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Foreword.

This foreword is addressed to those who have read the
first version of this paper issued as Technical Report 26.
We decided to publish a second version for the following
reason. Our main interest is the space P^D), the restriction
of the space P^R") (cf. Part. I) to an open subset D of R".
Since we do not have any general intrinsic definition of the

v

space P^D), in Report 26 we introduced the space P^D)
which is defined in an intrinsic and direct manner and which
in general satisfies P^D) => P^D). Our main concern was
to define a class of open sets D, as large as possible, for which
P^D) = P^D). After the first version appeared we noticed
that we could define a functional space (denoted here tempo-

^ v

rarily by P^D)) by a definition as simple as that of P^D)
and which better approximates the class P^D), more precisely,
P^D) 3 P^D) D P^D). Furthermore, we noticed that all the
theorems we obtained for P^D) have their analogues for the

y
class P^D). In most cases these analogues are simpler to state,
admit simpler proofs, and often are more general. We decided,
therefore, to abandon the preceding definition of P^D) and,
starting with the present paper, we deal only with the class
P^D) which will be denoted from now on by P^D) (1).

Another change in the second version is due to the fact
that we were able to apply the idea of Lichtenstein reflection
of order p (in particular the reflection of order oo introduced
by R. T. Seeley [11] in the case of hyperplanes) to the Lipschit-
zian graph domains. By such generalized Lichtenstein exten-

(1) This change of definition was already applied in some published papers
and in papers which are to appear soon.
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sion we obtain an unrestricted, simultaneous extension theorem
for SLG-domains. In the previous version we used the Calderon
extension method which gives only simultaneous extensions
between two consecutive integers.

Other improvements and additions are described in the
Introduction.



Introduction.

This second part of the « Theory of Bessel Potentials »
contains only Chapter III, which deals with open subsets of
a euclidean space. Chapter IV, which will appear subsequently
will deal with potentials on manifolds.

The most natural way of defining potentials in a subdomain
D of R" is to define them as restrictions of potentials in the
whole space. This class is denoted by P^D). However, this is
not an intrinsic definition and it would be very inconvenient

v

in applications. We therefore introduce the class P^D) for-
med by functions in P{Sc(D) and having a finite standard
norm [uj^D. In the past this standard norm has been used for
integral orders a. We now extend it to non-integral a by
formula (2.1) of § 2. We also introduce the approximate
a-norm, [ul^n? by formula (2.3) of § 2 which is equivalent to
the standard a-norm but is simpler to use.

The main purpose of this paper is to investigate the class
P^D) and its relations to P^D). Since the functions in P^D)
are restrictions of those in P^ the properties of P^D) are
already very well determined. It is of importance therefore
to investigate those domains where P^D) = P^D). For all
« regular » domains D this equality holds. It is one of the main
purposes of the paper to find as general classes of domains
as possible for which this equality still holds. The equality
can be characterized by the fact that for the class P^D)
there exists a linear continuous extension-mapping into the
class P^R") assigning to each ueP^D) an extension u,
fieP^R"), defined in the whole space.

In addition to the main problem of extension we investigate
many other properties of functions in P^D).

We give now a brief summary of the sections of this paper.
§ 0 takes up an idea proposed in the last remark of

Chap. II, (going back to Lebesgue), i.e. to « correct » any
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given locally integrable function in a well determined way
(e.g. by taking limits of the mean values) so that if the func-
tion is equivalent to a « nice » function, the corrected func-
tion will also be nice. We use this idea in many instances by
assuming, a priori, that we are dealing with (( corrected »
functions and this makes for simpler statements and proofs.

§ 1 introduces the class P^D) and gives translations (for
the most part obvious) of the properties of P01 into those of
PW.

§ 2. The class P^D) is defined. Among other things, we
take up the problem of multipliers and show that if u <= P^D)
and if y and all of its derivatives up to order a* (a* is the
greatest integer < a) are Lipschitzian on D, then u —> (fu
is a bounded mapping of P^D) into P^D).

§ 3 deals with the problem of inessential singularities of
functions in P^D) and shows under what circumstances it
is possible to extend u e P^D) to a function in P^Di) when
DI differs from D by a set of Lebesgue measure 0. This result
is applied to develop the Lichtenstein extension method for
hyperplanes.

In § 4 the behavior of the standard and approximate
norms for a single function u when a varies is considered.
In particular the properties of the standard and approximate
norms are studied as a converges to an integer. It is shown
that |u]a,D is a continuous function of a when D is convex.

§ 5 introduces the idea of boundary properties and their
localization. This is applied to convex domains to define
the L-convex domains which have, essentially, the local
structure of C^-homeomorphic images of convex domains.
This is the largest class in which we can prove essentially
all the properties of functions in P^D) for the functions in
P^D) (it is not known if for L-convex D, P^D) = P^D)
for all a).

In § 6 we define the graph domains and show that P^D)
is dense in P^D) for this class of domains.

§ 7 introduces the class of domains §(I) where I is an interval
in [0, oo). De8( I ) if there is a linear extension mapping of
the smallest linear class of functions containing I J P^D)

a6I
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into the measurable functions on R" such that the mapping
carries P^D) boundedly (uniformly on every compact subin-
terval of I) into P^R") for a el. A localization theorem is
proved for the class 8(1); in imprecise terms it can be stated
as follows : if D is locally in 8(1) then D e @(I) .

§ 8 and § 9 are preparatory sections for the main theorems
of the paper which are proved in § 10 and § 11. In § 8 the
regularized distance and singular multipliers are defined
and a number of their properties are proved.

§ 9 gives the necessary theoretical background for the
constructions in § 10. It is the most involved section of the
present paper, made more complicated by the necessity of
obtaining uniform bounds in different theorems in order to
have uniform bounds in the simultaneous extension theorems
of § 10.

§ 10. We introduce the notions of uniform and regular
systems ^ Q i ^ where Qi == Di and the D^ are open sets satis-
fying certain properties. The main results of this section
are concerned with the case where all the D^s are in 8(1) and
we determine additional conditions under which / ^ J Qn
— the interior of [ J Qi — also belongs to 8(1). l

In § 11 we define the generalized Lichtenstein extension.
We use this extension to prove that if ^)D is locally Lipschit-
zian then D «= 8([0, oo)) i.e. there is a simultaneous linear exten-
sion of P^D) into P^R") for all a > 0.

In § 12 we apply the results of § 10 and § 11 to establish
the extension theorem for some concrete classes of domains.
First we find a necessary and sufficient condition for a convex
domain D (bounded or unbounded) to be in 8([0, oo)). The
condition is that for some bounded cone C and for every
x e ^)D there is a congruent cone with vertex x contained in D.
Secondly we prove that all finite geometric polyhedra which
are not locally disconnected by their boundary belong to
g([0, w)).

§ 13 gives different examples and counter examples concer-
ning the subjects treated in the paper.

In recent years a great amount of work was done concer-
ning Bessel potentials connected with L/ classes in R" [2, 3, 4,
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7, 10, 12, 13]. Of the different classes considered only the
classes P^ (2) lend themselves to a treatment in open subsets
of R" analogous to the one given in the present paper for the
class Pa (P^D) is identified in this connection with P^D)).
It turns out that with very few exceptions, for all statements

v

concerning P^D) there exist parallel statements concerning
P^D). At the end of most of the sections of this paper remarks
are made to show in what manner the results of the section
can be extended to the class P^D). Since almost all the
exceptions occur in the cases p == 1 and p = oo, we restrict
these statements essentially to the case !<<?<; oo.

Finally, we have added an Appendix where we treat the
question of complete continuity for the standard norms of
different orders. The problem for non-integral orders differs
in many aspects from the one for integral orders which has
already been investigated by many authors.

The bibliography contains only references which were not
given in Part. I.

For the convenience of the reader a list of symbols, notations
and terminology introduced in this paper is given after the
bibliography.

(2) See [2]. These classes are perfect completions which correspond to the classes
Wp [2, 3, 7, 10, 12, 13]; these latter classes appear as completions relative to the
class of sets of Lebesgue measure 0.



CHAPTER III

THE SPACES P" (D) AND P0' (D).

0. The corrected functions.

In the last remark of Part I (Chap. II, § 11) we introduced
the corrected function u for any function u locally integrable
in an open set D c R71 (^eL?oc(D)) by defining

(0.1) ^)^li,n____ r ^y)dy,
P^O \^(X, p)| Js(a-,p)

for all x e D for which the limit exists and is finite. All the
other points of D form the exceptional set of u ' : the correc-
ted function is not defined there.

The idea of such a « correction » goes back to Lebesgue;
u\x) = u(x) a.e. and the exceptional set is of measure 0.
Since in some instances the use of corrected functions allows
a simplification of statements and proofs we will review the
main properties of corrected functions in this section.

If we introduce the function f°{x) == — X°(^)? where y°

is the characteristic function of the unit sphere S(0, 1) and
co^ is the area of ?)S(0, 1), formula (0.1) can be written

(0.1') u(x) = li^ / u{x - y)^ 9°(y/p) dy.

This formula suggests a more general procedure to define
corrected functions. We consider any bounded measurable
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function y(rc) vanishing outside of a compact such that

(0.2) f ̂ {x) dx = 1.

We put then

(0.3) u^{x) = lim f u{x - 2/)p-" y(y/p) dy

for all x e D for which the limit exists and is finite. The other
points of D form the exceptional set of i^.

Obviously u^ is the same for all u in the same equivalence
class (relative to Lebesgue measure). The following proposi-
tion is also obvious.

1) If Uk e L^(D), k = 1, 2, a/, are complex numbers,

u = a^Ui + agUg,

and if A? and A^ denote the exceptional sets of u? and u^ respec-
tively^ then A? c A^ u A^ and

u^{x) = ̂ ul{x) + ̂ ul[x) for x e D - (A? u A|).

For u e L^c(D) the Lebesgue set of u is the set of all x<=D
for which there exists a number u^l^x) such that

(a4) ^V^—}} f Ky) - UL^' ̂P\0 |b(^, p)| ^S^,p)

= \^ f \u{x - y) - u^lp-V^/p) dy = 0.

A classical theorem of Lebesgue says that the exceptional
set of u^ (i.e. D — the Lebesgue set) is of measure 0 and that

•u^l^x) = u{x)
a.e. in D.

As a counterpart of Prop. 1) we get immediately
1') If Uf, e L?oc(D), k = 1, 2, u = a^ + agUg and A1' and

A^ are the exceptional sets of v^ and u^ respectively then

A1- c P^ u A^
and

u^x) == y.^{x) + aa^(^) /or x e D — (A^ u A^).

2) J/* ueL^^D), then for any y, u? is an extension of i^.
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In fact, if x is in the Lebesgue set of u, M is the bound of 9
and <p(y) == 0 for \y\ > S, then

\f u{x - ̂ p-^/p) dy - ̂ )|
= I/ [u{x -y)- u^x)]^ 9(y/p) ̂ |
< f \u{x - y) - u^lp-^^/p)] dy

< ̂  MS- J |u(^ ̂  y) - u^KpS)- 9°(t//pS) A/,

and by (0.4) the last integral converges to 0 for p \ 0.
It follows from Prop. 2) that u, u^, and all the u^ are in the

same equivalence class. We may call u^ the minimal corrected
function. The introduction of the function u^ besides u^ is
justified by the fact that in many cases it is easier to find the
set where u^ is defined rather then the Lebesgue set. A case
in point is the following application to Fourier transforms
of L2 functions.

3) Let u e L^R"). The corrected function u^ is gi^en pointwise
by

(0.5) u^x) = lim f ̂ )u(^) 9(pS) ̂
p^o -/

and the exceptional set of u^ is the set of x^s where the limit does
not exist [or is infinite).

The proof is immediate since

(2^/2u(S;)y(pS;) = {u(x) * p-y^/p))-
and <p(^) is an entire function of order 1, L2 on R", so that
u(^)y(p^) e L1 and the integral in (0.5) is an ordinary Lebesgue
integral.

For different functions u we may choose different functions
<p to simplify the integration in (0.5). We give here the trans-
form of the simplest functions y.

a) Spherical means, y == 9°, y(^) === — \^\~'n{2 3^{\^\) where
^n

3n/2(lS;|) is the Bessel function of first kind of order n/2;
b) Cubic means, <f == characteristic function of the cube

, /-.- sin ̂ - ̂KI < 1/2, k = i,.., n, ̂ ) == n v- —^—
k=l V ^ ^k
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We add two more general propositions:
4) Let ueL^(D) and peL^(D). The function (u^ 15 an

extension of u^ (3).
In fact, let x be in the intersection of the Lebesgue sets of u

and (\ Then

is^iX.p)1^^"^^^1^<is(^p)lLL)lu(l/)-UL^ll^'^
+X..P) Î IKy) -^}\dy\

and the right side -> 0 for p ^ 0 by virtue of (0.4) since

^L^(D).

5) Le( T be a homeomorphism of D onto D* suc/i (Aa( T and
T-1 are focaMy Lipschitzian. Then if u e L^(D) ararf

u*(a;*) == u(T-1 a;*),

(Ae Lebesgue set of u is mapped onto the Lebeseue set of u* and
u^{x*} = u^T-1 a;*), e /

Proof. — For a; e D there are constant M and po such that
for \y - x\ < M-1 po, M-^y - x\ < |Ty - Ta;| < M\y - x\

and the Jacobian —^ is majorated a.e. by M». Hence for

p <; po and any number Uy we have
M-2" r

\S(x M-^tl 1"̂  - ""I ̂l'-\~5 1'1 ?)\ «/|.c-yj<M-ip

<lSfaL^I f I^'T-1^)-^!^\s\x) y ) \ J|y*-T.r|<p
M2" /'

<lS(.,^p)|J,^,^lM^-Mol^

from which the proposition follows by letting p ^ 0.
The application of the corrected function to Bessel poten-

tials is based on the following proposition.

(3) This proposition is not true in general if the hypothesis is changed to
ueL^W, ^LfJD) with 1 < p, q < oo, i / p + i/q ==1.
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6) Let d[L be a signed Borel measure such that

f G^x — y) d^{y)

is defined and finite for at least one x e R". Put

u{x) == f G^(x — y) d^{y)

wherever the integral exists and is finite. Then u e L^c (R")
and ^L is an extension of u.

Proof. — By Prop. 1, § 6, II, we have ueL?oc (R") and for
a > n, u^{x) '=. u(x).

For a ̂  n let x be a point where u{x) is defined. By (4.2), II
it follows that dy, has no point mass at x. Hence

1 ric7—vi Ky) — ^1 ̂R^? p)l J^p)
= \^~}\ f f [Ga(y ~ z )

 ~
 Ga(a; - ̂  ̂ ^) ̂I^W P}| ^S(a..p) ^R"< f risT1^ f 'Ga(t/ ̂ z) ~Ga(ry -^ ̂  ̂ i î i ̂ •JR" Lp( ,̂ p}| Js(.z.,p) J

For x =7^= z, the function in square brackets converges
pointwise to 0 as p ^ 0 by (4.1), II and is maj orated by a cons-
tant times Ga(^, z) for p sufficiently small by Prop. 1), § 4, II.
The result follows by the dominated convergence theorem.

6') If ueP01 then ^eP01 and u{x) == u^x) exc. .̂

Proof. — If u e P01 then exc. ̂  u{x) = f G^{x — y)/'(y) rfy,
/*€= L2(Rre) and the result follows by setting dy.{y) == f(y) dy in
Prop. 6).

The last proposition together with the previous ones leads
immediately to the following theorems.

THEOREM I. — Ifu is equivalent to a function in P" (or P^(D))
then for any 9, u? e P01 (or e P^D)).

THEOREM II. — If u e P01 one? / is any system of indices with
|/[ ̂  a, (A^n /or any y

D,u(^) = Urn f ^-'^^^(^ y(pS) ̂  .̂ %a-2,y,.
o ̂ n ~P^O
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Remark 1. — The corrected function zft of some function
u can be characterized intrinsically by the fact that

(u?)? == u?.

Therefore when we say that v is a corrected function it means
that ^ = v for some 9. Usually the particular choice of 9
is immaterial and will not be mentioned.

1. The space P )̂.

P^D) is the space (defined in Chap. I, § 5) of all restrictions
to D of functions in P^ with the norm

(Ll) ||u||^=min||u|]a,

the minimum being taken over all u e P^ such that u == u
on D except on a subset of D of 2a-capacity 0. By Prop. 1)
of Chap. I, § 5, P^D) is a complete functional space relative
to the class of subsets of D of 2a-capacity 0. Throughout
the chapter it is assumed that D is an open set.

1) P^D) is the perfect functional completion of the class of
restrictions to D of functions in Co^R").

Proof. — The proposition follows from the general proper-
ties of functional completions.

2) P^cP^D).
3) If (3 < a, then PP(D) D P^D) and ||%n < ||u||̂ .

Moreover, if D is bounded then | |^|]ftD is completely continuous
with respect to |]^||a.D-

Proof. — The first statement is obvious from the fact that
PPDP 0 ^ and |H|p<||u|],.

The statement about complete continuity is proved as
follows. For each ueP^D), let ueP0 1 be the extension of u
with [|M||a = [HIa.D. Let 9 be a function of class Co° which is
equal to 1 on D. By Prop. 6), § 2, II, there is a constant c
such that

Ma<c|lu|]^=c||u||^D.

If \u^\ is a bounded sequence in P^D), then {^u^\ is a bounded
sequence in P01, and each term vanishes outside of a fixed
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compact. Therefore, by Prop. 4) § 2, II, there is a subsequence
^<pu^ j which converges in PP. The sequence \u^\ must then
converge in P^(D) since

IK - ^JIfrD < ||9^ - (pujip.

9 will be called a multiplier of order k on D {an open set}
with Lipschitz constant M if 9 e C^D) n L^D) (if k == — 1
we only require that 9 e L°°(D)) with common Lipschitz
constant M for all derivatives of order ^ k and [9|^D ̂  M.

4) If u e P^D) and 9 is a multiplier of order a* on R" with
Lipschitz constant M then 9uePa(D) anc? |J9^||a,D ̂  cM||u||a,D
where c depends only on a* and n.

Proof. — If u e P01 is such that u = u on D and |[M|]a = [M|a,D
then by (2.4) of Chap. II, and by the definition (1.1) (4)

IHkD < |H|a < cM\\u\\^ = cM||u|]^D.

5) If ue Pa(D) and m is an integer ^ a, then for \i\ <; m,
D,u e Pa-m(D) and

m

(1.2) 5 O?) S ||D.u||2,_^<||u|]2 .̂
/c=o li'l=/c

Proof. — Take u <= P01 such that & == u on D and ||^|la === H^lla.n
and use formula (7.1) of Chap. II (5).

The next proposition deals with restrictions of functions
in P^D) to the intersection of D with a /c-dimensional hyper-
plane R\ In accordance with the conventions used earlier,
quantities associated with R^ are primed.

6) If D n R^ is non-empty, and if 2 a > n — /c, then
a-71^

(a) if ueP^D), t/^M u'eP 2 (D n R^) ayid;

r^.-"-^•('-••^)^_

2 '""" 2'>-'t1t 2 r(a)
(L3) 11^111^, ̂  ̂  x ^ / ll»llln

(4) The constant c is not the same as the one in (2.4) Chap. II, since we are using
([ || a instead of [ |a.

(6) If the boundary of D is irregular, the reverse inequality in (1.2) does not hold,
even when the left side is multiplied by an arbitrarily large constant.
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(6) If u'eP01""2" (D n R^) then there exists ueP^D) $ucA
that the restriction of u to D n Rk 15 u' OTZC? 5ucA ^Aa^ equality
holds in (1.3).

Proof. — Theorems la and Ifc, § 8, Chap. II.
7) There is a constant c such that if, for

q = 0,1, . .., r < a - ̂ , u, e p"-'-^ (D n R-i)

(Aen (/î re 15 a function u e P^D) 5uc/i that ( —„) == î  except
^V^n/^

on a subset of D n R""1 o^* (2a-2^-l) -capacity 0 in R""1 anrf

(1.4) IHIlx><^2lKII'^_^,^-.-

Proof. — Theorem Ic, § 8, II.
We will use the general notation: If U is an open set in R"

then U8 == [x: dist. (^, R71 — U) > S], S > 0. It is easy to
see that U8 has the following properties: ^(IP)) == 0 (6),
(U51)51 = U^+82 and if U = R", then U8 = U.

LEMMA 1. — Let U be an open set in R" and A a closed subset
of IP, t/i<°M ^<?r<? exists a function 9 e C^R") such that

0 < 9(^> < 1
everywhere^ <f(x) === 1 on A, and! 9(a;) === 0 outside of U. Fur-
thermore, \Di(f{x)\ ̂  ^\i^~^ where C^ is a constant depending
only on m and n.

Proof. — Consider the characteristic function yj^x) of the
S/3 neighborhood of A. Then the regularization (7) ^^{x)
of y by e(x) satisfies all the requirements of the lemma and

C^^supID^)!.
n iii==m

(6) If a;eb(U5) there exists a yeoU such that xe^S(y, 8). Hence

iim|S(.r,r)nb(U^)|/|S(^r)|<1

r^O -&

for all a?eo(U5), i.e. OJU^) is at each point of upper density ^ —. By a classical
theorem of Lebesgue if follows that |^(U^)| ==0.

(7) Cf. § 2, II.



THEORY OF BESSEL POTENTIALS 17

We recall that a transformation of D* into D is of class
C^'^D*) with Lipschitz constant M if each of its coordinate
functions is of class C^'^D*) with common Lipschitz cons-
tant M for all derivatives of order ̂  m. Finally, a homeomor-
phism T of D* onto D is of class C^'^ with Lipschitz constant
M if T and T~1 are transformations of class C^^^D*) and
C^'^D) respectively with common Lipschitz constant M.

8) Let T be a homeomorphism of class C^*'^ with Lipschitz
constant M of an open U* on an open set U and let D c IP.
Then if ueP^D),

T*u(o;*) == u(T^) e P^D*) (D* = T-^D))

and ||T*u||a,D* <^ CS^ M^^^HUH^D where C depends only on
a* and n.

Proof. — It is clear that D* c (U*)8* where §* = M-1 S.
Let ue P^R71) be the extension of u to R" with [ |M[ |aR» == ||^||aD
and for x " e U* let &*(.r*) = u^x"\ By Prop. 3, § 9, II,
u^P^U*).

Since D* c ((U*)0^2)^2, by Lemma 1 there exists a function
y* such that 9*(rp*) == 1 on D*, cp*(^*) = 0 outside of (U*)8^2, and
its derivatives satisfy [D^y*^*)] ̂  C|i((S*)~111 where C^ depends
only on m and n.

Therefore, if we extend <?*&* by zero outside U*,

9*u*eP^(R»);

and it is clear, that for an integer m:

Wu-)= S^/JDryV^T^*

< eg-2- M^27" S ^(^),
l^m

c depending only on n and m.
For non-integral values of a an evaluation similar to that

in the proof of Prop. 4), § 9,11, yields

4(?*a*) < ̂ -2a M^Wu) + S ^))
^a*

where c depends only on a* and n, hence <p*u* e P^
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Since T*u(a;*) = <f*u*(x*) for x* e D*, it follows that
[|T*U|],,D. < ||<F |̂|,,K,

-̂''M l̂lulLB,,
3ra

=cS-aMct+~2 \\u\\^

where c depends only on n and a*, from which the proposition
follows. Next is a special result for 0 <^ a ̂  1.

9) If u is of class C^'^ on D and vanishes outside of a bounded
subset of D, then u e P^D) for 0 < a < 1.

Proof. — Suppose u vanishes outside S(0, r) n D, and let y
be a function in C^^R") which is 1 on S(0, r) and is 0 outside
S(0, r 4- 1)- It is well known that each function u of class
C(o,i) on a subset of R" has an extension u of class O^ on R".
By Prop. 6), § 2, II, ^u e P^ and obviously u is the restriction
to D of yu, so ue P^D).

COROLLARY. — I f D i s bounded, then for 0 <; a ̂  1,
P^D) D C^D).

2. The space ^"(D).

The standard a-norm over D, |u|a,D? is defined by direct
formula in (2.1) below. The space P^D) is defined to be the
subspace of P^c(D) on which the a-norm is finite. The defini-
tion is such that P^D) 3 P^D) and when the boundary of
D satisfies suitable regularity conditions the two are equal (8).
This will give the intrinsic characterization of functions in
P^D).

Now for the definition. For u e P^(D)

(2.1a) |<D = f^\u{x)\2 dx.

(2.1&) For 0 < a < 1,

l^fl^D == I^O.D

+c?n^—to} r f ̂ ^}u{x) ~ ̂ )i2^^L.^72, a^g^ga^y . D . 'D 1 ^ — V \

(8) A large part of the rest of this paper is directed towards the proof of this fact
which is not simple unless <)D is of class C^*'1).
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where C(n, a) is defined by (1.3), II. For arbitrary a >. 0,
let m == [a] (9) and (3 == a — m, then

w(2.ic) iui2^ = s (n s muij,o.
fc=o li|=fc

We also introduce a norm equivalent to |u|aD, the approxi-
mate a-norm, |u1^D (cf. Prop. 3) below). This norm is intro-
duced because it is simpler and easier to handle in many of
the proofs. The main distinction between the standard and
approximate norms is their behavior as a ^ m, m an integer.
For more details see § 4. The motivation for calling |u[a,D
the standard a-norm is the fact that if D == R" then

Ha,D = |H[a

(cf. Prop. 2) below).
For us P?(D), 0 < (3 < 1, we define the Dirichlet integral

of order ? (cf. (1.2) and (1.4) of II) by
n r* ik,, (2

(2.2) do^{u)\=u\^, d^{u)=\u\^—\u\2o^== ^ —\ dx
i^i JT) ^i\

and for
„ , o , , i / \ 1 F C \u(x) — u(y}\2 , ,
0 < ? < 1 , ^)=^^jJ^-^^L^,y.

The approximate a-norm for u e P^D) is

(2.3a) [ul^D = do^(u) == ju|^D;

for
0 < a < 1, \u\^ = \u\l^ + <D(u).

For arbitrary a ̂  0 we let m == [a] and ? == a — m, then
m

(2.36) |u1^= S (?) S |D,u11o.
fc==o |i|=/c

Remark 1. — If ueP^(D) then its distribution derivatives
of order <; a are equal to its ordinary derivatives. As a converse
to this we have :

1) If u is a distribution on D such that each distribution

(9) [a] is the greatest integer < a.
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derivative DiUeL?oc(D) for \i\ ̂  m == [a] and

S (?) S |DA < oo, P = a - m ,
fc=0 |l|=fc

then the correction of u is in P^D).

Proof. •— By Prop. 7), § 2, II (localized) u is equal a.e. to
a function v in P^D). By Theorem 1, § 0, ^L e P^(D) and the
proposition is proved.

For the same reason we have :

1') If u is a corrected function in P^D), m == [a], and
Ma,D < oo then ueP^D).

2) If ueP01 (̂ n H^n == ||u[|,.

Proof. — By the last formula in (1.10), II it is sufficient to
consider 0 ̂  a <; 1 and if a == 0, the proof is trivial. Now
suppose 0 < a < 1.

It can be shown by a simple rewriting of the second formula
in (1.10), II (cf. the development in § 4, II) that

""'I'- = C(n^l x

1 1
/.+» /, /, \u{x)+u(y)\2sin2^zo-\-\u(x)—u(y)\2cos2-^zo
f ( ( —————————————————n^TTSa————————dxdydzQ

J - a o > -R " l R " [l^-yl^^]' 2—oo ^' R" i R"

1
XC(n + 1, a)

-« /, 2(|u(^|2+|u(y)12)sm^zo+ju(a;)-u(y)|2cosz,
| ) ) ——————————————————n^T^ia————————dxdydzo
^-^»^H" ^_y)2^^ 2

r / 2 1 nr i r r ^sn^yzo
lu^)12 rfn ̂  1 ^ I ——————————n^^dydz^ dxJ^n ^n+l,^J_J^^_^_^^—^-

+ C C Hx)-u(y)\^ i f ————COSZVL^^dz^ dy.
JH.JR" [_C(n+l,a)J_» ̂ _^^^^_ j
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By the integral representation of C(n + 1, a) preceding
/ _ ^ j[ . \ . . .

(1.3), II ( and by writing 4 sin2 — ZQ = \eiz6 — 1|2 )? it is imme-
\ 2 /

diately seen that the expression in the square brackets in
the first integral is == 1, and by (2.8), II,

f ———————coszo n^. ̂  == ,„ ^ , G^ad^ - y\)
J-a[^-y\2+^~^~ 1 m

where G^^^a ls ^le kernel for R1. Transforming this kernel
by (4.1), II to the kernel for R71 we have finally,

-n-+-l-
ikjp _ r id2^ i r(n+ a)TC2 2 (071
||u[]a — \ \u\ ax -^r r „ i i\

JRn rfa+^^qn+l.a)
\ z /

x f f ^\^\u^-uw(lx<iy't/R" JR" i^ — y\
By (1.3), II, and (4.2), II, it is checked immediately that

the constant in front of the second integral is

[G^4-2a(0) C(n, a)]-1

which, after comparison with (2.1), completes the proof.
3) If ueP^D), m = = [a], then
(2.4) 2^2|u^^<|u|^<|u^^

and
0<Kn- |<D<|<D(10).

Remark 2. — The second member in the inequality is to
be interpreted as the integral of the difference of its integrands
if the norms are infinite.

Proof.— By (2.1c) and (2.3fc), it is clear that we may assume
0 ̂  a <; 1. Our hypothesis is now ue P°(D). Put u(x) = u{x)
on D and = 0 on R" — D, and let u^ e= P"* be such that

11^ — ^n||o < ^- (P" is dense in P°).n

(10) These inequalities are best possible for a not an integer, see example 1, § 13
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Consider the function F(p) == 1 + ̂  — (1 + p2)^ it is an
increasing function of p for p ^> 0 and F(0) ===0, F(oo) == 1.

By (2.1), (2.2), and the fact that Gg^aC^) is a decreasing
function of \x\ (see § 4, II) , we have

^
0 < |u1^D — HI,D = p———/7y,p7——^ X

G2n+2a(0)C(M, a)

X ̂  ̂ "̂̂ iL":̂ :!̂  ̂  y) W - ^/)12 ̂  dy

J^——X<-——-1——- x
G^(0) C(M, a) A

r ^ G-2^-L2a(0) — G^y^a^ — ?/) i -/ \ -/ \ i9 7 7

L JK» 1^ - yl^'——w ~ uw y'
Applying Fatou's lemma, (1.2) and (1.9) of II, and the

remark concerning F(p) we have from this inequality

0 < |u1^D — M^D < lim inf [|uJ^K« — |^m|i.R"]

= i™ inf f^ (i + \^ ~ (i + \m\w\2 ̂
<liminf/^lu^)|2^

Ttl

== lim inf ||̂ |[2 == \u\^n === \u\^
m

From this we also have that

MS.D < |<D + KD < 2l<D
which completes the proof.

