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A PROOF OF THE STRATIFIED MORSE
INEQUALITIES FOR SINGULAR COMPLEX
ALGEBRAIC CURVES USING
THE WITTEN DEFORMATION

by Ursula LUDWIG

ABSTRACT. — The Witten deformation is an analytic method proposed by Wit-
ten which, given a Morse function f : M — R on a smooth compact manifold M,
allows to prove the Morse inequalities. The aim of this article is to generalise the
Witten deformation to stratified Morse functions (in the sense of stratified Morse
theory as developed by Goresky and MacPherson) on a singular complex algebraic
curve. In a previous article the author developed the Witten deformation for the
model of an algebraic curve with cone-like singularities and a certain class of func-
tions called admissible Morse functions. The perturbation arguments needed to
understand the Witten deformation on the curve with its metric induced from the
Fubini-Study metric of the ambient projective space and for any stratified Morse
function are presented here.

RESUME. — Soit M une variété Riemannienne compacte et soit f : M — R
une fonction de Morse sur M. La méthode de Witten utilise une déformation du
complexe de de Rham pour démontrer les inegalités de Morse. Le but de cette
note est d’étendre cette méthode au cas des courbes algébriques singuliéres et aux
fonctions de Morse stratifiées au sens de la théorie de Goresky/MacPherson.

Dans une note précédente, I’auteur a donné une généralisation de la méthode
de Witten pour le cas modele d’une courbe a singularités coniques et des fonctions
de Morse admissibles. Ici on présente les méthodes et arguments nécessaires pour
étendre la théorie au courbes équipées de la métrique induite par la métrique de
Fubini-Study de I’espace ambiant et a toutes les fonctions de Morse stratifiées.

1. Introduction
Let X C PV (C) be a singular complex algebraic curve and let f : X — R

be a stratified Morse function on X in the sense of the theory developed
by Goresky/MacPherson in [12]. The singular set of X will be denoted

Keywords: Morse theory, Witten deformation, Cone-like Singularities.
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1750 Ursula LUDWIG

by ¥. X \ ¥ is equipped with the Riemannian metric induced from the
Fubini-Study metric on PV (C).

An important topological invariant of the curve is the so called L2-
cohomology of X, which is defined as follows: Let (25(X \ £), d) be the de
Rham complex of differential forms acting on smooth forms with compact
support in X \ ¥. In the case of a singular curve the differential complex
(Q5(X\X), d) admits a unique extension into a Hilbert complex (C,d, (, ))
in the Hilbert space of square integrable forms equipped with the L2-metric

(a, B) == /X\Ea/\*ﬂ

(see Section 2 for details, note that throughout this paper we use the lan-
guage of Hilbert complexes introduced in [5].) Another way to state this is
to say that the maximal and the minimal closed extension of d coincide,
i.e., dmin = dmax. The L2-cohomology of X is defined as the cohomology of
the complex (C,d, ( , )),

H(iQ)(X) = Hi((C,d,< ’ >))

= ker di,min/im di—l,min = ker di,max/ im di—l,max-

(1.1)

The Witten method (see [21], [15]) generalised to our situation consists
in deforming the complex (Q5(X \ X),d) into

(1.2) 0— QX \2) % Ql(X\ %) % 02X\ %) -0,

where the differential d has been deformed by means of the stratified Morse
function f into a differential d; = e~/*de/?; here t € (0, 00) is the deforma-
tion parameter. We denote by &, = et/ de~*f the formal adjoint of d;, with
respect to the L2-metric { , ). The first important result is the following

PROPOSITION 1.1.
(a) The complex (Qi(X \ X),dy, (, )) satisfies the L2-Stokes theorem,
ie.,

(13) dom(dtmax) = dom(dtmin)'

In other words the complex (5(X \ X),ds, (, )) admits a unique
extension into a Hilbert complex, which we denote by (C¢,dy, (, )).
(b) The complex (Cy,dy, (, )) is a Fredholm complex whose cohomology
is isomorphic to the L?-cohomology of X, i.e., H*((Cy,dy, { , ))) =~

H{y) (X). Moreover

(1.4) Hi((Ct, dy, >)) ~ kerd;; Nkerd, ;1 ~ker A,
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A PROOF OF THE STRATIFIED MORSE INEQUALITIES 1751

where Ay = (d; + 0;)? denotes the Laplacian associated to the
Hilbert complex (Cy,dy,{ , )), i-e., the closed selfadjoint (non-nega-
tive) extension of Ayjq, with domain:

(15) dom(A;) = {® | ®,d;®,6,;P,d;0:®,5,d;® € L? (A*(T*(X \ X)) }.

(¢) The operator A, is a discrete operator. Moreover, for its restriction
on k-forms, k # 1, we get

Ap = A
where A} denotes the Friedrichs extension of AtlQ;.

We call the operator A; defined in Part b) of Proposition 1.1 the Witten
Laplacian. Part a) of the proposition can be deduced easily from the model
case of a curve with cone-like singularities in [16], since the validity of
the L2-Stokes theorem is a quasi-isometry invariant. However we choose a
different method of proof here, which is inspired by methods developed in
[6] since it also leads to the proof of Part c). Part ¢) of the proposition will
be useful in the sequel since, as a consequence of it, we get that the form
domain of the Witten Laplacian and the form domain of the Laplacian
associated to the Hilbert complex (C,d, (, }) coincide except in the middle
degree k = 1. Note that unlike the proof of this fact in [16] the proof
proposed here can be generalised to the higher dimensional situation.

The advantage of the deformed complex compared to the initial complex
is that the spectrum of the Witten Laplacian has “nice” properties for large
parameter t. In particular one can show the spectral gap theorem below.
The restriction fix\x of a stratified Morse function is Morse in the usual
(smooth) sense. We denote by c;(fjx\x) the number of critical points of
fix\x of index i.

THEOREM 1.2.

a) Let X be a singular curve and let f:X—R be a stratified Morse func-
tion in the sense of the theory developed by Goresky/MacPherson
n [12]. Then there exist constants C1,C2,C3 > 0 and tg > 0 de-
pending on X and f such that for t > tg

spec(A;) N (Cre~ 2t Cst) = 0.
b) Let us denote by (Fy,dy,(, )) the subcomplex of (Cy,ds, { , )) gen-

erated by all eigenforms of the Witten Laplacian A to eigenvalues

in [0,1]. Then, for t > t,
(1 6) dlmFi :Ci(f\X\E) = Ci(f)a ifi=0,2,
' dim IF% =C1 (f\X\E) + ZpEE np =:C1 (f),
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1752 Ursula LUDWIG

where
(1.7) np =Y (m) —1).

and mg) are the multiplicities of the different analytic branches of X
at the singular point p. (The sum in (1.7) is taken over all analytic
branches at p.)

In the smooth situation one can show that the complex of eigenforms
to small eigenvalues converges to the geometric Thom-Smale complex (see
[21], [15]). This result has been generalised in [18] to the model case of a
curve with cone-like singularities and admissible Morse functions.

