" = (M7)2" N (B7)2" the parame-
trized moduli space of irreducible monopoles.

Remark 5.1. — Let (A,¢,&) € Z((IFT)Z%’T) be a solution to the parame-
trized Seiberg-Witten equations. Then (A4,,¢) is g | 1-equivalent to a so-
lution (A’, 4, §), with (A’,¢') € C"? = Apa)(L)"? x D(Wy) =3 (of class

(4) This is always the case if T is a space of global sections of a fiber subbundle of
Met(M)
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Cm=3)%) | Consequently, if € has C*-regularity, up to the G2, 1-action, we
can always suppose that (4,) have C*-regularity.

Consider now the trivial Banach vector bundle & : (€5)2" x D2_,
over the irreducible parametrized configurations (Q})?;T: it is naturally
equipped with a Aut”(Qgpinc(4))-action. Denote with I'" the image I'" :=
Im(Aut" (Qspinc(a)) — Aut”(Qso(4y)). The restriction of the functional
(Fp)2" to (€5)2" descends to the G2, |-quotients to give a I'"-equivariant
section W of the I'"-equivariant quotient bundle €, := ST/QZ%H:

Ur: (B))2" — €.

The section U7 is a Fredholm map between Banach manifolds; its zero set
2,r

b of irreducible

Z(¥r) is exactly the parametrized moduli space (M)
monopoles.

5.2. Remarks on the transversality statement

A metric g € Met"(M) is said c-good (for the fundamental class ¢ €
H?(M,Z)) if the projection of ¢ onto the g-harmonic self-dual classes H?
is non zero. We denote with Met, ,,,q(M) the set of such metrics: it is an
open set of Met” (M), complementary of a closed set of codimension b (M).
Let now by (M) > 0 and suppose that Met;_,,,q(M) N T is a dense open
set of T. Let =" the subset of Spin®-structures in . projecting onto c-
good metrics; set Z7** = E5 0 ). Let finally (M5F)2" = Z (W) N (B2 x
E7""). In the following we will always denote with Mete good (M), 2%, E5F,

%, MZEF the corresponding spaces of objects of class C'°°. The projection

mp: (M5F)2" —— E7™ is now a surjective Fredholm map with compact

(5) This can be proved with a slight modification (with C" regularity) of the proof given
in [20, Proposition 6.19]. The proof is based on two statements. The first that (A, ), as
a solution of unparametrized Seiberg-Witten equations with fixed Spin®-structure &, is
g§+1—equivalent to (A”,4¢") with A” in Ap-gauge, for a fixed C*°-connection Ao, that is
d*(A"” — Ag) = 0. This proof [20, Proposition 6.10] is still valid with a C"-metric. Then,
that the Seiberg-Witten equations (for fixed &), restricted to solutions in Ap-gauge,
become the following nonlinear elliptic equations in 7 = A" — Ag and 1:

1
(5.1) Dagth =~ pe(r)¥

(5.2) ( ‘f; >T:( [¢*®¢%O—FXO )

By a bootstrapping argument based on Sobolev multiplication and elliptic regularity
(see [2, Appendix K, Theorem 40]) (the left hand term is a first order elliptic differential
operator with C"~!-coefficients) we get that the solution (A”,) is in C2 and hence in
% = Ay ) (L) 3 x T(W4.)" =3,
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fibers, since no reducible monopole is allowed over a c-good metric. Denote
with (Mg)2" its fiber over £ € Z7™". A satisfying result would be the
following:

STATEMENT 5.2. — The intrinsic differential D,V\ie(ar) i surjective
at all points x € (Ml*v[et( M))f,”“. Consequently, the universal moduli space
( *I\‘/[et(M))f,”" of irreducible Seiberg-Witten monopoles is a smooth Banach
manifold.

Remark 5.3. — We discuss here the consequences of transversality. If
statement 5.2 is true, a standard application of Sard-Smale theorem [19]
implies that for £ in a dense open set of =**, the Seiberg-Witten moduli
space (Mg)g’r is smooth of the expected dimension. Consequently, this
would be true for a generic £ of class C°°. These arguments can be adapted
in the following case, useful in the applications to kdhlerian monopoles. Let
S a Fréchet submanifold of Met(M), embedded in T, and let now Mg be
the parametrized Seiberg-Witten moduli space® over S. Suppose that the
intrinsic differential D, ¥ is surjective at all points of M¥"; in this case
the parametrized moduli space (Mg)2"and the universal moduli space
(MMet(M))IZ;’" are smooth at points in M¥E. Fix now a Spin“-structure
£ € BY (of class C*). By compactness of (M¢)2" ~ M, = T (€),
there exists an open neighbourhood V¢ of £ in (E;*)Z’ such that D,V is
surjective for all y € m* (V¢): hence 75" (V) is a smooth Banach manifold
and the projection w%l(Vg) — V¢ is a Fredholm map with compact
fibers. We can now apply to this map a standard argument using Sard-
Smale theorem to obtain that for a generic £ € Ve the fiber (Me)2" is
smooth of the expected dimension; hence for a generic £’ € Ve NEr of class
C* the moduli space Mg is smooth of the expected dimension. The same
can be said for an adequate neighbourhood W¢ of £ in Z"**.

