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EQUATIONS OF SOME WONDERFUL
COMPACTIFICATIONS

by Pascal HIVERT

ABSTRACT. — De Concini and Procesi have defined the wonderful compacti-
fication X of a symmetric space X = G/G° where G is a complex semisimple
adjoint group and G the subgroup of fixed points of G by an involution o. It is
a closed subvariety of a Grassmannian of the Lie algebra g of G. In this paper we
prove that, when the rank of X is equal to the rank of G, the variety is defined by
linear equations. The set of equations expresses the fact that the invariant alternate
trilinear form w on g vanishes on the (—1)-eigenspace of o.

REsuME. — De Concini et Procesi ont défini la compactification magnifique
minimale d’un espace symétrique X = G/H ou G est un groupe complexe semi-
simple adjoint et H le sous-groupe des points fixes par une involution o. C’est une
sous-variété fermée d’une Grassmannienne des sous-espaces vectoriels de algebre
de Lie de G. Dans cet article, nous démontrons que, lorsque le rang de X est égal au
rang de G, la variété est définie par des équations linéaires. Ces équations traduisent
I’annulation de ’espace propre de o de valeur propre —1 par la forme trilinéaire
alternée invariante sur l’algebre de Lie de G. L’article finit par des exemples lorsque
le rang de G est deux.

1. Introduction

Throughout this paper, the Lie algebras, the vector spaces and the pro-
jective spaces are defined over the complex field C. Let g be a semisimple
Lie algebra with adjoint group G, and « be the Killing form on g. The trilin-
ear alternate form w: (z,y, z) — k([x,y], z) is invariant under the adjoint
action: it is an element of (/\3 g¥)%. We put g = dim g.

Let o be an involution of G, and H = G? be the closed subgroup con-
sisting of fixed points by o. The rank of the symmetric space X = G/H is
the maximal dimension of the (—1)-eigenspace of o acting on a o-invariant

Keywords: Wonderful compactification, symmetric space, Lie algebra, adjoint group,
scheme.
Math. classification: 141.30, 20G05.
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Cartan subalgebra of g (o induces an involution on the Lie algebra g, de-
noted again by o, moreover this involution preserves the Killing forms on
g). By definition, the rank of the symmetric space is less than or equal to
the rank of g.

In [2], the minimal wonderful compactification X of X is defined as the
closure in the Grassmannian G(dim g7, g) of the G-orbit of the point g7,
the Lie algebra of G°. The action of G in X has the following properties.

1. The variety X is a union of finitely many G-orbits.

2. The set X \ G- g7 is a union of r hypersurfaces S;, i € {1,...,7}. As
a consequence of Theorem 3.1 of [2], the integer r is equal to the rank
of X.

3. The orbit closures are the intersections Sy = (), ;S; where J is a

icJ
subset of {1,...,r}. By convention, we put Sy = X.

4. SJI ﬂSJ2 = SJIUJZ and codim S; = #J.

We may ask how to define a set of equations of X in G(dim g7, g): we do
not know any reference to this question in the literature. In this paper, we
give an answer when the rank of X is equal to the rank of G denoted by [
that is to say there exists h a Cartan subalgebra such that o, = —idp. It
follows that o(®) = —® where ® is the root system of (g,h). Thus, o is
completely known, the symmetric space of maximal rank is unique up to
isomorphism.

THEOREM 1.1. — If the rank of X is equal to |, X is defined in ((}(9747 9)
by linear equations.

Let us give a sketch of the proof. We assume in this paper that rank X = [.

DEFINITION 1.2. — Let W be a vector subspace of g.

(1) The subspace W is a nullspace for (g, w) if w vanishes on WxW x W
(2) The subspace W is a maximal nullspace for (g, w) if it has maximal
dimension for property (1).

We call Y the set of all maximal nullspaces. This a closed subset of a
Grassmannian G(d',g), where d' is the dimension of maximal nullspaces
for (g, w).

For an involution o of g, the direct sum g = g? & g_1 where g_; is the
(—1)-eigenspace is orthogonal with respect to x; moreover the subspace
g1 is a nullspace for (g, w). Any Borel subalgebra is a nullspace, so the
maximal dimension is greater than or equal to d := QT"H.

We first prove that any maximal nullspace contains a Cartan subalgebra
of g, and we deduce from this fact that d’ = d. If W is a maximal nullspace
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which contains a Cartan subalgebra b, let ® be the root system of (g, ). We
prove that for any a € ®, the vector space Cx,HCx_,, generated by a root
vector of +a meets W along a line. We deduce a correspondence between
the orbits of Y under G and the orbits of the parabolic subalgebras of g (the
corresponding parabolic subalgebra of W is p = W + [W, W]). The closed
orbit consists of Borel subalgebras, and to prove the smoothness of Y, we
analyze its tangent space over this orbit. This description corresponds to
the wonderful compactification by the map W ~ W~. We finish this paper
with examples when [ = 2: sl(3) and sp(4).