As usual the following Morse inequalities follow from the spectral gap
theorem by a simple algebraic argument

COROLLARY 1.3. — In the situation of Theorem 1.2

k k
S D) = Y (=) (X), for k=0, 1,
i=0 i=0

(1.8) 5 )
i i(2

S (Dalf) =Y (-1 (x),

i=0 i=0

where bZ@)(X) := dim H(iQ) (X) denote the L?-Betti numbers of X.

The key step in the proof of the spectral gap theorem is the construction
of a local model operator A? for the Witten Laplacian for each analytic
branch near a singular point p of X. Using the model case of a curve
with cone-like singularities in [16] and perturbation techniques for regular
singular operators as in [7] we show a local version of the spectral gap
theorem, namely that spec(A}) = {0} U [Ct?,00) for some appropriate
constant C' > 0. The forms in ker(A?) are 1-forms and dimker(A?Y) =
m—1, where m is the multiplicity of the analytic branch. In the model case
of a curve with cone-like singularities (see [16]) the forms in the kernel of the
model Witten Laplacian can be computed explicitly and are related to the
modified Bessel functions. Therefore in the model case one can deduce from
the asymptotic of the modified Bessel functions that the eigenfunctions
decay exponentially. In the more general situation treated here however
this is not possible. Instead here Agmon type estimates are used to prove
the exponential decay of all forms in ker(A?). Note that the exponential
decay of the eigenfunctions is essential for the next step of the proof.

Once the local situation near the singular points of X understood, to
complete the proof of the spectral gap theorem one can now proceed by

ANNALES DE L’INSTITUT FOURIER



A PROOF OF THE STRATIFIED MORSE INEQUALITIES 1753

following the steps of the proof in the smooth case. (Here we follow the
proof in [2], Section 9).

Since the L2-cohomology is dual to the intersection homology of the curve
from Corollary 1.3 we get back the Morse inequalities of stratified Morse
theory (see [12], Section I1.6.12 and [11], p. 169). Note that from the point
of view of the analytic proof the contribution of the singular points of X to
the Morse inequalities is caused by the fact that dom(A;) # dom(A; ;) and
thus is related to the small eigenvalues of the “transversal Laplacian” (i.e.,
the Laplacian on the link of the singularity). Recall that the small eigenval-
ues of the transversal Laplacian play an important role for L2-methods in
the presence of singularities, namely for the lack of essential selfadjointness
of A, and in the study of index theorems for regular singular operators
(see [9] for the general case and [19], [8] for the case of a singular algebraic
curve).

Note that obviously Corollary 1.3 could be more quickly deduced di-
rectly from the model case treated in [16] by using the fact, that the L2-
cohomology is an invariant of the quasi-isometry class. However our further
goal is to extend the Witten method to more general singular situations.
The techniques developed here (in particular the proof of Proposition 1.1
and the Agmon type estimates) are useful for the generalisation of the Wit-
ten deformation to higher dimensional spaces with cone-like singularities
(see [17]).

These notes are organised as follows: In Section 2 we recall the basic
facts on the L2-cohomology of a singular curve and prove Proposition 1.1
for a class of functions which we call admissible functions here (see Def-
inition 2.1). We show that stratified Morse functions in the sense of the
theory developed by Goresky/MacPherson are admissible. In Section 3 we
develop the local model for the Witten Laplacian near singular points of
X and prove a local version of the spectral gap theorem. The Agmon type
estimates, used to prove exponential decay of the eigenforms of the model
operator, are proved in Section 3.6. Finally in Section 4 we complete the
proof of Theorem 1.2 and Corollary 1.3. Note that in Section 2 we consider
admissible functions, in particular Proposition 1.1 holds for this class of
functions. The results of the next sections hold for stratified Morse func-
tions only.

TOME 61 (2011), FASCICULE 5



1754 Ursula LUDWIG

2. The Witten deformation for singular curves and
admissible functions

Let X C P"(C) be a singular complex algebraic curve. We denote by
3 the singular set of X. Near the singular points of X the metric on X
induced by the Fubini-Study metric on P*(C) is quasi-isometric to a cone-
like metric (see [19], [7]): Let p € ¥ be a singular point of X and denote
by X;, j =1,...,s, the analytic branches of X at p. Then for each branch
X there exist open neighbourhoods V; C C of 0 resp. U(p) C P™(C) of p,
as well as affine coordinates z1,...,2, on U(p) and a normalisation map
defined by
(2.1)

m: V;cC — U nX;

t = (21(8), .. 20 () = (879,892 fio(t), . . ., U fin (1)),
such that 7y, (o} is a biholomorphic map. Hereby m; < gj2 < ¢j3 < ... <
¢jn- The multiplicity m; of X; at p is an analytic invariant, i.e., it does not
depend on the choice of local coordinates z, ..., z,.

We denote by g the Riemannian metric on X; induced by the Fubini-
Study metric on P (C). Then we have an isometry

IT: (V3 \ {0}, 79) = (conec(Sy,), g(r, ), t = (|t|™,m-arg(t)),
where S} denotes the 1-sphere of length 27m, r € (0,¢€) and
(22)  g(r,p) =@@V™, @)dr @ dr + B2 ('™, @)r*de @ dop,
with &, 3 € C*([0,€) x SL), @(0,-) = 5(0,-) = 1. Thus (X;,9) is a confor-
mally conic Riemannian manifold (see [6] for a definition) and is therefore
in particular quasi-isometric to a cone-like singularity.

For the convenience of the reader we recall the basic facts on the L2-
cohomology of the curve. We rephrase them in the language of Hilbert
complexes, which has been introduced in [5]. Let (Qf(X \ X),d) be the de
Rham complex of differential forms acting on smooth forms with compact
support. An ideal boundary condition for the elliptic complex (Qf(X\X), d)
is a choice of closed extensions Dy of di in the Hilbert space of square

integrable k-forms, such that Dj(dom(Dy)) C dom(Dj41). We then get a
Hilbert complex

(2.3) 0 — dom(Dy) Lo, dom(Dy) LDy dom(D3) — 0.
The minimal and maximal extension of d
dmin :=d = closure of d,

2.4
(24) dmax = 0" = adjoint of the formal adjoint 0 of d

ANNALES DE L’INSTITUT FOURIER
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are examples of ideal boundary conditions. A priori there may be several
distinct ideal boundary conditions.

As show in [10] in the case of manifolds with cone-like singularities we
have uniqueness, i.e., the minimal and the maximal extension coincide. The
domains of dmin and dmax, and therefore the validity of the L2-Stokes theo-
rem, are quasi-isometry invariants. Therefore also in the case of conformally
conic manifolds (and thus of our curve) we have a unique ibc, i.e.,

(2.5) di min = dk,max for all k.