We will now discuss the condition that the intrinsic differential D, W is
surjective at a point x € (M7)2". We recall that a local slice for the action
of G2, | in C? at the point y is a smooth splitting Hilbert submanifold S,
of a neighbourhood of y, invariant under the stabilizer Stab(y), such that
the natural map:

Sy Xstab(y) gg-&-l - Cg
is a diffeomorphism onto a neighbourhood of the orbit through y. Such a
slice exists [14, Lemma 4.5.5] and is built, in a neighbourhood of a point

(6) As explained above, here we consider the moduli space of C°°-objects, introduced in
J

section 2.5; by remark 5.1 it can be seen as embedded in (MMCt(M))?,’T, as being the

inverse image of smooth elements Eg for the projection myiet(nr)
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(A7 ¢)7 as

Sawy = {(A,9) € C2l(DapTap) (A —Ap—1)=0,
JA" — A2 <€, |l — |2 < €}

for a sufficiently small €, where T 4 4 : Qf, 1 — Cz is the given by group
action at (A,) and where (D4,4) Y (4,4))" is the formal adjoint of the dif-
ferential D4 )Y (4,p). As a consequence T4 y)S(a,y) =~ ker(Dia ) Tap)*
A slice for the action of G2, on (€7)2" at a point (4,v,£) is then given
by Sca,p.¢) = Sa,p) X Us where Uy is a small neighbourhood of § in Z7..
The slice S(4,y,¢) provides a local model for (%*T)%T at an irreducible point

([A, ¥],€).

PROPOSITION 5.4. — The section VY is transversal to the zero section
at the point x = ([A,v],€) € (M7})2" if and only if the functional (Fr)2"
is transversal to 0 at the point (A,v,€) € (Ch)2".

Proof. — The section U can be written locally on S(4 4 ¢) as:

Siaw) X Ue Dy,

((Alv ’[r/)/)v gl) = (FT)1277T(A17 ¢/’ 5/)

Since T(A7’L[))S(A,’Ll)) =~ ker(D(A’w)TAw)* = (Im D(AW)TA’,[[,)L, we have that
D, ¥t coincides with the restriction D(A,zp,g)(FT)g’T’

(Im D(a,y)Ta,p)t@Te=0"
Now, since Im D(Avw)TAyw C ker D44, (IFT)}?,’T, we can conclude. O

Remark 5.5. — Since it is I'"-equivariant, the section W is transversal
to zero in a point x = ([A, ], €) if and only if it is transversal to zero in a
point xf = ([f*A, ¢ f],&f), for f € T'". This means that the smoothness of
a standard Seiberg-Witten moduli space (Mg)i’r, & € B, does not depend
on the particular Spin®-structure £ (chosen in a fixed connected component
of =) but only on the metric g¢ compatible with &.

Remark 5.6. — Let b (M) > 0. By remark 5.5 and since the torsion sub-
group t, counting connected components of =/T", is finite, if statement 5.2
is true, then for a generic C* metric g € Met(M ), the standard Seiberg-
Witten moduli M, is smooth of the expected dimension for any Spin®-
structure &, compatible with ¢g. This means that, even there is no satis-
factory way to parametrize Seiberg-Witten equations and moduli spaces
just with metrics Met(M), because, by remark 2.12, there are no parallel
sections Met(M) — E, the transversality statement depends only on the
metric chosen and not on the particular Spin®-structure compatible with
the metric.
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5.3. The adjoint operator

In this subsection we express the obstruction to the transversality of the
section W in terms of the formal adjoint of the differential of the functional
Fr. Let ([4,¢],€) € Z(¥r). By remark 5.1 we can suppose that (A,) are
of class C"~3. By proposition 5.4 the obstruction to the transversality of U
at the point ([4, ], ) is given by the cokernel of the first order differential
operator with C" 3 coefficients:

Diae)(Fr)y" : TiapCp ® TeEp — Dy

The operator D4 y.¢) (]FT)IQ,”" is the partial Sobolev completion of the first
order differential operator (with C" 3 coefficients), given by the differential
of the Seiberg-Witten functional Fp, defined on parametrized configura-
tions of class C"~3 and C":

Day.e)Fr: T(A,w)CT_?’ O T;Ef — D™ 4.

We indicate with Dq 4 F ¢ and with P the first and second component,
respectively. The component D4 ) F ¢ is the differential of the unparame-
trized Seiberg-Witten functional F¢, relative to the Spin‘-structure &: it is
well known [14] that it is underdetermined elliptic, in this case with 73
coefficients; hence its Sobolev extension (D(a,y)F)2 : T(a,p)Ch — Di_,
has closed image of finite codimension. Since the operator D(A7¢75)(FT)§’T
can be written as the sum D4y ¢)(Fp)2" = (D(A7¢)F5)}2, + P, it follows(”
that D4y e)Fr is underdetermined elliptic and that D4y ¢) (Fr)2" has
closed image of finite codimension. By elliptic regularity, we have firstly
that

coker D(Aﬁw,g)(FT)g’T - coker(D(A’w)Ff)z cD 4
secondly that coker D4 4 ¢) (IFT)Z%’T can be identified with the L2-orthogonal
(Im D4 y¢)(F7)2")*; the latter coincides with the kernel of the formal
adjoint of D4 y ¢)Fr:
coker D(A7w7§)(FT)§’T >~ (Im(D(A7w7§) (FT)%T)J'

(5.3) .
~ ker(D(A7¢7§)IE‘T) ’DT—“ .