For classical simple Lie algebras, Theorem 1.4 of chapter 4 in [8] gives the
involutive automorphisms corresponding to the symmetric spaces of max-
imal rank. Hence, we can describe these symmetric spaces, we summarize
it in the next table.

si(n) P(S2C™)

sp(2n) | Hilbe (IG(n, 2n))

s0(2n) G(n,2n)/ ~

s0(2n + 1) G(n,2n+1)

For the first line, S2C™ is the space of quadrics on C". For the second
line, this is the Hilbert variety of length two subschemes of the isotropic
Grassmannian. For the third line, the equivalence ~ identifies a subspace
and its orthogonal.

These symmetric spaces are (by definition) birationnally equivalent to
their wonderful compactifications, but they have singular locus. For exam-
ple, the variety of complete quadrics is the wonderful compactification of
maximal rank for sl(n) : this is the blow up of P(S?C™) along the singular
locus.

2. Maximal nullspaces for (g, w)

We follow the above-mentioned sketch.

PRroPOSITION 2.1. — Every maximal nullspace contains a regular semi-
simple element.

Remark. — Let T be a maximal torus of G, and u a one-parameter
subgroup of T'. We say that p is regular if any p-stable vector space W is
T-stable. In particular, if b is the Lie algebra of T, W is h-stable. See [3]
for more details.
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Let V' be a maximal nullspace for (g, w) and recall that dim V' = d’ > d.
Take p a regular one-parameter subgroup and let Vy = lim;_,q p(¢) - V. The
vector space Vj is p-stable, so h-stable, maximal for (g, w).

LEMMA 2.2. — If Vy contains a regular semisimple element, then so
does V.

Proof. — We consider the tautological vector bundle K over the Grass-
mannian G(d’,g), p : K — G(d',g) and ¢ : K — g the two projections.
Let g,-s be the open set of regular semisimple elements of g. Since p is flat,
p (¢ (grs)) is an open set of G(d’,g) containing Vj, and so there exists
to € C* such that u(to)V is included in g (p~'(gys)). Finally, if pu(to)V
contains a regular semisimple element, so does V. O

We prove Proposition 2.1 using a decreasing induction on
m =supdim V' N b,
b

where h ranges through all Cartan subalgebras.

Proof of Proposition 2.1. — The case m = [ is obvious.

Let m < [, and assume the result is true for all k£ such that m < k < [. Let
b be a Cartan subalgebra such that dim V' Nk = m, T be a maximal torus of
G such that b is the Lie algebra of T', u be a regular one-parameter subgroup
of T, and ® be the root system of (g, §). It follows that Vo = lim;_,o u(t) -V
is h-stable, so we can choose to write it as the direct sum

Vo=Vonh® P Cza,
a€eS
where S is a subset of ® and x, a non zero vector of the root space g,.
Denoting R = SN (—S), two cases appear.
i) R=g,s0tS < gT_l, hence [ > dim VyNh = dim Vy — 45 > [, so this
forces h C Vy; the conclusion follows from Lemma 2.2.
iif) For o € R, the linear form w(xq,x_q,.) vanishes on Vp, so we have
Vo Nh C ker a. The vector space Vo Nh® C(z, + x_4) is an abelian
Lie algebra consisting of semisimple elements so is contained in a
Cartan subalgebra hi: dim Vp N h; > dim Vp N h. By induction, Vj
contains a regular semisimple element, hence so does V.
a

COROLLARY 2.3.

(a) The maximal nullspace V contains a Cartan subalgebra.
(b) There exists a one-parameter subgroup p such that V, =
limy_,o pu(t) - V' is a Borel subalgebra.

ANNALES DE L’INSTITUT FOURIER
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(¢) dimV =d.

Proof. — Let s be a regular semisimple element contained in V.

(a) The centralizer c¢(s) is a Cartan subalgebra. let g be the quotient of g
by ¢(s), ™ be the projection on g. Since s = w(s,.,.) is a non degenerate
skewsymmetric bilinear form over g and « (V') is an isotropic subspace,

1
dim (V) < 5 dimg

1
dimV —dimV Ne(s) < 3 (dim g — dim ¢(s))
dimV Ne(s) >1

and finally ¢(s) C V.

(b) Let T be a maximal torus of G with Lie algebra b := ¢(s), ® be
the root system of (g,h), u be a regular one-parameter subgroup of T'. It
follows that the limit subspace V) has a decomposition

Vo =h & (P Cra,
a€eS
where S and —S form a partition of ®. Now, for «, 8 € S such that a +
is a root, w(zqa, 28, T_a—p) # 0 proves that a + 8 € S, so we can choose a
basis of ® such that S is the set of positive roots.
(c) follows from (b) and dim V' = dim Vj. O

Let V' be a maximal nullspace of (g, w) containing a Cartan subalgebra b,
® be the root system of (g, h), choose o € ®, and let hy be an element of
b such that its centralizer is ¢(h) = h @ g* @ g~*. Using the argument in
the proof of Corollary 2.3 (the first point), we have dim V Nc(h) > 1 + 1.
But h C V, sodimV N (g* @ g~ ) > 1. The linear form w(zqs,z_q,) is
non zero on h, and so dimV N (g®* ® g~ ) = 1.