We denote by (C,d, (, )) the unique extension of the differential complex
(Q(X \ X),d) to a Hilbert complex. The cohomology of this complex is
the so called L2-cohomology of X,

(26) H(l2) (X) = ker di)min/im di—l,min = ker di,max/im di—l,max~
Note that (2.5) is equivalent to
(dmax@, 8) = (@, 0maxB) for all @ € dom(dmax), 8 € dom(dpmax)

and is called the L2-Stokes theorem. Note moreover that the validity of
the L2-Stokes theorem does not imply the essential selfadjointness of the
Laplace-Beltrami operator Ajq, = dd + dd (defined on smooth compactly
supported forms). Instead it is equivalent to the selfadjointness of the par-
ticular extension A = dpindmin + Omindmin (see [13], Proposition 2.3).

Since the L2-cohomology of X is a quasi-isometry invariant one could
compute it also by replacing the conformally conic metric with a cone-
like metric. Therefore it is clear that all L2-cohomology groups H(iz) (X)
are finite dimensional and the complex (C,d, ( , )) is Fredholm. Note that
the finite dimensionality of H, (iQ) (X) also implies that imd; is closed and
therefore

(27) ker di,min/ im di—l,min ~ ker dimin/im di—l,mirr

In other words reduced and unreduced L2-cohomology coincide here.

The uniqueness of ibc in the case of conformally conic manifolds has also
been shown by Briining and Lesch in [6] by a different argument, which
will be useful here.

In this section we perform the Witten deformation of the L2-complex for
a singular curve by means of certain functions f : X — R, called admissible
functions:

DEFINITION 2.1. — A continuous function f : X — R is called ad-
missible if its restriction to X \ ¥ is smooth and moreover locally near a

TOME 61 (2011), FASCICULE 5



1756 Ursula LUDWIG

singularity p € ¥ on each analytic branch of X the function f has the form
(in the local coordinates in (2.2))

(28) f(ﬁ 90) = f(p) + fl(’ru 90) + fQ(Ta 90)7 where fl = 'I"h, f2 = O(T1+5)

and h : S}, — R is a smooth function.
Let us first prove the following

PROPOSITION 2.2. — Any stratified Morse function on a complex sin-
gular curve has the following form near a singular point of X (in the local
coordinates in (2.2) on each branch):

(2.9) f=r(acosp + bsinp) +O(r' ),
where (a,b) € R?\ {0}. In particular any stratified Morse function is ad-
missible.

Proof. — Locally near the singularity any stratified Morse function on
X in the sense of the theory developed by Goresky/MacPherson [12] can
be written as

(2.10) 7 = (Re(g) + O(12%) .
where ¢ : U(p) — C is a holomorphic function (see [12], Lemma 2.1.4). The
affine line I; := {22 = ... = 2z, = 0} is the tangent line to the irreducible

branch X, therefore the non-degeneracy condition for a stratified Morse
function implies that the function g has the form

(2.11) g="> az+0(zP),

where a1 # 0 and z1, ..., z, are local coordinates as in (2.1). We get similar
conditions for each analytical branch of X at p. An explicit computation
using the unitary parameter ¢ € C* and (2.10) and (2.11) shows that

(2.12) fomoll™ = fi + fo,
where fi = rh, h = acos(p) + bsin(p) for some (a,b) € R?\ {0} and
fo= O(TlJﬂs)7 6> 0. O

Let f: X — R be an admissible function on the curve X. Let us denote
by (Q5(X \ X),ds, ( , )) the differential complex of smooth forms with
compact support on X \ ¥, where d; = e~ /*def? and (, ) is the L2-metric,
t € (0,00).

Denote by §; the formal adjoint of the operator d; with respect to the
metric (, ), and by Ay g, = (d; +0;)? the corresponding Laplacian (acting
on smooth compactly supported forms).

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.3. — The following identities hold for w € Q§(X \ X)
diw = dw + tdf Nw
(2.13) Sw =elde = w+tVf Juw,
Aw =Aw+t(Lys+ Ly w+ 12 | VS w,

where we denote by Lyy = d(Vfd )+ Vf _d the Lie derivative in the
direction of the gradient vector field Vf and by Ly its adjoint.

Proof. — See e.g., Proposition 5.4 in [3]. a

Remark 2.4. — Note that the operator My := Ly + E*Vf is a zeroth
order operator.

In this situation we have two associated Hilbert complexes of interest:
the maximal extension (C¢ max, dtmax, { , )), defined by

(2.14) di,max = adjoint of the formal adjoint of d, w. r. t. (, ),
and the minimal extension (C¢ min, d¢ min, { , )), defined by
(2.15) dymin = closure of d; with respect to (, ).

Let us denote by

(2.16) Dy = dy + 6, Q5 (X) — QX))
and by
(2.17) Dyt i=dy + 6, 951N(X) — QFV(X).

The operator Dy := D$V + D944 is a closable operator with

(2.18)

w € L? | there exists a sequence
dom(Dy min) =3 P, € QF(X \ 2) s.t. &, = w and d; Py, 6: P,
are Cauchy sequences in L2(A*T*X)

Thus in particular
(2.19) dom(Dy min) C dom(dy min) N dom(dy min)-

LEMMA 2.5. — With the notations above we get
(a) Fork #1

(2.20) dom(d¢ k max) N dom(d¢ k—1 max) C dom(Dy min)-

TOME 61 (2011), FASCICULE 5
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(b) For k=0,1,2

dt,l@max = dt,k:gnina

(2.21)
5t,k,max = 5t,k,min~
Moreover if we denote by A the Friedrichs extension of Atmg we
have
(222) Afk = dt,kfl,min(st,krfLmin + 6t,k7mindt7k,min for k 7é 1.

Proof. — (a) It is easy to see using the local form of an admissible func-
tion f near the singularities and the formulas (3.18) in Section 3 that
dfAn 1 L2 — L2 and Vf_ : L2 — L2 are bounded operators. Denoting
by D = d + 0 the Gauss-Bonnet operator for the complex (C,d,{ , )) we
therefore get for all k

dom(dy i max) = dom(dy, max),
(2.23) dom (0 k,max) = dom(Ik,max);
dom (D¢ min) = dom(Dpin)-

By Theorem 2.1 in [6] we have
(2.24) dom(dk max) N dom(dx—1 max) C dom(Dmin), k # 1.

The claim now follows from (2.23) and (2.24).