Remark 3. — It is easily seen from the above proof that the
difference of the two norms converges to 0 as a ^ m -\- 1 for
any ue P^D), e.g. by noting that (1 + \^ — (1 + l^l2)^ ^0
as P f 1.

4) P^cP^D) and for ueP^D), \u\^ < ||u||a,D.

Proof. — If u is the extension of u in P0^ such that

1 1 ^ 1 la == NkD

then clearly ju[a,D ̂  l^la,^- The proposition then follows
from Prop. 2).

5) If a < y an^ a — [a] < y — [y] ^i P^D) 3 PT(D)
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and [u1aD<^!^D for ueP^(D) where c depends only on n
and y ~ [y] (n). '

Proof. •— Suppose at first that 0 < a <; y << 1. We have

,7 / \ 1 ( c r i r r K^) — ^(y)!2 /j ,7d^(u) = ̂ —,M + -,——^n^dxdy
CM, a njDjD JnjD ^ — y"4'201(^a) L^JD 1 JnJn l^-yl^

Ua—yKl \x—-y\>l

J_ r n^)-^/)!2^^
(n,a)JJn \x - y\^ dx dy

< -J_ r r i^)-^)i2^^
^C^JJn \x-y\^ dxdy

\x-y\<i

, 4 r . , ..2 f dy
+C(^a)JJUWI ,', |^-y|"

\n(r\\^ ( ^ dr}u[xn j^ ^_.]n+2a^

|a-—y|>l

„ C(n, y) , / x , 2co^ . ,o
< p / \ ^ D U + r f \ u^^C(M, a) l' v / aC(n,a)

and the inequality is clear in this case from the properties
of C(n, a). For arbitrary a and y we have from the preceding

[a]

that Julia <^ c ^ (S^) S ID^I^-^D, ̂  ̂ I^^D which completes
the proof. k=Q l i l = = f c

We shall now introduce some special notation for indicial
sets which are used to indicate partial derivatives. An indicial
set, 5, is a function defined on a finite well ordered set, the
basis of $, into the integers. The number of elements in the
basis is the length of s, written \s\, and the set of values is
the range of s. (The empty set is considered an indicial set,
e.g. D^rr) ̂  u(rc)). Since there exists one and only one order
preserving mapping of the basis into the integers, 1 ̂  I ̂  \s\,
we can represent the indicial set by a sequence of its values
on the consecutive elements of its basis, e.g. s == (^i, . . ., 5^().
An indicial set consisting of one element with value k will
be written (A*).

We will write ^' c s if the basis of 5' is a subset of the basis
of s with the induced order and the function 5' is a restriction
of the function s.

If s', s^ c 5, I = 1, . . ., k and the basis of 5' is a disjoint

(n) Example 2, § 13 shows that this is false in general for a ^ y anc^

Y — [y] < a — [a]
unless D is suitably restricted.



24 B. ADAMS, N. ARONSZAJN AND K. T. SMITH

k
union of the bases of s<0 then we write s' == I J 5(0 ̂  [ j sW.

If s' c s then there exists a unique s " , written s — s ' ~ such
that s ' u s" = s.

If s •== (^i, . . . ,^, ,) is an indicial set with 1 < s; <: n
then we shall write D,u(x) == ^u{x) when the right
side is defined, î.. • • • ̂

An̂  indicial set reprenseted by (^__^) will be denoted

by U (/c). p-times

Examples of the above notation:
I) Products. Let u^ e C" and |i'| < p. Then

(^ D.(^^))=s^D^u^),
\w=i / m=i

where the summation is taken over all iW such that

uiw = ̂
m=i

(Note that some of the iW may be empty.) There are exactly
w1" terms m the summation. This formula is also valid when
the u^ are not necessarily in CP but where all the required
derivatives exist at x.

II) Composite functions. Let u, 1/1, .. ., y, e CP and \i\ < p
Let ?(a;) == u(yi(a;), . .., y,(a;)) then

A \t\

(2.6) D.^) = S ,. n IW^)(D»U)(^), .. . , ^(^)) (i.)
t I * m=i

where the summation is taken over all ( = ((, ^ )
1 < M < N, 1 < <( < n, and ̂  such that I ) «("•) = i;

|̂ | >1, / n = l , ...,|(|.

Again, the restriction to the class CP is not necessary the
formula is valid when all the required derivatives exist at the
point x and the corresponding point y.

(") (DtU)(yi(.r), ...,y^[x}} means D,M(z) evaluated at s = {y^(x}, . . . , y l x ) ) .



THEORY OF BESSEL POTENTIALS 25

We also note at this point two easily proved inequalities
(essentially equivalent which will be used extensively:

For 0 < P < 1,

<2-7' ^-;;C(».P)<2-- and p(l^C;n,P)<2-""'.

The following propositions give some of the properties of
multipliers.

6) If u e Pa(D) and <p is a multiplier of order a* on D with
Lipschitz constant M then yueP^D) and |9^1<x,D ̂  cM|u1a,D

— m-4-l

where c = \/2(1 + 2n) 2 i/' ? > 0 and! == (1 + 2^^ i/'
P == 0 wi(/i m == [a] and [3 == a — m.

Proof. — From Prop. 1', § 9, II, it follows that yue P^(D).
Following (2.5), we write for [i| ̂  m

D^u{x}= S D,9(^)D^)
yu/c=i

where the summation is taken over / and k such that j' u k == i?,
and we note that there are 2111 terms in the summation.
The inequality for ? == 0 follows from this and the properties
of multipliers.

For P > 0,

(2.8) d^(D^u}

< ̂ c^) Kî r '"f1^ ̂  ̂
^^/j^-X^T"^^"^!-
By the hypotheses on 9 the first term in the brackets is

maj orated by M2 d^{D^u) and the inner integral in the second
term is maj orated by

M2 ( \x — yl2-"-2? dx
J D/ D

|a;-y|<2

+ 4 M ^ J^ \x - y|-»-^ dx < W -^J^-

(13) It can be shown that 2n in the second inequality may be replaced by 2.038
and n for n == 2 and 71 ^ 3 respectively.
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By (2.7) it follows that (2.8) is majorated by

21t'+l S |M2 d^(D,u) + 2nM2|D,<D|
/cCi

(the summation is taken over all /cc i ) , hence

m(?^§D < ̂ '(l + 4n)M2 S |D,UI|,B.
kCi

The proposition now follows by (2.3&).
7) If ue Pa(D) and 9 i5 a multiplier of order a* wi^/i Lipschitz

constant M and Aa5 support in D8 (/i^n ^u, extended by 0 outside
D, belongs to P01 am-?

|9î  < cM||u1,,n + (1 - [3)1/2 S-P|u1^j

where m === [a], ^ == a — m and c is the constant of Prop. 6).

Remark 4. — We note that if ? == 0 (i.e. a is an integer),
Prop. 7) is valid when 9 vanishes in some neighborhood of a D.
In this case the second term in the brackets in the inequality
is not needed.

Proof. — Clearly yu e= P^R") so we need only prove the
inequality. If (3 == 0 then [yula.n" == |9^1a,D and the inequality
follows from Prop. 6). So we assume ? > 0. Then for |i| <; m,

|D;9^1JRn=|D;9u1|D +

L^w^L^^^-
By (2.7) it is clear that the square bracketed term is bounded

by S-^/pqn, P) < 2^(1 - p)S-2?. Hence by (2.3&),

Î R" < IP ÎD + 2n(l - P^-^lyul^D

and the proof is completed by using Prop. 6).
8) If T is a homeomorphism of class C01*'1^ a* ^> 0, with

Lipschitz constant M ̂  1 of D* onto D anc? ueP^D), (Aen
u*(^*) = u(T^*) e P^D*) and \u"\^ < cM^^luta.D w^re c
depends only on n and a*.

Proo/*. - By Prop. 3), § 9, II, u*e=P^(D*).
Let y^*), Z == 1, . .., n, be the coordinate functions of T.
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Then for \i\ <^ m and almost all x* e D*,

D,u*(^) = D,(u(T^*))
1 id

= s iTH n D^^(^)(D,u)(^(^), . . . , y^*)),
I1! • m=l

where the summation is taken over all t == (^i, . . . , ^ ) ) ,
1 < M < I1!? 1 < ^ < ̂  and s^ such that I J ŝ  == i,
IsW] > 1 (cf. (2.6)). We define

i m
9(^) = 9(^; .(«, . . . , .0, <) = 1 jj D,̂  yj^)

I1'! • w=i

and it is easy to see that 9 is a multiplier on D* with Lipschitz
constant M111/^] — 1) ! and of at least order — 1 when a
is an integer and at least order 0 when a is not an integer.
Hence by Prop. 6), the fact that T is Lipschitzian and the
classical theorems on the transformation of integrals, we obtain

|D,u*1pD < Sly^D^T^IpD^cM11' 2|D^(T^)1p^
^M^+^+PSID^D,

and the proposition follows by (2.3&) (if ? == 0 the exponent

of M may be reduced to a + — )•
2 /

THEOREM I. — P^D) is a complete functional space relative
to the exceptional class 0L^^{'D) of subsets of D of Incapacity 0.
It is the perfect functional completion of its subspace of infini-
tely differentiable functions.

Proof. — Let ^U^ be a locally finite covering of D by open
relatively compact subsets of D, and let ^j be a correspon-
ding partition of unity of class C°°-that is : <p^ is of class C°°
and vanishes outside a compact subset of U^:

00

0 <; y/c^) ̂  1 /or a^ x? an^ S p/c^) == l /or a^ x e D./c=i
If \u^\ is a Cauchy sequence in P^D), then by Prop. 7)

jy i^n j ls a Cauchy sequence in P^ Therefore t^ i^nj contains
a subsequence \^\u^^ which converges pointwise except
on a subset of 2a-capacity 0. Similarly, {^^i^} contains
a subsequence ^92^2,^ which converges pointwise except
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on a set of 2a-capacity 0. If we continue to extract subse-
quences and then take the diagonal sequence, we get a subse-
quence [v^\ of \u^\ such that for each /c, ty^n j converges
pointwise except on a subset of D of 2a-capacity 0. This proves
the functional space property. If v is the pointwise limit of
\Vn\^ then, since t^ /c^nj ls Cauchy in P01 and converges point-
wise to y^ except on a set of 2a-capacity 0, it follows that
y^eP01; hence that peP^c(D). By picking a further subse-
quence if necessary, it can be assumed that for \i\ ̂  a, D^
converges pointwise except on a set of (2a — 2|i[)-capacity 0.
Then Fatou's lemma shows that

Ma,D < lim inf |^|a.D, |^ — ^|a,D < lim inf |̂  — ^Ja.D
n>oo n^oo

from which it follows that v e= P^D) and that ^ -> v in P^D).
This gives the completeness.

The argument to show that there cannot be a functional
completion of the subspace of infinitely differentiable func-
tions relative to a smaller exceptional class than the class
8taa(D) is familiar by now and will be omitted. What remains
is to show that the infinitely differentiable functions are
dense.

If ueP^D), then since (p^uesP01 and vanishes outside a
compact subset of U^, there exists w,,eCo°(U/,) such that

(2.9) |9,u - w^n < ̂

Since the covering iV^ is locally finite, the sum
00

w(x) = S ^kW
k=l

is finite on a neighborhood of each point of D. Therefore w
is of class C°° on D. From (2.9) and the completeness of P^D)
it follows that u — w = 2(y/cU — w^) e P^D) — hence that
we P^D) -- and that \u — w\^ < £.

9) Let %D be the set of functions with bounded support in
D (i.e. /e %D if f vanishes outside [\x\ < R] n D for some R).
Then P^D) n %o n C°°(D) is dense in P^D).
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Proof. — Let ye=Co°°(R") and == 1 on a neighborhood of 0
and ue P^D) n Cao(D). Then the functions u^(x) == <f(px)u{x)

v ^

are bounded in norm in P^D). So, by a well known theorem
from Hilbert space theory, there is a sequence p/c ^ 0 such
that the arithmetic means of the sequence ^(p^ converge
strongly in P^D). These arithmetic means must converge to
u since they converge pointwise to u{x). But the arithmetic
means have bounded support since each u^ has bounded
support and are in C°°(D). Hence the proposition follows
by Theorem I.

10) Let 9 be a multiplier of order a* on R" and == 1 in a
neighborhood of 0 and for ueP^D) put Tpu(^) == ^x)u[x).
Then TpU -> u in P^D) as p \ 0.

Proof. — By Prop. 6) |Tpj is a uniformly bounded family
of linear transformations of P^D) into P^D). If ueP^D)
and has bounded support the proposition is trivial, but since
such functions are dense in P^D) by Prop. 9), the proof is
complete.

v

Remarks about the spaces P^D), 1 << p << oo. The spaces
pa,p were introduced in [2]. These spaces reduce to P^R")
when p = 2. The definition of the norms in these spaces lends
itself to a suitable definition of norm in an open set D c R".
This allows us to define the spaces P^D). We introduce
two norms, the standard and approximate norm which will be
denoted by [uja^n and |u1a,p,D respectively. However, for p = 2,
\u\^ ̂  === |^1a2,D == Ma,D tor all a and D. Therefore to have
a norm analogous to the approximate norm which was intro-
duced in this section for P^D) we will introduce the second
approximate norm \ u~\ a^n-

We shall define these norms formally after we introduce
the following notation. Let A^f^i, . . . ,^) be an ^-linear
complex valued functional on R" X . . . X R" with ^ e= R"

^-times

(i.e. A^ == A^ + i^m where A^ and A^ are ^-covariant
tensors). We note that in terms of any orthonormal basis of R"
we may write A(°(^i, . . . , ^) == S A^0 ^ .. . v\1 where
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^ == (^ .. . ,^). Note that the A|° depend on the choice
of the basis. Let

S(Q = ̂ S(0,l) X • • • X bS(0,l), 6(0 - (Oi, ..., 6,) eS<^
Z-times

and d0^) be the element of volume in 2V0. Then we define

mpp = (c^J Xo IA(o(e(t))lp de' and IA('̂  = i.^^ IA^IP•

jA^jp is independent of the basis chosen in R/1 whereas jA^lp
depends on the basis except for p = 2 when [A^jg == [A^lg.
For p ^= 2, one shows that

/̂n«in(2,P')|A(Ot̂  ̂  JA<°|^ < ̂ "^^jA^lp

1 1where — + — ==1.
P P

Let m = [a], ? == a — m and for ? > 0 let

^.y)^0-^-^'^'7!-^^
L(n, p)<J2n+2p(^}

With the above we define formally for (3 > 0,
m / 9 \^

|,,|P _ Y (m\ I M \
Pkp.D — ^ [ l ) ^——j

x['f'iv'^)i;&+ f ri^—^r^y)-!
LJD JD^ /D | î  — y\' |p j

where V^u^) is the Z-th gradient of u{x), i.e. the tensor DiU(*r)
with \i\ = 1. If p == 0, i.e. m = a, then

m / 0 \ ^ p

K^D-S (?)(-) fiv^)l^^.
1=0 \P / JD

Similarly,

i^^D = s (.) (^-y x
^==0 \ P /

Y c \v7i f \ ^ p j i r r vw^) — vWt / )1 p 7 / ^N |v^(^^+( ( —\1 ,p vc// ^p(^y)
Li/D jD tVD |^'——(/l^ Ip J
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and if p = 0 we omit the double integral as in |u|,pD. To
define the second approximate norm we merely replace

dy.&(x,y} by dx dy .„ |,-|Pt r v "/ y C(n, p)|a; - yl" m lula^D•

It is clear from what has been mentioned above that
7z-'»/-(2,p-)|̂ ^ < |u|̂  < n'"/n•m(2.P)|ul^.

The spaces P^(R") are well determined as the perfect
functional completion of Co°(R») with respect to the norm
|u|,^n. This was proved in [2J. The more familiar spaces
W (introduced in [7] and [12]) were also considered in [2]
and were defined as imperfect functional completions of Co" (R")
with the norm \u\^n relative to the class of sets with Lebesgue
measure 0.

Having P^(R") defined, by the usual localization we obtain
the definition of P^(D) (and also Wj^(D)). By the results
of [2], therefore, for ue P,«,P(D) (or e W^(D)) all derivatives
(or distribution derivatives) D.u, \i\ < a, will be functions
in Lf^(D). Hence for these functions it is meaningful to consider
Ma,p,D, |"Ia,p,D and IUJ^D. The space P^D) (or W^(D)) is
defined as the subspace of P^(D) (or W^(D)) on which
Ma,p,D < 00. '

^ Essentially all the results of the present paper concerning
P«(D) have exact analogues for P^(D). In particular, Theorem
I, § 0, is valid for P^R") (or P,^(D)) so that if ueW^(D)
then the correction of u is in P^D) (cf. [21).

To obtain the analogues to the results of § 1, we remark
that P^R") corresponds to P" = P«(R») and hence the
analogue to P«(D) is the class of restrictions to D of functions
in P^(R») with the norm ||u||̂  = inf |u|,,n, for all
u e P«.P(R») with ii(x) == u{x) in D.

All the propositions in § 1 are either valid verbatim or have
obvious analogues for p ̂  2 except for those pertaining to
restrictions to hyperplanes (Props. 6) and 7)). These are still
essentially valid if a - "——A is replaced by a - n ~ k

and this number is not an integer. P



32 R. ADAMS, N. ARONSZAJN AND K. T. SMITH

The propositions and theorem of the present section are all
valid, with a suitable change in constant, when [u[a,D is repla-
ced by |^1a,p,D and [ul^n is replaced by |^]a,p,D (and P^D)
by P^D)). However, some of the proofs have to be changed
especially when we use Fourier transforms (these cannot be
used for p -=f=^ 2).

The spaces P^R") for p === 1 or oo were introduced in [2];
however this theory is complicated even on R", in particular,
when p == 1 and a is an integer > 1. It has not been proved
as yet that there exists a perfect functional completion of
Co°(R71) in the last mentioned cases. They have many other
exceptional features — for instance, they are not reflexive.
We can introduce for p == 1 or p == oo the corresponding
classes P^D). If we consider the results of the present paper
and attempt to extend them to similar results for these
classes it turns out that there are many which can be extended,
but also several which cannot be extended.

To avoid undue length in the present paper we shall restrict
our remarks in the following sections to 1 <; p <; oo (unless
otherwise stated).

3. Inessential singularities of functions in P^D)
and Lichtenstein extensions.

In this section we give some results on the possibility of
extending a function in P^D) to a larger open set Di. These
results will be used later in this section when we introduce the
Lichtenstein extension.

THEOREM I. — Let D and Di be open sets such that D c Di
and [Di — D[ == 0 and let m = [a]. The function ueP^D)
has an extension in P^Di) if and only if for every k == 1, . . ., TZ,
and for almost every line I parallel to the x^axis, each derivative

—. j ̂  m — 1, has an absolutely continuous extension to
Wk
I n Di. If this condition is satisfied, the extension is unique.

Remark 1. — It is assumed that the condition is satisfied
for each /c. However, it is not assumed that there is any rela-
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tion between the extensions in different directions. That
there is such a relation results from the proof.

Proof. — The necessity of the condition is obvious from the
results of Chapter II, specifically Theorem 1, § 7, localized.

The proof of the sufficiency relies on Prop. 2'), § 9, chap. II.
This proposition shows that on Di, u is equal a.e. to a function
in P^c(Di). Obviously we may assume that u is a corrected
function in D (relative, say, to spherical means). Since
u e L^Di) we can introduce the corrected function u^ of u
in DI which is an extension of u and which is in P^(Di) (see
Theorem I, § 0). Clearly |^i|a,D, = Ma,D < °cs hence

UI^P^D,).

The uniqueness of Ui (up to sets of 2a-capacity 0) comes
immediately from the Frostman mean value theorem (Prop.
1, § 4), Chap. II).

If it happens that Di — D has {n — l)-dimensional measure
0, then for almost all lines I in any given direction, D^ n l=D n L
Hence we have the following corollary.

THEOREM I'. — If Di — D has {n — 1) -dimensional measure
v

0, then every function u e P^D) has a unique extension
u, e P^Di).

Let An, pi = 0,1,. . ., q be a strictly increasing sequence
of positive numbers and consider the q + 1 linear equations
for On,

(3.1) 1 a^(-^=l, p=0,l, . . . , g .
,u=0

It is easy to see that

(3.2) a, == ft ̂ L

y==o n] — fi^
j^v-

Let D be an open set in R" such that

D c [xn < O], D+ = F| [ (x , 0 : (x\ - h^} <= D]
[A==0

and D = (D u D+ u [̂  == 0])°. Let m(D) be the class of
functions which are measurable and finite a.e. on D. Then

2
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for u €= W^D) we define the Lichtenstein extension of order
q (relative to ih^i) of u by

(3.3a) u{x) = u{x) for x e D,
q

(3.36) u{x) = ^ a^u{x\ — h^Xn) for xeD^
^=0

whenever all terms in the sum are defined and finite.

(3.3c) u{x) == the correction of u as defined above for
x e D n [x^ = 0] if it exists, otherwise not defined (14).

The restriction of u to D+, as defined by (3.36), is the reflected
function and the operation leading from u in D to the reflected
function is called Lichtenstein reflection of order q (rel. to
W).

Remark 2. — If u e C^D), p ^ q, then it is easy to see that
u e C^D) (cf. (3.4) below) and u may be determined on

D n [̂  = 0]

by continuity instead of (3.3c). The first idea of such an exten-
sion was due to L. Lichtenstein [9] who introduced it for
q = 1 and who did it not only for hyperplanes but also for
hypersurfaces of class C1. The idea of Lichtenstein was applied
by M. R. Hestenes [8] to define the extension of order q across
hypersurfaces of class (X Quite recently this idea was further
extended by R. T. Seeley [11] to define an extension of order
oo across hyperplanes. We will use Seeley's idea in § 11 to
define an extension of order oo across any hypersurface which
is the graph of a Lipschitzian function.

v

1) If u e P^D), a* ̂  q, then u — the Licthenstein extension
of order q of u — belongs to P^D) and |^1a,D ̂  ^|^a,n where
c depends only on n and q (and the choice of h^).

Proof, — Clearly u e P^ (D u D+). We shall show in part a),
below, that the inequality is valid when D is replaced by
D u D_p In part &), we shall show that u as defined in (3.3a)
and (3.3&) (i.e u is restricted to D u D+) satisfies the hypotheses
of Theorem I with respect to D u D+ and D which implies

(14) If u is not integrable in a neighborhood of x the correction does not exist
at x.
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that this restriction of u has an extension ^ e P^D). By
Theorem I, § 0, we have u = u, exc. ^2, on D which will
complete the proof of the proposition.

a) Suppose i, |i| < a* + 1, contains k indices n. Then for
Xe D+

(3.4) D,u(x) = J^ a^(- (̂D.u)̂ , - h^) (").

Therefore for \i\ -^ a* 4- 1

ID.U-]̂  < ̂  W|(D.u)(a/, - h^)\^

<(i l̂ ll-̂ Î ID.ulo^
\1*=0 /

which completes the proof of part a) if a is an integer
Suppose i 3=a -w>0 , w== [a], then for \i\ < a* = w

(3.5) rfp,DUD,(D.u) = ̂ D(D.M) + ̂ ,D,(D,U)

+—2— r ( l̂ ^) - D.u(y)|2
C(n, p) J^ J^ ——^_y(^p- ̂  dy.

By using (3.4) in the last two terms of (3.5) and then applying
the Lauchy-Schwarz inequality we have for a bound of the
last two terms,
/ 9 \

t5> i^w)
x if—— f f liM(̂ r̂ ,̂ Li(D.u)(y^_^^

^Wn,^J^J^ ^ _ y|»+2p—————L——^ dy

+ - 2 r C K^)^^) - (D.u)(</', - /i,̂ )|2 x
C^, p) Jn J^ Re - y|»+2p————'-—— dx dyj

< (^ l^l2^) (^ (^2 + 2^) (Max(^, 1))»+2P') J^(D.u).

This completes the proof of part a).
b) It I is a line parallel to the a;,-axis, k = 1, . . ., n, then by

Theorem I, § 7, II (localized) ̂ , / = 0, . . ., m - 1, is abso-

^) We remind the reader that (D,u) '̂, - /,,.„) means (D,u)(y) evaluated at
^/ — [X , —— A^J.



36 R. ADAMS, N. ARONSZAJN AND K. T. SMITH

lutely continuous on ( n (D u D^_) for almost all Z. From this
it is clear we need only consider lines parallel to the n^-axis
which satisfy (i) ( n D n [x^ = 0] =/= 0. For / <, m — 1 let

^{x', x^) = —. [x\ x^) and consider lines
^Xn

^ = [ (x , t): - co <t< cc]

which satisfy (i) and in addition satisfy (n) v[x\ x,,) is absolu-
tely continuous on l^, n (D u D^.) and (in) Hi,4'n(DUD4-) <^ 00* ^t

is clear by (Hi) that both the left and right hand limits as
( -> 0 of ^ { x , t) exist and also, by (3.1) and (3.4), that these
limits are equal. Hence by taking this limit as the value of
v{xr, 0) we make v absolutely continuous on l^, n D (16). Since
(u) and (Hi) are valid for almost all l^ the hypotheses of Theo-
rem I are satisfied, which completes the proof of the proposi-
tion.

Remark 3. — When we use the Lichtenstein extension for
a function in P^D) we will assume that the order ^^a*,
so that u will be in P^D). It should be kept in mind that in
general the Lichtenstein extension of order q of a function
will not belong to a class higher than P^^D) no matter what
class the initial function belongs to (a similar remark is valid
for classes C^D)).

Remark 4. — Obviously we can consider the Lichtenstein
extension with respect to any hyperplane; it is enough to
change the coordinate axis suitably. As an example take the
rectangle D = [^ << x^ < d^ i = 1, . . ., n] (c^ or ^ possibly
infinite). We can consider the Lichtenstein extension of order
q with respect to the hyperplane [xi = cj then D = [c^ < x^ < d;
for i =/=. I and c^ — hq'l{d^ — Ci) <; x^ << rfj. A similar formula
is valid for the extension across [x^ = 6?J.

We can also consider oblique Lichtenstein extensions which
are extensions across an (n — l)-dimensional hyperplane IT
in the direction of a unit vector 9 which is not necessarily

(16) We use here the fact that if a function of one variable is absolutely continuous
on — b < t < 0 and on 0 < t < b and is continuous on — b < t < 6, and if its
derivative is integrable on — b < t < b, then the function is absolutely continuous
on — b < t < b.
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orthogonal to r: (but not parallel). An application of Prop. 1)
and Prop. 5), § 2 to the affine transformation which carries 9
into the unit vector orthogonal to ^ and which leaves ^ inva-
riant would suffice to give a result similar to Prop. 1) except
that the constant c would also depend on the angle between
6 and 'n;.

2) If D = [c.i <; Xi < d^ i = 1, . . ., n] (Ci or d^ possibly
infinite) there is a linear mapping^ u = TqU, of '111(0) into
^(R") such that if a* < q and ueP^D) then u == T> e P^
and |^1a,n» <^ CW'^'^u}^ where W == min (1, ^ — c^) and C
depends only on q^ n and {h^. l

Proof. — Let

D, - [c|° < x, < ̂ °; i = 1, . . ., n], 0 < ; < 2n,

where c|° == c^ for i > I and c^ = c^ — h'^1^ — c^) for
i < I; d^ = d, for i > ; - M and rfi0 - ̂  + ^(rf, + c|°)
for i ̂  I — n and /^ is the last term in the sequence \h^
which defines the Lichtenstein extension of order q,

We proceed by induction. Suppose ueTO(D), let Do == D
and UQ == u. Trivially UQ e TO(Do). Suppose u, e W(D^), consider
the Lichtenstein extension of order q of u^ across the hyper-
plane [xi •===- cj for I ̂  n and across [x^ = ̂ /-n] tor I > n
(cf. the example of Remark 4). It is easy to see that D^ == D^i
and from (3.3) that u^i e= ^(D^i). This completes the induc-
tion.

Hence ^2n€ ^(^3,) and u—> u^ is a linear mapping. If
Dg^ -===: R" the desired mapping is u == Ug^ === T^u. If Dg,, ^= R"
then dist (^Dgn, D) ̂  /i^W. Let 9(^) be the function given
by Lemma 1, § 1, which vanishes outside DJ^ where

o=^/^W,

and == 1 on D. Then the desired mapping is u = cug^ == T^u
(extended by 0 outside Dgn).

If ue P^D), a* ̂  g, then by Prop. 1) at each step of the
induction

u/+i e P^D^i) and |u/+i1a,D^, < Co|^1a,D, < Col^a.D
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where CQ is the constant of Prop. 1) which depends only on
q, M, and {h^. If Dg^ == R71 this completes the proof; if

Da. ̂  R",

an application of Lemma 1, § 1 and Prop. 6), § 2 completes
the proof.

2') If D is a rectangle then P^D) = P^D).

Proof, — Proposition 2).

Remark 5. — We could use the oblique Lichtenstein exten-
sion to show that Props. 2) and 2') are valid for a convex
polyhedron (17). However, a much more general result will
be obtained later from a general theorem concerning Lipschit-
zian graph domains (Section 11).

Remarks about the spaces P^D), 1 << p << oo. All the state-
ments of the present section are true for the classes P^D).
In the proof of Theorem I we would refer to results and methods
in [2] instead of Chapter II (18). All the other statements are
obtained by proofs similar to those given in this section.

4. Behavior of ^a.nOO? |^a,n alu! Ma,D ^or varying a.

We will study d^(u\ \u\^ and |u |^D tor a varying bet-
ween two consecutive integers m^oL^m-}-l,m= 0,1, . . .,
especially when y.\m-\-\.ovaL^m,

Throughout this section u(x) will be assumed to be a correc-
ted function in D (cf. § 0). Hence, if ueP^D), m= [a],
and |u|a,D< oo, then ueP^D) by Prop. 1'), § 2.

For 6 = (9i, . . ., e^) e bS = bS(0,l), denote by EQ the ortho-
gonal projection on the [n — l)-dimensional subspace ortho-
gonal to 0. For xe D let z = E^x) e Eo(D) and

1(9, z') = [(: z ' + ^9eD] .