LEMMA 2.4. — Let V € Y. There exists a Cartan subalgebra b such

that
V=be P L
acdt

where ® is the root system of (g, §) and L, is a vector subspace of dimension
1 ofgo @ g-a-

Remark. — If a, B are two positive roots such that a+f is a root, and if
we denote by Vo448, Vo, vg basis of Loya, La, Lg, then w(vy, vg, vatg) =0
shows vq4g is defined, up to a scalar, by v, vg. Let A be a root basis
according to a Borel subalgebra. It is easy to compute that, up to conjugacy,
we have two choices for L., a € A: this is a root space or not.

TOME 61 (2011), FASCICULE 5
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3. Orbits of Y

The set Y of maximal nullspaces of (g,w) is a closed subset of G :=
G(d, g), and is stable by the adjoint action of G. Thanks to Corollary 2.3,
there is one closed orbit consisting of Borel subalgebras. In this section, we
give a condition for two elements of Y to be conjugate.

PropPOSITION 3.1.

(i) The minimal parabolic subalgebra which contains V € Y is py :=
V+ [V, V]

(ii) If Vy and V, are two elements of Y such that py, = py,, then V;
and Vo are conjugate under G.

Proof.

(i) is obvious using Lemma 2.4.

(ii) Assume py, = py,. Up to conjugacy of Vo under the adjoint group of
pyv,, assume the existence of a Cartan subalgebra b contained in V; N V.
Choosing a root system of (g,h), there are two Borel subalgebras b; and
by such that, for ¢ € {1,2}

pr =60 P ca, vi=vinne @ ce +21)),
a€S; a€S;
where S; is the set of positive roots (roots of b;) « such that V; contains no
roots vectors of £a and x& a root vector of o such that x((f) + :E(_ZL € V; for
all « in §;. There exists ¢ in the adjoint group of py, such that g- by = bs.
Hence, for each « in S1, there exists 8 in S such that g - x&l) and xg) are
colinear. Let A; the root basis of ® given by b;. Up to conjugacy by an
element of the maximal torus of G with Lie algebra equal to b, assume that
g- (acg}) + x(_l()x) € Vs for @« € A1 NSy. The last remark of section 2 gives
that g - (m((xl) —l—x(fi) € V5 for o € Sy. Check that g- Vi Nby C V5N by to
conclude. ]

Remark. — The number of orbits in Y is equal to 2!, the number of
parabolic orbits. Indeed, Proposition 3.1 says that V5 and V5 are in the
same orbit in Y if and only if py, and py, are conjugate. Conversely, for
each parabolic subalgebra p, we can find an element of Y such that py = p.

Moreover, there is only one orbit with dimension equal to dimY', given
by the parabolic subalgebra g,

Y =GV,
where V' is the direct sum h & P, o+ Clza +2_0).
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Given a Cartan subalgebra h such that the restriction of the involution
o to b is —idy, it follows that o(z,) = taw_q with 2 = 1. Since g7 =
Y acat Clra +tax o), it is easy to see that

g =) =10 @ Claa—tar—a)
acedt
(orthogonality being given by the Killing form). So, as sets, ¥ and the won-
derful compactification are isomorphic (we identify G(d — [, g) and G(d, g)
by the isomorphism W s W+).
As a consequence, Y has dimension d. The next section shows that the
equality is also true as a variety.

4. Equations of Y

Recall that the Grassmannian variety G has an exact sequence of locally
free sheaves:

(4.1) 0—K—9g®0g — Q —0,

where K is the tautological sheaf of rank d and @ the quotient sheaf of
rank 2. The datum w € A’ gV gives a section wy : Og — A® KV and
by transposition, a morphism w; : /\3 K — Og, whose image is an ideal
defining Y as a scheme, denoted by Iy .

Remark. — We describe this last morphism locally. Let A € Y, take a
base x1,...,2q of A and y1,...,y,—q a base of a complementary W of A.
We can identify &/ = Hom(A, W) with an affine open set of G by identifying
u € Hom(A, W) with the graph of u viewed in A@ W = g. Denote by X; ;,
with 1 <7 < dand 1 < j < g—d, the coordinates with respect to the
previous basis. So fwy: A* A ® Og.a — Og.a sends x;, A ziy A2i, ® 1 to

(4.2) Fiy g5 1= W($i1+z Xiy i Ujs Tint Y Xinj Uj» Tig+ Y Xig yj)-
i J J

The polynomials Fj, ;, i, for 1 < i; < ig < i3 < d span Iy a. To show that
Y is isomorphic, as a scheme, to the wonderful compactification, we prove
that Y is a smooth scheme. It is sufficient to show that Y is smooth on
the minimal orbit, so we must analyze the stalk of Q3. the sheaf of Kéhler
differentials, at a Borel subalgebra.