(") This follows from the following fact [20, Lemma 6.36]. Let E' a Banach vector space
with a continuous scalar product < -,- >: EXE — Rand let F' C E a closed subspace
of finite codimension such that its orthogonal F+ is a topological supplementary of F'
in E. If F’ is a subspace of E containing F, then F”’ is closed of finite codimensionand
its orthogonal (F’)L is a topological supplementary of F’ in E.
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Remark 5.7. — TFor £ € =" consider the section o¢: Met" (M) — ="
passing through £ and defining the horizontal distribution H¢ on Z". Sup-
o Of this
section to the submanifold 77. We denote with Fy the composition:

pose now that gc € T". Let o7 ¢ be the restriction or¢ := o¢

Fr :=Fpo (iders xope) : C" 3 x TT s "3 x B}, —— D74

Since, as seen in the end of section 4, there is no contribution to the
transversality coming from variations of the equations along vertical di-
rections in T¢=r, we have that

coker D4 y.¢) (IFT)IQ)”" ~ ker(D(A’w’E)]FT)* ‘

(5.4) o
~ ker(D(A7¢7g£)IB‘T) |DT—4'
Remark 5.8. — Since Fp factorizes in the composition C" 3 x T" ——

F e
C73 x Met" (M) —=205 Dr—4_ we have:

(D(a.g0Fr)* = (id1, , cr-3 ®Pr, 17) © (D(a .00 Fyier(an)
where PTHE 7+ denotes the orthogonal projection Ty, Met" (M) — T, T".

In what follows we will denote more briefly by F the functional fFMet( M)-
It is clear that if £ is of class C'°°, we can drop the superscripts, considering
spaces of objects of class C'*.

Computation of the adjoint operator

In the sequel we will always assume for simplicity’s sake that the point
(A,1,€), where the differential is computed, is such that A,,¢ are of
class® €. In this subsection we will compute the formal adjoint of the
differential of F at the point (A, v, g¢)

D a,p,g0)F 1 iAN (M) x T(W4) x sym(T'M, ge) — T(W_) x iA3 (M),
given by:
- 1 . 1 .
D(A’w,gs)]F(T,(ﬁ,S) = (ipg(T)’(/H-Di(b—ngS OVZV’fw—ipg(dlv s—dtr s)i,
AT — 6" @1+ 19" @ dlo — (trs)F — 5_(50)1:;).

The computation of the formal adjoint is mostly straightforward: we will
just remark the less trivial steps and make clear some notations.

(8) This will be always the case in the applications; however what we will say holds in
all generality.
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L2-norms. We define here the L?-norms with respect to which we are go-
ing to compute the formal adjoint; we will always indicate with (-, -) the real
inner products and with (-, -) the hermitian ones. On the bundle T*M ® iR
the norm is the standard one induced by the metric ge. On T*M®™ the
metric g¢ induces the inner product (z1 ® -+ @ T, Y1 @ -+ @ Ym) =
m! [T (i, y;); the decomposition T*M ® T*M =~ S?*T*M & A?T*M is
then an orthogonal direct sum. We will take on S?T*M and on A2T*M
the metrics induced by the metric on T*M ® T*M. In this way |le; ®
el = 2, |leiej||*> = 1 = |le; Aej||?, if @ # j, otherwise |le; ® €| =
|le2||? = 2. The metric induced by T*M @ T* M on sym(T M, g¢) is (s, 1)
2tr(st). The morphisms d+ defined in (4.1) are isometries if we take on
Hom(AZT*M, A% T*M) the metric (u,v) = 1/2tr(uv*). On T(W,) and on
I'(W_) we take the real part of the hermitian metric and on Hom(W,, W_)
the real part of the hermitian scalar product (u,v) = 1/2 tr(uv*), so that
the Clifford multiplication p¢ is an isometry. Finally the real part of the
hermitian metric on End(W), given by (A4, B) = 1/4 tr(AB*), induces an
orthogonal direct sum u(W) ~ iR @ su(W). We put on isu(W) the real
inner product induced by the real inner product just defined on End(WW),
so that the isomorphism pg : A*T*M —— isu(W) is an isometry. The
isomorphism p¢ : TM ® C — Hom(W,,W_) allows us to identify ele-
ments in Hom (W, W_) with complexified tangent vectors and to define a
complex conjugation (and hence a real and imaginary part) for elements in
Hom(W,., W_).

Computation of the adjoint operator. We express the adjoint op-
erator (D(Aw’gé)fF)* in terms of variables (x,0) € T'(W_) x iA%(M). In
the rest of the article we will identify symmetric 2-tensors S?T*M with
symmetric endomorphisms sym(7T'M, g¢) by means of the metric ge.

(1) To compute the adjoint of the map jy: A'(M,C) — I'(W_),
given by o —— p¢ (o)1, remark that, for x € I'(W_), we have:

(pe(0) Y, x) = tr[pe(o) o (V™ @ x)*] = 2(pe(0), %™ @ X)Hom(W, . W_)

(5:5) = 2(0,¥" ® X)1- MaC-

Therefore the hermitian adjoint of j, is the map x —— 29* ® x.

(2) The adjoint of the map gy (¢) = [¢* ® ¥ + * ® ¢y is the operator
qj, » 1A% (M) — (W) given by ¢},(8) = 1/2p¢(6)¢. This can
be proved firstly showing that, with the taken norms:

(5.6)  {pe(0), [¢" @ ¢lo) = i(ﬂgw)% p), VO €iAL(M) Ve D(W,)
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and, secondly, differentiating the identity (5.6) with respect to ¢
and identifying A3 (M) with isu(W,.) via the isometry pe.
Recalling that §_ is an isometry from symq (7'M, g¢) to Hom(A%
T*M, Af_T*M ) with the given norms, we immediately get that the
adjoint of the map s —— d_(so)(F ) is given by 6 —— 2(F, )*®6.
To compute the adjoint of the map s —— pg(div )y = jy o div(s)
recall that the adjoint of the divergence operator div : sym (7'M, g¢)
—— Al(M) is given by the map: 0 —— — (1/2) L,tge, where
we indicate with o the vector field obtained from the 1-form o by
raising the indices. The adjoint of pe(div(—))y is then: x ——
~Lre(yox 9¢-

With similar arguments one can prove that the adjoint of s ——
pe(dtr s)y is given by x = d*(Re(¢* ® x))ge-

Denote with V% 4* the linear map TM —— Wi defined by:
X — (-, Vfgvf( ) and with Re(V"¥* ® x) the 2-tensor defined
by: (X,Y) —— (Y, Re(VIX’f{w* ® x)). The adjoint of the map
sym(T'M, g¢) —— T'(W_), defined by s —— po s* o VZV’§1/), is
the map x — symRe (V% %* ® x). This can be proved express-
ing everything in a local orthonormal frame e’ and recalling the
identity (5.5).