(17) This was actually done in the first version of this paper.
(18) However, one result which was not given in [2] would have to be used, viz.

that the local finiteness of the L^-norms of the pure derivatives of order k in each
direction implies the local finiteness of the LP-norms of all mixed derivatives of order k.
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^i^theneasy to verify that for f(x, y) > 0 (and measurable

(4-1) f^f^f^y)dxdy

^T f f ( f />(^+<e,z'+se)|s-(|n-l(z'+<e, z'+s^s-t^ ds dt dz' rf9.A ..'as JEnwJi(0^)J^,) • " '

We now list some useful transformations of rf, n(u) :

(4.1a) |u|^=^|u(^|2^

"^sL)'^^^'^^^
applying (4.1) to 4^(u) for 0 < a < 1 we have

(4.1t) <»M = |̂ J;Ĵ ...,(̂  +»0))^
and by noting that

p.o,̂ S, .nd a e,»»^ _(,.+.«)
^i 0^ ^5<y^s

we have

(4.i.) <i,,.w-i ^f = ^ r r 2« t o f ,e&
(=1 ^.to.D ^njDJw ,—, !>Xi\1=1 l̂ ,l>,» ^njDj&S (-1 '5a;,

== ̂  f f <^1-I(8>2') ("(^ + s9)) rfz' ̂ •"^n J&S ^Et(D)

For later reference, we note from the formulae for the
Gamma function that

(4.2) _C(l,_o)_ _ F(a + n/2)
—11 / /! \2C(n, a) , »-

2^ 2 r ( a + 1 )
\ z; /

is an increasing function of a, 0 < a < 1, which varies from
— to -".

LEMMA 1. — Let D c R" be convex and MesP^D). Define
0 for a = 0,[0 for a=0,

^^n^^'^^0^^.dx dy for 0 < a < 1.
W ^JDJD |̂  — ^l"4-^

i^—^Kl
\ rfl,D(^) ^/l U^I,D(^) if ueP^D), otherwise = + oo /br a == 1.



40 R. ADAMS, N. ARONSZAJN AND K. T. SMITH

Then I(a) is an increasing function of a which is continuous
on any subinter^al of [0,1] where it is finite. Furthermore^
lim I(a) is finite if and only if u e P^D).
an

Remark 1. — It is clear by considering

d^{u)=J^\Wu^\2d^

that in general d^(u) is not an increasing function.

Proof. — i) We consider first 0 < a < 1. By (4.1) and (4.2)
it is clear that we may restrict ourselves to considering

D == (a, b) c R1.

If I(a) ̂  oo for 0 < a << 1, I(a) is obviously increasing. So
we suppose I(a) << oo for some a and write

(4-3' '(''^-.u,
o<s—t<l

i " r " w -
L L \.s-

u
(jl+2âd.dt2 r^^drC(l,a (\ r

where ^(r) == u(r + t) —u(t) ^
72-dt^-^ M15.(a,6) and

1̂ . == (a, max(a, b — r)).

By the Minkowski inequality we have
j_
2

1- 1 I /'
0 < ?(r) 2 < -

1 L^Ir

+ J

x
"(i-\ L

u{r + t)

-)
r/2

-u^+t^

r/2
JL

|2 -| 2
-u(() |

dt

dt

< < oo.

(This inequality was suggested by E. Gagliardo.) Therefore
for fixed r, 9(2^ r) is an increasing function of A*. Applying
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Abel's summation formula (19) we have
0 QO ^-k A

w I(a) = CPTa) S L . ̂  ̂  rfr
^A-1-? a/ fc==0 J2~f{~i r

0 °o ,-*1 02fc(a-l)
^ ^ v z___ ^(2-^ r) 6;r

F//| ^\ Zl » ,.2a-l TV"- ' f wl

^A1? a; /c=o^J. r

_ _____2_____ /"1 1
~ C(l,a)(l-22<a-l))J^^2a-l

2

xi9(/-)+ 1 22't(a-l)(9(2-'ir) - <F(2-'t+lr))i^•.
( fc=l )

It is not difficult to show that 2/C(1, a)(i — 22(a-l)) is an
increasing function of a which converges to I/log 2 as a^ 1,
and to 0 as a \ 0. Since the integrand in the last formula in
(4.4) is a positive increasing function of a this completes the
proof for 0 <^ a <; 1.

v

ii) We now show that lim I(a) is finite if and only if u «= P^D)
a^l

and that I(a) is continuous at a = 1.
We assume at first, as in i), that D == (a, b) and use (4.3).

Suppose, in this case that lim I(a) <: oo. Then from (4.4)
we see that au

i r 1 i ylim I(a) = ——— f — lim ̂ -k r) dr < oo
<m log 2 J_^ r fc^=o

2
and

— lim
^ r u=o
2

lim 9(2-^ r) < oo
k^°°

for almost every r. But this implies from a well-known Hilbert
space theorem that for every such r there is a subsequence
(u(2~kl r + t) — u{t))|2~kl r which converges weakly to

^) e L2(a, fc),

(19) If 6,, ^ 0 is an increasing sequence and a^ ^ 0, then

^ 0,6, = ^6o + S ^t6- — 6'-!)
v===o v=l

where s^ == V a^.
^==v
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the ^distribution derivative of u(t}. Hence by Prop. 1), § 2,
ueP^a, 6). By Prop. 2), § 3. there exists ueP^R1) which
is an extension of u. By using Fourier transforms and comi-
nated convergence on proves immediately that

^[^{x + r) — u{x)]

converges strongly to — in L^R1) for r\0. Hence^x
9(r) = \r-^[u(x + r) - u(x)]\2^ -> ̂ -f for r\0,

^k,D

lim I(a) = -1 f1 -1- lim 9(2^ r) dr = ^f .
a l̂ log 2 Ji/2 r ^^ ^b.D

which completes the proof in the special case D = (a, b).
Now if D is a convex set in R/1 and lim I(a) << oo this implies

a/M
from the preceding and (4.1&) that d^^{u{z + s9)) < oo
for almost all 0 and z in particular for at least n linearly inde-
pendent O^. Hence from Prop. 1), § 2, ueP^D) and the
rest of the proof follows.

1) If D c R"^ convex, then a) for a < y, P^D) D P^(D)
and lu|a,D<\/10nMY,D /or ueP^D), &) if

ueP^D), 0 < a < a o ,

t/ie7z |u[a,D is continuous for 0 ̂  a < ao and lim |u|a,D always
a4<ao

exists (possibly = + oo). T/ie Zimi( 15 finite if and only if
ue Pao(D) and in this case the limit is equal to \u\^jy.

Proof of a). — By Prop. 3, § 1 (localized), it is sufficient to
prove the inequality and from (2.1) it is clear that we may
restrict ourselves to the case 0 << a ̂  y ̂  1. By Lemma 1
and (2.7) we have that

|U"I^D = |^,D + d^{u)

<|<.+I(.)+4j|»w[^ ^ ̂ ^ ^ +!(.)+ 4 l^)].——- , •;,.,.. ̂
. D

x—y\>i
< I(y) + [4n(l - a) + l]!^!^ < 5n|u1^

and part a) follows by Prop. 3), § 2.

Proof of b). — Suppose part b) is true for 0 ̂  ao ̂  1.
Let m + 1 be an integer ̂  ao. From (2.1) and our assumption
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we have

^Ju|^==^(,)^^|D.ul^

= 2 O") S f|D.<D + 1; -6- D.uf \
k=» Hl=k \ y=i i>Xj \QQJ
OT+l

= S (0?)+C"-i)) 2 lD.u|€,D=|u|^o.
t=0 |;|=k I I -1- ,

The rest of b) follows easily from our assumption so it is
clear that we need only consider 0 < ao < 1.

For 0 < a < 1, we have by § 4, II that G2"+2a^), x=^0,
i • » . ^271+20(0)

is an analytic function of a, which is maj orated by 1 and
A

by (1.3), II, that ^ / - ^ is analytic which completes the proof
in the case 0 < a < 1.

By (4.4), II we have for 0 < a < 1 and 0 < |a;|< 1 that

1 > ̂ rf^ > ° and by (2•10)' (3-6) and (4-2) of n

(4.5) If \x\ > 1 and a > 0 then G2B+2a^) < j^j a + t-i ̂ -'-L
VJ2.•l+2a(0)

Hence, by Lemma 1 and (2.7) we have for ueWD}
ao > 0, that ' - '

0 < \u\^ - juj2^

<I(a)+c^J:1^12J:,,,Gg^^
< I(a) + 8^a(l - a) \u\^ eV (- + l\ ̂  0 as a ^ 0.

We now consider a ^ 1. By Remark 3, § 2,

Î ID - |u|i,D^o
as a f 1 for us PO(D). By (2.7) it is clear that

|I(a) - <D(u)| < 4n(l - x)\u\^.

Hence by Lemma 1, if us P«(D), 0 < a < 1, then lim |u|̂
exists and is finite if and only if M6pi(D). Furthermore,
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if ueP^D), then lim |u|ii) == H^. This completes the
a^l '

proof of the proposition.

Remark 2. - Although \u\^n = f^ (1 + l^2)^^^)!2 ̂  is an
increasing function of a, it is not known whether \u\^,
D convex, is increasing or not.

In the remaining part of this section we shall generally
consider 0 <; a <: 1. The propositions and remarks have
obvious analogues for m^OL^m-{-i,m= 1,2,

Remark 3. — For a function u e P°(D) the behavior of < n(^)
(or |u|^D — M^n) inside the interval 0 < a < 1 is easily
analyzed by decomposing

^ dA — 1 r r r -L r r K^L-^W ^ 7 i^a.,j)W — -.—-—. + ————r——— dx dy
C(TZ, a) JD JD Jn JD \x — y^^ t/

'-I^—JKI \x—y\>i J

and noting that the second term is bounded by
4n(l - a)|<D.

The following cases are possible and exhaust all possibilities :
1° d^(u) ̂  oo for all a > 0; 2° d^{u) is finite and continuous

in 0 < a < ao <: 1 and infinite elsewhere, or 3° d^(u) is
finite and continuous in 0 < a <; y.o <; 1 and infinite elsewhere.

We next give some properties of |u|a,D in an arbitrary
domain D c R72 as a f 1. We remind the reader that by Remark
3, § 2, |u|^D — lut^D ^ 0 as a f 1; hence \u\^ may be replaced
in any of the propositions by |u1a,D.

2) If ueP°(D) and lim inf \u\^ < oo, then ueP^D) anrf
<ui

lim inf |u |aD ̂  Mi D (20).
a^l

Proo/*. — For x <= D let S == S(x, g) c D then [u|a,s < |^|a,D,
and it follows from Prop. 1) that u <= P1(S); a fortiori u e P?,c(D).
Now let |S^.^, /c = 1,2, . . . be a disjoint sequence of spheres

such that S/, c D and D — I J S/, = 0. Then
/c==i

00

S M^s& < MIna.s& -^ |^|a,D
/c=i

(20) By considering S(0,l) — [x^ == 0] in R2 and setting u[x^ x^} = 0 for x^ > 0
and = 1 for a;i < 0 we see that the converse of this proposition is false.
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and by Prop. 1),
00 00

oo > lim inf \u\^ ̂  S' I1111 M^s/, == S M^s/, == Mf,D.
(U1 ' /c=l l̂ ' /c=l

As an immediate application of Prop. 2) we can give another
criterion for the extension of functions (cf. Theorem I, § 3)
from a given domain to a larger domain.

3) Let D c DI and |Di — D| = 0. If u <= P^D) and

lim inf |u|a',D < 00? m = [a],
a'/^w

V

^/I^TZ u has a unique extension u e P^Di).

Proof. — Take as u the correction of u in Di. Since

|^|a,D, = Ma,D?

we need only prove that ueP^(Di).
Let ^ be the correction of D^u in Di for 0 < |^| ̂  m.

Then by Prop. 2), i^eP^Di). The proposition now follows
by Prop. 2'), § 9, II and Theorem i, § 0.

Remark 4. — In connection with Prop. 3), it might be of
interest to introduce the class P^D) of all functions which
belong to P^D) and such that |u|fiD is uniformly bounded for
all (S ̂  a. Then, Prop. 3) might be restated « if D c Di and
]Di — D| == 0, each function u e P^D) has a unique extension
to P^Di) ». It is clear that P^D) c P^D) c P^D), and examples
might be given to show that P^D) is not always equal to P^D)
(cf. example 3, § 13).

4) If u <= P^D) and lim |u|aD == M^D then for every D' c D
a^l

such that |D n <)D'| = 0 we have lim |u|aD' = Mi D'-m
Proof. - Let D" = D - D' then [D - (D' u D")| - 0,

ueP^D') and ueP^D"). By Prop. 2), |u|[D' < lim inf \u\\^
a/M

and |u|^D-^ lim inf |u|^D". From \u\^^ + |u|^D" <S HI,D it
follows that a^ '

]u | JD == |^|!.D' + MtD" ̂  lim sup |u|^D' + li1111^ |^|i,D"
a/M ' a^l

^ lim ]u|^D == |^|!,D.
a^l
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Hence, lim sup \u\ir>' = |u|?D'<lim inf \u\i^ and
an a^l

|u|^D' = lim |u||D'.
a/M

5) If u e P^D) t/ien lim |u|a,D == JU^D if and only if for e^ery
a^l

£ > 0 there is a S > 0 such that lim sup |u|aD-D^ <; £.
an

UlProo/*. — Assume that lim \u\^ = MI,D, then by noting
_ an

that [D n ^)(D — D8)] = 0 it follows immediately by Prop. 4)
that lim |u|aD-E? = Hi D-I? <; £ for S sufficiently small.

a/M ' v

Conversely, suppose lim sup |u|aD-i?< £. It is easy to seean
by Lemma 1, § 1, and Prop. 7) § 2 that there is an extension u
of u restricted to D^2 which belongs to P^ Hence by applying
Prop. 4) to D^2 c R" we have that lim \u\^^l2 == HiD^/2. Since

a^l

dist(D — D^2, D8) == S/2

it is clear from the properties of G^^{x) (21) and (2.7) that

KD < \u\^ + K^ + . , 2 —
^[n, a)lr^4.2a(U)

\/ /" r P / \ \u{^) — ^(v)|2 7 7
x Jn. JD-O^ G2"+2a(a; - y) \x-y^ dx dy

< \u\^ + |u|̂ _,? + (-^-Y' o 8(0" , I"!2,"\ 2 / 2aL(n, a) '
< K,D^ + I^I^D-D^ + 32^ S-^l - a)|u|2^.

Hence, lim sup \u\\^ < |^|!,D+£2. Therefore, since £ is arbi-
a^l

trary and by Prop. 2), lim inf |u |aD>|^ | iD, we have
<Ul

lim |u |aD = |^|iD.
a^l

6) IfT is a C^ homeomorphism of D* onto D then u <= P^D)
ayid lim \u\^^ = I ^ I I D implies i^eP^D*) anria^l ' • , 2 \ /

lim |u*jaD* = |^*|iD*
a^l

where u^) = u(Ta;*).

(21) In particular G^^(x)/G^^(0) ^ 1.
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Proof. — By Prop. 8), § 2, u* e P^D*). If M is the common
Lipschitz constant of T and T-1, T(D* — D*6/") c D — D6.

a+-^-n
Then by Prop. 8), §2, K^-D^/M < CM 2 K,D-D^. An
application of the preceding proposition completes the proof.

In Remark 3, § 2, we noted that [ul^a — HI.D ^ 0 as a ^ 1.
It can be shown that

(4.6) 0<|u1^-Kn

< 4 I n + log ———)(-^) (1 - a)|<..,\ 1 — ̂ A^/
for 0 < ao <; a < 1 and ue P^D). If we interpret the diffe-
rence in the inequality as the integral of the difference of
the integrands the inequality is valid for all ueP^D).

To characterize the behavior of d^(u) as a ^ 0 we introduce
the function

(4.7) S(a)=8(a,D)=-——J ——— dy.
^AZ, a; JDncm>i] \U\

7) If u e P^D) for some a, 0 < a < 1, then

lim {d^^u) - §(a')Kn) = 0.
a'^O

To prove this we need the following lemma.

LEMMA 2. — For 0 < a < 1, a) S(a, D) < 2n for all D,
lim §(a, R71) == 1 and if D 15 bounded, lim S(a, D) = 0.
a^o a^o

&) L^( D be a fixed domain. Put

^ R'a) - C(^a-) i i^|——^
|a;—y|>2R

for R > 1 and a; e D n [|a;| < R]. Then S(x, R, a) < 2n and!
lim sup |S(a) — S(a;, R, a)| ==0 uniformly in x for

a+o
xeD n [|a;| < R].

Proo/-. - By (2.7),

8 ( a , D ) < 2 - f |y|-»-2aj ^ ^2n.
C(ra, a) , ' iy i> i aC(ra, a)

It is clear from (1.3), II, that o(a, R''1) = ——l)"— -> 1 as
aC(n, a)
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a ^0. If D c S(0, R) then S(a, D) < 2n(l - R-2") ^ 0 as a ^ 0
which completes the proof of part a).

For R > 1 and a; 6 D n [\x\ < R], \y\ > 3R implies

\x - y\ > 2R,
hence

§(a) - ̂ , R, a) - ———, r M-'-2"^
"<,"> a/ JD

K|y|<3R

— p7——, I \y — a;)-"-201 Jw
C(n, a) Jo ' "

R<|y|<3R
^ l.>;-y|>2R

+ p7——^ ( dyl"""201 — |a; - yl-"-20') dy.L(n, a) ,/n
|y|>3R

The integrand of the third term is maj orated by
(n + 2a)|.K|(min [\y\, \x - t/l])-"-201-1

<(n+2a)RY|-|y|y

Therefore by (2.7)

2 \-"-2a-l

|S(a) - S(x, R, a)| < 2^(1 - (3R)-2«) + 2n((2R)-2a

-(4R)^ + t^j 2"a(l -a) (i)"""2" (3R)-2^
which establishes the convergence in part 6). The bound for
S(x, R, a) is obtained the same way as for S(a).

Proof of Prop. 7). - Let u <= P^D) and a < ao < 1. Given
£ > 0, choose R sufficiently large (R > 1) so that

Then
Mo.DfWa^R] ̂  £-

^ i ( r c \u(^L-uw j jw=— r r^^M^^W = ———-i •——r—— dx du
C(n,cc)) JDJD |a; - l/|"+2a "

\l.r—y|<2R
r . |»M-^^

JDJD \X — y^^ u

|a?—y|>2R
|a?|>R,(y|>R

+2 f f 1^)1' + 1^1' -^ •'M-M &,.,
JDJD |rr — y^^ y

' GJ D
|a?|<R,iy|>R

|a;—.y|>2R
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The first and second terms are bounded by

C(n, ao)(2R)^2na ——————————— o<, nW
^n

and 4n£ respectively. Since

2 r . |u(^)|2 + Ky)|2 - 2Re u{x)u(y)
~^T—\ I ———————i————\n-L9»——————— dx dyC{n, a) JojD [^—y^ -7

!a-|<R,iy|>R
|a?—y|>2R

- ( S(^ R, a)|u(;r)|2 ̂  < 2n£ + 4^ |u|o DJD' D
la-KR

it follows by Lemma 2 that
j.

lim sup \d^{u) — o(a)|u|§D| ̂  SMS + 4^ 2 I ^ I O D
a4'0

and the proposition follows.
It is clear from the above that for bounded domains,

limS(a) =0;
a^O

consequently, d^{u) as a ^ 0 depends only the the behavior
of D in a neighborhood of oo. Furthermore, if

D = R", lim §(a) = 1,
a^o

and examples can be constructed (cf. example 5, § 13) so
that lim inf S(a) == a, lim sup S(a) = b for arbitrary a, 6;

a^O a^o
0 < a < b < 1.

In contrast with |u1aD? Ma,D is continuous from the right
at a == 0 and the next proposition gives an estimate for the
modulus of continuity.

8) If ue P^D), 0 < ao < 1, then for a < ao(l - ao)/e,

o ̂  Min — Hi^D

' <.M2^^(L»»^•(^•)y(^+4e")l•-l•-)
ao(l — ao) \ a / \ L o /

where Fo == min r((3) (approximately .88560) a/zc?
1<P<2

A) n l^y == max ( 2ao, -^ — -^ •
\ ^ ^ /
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Proof. — By (1.3), II, it is easy to check that for

0 < a < ao < 1,

^K-̂ ) •^ Hence by (4.5), (2.7), and (2.4),
we have for r ̂  1,

.__1--_(r r
C(n,a)G^a(0);.,UD

oOul2^- H;iD
^/•l, Ol̂ 2n+2aW (, ./ D J D

|a;—y|<r

-^^^lu^-u^^^ji i n - i - o w M-icA/i — a['u \'~ ax ay >
D JD |̂  —- yl^201 1 v / v t / / l ^

. -y|>r
^ l̂̂ ^u) ̂  ̂ i _ ,)G-±.J^_-2_a,^ ^

^V72? a/ _ LI2n+2a(^)

< j—^r20^. V^ , 4^——f-T- ,i-.| 2|u|^
^iao(l-ao) ro +wr e ^m^'

The proof is completed by setting r == Log a(n ~ ( x l o ) ̂  1.
a

Remarks on the spaces P^D). All the results of this section
remain true for the spaces P^D), 1 < p < oo, with analo-
gous proofs. Some of the proofs were already given in F21
for D = R\ ° L J

5. Localization and L-convex domains.

In this section we make some rather general definitions
which will be used in subsequent sections to localize various
properties of domains. We will be especially interested in
boundary properties^ i.e. properties of ^)D relative to D. (If
bD is the boundary of another domain Di, bD relative to Di
will not necessarily satisfy the same properties as ^)D relative
to D.) As an immediate application we define the L-convex
domains and establish some of their more useful properties.

A S-loose covering of an arbitrary set A c R" is an open
covering [V^ of A such that A c |̂ J U^. In cases where it is

k
not necessary to make S explicit we shall call it a loose cohering.

(22) Since Gg^+aaM is a function of \x\ alone we write r for \x\ to make the notation
simpler.



THEORY OF BESSEL POTENTIALS 51

A covering with rank p (p a positive integer) of an arbitrary
set A c R/1 is an open covering | U^ ^ such that for each /c,
U^ n U -=f=- 0 for at most p indices L In cases where it is not
necessary to make p explicit, we shall call it a cohering with
finite rank.

Consider a boundary property (P); we say the open set D
satisfies the weakly localized boundary property (P), and for
brevity we write D satisfies (P^), if for each x e bD there
exists a neighborhood N^ of x such that N,, n D satisfies (P).

Remark 1. — This definition is weaker than the usual
definition of localization in that the usual definition requires
that (P) be satisfied by N^ n D with N^ as small as we please.

For our needs we must introduce a much more restrictive
definition which we call strong localization.

Consider the boundary property (P). We say that D satisfies
the strongly localized boundary property (P) with constants
S and p; for brevity we write D satisfies (P^p), if there exists
a §-loose covering with rank p, |U/^ of bD such that for each
/c, U^ n D satisfies (P).

We say D satisfies the strongly localized boundary property
(P); for brevity, D satisfies (P,/) if there exists a o and p
such that D satisfies (P^§p).

Remark 2. — For ^)D compact, (P,^) is equivalent to (P^).
If property (P) is stronger than property (P'), i.e.D satisfies

(P) implies D satisfies (P') for all D, we shall write (P) ̂  (P')
(or (P')^(P)). If (P)^(P') and (P')^(P), then we write
(P) FEE (P').^

With this symbolism we list the following without proof.

(5.1a) (P)^(P^^(P^(P^.
(5.1&) (P)^(P') implies (P^,p) ̂  (P^,p), (P.̂  (P;.)

and (P^(P^).
(5.1c) (P^p)^((P.,^)^,p)^(P^.
(5.1^) If § > §' and p < p then (P^.p) ̂  (P^,p').
(5.1e) If (P)HP'), S^' and p < p', then

(P^,p)^(P^,p')-

LEMMA 1. — If {V^ is a cohering with rank p << oo then
the sequence |/cj == ^1, 2, . . . j can be divided into at most p
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mutually disjoint subsequences tM^ j? j/ci2^,... such that
each of the corresponding sequences ^ U^G) ^ is composed of
mutually disjoint sets.

Proof. — Denote by jU^i)^ a maximal subsequence of
mutually disjoint sets. If $U^o-i)j is already defined, choose
a maximal subsequence of mutually disjoint sets among the
U//s not belonging to tU^i)^ . . . , IU^G-I)|. If the first p
such sequences did not exhaust ^U^, the remaining U^'s
would satisfy U/, n U^=^ 0 for some index h in each of the
sequences /c^\ i = 1, . . ., p.

LEMMA 2. — If U^ is a S-loose cohering with rank p of an
arbitrary set A c R", then there exists a partition of unity corres-
ponding to U^, 4^(^)9 such that

i)0<d^)<l, ^.eC^R"), ^) = 0 outside U^3 and
^ ^j,(x) = 1 /or xe S(A, S/8), t/ie S/8 neighborhood of A.
/c
ii) [D^.(a;)| ̂  S"111 C]i|5 C^ depending only on p, M, and m.

Proof. — By Lemma 1, § 1, there exists

?^), o<o^xi, ^ec^in
such that 9o(^) = 1 on S(A, S/8) c (S(A,_^/4))§/9 and = 0
outside S(A, §/4)$ for /c > 1, 9,^) = 1 on Uj^3 and 9,^) = 0
outside U^3; and |D,9^)| < o-111 C^, and C^, depends only
on n and |i|.

Since 1 ̂  S p/c^) ̂  p on S(A, S/4) for k ̂  1 we define
/c^i

| ̂ ^)^^) /•or ^eS(A,S/4)
W = ^ ̂

[ ^0 for ^^S(A,S/4)
and ^/,.(^) satisfies the requirements of the Lemma.

A domain D c R71 is C^-cowex with bound M if there is
a C/^-homeomorphism T defined on D such that T(D) c R"
is convex and the Lipschitz constants of T and T~1 are ^ M
(note that M > 1).

A domain D c R" 15 an Li-convex domain with constants
§, p and M (we shall usually suppress « with constants S, p,
and M » unless the constants are explicity needed) if D satis-
fies (P^§,p) where property (P) means « C^-convex with
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bound M », i.e. there is a S-loose covering with rank p of ?)D,
say, ^U/^ , and C^-homeomorphisms T\ defined on L^ n D,
k == 1, 2,. . ., such that T/,(U/, n D) c R" is convex and the
Lipschitz constants of T\ and Tj71 are bounded by M.

L-convex domains will be studied extensively throughout
the rest of this paper because many of the properties of
convex domains with regard to Bessel potentials carry over
to L-convex domains as we shall illustrate in the next proposi-
tion (cf. Prop. 1), § 4).

1) If D is an Li-convex domain with constants S, p and M
(and we assume for simplicity that S ̂  1) then

a) for a<y , P^D) D PT(D) and |u|^<C|u|.D where
C = (S-1 + p1'2 M2+3") C' and C' depends only on n.

b) If u is a corrected function in P^D), 0 <; a << ao then
Ma,D is a continuous function of a for 0 ̂  a << ao and

lim |u|a,D
a^ao

always exists (possibly ===4-00) . The limit is finite if and only
if u e P^D) and in this case the limit is equal to |^|aoD-

Proof of part a). — By Prop. 3, § 1 (localized) it is sufficient
to prove the inequality and by the definition of |u||D we
may restrict ourselves to 0 <; a <; y ̂  1. We may also as-
sume that uePT(D) .

If ^U/^ is the covering of ()D, we set

(5.2) V, = [J LT, V, = D - U U<;2 - - - U ^7/8)8.
/c==l k=l

One checks easily that ^Vi, Vg ^ is a §/4 loose covering of D.
By Prop. 1) and 8) of § 2, and Prop. 1), § 4, there is a cons-

tant Ci depending only on n such that

Ma.Dnu. < CiM^ l̂̂ ^^ /c = 1, 2, . . . .

From the fact that dis^Vg, R' — D) > S/8, we see by
Lemma 1, § 1 and Prop. 7, § 2 that there is a 9 e C°°(R")
such that (pu e P^ (extended by 0 outside D) and

l<DnV, < |9<Kn < |9U]^ < C^KD

where €2 depends only on n.
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Hence by (2.7) (and the fact that G^ga^) is a decreasing
function of \x\) we have

MS.D< MS,Dnv,
-i- v i,j2 i i C C \uixl—u{y)\2 j j+ S |uk^+ ̂ ^ JJ^ '-i;̂ ^

\x-y\>^f^
< C^T|u|̂  + CfM^+T+3.) ^ H^u^no-^H2^

< (C2§-2T+pC?M2<a+T+3")4- 4n5-2a)|u|2,D,

which completes the proof of this part.
The proof of part b) is based on the following lemma :

LEMMA 3. — Let ^LU be a loose cohering of finite rank
of D and let u e P^ (D) satisfy

i) lim Ha.DnUfc == Hi.Dnu^ < oo, k == 1,2, . . . ;
a^l

ii) if [Vk\ is infinite there is a constant C such that for each
k and a < 1, |u|a,Dnu^ < Cju|i^nu^.

Then lim |u|a,D exists and is finite if and only if ue P^D).
a^l

If i^eP^D), the limit is equal to |^|iD-

Proof. — If the covering is finite clearly u e P^D) and we
need only prove that lim j u j ^ n == Mi D which we now prove by

a^l
induction. The statement is obvious if the covering consists
of one set. Suppose next that the covering consists of two
sets, Ui and Ug. Given £ > 0, choose §', 0 < §' <, §, sufficiently
small so that Mi.(u,-uf)nD < £ and Dg = D — Uf c Ug. Then
by Prop. 4, § 4 (with Dg c D n Ua), lim \u\^ = |u]i n,. Now

a-^l

dist(D - Ui, D n U f ) > S ' .

Therefore by (2.7) we see easily that

lim sup |u|^D < lim sup (|u|^Dnu, + M2^
a^l a/M

4 /^ /^
4- i \1I(rr\\2 [ \/r — -y/I—71—201//^//^\ p/- ^\ PWI 1^ 2/1 ax ay)

^(n, QL) .;D ^ / | a ;_ j (>g»

== |̂ l!,Dnu, + M2,^ < ]^[!,D + £2.

Since £ is arbitrary the proof in this case follows by Prop. 2),
§ 4.
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Suppose now the proposition is true for coverings with m
sets, m ̂  2, and the covering of D contains m + 1 sets.

771

Then D' = D n [ J U^2 has a finite loose covering of m sets,

viz, Ui, . . . ,U, /ByProp. 4), § 4,

lim |u|a,D'nu^ == Mi,D'nu^, k = 1, . . ., m.
a^l

Thus by the inductive hypotheses, lim |u|aD' = MI,D'- Since
m a^l

^ J U^2 and U^+i is a loose covering of D, it follows that the
fc=i
proposition is true for all finite coverings.

