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ON NON-ABELIAN STARK-TYPE CONJECTURES

by Andreas NICKEL (*)

ABSTRACT. — We introduce non-abelian generalizations of Brumer’s conjec-
ture, the Brumer-Stark conjecture and the strong Brumer-Stark property attached
to a Galois CM-extension of number fields. Moreover, we discuss how they are re-
lated to the equivariant Tamagawa number conjecture, the strong Stark conjecture
and a non-abelian generalization of Rubin’s conjecture due to D. Burns.

RESUME. — Nous présentons des généralisations non abéliennes de la conjecture
de Brumer, de la conjecture de Brumer-Stark et de la propriété forte de Brumer-
Stark, qui sont associées & une CM-extension galoisienne de corps de nombres. De
plus, nous étudions les liens avec la conjecture équivariante sur les nombres de
Tamagawa, la conjecture forte de Stark et la généralisation non abélienne d’une
conjecture de Rubin due a D. Burns.

Let L/K be a finite Galois CM-extension of number fields with Galois
group G. To each finite set S of places of K which contains all the infinite
places, one can associate a so-called “Stickelberger element” 6s(L/K) in
the center of the group ring algebra CG. This Stickelberger element is
defined via L-values at zero of S-truncated Artin L-functions attached to
the (complex) characters of G. Let us denote the roots of unity of L by ur,
and the class group of L by cl. Assume that S contains the set S of all

finite primes of K which ramify in L/K. Then it was independently shown
in [8], [13] and [1] that for abelian G one has

(01) AHHZG(,U,L)Qs(L/K) C ZG.

Now Brumer’s conjecture asserts that Anngze(ur)0s(L/K) annihilates cly,.
There is a large body of evidence in support of Brumer’s conjecture (cf.
the expository article [14]); in particular, C. Greither [15] has shown that
the appropriate special case of the equivariant Tamagawa number conjec-
ture (ETNC) as formulated by Burns and Flach [6] implies the p-part of
Brumer’s conjecture for an odd prime p if the p-part of py, is a c.t. (short

Keywords: Stark conjectures, L-values, class groups.
Math. classification: 11R42, 11R29.
(*) T acknowledge financial support provided by the DFG.
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for cohomologically trivial) G-module. A similar result for arbitrary G was
recently proven by the author [19], improving an unconditional annihila-
tion result due to D. Burns and H. Johnston [7]. Note that the assumptions
made in loc.cit. are adapted to ensure the validity of the strong Stark con-
jecture. These two results will provide some evidence for our conjecture.

Moreover, we will introduce a non-abelian generalization of the Brumer-
Stark conjecture and of the strong Brumer-Stark property. The extension
L/K fulfills the latter if certain Stickelberger elements are contained in the
(non-commutative) Fitting invariants of corresponding ray class groups;
but it does not hold in general, even if G is abelian, as follows from the
results in [16]. But if this property happens to be true, this also implies
the validity of the (non-abelian) Brumer-Stark conjecture and Brumer’s
conjecture. We will show that the p-part of this property is implied by the
ETNC if the ramification above the odd prime p is at most tame.

D. Burns [3] has introduced a non-abelian analogue of a conjecture formu-
lated by Rubin ([25], Conj. B). It is shown in loc.cit. that this conjecture
is implied by the strong Stark conjecture, and we will show that Burns’
conjecture implies slightly weaker annihilation results as predicted by the
(non-abelian) Brumer-Stark resp. Brumer’s conjecture.

1. Preliminaries
1.0.1. K-theory

Let A be a left noetherian ring with 1 and PMod(A) the category of all
finitely generated projective A-modules. We write Ky(A) for the Grothen-
dieck group of PMod(A), and K;(A) for the Whitehead group of A which
is the abelianized infinite general linear group. If S is a multiplicatively
closed subset of the center of A which contains no zero divisors, 1 € S,
0 ¢ S, we denote the Grothendieck group of the category of all finitely
generated S-torsion A-modules of finite projective dimension by KyS(A).
Writing Ag for the ring of quotients of A with denominators in S, we have
the following Localization Sequence (cf. [12], p. 65)

(1.1) K1(A) = K1(As) -2 KoS(A) = Ko(A) — Ko(Ag).

In the special case where A is an o-order over a commutative ring o and
S is the set of all nonzerodivisors of o, we also write KoT'(A) instead of
KyS(A). Moreover, we denote the relative K-group corresponding to a ring
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homomorphism A — A’ by Ko(A, A’) (cf. [26]). Then we have a Localization
Sequence (cf. [12], p. 72)

Ki(A) — K (A) 2 Ko (A, AY) = Ko(A) = Ko(A).

It is also shown in [26] that there is an isomorphism Ko(A, Ag) ~ KyS(A).
For any ring A we write ((A) for the subring of all elements which are
central in A. Let L be a subfield of either C or C, for some prime p and
let G be a finite group. In the case where A’ is the group ring LG the
reduced norm map nrpg : K1(LG) — ((LG)* is always injective. If in
addition L = R, there exists a canonical map g : ((RG)* — Ko(ZG,RG)
such that the restriction of d¢ to the image of the reduced norm equals
926 rG © . This map is called the extended boundary homomorphism
and was introduced by Burns and Flach [6].