(b) From Part a) we get that the hypotheses of Lemma 3.3 in [6] are
satisfied for the complex (Q5(X \ X),ds, (, )). By applying the cited result
we get the claim on the domains of d; , and &; ;1 for k # 1 as well as the
claim on dom Ay . The rest of the claim then also follows since ¢, max / min
is the adjoint of d; min / max- O

Proof of Proposition 1.1. — Part a) has already been shown in Lemma
2.5. We give here a second proof of it, since the below arguments will be
used in Section 3 for the local model also. We denote by ( , ); the twisted
L2-metric:

(2.25) (a,ﬁ)t:/ a A xBe 2,
X\

Since f is bounded on X the two metrics ( , ) and (, ); are equivalent.
We introduce the following auxiliary differential complex

(226) (a‘?dvfa< ’ >f) = (QS(X \ E)’d5< ’ >t)7

where (, ); is the twisted metric defined above and dy := d is the usual
differential. The L2-Stokes theorem holds for this complex: From the dis-
cussion at the beginning of the section we know that the L2-Stokes theorem
holds for the complex (Qf(X \ £),d,(, )). As mentioned before the two

ANNALES DE L’INSTITUT FOURIER
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metrics (, ) and (, ); are equivalent and the domains of duyi, and dpmax
are invariant for equivalent metrics. Therefore the complex (2.26) admits
a unique extension to a Hilbert complex, which, by abuse of notation, we
denote again by

(évtagta< ) >t) - (évtmaxagtmaxa< ) >t) = (évtminvdvtmin& ) >t)
Since d¢(e~'*w) = e~ /*(dw) the map
(2.27) e T (QHX\D),d, (, V) = (WX \X),dyi, (,),wr e Ttw

is an isomorphism of complexes. It is not difficult to see that the map (2.27)
extends to isomorphisms of Hilbert complexes

eitf : (Ctmax/minvdtmax/min7< ) >t) = (Ctmax/minadtmax/min7< ) >)

The claim now follows from the validity of the L2-Stokes theorem for the
complex (Cy, dz, ( , )s).

(b) Since the Fredholm property of Hilbert complexes is invariant un-
der isomorphism and since (C,d,( , }) is Fredholm we deduce that the
complex (Cp, dy, { , )¢) and therefore by the isomorphism constructed in a)
also (C,dy, (, )) is Fredholm. The rest of the claim follows again from a)
and the general statements for Hilbert complexes in [5] (Theorem 2.4 and
Corollary 2.5).

(c¢) Tt is well known that A (the Laplacian associated to the complex
(C,d,{, ))) is discrete. The claim on the discreteness of A; now follows
since the discreteness of the Laplacian associated to a Hilbert complex is
invariant under complex isomorphism (see Lemma 2.17 in [5]). The second
claim follows from Lemma 2.5. |

Let us denote by A7 (resp. by A7) the Friedrichs extension of Ajs (x\5)
(vesp. of Agjos(x\5))-
COROLLARY 2.6.

(a) The form domains of A” and A] coincide.
(b) For k # 1 the form domain of the Witten Laplacian Ay and the
form domain of the Laplacian Ay coincide.

Proof. — (a) The form domain of A” is the closure of Q(X \ X) under
the norm

(2.28) lolld = lldwl| + 6] + [|ew]|*.

TOME 61 (2011), FASCICULE 5
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The form domain of Ay is defined similarly. Note moreover that for
w e QHX\ )

(Aw,w) = [|dw]]? + || ow]|?
(2.29) < 2([ldewl? + [[dew]|® + (] Vf | w,w))
= 2(<Atw,w> + t2<| Vf |2 w,w)).
And similarly
(2.30) (Ayw,w) < 2({Aw,w) + (| Vf |? w,w)).

The claim in (a) now follows easily since | Vf |? is bounded on X. The
claim in (b) is a consequence of Part a), Proposition 1.1 (¢) and the fact
that dom(Ay) = dom(AY), k # 1 (see [6]). O

Remark 2.7. — Note that similarly to Definition 2.1 one can define the
class of admissible functions on conformally conic manifolds. The proof of
Proposition 1.1 can then be extended to conformally conic manifolds of
even dimension and admissible functions on them (see [17]).

3. The local model for the Witten Laplacian

From now on we will always consider the case of a stratified Morse func-
tion.

3.1. Definition of the model operator. Main results

Let p € ¥ be a singular point of the complex curve. In this section we will
develop a local model for the Witten Laplacian for each analytic branch
of the curve at p. Recall from Section 2 that the local metric model of a
branch of multiplicity m is given by cone.(S},) equipped with the metric g
in (2.2).

Let us fix € > 0. Let v : cone(S},) — [0, 1] be a smooth cutoff function,
with v, =1 for r € (0,¢/2] and v, = 0 for r € [¢,00). We denote by geone :=
dr? +r2dp? the conic metric on cone(S},). We denote by (cone(S2,), geont)
the infinite cone over S} equipped with the metric

(31) Geonf = Veg + (1 - Ve)gcone~
Note that by (3.1) and (2.2) geont = (dr? +r?gg: (r)) with a conformal
factor o, « = 1 for r > e. Let {, ) := (, )cont be the metric on forms,
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induced by geont and let (25 (cone(S})),d, (, )) be the de Rham complex of
smooth compactly supported forms on the infinite cone (cone(S}), geont)-
Let f : cone(S},) — R be a function on the infinite cone such that:

(32) f:Ve(f1+f2)+(1*Ve)fl,

where f; = rh 1= r(acos(p)+bsin(y)), (a,b) € R2\{0} and fo = O(r'+9).
We denote by (Qf(cone(S1,)),ds, (, )) the complex obtained by deform-

ing the de Rham complex by means of the function f, i.e., d; := e~/ det/.
The goal of the sections 3.2 — 3.6 is to show the following two results:

PRrROPOSITION 3.1. — Let t > 0.

(a) There is a unique Hilbert complex (Ci°°,dy,{ , )) extending the
complex (2 (cone(S})), dy, (, ).

(b) Let us denote by A; the Laplacian associated to the complex
(Cloc dy,( , )). The complex (Cl°°,ds,{ , )) is Fredholm and the
natural maps

(3.3) ker(Ay ;) — H'((C°°,ds, { , ))), i =0,1,2,
are isomorphisms. Moreover
(3.4) dimker(A;) = dimker(A; 1) =m — 1.

Remark 3.2. — We call A; the model Witten Laplacian at p. Note that
by definition (of the Laplacian associated to a Hilbert complex) the domain
Of At is dom(At) = {w7 dt,(/Jv 6t¢7 dtétwa 5tdt¢ S L2 (Cone(srln))}'

In the following we denote by D¢V, D994 = (D§V)* D; := D§¥ + Dgdd
the Gauss-Bonnet operators associated to the complex (Cl°¢,dy, (, )).

THEOREM 3.3. — There exists C > 0, ty > 0 such that for t > tq we
have
(a) spec(Ay;) C [Ct?,00) in casei=0,2.
(b) spec(A¢ 1) C {0} U[Ct?, 00). Moreover all forms in ker(A; 1) have
exponential decay outside a small neighbourhood of the singularity.

3.2. Proof of Proposition 3.1

To prove Proposition 3.1 we show the analogous statement for the model
case of a cone-like metric geone and a function f; = r(acos ¢+ bsin ¢) (this
case has been studied in [16], but Proposition 3.4 is only implicit there).
The general case can then be deduced using the quasi-isometry invariance
of the L2-cohomology.
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Let (cone(S},), geone) be the infinite cone equipped with the conic metric
Jeone = dr? + 172dp?. We denote by (, )¢ the L?-metric on forms induced
by geone- Let (4 (cone(SL,)), df",(, )¢) be the deformation of the de Rham
complex of smooth forms with compact support, where d{ U= e7thigeth,
We denote by 5{1 its adjoint with respect to the metric { , )°.