Now suppose the covering is infinite. By Prop. 2), § 4,
if | u | iD== °o? i.e. u^P^D) , then lim |u|a,D = °o ; hence to

a/M
prove the lemma we may assume that |u|i n < oo. By Lemma 1

q

we can decompose the covering of D, |LU = [ J ^ U ^ o i ,
q ̂  p, where for each i |U^G)i is disjoint. Let ^i

U(0=UU^;
f ^

then ^ U f c O ) ^ is a (S/2)-loose disjoint covering of D(^) = D n U(i).
By Prop.'4), § 4, lim [u^nu^) = Hi,D(onu,Q) for i = 1, . . . , q

a^l ( (

and all L Then since

dist(U^) n D(Q, D(,) - U8^2)) > S/2, Z = 1,2, . . .,

we have that

lim sup H^D(,) < lim sup / 5 Mi,D(,)nu^)
a4<l a^l \ i l

( ^ \ ___OQ, \

+ 4n(l - a) -1-) I^I^DQ)) == S |̂ |i.D(,)nU^) = |̂ |!.D(,).
^ / / I

since the infinite sum ^ M^Donu^0 1s dominated by

5 ^Mt.Dnu^') ̂  c|^|?D < oo./ /

Hence by Prop. 2), § 4,

lim Ma.DnuQ) === lim |u|a,D(,) ::=:= MI,DQ) == l^li.DnuQ)-
a-^l a-f>l
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Since tU,)!, i == 1, . . ., q is a finite loose covering of D
which satisfies the hypotheses of the lemma the conclusion
for infinite coverings follows from the previously considered
finite case.

Proof of part b) of Prop. 1). — By the definition of the norm
I U J ^ D it is clearly sufficient to assume that ao = 1. By Remark 3,
§ 4, Prop. 1), § 2 and Prop. 8), § 4 it is easy to see that we need
only consider lim |u|aD. By Prop. 2), § 4, we may also assume

v l̂

that ueP^D).
Since U^. is a loose covering of V^8 n D and

lU.nDn^V^nD^I-O,

we have by Props. 1), 4), and 6) of § 4 and Prop. 8) of § 2
that the hypotheses of Lemma 3 are satisfied with respect
to V^8 n D. Hence

lim |u|^Dnv^/8 = Mi.Dnvf/8 < oo.
a^l

Since dist(V2, R" - D) > S/8 and ^(V^8 n D)| == 0, we have,
by Lemma 1, § 1, Prop. 7), § 2, the continuity of | \^n at
a === 1, and by Prop. 4, § 4 that

lim |u|a,Dnv^8 == Mi.Dnvt/8 < oo.
a^l

Since ^V^8, Vj^j is a loose covering of D the proof of the
proposition is completed by another application of Lemma 3.

Remarks about the spaces P^D). — All the results of this
section extend to the spaces P^D) (since all the statements
of the preceding sections on which these results are based
extend to P^D)).

6. Density of P^D) in P^D) and graph type domains.

For an arbitrary domain D, P^D) c P^D) and it is not
always true that P^D) = P^D) (23). In the subsequent sec-

(23) As a simple example consider the unit circle in R2 less the a^-axis. Define
u(x) == 0 for rz-2 < 0 and == 1 for x^ > 0. Then ueP^D), but since d? p (u) = oo

for A. ^ P < 1, u^Pl(D).
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V

tions we shall prove P^D) = P^D) for a rather general class
of domains which appears to give a very nearly complete
description of domains where equality holds.

Although the question of equality is certainly the most
important, a pertinent question is whether, in general, P^D)
is dense in P^D). This may be answered in the negative. The
most general class known for which P^D) = P^D), the
OL-density property, are the graph domains defined below.
But first we show that density is a weakly localized boundary
property.

Remark 1. — Since Co^R") is dense in P^ it follows by
Theorem 1, § 2, that the a-density property is equivalent
to the fact that the restrictions to D of functions in Co°(R71)
are dense in P^D) n C°°(D) n ^(D) in the norm of P^D) (35(D)
is the class of functions in D with bounded support).

1) If (P) is the « OL-density property » then (P) == (Py,;).

Proof. — Since (P)^(PJ we need only show (P^)^(P).
It is enough by Prop. 9), § 2, to prove that if D satisfies (Pu,i)
then P^D) is dense in ^(D) n P^D).

Let ue P^D) n ^B(D) and have support in SR == [\x\ < R].
Since <)D n SK_^ is compact and D satisfies (P^/) there is a
covering of ^)D n Sn+g, say ^U^ ,/c = 1, . . ., N — 1, such that
P^D n U,) = P^D n U,). Let

/ __ ^-i \
U, = U, n Sn+2, 2Si = dist bD n SK+I, R71 - U u/c

\ fc=i /

and define IL, == (R'1 — (^)D n Sn+i))54. Then |U^,/c= 1, . . ., N,
is a S-loose covering of D, for some S with 0 << o <^ §1.

Let \'jh\ be the partition of unity given in Lemma 2, § 5,
corresponding to the covering ^LU. Then y^u has support
in Ui/3 n D, k == 1, . . ., N, and by Prop. 6), § 2, y^ue P^D)
a fortiori 9^ e P^D n U/,).

Now, given £ > 0, let u^ <= P^ k = 1, . . ., N — 1, be such
that

\^k — 9/c^knnu^ < \Uh — y^|a,DnUfe _L.
/ / f. \-2?\ 2

< £/(N - 1) (l + 2n (^) )
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where m = [a] and (? == a — m. We may assume u^ has
support in U^6 (24). Therefore it is easy to see by (2.7) that

(6.1) \Uf, — (p/,u]^D < K — 9/,u|^Dnu^
0 m /-»

+ (^^ S (?) 5 ; ID.(^) - 9^))12
^W P; ^=o \i\=--l ^DnU&

/-»

|a; — y^-^dxdy
J\x—y\>^lQ

< ('I + 2n (4)"^) K - ?.<Dnu, < ̂ /(N - I)2

(the second term in each inequality is omitted if (? == 0).
Since dis^R" — D, SR n U^3) ̂  §1, 9^^ has support in D04.

Hence o^u, when extended by 0 outside D, is in P^ fcf.
Prop. 7), ^§ 2).

Thus u = <f^u + S u^ ls m P11 a^d
/c=l

N N—l N—l

\U—U\^= 2 ( 9 f c U ) — 9 N U — S ^ < S |?^—^|a,D<£
fc=l /c==l a,D /c=:i

which completes the proof.
2) If T) satisfies the ^-density property and T~1 is a C^'1^-

homeomorphism^ k ̂  a*, defined on the open set U, U =) D,
then D* = T'^D) satisfies the OL-density property.

Proof. — By Prop. 9), § 2, we need only prove that P^D*)
is dense in P^D*) n %(D*).

Let i^eP^D*) n^3(D*) and c > 0 be given. By Prop. 8),
§ 2, u{x) = i^fT^x) e Pa(D) and clearly u has bounded sup-
port. By hypothesis there is a ^ e P0^ such that

\U — ^|a,D< E/CM^3^2

where C is the constant given in Prop. 8), § 2, and M is the
common Lipschitz constant of T and T~1. Since u has bounded
support it is clear that we may suppose that the support S
(S=[^ : ^( r r )^O]) of v is bounded. Since D* n T-^S) is
compact, dist(R71 - T-^U), D* n T-^S)) = 2S > 0. Let 9 be

(24) Let (peC^tR") == 1 on U;^3 and == 0 outside U^6 (cf. Lemma !,§!); then
9u^ has support in U^6 and we may replace u^ by <pi^ by applying Prop. 6), § 2,
and noting that cpi^. — <p^u = <p(^ — ^/:u).
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the function given in Lemma 1, § 1, which vanishes outside
(T-^U))^2 and = 1 on D n T(S). Then

p*(.r*) = f{x^{Tx^ = ̂ (T^*) for x e D*

and by Prop. 7), § 2, ^ when extended by 0 outside (T-^U))^2

is in P^ Furthermore, by Prop. 6), § 2,

|^* — ^*|a,D* <; C\U — ^|a,D < £•

D is a simple graph domain, for brevity an SG-domain,
if D = J(D) where J is an isometry of R" and D is of the
following type. Let B c R71"1 be a rectangle and f a continuous
function on B with a positive lower bound, then

D- [ ( x , x,) : x e B, 0 < ̂  < f(x)],

B = J(B) is the basis of D and f(x)=f(J-l(x)) for X € . B
is the graph function of D.

D is a graph domain, for brevity a G-domain, if D satisfies the
property (D is an SG-domain)^.

3) If D is an SG-domain then D satisfies the OL-density pro-
perty for all a.

Proof. — By Prop. 9), § 2 and Theorem I, § 2, it is sufficient
to show that P^D) is dense in P^D) n ^(D) n C°°(D) and clearly
we may assume that D == [(^', x^) : 0 < x^ < f(xf), x e B].

Let ue P^D) n %(D) n C^D) and 2§ = min/^')^ 0). For
X'GB

t > 0 let D, = [(^', x,) : 0<x,< f{x) + t, x e B], ^ / i ^ j ,
pi == 0, 1, . . ., a*, a strictly increasing sequence of positive
numbers and u the Lichtenstein extension of order a* of u
given in (3.3). By Prop. 3), § 3, ussP^D) and |u1a,D^ c|u1a,D
where c depends only on n and a*. For 0^t<iSh~y^ define

u^x) = u[x , ̂  — (), x e D(.

Hence Uf e ^'"(D^) and |u1a,D < K^a.i^ ̂  l^a.n ̂  c|^1a,D.
For ( ^ 0 the functions u^ are uniformly bounded in norm

in P^D). Therefore by a well known theorem from Hilbert
space theory there is a sequence \u^ converging weakly
in P^D) and a subsequence of \u^\ whose arithmetic means
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v

converge strongly in P^D). These aritmetic means must
converge to u since they converge pointwise to ^(ueC^D)) .

Therefore given £ > 0 there exists ^e P^Dj), iF>> 0, such
that \u — ^1oc,D < £• Let C = [(a/, ^) : .r' e B, x^ > O], a
rectangle, and V == [x e D( : ^(^) =^= 0]. Since u has a bounded
support the same is true for v (by the above construction).
Hence V is compact and 2oi === dist(V n D, C — D() >> 0.
Let 9 be the function in C^R/1) given in Lemma 1, § 1,
such that 9 == 1 on D n V and === 0 outside a Oi-neighborhood
of D n V. It is easy to see that 9^ e Pj^C) (extended by 0
in C — D^) and by a calculation similar to (6.1) and
Prop. 6), § 2, that

l̂ lc < (1 + 4^)19^ < c(l + 4^-2?)H^

where ? === a — [a] and c depends only on Si, a*, and n.
Hence (p^P^C). By Prop. 2'), § 3, ^eP^C) and it is clear
that |9^ — ^Ia,D = = | ^ — M^a,D < £ which completes the proof.

4) If D 15 a G-domazn then D satisfies the ac-density property
for any a.

Proof. — Propositions 1) and 3).
5) If D is ^L-con^ex then D satisfies the (^-density property

for 0 < a < 1.
The proof follows from Propositions 1), 2) and 4) and the

fact that a convex set is a G-domain.
V ^̂ ^

Remarks on spaces P^D). — For 1 << p << oo all the theo-
rems of this section can be extended with some slight changes
in proofs (where we used the Hilbert space structure ofP^D)).
The problem of density of P^D) in P^D) is replaced here
by the one of density of P^R^) (25) in P^(D). As concerns

V V

the spaces P^fD) and P^fD) the following remarks can be
made.

The spaces P^D) are defined for all a ̂  0 except for the
integers a ̂  2. In the exceptional cases we can replace
P^D) by W^ (D) the imperfect completions rel. 3lo (o1* by
the « almost » perfect completions as in [2]). The theorems of

(25) pa,P(Rn[j ig the class of restrictions of functions in P^PtR") to D.
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the present section can still be extended with more drastic
changes in proofs due to the fact that P^D) are not reflexive.

The spaces P^^D) are proper functional spaces for

a > 0 (P^D) = L^D)).

Their norms are obtained by the usual limit procedure from
the norms in P^D) for p ^ oo. We have (putting as usual
m = [a], P == a — m)

/r> o\ i i r \T\ / \\ |D^(^) — ^iU(lf)\~\(6.2) |u|̂ ,D = max sup D,u a; , sup ' l \ '———.r—^-11 \
lil^m La?eD a-,yeD \X — 2/|P J

(When a is an integer we omit the second sup in the square
bracket).

For P^fD) all the propositions of the present section are
in general false. Some of them become true under suitable
restrictions on D. For instance Propositions 1) and 2) are
true for D bounded. Proposition 2) is true even for D unboun-
ded as long as D c U5 for some o > 0.

7. Localization of extension theorems.

The statement P^D) == P^D) is equivalent to the assertion
that for every ueP^D) there exists a u e= P0^ such that
u{x) === u{x) in D. Since P01, as well as P^D) are Hilbert spaces
the preceding statement is equivalent to the fact that there
exists a linear bounded extension mapping of P^D) into P06.
In Prop. 2), § 3, we have given such a mapping when D is a
rectangle.

This linear mapping is clearly not unique but there does
exist a distinguished mapping, viz. the mapping with mini-
mum bound. This mapping is not in general easy to construct
explicitly.

We now introduce the following notation. Let I c [0, oo)
be an interval and F= ?(!') ;> 1 be a finite valued increa-
sing function defined on the compact subintervals I' of I.
Then we write D e 6(1, F) if there is a linear mapping E with
domain ®E c m(D) and range m(R71) such that

(7.la) Eu is an extension of u for u e ^)p
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and
(7.16) if a e I then P^D) c ®E, £(^(0)) c P01

and for any compact subinterval I' of I and a e I',

(7.ic) |E]p.,p^<r(r).
We shall write De8(I ) (26) if De8 ( I , F) for some F.

We note that if De8( I ) then P^D) == P^D) for a es I.
In Prop. 2), § 3 we have proved that if D is a rectangle then
D<=8([0, q]) for any positive integer q.

THEOREM I. — Let T be a homeomorphism of class C^'^
with Lipschitz constant M of the open set U onto U* and let
D c U8. J/' D e 8(1, F), I c [0, q + 1] </ien D* = T(D) e 8(1, P)
where ?*(!') == cM2^"4-1^-1 r'(I') and c depends only on n
and q.

Proof. — Let E be the extension mapping which satisfies
(7.1). If i^eP^D*), a e l , then u{x) = u*(Trr) e P^D) by
Prop. 8), § 2 and ^) = Eu(rc) e P^ Let 9 e COO(Rn) be the
function which = 1 on D and === 0 outside U^2 given in
Lemma 1, § 1. Then bv Prop. 7), § 2, y(a;)u(a;) e P^ P^R"))
and by Prop. 8), § '2, zT(^*) == 9(T-1 x^u{T-1 x^) e P^U*).
Since u*(^*) = u*(a;*) for x ' e D* and evanishes outside (U*)8^,
it is easily seen (cf. Prop. 7, § 2) that u* e P0^ (extended by 0
outside U*) and from the quoted propositions that

E *u* - u*

satisfies (7.1) with F replaced by F*.

THEOREM II. — Let property (P) he « De8(I , F) )). J/* D
satisfies (P^o,p) (w^A § < 1) then D e 8(1, F*) w^re

^(I')^^^,^])^^-^!')

a?zd CQ depends only on jo, n, and a^.

Proof. — Let ILU be the S-loose covering with rank p
of ^)D such that D n U ^ e 8 ( I , F) and E/, the corresponding
extension mapping which satisfies (7.1).

(26) 8 (a) is the extension class corresponding to the degenerate interval formed
by a single point a.
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Let |̂  be the partition of unity corresponding to fLU
/ °° \and ^D given in Lemma 2, § 5. Then ( 1 — S ^(rc)) e C00, = 0

in S(^D, §/8) and = 1 outside of S(^D, ^"and

D/l - S ̂ )) < C,,S-'1'
! \ /c==i /

where C|i] depends only on p, [ & | and n. We construct now an
extension mapping E for D. We define

3)^= \u: uem(D) and u\^^^\ (27);

it is obviously a linear class of functions. We put then for
u e SE

(7.2) u = Eu = i ^E^(^) + Eou(r,)
/c=i

/ °° \
where Eou(.r) = ( 1 — ^ ^k ) u(a;) tor a; e D and = 0 for re $ D.

^ \ /c=i ^ / ^
Obviously condition (7.la) is satisfied. Suppose now, u e P^D),
ae I' c I, V = [ai, a^]. Then by Prop. 6), § 2,

|̂ E,u,|̂  < ̂ -^(nKDnu,

and by Prop. 7), § 2, [Eou|a,R« ̂  ^'"^Ma.D where c depends
only on p, n, and a^, and clearly can be chosen to depend
increasingly on [0-3 ]. Therefore

2

a,R»
"HR» < 2 S 'Wu, + 2\E,u\^n

k=l a,R"
< 4p S Î E.uJ2,,̂  + 2|Eou|^K»

fc=l

< 4c^-2^^(^)2 5 l^llDnu, + 2c2o-^K^

< ̂ ^-^^^^(I')2^ 2)|u|2^,

which completes the proof (we put CQ = 3pc).

Remarks about the spaces P^D). — For p -=/=- 2 the extension
mappings should transform P^D) into P^R"). Since now
we deal with Banach spaces which are not Hilbert spaces,
the fact that each ueP^D) can be extended to ^eP^R")

(27) The symbol u\y means the restriction of u to F.
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does not automatically imply that there exists a bounded
linear extension mapping.

We introduce the classes ^(I, F) in a similar way as
8(1, F) by replacing P^D) and P01 by P^D) and P^R")
in the definition. The theorems of this section are then imme-
diately extended to p -=f=- 2 since all the results on which they
are based have corresponding extensions. The preceding
statement holds even for p = 1 and p = oo.

8. Regularized distance,
simple Lipschitzian graph domains

and singular multipliers.

In this section we shall develop some notions for later use.
We start by a well-known theorem of H. Whitney. Our
proof is much shorter than other published proofs. Let F c R/1

be an arbitrary non-empty set and

ry(x) = dist(.r, F).

THEOREM I. — For arbitrary £, 0 < £ < 1, there exists a func-
tion p(x) ̂  pF,e(^) defined on R" such that:

i) (1 - e)r^{x) < p(rc) < r^x), x^ R\
ii) p e C^R' — F) and

\D,p{x)\ < rpCr)1-^-11'^ x e R" - F,

where B^ depends only on \i\ and n.

Proof. — Let e{x) e C^R") be a fixed decreasing function
of ]^| which vanishes for \x\ ̂  1 and such that

f e(x) dx = 1.
Then we define

pM= "-(f̂ £.;̂ )-.(^)^ -"•-F.
0, X e F ,

where c = £/(4n — 2).
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For a;eF, part i) is trivial. With r{y) == rp(i/) we have for
x and y satisfying ja; — y\ < cr{y) :

(8.1a) r{x) < r(y) + ja; - i/| < (1 + c)r(y),
^(a;) > r{y) - \x - y\ > (1 - c) r{y),

(8.1&) forx^s(xo,^r{x,)\{x^F),

r(y) > (1 + c)-^r{x) > .————r r{x,) > 0.
Z'{L i~ c)

From the monotonicity of e{x) in |a;[ and (7.1a) we obtain
for x <= R" — F

^^W{f^)"f^^^=rW.

1 ~ c

cr(x) X-" /I — A2"-1
and^^w^rf'^y

\l+crw/
, . /I — c\2'-1

== r(a;) ( —— )
\1 + c/

and i) is clear from the choice of c.
That p <= C"(R'' - F) is clear from (8.1&) and from (8.1a),

IWl < c-n-lil (I1^ / W-"-" (D.) ( f̂) dy^^-(i^r'̂ ^pi^i
and n) follows.

A domain D is a simple Lipschitzian graph domain with
constant M, for brevity, an SLG-domain, if D is an SG-domain
and the graph function f is Lipschitzian with Lipschitz cons-
tant M.

THEOREM II. ~ Let D = [(x\ x,) : 0 < x, < /•(a/), x1 e R"-i]
be an SLG'domain with constant M and basis B === R"-1. Put
D+=[{x\ x,): f(x)<x,, ^'eR71-!]. Then for arbitrary s,
0 < £ < 1? ^re ^ ^ function p{x) === p^{x) defined on D+
which satisfies:

i) (1 - £)(^ - f(x1)} < p(^) < (^ - /•(a;')),
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ii) p<=C°°(D+) and |D,p(nQ| < (^ - /•(a/))1-11^-11^, where
MQ = max (M, 1) and B^ depends only on \i\ and n,

iii) ^ (.r) > (1 - e).
Ocl̂

Remark 1. — Since for ^ e D+,

r^x) < ̂  - ̂ ') < (1 + M2)1/2 r^x)

we can replace x^ — /'(re') in the lower bound of i) by r^[x)
and in the upper bound by 2M.Qr-o[x). In ii) we may replace
(^ - f(x))1-^ by p^)1-111 or r^-'1'.

Proof of Theorem I I . — Without loss of generality we will
assume that M ̂  1, hence MQ == M.

Let e e Co° [0, oo) be a decreasing function which is constant
in a neighborhood of 0, vanishes for r ̂  1 and such that

/K- W) dz = ̂  f; e(r)r^ dr = 1.

For z e R71-1 we let e(z') = e(|z'|) e ̂ (R"-1). Then we define

(8.2a) p { x ) = k C (^^A^))2-^.^^)^
^R"-1 \ ^^^n — J\y ) ) /

where

[ f\ _ /M\2"-3

(8.2&) c = max (: (—. -—) > 1 - £ and

(1 - (2n - 3)tM) (i~ ̂ r"2 > 1 - ̂v ' / / (1 + (M)" ^ J
and

(8.2.) ^(l+.M)(f^)--.

1We note that with this choice of c, cM <; 1 and c < —,- ̂  1.M
Furthermore, it follows easily from (8.26) that there exists
a positive constant a (depending only on n) such that

(8.2d) cM > ae.

For x e D_^. (i.e. ^ >- f(x/)) and y satisfying

\x - y \ < c|^ - f{y)\
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we have

^ - W} > ̂  - f(x') - \f{x'} - f{y'}\
> x, - f(x') - M\x' - y'\ > ̂  - f{x'} - cM\x, - f(y')\.

Since cM < 1 we have x^ > f(y'). Similarly,

^ - W < ̂  - f{x') + cM\x, - f(y')\.

From these inequalities we conclude

(8.3) ^ > f{x') and \x' - y'\ < c\x^ - f(y')\ imply
0 < n^M{xn - f^ <"»- f^ < r^M ("»- f^-

From (8.3) we get p e C°°(D+) and in analogy with the
proof of Theorem I,

(^ _ cMV""3

rq:-̂  (^ - fW) < p(^) < ̂  - A^)
which by the choice of c proves i).

It can be checked that

D,p(,) = ̂ .. f („ - /(,')).-« k (., ̂ y») ̂

where A(c, z') is a polynomial in c with coefficients which are
Co0 functions in z' vanishing for |z'| > 1. Furthermore, h{c, z')
is completely determined by e ( z ) , n, and the indicial system i.

Since c < 1 we have |A(c, z')| < A,,,^ where A^, depends
only on \i\ and n.

To complete the proof of part ii) we use the inequalities
(8.3) and the formulas (8.2c) and (8.2d). The constant B(,(
is then given by-Dn—('A\11 A,,,,.

Tv — JL \ u y

For a fixed x e D+ consider the transformation

(8.4) z- = -V9-xf-
^n-W))

of points y' in the domain [y : [y' — x'\ < c(^ — f{y))]
into points ^'. It is obviously a Lipschitzian transformation.
What is more, the inverse exists and is also Lipschitzian.
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In fact (8.3) gives

y ' - x ' V - x '
^n-f{y'}) c^-f(y'))\
- \{y' - y'}{^ - f(y'}} + {y' - x'}{f{y'} - f(y'})\

, ^n - f(y'))^n - f(y')}
1\ __ /,]Vfi2

> ̂  - fW [r ~ y } { x n "" w)) '" w ~ xfm - 2/'1]

(i-ci^r-?/!
^c(l+cM)(^-7(^))'

It follows that the transformation (8.4) can be applied in
the usual way to change variables in an integral. Its gradient
and Jacobian may only exist almost everywhere. The Jacobian,
wherever it exists, can be evaluated as follows :

• x" . ^L (y'\\

fW ^ { y l )

^k ^ ~^\ +
Vk — xk

^ Wn - W)} C(X,

= (^ - f{y'))-1 ( s j k + ̂  y-\\ c ^yj/It is easy to verify that

^-^•-ww-^+^S
Furthermore since |V/'(y')|^M and cM<l we have for

1^1 < 1
(8.5) 0 < ^- < (^ - A;/))1-" ̂  _^_ ̂  ̂

^^ detf^ < l - c M < w •
\W

We pass now to the proof of iii). From (8.2) we have (with
/ / \ de , \
<^)=^)>

^kf^-fW-

[{2-n)e\ \x — y' - y'\.,' ( ^-y'\ M ̂
- f{y')) \c^ - f(y')))ldy^ - f{y'}\) c(x, - f(y')) \c^

= h f(^ - Ay'))1-" [(2 - n)e(\z'\) - \z'\e'(\z'\)] detf^V1^'.
J \^j/
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From the properties of e we note that ^'(|^'|) ̂  0 for all z '
and that e'(|^|) and 6?(|z'|) == 0 for |js'| > 1. Thus from (8.5)
we have

^>kwn-l
^n

[-l^^j^^^-i^f^'^^
- ̂ -i f- r e-2 + -̂ -r-J-l- L l - c M ' l + c M J
= Tfc'-^l - (2/1 - 3)<;M)/(1 - cM)(l + cM) > 1 - e

by (8.2&) and (8.2c). This completes the proof of Theorem II.
Let F and Fi be non-empty closed sets in R", F ̂  Fi,

and H == F n F^. For e > 0 we define
U, == U,(F, Fi) = [x: r^x) < ̂ {x)],

an open set. Clearly, F — H c Ug c R" — Fi.
For 0 < £ < 1 we define the singular multiplier for the

triple |F, F^ e^ by

(8.6) ,(.)= (W^^K^)^ ^-^
0, X e Fi

where p(^) == pp^e^) is the regularized distance given in
Theorem I, yj^y) is the characteristic function of Ug^(F, Fi),
6 == £/(2 + e) and e{z) is a fixed regularizing function with
support in \z\ < 1.

THEOREM III. — The singular multiplier <p(^) for the triple
^F, Fi, s,i satisfies:

i) 0 < 9(^) < 1, y(^) == 1 OM F — H and = 0 on R" — Ug,
ii) yeC^R"- [(F - Fi)nFi]) and

1D^)| < B^(Max[erp^), r^(^)])^1'

where B^ depends only on \i\ and n.

Proof. — The first part of i) follows from the properties
of a regularizing function. If XG F — H and \x — y\ <^ Op(^),
then by Theorem I, rp{y) ̂  \x — y\ <; Orp^a?) and

r^{y) > r^(x) - |̂  - y\ > (1 - ̂ {x)
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which implies y e Ug/a and by (8.7), that 9(3;) = 1. If x e R" — U,
and \x — y\ < Qp(x) then

r^y) < rv,{x) + \x - y\ < (1 + ̂ {x)

and rp(y) > ^(a;) — \x — y\ > (e — Q)r^(x) which implies
y * Ug/2 and by (8.6) that <^{x) •== 0, which completes the proof
of part i).

To prove the first part of ii) it is clear by part i) that we may
restrict our considerations to Ug. If x e Us — Fi, then we
know that y(a;) has infinitely many derivatives. If x e Ue n Fi
then 0 == ry{x) •= rr,{x), but since Ug n Fi = 0, this implies
that x e (F - Fi) n Fi (28). Hence

yeC°°(R»- [(F - Fi) n Fi]).

To prove the inequality in ii) it is enough to consider
x e U, - [(F - Fi) n Fg] = UE - Fi.

By (2.6) and Theorem I we have for p a positive integer (the
indices in the summation below satisfy : i^l^\}\, (s^j^l,
' «('")=/) — — ~ 'u

(8.7) \DMx})-"\
= s e-p ̂  ̂ i'1^' p^-^n D^P )̂
< Mî £-'H l̂rF.(a;)-P-l̂ l,

where MI^ depends only on p, |/|, and n.
For |a;, - yd < Qp{x) we have by (2.5) and (8.7),

^C^) -I^-^^^P^^+^D/O-1?^-1) (29)
< ep^M^s- l̂rp/a;)-1 !̂
+ S M^s- .̂/lrp/a;)-^ !̂

JWl')=s
< M^eH^lrF/^H^'

where MI^ depends only on re and \s\.

(28) In fact a;=lim aW, r^)) = l^*) — yW| < 5 .̂ (.((*)), y(*)eF—F,
yW -a- a;.

(29) D^'/'fa:, y) means differentiate f(a;, y) with respect to the a; variables.
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Since e{z) vanishes for \z\ ^> 1 we have by the above and (2.6)
f^ _ y\\

~w)\(8.8) D^ e(

s ± (D^^n ̂ /•^^lit. (^fe 1 ( 1in1^'
w=liti

(J iC")=fc
CT=1

|,tC»)|>l
I //y. ___ .A Iti

< 21^ (D^ (^?) JS M^-.^)^
< M^£-'%(a0-"1'

where M,̂  depends only on k and n. Hence by (8.7), (8.8),
1 / Q ^ * \ « / \ / 7 \ / 7and (2.5),

Di.-[(«pM)-..(̂ )]

. 2 D/0-pM-)Dp> «i^u/c=i \ \ yp(^) < M^(£^(^))-——'

where M^ depends only on |i| and n. Therefore we have by
(8.6), \D^{x)\ < B^(£rF^))^. To replace er^(x) here by
max [ey-F/^), rF_F,(^)J it is enough to notice that for x e Ug — Fi
there is a y e F such that |a; — y\ = rp^) < ^{x) < rp/.r),
i.e. y <t= Fi. This implies rr-r^(^) = rp(^) < erp/^) which
completes the proof of part ii).

Remark 2. — The singular multiplier will be used for sets F
and Fi which are the closures of open sets, i.e. F == D, Fi = Di,
D and Di open sets. In these cases we shall write that « y is
the singular multiplier corresponding to the triple |D, Di, d »
instead of « |F, Fi, s j ».

9. Vanishing of potentials.

In this section we prove three theorems in connection with
the vanishing of potentials. These theorems will be applied
in § 11.

We begin with a few definitions. Let x{t), 0 < (< 1 be a
simple arc in R". For any x, 0 < x < 1, we call the open set
[_J S(^), K\x{t) — ^(0)|) a conoid with vertex a?(0), opening x,

(
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axial arc x(t) and radius |rc(l) — ^(0)|. We shall consider
the following property of an open set D :

(C) There exists r and x, r > 0, 0 << x < 1 such that for
every x e ^)D (Aore is a conoid lying in D with vertex x, opening x
and radius r.

For brevity we will call a domain with the above property
a (C)-domain with constants x and r.