We are ready to write down the formal adjoint of the operator D, A,wygg)fF:

PROPOSITION 5.9. — The formal adjoint of the operator D(Aﬂ/,,g&)IF‘ is
the differential operator:

(D(a,p,0F) : T(W_)BA% (M, iR) —» AN(M,iR)&T (W )@sym(T M, ge)

given by (D90 )" (X, ) (A1(x,0), A2(x, 0), A3(x, 0)), where the com-
=1,.

ponents A;(x,0), i

,3 are given by

Ai(x,0) :=d*0+i Im(¢* ® x)

Ax(x,0) == Dix — 5pe(0)0

) 1
As(x,0) = —symRe(VA " @ X) + 5 Lre(v- ox) 9

1 * * 1 —\*
+3" Re(u” ® X)ge — 5 (F{,8)ge — 2(F)" 0.
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5.4. The obstruction to transversality

By (5.4) we know that ker(D (4, y,¢6)Faer(ar))” = ker(D(A,w,gg)IF‘)*; hence
the equations for the kernel of (D4 y,¢)Futet(ar))* read:

(5.7a) d0+iIm(y* ®@x)=0
(5.7b) Dix — 5pe(6)Y =0

5 —symRe(V{" @ X) + 5 Lre(uan 9 + 5" Re(¥” @ x)g¢
5.7c

1 —\*
— S(Ff,0)ge = 2(F5) 06 =0

where (A7¢7§) satisfies IE‘Met(JV[) (A71/}7§) =0, with ’(/} 7é 0. Equations (57)
can be slightly simplified.

LEMMA 5.10. — If(x, 0) is a solution of equations (5.7), then (F{,0) =
0 and div(y* ® x) = 0.

Proof. — Consider the equations (5.7). Applying the operator d* to the
first equation we get d* Im(¢* ® x) = — divIm(¢* ® x) = 0; hence div(¢* ®
x) = divRe(1/*®@Y). Recall the following identity(®: if ¢ is a positive spinor,
and ( is a negative one, then
(5.8) 2 div(e” ® ¢) = (Dayp, () — (¢, Dag).

We now take the trace in the third equation, remembering that, for any
vector field X, we have tr Lxge = 2div X. We get:

1
—trsymRe(VY ¥* ®@x)+ 3 tr LRe(y+@y)9¢ +2d" Re(¥* @ x) —2(F1,0) =0,
or, equivalently, since div(¢* ® x) is real,
(5.9) div(y* @ x) + 2(F5,0) =0,
since tr Lre(y-gy)9¢ = 2divRe(¢* ® x), and, by a simple computation
taking a orthonormal frame, trsym Re(V ¢* @ x) = 1/2 Re(Dat, x) = 0.
Now, taking the scalar product with 1 in the second equation we get:
(W, Dax) —1/2 (¥, pe(0)¢) = 0, which becomes, using (5.6) and (5.8):
(5.10) div(y* @ x) + (Ff,0) = 0.

Combining (5.9) and (5.10) we get the result. O

(9) One can easily prove the equality establishing it first at the symbol level; then, show-
ing pointwise the equality at the zero-th order terms taking an adapted orthonormal
frame, that is, a local orthonormal frame e* such that Ve*(p) = 0 at the point p.
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PROPOSITION 5.11. — The obstruction to the transversality of the uni-
versal Seiberg-Witten functional (FMet(M))?f at the solution (A,4,¢)
of the universal Seiberg-Witten equations is given by nontrivial solutions
(0,x) € 1A% (M) ® T (W_) to the following equations:

(5.11a) d*0+i Im(y*®@x) =0
1
(5.11b) Diyx — 5pe(B)Y =0
* 1 —\*
(511C) — sym RG(V‘AV’IZJ ® X) + §LR9(¢*®X)Q§ — Q(FA) ® 0=0
(5.11d) 0,Ff)=0
(5.11e) div(yp*®x) =0

Proof. — By (5.3) the cokernel of the differential D(A7¢75)(IFMet(M))Z’T
coincides with the kernel of the formal adjoint of the differential
D a,,6)Fumes(ary on sections of class C*°. The equations (5.7) of the ker-
nel of (Da,yp.¢)Fumet(ar))” are now equivalent, by lemma 5.10, to equa-
tions (5.11). |

Remark 5.12. — We discuss now the gaps in the proof of the transver-
sality with generic metrics by Eichhorn and Friedrich. The two authors (in
[5, Proposition 6.4] and Friedrich alone in [8, page 141]) try to prove directly
that the differential D A%g{)ﬁ‘ of the perturbed Seiberg-Witten functional
is surjective. A first source of unclearness is that they never give a precise
expression of the variation of the Dirac operator, which we have seen as
being a fundamental difficulty in the question; in particular no mention
is made about the term —pg o s* o V9. The authors take into account
variations of the metric which are orthogonal to the orbits of the action
the diffeomorphism group Diff (M) on Met(M): this condition is precisely
expressed by divs = 0. They now remark that the variation of the second
equation involves just the traceless part of the tensor sg: as a consequence,
they now claim that they can deal with conformal perturbations separately
from volume preserving ones. Thanks to this uncorrect argument, as we will
see, they get to the two separate conditions, reading, in our notations:

()60 Fas) =0, (p(df)yi) =0

which are to be satisfied by an element (x, @) in the cokernel of D(Avag)IF‘,
for all so € symy(T'M, g) and for all f € C°(M,R) such that divsy = df.