PROPOSITION 3.4. — There is a unique Hilbert complex (DI*,df*, (, )°)
extending the complex (Q(cone(SL)),df", (| )¢). The Laplacian Al" as-
sociated to this complex has spectrum

(3.5) spec(A]") = {0} U [(a® + b*)?, 0)
and
(3.6) dim ker(A{") = dim ker(A{ll) =m—1.

Moreover the complex (’D,{cl , d{l, (', )°) is Fredholm and the natural maps
(3.7) ker(AlY) — H'(D]*,df*.(, )*)),i=0,1,2
are isomorphisms.

Proof. — To prove that there is a unique Hilbert complex extending the
complex (Q2°(cone(S2)),d/*, (, )¢) it is enough to show that the minimal
coincide. But this is

extension d/! and the maximal extension d/*

t,min t,max

equivalent to the selfadjointness of the operator d{ ininég}min + 5,{ inind{}min.

The selfadjointness of the boundary condition at r — 0 follows from the

result in Section 2 (applied to the case of a cone-like singularity), moreover
the cone is complete at infinity.

The claims on the spectral properties of A{ ' are shown in [16]. Moreover,

since 0 ¢ spec,,,(AJ") by Theorem 2.4 in [5] we deduce that (D{", df*, ( , )°)

is a Fredholm complex and therefore in particular has finite dimensional co-

€SS

homology groups. Applying Corollary 2.5 in [5] to the complex
(D", df", (| )¢) one gets that the natural maps (3.7) are isomorphisms. [

Similarly we have a deformed differential complex (£23(cone(SL)),d!,
(,)°), where df = et/ de!?.

PROPOSITION 3.5. — There is an unique Hilbert complex (D{ ; df‘, (,)9)
extending the complex (2 (cone(Sk)),d! .(, )¢). The complex (DI, df ,(, )¢)
is Fredholm and the natural maps

(3.9) ker(Af,) = HI(D,df,(, )9)),i =0,1,2
are isomorphisms. Moreover:

(3.9) dim ker(A]) = dim ker(A{J) =m— 1.
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Proof. — We have 4 differential complexes of interest: two of them, C :=
Qg dl*, (| )¢) resp. Cy := (QF,df, (, )¢) are obtained by deforming the de
Rham complex by means of the function f; resp. f. We get two auxiliary
complexes Cs := (0, d, ( , Y°) resp. Cy := (Q,d,(, )]°) by twisting
the metric (, )¢ by means of f; resp. f, more precisely

[ anenn

(3 10) cone(S})

@l = [ anspe
cone(S}t)

m

Note that the two metrics (, )J*° and (, )" are equivalent.

We will show that all these complexes have unique ibc’s and are all
isomorphic. The proposition then follows directly from Proposition 3.4 since
the complex Cy “inherits” all properties of C;.

Let us shortly indicate the relations between the 4 complexes. C7 and C5
are isomorphic by an argument as in the alternative proof of Proposition 1.1
(a). This shows that C3 also satisfies the L2-Stokes theorem and inherits
all properties of the complex C studied in Proposition 3.4. Since the two
metrics (, ){"¢ and (, )/ are equivalent and the domains of dpi, and
dmax are invariant for equivalent metrics we deduce that also Cy satisfies
the L2-Stokes theorem and has all properties of Cs. Finally Cy and Cy are
isomorphic again by the argument of the alternative proof of Proposition 1.1
(a) and therefore Cy inherits all properties of Cy and hence of Cf. O

Proof of Proposition 3.1. — (a) The metrics geone and geont on the infi-
nite cone cone(S},) are quasi-isometric. Since the validity of the L2-Stokes
theorem is an quasi-isometry invariant and, as proved in Proposition 3.5,
the complex (%, df,( , )¢) has unique ibc so does (Qf,dq,( , )). Note
moreover that

(3'11) H*<(,th’d{7< ’ >C)) 2H*(<Cioc7dt7< ’ >))

(b) The Fredholm property of the complex (C}°¢, dy, ( , }) follows immedi-
ately from the Fredholm property of (D, df, (, )¢). The isomorphism (3.3)
follows from standard arguments for Fredholm complexes (see Corollary 2.5
in [5]). In view of (3.11) and Proposition 3.5 we get

dimker(A;) = dimker(A; ;) = dim H'((C{°°, dy, { , )))
=dim H'(Df,d!,(, ) =m —1.
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Remark 3.6. — Note that the function f is unbounded on the infinite
cone and that therefore, unlike in Section 2, the Hilbert complex associated
to the de Rham complex (Qf(cone(S},),d,( , )) and the Hilbert complex
(Cloc,dy, (, ), t > 0, associated to the deformed complex are not isomor-
phic.

3.3. A useful unitary transformation

As in [9], Section 5 (see also [6]) for k = 0, 1,2 one can construct linear
maps

(3.12) Wy CPRT,QFLSLY® QF(SL)) —  QF(cone(S})).

More precisely with o as in (3.1) and 8 = § near the cone point and
B =1 for r > € we define

Ty CR(RT,Q0(SL)) — QY(cone(SL,)),
f = B,

Uy CP(RT,Q%(S,,) @ QY(SE)) — Qp(cone(Sy,)),

(fo, f1) = Na/Brfodr 4 +/Br/afi,

Uy o CGO(RF,QN(SR)) — Qf(cone(Sy,)),
f —  JraBfdr.

The Uy extend to unitary maps
Uyt L2(RT,L2(AM'T*S), @ APT*S) g1 (0))) — L2 (AFT™(cone(S},))),
which induce unitary maps

(3.13)  Wey oaa : O (R, Q0(SL) @ QL(SL)) — 0/ (cone(SL,))

such that
(3.14) U 4DV Ty =a™" (0 + 771 (S + S¥(r)))
and
(3.15) U IDYY g = a7 (=0 + 771 (So + S91(r)))
where
Co g 1

1 = = =c=-7

(3.16) So (dq)’co a1 5
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and STV/Odd (r) is a family of first order differential operators on Q*(S}),
smooth in RT satisfying

(3.17) I1S1]| st 512 = O(°) and Sy = 0 for r > e.

Note that Sy is an elliptic operator. The ~ refers to operators on the link,
moreover ¢ is computed with respect to the fixed reference metric g(0) =
dp? on S}. The operators in (3.14), (3.15) are regular singular operators
in the sense of [4], [9].