1.0.2. x-twists

We largely adopt the treatment of [3], § 1. Let G be a finite group and
denote the set of all irreducible characters with values in C resp. C, by
Irr(G) resp. Irr,(G). Fix an irreducible character x € Irr(G) resp. x €
Irr,(G) and let E, be the minimal subfield of C resp. C,, over which x can
be realized and which is both, Galois and of finite degree over Q resp. Q.
We put

pr, = Z x(g™Yg, ey = ><él|)prx.
geG
Hence e, is a central primitive idempotent of £, G and pr,, is the associated
projector. We write o,, for the ring of integers of F, and choose a maximal
o,-order M in F, G which contains 0, G. We fix an indecomposable idem-
potent f, of e, M and define an o, -torsionfree right 0, G-module by setting
T, = f, M. Note that this slightly differs from the definition in [3], but
follows the notation of [7] and [19]. T}, is (locally) free of rank x(1) over o,
and the associated right £, G-module V, := E, ®, T, has character x. For
any left G-module M we set M|[x| := T ®z M resp. M[x] := T\ ®z, M,
upon which G acts on the left by t @ m — tg~! ® g(m) for t € T, m € M
and g € G. For any integer i we write H*(G, M) for the Tate cohomology in
degree i of M with respect to G. Moreover, we write M resp. Mg for the
maximal submodule resp. the maximal quotient module of M upon which
G acts trivially. We obtain a left exact functor M +— MX and a right exact
functor M +— M, from the category of left G-modules to the category of
o,-modules by setting MX := M[x]® and M, = M[x]g. The action of
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2580 Andreas NICKEL

Ng =3, cc g induces a homomorphism ¢(M, x) : My — M* with kernel
H7Y(G, M[x]) and cokernel H°(G, M[x]). Thus M, ~ MX whenever M
and hence also M[x] is a c.t. G-module.

1.0.3. Non-commutative Fitting invariants

For the following we refer the reader to [19]. We denote the set of all
m X n matrices with entries in a ring R by My, x»(R) and in the case
m = n the group of all invertible elements of M,,«,(R) by Gl,(R). Let A
be a separable K-algebra and A be an o-order in A, finitely generated as
o-module, where o is a complete commutative noetherian local ring with
field of quotients K. Moreover, we will assume that the integral closure of
o in K is finitely generated as o-module. The group ring Z,G will serve
as a standard example. Let N and M be two ((A)-submodules of an o-
torsionfree ((A)-module. Then N and M are called nr(A)-equivalent if there
exists an integer n and a matrix U € Gl,,(A) such that N = nr(U)-M, where
nr : A — ((A) denotes the reduced norm map which extends to matrix rings
over A in the obvious way. We denote the corresponding equivalence class
by [Nlur(a)- We say that N is nr(A)-contained in M (and write [N],.(a) C
[M]e(ay) if for all N* € [N]yy ) there exists M’ € [M]y, sy such that
N’ C M'. Note that it suffices to check this property for one Ny € [N],(a)-
Moreover, we write [N]na)y C M if N' € M for all N" € [N]yy ). We
will say that x is contained in [N],.(a) (and write x € [N],(a)) if there is
No € [N]ne(a) such that x € N.

Now let M be a finitely presented (left) A-module and let

(1.2) ATy AP s M

be a finite presentation of M. We identify the homomorphism h with the
corresponding matrix in M, «»(A) and define S(h) = Sp(h) to be the set of
all b x b submatrices of h if a > b. In the case a = b we call (1.2) a quadratic
presentation. The Fitting invariant of A over A is defined to be

[O]nr(A) if a<b

Fitty(h) = { [(nr(H)|H € S(h)><(A)]nr(A) if a>0b.

We call Fitty (h) a Fitting invariant of M over A. One defines Fitty** (M)
to be the unique Fitting invariant of M over A which is maximal among all
Fitting invariants of M with respect to the partial order “C”. If M admits
a quadratic presentation h, one also puts Fitty (M) := Fitta(h) which is
independent of the chosen quadratic presentation (cf. also [22]). Finally, we
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denote by Z = Z(A) the {(A)-submodule of ((A) generated by the elements
Ill"(f[)7 H € beb(A), beN.

For any Z,G-module M we denote the Pontryagin dual Hom (M, Q,/Z,)
of M by MV which is equipped with the natural G-action (gf)(m) =
flg7tm) for f € MV, g€ G and m € M. If M is finite, we have

(1.3) Anny G(Mv) = Anng, G(M)n,
where we denote by * : : Q,G — Q,G the involution induced by g — g~ 1.
We will frequently make use of the following proposition.

PROPOSITION 1.1. — Let M, M’ and M" be finitely presented A-mo-
dules. Then it holds:
(1) If M — M’ is an epimorphism, then Fitt{** (M) C Fitt{**(M’).
(2) If M' - M — M" is an exact sequence of A-modules, then

Fitty ™ (M') - Fitt{*(M") C Fitt x> (M).

(3) If 0 € FittA*™ (M) and X € Z, then also X - 6 € Fitt**(M).

(4) If M admits a quadratic presentation, then Fitt "> (M) =Z -Fittp(M).

(5) If A =7,G and M — C — C" — M’ is an exact sequence of finite
A-modules, where C and C’ are c.t., then we have an equality

Fitt R (MY)* - Fitty (C") = FittR**(M’) - Fitt (C).

Proof. — For (1), (2) and (5) see [19], Prop. 3.5 (i), (iii) and Prop. 5.3
(ii). For (3) let h be a finite presentation of M such that Fitta(h) =
FittA**(M). Then 0 = 3, zpnr(H), zg € ((A), where the sum runs
through all the submatrices H € Sy(h). Hence it suffices to show that
A-nr(H) € Fitty* (M) for any H € Sp(h). We may assume that A = nr(H’)
with H' € My« (A), and by adding an appropriate identity matrix on H’
resp. h we may also assume that b = &’. Consider the diagram

Ab ——> cok(H o H')

li

cok(H).