(10) Here we consider A, 9, € of class C°°.
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The result would follow from them (remark that they correspond™!) | taking
formal adjoints, to two separate equations: (F'y )* ®6 = 0; d* Re(¢v*® x) =
0). This argument is not correct for the following two reasons. Firstly, the
term —po s* o VW) depends on the full tensor s and not just on his trace;
secondly the variation of the second equation does not involve just volume
preserving perturbations, since conformal perturbations come to play a role
in the identification iA% T*M ~ isu(W.) via pe.

6. Transversality over Kidhler monopoles
6.1. Kidhler monopoles

We now consider the transversality problem on Kahler surfaces. Let
(M,J) be a compact connected 4-manifold with an integrable complex
structure J. We will indicate with H;(M) the space of hermitian metrics
with respect to the complex structure J; it is a splitting Fréchet subman-
ifold of the manifold of riemannian metrics Met(M). If g € H;(M), we
indicate with wy = g(J(—),—) the (1,1)-form associated to g. Suppose
now that (M, J) is of Kéhler type. Let K ;(M) be the set of K&hler metrics
for the complex structure J, that is, K;(M) := {g € H;(M) | dw, = 0}.
A Kibhler surface is by definition a 4-manifold with a U(2)-reduction of
the structural group of the tangent bundle Py o) —— Pgr(4) admitting a
torsion free U(2)-connection. The natural morphism i: U(2) = SO(4) x
U(1) lifts to a morphism j: U(2) —— Spin®(4) so that v o j = 4. The
canonical Spin®-structure £y on a Kéhler manifold M is then given by the
p-equivariant map

€0 Qspinc(a) := Py(a) X Spin®(4) — Par, (4
induced by the morphism j. Remark that Qgso) ~ Py (2) Xu(2) SO(4) and
that Qu 1) ~ Py(2) Xdet U(1). As a consequence the spinor bundle is: W :=
AY*T* M, with W, ~ A%evenT* A W_ ~ A%'T*M. The fundamental line
bundle L is isomorphic to the anticanonical bundle det W ~ K}, and the
fundamental class ¢ is ¢ (M). The Clifford multiplication of the structure
& is given by
peo: T*M —= End(AVT* M, A% T* M)
z — V220 A () — 2%

(11) without taking into account the condition div sg = df
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Any other Spin®-structure £y is obtained, up to isomorphism, from the
canonical one by twisting the spinor bundle by a line bundle N in the
topological Picard group Picyop(M) of M; the resulting bundle of spinors
is W = A>*T*M ® N, the determinant line bundle is twisted by N®?2,
L = K;, ® N®2 and the fundamental class changes as ¢ = c1(M) +
2¢1(N). The Clifford multiplication for &y is pe, ® idn. In the notations
of section 2.5, let Zp, (ar) be the hermitian Spin‘-structures of class ¢ and
fixed type, that is, the Spin“-structures of class ¢ in = projecting onto J-
hermitian metrics, and let Zx (5s) be the kédhlerian ones (those projecting
onto Kéhler metrics). We will call the parametrized Seiberg-Witten moduli
space Mg, (ary and Mg, (ar) the moduli spaces of hermitian and kéhlerian
monopoles, respectively.

To express Seiberg-Witten equations on a Kéhler surface (M, g, J) for the
Spin‘-structure &y, we fix the Chern connection Ag,, on Kjs and make
the change of variables Ay 1) (N) ~ Ay )(L) given by A — A} ©A®2
The Dirac operator for this Spin°-structure and for A € Ay (1)(NN) is D4 =
\/5((% + 5;) The Seiberg-Witten equations on a compact Kéahler surface
for a spinor (o, 8) € A%9(N) @ A%2(N) and for a U(1)-connection A on
N read:

5A0z+5‘26 =0
FO2 ap
A 2
2 2
2F1}§’1_FKM _Z‘a| 4 ‘B| Wg

where we split the second equation according the splitting of self dual 2-
forms in A3T*M ® C ~ A*°T*M & A*2*T*M @& Cw,. It is well known
that if deg(L) < 0 then (A, «, 8) is a solution of the Seiberg-Witten equa-
tions if and only if 94 is a holomorphic structure for N, « is a non zero
holomorphic section of (N,04) and § = 0. Analogously, if deg(L) > 0, we
have a solution whenever a = 0, da-g Ag,, 1s a holomorphic structure of
N*® K and # is a non zero holomorphic section of (N*® Ky, éA*®AK]\/I ),
where # denotes here the complex Hodge star operator; the involution
7: (4,0, 8) — (A*® Ak,,, 15, fa) exchanges solutions of Seiberg-Witten
equations for the Spin® structure £y and solutions for the Spin®-structure
En+oK,, - Moreover (A, a, 8) is a reducible solution if and only if deg(L) = 0
and A is self-dual. As a consequence Kj(M) N Mete_go0a(M) = {g €
K (M) | [wg] Uc # 0}. Therefore:

*k

K, () = M, on) N Migeeary = M, (an) N Miteeary = ME (-
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In this section we will prove the following theorem:

THEOREM 6.1. — The parametrized moduli space of hermitian Seiberg-
Witten monopoles (MHJ(M))%T, and hence the universal moduli space
(MMet(M))%T, is smooth at irreducible kdhlerian monopoles M;(,(M)'

By remarks 5.3, 5.5, 5.6, we can paraphrase this theorem as:

THEOREM 6.2. — Let (M,g,J) a Kéhler surface. Let N a hermitian
line bundle on M such that 2 deg(N) — deg(K ) # 0. Consider the Spin°®-
structure £, obtained by twisting the canonical one with the hermitian
line bundle N. For a generic hermitian metric h € H;(M) in a small
open neighbourhood of g and for any Spin®-structure &' of fundamental
class c(§n) = c1(M) + 2¢1(N), compatible with h, the Seiberg-Witten
moduli space ./\/l?,W is smooth of the expected dimension. The statement
holds as well for a generic riemannian metric h € Met(M) in a small open
neighbourhood of g.

In the next subsection we make use of the complex structure J to split
the symmetric endomorphisms sym(7T'M, g) of TM with respect to a J-
hermitian metric g in hermitian and anti-hermitian ones. In subsection 6.3
we write down equations (5.11) in the Kéhler context and in subsection 6.4
we will finally prove theorem 6.1.

6.2. A decomposition for symmetric 2-tensors

The endomorphisms End(T'M) of the tangent bundle decompose, thanks
to the complex structure J, in J-linear and J-antilinear ones:
End(TM) ~ End(TM, J) @End(TM, J). Consider now a metric g, hermit-
ian with respect to J. The previous decomposition of End(7T'M) induces a
decomposition of the symmetric endomorphism sym (7'M, g) of TM, with
respect to g, in hermitian and anti-hermitian ones:

(6.1) sym(TM,g) ~u(TM,J) ®sp(TM,J),
where w(TM,J) = sym(TM, g) N End(TM, J) and"? sp(TM,J) = sym

(TM, g)NEnd(T M, J). Analogously, symmetric 2-tensors in S2T* M can be
decomposed in the direct sum S*T*M ~ SYT*M @ S% ,T* M of hermitian

(12) The notation sp(T'M, J), suggested by the referee, is motivated by the fact that
sp(T'M, J) coincides with the tangent space at the identity of the space of positive sym-
metric automorphisms of the tangent bundle (with respect to the metric g) preserving
the symplectic form wy.

TOME 61 (2011), FASCICULE 3



1290 Luca SCALA

2-tensors SVIT*M = {s € S?°T*M | s(JX,JY) = s(X,Y) V X,Y €
TM} and antihermitian ones: S%,7*M = {s € S?*T*M | s(JX,JY) =
—s(X,Y) VX,Y € TM}. The decompositions for sym(T M, g) and S2T* M
identify one to the other once we identify tangent and cotangent bundle by
means of the metric g.

Consider now the complexified tangent bundle TM ® C. The complex
symmetric 2-tensors S?(T*M ® C) split, according to the decomposition
TM®@C=T""M @ T M as

S*(T*M @ C) = S*°T*M @ S**T*M @ Sp' T* M

where we indicate S?(AMT*M) with S20T*M, S?(A%'T*M) with
S92T*M and with Sp'T*M the subbundle of AMOT*M ® A'T*M @
AYT*M ® AVOT*M invariant by the transposition of factors 7 in the
tensor product; in these notations the hermitian 2-tensors S%'7*M intro-
duced above coincide with the subspace of real tensors in S(é’lT *M, that
is, tensors invariant by conjugation. Let now s € S?T*M, extended by
C-linearity to the element sc € S?(T*M ® C); according to the above de-
composition, sc can be written as s¢c = s2,0+50,2+51,1, With s ¢ = 502 and
311 = s1,1. It is clear that s € SL1T* M if and only if sp2 = 0; in this case
511 defines an hermitian form on T%M; hence S¥T* M ~ Herm(T10M).
On the other hand, s € S%,T*M if and only if s;; = 0; in this case sa
and sg o define quadratic forms on TH9M and T%'M, respectively, one
conjugated of the other. Hence S% ,;T*M ~ S%0T*M ~ SO2T* ).

Using the complexified metric g¢ to identify T*M ® C with TM ® C,
the previous considerations can be stated for C-linear extensions of sym-
metric endomorphisms f € sym(TM,g) to fc € End(TM ® C). An en-
domorphism f € End(TM) extends by C-linearity to an endomorphism
fc € End(TM ®C) such that fc(2) = fe(z) for all z € TM ®C. According
to the decomposition TM ® C ~ THOM @ T%'M this extension can be
written as:

(6.2) f= (Z Z)

The endomorphism f is then J-linear if and only if b = 0, J-antilinear if
and only if a = 0. Moreover, f is symmetric with respect to g if and only if
(Z,W) — g(a(Z),W) is an hermitian form on 7*°M and (Z, W) —»

g(b(Z), W) is a complex quadratic form on TH°M. Hence we can identify
w(TM,J) ~ Herm(T'OM); sp(TM,J) ~ S?OT*M. Analogously, using
a and b we get identifications uw(T'M,J) ~ Herm(T%'M); sp(TM,J) ~
S02T* M.
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Remark 6.3. — The space of hermitian 2-tensors S*'T* M is isomorphic
to the space of real (1,1)-forms Ay T*M via the isomorphism s —s(-,J(-)).
In local coordinates, if a € SMT*M ~ Herm(T1°M) is given by a =
>4 @jdz @ dzj, with a;; an hermitian matrix, the associated real (1,1)-

3 %ij
form is given by —2i Zij a;;dz; A\ dz;.