Let h; : S, — R be a function on the link, p; := r'h;. Then an explicit
computation shows that
(3.18)

_ _ _ lhy Vh
Vo gqldp A AV )Wy = a7 (rl ! (( Jhll _”ln >+0(r5)>>,

where again Vh; denotes the gradient with respect to the fixed metric g(0)
on SL. A similar formula holds for W !(dp, A ...+ Vp, ... )¥sqa.

m*

Using (3.14), (3.15) and (3.18) we get for the deformed operators (with
fasin (3.2))

(3.19) U DNY Ve, =a ! (9, + 11 (So + S5V (r)) + t(To + T1))
and
(320) U 'DMV,qq =a ! (=9, + 177 (So + S7(r) +t(Th + Th))

where

(321) Tp:=

h  Vhl
dh  —h

>, h := acosy + bsin ¢, (a,b) € R?\ {0}

and ||T1]| = O(r%) as 7 — 0.

3.4. The model Witten Laplacian with conformal factor a =1

In this section we focus on the operator (3.19) with conformal parameter
a=1. Set

(3.22) PO = 18, 7 (Sy + 8y (r)) + tT + T

Our aim in this subsection is to prove the proposition below, which will
be the main tool in the proof of Part a) of the local spectral gap theorem,
Theorem 3.3.
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PROPOSITION 3.7. — There exists ¢ > 0, to > 0 such that for u €
Ce°(RT,Q*(S})) and t > ty we have

(3.23) (PPY Py u) > ct?||ul?.

To proof Proposition 3.7 we will use a perturbation argument similar to
that in [7], Section 3.

For simplicity we will denote by H := L*(A°T*S}, & A'T*S],, gs1 (0))
and by H := L*(R", H). Let us denote by

(3.24) 70 1= =02 + 17 2(S3 + So).

The differential operator 7y is well-defined and symmetric in H with domain
Cs° (RT,0%(S)). Co(RT,Q*(SL)) is demnse in H and 79 maps
C§°(R*,Q*(S})) into itself. Note that

1 1

(3.25) Ag =55+ 8y =02 — 1271

is a selfadjoint operator, (Ao + I) has compact resolvent. An explicit com-
putation using (3.16) - (3.22) gives

(3.26) PYYPY =10+ 17 Ra, + Ny + *(T5 + Rr2)
where
(3.27) T2 = (a®> + %) - I, (a,b) € R?\ {0} as in (3.2).

Ny, RTOQ are families of zero order operators and R4, is a family of second
order operators supported in r € (0, €). Moreover
(3.28)
INfllrr = O =*0), |Ray | = O(r°) and ||Ryz || = O(r°) as r — 0.

Note that a priori the term Ny in (3.26) would be of order r~! but the
leading term

“(h+ ") (1-1)Vhl

SoTo +ToS0 = ( (1=1)dh  h+h"

> , where h := acosp + bsin g

vanishes.
We rewrite the operator PPY4PFY as a sum of two terms

(3.29) PP = L+ K,
where
1 1
(3.30) L= om0+ 7 2Ry, K;:= 570+ tNy + (T + Ryz).
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Let us first consider L: We treat the perturbation r=?R,, as in [7],
Section 3. As in [7] let us introduce the following operators

(3.31) Up:=1, Ui(y):=Q7r Ao+ D% Us(y) =00,

T

where €2 denotes multiplication by 7 and v > 0. The operators U; map
Cs°(RT,Q*(S})) into itself. Recall from [7] that the operators U; intro-
duced in (3.31) are controlled by 7o:

LEMMA 3.8. — For all i = 0, 1,2 there exists ¢; > 0 such that

(3.32) |Uiul|? < cZ||uH30 for all u € C§° (R, Q*(S})),

where ||ul|? = (tou, u) + [Jull.
Proof. — See proof of Theorem 3.2 in [7]. O
LEMMA 3.9.

(a) The perturbation r_2Rf40 has the form

2
(3.33) r2Ry, = Z U;C;U;j,
4,j=0
where the operator functions Cf; € C(R*,L(H)) commute with
multiplication by functions on R} and have support in the interval
[0, €]. Moreover

2
(3.34) 8(L) ==Y 1Cllcen

i,j=0
can be made arbitrarily small by choosing € small enough.
(b) For u € C§° (RT,Q*(S},))

1 1 1
(335) (L) > o,y = llull® > = lull

Proof. — For the proof of a) see [7]. b) By Part a) we can make the
perturbation §(L) as small as we like by choosing € small enough. Thus we
have, for e small enough and the ¢;’s as in Lemma 3.8,

1
3.36 5(L =Y licy, <=
(3.36) (L) Jmax, in ll max, e < g

Therefore using Lemma 3.8, (3.33) and (3.36) for u € C§°(RT, Q*(SL))
(3.37)

1 1
(rouyu) = 7 lull?, > — [l

| —

1
(Lu,u) = §<Tou,u> + <T_2RA0u,u> >
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The last inequality follows since 79 > 0 on C§°(RT, Q*(S1)). O
We now treat the term K;: Note first that K; > K, on C§° (RT,Q*(S},)),
where

a? + b2 t2,

~ 1
(3.38) K= 10— Ctr—1%25(r) + 5

for some C' > 0 and an appropriate cut-off function j: Ry — R, j =0 for

> 2e.
For t > 0 let us denote by U; the unitary rescaling operator acting by

(3.39) Uww(r, p) = Viw(tr, p).

Rescaling IAQ we get

- 1 ] 2 +b2
Ut_thUt =2 <270 —Ccrt (tilr)éj (tilr) + a 5 )
3.40
( ) N t2 1 3 R€7t + a2 + b?
T\ 2 '
LEmMA 3.10.

(a) The operator R} can be written as
(3.41) R = U,0%'Uy,

with an operator function C%* € C(R*,L(H)) such that &y :=
|C*||z(2) can be made arbitrarily small by choosing e small
enough.

(b) There exists ¢ > 0,tg > 0 such that for t >ty and u € C§°(RT, Q*
(SL)) we get

(3.42) (Kpu,u) > ct?||ul]?.
Proof. — (a) Set vy := §/2. For u,v € C§°(RT,Q*(SL,)) we get
<R§’{tu,v> =C <T_IQ“’(A0 + DY 2u, Q77 (Ag + 1)~ Y? (t_lr)éj(t_lr)v>
= <U1U, Ce)tv>7
with Cot:= Q™7 (Ag+1) /2 (tilr)éj (t~1r). Since (Ao+I)~*/? is bounded
and using the support condition for j it is easy to show that ||C¢f| < 2€°
for ¢ chosen big enough.

(b) Proceeding as in Lemma 3.9 we see that Part a) implies that for ¢
large enough

a® + b?
4

(3.43) 20 KU, >
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and hence by (3.38)

~ a4+ b?

(3.44) K, >K, > 1 t2.

O

The Proposition 3.7 follows combining (3.29), Lemma 3.9 (b) and Lemma
3.10 (b).

3.5. Proof of Theorem 3.3

(a) Let us assume first that « = 1. From Proposition 3.7 we deduce that
there exists C' > 0 such that (A7 w,w) > Ct?||w||? where A7 denotes the
Friedrichs extension of the model Witten Laplacian on the infinite cone.
Therefore
(3.45) spec(A7) C [Ct?,00).