Now (1) implies nr(H) nr(H') € Fitt{**(cok(H o H')) C Fitty**(cok(H)),
and since there is an epimorphism cok(H) — M, also Fitt}**(cok(H)) C
Fitty**(M). This shows (3) and the inclusion Z - Fitt (M) C Fitty** (M)
of (4). Now let ¢ be a quadratic presentation and h be an arbitrary pre-
sentation of M. Then it follows from [19], Th. 3.2 resp. its proof that we
may assume that A = (¢|0) o X, where X € Gl,(A) for some a € N. Since
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1 is quadratic, each H € S(h) is the product ¢ o X for some submatrix X

of X and thus nr(H) = nr(X) - nr(¢)) € Z - Fitty (M). O
Assume now that o is an integrally closed commutative noetherian ring,
but not necessarily complete or local. We choose a maximal order A’ con-
taining A. We may decompose the separable K-algebra A into its simple
components
A:Al@"'@Ah

ie., each A; is a simple K-algebra and A; = Ae; = e;A with central
primitive idempotents e;, 1 < ¢ < t. For any matrix H € Mpyp(A) there
is a unique matrix H* € Mpyyxp(A’) such that H*H = HH* = nr(H) - 1pxp
and H*e; = 0 whenever nr(H)e; = 0 (cf. [19], Lemma 4.1; the additional
assumption on o to be complete local is not necessary). If He Mypxp(A) is
a second matrix, then (HH)* = H*H*. We define

H = H(A) = {Jf S C(A)l]}H* S beb(A)Vb e NVH € beb(A)}-
Since z - nur(H) = xH*H, we have in particular
(1.4) H-T=HCA),

where 7 is defined as before even if 0 is not complete and local. The impor-
tance of the ((A)-module H will become clear by means of the following
result which is [19], Th. 4.2.

THEOREM 1.2. — Ifo is an integrally closed complete commutative noe-
therian local ring and M is a finitely presented A-module, then

- Fitt™ (M) C Anny (M).

Now we specialize to A = oG, where o is either Z or Z,. As before, let
A’ be a maximal order containing A. The central conductor of A’ over A
is defined to be F = F(A) := {z € {(A') : A’ C A} and is explicitly given
by (cf. [11], Th. 27.13)

(15) p e Jfl) D (K (/K.

where D~!(K(x)/K) denotes the inverse different of the extension K () :=

K(x(g9) : g € G) over K = Quot(o) and the sum runs through all the

irreducible characters with values in C resp. C, modulo Galois action.
LeEMMA 1.3. — Let A = oG, where o is Z or Z,. Then it holds:

(1) FCH.
(2) If G is abelian or if A = Z,G and p 1 |G|, then H = ((A).
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Proof. — (1) and the case p 1 |G| of (2) are clear from the observations
above. If G is abelian, we may choose H* to be the adjoined matrix of H
and we get (2). O

In the sequel we will use the following notation: F(G) = F(ZG), F,(G) =
F(Z,G) and similarly for H and Z. We denote the normalized valuation
at a prime P by vy and for x = Y _~x,9 € ZG resp. x € Z,G we put

vp(x) = mingeq vp(xy).

geG

LEMMA 1.4. — Let p be a prime and let G be a finite group. Then H(G)
is dense in H,(G) with respect to the p-adic topology.

Proof. — Let x € H,(G) and choose 2’ € ((ZG) close to x. Then for any
H € Myxn(Z,G) we have

o' H* = xH" + (¢ — 2)H* € Myy5n(Z,G)

if v,(z' — x) = n, where |G| = m - p" with p { m. Thus 2’ € H,(G). Now
let N € N be large; since p does not divide m, we can choose a multiple
m’ of m such that m’ = 1 mod p~. Then m'z’ is also close to z, since
vp(x —m'z") = min{v,(z — '), v,((1 — m')z’)}. But since m|m’, we have
m'z’ € Hq(G) for all primes ¢g. Now let H € M,,»,,(ZG). Then

m/'a' H* € [\ Myxn(ZqG) N My, (QG) = My (ZG)
q
and hence m’'z’ € H(G). O

1.0.4. Equivariant L-values

Let us fix a finite Galois extension L/K of number fields with Galois
group G. For any prime p of K we fix a prime B of L above p and write
Gy resp. Iy for the decomposition group resp. inertia subgroup of L/K
at 3. Moreover, we denote the residual group at P by Gy = Gos/Iy and
choose a lift ¢op € G of the Frobenius automorphism at ‘.

If S'is a finite set of places of K containing the set S, of all infinite places
of K, and x is a (complex) character of G, we denote the S-truncated Artin
L-function attached to x and S by Lg(s, x) and define L%(0, x) to be the
leading coefficient of the Taylor expansion of Lg(s,x) at s = 0. Recall
that there is a canonical isomorphism ((CG) = ][, c1,y(c) C- We define the
equivariant Artin L-function to be the meromorphic {(CG)-valued function

LS(S) = (LS(sv X))XEIrr(G)‘

We put L§(0) = (L§(0, x))yemnr(c) and abbreviate Lg_ (s) by L(s). If T' is
a second finite set of places of K sucht that SNT = @, we define dr(s) :=
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(5T(57X))X61rr(G)a where 5T(Sa X) = HpeT det(l - N(p)173¢€;31|VXI‘p)’ and
put

@S,T(S) = 6T(S) . Ls(S)ﬁ.
These functions are the so-called (S, T')-modified G-equivariant L-functions
and we define Stickelberger elements

0% := 057(0) € ((CQ).

If T is empty, we abbreviate 0% by 6. Note that the y-part of % vanishes
for a non-trivial character y if there is an (infinite) prime p € S such that
VXG * £ 0. This is the main reason why we will assume henceforth that
L/K is a CM-extension, i.e., L is a CM-field, K is totally real and complex
conjugation induces an unique automorphism j of L which lies in the center
of G. If R is a subring of either C or C, for a prime p such that 2 is invertible
over R, we put RG_ := RG/(1 + j) which is a ring, since the idempotent
% lies in RG. For any RG-module M we define M~ = RG_®rg M which
is an exact functor since 2 € R*. If M is a ZG-module, we define M~ to
be Z[1]G/(1+ j) ®z¢ M. This notation is nonstandard, but practical, since
taking minus parts is again an exact functor. Now Stark’s conjecture (which
is a theorem for odd characters, see [28], Th. 1.2, p. 70) implies
(1.6) 0% € cQc-).
Note that we actually have to exclude the special case [Sx(L)| = 1 (cf. the
proof of [20], Prop. 3, where (1.6) is shown in the relevant case S = S, and
T = (), but in this situation the extension L/K is abelian. Let us fix an
embedding ¢ : C ~ C,; then the image of % in ((Q,G_) via the canonical
embedding
(QG) = ¢@G )= P Q)
XETrrp(G)/~
x odd
is given by > (d7(0, X )+ Lg(0,%* ")) Here the sum runs over all C,-
valued irreducible odd characters of G modulo Galois action. Note that we
will frequently drop ¢ and ¢! from the notation.