Remark 6.4. — Letu € ALOT*M@A%IT*M. Let o(u) the (1, 1)-form in
AYYT* M obtained by the projection of u on A%(T* M ®C). Denote moreover
with herm v the hermitian part of the sesquilinear form on T%°M defined

by u: hermu = 1/2(u 4+ 7(u)). Then sym Rew € u(TM,J) and coincides
with 1/2hermu = 1/4 (u + 7(u)) as hermitian form on T%°M. By the
previous remark, the associated real (1,1)-form to sym Rew is —i/2 (o (u) —
o(u)). Let now v € A%'T*M @ A%'T* M. Then sym Rev € sp(T'M, J) and
coincides with 1/2symv € S%2T*M, in the identification sp(T M, J) ~

SO2T* M.

We need now to take into account the decomposition (6.1) in the isometry
6_: symo(TM,g) — Hom(A2T*M,A2T*M). We identify A2 T*M with
Ai’LR, that is, with the real (1,1)-forms orthogonal to the Kahler form
wg,y and A2T*M with A®2T*M & Rw,. If f € sym(TM,g), let a(f) €
End(TH°M) and b(f) € Hom(TH°M, T%1 M) be the components of the
extension of f to TM ® C seen in (6.2). Set ug(T'M,J) = w(TM,J) N
symq(T'M, g). With this notations we have:

LEMMA 6.5. — For all f € ug(T'M,J) then cL(f)Ai}’i_R C Rwy. There-
fore the isometry 6_: symy(TM,g) — Hom(A2T*M, ALT*M) splits,
according to the decomposition (6.1), as :

ug(TM,J) @ sp(TM,J) — Hom(A !, A“2T* M) @ Hom(A"! , Rw,)

wik,R wt R
(s,t) % ~ (0-(b(2)), 6-(s) )
Proof. — Let (s,t) € ug(T'M,J) @ sp(T'M,J). The derivation i(s*) in-
duced by an element s €uy(T'M, J) preserves the spaces AL1T* M, A20T* M
and A%2T* M, because s is J-linear. Therefore, for such s, (L(S)Ai’i r ©

AYYT* M, but by definition 6 (s)AZT*M C A3 T*M; as aresult 6_ (s)Ai’LR
C Rwgy. Any t € sp(T'M, J) is J-antilinear, hence its extension to T'M @? C
exchanges T1°M and T%!'M; consequently i(t*)AYT*M C AY2T*M @
A20T* M. We can write t*= b(t)*+b(t)*, with b(t)*: AP T*M — AVOT*M,
and b(t)* : ABOT* M — A®1T* M. Therefore i(b(t)*) AV T* M C A>O0T* M

and i(b(t)*)ALYT*M C A%2T* M. Therefore in the splitting
Hom(A2T*M,A2T*M) ~ Hom(A™! ., A%2T*M) & Hom(A™! Rwy)

wik,R wt R
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the element (s,t) acts as 6_(b(t)) ® d_(s). O

6.3. The obstruction to the transversality on a Kdhler monopole

As discussed in subsection 5.1, in order to prove theorem 6.1 we need
to prove that the intrinsic differential D, W (as) of the section Wy (pr) :
(%EJ ( M))IQ;T —— €y, (u) is surjective at an irreducible kéhlerian mono-
pole x = ([4,v],£). We can suppose that £ = ¢y for a certain N €
Picgop(M); moreover, because of the involution j, it is not at all restric-
tive to take x a k&hlerian monopole with negative degree. By subsection
5.3 and in particular remarks 5.7, 5.8, the obstruction to the surjectivity
of Dy Wy, (ary is given by the kernel of the operator

(6:3)  (Daw.goFr,an) = (i1, e ©Pr, 1,0m) © (Diay.g0F)”

where Png H, (M) is the orthogonal projection Ty, Met(M) — T, H;(M)
onto the tangent space of hermitian metrics. Since, given the Kéhler met-
ric g¢, we can parametrize hermitian metrics with symmetric positive her-
mitian automorphisms U+ (T'M,J) = Sym™*(T'M, g¢) N End(T'M, J) with
respect to the metric g¢, the tangent space to hermitian metrics is given
by:

Ty H (M) ~ TqUT(TM,J) ~u(TM,J).

The form of the operator (6.3) implies that, to find the obstruction we want,
we have to consider equations (5.11), with equation (5.11c) projected onto
the component in u(T'M, J), according to the decomposition (6.1).

We are now going to write down the kernel equations (5.11) on the Kéhler
monopole of negative degree x = ([A, ], £n), where ¢ = (a,0) € A%°(N)@
AY%2(N). For brevity’s sake in the sequel we will indicate the Kihler metric
gen just with g. In what follows we will make the following identifications:

a) we will identify imaginary 1-forms in iA'(M) with (0,1)-forms in
A%L(M) via the isomorphism A%Y(M) ~ iA'(M) sending o —
o —0;

b) the imaginary selfdual 2-forms i A% (M) will be identified with forms
in A°(M,iR)w, & A%2?(M), since we can always write 6 € 1A% (M)
as 0 = dwy +pu — i for A € A°(M,iR), u € A%?(M). We can
therefore express the isomorphism iA% (M) ~ isu(W,.) as (cf, [14]):

A m()) ’

Aw, + }—»2(
o T H A=) A
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where the matrix is written according to the decomposition W, =~
AYT*M @ N ® A>?*T*M @ N.

Remark 6.6. — Remark that the 1-form ¢* ® ¢, where p € A%%(N) and
¢ € A%I(N), is given by 1/v/2 @¢ € A% (M).