As in Proposition 1.1 (c) one can show that A, ; = Af; for i = 0,2. This
proves (a) in case a = 1. The general case follows from the case o = 1 and
the inequality
(Ajw,w) = (DVw, DSw) = (a ' PV U 1w, a1 PV T 1w)
> (PO, PRYU W) = ¢(AXT W, w), for some ¢ > 0.

(b) We know already from Proposition 3.1 that 0 € spec(Ay) is an
eigenvalue of multiplicity m — 1. To show that spec(A; 1) C {0} U[Ct?, o0)
for some C' > 0 it is enough to show that (A 11,%) > Ct?||1|]? for all
1 € ker(Ay1)*. Using the Hodge decomposition for the Fredholm complex
(Clc dy, (, ) we can write

(3.46) ¢ = dy3 + 8¢ for some 3 € dom(d;) N A% 5 € dom(d;) N A2
By Part (a) we know that

(3.47) (84, 8) = || BIJ*.
Moreover
(3.48) (Aydi B, diB) = (diSydy B, diB) = ||6:de B> = || AB>.
Using the Cauchy-Schwarz inequality and (3.47) in (3.48) we get

_ o o (A4, B)? 2 g2 2
(3.49) (Aidi3,diB) = [[ABII" = EE 2 (A, B) = C||de "
Similarly one gets
(3.50) (&G, 6,m) = CF||6,|1%.
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Combining (3.49) and (3.50) we get
(App, ) = (Aydi B, di ) + (ASem, 6m)
> Ct||dBI° + Ct2||6em* = C2(|o 1>

The claim about the decay behaviour of the eigenfunctions follows by

(3.51)
using Agmon type estimates, which are shown in the next section. O

3.6. Agmon type estimates on the decay of the eigenfunctions

In this section we use Agmon type estimates [1] to prove exponential
decay for the forms in ker A;. Note that in contrast to the smooth case
they hold only outside a small neighbourhood of the singularity, but this is
sufficient for what we need. There are two problems we have to take care of,
namely the fact that dom A; # dom A;; and the fact that the potential
My is not bounded near the singularity. Let us first recall the following
formula

LEMMA 3.11. — Let ¢ : cone(S}L) — R be a smooth function on

cone(S},). Then we have the following identity on forms in Qf(cone(S},)):
(3.52)

1 _ 1 1 * *
et (tzAt>€ t¢ _ tsz+ IVfI?—| Vo |? +¥ (Lvs+ LY+ Lve—LYy)-

Proof. — Like in the smooth case, compare [15], p. 256. O

For the rest of this section let ¢ € ker(A¢), ||¢|| = 1. Let us choose § > 0
fixed but arbitrarily small, § << € (e as in (3.1)).

LEMMA 3.12. — Let ¢ : cone(S}L) — R be a smooth function on
cone(SL). Let x,p : cone(S}) — [0,1] be cutoff functions with the fol-
lowing properties

(3.53) supp x C cone(S}) \coneg/g(S;), X|cone(S1,)\cones (51,) = 1
and

(3.54) supp p C cone(S}) \ cones(SL), Plcone(S: )\coness (S1) = 1.

Denote by u := xp. Then the following formula holds:
1 1

<62t¢tzAtu7p2u> =5 <Aet¢u,p26t¢u>

(3.55) :
+ << |Vf]2—|Vo|? +tgf,q>)et¢u7p26t¢u>

where My := Ly + LG, and Gy := My + Lyg — L,
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Proof. — The formula (3.55) is a direct consequence of (3.52). Note that
u has support outside the cone point. O

LEMMA 3.13. — The notations are as in the previous lemma. Let a; =
MAX, € coneqs (2, )\cones (51,) (). Then
(2) &(Dlpe*u), D(pe ) +((1VF P = | V6 +1Gra) e Pu, pPe*u)
Clp) - e lgll?,
(b) & (D(pe'®u), D(pe'®u)) + ((| VI > = | Vo |* +1 M) e'Pu, p?e'?u) <
Clp, d) - gl

where C(p) is a constant depending only on pconeys(S: )\cones(sy,) and
C(p,¢) is a constant depending only On pieoneys(Sk,)\cones(ss,) and

N

d)\coneg(s (SE)\cones(Sk,)-

Proof. — (a) Let us denote by v := e/®u. We deduce the formula in a)
from (3.55). Since A;p = 0 and using that supp p C {z | x(z) = 1} we get
for the left hand side of (3.55)

(3.56) <62t¢t12Atu, p2u> =0,

and therefore

(3.57) 0= tl? (Av, p*v) + << |Vf]2—|Vo|? +1gf,¢>>v,p211>.
We reformulate the term (Auw, p?v) as follows (see [20], Lemma 2.34):

(3.58) (Av, p?v) = [D(pv)|* = I[D; plu]?,

where [D, p] = Dp — pD is a zeroth order operator with support in conegs
(S1,) \ cones(SL,).

By plugging in (3.58) into (3.57) and using again the properties of the
cut-off functions p and x we get:

(3.59)

D0 D)) + (191 =196 P +7070) 0.0

1 1 .
SID, el < C(p) - gl

= D, Aol =
(b) Note first that
(3.60) (v, Lvo(p™0)) = (v, P> Losv)+ <v, dp* A (v¢4v)> + <U, Vo_i(dp? /\v)>.
Now, since dp? has support in conegs(S2,) \ cones(S},), we get

(3.61) (v, dp® A (Vo Jv)| < Clp, 9)e* ™ ||o]®
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and
(3.62) (v, Vo I (dp* Av))| < Clp, ¢)e™ [ o]?

for some appropriate constant C'(p, ¢) depending on Plconess (SL,)\cones (1)
and @|coneys (SL,)\cones (SL,)-
Thus using (3.60), (3.61) and (3.62)
(3.63)
(Grov, pPv) = (Myv, p*v) + (Lygv, p°v) — (v, Ly (p*v))
— (M, p%0) — (0,dp® A (V6 I0)) — (v, V6 1 (dp? A v))
> (Myu, p*v) = 2C(p, 9)e** [,
The claim in b) follows from Part a) and (3.63). O
The Lithner-Agmon metric on the infinite cone is the (degenerate) metric
| V£ |2 geont- We denote by d := d(0, ) : cone(S},) — R the induced Agmon

distance (from the cone point). Note that | Vd |=| V f | almost everywhere.
Recall that near the cone point

(3.64) | Vf |>= (a® +b*) + higher order terms in r

and therefore it is not difficult to see, that there exist constants 0 < ¢; < ¢
such that

(3.65)

d(z) < 16 < 20 <

d(zx).

max inf
xEconeys (S} )\cones (SL,) z€cone(S] )\coness(SL)

PROPOSITION 3.14. — Let  := cone(S},) \ conegs(SL). For € > 0 let
us denote by dz := (1 — €)d. Then there exists C > 0, to(€) > 0 such that
for t > to(€) we get
2