THEOREM 4.1. — The scheme Y is smooth.

Before proving the theorem, we need the following lemma.

TOME 61 (2011), FASCICULE 5
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LEMMA 4.2. — Let b be a Borel subalgebra of g. The linear map D
defined by

A’b — b®[b,b]
v1 ANvg Avg +—> ’1)1®[U2,U3]+U2®[U3,U1]+'U3®['U1av2]

has corank less than or equal to d.

Proof. — Let b = b © @, ce+ 9a be a root space decomposition. For h
and kin h, o and B in ®T, we have

(4.3) alk)h @xo =DM ANkAz) + alh)k ® x4,
(44)  a(h)za@x=DhANxoANzg)+ B(h)rs @ xa —h® (T4, 28],
(4.5)  Tarp @Tayp = D(Tarp Ao NTg) = Ta @ [T5, Tats]

+ 28 @ [Za,s Tatsl-

Let A be the subspace of coker D spanned by hy ® x4, where a(h,) = 2
and o € ®T. For suitable h and k, equalities (4.3) and (4.4) show that
h ® zo with a(h) = 0 are in Im D, and z, ® x5 with a # 3 are in A,
hence it follows from (4.5) that x, ® x, € A if « is not simple. Finally,
coker D C A. So the number of generators is 974 +1l=d. |

Proof of Theorem 4.1. — Let b be a Borel subalgebra, h C b be a Cartan
subalgebra, ® be the root system of (g, ), with positive roots given by b,
and g = b ®n~ be a root space decomposition with basis z1,..., x4 for b
(positive root vectors and a basis of b), y1,...,yn—a for n= (negative root
vectors) such that k(z;,y;) # 0, for i € {1,...,d}. We use the following
exact sequence on sheaves of differentials:

Iy/[% — Qe R0y — Qy — 0.

Locally, we can compute the differential of F;, ;, i, in Qg (image of the
first map in the sequence). The result is

(4.6) dFyy iy = D (s, @iy, i) dXi, 5 + Y w(wi,, y5, i) dX,
i i

+ ) w(wi, wiy,y;)d X, 5
j

But Qg is isomorphic to (g/b)" ® b, sending dX;; to y; ® x;, where
yY = Wfi(%, -) (the duality is relating to the Killing form «, and we

normalize to have y;'(y;) = 1). For the first sum in (4.6), we have

ANNALES DE L’INSTITUT FOURIER



EQUATIONS OF SOME WONDERFUL COMPACTIFICATIONS 2129

K/y7ml 7xl )
(A7) D wlys v, wia) y) ® iy = x (Z o B2 >®%

J ; k(Y5 ;)
(4'8) = "i([‘rizﬁ xis]v ) & T, -
The composition map /\3 b® Ogp — Iy7b/[)2/75 — Qg ® Oy,p sends
iy N\ @iy \xig tO
H([xizv $i3]7 ) ® iy + K([xh ) xi2]7 ) ® Ty + H(['xiw xi1]7 ) @ T,

Thanks to Lemma 4.2, we conclude that corank of Iy, /15, = Qg ® Oyp

is less than of equal to d, so rank {)y,; < d, and the result follows. O
A consequence of Theorem 4.1 is that Y is isomorphic to the wonderful
compactification.
THEOREM 4.3. — The equations of Y in G are linear.

Proof. — Recall that A\°K = Og(—1), so Hom (/\dK,/\?’K) ~

AP KY, and so AN°K(1) ~ NP KV, Moreover from (4.1), we have
A3 g @ O0g - A\*® KV. This forces A°"® KV to be spanned by its sec-
tions, and so does it to A® K(1). Thanks to the morphism wy, Iy (1) is
spanned by its sections. (|

We give a result on global sections of Iy (1) when g is a simple Lie
algebra. Extending w: A’g — C to /\]H?’g — /\kg with k a positive
integer, we build a g-invariant differential operator on A g, denoted by §*,
satisfying (6*)2 = 0. On the other side, by identifying g and his dual by
the Killing form, w can be seen as an element of /\3 g, the morphism of
g-module \" g 2% AFT?
invariant differential operator on A g, denoted by d. Finally, We have built
two complexes (A g,d) and (A g,0%).

Let b be a Cartan subalgebra of g, ® be the root system of (g,h). We
choose ®T a set of positive roots of ®, and denote by p is the half sum of
positive roots. The g-module A g has highest weight 2p. The morphisms
0 and 6* vanish on all occurrences of Va, the irreducible representation of
highest weight 2p in A g, so the complexes (A g,d) and (A g,*) are not
acyclic.

For k in {1,..., g}, we search the occurrences of the representation Vap
in AFg.