We postpone the study of equation (5.11¢) to the next paragraph. In the
above identifications equations (5.11a), (5.11b), (5.11d), (5.11e) take place
in the spaces A1 (M), A®O(N), A%2(N), A°(M,iR), A°(M), respectively,
and become easily

(6.4a) O+ 0" (Mwy) + 2\%@){ =0
(6.4b) V20ix — da =0
(6.4c) V204x — por =0
(6.4d) Nal> =0

(6.4¢) d*(ax) =0

Since « is a nonzero holomorphic section of (N, 04), we get from the fourth
equation that A = 0 on the dense open set M \ Z(«) and hence everywhere.
The last equation is, consequently, dependent from the first. Hence the
equations are equivalent to:

(6.5a) V20" i+ ax =0
(6.5b) dhx =0
(6.5¢) V204X — v = 0
(6.5d) A=0.

Contribution of the metric: hermitian perturbations

We have now to write equation (5.11¢) on the K&hler monopole ([4,(«,0)],
&n), according to the identifications made. We will use the decomposition
(6.1) and the identifications u(T'M, J) ~ Herm(T%1 M) and sp(TM, J) ~
S927* M provided by subsection 6.2. Moreover we will identify TM ® C
with T*M ® C by means of the complexified metric gc (the C-linear exten-
sion of g to to T*M ® C); it identifies T*OM with A®'T*M and T M
with ALOT* M.
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The term sym Re(VY 1* @ x). The linear map V% ¢* € Wi @ (T*M ®
C) becomes the form daa € N*®@A%1T* M. The complex 2-tensor V% 1*®
X can be identified, by remark 6.6, with the tensor 1/v/294ax € A>'T*M®
AY1T*M. By remark 6.4 we can identify:

1 N
symRe(VYW* @ x) = WG sym(daay) € SO2T*M ~ sp(T M, J).
The term Lge(y-gy)g- Recall that, for a real vector field X, Lxg =
2sym V9X?, where X° denotes the 1-form obtained by X lowering the
indices. As a consequence:

Lie(yroy)9 = 2sym VI Re(y)* ® x) = 2symRe VI(¢* ® x).

By remark 6.6, the 2-tensor V9 (¢* @ x) is VI(¢* ® x) = 1/v/2 V9(ay) =
1/v/2 [D(ax) + D(ay)], where we denoted with D and D the components
(1,0) and (0,1) of V9, respectively. The term D(ay) is in A%'T*M ®
A%YT* M the term D(ay) is in AYOT* M @ A%1T* M. Hence, by remark 6.4

1
N

according to the decomposition S?*T*M ~ Herm(T'°M) & SO2T*M ~
w(TM,J)&sp(TM,J).

Lie(yroy)9 = 2symRe VI (" ® x) = [herm D(ax) 4+ sym D(a)],

The term (F, )* ® 0. Writing 6 = Awgy + 1, the term (F; )* ® 6 decom-
poses into the sum of (F; )*®Awy and (F; )*®@p. The map 6 — 2(F)*®
6 was built as the adjoint of the map s —— d_(so)F, . As a consequence of
lemma 6.5, (F;)* ® Aw, is in uo(T'M, J) =~ Sy T* M (the traceless tensors
in SH1T*M), while (F;)* @ p is in sp(TM, J) ~ S%2T*M.

Contribution of hermitian perturbations. Equation (5.11c) splits
in the two following equations, according to the decomposition (6.1):

(6.6a) herm D(ay) — 4V2(F3)* @ Awy = 0
(6.6b) —sym(daax) + sym D(ax) — 4V2(F;)* @ pu = 0.

Identifying elements in u(T'M, J) with real (1, 1)-forms, as seen in remarks
6.3, 6.4, the first equation becomes

—i(d(ax) — d(ax)) — 4V2(F3)* @ \wy = 0.

It represents the contribution to transversality coming from hermitian per-
turbations of the Kéhler metric g.

ANNALES DE L’INSTITUT FOURIER



PERTURBATIONS OF THE METRIC IN SEIBERG-WITTEN EQUATIONS 1295

6.4. Proof of theorem 6.1

We have to prove the surjectivity of the differential D(A7¢79)FHJ(M) on
a Kéhlerian monopole ([A4,4¢],&) = ([4, («,0)],&x). The obstruction to
the transversality is given by a nontrivial solution to the equations for
ker(Da,y.0)Fw, an))"

(6.7a) 2v20" pu +ax =0
(6.7b) x =0
(6.7c) V204X — v = 0
(6.7d) A=0

(6.7e) d(ax) — d(ay) =0

taking place, in the identifications we made, in A%!(M), A°(N), A%2(N),
A°(M,iR), A1 (M), respectively. Denote with Ag = 9% 4+ 0*9 and Ay =
00*40*0 the laplacians for the operators d and 9, respectively. The system
of partial differential equations (6.7) does not have any nontrivial solution:
in order to see this, we apply the operator 0* to the last equation, obtaining:

Ag(ayx) — 9"0(ayx) = 0.

Using the Kahler identity 9*0+00* = 0, we get that 0*9(ax) = 00" (ay) =
0, since we already know that 0*(ax) = 0. We are left with Ag(ay) =
0, that is, ax is Ap-harmonic. Hence it is Az-harmonic and d(ay) = 0.
Applying now the 0 operator in the first equation we get A 5(p) = 0, which
implies 9* 1 = 0. Hence ay = 0 and y = 0. From the third equation we get
1 = 0. Therefore there are no nonzero solution to the kernel equations on
a Kahlerian monopole.
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