1 c € g c —€
(3.66) alIDE D)Lz (0) + 5 e ¢llEaio) < Ce? (7.
Proof. — We apply Lemma 3.13 (b) with ® := d: = (1 — €)d. We denote
by
1
(3.67) Vii=|Vf|? = |V ? +5 M.
Since | Vf |2=| Vd |* we get
(3.68) Vi=|Vf?P(A—(1—-8&?) 4+t M;=|Vf|?(26—&)+t "My,
Since M} is a bounded operator outside a neighbourhood of the cone point
(indeed My =0 for r > €) we get:
=2
€

(3.69) Vizeg
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for ¢ large enough outside a small neighbourhood of the cone point. Apply-
ing Lemma 3.13 (b) we now get:

1 ) €
(B70) D)+

5 <6td€u,p26td€u> < C- e2clt6(17€)”¢”2’

and therefore

1 ~ € - c —é
BT SID(E9)[Faq) + Sl @Itz < C - e g%

O
The next corollary shows that the L?-norm of ¢ is concentrated near the

cone point.

COROLLARY 3.15. — Let  C cone(L) \ coness(L). Then there exists
¢ > 0 such that

(3.72) llI2 () = Oe™").
Proof. — From Proposition 3.14 we get

e c c —€
(3.73) et l2a ) < 290,
Since d > c20 on 2 we get

C o _

(3.74) H‘PHIQ}‘(Q) < e 2eame)t
and the claim follows. O

As in [14] (p. 24) using a priori estimates for the elliptic operator A and
Proposition 3.14 we get pointwise estimates for ¢ € ker(A;).

COROLLARY 3.16. — There exists C' > 0 such that for x € cone,/o(L) \
conegs (L) we have
(375) | @(ﬁ) |< C€2Ct56_td(w)(1_€).

Similar estimates can be shown for the derivatives of ¢.

4. Proof of the spectral gap theorem
and the Morse inequalities

Proof of Theorem 1.2 (a). — The proof of the spectral gap theorem
consists in two steps. The first step, namely the developing of a model
operator for A; in the neighbourhood of a singular point p € ¥ of X has
already been done in Section 3. In the second step of the proof it is now
enough to follow the strategy of proof in the smooth case. We follow here
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the proof in [2], Section 9 and just give a rough outline. (Compare also
[16] where the proof is detailed for the model case of a complex curve
with cone-like singularities). Recall from the smooth theory that the model
Witten Laplacian A? in the neighbourhood of a critical point p € X \ &
has discrete spectrum spec(A}) = 2tN and dimker(AY) = 1. We denote
by wP(t) the generator of ker(A?). For a singular point p € ¥ we denote
by {w¥(t) | j =1,...,np} the union of the bases of the kernels of all model
operators at p. (Recall that we have a model for each branch separately).
Let pe : RT — R be a cut-off function with pe =1 in [0,€/4], supp(pe) C
[0, €/2]. The forms ®(t) := (] = [)w}(t) can be identified with L*-forms
on X. We denote by

E(t) = span {{2%(1) := u? (1) | p € Crit(f) \ £}
U{®%(t) [peX,jel, ={1,...,n,}}}.

We get an orthogonal splitting L2(A*(T*(X \ X)) = E(t) @ E(t)*. The
closed operator A; := d; + 6; with dom(A;) = dom(d;) N dom(d:) C
L2(A*(T*(X \ ¥))) can be written in matrix form

A = ( Ava Avs ) according to the splitting E(t) @ E(t)*.
Az Apa

Note that dom(4;) equipped with the norm ||ul|; := \/[|(d + &)u||? + [|ul]?
is complete. One can show the following estimates on A; as t — oo: O

PROPOSITION 4.1. — There exist constants ¢,C > 0 and ty > 0 such
that for all t > ty we have
(a) Forallu € E(t) we have || Ayul| = O(e™)||ul|. In particular || A¢ 1ul|
= O(e)|[ull, [[A¢zull = O(e™)|u].-
(b) For allu € E(t)tNdom(A;) we get: || As2ul| < O(e™)||ul, || Ar aul|
> C([lully + Velul).

Remark 4.2. — Note that the second estimate in (b) implies that
(Apu,u) > t]ul|? for all u € dom(A;) N E(t)*.

The proof of Proposition 4.1 is similar to the corresponding statements
in the smooth case (see [2], Section 9) and we omit the details here.
Note that to prove the estimates for forms s with support in a neigh-
bourhood of a singular point of X Theorem 3.3 on the spectrum of the
model Witten Laplacian as well as the decay of the eigenforms in the local
model (Corollary 3.15 and Corollary 3.16) are crucial. As in [2], Section 9
(c¢) and (e), Proposition 4.1 allows to give estimates for the resolvent of

Ap— X+ dom(4) — L2(A*(T*(X \ 2))), where A € C, | X |€ [e‘Ct/Q, %ﬂ
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with constants ¢,C' as in Proposition 4.1. We deduce the invertibility of
the operator A; — )\, and since A, — A2 = (4; — \)(A; + \) we thus get
Theorem 1.2(a).

Proof of Theorem 1.2(b) and Corollary 1.3. — For i =0, 1,2 we define
the R-vector space C; by

(4.1) Ci= P R-de &P R-eb.
peCrit; (f)\X p€eCrit; (f)NS,j€l,

We define a linear map
(4.2) Ji(t) :Cp — Ct,i, Jl(t)(ef) = q’?(t)

We denote by (Fy,dy, ( , )) the subcomplex of (Ct,ds, (, )) generated by
the eigenforms of A; to eigenvalues lying in [0, 1]. We denote moreover by
P(t,[0,1]) the orthogonal projection operator from C;, on F; with respect
to (, ).

Note first that for all forms in E(t) we have (Ao, p) < O(e™)|p]|?.
Therefore by the Rayleigh-Ritz principle it is clear that dim Fi > dim E*(t)
= dim C; = ¢;(f). We show now that the linear map P;(t,[0,1]) o J;(¢) :
C; — F,; is a surjective map from C; onto F,;, ie., that Im;(t) :=
P;(t,[0,1]) o J;(t)(Ci) = Fy. Let 0 # u € Fy N Im(t)*. Using the self-
adjointness of the projection P(t,[0,1]) we get:

(4.3) 0= (u, P(t,[0,1])J(t)e}) = (P(t, [0, )u, J(t)e}) = (u, J(t)e}).
Equation (4.3) implies that u € E(t)* and therefore by Proposition 4.1/Re-
mark 4.1

(4.4) (Agu,u) = t]ull?,

which is a contradiction to u € F;.

Therefore the complex (F¢, d;, (, )) is a finite dimensional subcomplex of
(Ci,dy, (, )) with dimF; ; = ¢;(f). By Proposition 1.1 moreover Hiy) (X) ~
ker(A;) =~ H*((F¢,de, {, ))). The Morse inequalities in Corollary 1.3 now
follow by a standard algebraic argument. (|
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