(1) If k < gt = 974 or k> g—t#dt = QTH, then there is no weight

vector of weight 2p in A*g. So Vs, does not appear in this case: we
put Kkg = /\k g.

g with £ a non negative integer defines another g-

TOME 61 (2011), FASCICULE 5
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1
(2) If gT_l <k< QTH, N~ E BANpco+ Za (T aroot vector of a) is the
—1

weight space of weight 2p in /\k g. Hence, /\k*gT h ® Vs, represents
all occurrences of V3, in /\lc g. Let Kkg be a g-submodule of /\kg
such that A" g =7A"ga A" 9" @ Va,.
Thanks to the fact that § and 6* preverse the weights, we can defined the
restriction of J, 0* to Ag. We have constructed (Ag,d) a subcomplex of

(Ng,9).
LEMMA 4.4. — Assume g is simple. The sequences

g
O—>ngi>ﬂm+ggi>~-LKPSQL/\QHO,
0—C-5R%-% . LAy 2 ATy — 0,
withm € {g — 2,9 — 1,9} and m’ € {0, 1,2}, are exact.

Remarks. — We could write sequences with §* decreasing wedge powers
of g, which gives other exact sequences for Ag.

The complex (A g,0) is a direct sum of two complexes, the first Ag is
acyclic, and the second given by A h® V5, with h a Cartan subalgebra of g,
is trivial.

Assume for the moment this lemma. In the proof of Theorem 4.3, *w; :
A K(1) — Og(1) ~ A* K gives a g-invariant morphism on global sections
AT g = H(A*K(1)) > HY(Og(1)) = A\%g, it is just 6. We deduce the
following proposition.

PROPOSITION 4.5. — Ifg is simple, then H(Iy (1)) contains 5(/\d_3 g),

This proposition shows that we can embed the wonderful compactifica-
tion in a projective space with dimension smaller than P( /\d g).

Now we prove Lemma 4.4. The main idea is the study of { = §*0 + §6*
as a g-invariant differential operator. The multiplication by an element
of g and the derivation (action by an element of g¥) spans the ring of
differential operators on A g identified to the Clifford algebra Cliff(g &
g, ev) where ev is the duality bracket. Recall that Cliff(g ¢ gV, ev) has a
7./2Z-graduation, which allows us to put a structure of Lie superalgebra.
Define a filtration (F*) with F* spanned by products of multiplications and
at most ¢ derivations. We recall two useful results:

1. [FY P/ Cc pa—t

2. an element x of F* is zero if X, = 0; for k < 4, in other words,

elements of F* are completely known by the image of @, ; A g

ANNALES DE L’INSTITUT FOURIER
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For our case, § € F° and §* € F3 so ( = [§,6*] € F?. The Casimir
operator ¢ and powers of the Euler operator e, e = id, e, €? (e is defined
ase|, =1i- id) are g-invariant differential operators in F?. We need the

following lemma to prove that ¢ is a linear combination of ¢, id, e and e2.

LEMMA 4.6. — Denote by Vi, w,+-.-+a,w, the irreducible representation
of g with highest weight ajwy + - - - + ajw;, where w1, .. .,w; are the funda-
mental weights according the notations of [1]. We have:

(i) A’sl(n+1) = sl(n+ 1) @ Vaw, 4w, , ® Vapiow,, for n > 3, and
A s1(3) = 81(3) ® Vi, ® Via,

(11) /\ Ep(2n) = 5]3(271) D %W1+W2’ for n = 27
(iii) A%s0(n) = 50(n) @ Vi, 1w, for n > 6,
(IV) /\z f4 = f4 @ V(»Jz;
(V) /\2 g2 =02 ‘/30.)17
(Vi) /\2 ¢g = ¢g D Vw4,

(le) /\2 7 = 7 D Vios»

(viil) A" es =es D Vig-

The proof of this lemma is given by computation with a program named
LiE (see [7]).

Except for sl(n + 1), the g-module C & g & /\2 g has four irreducible
factors: ¢, id, e, e? form a basis of g-invariant differential operators of F?2,
so ( is a linear combination of ¢, id, e and €2. For sl(n + 1), n > 2, remark
that A®sl(n+1) = sl(n+1) W aWY, with W = Vo, 10, , or W = Vi,
and ¢, ¢, id, e, e? do not distinguish an irreducible representation and its
dual. Considering W @& WV as one factor, CH g P /\2 g has four factors. We
can treat sl(n + 1) as the other simple Lie algebras.

There exist a scalar a and a polynomial P of degree less than or equal to
2 such that { —ac = P(e). Applying this expressionon 1 € C and w € /\3 g,
it follows that P(0) = P(3) = 6*(w). But the isomorphism A" g~ A9 " g
shows that P(g —3) = P(g) = P(3). Finally, P is constant, thus

(4.9) ¢ =ac+ 0" (w)id.
If V) is an irreducible representation of highest weight A, denote by the
scalar ¢y the action of ¢ on V). So, applying (4.9) to the highest weight
vector of Va,, we have 0 = acy, + 6% (w), and so
1
¢ =06"(w) (id - c).