1.0.5. Ray class groups

For any set S of places of K, we write S(L) for the set of places of L
which lie above those in S. Now let T and S be as above. We write clr.
for the ray class group of L to the ray 9 := HmeT(L) B and og for the
ring of S(L)-integers of L. Let Sy be the set of all finite primes in S(L);
then there is a natural map ZS; — clf which sends each prime P € S
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to the corresponding class [J3] € cli. We denote the cokernel of this map
by cl§ (L) =: cl. Further, we denote the S(L)-units of L by Eg and define
El:={r € Es:2=1 mod Mr}. All these modules are equipped with a
natural G-action and we have the following exact sequences of G-modules

(1.7) EL — EL =5 LSy — cl] —» cl,
where v(z) = presf vy (x)P for z € EL, and
(1.8) EL — Es — (05/M7)* - clf — clg,

where the map v lifts an element T € (05/M7)* to z € 0g and sends it to
the ideal class [(z)] € clf of the principal ideal (). Note that the G-module
(0g/M7)* is c.t. if no prime in T ramifies in L/K. We define

AL = ().

If § = S, we also write A] and E] instead of AL and EJ_. Finally,
we suppress the superscript 7' from the notation if 7" is empty. If M is a
finitely generated Z-module and p is a prime, we put M (p) :=Z, ®z M. In
particular, Ay, (p) is the p-part of the minus class group if p is odd.

2. Statement of the conjectures

Let L/K be a Galois CM-extension with Galois group G. Let S and T

be two finite sets of places of K such that

e S contains all the infinite places of K and all the places which

ramify in L/K, ie., SD S, USw.

e SNT = 0.

e El is torsionfree.
We refer to the above hypotheses as Hyp(S,T). We put A = ZG and choose
a maximal order A’ containing A. For a fixed set S we define 2(g to be the
¢(A)-submodule of ((A’) generated by the elements é7(0), where T runs
through the finite sets of places of K such that Hyp(S,T) is satisfied. The
following is a non-abelian generalization of Brumer’s conjecture.

CONJECTURE 2.1 (B(L/K,S)). — Let S be a finite set of places of K
containing S, U Ss. Then Ashs C Z(G) and for each x € H(G) we have

x - Aghs C Annp(cly).

Before we make some clarifying remarks, we state the following lemma.

TOME 61 (2011), FASCICULE 6
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LEMMA 2.2. — Let S be a finite set of places of K containing S, US.
Then the elements ¢z — N (p), where p runs through all the finite places of K
such that the sets S and T, = {p} satisfy Hyp(S,T}), generate Anng(ur).
Moreover, if we restrict to the primes p such that ¢ = 1, the greatest

common divisor of the integers 1 — N (p) is ||

Proof. — The proof of [28], Lemma 1.1, p. 82 (where G is assumed to be
abelian) remains unchanged. O

Remark 2.3. — (1) Since 2g is generated by the elements d7(0)
such that Hyp(S,T) holds, Conjecture 2.1 is equivalent to the as-
sertion that for all these sets T" the Stickelberger element Gg lies in
Z(G) and z6% annihilates the class group for each z € H(G). Note
that 0% € Z(Q) implies z0% € ((A).

(2) Lemma 2.2 implies that in fact [2s(p)]u(z,q) is a Fitting invariant
of pur(p) over Z,G. Moreover, we have

Zp(G) - [As(P)lne(z, ) C Fittz G (pe(p))

by Proposition 1.1. So it is reasonable to ask if this inclusion might
be an equality (at least if S =S5 US).

(3) If G is abelian, Lemma 2.2 implies that the module 2Ag equals
Annze(pr). In this case the inclusion Agfs C Z(G) = A follows
from (0.1), and since H(G) = A by Lemma 1.3, Conjecture 2.1

recovers Brumer’s conjecture.

Since H(G) always contains the central conductor F(G), we can state
the following weaker form of Conjecture 2.1.

CONJECTURE 2.4 (B, (L/K,S)). — Let S be a finite set of places of K

containing S, U Ss. Then Aghs C ((A’) and for each x € F(G) we have

ram

r-Agbg C AHHA(CIL).

LEMMA 2.5. — Let S be a finite set of places of K containing S, US.

Then
B(L/K,S) = B,(L/K,S).
IfS c S, then
B(L/K,S) = B(L/K,S'),
By, (L/K,S) = B,(L/K,S’).

Proof. — The first assertion is obvious. Now assume that B(L/K,S)
resp. By (L/K,S) holds. Since s = nr(\)fs, where A = [ cq (1 —
(;5531) € A, we see that also g6 C Agnr(\)fg lies in Z(G) resp. ((A).
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Moreover Z := z - nr(A) lies in H(G) resp. F(G) if x does. Hence we find
that x50 C ZAg0s annihilates cly,. O

Replacing the class group cly, by its p-parts cly,(p) for each rational prime
p, Conjecture B(L/K,S) resp. Conjecture B,,(L/K,S) naturally decom-
poses into local conjectures B(L/K,S,p) resp. B, (L/K,S,p). Note that
it is possible to replace H(G) by H,(G) by means of Lemma 1.4. Taking
Lemma 1.3 into account, a similar proof shows the following lemma.

LEMMA 2.6. — Let S be a finite set of places of K containing S, USx
and let p be a prime. Then

B(L/K,S,p) = By(L/K,S,p).
If p{ |G| then

B(L/K,S,p) <= By(L/K,S,p).
IfS c S, then

B(L/K,S,p) = B(L/K,Sp),

Bw(L/KHS’vp) = Bw(L/K7S/7p)

For a € L* we define
S = {p finite prime of K : p| Ny x ()}

and we call o an anti-unit if o!™/ = 1. Let wy, := nr(|uz|). The following
is a non-abelian generalization of the Brumer-Stark conjecture.