Remark 1. — Two immediate properties of condition (C)
are:

a) If D is a (C)-domain then j^Dj == 0 (similar proof to the
one given in footnote (6), p. 16).

b) The (C) condition is invariant under a C^-homeomor-
phism. In particular if C* is the image of a conoid C with
constants x and r and vertex x under a C^-homeomorphism
T, and M is the Lipschitz constant of T and T~1 then C*
contains a conoid with constants x/M2 and r/M and vertex
T^)-Let t~~ be the half-line from x in the direction — 6 (0 a unit
vector) and D an open set. We define

„ ,/^ ^ri-w{x) if Z - n D ^ O
^W-joo if Z - n D = = 0 .

It is easy to prove that r^{x) is an upper semi-continuous
function of 0 and x.

LEMMA 1. — For a ̂  0, a) If F is a measurable subset of R"
and x e R" — F then(9•l) x^-" '̂̂ *-

b) If D is an open set and x e= R" — D, and at a point XQ e= ^)D
where rj)(x) = \x — XQ\ there exists a conoid lying in D with
vertex XQ, radius r and opening x, then

(9.2) j\ ĵ r̂ . > ̂  W - ̂ -}

where Ci and Cg ^^ positive constants depending only on n and a*.
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To prove (9.2) we restrict the integration to the conoid and
take polar coordinates with pole at XQ. Since the angular
opening with respect to XQ of the conoid at any distance less

than r from XQ is greater than -^=— x"-1 we have
Tt ~— JL

c ^ > ^-x ,n-i r p"-1^
JD \x - y|'•+2a ̂  n - 1 J^ (ro(x) + p)»+2«

By repeated integration by parts it is not difficult to
show

F- P""1^ > _ ,-2« rr(n)r(2« +1) "- r(/ + 2a)i
Jo W + p)^2" -̂  L r(n + 2a)2a r ̂  ?(/• + 1) J

+ r^)- ̂ ^^^ + i)^ 'DW r(n+2a)2a
and (9.2) follows.

LEMMA 2. — For a > 0, a) i/' a; e R" — D then

(9-3) ./bs(o,i) ̂ .e^)-2" ̂  < co^^)-^.

b) //" a;eR" — D and at Xy e aD w/iere FD )̂ == ja; — a;o|
(Aere ea;iste a conoid lying in D wi(A pertea; a;o, radius r and
opening x, (Aen

(9.4) r^)-^9^-1^'"1 f rne^-^rfe+r-261.
"B-l^ ./6S(0,1)

Proo/1. — Since rD(a;) < r^{x), (9.3) i',? cfcar. If r^x) > r
then (9.4) is clearly true. Suppose 7-0(3;) < r. Then from the
hypotheses it is clear that there exists on the axial arc of the
conoid a point a^ e D such that \Xy — a;i| = ro(x) and

S = S{xi, x7-D(a;)) c D.

Therefore rsfi{x) > r^{x) and if rs,e(a;) ^= oo, then

rv(x} _____rp{x)_____J_
rsfi{x) ̂  r^x} + (1 + x)rn(.r) ̂  3 '
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Hence
r* /' / r (^\ V201

( r^{x)-^d^rr,{x)-2- ( r j^) ^
^OS(o,i) Jrs/a0<oo VS,QW/

r> /'/y\~2a /» •^"-—l/^ Q—a
^ rp^ / 7A ^ / x_2a x ^n-l̂
^ Q2a ] av ̂  ̂ W On-V,, 1 ^0 ^^^)<oo ^ ^{n — 1)

and (9.4) follows.
1LEMMA 3. — For — <; a <; 1 anc? ueP^a,^) (& possibly

infinite),

(9.5) p|»(a;) - u(<.)|« (»-<»)-'• A» < '',.,<(..«(•«),

(»-})
wAere u(a) = lim u(^).

a?^a

Proof (30). — Suppose 6 <; oo. Clearly we may assume that
a == 0 and by changing x into bx we may assume 6 === 1.
Then for 0 < ( < 1

j-

[Yo1 K^) ~" ^^i2^"201 ̂ ]2
n-1 -1-

< S [/o1 l^(^) - u^x^x'^dx] 2

fc=o

< [J^ \u{x) - u(te)|2a;-2arfa;] 2 Y t" '̂"2"^
k=:o

Since P^a^b) = P^a,^) by Prop. 4'), § 3, there exists
1an extension of u, ueP^R1). For a >-^- the functions in
Jj

P^R1) are continuous (cf. Prop. 4), § 5, II). Hence

lim u{x) = u(0)
x^o

exists. Letting n —> oo in the above we have

(l - ̂ T)2 f^\u{x) - uWx-^dx

< ^ \u{x) — u{tx)\^x-^ dx
and since

, , Y 2 /ll f1 |u(^) — u{tx)\2 , ,
^o.)(u) = ̂ -̂̂  J^ ^ '^(1-^ dx ̂

(30) The proof of the lemma is based on an idea from [1].
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we have

r 2 ^(i — ^ a - 2 ) ^ /n
LC(I^JO (i-f)14-2a-^J^ |^)-^(0)|2^-2a^<4,(0.1)(^.

It is easy to show that the square bracketed term is bounded
from below by ( a — — ) ^ which yields the inequality.

\ 2 / /
If b = oo then ueEp^O.N) for every positive integer N$

letting N -> oo yields the inequality in this case.
Lemma 3 will often be applied in the following situation.

The function u belongs to P^I), -7- < a < 1, I being an inter-2i
val of the line I = l^, = [z: z = z' + 58, — oo < s < oo] c R".
Furthermore, u(z' + 56) = 0 for z' + 58 <= D, D a relatively
open subset of I. Then it is immediately checked that with
our definition of r^{z), Lemma 3 gives

(9-6) y;_D W + ̂ >)|2 '̂ + ̂ -2a ds
<7-——^-\2^I-D(U(Z'+^)).

('-T;
We define for functions u e= P^Di) the quadratic form

(9-7) JO.D,D,(U)= S f^\Wx)\^(x)-^Wdx
lil^a^"1

where Dg c R" is an open set. If Di n Dg =7^= 0 we adopt the
convention that ]D;u(.r)|2 r^x}-2^2^ = 0 wherever

D,u{x) == 0

regardless of whether r^x)"2^2^ = oo or not. Also, if a == 0
we adopt the customary convention that Jo D, D^(^) == 0.

THEOREM I. — If D = [DI u D^ u (^Di n ̂ 2)]°, m == [a],
and p == a — m, (Aen:

a) J/* ueP a(Dl) and! Ja D. D.(^) < oo, then u has an exten'
. v » *» X

sion u in P^D) such that u == 0 on Dg and

(9.8) |u|i,n<|<^+2M(l- P)[Ja,D,D.(u)+|<Dj (31).
(31) The second term on the right side of the inequality may be omitted if ? = 0

and the inequality becomes an equality.
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b) If D is L-cowex with constants S, p, and M, D^ is a (C)-
domain with constants r and x, {and we shall assume r ̂  S)v
and u is a function in P^D) such that u == 0 on Dg, </^n

(9-9) Ja.D,D,(u) < Cl<n

where c depends only on n, m, x, r, M and p.

Proof of a). — The proof is trivial if a == 0 so we assume
a > 0. Define v •===• u on Di and == 0 on D — Di. We will show
by an application of Prop. 2'), § 9, II that v is equivalent to
a function in P^c(D). Consider the lines I parallel to the rc^-axis
such that

m r ^u2
i) S —'' ^k < °° ?A^nD,^
ii) f f ^l%^)-2aw^<oo

j=oJinD,^i\
and

iii) —:» /==0, . . ., m— 1, is absolutely continuous on I n D^.
^^

These conditions hold for almost all lines I.
Let Z n Di = I J Iy a union of mutually disjoint open inter-

vals. By virtue of (i) and (iii) —.» / == 0, .. ., m — 1, is abso-w^
lutely and uniformly continuous on each Iy and in view of
(ii) it must converge to 0 at the endpoints of the ly's which

lie in Dg n D. Hence if we extend —:> / == 0, . . ., m to the^J

whole of I n D by 0 and denote this extension by ^, then Vj,
j = 0, . . ., m — 1, is absolutely continuous on I n D and is
the indefinite integral of py_j_i on each interval of I n D.
If p === 0 then (^ e P?oc(D) and if (3 > 0 then by Lemma 1,
a) and (2.7), and since D — Di c Dg,

(9.10) d^)
• /^A ^ _2 r ?)mu/ ^P r ^y j
P-01 te; + C(n, P) Jo. ̂  (a;)! ..L̂  jo: - i/j^P dx

__ j I U M / \ ) ^ / U_t̂  / •- p•Dlte71c(n,T)JD.^•(a;
/>m,,\ r' \->w< ̂ -^ (B) +2n r srrD^dx < °0'\0^fc / J D, O^fc 1



THEORY OF BESSEL POTENTIALS 77

and ^ is equivalent to a function in P^c(D). Hence v is
equivalent to a function in P^c(D) by the cited proposition.

If u is the correction of v then u = 0 on Dg since v = 0
on D — DI by definition, and == 0 on Di n Dg by the finiteness
of J<X,D,,D,(^). Furthermore, ueP^(D), and to complete the
proof we need only to prove (9.8).

By a calculation similar to (9.10) (for (3 > 0),

i^D-i^^^+T—^i^s fmu^r , ^^dxi^+^^ws fmu^f , dy.^
H^pL^ m==kJD, jD-Dj^—yl"4"2?(^9PJfc=0 lil=kJD, JD-D,|^-

< M^
+ 2n(l - p) J (^ S /^ ID^^I^^^)-2^1! + 1) dx

< |u|̂ , + 2n(l~^ P')K,D,D,(U) + |ul̂ nJ.

Proof of &). — i) Suppose we have two open coverings
^ and |W,j of (D^ - D^) n S(D^ S/8), with V,cW, and
such that

(9.11) any point in R" is in at most p = 5" + p sets W^.
In addition suppose that for \i\ << m,

(9.12a) ^DjD.ul̂ .r)-^ !̂1!̂

<cYf |^ul2^+ f J; .-^D^rro^)-2^211'4-2^.
Vw^nD, Jw^nD^^i ̂  | /

and for |i| == m

(9•12fc) Ann, ID Î̂ )-2? ̂  < c"lD,u||.w,nD,

where c' and c" depend only on n, m, x, r and M.
Then for \i\ < m, since jbDg] = 0 and u = 0 on Dg, we have

by (9.12a)

/D, |D^|%^)-^+21^< (S/S)-2^2'1'^!^^)2 ̂

+^-D,ns(D^sJD^12^^
<: m-^W f^\D,u\2 dx

+^^nDjD^|^^)-^i.^

< ̂ y + (W^2111)/^ JD^ ̂

+ ^P' S f ^ D^^ ^<D^)-2a+21il+2 ̂ .
^==1 JD, 0^ I
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Hence I = J^ {D^r^x)-2^^ dx is majorated by |D,u[|,D.

and . 2 /n. ID.ul^a;)-2^'^ and by an easy inductive
lj'|==lij4-l

argument we have finally, that I is majorated by |D^_(;,D
and S /o |D,u|^)-2?^.

|y|=m

For \i\ == m we have, by (9.12 &),

/r, \Wr^{x)^ dx < ((S/8)-^ + 2cV)mul2^,

and thus we obtain finally (9.9).
ii) Before we construct the coverings ^V^ and (WJ

and establish the properties (9.12a) and (9.12&) we prove the
following.

LEMMA 4. — Suppose D* is a convex domain, D^ and D^
are disjoint open subsets of D*. Furthermore, suppose

(*) There is a x* and r* ^ucZt that for any x e D^ (We ^ OM
^o^^D^ w^A ^(^) == |̂  — ^o| ^^ a conoid with vertex XQ,
opening x* and radius r* lying in D^.

J/' P e PI(D*) and v = 0 OM D^ ^en /or any y > 1

(9.13a) /^l^)!2^^)-^^

< c9Tx*d-») rr*- ,̂!̂  4- j; r ̂  ^-2^ dx\.
L /=i JD* |̂ - J

If v e PP(D*), 0 < p < 1, anrf ^ = 0 on D^ ^n

(9.136) /^l^l^^-^d;^
< cx^-'1)^-2^!^. + d^)]

where c in both cases depends only on n.
To prove (9.13) we need an inequality due to Hardy (Part.

I, § 12) which will be used in other proofs of this section.
Hardy's Inequality. — If f{s) is absolutely continuous for

a ̂  s < &, then for any y > —
.Z

(9.14) ^ !/•(,) - fW{s - a)-2T ds

< (T - 4)~2 f61/"^)!2^ - a)-2T+2 ds-\ ^ / Ja
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Let IQ^ == [z: z = z/ -}- s^y -— oo < s << oo ]. Then if ^ satis-
fies the hypothesis of (9.13a), p(z' + 56) e PI(^ n D*) by
Prop. 2'), § 3 for almost all 9 and z . Since v == 0 on D^, and
in view of the definition of r^{x) we have from (9.14) follo-
wing the notation of (4.1)

f^f^M^r^x^dx^

= f^ fw f^ 1^' + ̂ l2 '̂ + 59)-2T ds dzf de<^-4y2 r r r ^^+^)r^.e^ + îr+2\ ^ / .As jEe(D*)Ji(9,zO 05 |
c?5 dz rf6

/ 1 \-2 n ^ ^ [2

< -»(T - y) S I ^ ^(^-2T+2 ̂ .
\ L / /=l JD* 0^1

The last inequality was obtained by Lemma 2, a) (note
that Y ^> 1). An application of Lemma 2, &) completes the
proof of (9.13a).

To prove (9.136) we consider two cases

°<p<4' -^<p<1-
In the first case we have by Lemma 1, b),
, , . . 2 /• f Ka;)|2 , ,
^D•(p)>C(n î:i,i.--l̂

> J€^ IX K')12 rDlt(a;)-2p " - C2r^lp(a;)la ̂  •
1 . .Since ,——^ is uniformly bounded from below in

PL(72, (I)

30 <; (3 ̂  —? (9.13&) is proved in this case.
o ^

If — < P < 1 we write by (4.1)

d^W == ̂ -% f f ^K9^)(^' + ^9)) dz rf9.
^L.^n, p; ^f)SjE9(D*)

Applying Lemma 3 in the form (9.6) to ^P,I(Q,^')(^(^' + ^6))
and then restricting the integration to D^[ (9.13&) follows
by an application of Lemma 2,&) and (4.2).

iii) We pass now to the construction of the coverings
|V^j and ^WJ used in part i).
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Consider a maximal set A c R/1 with the property that for
any of e A, a" e A, a' =7^= a", we have \a — a!'\ ̂ . S/4. Such
sets obviously exist and are enumerable. Furthermore we
note the following four elementary facts (a will denote an
arbitrary point in A) : 1° the spheres S(a, S/8) are mutually
disjoint; 2° the spheres S(a, S/2) form a S/4-loose covering
of R"; 3° any point in R" lies in at most 5" distinct spheres
S(a, S/2); 4° for a e D^2 the spheres S(a, S/2) form a S/4-loose
covering of D3^4 and each of these lies in D.

By hypothesis of part b) of our theorem there exists a
covering |U^ of ()D, S-loose and of rank p, such that each
U^ n D is the image of a convex domain by a O^^-homeo-
morphism with constant M(^. 1). It follows that [V^ is a
S/4-loose covering of S(^)D, 3§/4) $ hence, combined with
S(a, S/2) for aeD^2 , it forms a 8/4-loose covering of D. The
sets of this combined covering will be denoted by W/c. Obviously
each point of R" lies in at most p' === 5" + p of the sets W^.
Furthermore each W^ n D is transformed by a C^'^-homeo-
morphism T\ with constant M on a convex domain (if
W^ = S(a, §/2), T^ is the identity). We put

V,=WfnS(D^S/8)n(Di-D,).

Obviously |V^ and |W^^ satisfy the conditions of part i)
of our proof and it remains to prove (9.12a) and (9.126).

If Vfc == 0 there is nothing to prove. Therefore we assume
V,^=0. Set

D* = T,(W, n D), D^ == T,(V,), D,* = T,(W, n D,).

We will consider T^ as extended by continuity to a homeo-
morphism of W/c n D onto D*.

If x <= V^; then r^{x) < §/8 and there exists XQ s Dg with
\x — XQ\ = r^{x) <; S/8. Hence XQ e W^8, Xy e W^ n Dg, (this
proves that W^ n Dg and D^ are =7^= 0), T^(^o) e D^ and

r^(T,(^)) < |T,(^) - T,(^)| < M|^ - x,\ = M^(^).

On the other hand if a ; eW^n D, r^(T^)) === JT^) — a;;|
with x^ e D^, hence

r^x) < la; - T-^(^)l < MiT,(n;) - x,\ = M^(T,(^)).
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Since D*, D^, and D^ obviously satisfy the conditions of
Lemma 4 with x* == x/M2 and r* == min [S/16M, r/M], the
formulas (9.13a) and (9.13&) with (̂ *) = D;u(T-1^*)) are
transformed immediately into (9.12a) and (9.12&) respectively
by virtue of the above relations between r^{x) and r^(T^x) and
known properties of O^-homeomorphisms (f.i. Prop. 8), § 2).

Remark 2. — The L-convexity of D in part b) of Theorem I
was needed in order to allow us to apply Lemma 4. For a <; 1
only the (C)-condition for Dg is needed to obtain (9.9) by
direct application of Lemma 1, &). However, the constant c
in (9.9), so obtained, blows up when a^ l .

In the next two theorems we will consider open sets Di
and Dg and the open sets U^ ̂  U^(D'i, Da) introduced in § 8.
We remind the reader that U^ == [x: r^(x) < r^r^{x)] and
that for Y] > 0, Di — D^ c U^ c R" — D^. We shall2 use the
notation

(+) U^ == D, u U, ̂  Di u U,(Dx, D^).
THEOREM II. — If Di is a {C)-domain with opening x and

radius r, and if u e P»(U^-) then for £ = Yj/(9y] + 4) (32)

(9.15) J,,c:,D.(u) < c[|u|2^ + J,,D.,D. (u)]

where c depends only on T], a*, ra, x anrf r.

Proof. — We will write ^(rc) and rs(x) instead of r^{x) and
rs,{x).

Let TO = [a] and ? = a — m. The proof will be divided
into three parts. Parts 1° and 2° will be concerned with showing
that for |i| == TO and s.' == Yi/(3T] + 2)

(9.16) /^|D.u(a;)|^)-^ dx
< c' [/^ |D.u(o;)|^,(a;)-^ dx + |D.u||,ui].

Part 3° deals with lower derivatives : we shall show that
With £ = £7(3£' + 2) == T]/(9Y] + 4)

(9.17) S /^ID^))^)-20^'1' dx

< c" [J,,D.,D,(u) + S /^ ID.ul2^)-2? ̂ ].

(32) By a more elaborate proof we could prove (9.15) with e = 7]/(37] + 2).
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The constants c' and c" in (9.16) and (9.17) depend only
on n, Y), a*, r, and /c. Inequality (9.15) then follows from
(9.16) and (9.17) since U, c U,,.

In parts 1° and 2° we shall let v == D^u, \i\ == m. Then
^epP(U,i-). If P = 0 , (9.16) is obviously true with c1 = 1
so we assume (3 > 0.

1° Suppose 0 < (3 < 3/4. For x e Di and y e Ugt — Di we
write the inequality

(9.18) l^ff j^^&

D,U^-D<
|a?-y|>^-r,(a?)

<^ff w^^
D<U.,-D,
|a;-y|>lr,(a;)

+2/J' \w^iy'lx-'l'+'l^•
D.U -̂D,
|.c—y|>^-r,(a!)

Clearly,
la < C(n, P) ̂ (P),

13 < 2^ r |p(a;)|2 r p-^dpdx
JD1 Jp>-r.w

6

<^2^ f \^x)\^[x)^dx.
P ^D<

We notice nowthatifz/o e bDi satisfies J2/o —y^^y^^^r^y)
^

and if |̂  — z/o| > (1 + ^)r^y), then |̂  — y| > ^- ^(^ (since

[^ ~ y\ > [^ ~ z/ol — \yo — y\ > ^(y) > ^(^ ~ |̂  — y\).
Hence, by restricting the integration in Ii to y with r^[y) < r/2
and to x lying in the conoid with vertex 2/0 at distance

\x - y,\ > (1 + £')r^)

and noticing that the conoid cuts out on &S(i/o; p) foi* P < r
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an angular area > ——a)n.1 ^ x"-1, we get
[n — 1)1

(̂-̂ —•j:,, ̂ f^,^^ ̂  (")
rs(y)<r{2

"> J_ ^-l x""1^ 4- c'^-^-^P
^2(3(n- m11-1 ( 1 + £ )

x r^-^ 1^)12^)-216 dy - r-^1 + e')2? f^ \.W dy\
L r,(y)<r/2 t r,0)<r/2 J

0

Since (3C(n, ?) is uniformly bounded for 0 < ? < — and since
4

/u? H2^)-2? ̂  < /^_^ l^y)!2^^)-2? dy
r^y)<rf2+ (tr^c i^2 dy + JD ̂ ^^^^"^ ̂

the inequality (9.16) is proved in the present case.
3

2° Suppose — < p < 1. Let I be a line in the direction of

the unit vector 9 and js' = TCQ n I where TCQ is the subspace
orthogonal to 9. As before we write I =k^. = [z: z' + (6].
Suppose I n D^O and ^.muiW+<9)) < oo. We shall restrict
our attention temporarily to this line and so shall write for
v{z' + (9) and r^z' + rt) simply v(t} and r^{t) respectively.

Define s^ = s + —— r^{s) for s e I n Di. Since

1 )̂ - r^')| < 1. - ̂ '|,

5i is an increasing function of s. For

s<t< ̂  \s - t\ < ̂ —— r^),

r2^) ~ r̂ -. ̂ (^ < r2(^) < r,(s) + ̂ - ^(5),

r^t) < 1^ - ^|

(33) Note that the inner integrand is

^ p-l_2?/£/r^) ̂  A-^ ^ p-^(i + ̂ )-.-2^
\ P /
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{s being in Di), hence

(9.19) if s < t < ̂  then ——— r,{s) < r,{t) < l+-23 ̂ )
1 \ Y] 1 -|- Yj

and z' + ^6 e U^.
Applying the above and (9.5) we get

(r ,̂ ̂ Q"2' rlp(()12 ̂  < 2 (rhi '"^Q"2' rlp(5)12 ̂
/ D N-2? î

+2(i-^-^)) / \^t)-^dt
\ ' J / «^ ^

( ^ _.ofi

<2 r^7'2^)) (sl-s)l^)124-2 ri^)-^)!2!^-^^?^
' ^ l / ty^

/ y, \-2P+1

< 2 (i-̂  ^(s)) K5)!2 + 32^ ̂ ,(^.

Dividing by ^-^(l + Y])-lr2(s) and noticing that by (9.19)
rs(s) < (1 + Y])ra((), we get

(9.20) f;1 |p(()|2^2(()-2P-l ̂  < 2y](l + y^K^ ^(5)-^
+ 32^^(1 + y])r,(.)-i ̂ ,(̂ (P).

In view of (9.19) the set of points seln^i such that
s < < < s-i for a fixed ( on I has a measure

(xe(<) ̂  ^9(2' + <0)
satisfying ^(t) < Y]ra(() and for all such points s,

^^ r,(() < r^) < (1 + yi)r,(().

Let 19 == y == z' + (6 : there is an x e Di, x = z' + s0, with

s<(<5+^^r2(5)=5l]•

By (9.19), Ig c U^. We perform now three integrations on both
sides of (9.20) (compare notations with (4.1)),

Jwf^wfmv, ' • • ds dz' ̂
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and obtain, following the above remarks,

(9-21) /.s^l^)!2^^)-2?-1^)^^
< 2CO, Yj(l + Y))^ |^)|2^)-2P dx

+ 64^^(1 + 2^) §^J^u^). (-)

We aim now towards a lower bound for the left side of
(9.21). Consider a point y e Ug. — Di with r^{y) < r/2. By a
simple geometric argument we notice that if yo <= bDi with
I2/ — 2/o 1 = ^i(?/) < £'^(y) and if on the axial arc of the conoid
with vertex ^o? lying in DI? we choose a point y(r) with

\V^} — 2/o| =^r^y) <r

then for every z in the corresponding sphere S(y(r), x£- ^(i/)^
yi \ /

we have \z — y\ < -—— r^{z). It follows that for 6 in the

direction zy, y e Ig. Furthermore, if z is restricted to

s(y(^^^(y)V
\ ° /

the measure ^(y) > ̂  ^(y); the corresponding 9's form an
^"—i<^-i / xangular a r e a > — ^ — ( . , ) .Hence the lower bound for

the left side of (9.21) is given by
(f\ , / yp \"—1 Yp' /^^iw 1-X,,-», lp(•')l•'•'(»)-p^

r,(y)<r/2

and thus we get formula (9.16) by the same concluding argu-
ment as in part 1°.

(34) The last term is obtained by using the following evaluation:

XlD. '2M-l d^"'^ ds s= XKD.-D,) • • • ds

'̂ LJn.'te^ .̂-^^-1^ '̂̂ '̂'

^^njn.^^1^3^-1-"——
^ 1

=ll^'1'^'^M•
where •y^(t) is the characteristic function of the interval (s, s-j^).
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3° We use the same notation as in part 2° except we replace
T] by £' and £' by s == ef^ + 2) = Y)/(9Yj + 4). We now deal
with the function p = D;u, [i| == q < m. Hence ^e P^U^)

and on almost all lines parallel to 0, ^-, I = 0,1, . . ., m — q—i,

are absolutely continuous on I n U^, with I^-derivatives.
We obtain succesively for s e I n Di,

1+e
7 r<t{s],5 < ( < 5i == 5 +

n-g-.l A
v^ J- yv

-(')= .2 f.C-')1^)^^^k\*=0

+ "-SM*,D' f {t ~ T)
J - ) * J s(w — q — 1) ! bO7"-^Kol.^.-^DC-r^^^

\ t=o (," •^ "0 |
, _________{t - ^)2"-2g-l_________ rt yn-q^, , ,P , \

' (2m - 2g - l)((m - q- 1) !)2 J, ̂  (T) aT/
î r '"—?—i A

\ W^ dt ̂  im — o+ 1) \ V ___J-
J. ' ' / A f/cimA,fo (A•!)2(2/c+l)

£' / ^V^I^P- • / \

^{s)x
.1+e7 ̂ (s)

+7-{2m -1q— l)(2m - 2q)((m - q - 1) !)
/ £' / \2Bi-2? ,̂ ^m-?,, B )

xdT?^) ./, ^Mf^j-
. / I \—2a+2?—l

Multiplying now by ( , rs{s) ) and applying (9.19)
we get \ ' £ /

f!1 ic(()|2r2(f)-2a+2?-l dt

< (1 + ̂ -^(m — q + l)S'"''y~1___1-
• ' v ' ' ' ) A ^IWOi;,̂ (/cW+l)

^2fc+l/ ^' \2fc+l .fc -2
X^^ ^(,)-2«.^) ̂  (,^

4- S'2^2^! + 2£/)2P+1(1 + £/)~2a+2g-l

(2m - 2gr - iy(2m - 2g)((m - q - 1) !r* ^"^c/ I2 ^x I^W ..(T)- .̂
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We integrate over 5, z' and 0 and obtain in an analogous
manner to the proof in part 2°:

J.s fn l̂ )!2^)-2^-1^) dy de
< co.(l + Cr-^rn - q + 1) S ^.^i,^

|./|=^m-<7-l (A- I^^/C+l)
/ .' \2/c+l ^

îT^) J ID^ Î̂ ,̂ )^^^)^
-i- s^- î 4- 2£/)2P+l(m — q + 1)
+ (2m - 2q - l)(2m - 2g)((m - g - 1) !)2 con£

X S JuJD,P(y)|^(i/)-2P^.
\j\=m-qv l

Here we used again the fact that ^{y) <; e'r^y). The lower
bound for the left side is obtained as in part 2°. We sum up
the inequalities for v = D;u over all indicial systems, with
\i\ <; m and arrive at (9.17).

THEOREM III. - If(^)°=D^ (35), U^=U^(Di, Da), U e PW),
Ja,ui,Da(^) <^ QO and (p 15 ̂  singular multiplier corresponding
to the triple ^D^Dg,?]^ then (pu extended by 0 outside U^
15 m Pa(Rre) and

(9.22) |9<K" < ̂ (Ja.^.D,(u) + \U\^)

where c depends only on a*, Y], and n.

Proof, — Without further mention we will use the properties
of the singular multiplier y as given in Theorem III, § 8 and
we shall use c as a generic constant which depends only on a*,
YJ, and n.

By Theorem I, a) (with Di = R" — Dg) it is enough to
prove the following three statements :

(9.23) 9uc=Pa,(Rre-D,),
(9.24) Ja,R»-D,,D, (9^) < cJa^,D,(u),
(9.25) |9<R"-D, < c(Ja,<D,(u) + Ku^).

(35) This condition is needed to guarantee that if D^ == R^ — Dg then

(DI U Dg U (5Di n ^Dg))0 = R»,
cf. Theorem I.
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As before, we shall let r^y) = r^(y), r^y) = r^(y), m == [a]
and p == a — m.

Proof of (9.23). - If a;eR» - Da then there is a neigh-
borhood of x, N^ such that the ratio rl(-y) is either >yi/2

or < Y] for y <= N^. From the properties of y it is clear, then
that 91, e P^ (R» - D^).

Proof of (9.24). — Clearly it is sufficient to consider only
points in U^. Let |i| < m then (cf. (2.5) for the summation
notation)

r^-^rilD.^u))2 = / ^ ̂ j^WD^r^-^Y

< S ID'^l2^^)^! S [D,ul2 r^-^+W
Jd kCi

Since 5 |D,9|2 ̂ (^l/i < c, (9.24) is immediate.
J'Ci

Proof of (9.25). - Let |i| < m. By Prop. 6), § 2 and (9.24)
we have

(9-26) X^l1^)!2^/^ +/„
'•i(a;Xl rs(a;) >1

< Ja,U,.D,(9u) + C|u|̂ u,

< c(Ja,<D,(u) + |4 )̂.