C2p
Lemma 1 of chapter 2 in [5] gives that ¢\ < ¢, if A # 2p and 2p dominates
the dominant weight A\. Moreover, an irreducible g-module V' which appears

TOME 61 (2011), FASCICULE 5



2132 Pascal HIVERT

in A g has highest weight dominated by 2p: the restriction of ¢ to V is just
the multiplication by a non-zero scalar, except for V5.

Proof of Lemma 4.4. — Let k be a positive integer, and V' be an ir-
reducible representation which appears in Ker(d) N Kkg, ¢, = Aidy with
A # 0. This statement implies that if # € V then z = § ($6*(z)) € Im(¥).
So all irreducible representations appearing in Ker(d) N Kkg are subsets of
Im(8) N A*g, so Ker(§) N A¥g = Im(8) N A"g. This forces the two sequences
to be exact. a

5. Correspondence between orbits of Y and
sets of simple roots

The results on orbits of Y agree with the nice properties of the wonderful
compactification. Let h be a Cartan subalgebra of g such that o, = —idy.
Let @ be the root system of (g, b).

1. Denote by p; the parabolic subalgebra spanned by a Borel subalge-
bra b such that h C b and by g_,; where j runs over {ay,...,q;_1,
Qit1y---,0q}, with A = {ai,...,q;} a root basis with respect to b.
The orbit closures corresponding to the p;'s are the [ hypersurfaces .S, .

2. The orbit closures are S; = Nger S, where I C A.

Now, we explain the correspondence between orbit closures and subsets
of A. Denote by b~ the Borel subalgebra spanned by h and z_, (with
a€A),n=1[b",b"], N the adjoint group of n, and T' the maximal torus
of G with Lie algebra equal to . Let

Yy ={U € Y suchthat UNb~ = h}.
The last remark of Section 2 shows that
P cA — Yy
(ta)aca +— DO D ca+ (Ta +tat-a)
where, for «, 5 in ® such that a4 3 € ®,

W(Tass T )
W(T—a—ps Ta, T3)

targ = — tatg,

is a T-equivariant isomorphism, so dim Yy = [ (the action of T' on CA is
defined by €".(t4)aen = (ea(h)ta)aeA). We prove that there is a correspon-
dence between G-orbit closures of Y and T-orbit closures of C*, which are
the C!, where I is a subset of A (the T-orbits have the form (C*)! with I
a subset of A).
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PROPOSITION 5.1. — The morphism

v NxVy — Y
n,U) +— nU

is an open immersion.

Proof. — If nq, ng are in N, and Uy, U; are two elements of Yy, such that
ny - Uy = ng - Us, thenng_lnyh = (nglnl-Ul)ﬂb_ =U,Nb~ =B, that is
to say ny 'n; =1 (the normalizer of a maximal torus contains no unipotent
elements), so Uy = Us: % is injective. Moreover, dim N x Yy = dim Y forces
1 to be dominant, so finally v is birational. We conclude with a corollary
of the main theorem of Zariski: since v is birational, with finite fibres, then,
because Y is smooth, ¢ is an isomorphism between X and an open subset
UofY. O

Let O be an orbit of Y and U € O. Recall that py = U + [U,U] is a
parabolic subalgebra of g, so there exists a subset S of ®T such that py is

conjugate to p = b @ )Y . g% Now we build an element V' of Y} such
that p =V + [V, V]:
V=ba P Cro®@@Clra+2-a)
aedt\S a€sS
with 2, € g% for « € ®T and 2_, € g~ for « € S such that w(z, +
T, T3 + T_p, Tatp + Toa—p) = 0 if a, B and a + S are in S (this is
possible thanks to Lemma 2.4 and its following remark). Since py and

p are conjugate, Proposition 3.1 implies that V and U are conjugate, so
onyy # 0.

PROPOSITION 5.2. — There is a bijection between the T-orbit closures
of Yy, and the G-orbit closures of Y, defined as follows:

{G — orbitclosureinY'} «— {T — orbit closurein Yy }
o — on Yy.

This map preserves intersections. Moreover, G-orbit closures are smooth.

Remark. — For a G-orbit closure O, the set ONYj, is a T-stable closed
set, so is isomorphic to (C)! where I is a subset of A.

Proof. — Let O be a G-orbit closure of Y. The closed set O N¢(N x Yy)
of (N x Yy) is T-stable and N-stable, so there exists a subset I of A such
that O N (N x Yy) = (N x CI). But O N y(N x Yy) is open in O, so
O = (N x CI). This forces the map O — ONYj to be an injection. Since
Y has 2! orbit closures and the cardinal of P(A) is equal to 2!, the bijection
follows.
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It is clear that O N (N x Yy) ~ N x C! is smooth. If the singular set
of O is non empty, it is a G-stable closed set, so meets O N (N x Yy), a
contradiction. g

Remarks. — Let O be a G-orbit closure of Y. There exists I € P(A)
such that O = ¢(N x CI).
(a) We have codim O = #(A N\ ).
(b) For a € A, (N x CA~{e}) is a G-stable closed sets of codimension
one of Y, so is equal to S,,.