CONJECTURE 2.7 (BS(L/K,S)). — Let S be a finite set of places of K
om U Soo. Then wy, - s € Z(G) and for each x € H(G) and
each fractional ideal a of L, there is an anti-unit « = a(x,a,S) € L* such
that

containing S

az-wL~93 _ (a)

and for each finite set T of primes of K such that Hyp(SUS,,T) is satisfied
there is an ar € Ega such that

(2.1) a0 = qzer
for each z € H(G).

Remark 2.8. — 1If G is abelian, we have Z(G) = H(G) = ZG and wy, =
|per]. Hence it suffices to treat the case x = z = 1. Then [28], Prop. 1.2,
p. 83 states that the condition (2.1) on the anti-unit « is equivalent to the
assertion that the extension L(a!/“r)/K is abelian.

As above we can state the following weaker conjecture.
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CONJECTURE 2.9 (BS,,(L/K,S)). — Let S be a finite set of places of
K containing S, U Ss. Then wy, - 0s € ((A’) and for each x € F(G) and
each fractional ideal a of L, there is an anti-unit « = a(x,a,S) € L* such
that

a:C‘wLﬂs — (Oé)

and for each finite set T' of primes of K such that Hyp(S U S,,T) holds
there is an ar € Ega such that

(2.2) a#01(0) = gz ewr
for each z € F(G).

Remark 2.10. — (1) Since EY is torsionfree, we may replace the
equalities (2.1) and (2.2) by the equality a’7(¥) = a4* in Q® E¥ .

(2) If a and b are two fractional ideals of L for which Conjecture
BS(L/K,S) resp. BS,(L/K,S) holds, then it is easy to see that
this conjecture is also true for the product a-b. Since it is also true
for principal ideals, it suffices to verify these conjectures for totally
decomposed primes, as these primes generate the class group.

(3) If we restrict Conjecture BS(L/K,S) resp. BS,,(L/K,S) to ideals
whose class in cl; has p-power order, we get local conjectures
BS(L/K, S,p) resp. BS,(L/K, S,p).

(4) If the prime p is odd, we may omit the condition that the generator
« is an anti-unit by the following reason (cf. [17], remark preceding
Prop. 1.1): Let a be a fractional ideal whose class in cl; has p-
power order. Since squaring is invertible on cly(p) we find b such
that a = (u)b? for some u € L*. Now let € H(G) resp. = € F(G)
and assume that b*“%% is generated by B € L* such that (2.1)
holds (with « replaced by ). But since (1 — j)fs = 20g, we have
avwrls = (yrwrls)prwels = (y=webs . g1=7) and this generator
is an appropriate anti-unit.

(5) Burns [5] has meanwhile formulated a new conjecture which gener-
alizes many refined Stark conjectures to the non-abelian situation.
In particular, it implies our generalization of Brumer’s conjecture
(cf. loc.cit., Prop. 3.5.1). Since it also implies the Brumer-Stark con-
jecture (cf. loc.cit., Remark 3.5.2) in the abelian case, the author
expects that it also implies Conjecture BS(L/K,S). If this is true,
loc.cit., Th. 4.1.1 would give a different proof of Theorem 5.1 below.

We have the following implications which are either obvious or which are
proved by a similar argument as in Lemma 2.5.
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LEMMA 2.11. — Let S be a finite set of places of K containing S, USeo
and let p be a prime. Then

BS(L/K,S) = BS.(L/K,S), BS(L/K,S,p) = BS,(L/K,S,p).
If pt |G|, then
BS(L/K,S,p) < BS.(L/K,S,p).
IfS c S, then
BS(L/K,S) = BS(L/K,S"), BS(L/K,S,p) = BS(L/K,S’,p),
BS,(L/K,S) = BS.(L/K,S"), BS,(L/K,S,p) = BS,(L/K,S',p).
We have the following relation to the non-abelian Brumer Conjectures:

LEMMA 2.12. — Let S be a finite set of places of K containing S, USe
and let p be a prime. Then

BS(L/K,S) = B(L/K,S), BS(L/K,S,p) = B(L/K,S,p),
BSw(L/K,S) = Buw(L/K,S), BSuw(L/K,S,p) = Bu(L/K,S,p).

Proof. — Let a be a fractional ideal of L whose class in cly, is assumed to
have p-power order if we are in the local case. Let € H(G) resp. = € F(G).
Then a?“t% = (a) and (a)*7() = (ap)*«r for all z € F(G). Hence

(2.3) a” =905 = (2)770) = (ag)*r.

Since wy, € ((QG)*, we find N € N such that N - w;l € ¢(A). Moreover,
|G| - ¢(A) € F(G) such that we may choose z = |G| - N -w;'. But the
group of fractional ideals has no Z-torsion such that equation (2.3) implies
a5 = (ar). 0

3. Burns’ Conjecture
and the strong Brumer-Stark property

We first recall a non-abelian generalization of the Rubin-Stark conjecture
due to D. Burns [3]. Note that our slightly different definition of x-twist
will lead to some minor changes. Let L/K be an extension of number fields
with Galois group G and fix a non-trivial irreducible complex character x
of G. For any finite non-empty set S of places of K we write Yg for the
free abelian group on S(L) and Xg for the kernel of the augmentation map
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Ys — Z which sends each element of S(L) to 1. If S contains S, the
Dirichlet map

As R®z Es > R@z Xg, e — Y loglel,P
PeS(L)
is an isomorphism of RG-modules. The Noether-Deuring Theorem com-
bines with the fact that Xg is torsionfree to imply the existence of G-
invariant embeddings ¢ : Xg ~— Eg. For any such ¢ we set

R3(x) = det(As 0 ¢|C ®p, (Vy ®z¢ Xs)) € C*,

where ¥ denotes the character contragredient to x. Then Stark’s conjecture
(as interpreted in [28], Conj. 5.1,p. 27, but see [3], § 2) states that for each
a € Aut(C) one has