If P = 0 then (9.25) is immediate so we suppose ? > 0. Put

T = 3^ i \ Then (cf. (2.5) for the summation notation),

(9.27) -̂D,(D.(9u))

< 1 p2 r r iDi(9»)(^)i2., ,
^ C(n, p) L'iJ^J.-^P^^

+ r r ip.(9u)^-D^u)(v)i2,,
Juju, la;-^ ^CTa;

l-r—y|>Y'-,(.c)

+21'^ r r s iD^^np^-DAi2.^
Juju, ,ut=. |.r-y['•+2P dyda;

l»—y|<T''t<a;)

+2r^ r (' 5 ID^FID )̂ - D.u l̂2 J
Ju,Ju, 7Uk=. |a;-l/|'•+2P dyda: •

l-c—yKTrsta!) J •
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We denote the integrals by Ii, ^ Is, and 14 respectively.
If x e U^2 and \y — x\ < ̂ {x) then

ri{y) < r^x) + ̂ x) < (ri/2 + y)r^) = ̂ -±^ r,(o;)
^i ~r Y];

c\ i

and ^(y) > r^rc) - yr^a;) = ̂  I T 1 r^a;); hence »-i(y) < y^y)
and:

(9.28) If xeV^ and \x — y\ < -{r^x) then yeU^.

Since <pu vanishes outside U^/a it follows from (9.28), (9.26)
and (9.24) that

^ < /u,,/. |D.(9»)(^)12 ̂ -,|>T^) 1^ - y\-^ dy dx

<rS!)-"^^ lD,^uv^l!!7•,fa;)-2p^^-"r^ lD.(yu)(a;)l̂ ,(a;)-^^
L r^i-xi

+f^ \D^u)Wdx]
r^W^l J

<-i-ff |D,(yu)(a;)|2r,(.r)-2a+2'i•^+ f |D.(9u)(.r)|2 ̂ 1
P L^^/. Ju,,, J'u./. c/u,/,

<y(Ja,u,,D.(u)+|<u,).

For \x — y\ > yra^) we have ja; — y\ > y^y) — ja; — i/|)
or \x — y\ > —L— ^(y) and in an analogous manner to the
above, x-r T

12 < 2 /^ \^WW f^>^ 1^ - yl-"-^ dy dx
+ 2/^ ID^")^)!2^,,^, „ \x - y\-^dxdyJ^' '" ""• -^^-y^^w1

p

<-Q (̂ .U^U) + H^u-).

We note now two geometric properties immediately proved.
(9.29) If \x - y\ < fr^x) then \x - y\ < j'r^y} with

T =2-+^
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(9.30) If \x — y\ < ̂ {x) and z lies in the segment [x; y]

^^)>2^^).

Evaluating \D^(x) - D,y(y)| for |/1 < m and \x - y\ < ̂ (x)
T terms01 derlvatives along the segment [x; y] we obtain
from (9.30), |D,9(;r) - D^(y)\^ c\x- y\^{y)-W.

Therefore a typical term in ^ is majorated by (cf. (9.29))

c/,JD,u(y)|^(y)-m-^_^^^|, _ y\-^dxdy

<i^3[r lD^12^(y)-2a+21tl^+ f \Wdy\.r "^ "i J u, J

Consider now a typical term in I, with \k\ < TO. Since
y(a;) = 0 outside of U^ we can restrict x to IL/a and maj orate
this term as follows :

r r ^-^Y^^Y-^ iD^(y) - p îi2^
JU;,/J^ M^-yl/ \x-y\^ ^^\a:—y\<fr,(x)

^Jw^, '̂+.e)-w-p== Ci

X /-W^) |D,u^ + ,e) - D.u^ + .9)|2 , . , / .,
J, {t — sf^—————dt ds dz Je'

where we have used the change of variables given in (4 1)
Now since \k\ < m, D,u(z' + rt) is absolutely continuous for
almost all e and z'. By applying Hardy's inequality (9.14)
to the integration with respect to (, then returning to the
previous variables and using (9.29) we have the maj oration

^X/^-^Ci i ̂ f ^ - v^ ̂ dx
' U^/2 J U^
"—y|<Yr2(a?)l®—y|<ir,(a;') 1 /

<c•X„i ̂  Dlu(•"2 ̂ •^L.^.J- - y^-^y^-y\<r^y')
<^Ap,s[X, ̂ D."(»)f'•.(»)-"+tl•M^+^ ̂ wy} \}

W)<l W)>1

If m 14, \k\ = m, then the corresponding term is obviously
majorated by C{n, (3) ^(D,u) since 0 < y(^) < 1. Finally,
we put all the maj orations for the different terms on the right
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hand side of (9.27) and obtain from (2.7) and (9.26),

lD.(9u)||^_^ < c(Ja,u^,D,(u) + HI,!^)

from which (9.25) follows.

Remarks on spaces P^D). For l < p < oo, all theorems
of this section are valid with standard changes in proofs.
The expression J(X,D^D,(^) is now replaced by

(9.31) Ja,p.D,D,(u) = ̂  f^ \U{X)\^{X)-^^ dx.

The inequality of Lemma 3 is now replaced by

(9.32) Cf^ \u{x) - u{a)\P{x - a)-^ dx < d^^{u)=_i_ r r^^^dxdv
--C^a)! 1 \x-y\^ dxdy

^
for — <; a •< 1. The constant C is given by

/932"> c- 2 r^-^"1^- 2(a-l/p)P(9•32) c - C(l^)Jo (1 - t)^ dt >p(l - a)C(l, a)-

Hardy's inequality (9.14) becomes now, for y > 1/p

(9.33) f^f{s)-^f{a)\P{s^a)^ds

< (y - l/p)-^flf(^ - ar^ds.

In case p = oo all the theorems hold; their proofs can be
shortened considerably. As usual, the corresponding expres-
sions and formulas are obtained by taking p-th roots in case
p <; oo and putting p /f oo. This gives

^oo.D.D^) == max supHD^'^IrD^)-0^11],
lil^a* a;eD<

sup [\u{x) — u(a)\{x — a)-^ < d^^{u)
a<x<b

== sup [\u{x) - u(y}\\x - y)-"], 0 < a < 1,
a<x,y<b

sup [\f(s)-f(a)\(s-a)-(]^'{ sup [|/"(s)l(^ - o)-T+i], y>0.
a<^<& a<s<b

For p == 1 the results are much less satisfactory. It can be
stated as a general rule that each part of our theorems where
the norm of u is evaluated remains valid; however, where the
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expression J is evaluated, the inequality is still valid for a
non-integer but the constants obtained by our proofs converge
to oo when a approaches an integer. This is due to the fact that
Lemma 3 (inequality (9.32)) is not applicable because of the
condition 1/p <; a < 1 and that Hardy's inequality (9.33)
is not valid for y == 1 == 1/p. Thus, Theorem I, a) is valid
whereas Theorem I, 6) is not valid for a integer (36). Theorem II
is valid for all a; however our proof gives constants conver-
ging to oo when a approaches an integer from below (this
may be the fault of the proof). Theorem III is valid without
exceptions.

10. Extension theorems.

In this section we will describe procedures for the construc-
tion of rather general domains with extension theorems.
We build them by putting together a finite or infinite number
of domains for which the extension theorems hold. First we
shall give a few definitions.

A closed (bounded or unbounded) set Q is called a q-cell
{quasi-cell) if Q == Q° and its interior Q° satisfies the ((^-condi-
tion. The opening x and radius r of conoids involved in this
condition will be called the [C) ~ constants ot Q. If G is any
(C)-domain, then G is a g-cell with interior which in general
is larger than G.

To simplify notation we will often write P^Q) for P^Q0)
and similarly for other classes defined for open sets.

We will be interested in systems ^ Q ^ j of g-cells, finite or
enumerable. The system is S-loose, S >> 0, if for any /c, I, either
Q^ n Q^ -=^ 0 or dist(Q^, Q^) ^> 4S. The system is of rank p <; oo
if for every /c, Q^ n Q^ -=f=. 0 for at most p indices L Obviously
every finite system of bounded g-cells is loose and of finite
rank.

It is clear that for a loose system |Q^1 of finite rank, [ J Q ^
k

is a closed set. We will want it to be a ^-cell, and for this we
need a uniformity condition. We say that the system jQ^ j

(36) Simple examples show that Theorem 1, b) is not true when p == 1, a == 1
71=1 , D i = = ( 0 ; 1), D 2 = = ( — — l ; 0).
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is uniform if it is loose, of finite rank and the (C)-constants
of all Q//S have uniform positive lower bounds. These lower
bounds are the (C)-constants of [_JQ/, which is then a q-celL

j^
For a uniform system |Q^, the looseness-constant S, the rank
p and the lower bounds for the (C)-constants of the Q/, are
called the uniformity constants of the system. Obviously
again, every finite system of bounded g-cells is uniform.
We also note that if |Q^| is a uniform system then

l^(uQ.)|=[ubQ,|=0.

For a given uniform system ^Q/^ we define the star ̂  of Q/,
as °fc == ( \^) Q.X and the S-sfar U^ (S being the looseness-

\WQk^O I

constant of the system) as U^ = c^ u S(Q/,, 2S) (37). Clearly
Q .̂ c cr^ and

1) ^ U ^ j is a S-loose open cohering of \ J Q^ of rank p3

{p being the rank of ^Q^) ; U^ n ( u Q^o == (T^
We can now state our first theorem.

THEOREM I. — Let |Q/^ be a uniform system of q-cells.
Denote D^ == Q^ and let u^ e Pa(DJ. In order that there exist a
simultaneous extension ue P^R") for all the u^s it is necessary
and sufficient that there exist for each u^ an extension u^ e= P^R")
such that

(lO.la) ^ l^l^Rft<oo cind ^ Ja,D^D/^/c — Ui)< oo.
Qk^Qi^o

If u is given then the u^s can be chosen explicitly as linear
expressions in u so that

(10.16) 2 \U^n + ^ Ja,D,.D,(̂  - ̂ ) < C\U\l ̂
k k,l '

QfcnQ^o

J/*^ Ufc's are gwen, then a u can be constructed explicitly as a
linear expression in the u^s with

(lO.lc) \U\^ < C\ S W^n + 2 Ja,D,,D,(̂  ~ U,)].
fc k^

QfcnQ^o
(37) S(E, 8) =[>: dist(a?, E) < 8].
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The constants c' and c" depend, only on n, a* and the uniformity
constants of ^ Q/c j •

Proof. — 1° Suppose that u exists. Denote by T^(^) the
function constructed in Lemma 1, § 1 which is in C^R"),

( K \is = 1 on S Q^, -,.-) and ===0 outside of S(Qj^, §). We put
1 I

(10.2) ^ == T^U.

By Prop. 7), § 2, we have \u^^n < ^I^SCQ^)? c depending
only on a*, n, and §. Furthermore, on D^,

u/̂ ) — (̂.r) == (1 — ^i{x))u{x)

and since 1 — T^ is a multiplier of order a* whose Lipschitz
constant depends only on 72, a* and S, and 1 — T; vanishes
for 7'D/^) < S/2 we have by Prop. 6), § 2

/ s \-2<x'
Ja.D^,D,(Ufc — ^) = Ja,D,,,D,((l — T/)u) < ( -o- ) |(1 — ̂ l)u\^

\z' /

( g \-2a

<^1 y^ Î D^

Ci depending only on n, a* and S. Thus

( S "K^201

S Ja,D,,D/̂  — Ui) < pCi -̂ - ) [Uj^u,,
k ^ /Q^nQ/^o

and by Prop. 1)

S|^llR»+ 5 ^.D^D/^c —— ^)

Q^0 / /s\-^<^(^(4) + ^mi,R»?
which proves (10.1&).

2° Suppose now that the u^s exist. Fix an index k and
consider all indices I such that Q^ n Q^ 7^ 0. Let these indices
be ^i << Zg < • - • < ^? ? ̂  P (^ ls among these indices).
We construct successively functions ^i, ^2? • • • ? ^ a!!ln Pa(R7^)5
the function ^ being a simultaneous extension of all Ui.
with / ̂  i. We put ^i == u^. Suppose that ^ is already

i

constructed for i <i q. If D^ c I J Q^., we can obviously
j=i
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put ^4.1 == ^ since bQ^ has measure 0 and u^ == u^. on

D^nD^. (in view of (lO.la)). If now D^ ^ (J Q .̂ we
proceed as follows. We notice first that J=1

i

Ja'^-UD^M^ "" ̂  < Ix ̂ .A^- ~ 'i)

< 2 j| [Ja.D^D,,(u^ ~ .̂) + Jâ ,,D,,(fi,, - ^)].

By Theorem ! , & ) , § 9,

Ja,D ,̂D .̂ — ^) < Ja,R",D,/̂ . — ^) < c|u^ — ^Rn,

and hence Ja,D^. ,U^-(16/. —^i) <<00• Applying now Theo-
J ̂  i

rems II and III of § 9, and using the singular multiplier
i

9; corresponding to the triple Q^, I J Q^., 1/26 (37) we
can put j=i

(10-3) ^+1 = ?i(^ — î) + ̂

The function ^ will be denoted ^(k). It is easy to check by
following the inductive definition of the ^-'s and using the
evaluations in Theorems I&), II, and III, § 9 that

W^ < Cl \ S \U^n + S JO,D,,D,(U, - )̂1
-̂̂ i i^.i<,<Q l J J

|2

-l^l' tl ' ' l^J^i^q w'f^li^l^

with Ci depending only on n, a*, and the uniformity constants
°^ t Qfc^ • I11 the second sum there might be terms corresponding
to Q^. n Q^ == 0. Such a term can obviously be maj orated by
(1+(4S)-^) 2(|u,|^K"+|^,|i,R"). Replacing c, by

^=Cl[ l+2p(l+(4S)- 2 a ) ]

we can write

(10.4) |̂ )|̂ n < C, [ 5 l̂ la2.̂  + SJa,D,,Dr(^ - ^)],

Q^nQ&^o

(37) We choose 73 = 1 in Theorem II, § 9, hence e==l/13 and in Theorem III the
i )

multiplier corresponds to Q^. ^ J Q^., 1/26 (.
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the last sum extended over all indices V, l\ with Q,, n Q,. ̂  0
Q, n Q,^ 0 and Q, n Q,^ 0. ?

We now take the partition of unity ^ corresponding to
the §-loose covering |U^ with rank p3 of I J Q/, (see Lemma 2,
§ 5) and form k

(10.5) u = S ̂ w.
k

Since for a; e D(, ^^x) = 0 except when Q/ n Q/, =^= 0 and then
^)(^) == ui{x) by construction, u is an extension of ^ for
every L We obtain by using Prop. 1),

Î .R" < 2p3 S I^^I^R" < 2p3C S l̂ la2^
k fc

< 2p3CC2 [p S l^l^n + p ^ JaD^D^(u,, — U^)]
I Q^nQ^o ' '

where c depends only on n, a* and S, hence (lO.lc). The induc-
tive definition of the ^W's (see (10.3)) and formula (10.5)
show, finally, that u is linear in the u/s.

Remark 1. — In the subsequent theorems of this section
we shall use Theorem I to construct extension theorems for
domains which are unions of q- cells. To formalize this construc-
tion let ^Q^| be a uniform system of gr-cells such that Q^ e= 8(1)
and D = ̂ _j Q^\°. Let E/, be the linear extension mapping

defined on ̂  c ̂ (Q^) into W(R71) and
3)E= ^ u : ue^D), u|Q;e3)^forall/c | .

(Cf. the proof of Theorem II, §7). Clearly I J P^D) c 3)^

and ®E is a linear space. We set ^ = ujo^o, u^ E^u/, and
Eu= u as given by (10.3) and (10.5). Eu'so defined gives
a linear extension mapping of 3)^ into ^(R"), i.e. this mapping
satisfies condition (7.la). However, additional conditions have
to be imposed on the system ^Q^ in order to guarantee that
condition (7.1&) be satisfied.

THEOREM II. —Let ^Q^ be a uniform system of q-cells such
that q, and (Q, u Q,)° for Q, n Q^ 0 belong to 8(1, F). Then
D=fU(^y€=8(I'c^) where c=c{V)=.c{[^ a^]) is a

\ k I

function only of a^, n, and the uniformity constants of the system.
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Proof. — Let E be the mapping given in Remark 1. Then
if I' == [ai, ag] c I, a e I' and u <= P^D), it follows that (in the
notation of Remark 1)

Wi^n < r(i')2 SM.Q,- < 2p^(I')2Kn.
If u^i is the restriction of u to (Q^ u Q^)° for QA n Q/=7^= 0,
let u^ e Pa(Rn) be the extension of u^^ with

l^^la.R'1 <S r'(I')[u^Ja,(QfcUQf)°-

Then by Theorem 1, fc), § 9,

^a.QjS.Q^fc — ^) == Ja,Q^.Q?(^ — ^)

< J<x.R»,Q?(^ — Ut) < C|&A^ — ^|i.R»

<2cr(^)2[|u^|^uQ.)o+|u|^;]
where c depends only on a^, ra and the uniformity constants.
Hence by Prop. 1),

2 Ja,Q,.,Q?(u, - &,) < 2cl\lJ 2 [2P|"|̂ , + PKQ:]

QfcnQ"AO < 4cr(I')2(2^ + P^KD.
and the proof is completed by (10.Ic).

For our next theorem we must introduce some additional
definitions.

For two closed non-empty sets Fi =7^= Fg we define the
slope co = <^(Fi, Fg) === ^(Fg, Fi) as follows

(10.6) (o == (O(F,, F,) = inf -r-^ + ̂ ^)
v / . / ^F,nF,mm(l,r^nF^))

When a) == 0, Fi and Fa are said to be tangential, otherwise
non-tangential.

If Fi n F^ == 0 then co(Fi, Fg) = dist(Fi, Fg). From this
definition we deduce the following useful tacts.

2) If Fi and Fg are tangential then at least one of the two
statements is true: a) There exists a sequence ^k^ c Fi such
that 1^1 -> oo, rp )̂) -> 0 and r^{^)lr^^) -> 0$ b) there
exists a sequence ^x^^ c Fi such that

^ -> a;<°) e Fi n F^ a^rf ^( '̂̂ /^nF^^^) -> 0.
4
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3) If FI and Fg are non-tangential then: a) for x e Fi anrf
'[

r^{x) < co, r^rc) < rp^nF^) < — ^F )̂ ; b) for x e Fi an^
^nF )̂ > 1, y-F )̂ > ̂ .

A system ^Q/^ of g-cells is called regular if 1° i( 15 uniform,
2° there is an (OQ, 0 <; co^ ̂  1, such that for any distinct Q^
and Q^ with Q^ n Q^ =9^= 0, (o(Q/c, Q;) ^- (Oo and 3° for every
y <= ^)( u Q/,) there exist arbitrarily small neighborhoods Vy such
that Vy n ( u Q^)° is connected (i.e. the boundary ^( u Q^)
does not cut locally ( u Q^)0). The uniformity-constants of
I Q / C J , together with the bound (DO will be called the regularity
constants of the system (38).

Two qr-cells are called adjacent if their intersection is at least
(n — l)-dimensional.

THEOREM III. — Let |Q/^ be a regular system such that
Q^8(I,D, k = 1, 2, ..., and (Q, u Q,)° e 8(I,r) for all
couples of adjacent q-cells. Then D == ( u Q^)° e 8(1,0?)
where c ̂  c(I') ̂  c([ai, a^]) depends only on a^, n, and (/ie
regularity constants of | Q/c |.

Remark 2. — We do not know of any union of two intersec-
ting g-cells with an extension theorem for a ̂ . 1, where the
g-cells are non-adjacent or tangential; in fact, if n is odd, and
DI and D2 are arbitrary open sets such that (Di u Da)0 e 8(1)
with (n 4" 1)/2 ^ I then it can be shown that (o(Di, Da) ̂  c/F
where c, 0 < c ̂  2/3, depends only on n and F is the extension
constant of D for a == (n + 1)/2. Furthermore, if ^)D cuts D
locally, it can be shown that if De8(I) then I c [0, n/2]
(and we do not know of any domain which does have an exten-
sion theorem for 1 ̂  a <^ n/2 if bD cuts D locally). This
indicates that conditions 2° and 3° in the definition of a regu-
lar system are essentially necessary for the validity of Theorem
III and that in practice Theorem III is stronger than
Theorem II.

Proof of Theorem III. — We will need a topological lemma.
We introduce first the notion of a chain: a sequence
Q^o? Q/i? • • • ? Q^f ls a °hain connecting Q^ with Q .̂ if any two
consecutive gr-cells are adjacent.

(38) Since co(Fi, F^) = dist(Fi, Fg) for F^ n Fg == 0, we could combine the looseness
of the uniform system and 2° in the single requirement that c»)(Q^, Q^) ^ 4$ for k ^= !.
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LEMMA 1. — In a regular system \^\ for any y e Q^, n Q/^
there exists a chain Q^, Q^, . . . , Q^, ^ = /c', ^ ==/c" ^ucA
^ yeQ^., / = 0 , 1, . . . , i.

Proo/*. — Consider the class Ay of all Q^s containing y.
Obviously Ay contains at most p g-cells. For two Q^s to be
connected by a chain in Ay is an equivalence relation. We claim
that there is only one equivalence class in Ay. In fact,
suppose that there is more than one, and let A' be one such
class. Put

^i-LJQ^ ^= U Q^
Qfc^A' Q^Ay-A'

Gi = (Gi)° ̂  0, G, = (G,)° =/= 0.

Obviously Gi n Gg is of dimension < n — 1. Since |Q^ is
a regular system we can find a small neighborhood Vy of y
such that Vy n ( u Q^)° is connected and also that
(VynG, )u (VynG, )cVyn(uQ, ) °

= Vy n (Gi u Ga)0 c (Vy n Gi) u (Vy n G,) u (Vy n ̂  n G,).

(Vy n Gi) and (Vy n Gg) being non empty and disjoint this
would mean that the open connected set Vy n ( u Q^)° is dis-
connected by an at most (n — 2)-dimensional closed set
Vy n Gi n Gg which is impossible. Thus the lemma is proved.

Consider any Q^ and Q,. with Q,, n Q,» =^ 0. If we restrict
ourselves only to minimal chains F connecting Q^, with Q^ (i.e.
such that there is no chain F" c F of smaller length connecting
Q^ with Q/^) it is clear that there are at most ̂  minimal chains
F connecting Q/^ with Q/,. and satisfying 0 Q^ =/= 0. Number
them P, . . ., F^ N < 2^ and put v Q,er

(10.8) P=F|(^ ^ = i ^ . . . , N , F^O.
Q/er^

Obviously, by Lemma 1

(10.9) Q,. n Q,. = [J F^.
<7=l

Let ueP^D), ae I'= [ai, aa jc I and u = Eu as given
in Remark 1. We use the notation of Remark 1 and in addition
denote by u^i the extension of u\^^ for Q .̂ and Q^ adjacent
as given in the hypotheses of the theorem.
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We shall prove for Q^ and Q^ for which Q^ n Q^ =^ 0
that (o-fc being the star of QJ

(10.10) Ja.Q^(u - ̂ ) < C0^(2 + IGp^^r)2!^ (39)

where c depends only on a^, n, and the uniformity constants
of the system. Thus by (10.Ic) and Prop. 1)

I^K" < c'T(i')2 [S KQ,O + pcoo-2^ + le^c) s K.J
' < 2c"^(^)2[p + p4coo-2a(2 + 16p^c)]|<D.

which will complete the proof.
We pass now to the proof of (10.10). In the following we

shall use the expression Ja,D.]p(^) when F is not necessarily
an open set and also the notation of (10.8) and (10.9).

By virtue of condition 2° of regular systems, Prop. 3a)
and (10.9) we have

(lO.lla) Ja.Q^Q°^(^ — )̂

< O^EI^ — W^ + Ja.Q^.Q,'nQ^ — ^)L
N

(10.11&) Ja,Q^,Q,'nQ^ — ^) < S 3^Q^q (u — u^)-
g==l

Let Q/,, Q^, . . ., Q^,, Zo == ^', ^ === ̂  i<P — i be the chain
P. Then

^.Q^.F^ — u/c'') = Ja,Q^F^(^o '"" u^

< P S Ja.Q0,^^^ ~ 5^)y=o
f—i

< 2p S [Ja.Q^.F^ — a^^) + Ja,Q^.F<^,, — ^J]

i—l

< 2p S [Ja,R".Q?.(^ ~' ̂ j ) + Ja.R^Q; (M^ — ^.^)3-y=o '' J^

Applying Theorem I &), § 9 to the square bracketed terms
we have by the hypotheses of our theorem

i—l

.̂Q .̂F^ — U^) < 2pC 5 [\U^ — ^JS.R» + 1^,, — ^,^Ji.K-]

<l6pc^(^)2iJ^I^Q^uQ^
< l6p2c^(I')21uo|^„

(39) We assume without loss of generality that o>o ^ 1.
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where c depends only on a^, n and the uniformity constants
of the system.

Combining the above with (lO.lla) and (10.life) we get
(10.10) and the proof is complete.

The next theorem and its corollary aim at replacing in
Theorem III the condition (Q^ u Q^;)0 e 8(1, F) for adjacent
q -cells by a geometric property of the couple of cells.

THEOREM IV. — Let Di and Dg be such that Di n Dg ~=f=^ 0,
D[ == Di, D^ == Dg and co == (o(Di, Dg) > 0 and let

D == (Di u D,)°.

Suppose that one of the following two conditions holds:
a) Di and Di n Da are (/-cells;
b) there is an I^-cowex domain G such that

Di n Da c G c Di u Da

and Di, Da, Di n G and Dg n G are q-cells.
If ue P^D) and u\^ has an extension u,, e P^R"), k = 1,2,

then u has an extension u in P^R") which depends linearly
on Ui and Ug and satisfies

(10.12) \U\^n < ̂ [|Ui|^Rn + |u^Rn + |U|̂ ].

In case a) c^ depends only on co, n, a*, and the {C)-constants of
Di and Di n Dg; in case b) Ca depends only on <o, n, a*, t/ie
{^-constants of Di, Dg, Di n G anc? Dg n G and the L-cowexity
constants of G.

This theorem has as an immediate consequence.

COROLLARY I. — If Di and Dg satisfy the hypotheses of
Theorem IV either in case a) or case b) and in addition Di
and Da are in 8(1, F) (^n D == (Di u Dg)0 e 8(1, cT) w/^
c'(I') ̂  c'([ai, ag]) == (3 max Ca)1^ and! Ca i5 t/ie constant of
Theorem I V . a<al

Proo/' 0/1 Theorem IV. — Let coo = min (1, co). a) Since
Ui — ^2 vanishes in Di n Dg we have by Prop. 3 (and noting
that r^^{x) = r^^{x) = r^^(x)),

Ja.D,D,(Ml — ^2) < Oo201 [1^1 — ^2|^D, + Ja.D,,D,nD.(Ui — Ug)]
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and by Theorem I&), § 9,

Ja,D,,D,nD,(&l — ^2) < Ja^AnD^l — ^2) < ̂ 1 — ^I^R"-

Thus if <? is the singular multiplier corresponding to the
triple |Di, Dg, 1/26^ we have by Theorems II and III of §9 (40)
that u = y(fii — u^) + ^2 ls an extension of u, is in P^R")
and by an application of the bounds in the cited theorems
satisfies (10.12) (41) which proves a).

b) Sinces u — Ug vanishes on G n D2 (and u^ — u^ = u — u^
on G n Di) we have by Theorem 16), § 9,

Ja.GnD,,GnD,(&l — ^2) <Ja,G,GnD,(^ — ^2) < C\U — U^G'

Therefore if 91 is the singular multiplier corresponding to the
triple |G n Di, G n Da, 1/26^ we have by Theorems II and III
of § 9 that ^i = 9i(ui — ^3) + ^2 ls i11 P^R"), is an extension
of UJG and satisfies |^i|^R" ̂  c[|Mi[^Rn + I^I^K" + 1^1^].

Thus with the couple Di and G we are in case a) (42)
and obtain an extension ^3 of U\(G\JD^ to P^R"). Now with
the couple Dg and (G u Di)° we again are in case a) and obtain
finally the required extension. The bound in (10.12) is obtained
by applying the bounds of the cited theorems and case a).
This completes the proof of Theorem IV.

Another useful result for applications is :

COROLLARY II. — If Qi and Qg are intersecting q-cells in
8(1, F) and D === (Qi u Qg)0 is L-cowex then Deg(I,cF)
where c^V) == <"([ai, a-a]) depends only on n, a^, the (C)-constants
of Qi and Qa? and the ^-convexity constants of D.

Proof. — If u e P^D) and in the first paragraph of the
proof of Theorem IV, b) we replace G n Di, G n Dg and G
by Q^, Qg and D respectively, then ^ is the desired extension
(43). It is to be noticed that this part of the proof of Theorem
IV b) does not need the hypothesis o-)(Di, Dg) > 0.

(40) We choose T] = 1 in Theorem II. Thus in Theorem III, 7]/2 == 1/26.
(41) The term [ M | ^ D on the right side of (10.12) may be omitted in this case.
(42) We use here the easily proved fact that if F:i, Fg, and ¥^ are closed sets satis-

fying O ^ F i n F g c F s c F i U F a then cofFs, Fi) ^ 1 o> (Fg, Fi).

(43) This corollary can be considered as a special case of Corollary I by virtue
of the easily proved lemma : if F^ and Fg are closed sets such that (F^ u F^)0 is L-con-

4
vex with L-convexity constants o, p, and M, then o>(Fi, Fg) ̂  —min (8, M~2).
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We finish this section by giving a simple extension theorem
for orders a < 1.

THEOREM V. — Let 0 < ai < ag < 1. If \^\ is a uniform
system and each Q^ is in 8 [04, ag] then also ((jQ/c)0 e ̂ [^i, ocg].

The proof follows immediately from Theorem I since for
a < 1, Lemma 1 b), § 9 allows the majorations of

^Q^Q0^ — ^) by c\u — U^^Q^Q^O

c depending only on n and the (C)-constants of Q^.

Remarks on spaces P^D). — Since the results of the pre-
sent section are based on those of section 9, all of them are
valid for 1 < p < oo when P^D), P^R"), and 8(1, F) are
replaced by P^(D), P^R") and g^)(I, F) respectively (see the
corresponding remarks at the end of sections 7 and 9).

For p = 1 the situation is more complicated in view of
the exceptions mentioned at the end of § 9. The extension
mapping defined in Remark 1 of the present section gives
still a simultaneous extension for all non-integral a, but for
a integer P^D) will not in general be transformed into^
P^R") under the hypotheses of Theorems II or III. Further-
more there will be uniform extension constants only for closed
intervals I' which do not contain any integer.

11. The generalized Lichtenstein extension.

In § 3 we introduced the Lichtenstein reflection of order
q < oo across a hyperplane. We mentioned also that quite
recently R. T. Seeley [11] defined a Lichtenstein reflection
of order oo across a hyperplane. Using Seeley's basic idea
we will define a Lichtenstein reflection of infinite order across
a Lipschitzian graph. This will allow us to obtain corresponding
simultaneous extensions for the whole infinite interval
0 <; a < oo for SLG-domains and then, by localization, to
LG-domains (see § 8 for definition).