6. Examples
6.1. The case sl(3)

Let V be a vector space of dimension 3 and S?V be the vector space
of conics on V. The closure Z of the graph of the duality isomorphism in
P(S%V) x P(S?VV), defined as,

P(S?V) .- — P(S?VVY)

q — N,
is called the variety of complete conics, and the map p : Z — P(S?V) is
known to be the blow up of P(S?V) along the Veronese surface (conics of
rank one on V). We refer to the appendix of [6] for more results. So, if .J
is the sheaf of ideals of the Veronese surface in P(S?(V)), Z = Proj(J) is
embedded in Proj (H°(J(3))) = P(C & Va,), where V5, is the irreducible
5[(3)-module of dimension 27 which corresponds to the irreducible represen-
tation of highest weight 2p. We finish our description with the commutative
diagram:

Z=PNS — P:=P(CaVy,)

S :=P(S?V) x P(S?VY) — P(S*V @ S?VV)
Remark. — The variety Z can be defined as:
Z = {([q ®q']) € P(S*V @ S?V")such that q¢’ € (CId}.

We can easily find the orbit closures: one when rank ¢ = 1, an other when
rank ¢’ = 1, and their intersection (the closed orbit).

Littelmann and Procesi in [2] show that Z is isomorphic to the wonder-
ful compactification of PGL(3)/PSO(3). In this part, we find equations
defining the wonderful compactification in G(3, s[(3)).
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Let e1, €2, 3 be a basis of V and consider the quadratic form ¢ = €2 +e2+
e3. The morphism o : PGL(3) — PGL(3) which sends [g] to [¢7 g™ q]
is an involution, and PGL(3)? = PSO(q). We have seen in Section 4 that
the sheaf of equations of Y in G(5,5l(3)) (and so X in G(3,s[(3))) is the
image I of /\3 K — Ogs,s1(3))- So, thanks to Proposition 4.5, for sl(3),
HO (I (1)) is a submodule of the s{(3)-module A®s[(3) which is isomorphic
to A*sl(3)®Ca Va,, and contains A’ s1(3). But two cases are impossible:

i. IFHO (I (1)) = A?sl(3)® V4, then X satisfies the equations of P(C),
and so X is a point.

ii. IEHO(I5(1)) = A®sl(3) @ C, then X C P(Va,). But elements in the
open orbit of X c P(A®g) have non zero images by 6%, so they can
not be in V5, C ker d*.

Hence, H(I5 (1)) = A?sl(3). In particular, X satisfies the equations of
P(Ce Vs,) C P(A®s1(3)). We summarize the results obtained so far.

LEMMA 6.1. — The wonderful compactification is the intersection of
P(C & Va,) and G(3,s((3)) in P(A\®sl(3)).

Since Z and X are identified to subvarieties of P(C & V4,), we can prove
that the wonderful compactification is isomorphic to the variety of complete
conics.

PROPOSITION 6.2. — There exists a PGL(3)-equivariant automorphism
of P(Va, @ C) which sends X to Z.

Proof. — Tt is enough to find a PGL(3)-invariant isomorphism of P(C @
Va,) which sends an element of the open orbit of X to an element of the
open orbit of Z.

Now, sl(3) being viewed as a submodule of V' ® V'V, the composition of
morphisms of s[(3)-modules denoted by W,

3
A\ sl(3) — VeveveVVeV VeV — VeveV eV — SVes?VY,

has a restriction to C @ V5, — C ® V,, which is an isomorphism.

As ¢ = €3 + €3 + €2 is a non-degenerate conic on V, it gives ¢ ® ¢V =
(€2 +e3+e3) ® ((e))* + (e¥)? + (e¥)?) a point of the open orbit of Z,
and s0(q), a point of the open orbit of X, seen in A\”sl(3) as (e; ® ey —
er®@ey)N(e2®@ey —ez3®ey) A (e1 @ey — ez ® ey). The morphism ¥
sends the point of X to ¢ ® ¢V + 22, 2z = e; @ e} +ea @ ey +e3 @ eY.
Moreover, the component of ¢ ® ¢* on the factor C in V5, & C is 1/222, so
¢ = idy,, + 3idc, the automorphism of V5, & C sends ¢®¢¥ + 22 to ¢®q".
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Finally, the composition map ¢ o ¥ is a PGL(3)-equivariant automorphism
of P(V,, & C) which sends X to Z. O

6.2. The case sp(4)

Let V be the irreducible representation of sp(4) of dimension 4. We
describe the elements of sp(4) in block form in the decomposition V' =
U @® UY (U being an isotropic vector subspace of dimension 2):

(o =)

with v € Hom(U, U), and v € Hom(U"Y,U), w € Hom(U,U") are symmet-

ric. Let
_ (idy 0
5= ( 0 —ide) ’

then o: M — SMS is an involution of sp(4) and of its adjoint group
PSp(4). We have sp(4)° ~ U @ UV =~ gl(2), and the wonderful compacti-
fication of the corresponding symmetric space PSp(4)/GL(2) is of rank 2.
We use the variety Y introduced in Section 3 to describe its wonderful
compactification.