Ls0,x*) [ L500,x)
RS a =« RS ’
2 (x™) 2(0)
where x® := a o x. We put
rs =rg(x) == ZdimEX(VXGg").
pes
Then, since x is non-trivial, one has
rg = dimEX (Vy( Rza Xs) = dimEX (EX Qo,, Xs_’)v()
and the function Lg(s,x) vanishes to order rg at s = 0 by [28], Prop. 3.4,
p. 24. Further, if we denote by
MY Cop, (N (Vy ®26 Bs)) — Cop, (A (Vy @26 Xs))
the isomorphism of C-spaces induced by Ag, one finds that Stark’s conjec-
ture implies
(31)  L5(0,x) - AE (Vi @20 Xs)) = A (A (Vg ©26 Bs))-

Let L 7(0,x) :== 67(0,%) - L5(0,x) if S and T satisfy Hyp(S,T). For any
G-module resp. o,-module M we write M, for the Z-torsion submodule
of M and set M := M /M., which we identify as a submodule of Q ®z7 M
resp. By ®,, M in the natural way. Now Burns’ conjecture ([3], Conj. 2.1)
asserts the following refinement of (3.1):

CONJECTURE 3.1 (RS(L/K,S,T,x) (Burns)). — Let S and T be two
finite sets of places of K such that Hyp(S,T) is satisfied and let x be a
non-trivial irreducible complex character. Then Stark’s conjecture holds for
x and in C®p, (Ng (Vx ®zc Xs)) one has

GI™s L (0, x) - NiS X5y C Fitto, (H™1(G, Xs[X])) - A§ (A5 EEX).
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Moreover, we will say that RS(L/K, S, x) holds if RS(L/K, S, T, x) holds
for all finite sets of places T such that Hyp(S,T) is satisfied.

Remark 3.2. — It is reasonable to expect that the inclusion in Conjec-
ture 3.1 is an equality for sufficiently large S (cf. [3], Prop. 4.8).

If Stark’s conjecture holds, the quotient Lg(O,X)/Rg(X) belongs to E,.
The strong Stark conjecture as formulated by T. Chinburg ([9], Conj. 2.2)
further predicts that

LY (07 X) —1
(3.2) S0y = q(vg)
RZ(x) * X
where 1, denotes the composite homomorphism of o,-modules
t(Es,
Xs,x o Esx By Ef@(v

and for each irreducible character x we use the following general notion:
if f: M — N is a homomorphism of finitely generated o,-modules with
finite kernel and finite cokernel, then ¢(f) denotes the frational o,-ideal
Fitto, (cok(f)) - Fitto, (ker(f))~'.

THEOREM 3.3 (([3], Th. 4.1)). — If the strong Stark conjecture (3.2)
holds for the character x, then RS(L/K,S,x) is valid for all admissible
sets S.

We will need the following result which is [3], Prop. 3.2. We set ¢g(x) :=
Fitt, (H™ (G, Xs[X]))-

PROPOSITION 3.4. — Assume that r¢ = 1 and |S| > 1. Let p; be
the unique place in S with VXG%1 # 0 and set S1 = Soc U {p1}. If
RS(L/K,S,T,x) is valid, then for any element d of cs(x) 'D(E,/Q)~*
there exists an element u(d) € Egl which at each place B of L satisfies

0, i P 1 p1
—log u(d)|yp = D eGai(my /@) Donecy, VDX (GNLE - (0.X7), if B =P], g€ C.
1

THEOREM 3.5. — Let S be a finite set of places of K containing S, U
Seo. If RS(L/K,S U{q},x) is valid for all characters x such that rs =0
and all primes q which are totally split in L/K, then BS,(L/K,S) and
B, (L/K,S) hold. In particular, if the strong Stark conjecture (3.2) holds
for these characters, then BS,,(L/K,S) and B,,(L/K,S) hold for all ad-
missible sets S.

Proof. — By means of Lemma 2.12 and Theorem 3.3, it suffices to show
that the relevant case of Burns’ conjecture implies BS,,(L/K,S). Since
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ey 0% = 01if rg > 0, we only have to treat characters x with 75 = 0. Let T
be a finite set of primes of K such that Hyp(S,T) is satisfied and let q be
a totally decomposed prime not in S UT. We claim that % € csu{q}(x)’l.
Taking this for granted for the moment, let z € F(G) and write

1 1 «
i.xaT:Z Z ,y(ixX)LS,T(O’X’Y).pI‘)Z’Y’
X v€Gal(Q(x)/Q)

where the first sum runs over all irreducible characters with rg(x) = 0
modulo Galois action, and where z, € D~ (Q(x)/Q) according to the de-
scription (1.5) of the central conductor. Since L 1(0,x) = L 14;.7(0,x)
and the trace maps D~!(E, /Q) onto D' (Q(x)/Q), we can apply Propo-
sition 3.4 to the set S U {q} and obtain

1
Q§z6§ _ (aT)7

where ar € ngu{q} and £ is a prime in L above . Since the ray class

group clz is generated by totally decomposed primes, we have for any
fractional ideal a of L, coprime to the ideals in T" that

(3.3) a27%% — (ar(a))

with ar(a) € Eg(a), where S(a) contains all the primes of K below the
primes dividing a. Now let p be a prime and let a be a fractional ideal of
L such that its class [a] € clj, has p-power order . Then Lemma 2.2 implies
that there is a totally decomposed prime pg such that |uz| = (1—N(po))-c,
where ¢ € Q with v,(c) = 0. We may assume that pg is coprime to a and
that Hyp(S, {po}) is satisfied. The observations above imply that for any
x € F(G) we have

. 1 1 Nglpol .
aleGS — anwLZOS — u2znr(c)(17j)95 _ (a/)(l—]) — (OZ)

for an appropriate o/ € L* and an anti-unit o = o/(!=7). Note that there
is a natural number N with v,(N) = 0 such that N - zur(c) € F(G) and
raising to the N*" power is a bijection on cly (p). Moreover, if T is a finite
set of primes such that Hyp(S U S,,T) holds, then (3.3) implies that for
any z € F(G) we have