To define the reflection of infinite order we put in (3.1)
h^ = 2^+2 — 1, pi = 0, . . ., q, and obtain by (3.2) the corres-



104 B. ADAMS, N. ARONSZAJN AND K. T. SMITH

ponding coefficients ciy,{q). One sees imniediately that for
q -> oo, (- }.Ya^q)/{- 1)̂ , where

(ll.la) 0<(-^^=^l——f[l——2-?^
(7=1 1 —— z V==l 1 —— ^

< 242~Kp•+l)/2.
We set

(11.1&) ^ = /^ + 1 = 2^+2, (JL = 0,1, . . .
q

The equations (3.1) transform then into ^ ajy)&^= 1 or 0
u.=0

depending on whether the integer p = 0 or 0 < p <; q.
Going to the limit q -> oo (which is obviously permissible)
we get immediately

(ll.lc) S^=l , ^a^=0 /br p = 1, 2, 3, . . .
[i=i {j.=i

(11.1 )̂ ^ |a^|^ < 28 2^+3)/2 /or p > 0.
(x=0

Consider now a Lipschitzian function f with positive lower
bound and with Lipschitz constant M :> 1 defined on a rec-
tangle B c R"-!, B == [̂  < ̂  < &,, /c = 1, . . ., n — i]^ It is
well known that there exist Lipschitzian extensions f of f
to the whole of R"-1 with the same lower bound and the
same Lipschitz constant. We fix a standard procedure assigning
to every f a well-determined f (44). We set then

(11.2a) p(rr) is the regularized distance of Theorem I I , § 8
corresponding to the domain [x: x,, < f(x)] with
the choice of £ == 1/2.

D = [x: ^'eB, ^</^')L
\D =[x:x^B],

(11.2&) D+=[^: x^x^>f{x1)},
G = [a;:^'eB, r^/^')],

\ X == min(l, {b^ — a/,) /br/c =1, . . ., n—i).

(44) Such a standard procedure would be the one applied in the proof of Prop. 2,
§ 3, by using successively simple reflections (of order q == 0 with HQ = 1) across
all the faces of B. We obtain thus an extension /W of f to a rectangle B^DB.
Repeating this process we get successively f(1), /W, . . ., defined on BWc&^c . • •
with R"-1 == u BW.
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The quantity X introduced above is called the minimal width
of the rectangle B.

Consider now functions u e= ^(D) such that
(11.2c) For some d < 0, u(x) == 0 if x^ <i d (d depending

on u).
For such functions we define

u[x) = u(x) for xe D,
oo

u[x) = ̂  a«u(rc', ̂  — bu,p(x)) /w ^eD_{_ where-
(11.2rf) ^ . ,

(W i( is defined^
u(x) = correction of u {as defined above in D u D .̂)

for x e G wherever the correction exists.

The function i6 restricted to D+ is the Lichtenstein reflec-
tion of order oo of u across the Lispchitzian graph G.

By Theorem II, § 8, 5 (^ - b^{x)) < 1 - 1 ̂  < - 1;oa^ ^ z
hence, if x == (^', x^) e D .̂ then the points (a/, ^ — 6u.p(rc))
are in D for all (JL. Furthermore, in view of (11.2c),

u{x\ x, - b^p{x)) ̂  0

for at most a finite number of pi/5. Therefore (11.2 d) is defined
a.e. and ueTC(D).

Let ^(x) e COO(Rn), 0 < ^{x) < 1, ^(x) =0 for ^ < ~ 2
and ^(x) === 1 for ^ ̂ . — 1. Then we define the generalized
Lichtenstein extension by

(11.3) E : ^(D) -^ TO(D), Eu = (1 -- ^)u + ̂
where (1 — ^)u is extended by 0 in D — D.

Our basic result in this section is

THEOREM I. — If ueP^D) then Eu <= P^D) anrf

|Eu|^^<cX-PMa+ra+3/2|u|a,D
where j3 == a — [a] and c depend only on a* and n.

Since D is obviously a G-domain, Prop. 3), § 6 implies that
Co° (R") restricted to D is dense in P^D); hence by the functional
space property of P^D) and P^D) it is sufficient to consider
only such restrictions for the proof of our theorem. It follows
that it is enough to prove
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THEOREM I'. — If u is the restriction of a function in C^R")
to D then a) ueC^D); b) \u\^ < c^M^^^u^ where c
depends only on a* and n.

In fact, if Theorem I' is true and u is a restriction of a func-
tion in CO^R") then ^u is also such a function and by Prop. 6,
§ 2 and the present theorem

|^|a.D<a-PMa+ra+3/2|ll|^

with C depending only on a* and n. On the other hand, since
(1 — ^)u vanishes in D for x^ ;> — i we get, by applying
again Prop. 6, § 2, and putting m == [a], pi == a — m,

1(1 - ̂ XD < 1(1 - ̂ XD+ 3c(^By ̂ -^^iM^

and finally |Eu|a,D < cX-PM^+^lula.D giving the statement
of Theorem I for such functions u.

From now on till the end of the proof of Theorem I', u
will be a restriction to D of a function in Co^R"). An inspection
of the series (11.2d) giving u(x) for ^eD+ shows that for x
in a compact K c D+ the series contains only a finite number
of non-vanishing terms, this number depending on the dis-
tance from K to G (and not on x in K). It follows that u is
in C^D u D+).

We establish next a formula for derivatives D^u^), xe. D+.
Let yf\x} = Xi for 1 < I < n and y^\x) = Xn — b^{x)

in the formula (2.6). For x e= D+ and any indicial set i, we have,
following (11.2rf) and (2.6),

00 r 1 C m )(ii.4) D,u(x) = s ̂  | s — n o^n
(1=0 L pi . (^=1 )

(D.u)(^(.r),...,yW(a;))].

where the summation in square brackets is taken over all
indicial sets ( with 1 ̂  |(| ̂  \i\, 1 ̂  t^ ̂  n and all indicial

id
sets ^m), m = 1, . . ., lt|, satisfying [ j s^ == i and [^j > 1.

m=l
For any choice of ^m) and t satisfying the above conditions

we will denote by r, r, and r, the three disjoint subsequences
of the sequence (1, 2, . . ., |(|) defined as follows
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r == (ri, . . ., r|;r|) is formed by all integers m, 1 ̂  m ̂  \t\,
satisfying t^ == n and ^(m) -=f=^ (n),

r == (ri, . . ., r(^|) 15 formed by all integers m, 1 ̂  m <^ [([,
satisfying t^ = n and ^(m) == (n),

r = (ri, . . ., r|7|) 15 formed by all integers m, 1 ̂  m <^ \t\,
satisfying t^ =/= n and s^ = (^).

We note that if there exists an integer

;e(l,2, . . . , | ( | ) - ( rurur )

then D (Q^ == 0. Hence the only non-vanishing terms in the
round brackets in (11.4) can be written

HD^<) - n n=(- fc,)171 niw.r) no - ^D^)?^))
m-1 me^ we^ me^ me^= s (-v-'nD^p^),

r mer

where the summation is over all increasing sequences of inte-
gers satisfying r c r c r u r. (Note that r may be empty if r
is empty.)

It follows that the whole sum in the square brackets of
(11.4) can be written now in the form

(11.5) 2 A (- b^ n D^) p(^) (D,u) {yW, ..., yW(x))
r K . mer

where the summation is extended over all decompositions
k

(11.5a) i=[^sW, l</c<[i|, |̂ 1 >1,
CT=1

and all sequences r satisfying

(11.5&) re (1,2, . . . , k), \s^\=l for m ̂  r,

the indicial set t being determined by

(11.5c) \t\=k, (Q == s^ for m^r, t^ = n for m e r.

We shall separate in (11.5) the terms with |r| = 0. For
such terms j^] = 1 for m == 1, 2, . . ., /c; hence, by (11.5a)
and (11.56'), k = \i\ and the indicial set t is a permutation of
the indicial set i. Since distinct permutations of the \i\ ele-
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ments of i give rise by our conventions (see § 2) to distinct
lit

decompositions i = [ J ^(m), we have exactly \i\! terms with
m=l

| r |==0 each equal to (|i| O-^DiU)^, . . ., i/"). Therefore
the formula (11.4) can now be written

(11.6) D,u{x} = S ^(D.u)(^), . . . , yW{x)}
[1=0

+ i ^ s - (- ^)"-1
(t=0 i^")i,|r|>l A - '

X JII D.^){(D,u)(^(;r), . .., yW(x)),
(mer )

where the last summation is over all decompositions (11.5a)
and all sequences r satisfying (11.5&) with |r| ̂  ly t being
determined by (11.5c). From these conditions follows the
relation

(11.6a) I.I == S 1̂ 1 + H ~ |r|.
mer

By Taylor's theorem we may write for pi == 0,1? • • • and
any non-negative integer q

(11.7) (D<u)(^ ̂  - b^{x))

== s1 {bQ n w pw (^ D^ (^, ̂  - fcop(^)
;=o i • Y0-1'" /

+ (&„ - )̂̂ p(.r)»R(a;, f, q, (x)
where

(11.7o) R(a;,(,g,(x)

\W^V.£{^Dtu) {xl- xn ~ (^ + (i - ')&0) p(a;))

| X (1 - T)»-1 rfr, /or q > 1
[ (D(u)(a;', a;, — ^p(a;)) /'or gr == 0.
In the double sum of (11.6) we change the order of summa-

tions and for each choice of ^s0"^ and r replace

(D,u)(^),. . . ,yW)

by the right-hand side of (11.7) with

q = s l̂ l - M = H - N.
mer
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Summing then with respect to pi and using the second formula
in (11.Ic) we get our final formula for D;u(;r), x e D+,

(11.8)
D,u{x) = ̂  ^(D,u)(^, ̂  - b^{x)) + ^ 1 p(^H<l

I1"0 ^.Irl^lH-

Xll D^) p(^) S ̂ (- b^ (&o - ̂ l1'-^! RQr, t, \i\ - I(|, pt).
mer p.=o

From the properties of p{x) (see Theorem II, § 8) we deduce,
in view of (11.6a)

(11.9) p^l-Kljj |D^)p(^)I < CM'1!,
mer

where C depends only on \i\ and n.
Before we pass to the proof of Theorem I' we prove three

lemmas.

LEMMA 1. — The mapping T^: D+ -> D defined by

TT,^', ^) — {X, X^ — (T&^ 4- (1 — ^O)P(^)),

0 < T < 1 , ( X = = 0 , l , . . . ,

is a homeomorphism of D+ onto D anrf /ia5 t/i<° following pro-
perties :

i) the Jacobian of T~:^ is bounded by 1,
ii) foj_ x, z/e D+, |T,^(o;) - T^(y)| < c6p,M|^ - y|, and

for x e D, y e D+, [a; — T^(y)| < cfe^M|^ — i/j, where c depends
only on n.

Proof. — It is clear that T^ ^ is a continuous mapping of
D+ into D. For fixed x : 1° T^ transforms the half-line
[x\ x, > f[x')} into the half-line [x\ x, < /^/)], 2o if ̂ \ f{x'}
then ^ - (T&^ + (1 - T)&o)p(^) ̂ fW, and

30 — [̂  - (^^ + (1 - T)&o)p(^)] < - 1.o^ra

It follows that the first half-line is transformed homeomorphi-
cally onto the second and that T^ p. is a homeomorphism
of D+ onto D.
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?S 1
Since —p(a;)>— the Jacobian of T, „, J(T-), satisfies

Oa-rt Zi •r > r

J(T^) = 1 - (T^ + (1 - T)6,) 6 p(^) > 1 ^ - 1 > 1
0^71 ^

which proves i).
By (11.2a) and Theorem II, §8, ± p{x), Z = l , . . . , n ,

/ j[ \-i ^
are maj orated by Bi ( — ) M (M is the Lipschitz constant of

v j

the graph function) where Bi depends only on M. From this it
follows that p{x) is Lipschitzian on D+ with Lipschitz constant
2BiM. Hence for x, y e D+

\T^{x) - T^{y)\2

= \^ - y\2 + |(^ - Vn) - (T^ + (i - T)&O)(P(^) - P(l/))|2

< 1 '̂ - yT + 2|^ - yj2 + 2(2BiM)2^!^ - yj2

from which the first part of ii) follows.
From Theorem II and Remark I of § 8 we have for y e= D+

that p(2/)<( l + M2)^^); hence for x ^ D , y e D+,

1^ - T,^(y)|2 = \x' - z/'|2 + |(^ - Vn) + (T^ + (1 - T)&o)p(^)|2

< 1 '̂ - 2/T + 2K - 2/nl2 + 2^(1 + M2)^^)2

which completes the proof of ii).

LEMMA 2. — For any indicial set i = (i\, . . ., i^,), 1 ̂  ^ ̂  n,
any T w^/i 0 < T < 1 and any p. == 0,1, . . . define in D the
function v^{x) as follows : 1° ^ ^ ^{x) = D,u{x) for x e D;
2° ^.T,^) = D,u(a;', ̂  - (T^ + {i-^b,)p(x))^D,u(T^(x))
for x e D+; 3° ^^{x) so defined in D u D+ is extended by
continuity to the graph G. Then ^^ belongs to (^'^(D) and
to every PP(D) for 0 < ? < 1 and 'we have

(ll.lOa) K^Qr) - ̂ (t/)[ <c^M2 sup |D,u(z)||^ - t/|
iyi=iii-n

^SD
for x, y €E D,

(11.10&) |^^^p,D<c(^M)n/2+P|^u1^ /'or 0 < P < 1 ,

w^/i constant c depending only on n.

Proof. — The following facts are immediate consequences
of the properties of p{x) and of our assumption that u is a
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restriction to D of a function in C^R") : lo p,^ is in C°°(D u D+)
and vanishes outside of a bounded set, and 2°) ̂ ^ restricted
to D or D+ has a continuous extension to D or D+ respectively
and these two extensions agree on the graph G. The last fact
justifies our definition of ̂  ̂  on G. To prove (ll.lOa), which
also gives that ^^ e C^'^D), we notice that any two points
x, y e D can be connected by a polygonal line P^y c D composed
of two segments (one of them parallel to ^-axis), such that
P^y intersects G in at most one point and is of total length
<3M|a; — 2/|. Representing then ^:^(y) — ^,T,^) as integral
of derivative along P^y and using the properties of T^ (see
Lemma 1, ii)) we arrive at (ll.lOa).

Since ^^e C^D), ̂ ^ belongs to P^(D) for 0 < ^ < 1.
To finish the proof it is enough now to show that (11.10&)
holds. To this effect, we write for 0 <; (3 < 1

IWI,̂  = [Jn |iW|2 dx + /J(Hu)(T^))i2 dx\
+_l_rf rlD^(^-D.u(y)|2^.
^C^^UDJD \x-y\^ dxdy

+f I - 1(D.»)(T,,|̂ )) - (D^T,,,(,)lp
JD^JD^ [^ — yl"-^ t/

+ 2 f r|D.^)-(D^T,,,(.,)>r^ 1
JD.JD \X — t/I^P ^J

We then transform the integrals over D+ into integrals
over D by using the transformation T^. Lemma 1 gives then
immediately

I^T,(x1|,D<2^|D^)|2^+11 + w^ ̂ u^--y^
and this gives formula (ll.lOfc).

LEMMA 3. — Let ^m)^ and r be indicial sets, and q an
integer, 0 < q < |i'| — 1, satisfying re {1,2, ..., \i\) and

^ |sC»)| - |rj == q with \s^\ > 1.
mer
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Then for any ^T,^)) ̂  given in Lemma 2, we define

^.T.M^.r,^)^^^)

for x e D by

f x {PWIl^PW^i^W — ^.T.o(^)) for x^D+
W(X) === ^ wer

( 0 /or ^ <= D — D+.

rAe^ w belongs to C<°^(D) aMrf to every PP(D), 0 < (3 < 1,
and

(11.Ha) \w{x) — w(y)\ < c'^Mlil+3 sup |D^)| |̂  — y\,
;7i==iii+izeD

(11 .11&) [wip^ < c'by2^ MP+li'+n+3/2 X-?|D,u1p,D

/br 0 <; P <; 1, where c' depends only on \i\ and n.

Proof. — For notational convenience in this proof we let
v(x) = ̂ ^(x) — ^.T.o(^)? ^^D, and

<&(a0 == p(^ ?! D,(m)p(^), a;eD+, and ==0 for a ; e D — D + .
mer

Thus w(^) ==== $(^)^(.r) for x e= D.
By Theorem II and Remark 1 of § 8,
1° \^{x)\ <CoM11! and |V$(a;)| < CoMiW r^{x)-1 for x e D+

where Co depends only on \i\ and n.
From (ll.lOa) it follows that

Wx)\ < 2cbm2 sup |D,u(z)|rD(^)
iyi==iii+i

zeD

and | V^(^)| ̂  2cbnM2 sup [D.u(js)| almost everywhere, c
I7l=! i l+lzeD

being the constant of Lemma 2.
Clearly w{x) is absolutely continuous on D u D^. and from

the above, continuous on D since

\^w(x)\ < 4cco^Mlll+3 sup |D;u(z)[
l./Mil+i

Z€D

a.e. on D. Thus (ll.lla) is satisfied and w e (^(D).
w e P^(D), 0 < P < 1, by virtue of the fact that w e C<°^(D).
Thus to complete the proof of the lemma we need only prove
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(11.life). If p == 0 (11.116) is clear from 1° and (11.10&).
So we suppose 0 <; ? < 1.

Let C be the cone defined by

C == [z = (z\ ^): z, ^ 0, \z\ ^ H(l + M2)-^].

Then it is easy to see that for x == (a;', x^), x <= D_(_ and z e C-{- x
we have rn^) ̂ r^[x). From this it follows that if x and y
are points in D^_ there is a polygonal line Pg;y c (C+^) u (C+y)
composed of two segments of total lenth <; V M 2 + 1 \x — y\
and such that

dist(P^, D) > min(rD(^), r^(y)).

Hence by 1° we have :
2° If x,y e D+, r^(x) ̂  r^{y) then

\^{x) - ^(y)l < 2coM'l'+2^<^)-l|^ - y|.

If XQ e ^D it is easy to see by considering D n [XQ—C)
that there is a jse D, \z — ^ol == 2\/n — 1 XM (X is given
by (11.2&)) such that S(z, X/2) e D. Hence :

3° For any xe D .̂ and XQ e bD 5ucA that rj){x) === \x — rco|
there is a conoid in D with vertex XQ, opening (4 \/n — 1 M)
and radius XM.

By 1° and 2° we have for x e D+,

(->J:. ^^f^
r^x)<r^y)

<\f + f 't'" '̂'̂jD^|a;-y|<r^) J^\x-y\>r^x) 1^ — 2/1 r

L r^iCX^y) ^(.rXr^y) -J

<4c§M2"i[M*rn(a;)-2^_^^^|a; - ̂ -'l-2P ̂

+ r b — vi-"-2? c^/i1 Jla;—y|>rn<a!) 1 •fl "J

^^M^^-.,

By 3°, we have that D, D^., and D satisfy the hypotheses
of Lemma 4, § 9 (replacing D*, D^, and D^ respectively)
with x* == (4\/n - 1 M)-1 and r* == XM. Hence by 1°, (11.2),
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(9.136), and (2.7),

™ ^-^[fj^^

^U.^--^^]
r^x)<r^y) J

[̂̂ •'U^^
+UJ^l'¥L^<faA'
^JJ Î. ^Sf^]

'•DO') >'•„(;>;)
< cgM2!'!^^) + 4c2M2li^5(p)
+ IGncgM2'1!-^^ l^a;)!2^)-2?^
< ClM2ii!+'l+3X-2Pp |̂,D,

where Ci depends only on |i| and n. The proof of (11.11&) is
completed by (11.106). This completes the proof of Lemma 3.

We shall use the following special convention for indicial
sets :

(11.13) Ift = {t^, . . ., t|([) is an indicial set then
t + < k > = ((i, . . ., ̂ , n^^n).

fc-times

Proof of Theorem F. — Using the functions

^,^ and ^T,{ji,^.r,<7

introduced in Lemmas 2 and 3 we obtain from (11.7a), (11.8),
(11.6a), and (11.Ic) for x^D

(11.14) D,u(x) = S a^^{x)
11=0

+ 2 1 ̂ (- ^'(fco - ^)llH<' .TnTn-̂ M——.T,
^^Jrl^l^O r r |t|!(|l| — |t| -- 1) !

XJo wt+<|i|~lt|>,T,(x,^^,r,|i|~lt|(^)(l — T)!1!-^-1^

Here, when |^ — \t\ == 0, the expression

(î r̂̂ ini • • • d T
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should be replaced by ^mg^m^^a;). By (11.Ic), it is
clear for x e D_(_ that

S ciy.(— b^by — fc(,)lil-l(iw<+<(.|_|(j>,..J,|_|(|(a;)
(X=0

- S ̂ (- ̂ l"1^- ̂ )lil-ltl P^)1"-^1

[1=0

X n IW^) (^[TI D,u) (a;', ̂  - (^ + (1 - T)&o)p(^))
mer Y0^ /

and so (11.14) is just a repetition of (11.8). Since for xe D all
the ^M-<iii-iti>,... (^)'5 vanish and ^i,u.(^) == D^(^), hence
by (11. ic) we have D^(rp) on the right side of (11.4) as we
should.

Using Minkowski's inequality in (11.14) (for sums as well
as for integrals) we obtain from (11.Id), (ll.lOa) and (ll.lla)

(11.15a) |D^) - D,u(y)! < \x - y\ sup |D,u(z)|
l7l=lil-+-l

;?eD00 ^Mlil+3 00 ^
X cM" S 1^1&, + S ,.,^_..u S l^l^l+^^-fco^H'

(t=0 ^Wl.lrl^ll-'l •M1! l - l / • t^=0 '

/or a;, </e D.
From (ll.lrf), (11.10&), and (11.12&) we have

(11.156) |DiMlp,5 < cM"/^? |D.u1p.D 5 l^l^/2^
[1=0

+ S 5 W^2^ - ̂ ^n^i^i^^
l^.iri^i^o I1 ! -U1 ! l1'^ •

Xc/^MP+lll+ra+3^ |D^<,,Ht|>^p.D
< c'^^MP+l1^^3/2 S |D^P,D,

ij)=i»i
where c" depends only on |i| and n.

Formula (11.15a) shows that D^u e= C^'^D). Since this is
true for every indicial set i, u e COO(D). (11.15&) gives inequality
6) of Theorem I'.

Remark 1. — For a an integer (i.e. (3 == 0) it is immediately
seen by following the proofs of Lemmas 2 and 3 and of Theorem I'
that in inequality b) of Theorem I/ and the corresponding
inequality of Theorem I, X^M0^^3^ can by replaced by M^
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Remark 2. — It is immediately checked that if the graph G
is a hyperplane, i.e., f(x) = c a constant, then we can replace
p{x) by x^ — b^ and (11.14) becomes

(11.14')
[)^\ ^ j Oi^) for ^ e D - 0+

1 (Sa^(D;u)(^',^ — b^(x^ — c)) for x e= D+,

and it is easy to see that |DiUlpD <^ c|DiUlpD where c depends
only on n.

Let D be an SLG-domain with basis B :

D == [x: ̂  < ̂  < 6,., k = 1,2, . . . , n — 1, ^ < ̂  < ̂  + /'(re')]

with Lipschitz constant M(M ^> 1), then we define :

(11.16) XD == mini 1/M, &i — Oi, . . . , ^_i — a^i, inf /'(a;') \
{ x'W )

t/î  minimal width of the SLtG-domain D.

THEOREM II. — Let D be an SLG-rfomam wi(/i minimal
width XD. T/ie/z De8([0, oo), F) where

r(i') = r([ai, a^) == cx^+^^w)^
OMC? c depends only on a^ and n.

Proof. — We suppose D is defined as above.
1° Consider the multiplier 9n(^n) in one variable x^ (cf.

Lemma 1, § 1) such that fn^n) = 1 f01* ^n ̂  ̂  + ^D/4 and
= 0 for

^n > ̂  + 3Xn/4.

For a function u e ̂ (D) consider the functions u' and u"
defined as follows : i) u{x) == fn{x^)u{x) for xe D, u'(^) == 0
for a/ e B, ^ > a, + 3^D/4; iQ u"(a;) == (1 — ^(x^}u[x) for
.r e D, u'^x) == 0 for rK' e B, ^ ̂  a^ + ^D/4. Clearly, the
function u'^x) is defined in the domain B X [x^ < a» + /'(^')]
which, if we shift the origin to the point {x' ==0, x^ == aj
becomes a function of the type treated in Theorem I. We
can therefore apply the extension mapping of this theorem
and obtain a function u" defined in B X [— oo << x^ <C oo].
The function u is defined in the domain B X [x^ > aj.
If we shift the origin to [x' = 0, x^ = a^ + 1] and invert the



THEORY OF BESSEL POTENTIALS 117

direction of the n^-axis this domain becomes a domain of the
type treated in Theorem I (with graph function f{x') = 1)
and by applying the extension mapping of this theorem we
obtain a function u' defined in B x [ — oo <^<< oo].
Hence u= u' + u" gives a linear extension mapping of
u e ̂ (D) into ̂ (B X [— oo < ̂  < oo ]). By applying Lemma
1, § 1, Prop. 6, § 2, and Theorem I, we obtain immediately
for all a > 0,

(11.17) If ue P^D) then Se P^B X [— oo < ̂  < oo])

and
|u|,,Bxr-»<^<o,i < cX„<2a+B+5^|ul^,

with c depending only on n and a*.
2° If a function v is defined in an n-dimensional rectangle

[x: a^ < x^ < b^ k <^ n] and this rectangle is not the whole
space R", then by interchanging the variables and, if necessary,
shifting the origin and inverting the direction of the ^-axis
we can represent the rectangle in a form

[x : a'k < x^ < &fc, k < n]

where a'n ̂  0 < b'n == min(l, b'n — a'n). If a'n is — oo we apply
Remark 2 directly (the graph-function is now f{xr) = &J;
if a'n > — oo we apply the procedure given in the beginning
of 1°. In both cases we obtain an extension

v e ̂ {[x: Ofc < ̂  < V, k < n — 1]).

From Prop. 6, § 2, Lemma 1, § 1, and Remark 2 we get for
any a ̂  0 :

(11.18) If v e P^[x: a, < x, < b^ k < n]) then
v e P^: a, < ̂  < &„ /c < n - 1])

anc?
l^|a,[a?:a^<a!?A<^,fc^n-l] ̂  CA'^01 |^|a,[.z;:a^<a'fc<^,fc^n]?

wAere X = min (1, &„ — a'n) and c depends only on a* and n.
3° Coming back to the hypotheses of Theorem II, we

apply there the procedure of 1°, then, at most n — 1 times,
the procedure of 2° to obtain successively extension-mappings
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to larger and larger rectangles and arrive thus at an extension
mapping of m(D) into ^(R71). Formula (11.17) in part 1<>
and formula (11.18) in part 2° guarantee that the extension
constant r(I') has the form stated in the theorem.

We now consider the property of a domain D to be an
SLG-domain with minimal width ^ XD > 0. The strong
localization of this property gives the property of being an
LG-domain, The LG-constants of an LG-domain D are the
looseness S and the rank p of the corresponding covering
|U/^ and also the uniform bound of minimal widths of the
SLG-domains U^ n D.

By the general localization theorem of § 7 (Theorem II)
we obtain the

COROLLARY 1. — Every LG-domain belongs to the class
8([0, ^)).

Remarks about spaces P^D). — All the results of this
section are valid for 1 < p <oo, and all a, a > 0. The proofs for
1 < p < oo are essentially the same as those in case p = 2
presented in the text (with obvious changes dependent on the
exponent p). The difference in proofs for p == oo is due to
the fact that the restrictions to D of functions in C^(R/1)
are not dense in P^D). However, the functions in P01'00 (D)
are sufficient lyregular to allow all the developments preceding
the proof of Theorem I' without having to replace them
by more regular functions.

For p = 1 one can follow the same line of argument as
presented in the text for p == 2. A difficulty arises only in
Lemma 3. This lemma is based on Lemma 4, § 9 which in turn
relies on Lemma 3, § 9. The last lemma is not valid for p = 1.
Without reference to Lemma 4, § 9, Lemma 3 of the present
section is still valid for ? < 1 but with constant which blows
up when P/^ 1. Therefore our extension mapping will not have
uniform extension constants F([ai, a^]) for intervals containing
an integer. Curiously enough for a an integer, our extension
mapping still transforms P^D) into P^R") since for an inte-
ger a we do not need Lemma 3 to prove Theorem I. We do not
know if this seeming inconsistency is due to our line of proof
or is in the essence of things.
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12. Applications.

Associated with every convex domain D there is a unique
maximal cone C with vertex at the origin such that if x e D
then x + C c D (or if x e D then x + C e D) and x -\- C contains
all half lines issued from x which lie in D (or in D). Such cones
are closed and convex. If D is bounded then C = (0) and
conversely. The dimension of this maximal cone will enter
in two of the following propositions.

A spherical cone with vertex at the origin is the closed cone
generated by the sphere S(6,x), |9| === 1 and x ̂  1. We call x
the opening, y the angular opening where sin y === x and the
half line I = [tQ : t ̂  0] the central axis of the cone. If

C = C' n S(07r)

where C' is a spherical cone with opening x and central axis I
then we call C a bounded spherical cone with opening x, central
axis I and radius r.

THEOREM I. — If D is a convex domain then De= §([(), oo))
if and only if D is a {C)-domain.

The proof of Theorem I follows from Props. 2) and 4) below.
In view of this theorem it will be of interest to give some
sufficient criteria for D to be a (C)-domain (45).

1) Let D be a convex domain. Then D is a (C)-domain if
n <^ 2 or the dimension of the maximal cone C in D is 0 or n.

If dim C == 0 {i.e. D is bounded) and S(rr, r) c D c S(rc, r/x)
then r and x are {C)-constants of D. If dim C === n and C contains
a spherical cone with opening x then x and r are the (C)-constants
of D where r is an arbitrary positive number.

Proof. — The proof is obvious if n == 1 or dim C = 0, or
dim C == n, so we need only to consider the case when n = 2 and
dim C = 1.

If C is a straight line then bD is formed by two straight
lines ?i and ^ parallel to C. Then clearly r = 1/2 dist(Zi, (2)
and x == 1 are (C)-constants of D.

(45) In example 9, § 13 we construct a convex domain in R3 which is not
a (C)-domain.
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The remaining case is when C is a half line, i.e.

C = [(6: (>0, |e| = 1].

Take any point XQ e D and let D+ = [x : (x — XQ, 0) > 0, x e D]
and D_ = [x: (x — XQ, 9) < 0, x e= D]. Then D_ is a bounded
convex domain and by the above a (C) "domain. Clearly
dist(C + ^o? ^D n D+) = r^ > 0 and the half-strip with axis
C -{- XQ and width 2y\ is contained in D+. Hence we see that
for x e ()D n D+ there is a bounded spherical cone with angular
opening 11/4, radius 2ri, and vertex x contained in D-p From
this it follows that D is a (C)-domain.