Let W be the irreducible representation of so(5) of dimension 5. Recall
that A°W ~ so(5) ~ sp(4) ~ S2V, and A’V = W & C. We denote
v: P(V) — P(S?V) the Veronese surface embedding and V = v(P(V)),
VY C G(2,W) the Grassmannian variety of planes in W.

THEOREM 6.3. — The wonderful compatification of PSp(4)/GL(2) with
maximal rank is isomorphic to G, the blow up of the Grassmannian G(2, W)
along the Veronese surface V.

Note that G is smooth and dim G = dim G(2, W) = 6. The main idea is to
embed our two smooth varieties in the same projective spaces P(Va,®sp(4)),
and then we find a PSp(4)-invariant automorphism of P(Va, ®sp(4)) which
sends one of them to the other one.

Remark. — Lemma 4.4 gives the exact sequence of sp(4)-modules:

9 6 3
0 — Asp(4) = N\ sp(4)/Vap — N\sp(4) = C — 0.

For the proof of Theorem 6.3, we need the decomposition into irreducible
representations of each term:

ANNALES DE L’INSTITUT FOURIER



EQUATIONS OF SOME WONDERFUL COMPACTIFICATIONS 2137

6
I\ 5P(4) = Vap @ Vi, ® Vi ® Vi, 4y © Vi ® Vioy ® 5p(4),

3
/\5p(4) = ‘/40-)1 @ ‘/E))wz D ‘/2w1+w2 @ ‘/2“;2 D sz ®C.
Proof of Theorem 6.3.

For the wonderful compactification. Choose an element U in the
open orbit of the variety Y and let u be a representative of U in /\6 sp(4).
Clearly 6(u) = 0, so thanks to the previous remark, u is an element of
Vo, @ sp(4) so Y C P(Va, @ sp(4)). If ¢ is the Casimir element of sp(4), a
explicit computation shows that v and c.u are independent, so v does not
lie in one irreducible representation.

For the blow up G. As GL(W)-module, H°(Og(2,w)(3)) is isomorphic
to the irreducible representation with partition (3,3) (see Proposition 3.14
in [9]). So using branching formulae in [4], we have the decomposition on
irreducible sp(4)-modules H(Og2,w)(3)) = Viw, ® Vaw, & Va,. Now, we
use the exact sequence:

00— Iv(3) — Og(g,w) (3) — Ov(3) — O7

where I, is the sheaf of ideals which defines the Veronese surface in the
Grassmannian G(2,W), and so,

0—H"(Iy(3)) — H*(Og(2,w)(3)) — HO(Ov(3)) — H'(Ip(3)) — -

Recall that H(Oy(3)) ~ H(Op(y(6)) = SV = Viu,, so HY(Iy(3)) =
Vap @ Vau,. The pullback of Iy,(3) is a very ample sheaf of G. Indeed,
denote by @1 the quotient sheaf of the Grassmannian G(2, W). The mor-
phism S2Q; ~ S%2QY(2) — Iy(2) is surjective, so I),(2) is spanned by its
global sections. Since Og2,w)(1) is a very ample sheaf on G(2, W), I),(3)
is a very ample sheaf on G = Proj(Iy). To conclude, G is a subvariety of
P (HO(1y(3))) = P(Va, & sp(4)).

The isomorphism. The Veronese surface V and G(2, W) are PSp(4)-
stable, so is G. The fact V ~ U®U" induces that W ~ A\ U A\* UV @sl(2).
It follows that AU & AUV is an element of the open orbit of G(2, W),
which means that its intersection with its orthogonal is reduced to zero.
Thus it defines a unique point [z] in P(V5,@®sp(4)) which is invariant under
the action of GL(2).

Since GL(2) ~ G°, gl(2) C sp(4) is a point of the open orbit of X,
so gl(2)* is a point of the open orbit of Y, invariant under the action of
GL(2). Denote by [y] this point in P(Va, ® sp(4)).
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The two points  and y have components only on the GL(2) trivial factor
of Vs, & sp(4): there is one trivial factor in sp(4); using Lemma 4.4, and
decomposing each space into irreducible GL(2)-modules, we check that
Va2, has another one. Now, x and y have non zero components on these
two trivial factors, if it were not the case, G or Y could be embedded in
some smaller G-stable projective space, that is to say P(V2,) or P(sp(4)).
We can therefore find two non zero complex numbers « and § such that
¢ = aidy,, 4 Bidgy(4) sends z to y. The morphism ¢ is a PSp(4)-equivariant
automorphism of P(sp(4) ® V5,) and restricts to an isomorphism between
Gand Y. 0
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