(a)z.éT(O) _ a(l*j)%%zwLOg _ (a/T(a)(l—j))z»wL’
where oy.(a) € EL and ar := o/p(a)(!9) is an anti-unit. Hence o 97(0) =

up - an", where up is a unit and an anti-unit, thus a root of unity. But

ur is also congruent 1 modulo 9 and therefore up = 1.
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We are left with the proof of 1 € ¢sufq}(x) ! (which was only needed for
the case p = 2). Since rg(x) = 0, we have VXGqB = 0 for any prime p € S. Let
us fix an infinite p € S. Since there is no unramified extension of the rational
numbers, there are at least two primes in S such that cgyqy(X) is contained
in Fitt, ((Ty)ay) by [3], Rem. 2.3. But (Ty)ay, = T /(1 —5)T = Ty /2T
such that

csutay(X) C Fitto, (Ty)ay) = 2o, C 20,
and we have proven the claim. O
Now we discuss a non-abelian generalization of the strong Brumer-Stark

property.

DEFINITION 3.6 (StBS(L/K,S,T,p)). — Let p be a prime and let S
and T be two finite sets of places of K such that Hyp(S,T) is satis-
fied. The CM-extension L/K satisfies the strong Brumer-Stark property
StBS(L/K,S,T,p) if

0L € Pt (AL(p) = FittS(cl,(0))~  if p A2
0L € Fitty G (clL(p)) it p=2.
The above property does not hold in general as follows from the results

in [16]. But it is reasonable to state the following conjecture which is the
above property over the maximal order.

CONJECTURE 3.7 (StBS,(L/K,S,T,p)). — Let p be a prime and let
S and T be two finite sets of places of K such that Hyp(S,T) is satisfied.
Choose a maximal order A, containing Z,G. Then
0% eFittn,)_((Ap)-®z,¢_ AL (p)) =Fitta, (Ap ®z,¢ clz (p)~ if p+#2

%95 e Fitty, (Ap®z,c clg (p)) if p=2.

Moreover, we will say that StBS(L/K,S,p) resp. StBS,(L/K,S,p)

holds if StBS(L/K,S,T,p) resp. StBS,(L/K,S,T,p) holds for all finite
sets of places T such that Hyp(S,T) is satisfied.

LEMMA 3.8. — Let p be a prime and let S and T be two finite sets of
places of K such that Hyp(S,T) is satisfied.

(1) If S C ', then
StBS(L/K,S,T,p) — StBS(L/K,S',T,p),

StBS,(L/K,S,T,p) = StBS,(L/K,S',T,p).
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(2) If T C T', then
StBS(L/K,S,T,p) = StBS(L/K,S,T’,p),
StBS,(L/K,S,T,p) = StBS,(L/K,S,T',p).

Proof. — The first assertion follows from Proposition 1.1 (4), as we ob-
serve that 0%, = [lpesr snr(l — gb;il) -0%. For (2) consider the following
special case of sequence (1.8):

El s Ep — (op /M) = clf —cly.

Since we have a similar sequence with T replaced by T’, we find that
the kernel of the natural projection clz — clr equals ker((og/9Mp/)* —
(on./M7)*) = (or, /My ). Now Proposition 1.1 (2) implies

Fitt}G_ (A7 () D Fitt e (AL(p)) - Fittgs_ ((o/Mrrr) ™ (p))

if p # 2, and the latter contains 6% - [perrpnr(l — N(p)%}l) = 95,.
A similar argument applies for p = 2. Since tensoring with A, is a right
exact functor, we also obtain the desired implication in the maximal order
case. g

PROPOSITION 3.9. — Let p be a prime and let S be a finite set of places
of K containing S, U Ss. Then

StBS(L/K,S,p) => BS(L/K,S,p),
StBSw(L/K,S,p) = BSu(L/K,S,p).

Proof. — Assume that StBS(L/K,S,p) holds and p # 2. Let a be a
fractional ideal of L whose class in cl;, has p-power order. As before write
ler] = (1= N(po)) - ¢, where pg € S is a totally decomposed prime, coprime
to a such that Hyp(S, {po}) is satisfied, and v,(c) = 0. Then Theorem 1.2
implies that for any z € H(G), there is an oo € L™ such that

zwr,Bs wnr(c)eém) _ (O[)

a =a

But also for any finite set of places T such that Hyp(SU S, T) is satisfied,
there is an ar € Ega such that

a5 = (ar).

As on earlier occasions we may assume that « and a7 are anti-units such
that the equation of ideals

(a)zéT(O) _ az-wLeg _ ( )zwL

ar

z67(0) — az“". For the modifications

for all z € H(G) actually implies «
for the prime p = 2 compare the proof of Theorem 3.5. For the implication

ANNALES DE L’INSTITUT FOURIER



STARK-TYPE CONJECTURES 2595

of the weaker conjectures, everything remains the same apart from some
obvious modifications and the following fact: If M is a finitely presented
Z,G-module, then (cf. [19], Prop. 5.1)

]:p(G) . FittAp (Ap ®z,G M) C Annng(M)
and similarly on minus parts. O
By a similar argument we can prove a partial converse of Lemma 2.12

which is a non-abelian analogue of [17], Prop. 1.2.

PrOPOSITION 3.10. — Let p be an odd prime and let S be a finite set
of places of K containing S, U Ss. Assume that ur(p) is c.t. and

(3.4) HP(G) Fittzpc,g (uL (p))@s C AHHZPG, (AL (P))

Then for each x € H(G)? and each fractional ideal a of L whose class in
cly, is of p-power order, there is an anti-unit o € L* such that

azwl,»es — (a)

and for each finite set T of primes of K such that Hyp(S U S,,T) holds
there is an ar € Eg@ such that

az~5T(O) O[?UJL
for each z € H(G).