The following elementary lemma, which we give without
proof, will be used in the proof of Prop. 2).

LEMMA 1. — If the radius of the maximal sphere contained
in the convex set D is r and D c S(0, R) then |D| <; CrR/1"1

with C dependent only on n (46).
2) If D is a convex domain but not a (C)-domain then n ̂  3

and the dimension of the maximal cone contained in D is I
with 1 <; I <; n — 1. Furthermore D ^ 8(a) for a > {n — 1)12
if I > 1 and > (n — 2)/2 if I = 1.

Proof. — That n ̂  3 and I<^<;TZ — 1 is implied by
Prop. 1). Suppose that D e 8(a) for a satisfying our conditions.

Let x^ e ^)D be such that the maximal sphere contained in
S(^, 1) n D has radius less than I/A*. Obviously the x^ must
exist if the (C)-condition is not satisfied with constants r = l//c
and x == l//c for k = 2, 3, . . . Then, since S(^, 1) n D is
convex, we have by Lemma 1 that

|S(^, 1) n D| = |S(0, 1) n (D - x,)\\Q

as /c/^oo.
Let u e C^R"), be = 1 on S(0, 1/3) and == 0 outside S(0, 2/3).

(46) For n > 1 we obtain C = n-1^— <o—i. Probably the best constant C is
n — 1

n—i ^n-r



THEORY OF BESSEL POTENTIALS 121

Then with u^(x) = u{x — x^) for xe D, u^e P^D) and

|^c|a,D <^ ^|^|a,S(a-A,l)nD == CJ UJ a, 8(0.1)0 (P-xk)

where c depends only on n. From the previous paragraph
we see that |^|a,D\0. It follows that if S^eP^R") is the
extension of u^ ||S/c||a —> 0.

Let C be the maximal cone associated with D and suppose
dim C == I with 2 < I < n — 1. Clearly

[ (CnS(0 , l ) )+^]cD

for every /c. Put G == interior of C n S(0,l) in the Z-dimen"
sional hyperplane containing it. Then G + x^ c D. Let u^
be the restriction of u^ to G + x^ and u\x) the restriction
of u to G. Since u is 1 on S(0,l/3), we have by Prop. 6), § 1

rfa-"-^-^
0 < IML-^.o -11<^^< v ^2 ^IM. ̂

2 2 271-^ 2 r(a)
a contradiction.

If dim C = 1 then we fix some XQ e D and note that
for k sufficiently large, say k ̂  A-o? the orthogonal projection
of x^ on the line containing XQ + C lies in XQ + C. Furthermore,
if 7*0 = int|l/3, ^+c(^/c)(^ ̂  ^o) j then y-o > 0 and the inter-
section of D, S(^, 7*0) and the plane containing x^ and
XQ + C contains a two-dimensional bounded spherical cone
Ffc with angular opening ir/4, radius 7-0 and vertex x^ Let
F/, be the interior of I\ in the plane which contains it.

We construct u, u^ and u^ as in the beginning of the proof,
denote by u^ the restriction of u^ to F/,, and assume
a > (n — 2)/2. Then since u is 1 on S(0,l/3) there is a T > O
such that for k ̂  /Co (we use again Prop. 6), § 1)

p/ n - 2\
[ I y^ —— ——————— \

0 < - < ||M,||^_^ ^ < \ _2 ^l^lla-^O a contradic-

tion. 2 ' t 2-. ^ F(a)
3) //* D is a convex domain and S(0,r) c D c S(0, R) then

De§([0, oo), F) where r([ai, ag]) depends only on n, a^, r,
OTIC? R.
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Proof. — Consider the n-dimensional rectangle

B(") == [ x : |̂ ,| < r/4\/7z for k < n — 1, r/2 < x,, < oo].

By rotating B00 around the origin we cover the whole closed
shell [r ̂  \x\ <; R]. We can therefore find a finite number of
such rotated rectangles — B^, . . ., B^° — which cover this
shell. The same rotations performed on the rectangle

B(") == [ x : \x^ < r/2 \/n for k < n — 1, r/4 < ̂  < oo]

give rectangles B^, . . ., B§° covering the shell with looseness-
constant ̂  r/4 \n. Since N can be chosen depending only on
n and R/r, the rank p of the covering |B^ depends also
only on n and R/r (47). ^B^ is clearly a covering of ^)D,
r/4 \/n — loose and of rank p. The intersection B^ n D is
obviously a convex SLG-domain which by rotation becomes
a domain

[ x : \x,\ < r/2 \/n for k < n - 1, r/4 < x, < r/4 + fiW]

with r/2 <; /^(^') < R. It follows that the Lipschitz constant
of the convex function fi{x) is << 2R/r. The minimal wddth
of the SLG-domain B^ n D is = min (r/2\/^ r/2R). Our
proposition follows now from Theorem II, § 11 and the loca-
lization theorem of § 7 (Theorem II).

4) If D is a convex (C)-domain with {C)-constants x and r then
De6([0,oo), F] where r([ai, a^]) depends only on a^, M, x,
and r.

Proof, — Let |a;ij be a maximal set of points in R" such
that \x\ — x'k\ > r for k ̂  L Then JS(^;, r/2)^ are mutually
disjoint and |S(^, r ) i is a covering of R". Consider the subset
\x^\ of \x'i\ such that r^(^) < ^. Then [S{x^ r)^ is a covering
of ^)D and $S(^, 3r)^ form a 2r-loose covering of 6D.

Next we prove that [S{x^ 3r)j is of rank less than 13".
If S(^, 3r) n S(^, 3r) -=)=- 0 then \x, — Xi\ < 6r and S(^,
r/2) c S(^., 13r/2). Since the |S(^,r/2)^ are mutually disjoint,

(47) By a more careful construction we could make the rank depend only on n.
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S(^, r/2) c S(^, 13r/2) for at most cora (ISr^)"/^ (r/2)71 == 13" a^
n / n

which completes this part of the proof.
Let z^ e S(x^ r) n <)D. Since D is a (C)-domain there is a

y^ such that |̂  — y^\ = r and S(z/^,, xr) c D. Thus

S(^, xr) c D n S(^, 3r) c S(y^ 5r).

The proof of the proposition is completed by applying
Prop. 3) and Theorem II, § 7 to the covering |S(r^, 3r)i of ^D.

The next proposition gives some useful sufficient conditions
for determining if the union of two adjacent non-tangential
convex domains belongs to §([0, oo)).

5) Let Di and Dg be adjacent, bounded, convex domains with
slope (i)(Di, Dg) ̂  (OQ > 0- Suppose that for some r > 0 anrf
x, 0 < x <; 1, ^Aer^ e^i5^ points XQ e Di n Da anrf ^ e D^
such that S(^, r) c D( c S(^, r/x) an^ S(^o?r) c Di u D^. Then
D === (Di u Dg)0^ 8([0, oo), F), wA^r^ F([ai,a2]) depends only
on n, a^, coo, r, ayic? x.

Proof. — Let G be the closed convex hull of

SQroTr) u (Di n D^) and G == (G)°.

We shall show that G n Di and G n Dg are g-cells with (C)-
constants bounded from below by xr/2 and x2^. Since G is
convex and Di and Da are (/-cells with (C)-constants r and
x (cf. Prop. 1)) the proof of the proposition will be completed
by Prop. 3) and Theorem IV, &), § 10. Since G n Di and G n Dg
are bounded convex domains G n Di and <G n Da are qr-cells
and we need only determine their (C)-constants.

Consider G n Di. Set y^ = XQ + »~.— ~~———°-. The sphere
/ rx \ . . ^ I- + x |^i —' ^ol

^( !/i? 1———) ls contained obviously in S(xQ,r) and in Di,
\ 1 ~r x/

( rx \ — —hence S y^ -—'-— ) c G n Di. On the other hand
1 + x/

8(2/0 —\^H^ r) u D,
\ % /
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( 0 \
and therefore S t/i, — » => (3 n D(. By Prop. 1) it follows that

K / 2
the (C) -constants of G n Di are > -,—— ̂  — and > ———— > —

1+^ 2 (l+^)2r 4
respectively which finishes the proof.

The next proposition gives conditions for D to be in 8([0, oo))
when D == ( i J Q/^ and the Q^'s are convex ^-cells.

\ k !

6) Let | Qfc^ be a system of convex q-cells and D == / [ J Q^Y.

Then De8([0,oo)) if lo ̂ | is S-loose', 2° ^re are r > 0,
R, and ̂  e Q^ sucA, that S(^, r) c Q^ c Sfrc^, R); 3° for every
pair of adjacent q-cells^ Q^ and Q^, there is an x^^ e Q^ n Q(
5uc/i (Aa( S(^^, r) c Q^ u Q^ (r î  (/ie same as in 2°); 4° | Q .̂ ^ is
o/* finite rank {this can be deduced from 2° if the S(^, r) are dis-
joint)^ 5° there is an (OQ > 0 such that coo ̂  ^(Q/c? Q<) /or

Q^ n Q; -=f=- 0 and 6° 6D is an (n — l)-manifold or, more generally,
^)D does not cut locally D.

Proo/*. — 1°, 2°, 4°, 5° and 6° guarantee that |Q^ is a
regular system. 2°, 3°, and 5° imply, by Props. 3) and 5)
that Q°k and (Q/( u Q/)° for Q^ and Q^ adjacent, are in
8([0, oo), F), r independent of k and I. The proof is completed
by Theorem III, § 10.

7) If D is a finite geometric polyhedron and ^)D is an
{n — i)-manifold (or does not cut D locally), then D e= 8([0, oo)).

Proof. — Since D is a finite geometric polyhedron it can be
N

decomposed into D == I J Q .̂ where the Q//s are convex
&==i

polyhedra (not necessarily bounded) having at most (n — 1)-
dimensional intersections. Elementary geometric considera-
tions show that 1° the slope between any two polyhedra
is positive, 2° for any two convex polyhedra Q^ and Q^ with
Q^ n Q^ (n — 1)-dimensional, there exists an n-dimensional
convex polyhedron G such that Q^ n Q^ c G c Q^ u Q^. Our
proposition then follows from Theorem III, Corollary Ifc)
of § 10 and Prop. 4) of the present section.
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13. Examples.

In this chapter we are interested primarily in the classes
P^D) and P^D). The following examples are designed to
illustrate some of the basic differences between them.

We will only indicate the types of construction involved
in each example and will leave the calculations to the reader.

Example 1.
We show that the inequalities (2.4) of Proposition 3), §2

are the best possible in the following sense : If there are four
constants Mi, Mg, Me and M4 such that the inequalities

Mi|u1a,D:^Ha.D^ Mgj^l^D

MsH^.D^MS.D — H^,D^M4|u|^D

hold for all a ̂  0, for all open sets D c R" and for all functions
ueP^D) (as usual m = [a]), then

M3 ̂  2-l/2, M^ > 1, M3 ̂  0, M4 > 1.

This statement remains true if we restrict ourselves to
0 < a < 1 and D == R". In fact, using Fourier transforms
we have, by Proposition 2, § 2

l<K»-J^(i+|Mu(^)|2^

!<K"-^(I+IW^)M.
We notice that.

1° For p >0, 1 > (1 + p2)^! + p^) > 2a-l the value 1
being attained at p == 0 and p == oo, and the value 2a~l being
attained at p == 1.

2° For p ̂  0, 1 + p201 — (1 + ^Y is an increasing function
of p taking the value 0 at p == 0 and 1 at p == oo.

It follows therefore that by choosing u(^) with support
arbitrarily near the origin we will show the inequalities for
Mg and Mg. By choosing the support of u outside of an arbi-
trarily large sphere one proves the inequality for M4. Finally,
by choosing the support of u in an arbitrarily small neighbor-
hood of <^S(0, 1) and taking a arbitrarily small one proves
the inequality for Mi.
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Example 2.
We give an example of a domain D such that P<t(D) 3> P^(D)

with a < y (cf. Prop. 5, §2) and such that ^(D)^ P^D).
In polar coordinates {x == a;i 4- ̂  ::= P6'9) l®1-
D == [pc10: 1 < p < 2, 0 < 0 < 2<j, D+ = D n [̂  > 0]

and D_ = D n [a;2 < 0]. Let &)(e) e C°°(0,2TC) and = 1 for
0 < e < Tt/4, = 0 for Tt/2 < 6 < 2it. Define

u(aQ == i^pc10) = o)(e).
v

Obviously u e P^D), m an integer. Since D_^ is a C1" homeo-
v _

morphic image of a square, u\^ is in P^D^.) for all a. Thus
u e P^D) if and only if

-2-- y M v F f IP^)12 ^^ < ooF/Q ^ 1 ^^ L | .,|n4-2palzlay < 00'^^^fc^o i i j ^ fc jD+jD- i^ yi '
where m == [a], ^ = = a — m , and this is the case if and only if
0 < ^ < 1/2, i.e. u g P^D) if anrf onZy i/* a ~ [a] < 1/2.
Suppose that ueP^D), then there are u^eP^D) such that
j j ^ n — ^111,̂ .̂ Let u^eP^R2) be extensions of u^ u^ the
restriction of u^ to I === [p^19: 1 < p < 2, 0 == 0]. Then

\Un — <^|i,D^\0 and |^|i,D-\0.

Since D+ and D_ are LG-domains they are in 8([0,oo)) (cf.
Corollary II, § 11). Hence if we extend u^ — UJD^ and u^ to
functions in P^R2) and then restrict the extensions to I,
we have by the continuity properties of functions in P^R2),
\u^ — l|i/2,i\0 and |^|i/2.i\0, a contradiction.

Another example of a domain D such that P^D) -^ P^(D)
with a ̂  Y, but with a domain limited by a simple Jordan
curve can be constructed as follows. Consider on the ^i-axis
a sequence of points b^ with &o '===• 0 and such that

'I
°2/c+l — °2k '== °2/c+2 —— °2/c+l ̂  j . A ^ *?

we notice that b^b < 3.
On the segment [&^; fci+i] construct an isosceles triangle T(

1with altitude h^ such that h^ === h^^ = -——. Now we
k -{- 1
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join to [ J Ti the rectangle R == [0 <; x^ <; 3, — 1 <; x^ <; 0]

and obtain a domain D with D == ^ J T\ u R such that bD
i

is a Jordan curve. Define u(x) = 2^ for x e Tg/c-n and == 0
otherwise. It is immediately checked that u <= P^D) and
Ut tP^D) for 1/2 < a < 1. To check the last statement it
is enough to estimate the part of d^{u) corresponding to

couples x e Tgfc and y e Tg^+i n j ^ > y ^k+ij-

Example 3.
We give an example of a domain D such that P^D) -=^ P^D)

(c/*. Remark 4, § 4).
In R", n > 2, let I = [<6 : ^ > 0] for some 6je| = 1, D+

be the cone with central axis I and opening 1/2 and D_ the
cone with central axis — I and opening 1/2. Then we define
D == [\x\ > 2] u D+ u D_. Let 9 e C°°(R"), = 1 for \x\ < 1
and == 0 for \x\ ^.2$ define u === 9 if a;e D+ and == 0 tor
x e D — D+. Then ue C°° (D) and |u|^D is uniformly bounded
on any compact subinterval of [0, oo); thus ueP^^D) for
arbitrary a. Since Ja,D^.,D_(^) is infinite for a ̂  n/2, we see
that u^P^D) for a >'n/2.'

Example 4.
Our aim /i^re 15 to obtain an example of

(*) lim inf ^an(^) ^ ^? lini sup d^j)(u) = b
a /̂l ' a l̂

/or 0 < a < b < oo (cf. Prop. 5, § 4).
On the real line R1 consider for k = 1, 2, ... the open intervals

n- - ̂ 1 1 4- -1^ D- - (^ -^ -2- i -^ -A-A/( ̂  ̂  2/c ' 20/c3/ fc ~ \2k ' 20/c3' 2/c 1 20/c3/

Put D,=D,uDl.c(-,,1——) and D = [J D,. On D\//c ^/c -- l/ ^
we will consider functions u defined as follows. Let |^j
be a sequence of positive numbers bounded by some q << oo.
We define

u(x) = q^~2 fo^ ^ e D^, u{x) = 0 for x e D^.
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Immediate calculations show that for 1/2 < a < 1 :

d ^-W'"1^31"2")^
dwu) - ~a(2a-riTqi7a) /^

00

0 < <D(u) — ^ < ,̂D,(u) < c(l — a)^2, c an absolute constant.
<i

For a = 1 — -_, N integer > 3,

N-l 00 ,

5 <D,(M) + S 4,D,(M) < C ̂ - log N.
k=l t=iN''-l IN

Forq,=q,k= 1,2, . . ., lim <^u) = lim ^ ^ ,v») = 20 (72.
"^l a^'1 ̂  ' ,—— 9

Therefore, if we define N1 = 3, N.+i = N^*, ^ = i/90 for k

lying in_the intervals N^_i < A. < N3,, / = 1,2, ..., and

?k = V20 for a11 other /f's' we S61- (*) with I™ inf and lim sup
attained by the sequences

ta,| = |1 - N^ and ^,j == ^1 - N^j
respectively.

Obviously ^n(u) = 0 and u e PI(D) - PI(D), another
example where P^D) ̂  P^D).

Example 5.
We construct a simply connected unbounded domain D in

the plane (z = ̂  + î  = pe'6) sucA that

lim^ s(a) = a' I™ sup §(a) = = & , 0 < a < f c < l

{see (4.7) and Prop. 7), § 4).
The domain is symmetric relative to a;i-axis. Its part in

the upper half-plane is formed by points z satisfying one of
three conditions (not mutually exclusive) : IG a-i > 0
0< x, < 1; 2" 0 < arg(z - i) < r.a; 3° 0 < arg(z - i) < ̂ '
^ < |z - i| < N2,+i for j =1,2, ... . Here N. are the
integers introduced in the preceding example. The lim inf
and lim sup are attained for \^\ == (N^ and ^N-,1.,,?
respectively. ' ^ ( A/TI)
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Example 6.
We construct a polyhedron P c R3 such that bP is an {n — 1)-

manifold but P is not an LG-domam.
Let 6^ be the unit vector in the direction of the positive

n\.-axis. We construct two tetrahedrons Ti and T^ with vertices

Ti: 0, 6i, 61 + 62, 61 ~ 62 + 63,
T,: 0, - 6i, - 61 - 6,, - 61 + 62 + 63.

If Q is the cube |rci| < 2, [^l < 2, 0 << '̂3 < 4, then

P = Q - (Ti u T,)

is the required polyhedron. At the origin its boundary has
no local representation as a graph.

The next example shows that the condition — bD does
not cut locally D — is weaker than the condition that 5D is
an (n — l)-manifold.

Example 7.
We now construct a polyhedron P c R3 such that ^P does not

cut locally P but ^P is not a 2-manifold.
In the notation of Example 6 let Ti and Tg be two pyramids

with vertices

Ti : 63, 6i, 62, — 61, — 63
T,: 63, 1/2 6,, 1/2 6,, - 1/2 6,, - 1/2 6,.

Then P == Ti — Tg is the desired polyhedron; in particular,
^P is not a manifold at 63.

Example 8.
We give an example of a bounded convex set D and a C(°'1)-

homeomorphism T, such that T(D) is not an l^G-domain.
Consider in polar coordinates in R^pe10 == x^ + ix^) the

C(o.i)-homeomorphism T given by

T(pe19) = p^-^F).

Then D == [0 < p < 1, 0 < 6 < rc/2] is convex but T(D)
is not an LG-domain; in particular, T(D) is not locally a
graph at the origin.

5
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Example 9.,

We construct an unbounded convex domain D c R3 which
contains a 2'dimensional cone but is not a {C)-domain.

Let 71:1̂  and ii^fc be the couple of hyperplanes which contain
the line I, = [(^, ̂ , ^3): ^3 = /c^ - 3/c2, ̂  = O], k == 1,2,...,
and are tangent to the sphere [\x\ < 1]. Let further TC^
and T:̂  be the half spaces determined by T^ and ^ ^ such

00

that [\x\ < 1] c ̂ +, n Tt^. Then D == (̂ | (^ n TC^). It is not
fc=l

difficult to see that xk = (6/c, 0, 3k2) e ^)D n 7^, n ̂  , and that
the largest_sphere contained in S(^, 1) n D has a 'radius less

\/^ -L /(.2
than 3^—\0• Thus D is not a (C)-domain. It is also
clear that the 2-dimensional cone [x^ < 0, x^ = 0, x^ > 0]
is contained in D.

Appendix. Complete continuity of standard norms.

We restrict ourselves to bounded open sets in R\
For potential norms \\u\\^ the question of complete conti-

nuity is settled by Prop. 3), § 1 : for (3 < a, the a-norm is
c.c. (completely continuous) rel. (relative to) the a-norm.

For standard norms the situation is much more complica-
ted. The question of complete continuity for integral orders
was investigated quite thoroughly by F. Rellich (see [6]) :
1° There are bounded domains for which |u|o,D is not c.c.
rel. |u[^D. 2° If |u|o,Dis c.c. rel. u[i^, then for any two integers
0 <: m^ < m, the norm of order mi is c.c. rel. the norm of
order m. 3° The complete continuity of the 0-norm rel. the
1-norm holds for domains whose boundaries are piecewise
graph-manifolds (48).

When we turn to norms of non-integral order, the situation
changes considerably. For domains of 3° above, in general
the a-norm is not c.c. rel. to the 1-norm for 0 < a < 1 (see

(48) i.e. those which in some coordinate system can be represented as a graph
of a continuous function ^ == f(x^ . . ., x^} (but the function is not necessarily
Lipschitzian). The boundary is supposed to be covered by a finite number of closed
graph-manifolds. Domains with this property form a larger class than the G-domains.
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Example 2, § 13). However, several general results can be
obtained which we describe here.

1) For (3 ̂  a, [ujp D is never c.c. rel. |u|a,D.
This is obvious if we consider the norms on the subspace

of functions C°° vanishing outside of a relatively compact
subdomain of D.

2) If MO,D is c.c. rel. \u\^ with 0 < a < 1, then for any (3
with 0 < p < a, |u|^D is c.c. rel. \u\^.

For the proof we decompose, for arbitrarily small £,

^^^[j+.rnl^lfi.D == \U\Q D

L•\a;—y\>s. \x—y\<& 1-l.»—y|>£ l.c—.TKe *

</i | ^^n^ | ^C^a)
< l + ̂ ^ 8); I4'-0 + Mn - IUL<(i i s•~2^n\\u\& i ^(^«)
^V^pC^^I^+^nTp)

3) J/' D e 8(a) ararf (3 < a, f/ien |M|B n is c.c. re;. |wL n.

a,D-

Proof. — HU[|^D is c.c. rel. ||^||a,D by Prop. 3, § 1 and since
[HI^D is equivalent to |u|^D and \u\^ < ||u||^D (Prop. 4, § 2)
the proposition is clear.

^) ^/'HP,D ̂  c.c. rek \u\^for all a and! (3 wi^ 0 < ? < a < 1,
t/ien [uJpD is c.c. rci!. |u|a.D /oy any (3 < a.

This becomes obvious if one compares each term in the
expression of [u l jo with suitable terms in the expression of
M .̂D.

5) If HP,D is c.c. rel. \u\^ and if T is a C^^-homeomor'
phism of D onto D*, fAm |u|p^ is c.c. rel. |u|a,D*.

This is immediate since the correspondence

u[x) -> u*(^*) == u(T-1 ^*)

is a linear and topological isomorphism of PP(D) onto P?(D*)
for all ^ with (3 < a* + 1 (see Prop. 8), § 2).

THEOREM I. -- (Localization__theorem.). If |U^j, k = 1,
2, . . .,N, is an open cohering of D such that \u\^nuh is c.c. rel.
Ma,Dnu,, then |u|pD is c.c. rel. \u\^.

Proof. — If p is an integer our statement follows immedia-
tely from the following two inequalities :

N N

(i) I^|,D < S l^|,Dnu,., (ii) S I^S,Dnu, < N|u1^.fc==i fc=i
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If p is not an integer then we have to consider the looseness S
of the covering U^ and replace the inequality (i) by :

K^fR- fnf?" ft,^^^ S l̂ Dnu^ i |"l|,Dnu,.
\P " P /^V1 '? P P ) k=l fc==l

Remark 1. — For p an integer the same proof would give
a stronger theorem where i U^ ^ would not be required to cover
the whole of D but only to cover D up to a set of Lebesgue
measure 0.

THEOREM II. — If D is Lt-cowex then I U J S D is c.c. rel. |u|a,D
for all j3 << a.

The proof follows immediately from Theorem I and Prop. 5),
4), and 3), since the covering of a bounded L-convex set can
be chosen finite, and bounded convex domains belong to
8([0, oo)).

Remark 2. — The bounded L-convex domains together
with those of class 8(a) form the most general class of domains
we know in which the complete continuity theorem holds for
all P > a.

Remark 3. — The problem of complete continuity for
unbounded domains seems unsolved. We were not able to
find any examples of an unbounded domain where the complete
continuity holds for any (3 << a. For very large classes of
unbounded domains we can prove that there cannot be
complete continuity and it appears that the only doubtful
cases are domains of finite measure with very rapidly and regu-
larly decreasing measure when one approaches infinity.

BIBLIOGRAPHY

[1] N. ABONSZAJN and H. G. HARDY, Properties of a class of double integrals,
Ann. of Math. 46 (1945), 220-241.

[2] N. ARONSZAJN, F. MULLA et P. SZEPTYCKI, On spaces of potentials
connected with LP classes, Ann. de VInst. Fourier^ Vol. XIII (1963),
211-306.

[3] 0. V. BESOV, On a family of functional spaces, Theorems about restric-
tions and extensions, Dokl. Akad. Nauk SSSR, 126, 6 (1959) 1163-
1165.



THEORY OF BESSEL POTENTIALS 133

[4] A. P. CALDERON, Lebesgue spaces of differentiable functions and dis-
tributions, Proc. of Symposium in Pure Math. Vol. IV, Partial Diffe-
rential Equations (1961), 33-49.

[5] A. P. CALDERON, Proc. Symposium Diff. Equations, Berkeley, Calif.
1960.

[6] R. COURANT and D. HILBERT, Methoden der Mathematischen Physik,
2 Band Springer Verlag, 1938.

[7] E. GAGLIARDO, Caratterizzazioni della tracce sulla frontiera relative
ad alcune classi di funzioni in n variabili, Rendiconti Sem. Mat.
Pado^a, Vol. 27 (1957), 248-305.

[8] M. R. HESTENES, Extension of the range of a differentiable function,
Duke Math. Journ. Vol. 8 (1941), 183-192.

[9] L. LICHTENSTEIN, Eine elementare Bemerkung zur reellen Analysis,
Math. Zeitschrift, Vol. 30 (1929), 794-795.

[10] S. M. NIKOLSKII, Theorems about restrictions, extensions and approxi-
mation of differentiable functions of several variables (Survey Article),
Usp. Mat. Nauk. Vol. 16, 5 (1961), 63-114.

[11] R. T. SEELEY, Extension of C°° functions defined in a half-space,
Proc. Amer. Math. Soc. 15 (1964), 625-626.

[12] L. I. SLOBODECKII, Spaces of S. L. Sobolev of fractional order, Dokl.
Akad. Nauk. SSSR., Vol. 118 (1958), 243-246.

[13] M. H. TAIBLESON, Smoothness and differentiability conditions for func-
tions and distributions in E^, Dissertation. University of Chicago 1962.



SPECIAL NOTATION

Adjacent g-cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
Boundary properties, weakly and strongly l oca l i zed . . . . . . . . . . . . . . . 50, 51
C<o,i)-convex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
( C ) - c o n d i t i o n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
(C)-domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
Chain

of g-cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
connecting Qi to Qg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
minimal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Cone : spherical, bounded spherical . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
Conoid : opening of, radius of . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71, 72
Corrected function, u^, ̂  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Covering

loose . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
finite rank, rank p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Extension
classes, 8(1), 8(oc), 8(1, F), 8W(I, F ) . . . . . . . . . . . . . . . . . . . . . . . 61, 62, 64
Lichtenstein

of order q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
of order oo, g e n e r a l i z e d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

operator, Eu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
Graph domains, G-domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

simple, SG-domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
simple Lipschitzian, SLG-domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
Lipschitzian, LG-domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

Homeomorphism of class C^'^ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

Indicial sets, [ j s^\ s — s ' . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23, 24
/

L-convex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
Minimal width . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105, 118
Multiplier

of order k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
singular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Non-tangential closed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
Norms

restriction || u\\ ̂  ̂  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
standard \u\^\ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18, 19
approximate \u\^ ^ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
Kp.D. Ma.p,D» Ma.p,D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29, 30, 31

q-ce\l (quasi-cell) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
Regularity constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
Regularized distance, pp ^(x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64



THEORY OF BESSEL POTENTIALS 135

Slope <o(Fi, F^ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
Spaces

P^D), P^(D) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14, 18
P^D) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
P " ( D ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
^Q, functions with bounded support . . . . . . . . . . . . . . . . . . . . . . . . . . 28

Star a^ of a uniform system, S-star . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
System

regular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
uniform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

T a n g e n t i a l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
Uniformity constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

SPECIAL SYMBOLS

^ see space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
(D,u)(x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
^ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
Eu see extension operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
8(1), 8(a), 8(1, F), 8<P), (I, F) see extension classes . . . . . . . . . . . . . . . 61, 62, 64
Ee(D), EQ(^) . . . . ^ . . . . . . . . . . . . . . . . . . . . . . ^ . . . . . . . . . . . . . . . . . . . . . . . 38
G-, SLG-, SG-, LG-domains see graph domains . . . . . . . . . . . . . 59, 65, 118
I (6, z ' } . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
^.D.,^) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
.m(D) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
(P), (P^), (P^p), (P^, (P)^(P /), (P) = (P-) . . . . . . . . . . . . . . . . . . . . . . 51
r^{x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
r^(x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
H^ l^la.D. Ma,D» l^la,p.D. l^1a,p,D. l^a.p.D • • • . . . . . 14, 18, 19, 29, 30, 31
i^, u^ see corrected functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
ulp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
U8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
U,, U^(F, F i ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
Iff; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
S(a),S(a,D) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
X, Xj) see minimal width . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105, 118
PF s^) see regularized distance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
<o(F, Fi) see s l o p e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

^ J s^, s — sr see indicial sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23, 24
i

a* is the greatest integer < a.
[a] is the greatest integer ^ a.

Manuscrit re^u Ie 25 mars 1966.

N. ARONSZAJN,
University of Kansas,

Department of Mathematics,
Lawrence - Kansas (U.S.A.).