Proof. — Since the p-part of the roots of unity is c.t. and pur,(p) is cyclic
as Z,G_-module, there is a nonzerodivisor A € Z,G_ such that § := nr(\)
generates Fittz ¢_(ur(p)). Let a be a fractional ideal of L whose class
[a] € clp has p-power order and let 2’ € H(G). By assumption there is an
a € L™ such that

a®'€% = ().
Let T be a finite set of places such that Hyp(S U S,,T) is satisfied. Since
p is odd, we may assume that [a] € AL (p) and we can lift [a] to the class
[a]r € AT(p). Then [a]?ges lies in the kernel D(p) of the epimorphism
AT (p) - AL(p). But D(p) is c.t. by means of the exact sequence

pr(p) — (or/M7)* " (p) - D(p)

and the Fitting invariant Fittz ¢_(D(p)) is generated by 7 (0)¢~!. Hence
for any =" € H(G), we have

" —1_.7 1 1T
1= [a]; o1 (0)§ " x"€0s _ [a];ac 05 )

Now we can proceed as in the proof of Proposition 3.9. O

TOME 61 (2011), FASCICULE 6



2596 Andreas NICKEL

Remark 3.11. — (1) Since tensoring with the maximal order A, is
exact on sequences of finite c.t. modules, we obtain a similar result
by replacing Fittz,c_ (1L (p)) by Fitt(a,)_ (Ap ® pr) and H by F.
(2) If pt |G|, then pr(p) is c.t. and H,(G)* = H,(G) by Lemma 1.3.
Then the above proof shows that we may replace * € H(G)? by
x € H(G) such that (3.4) implies BS(L/K, S, p).
(3) If ur(p) =1, then in fact

Fitty G (up(p)) = r(ZpyG-)lw@z,c ) = Rs(P)m@z,c_)-
In particular, BS(L/K, S, p) is equivalent to B(L/K, S,p) if in ad-
dition p 1 |G].

4. The relation to the strong Stark conjecture

As before let L/K be a finite Galois CM-extension of number fields with
Galois group G. We denote the maximal real subfield of L by LT and the
normal closure of L by L¢. For n € N let (,, be a primitive complex n*"
root of unity. The aim of this section is to prove the following result.

THEOREM 4.1. — Let p be an odd prime and let S be a finite set of
places of K containing S, U S. If the strong Stark conjecture at p holds
for all characters x with rs(x) = 0, then StBS,,(L/K,S,p) is true.

COROLLARY 4.2. — Let p be an odd prime. Assume that no prime of L™
above p is split in L/ L™ whenever L¢ C (L¢)*((,). Then StBS,(L/K, S, p),
BS,(L/K,S,p) and By, (L/K,S,p) are true for any set S of places of K
containing S, U Ss.

Proof. — Since the strong Stark conjecture at p holds in this case by
[20], Cor. 2, this follows immediately from Theorem 4.1, Proposition 3.9
and Lemma 2.12. g

Before we start with the proof of Theorem 4.1, we introduce some further

notation. We define central idempotents of Q,Gyp by

/

o -1 "no_
Ep = |Is;p| NI"A’ Ep—l—Ep,

and a Z,Gy-module U, by
Up = <NI’B’ 1-— €;¢;31>ch33 C Qqug.

Note that U, = Z,Gy if p is unramified in L/K. For each irreducible
Cp-valued character x we define a fractional ideal of o, by setting

Uy = H nre, g, c(exMUp)oy,
pes,

ram
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where as before 91 is a maximal o,-order in F, G containing 0, G. For any
finite set S containing S, there is a Tate sequence (cf. [23])

(4.1) Eg— As — Bs - Vg,
where Ag is G-c.t., Bg is ZG-projective and Vg fits into an exact sequence
(4.2) Cls — VS - vs,
where Vg is a ZG-lattice. More precisely, Vs fits into a short exact sequence
_ G
Vs— P (indg, (W) - Z,

PESram
pPES

where Wi can be described as the cokernel of the map (cf. [15], §5)
Z@ — ZG’B/(NG‘;J) X ZGim
1= (N, 1—¢g').

Sequence (4.1) has a uniquely determined extension class 75 € ExtZ(Vg,Es)
which is Tate’s canonical class (cf. [27]) if S is sufficiently large. We set
V:=Vs,_and V:=Vg_.

Proof of Theorem 4.1. — We seek to compute the Fitting invariant of
AT (p) over the maximal order (A,)_. By [19], remark 7 this is equivalent
to the computation of the Fitting ideals Fitto, (A7 (p),) for all Cp-valued

irreducible odd characters x. Thus we have to show that for any finite set
T of places of K such that Hyp(S,T) holds we have

ng € Fittox (Azg(p)x),

where 0% = (HE’X)XQHP(G) € ¢(C,G). Let us fix an odd irreducible char-
acter y; for any finitely generated ZG-module M and i € Z we abbreviate
the Tate-cohomology groups H'(G, M (p)[x]) by H*(M). For any finite ZG-
module M, the homomorphism #(M (p), x) induces an equality

(4.3) Fitt, (M(p)y)Fitt, (H°(M)) = Fitt, (M (p)X) Fitt, (H~'(M)).
Consider the exact sequence of Z,G_-modules (cf. sequence (1.8))

(4.4) pr(p) — (op/Mr)*~ (p) — AL(p) - AL(p).

If we denote the kernel of the epimorphism AT — Ap by D, we get two
exact sequences of o,-modules as follows:

(4.5) pL(p)X = (op/Mr)* = (p)*X = D(p)* — H' (ur),

(4.6) J_2 — D(p)xy = AL(p)y ~ AL(D)y,
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where J_5 denotes the image of the map H2(AL) — H=2(Ay). It follows
from the proof of the main result in [7] (cf. the end of §12 in loc. cit.) that

(4.7)  Ls_ (0, X)Uy Fittoe (11, (p)X) Fitte (H'(pur)) "' Fitto (H*(pr))
C Fitto, (AL(p)*)

provided that the strong Stark conjecture at p holds for the character y.
From this one can actually derive annihilation results in spirit of the non-
abelian Brumer conjecture (cf. loc. cit. Th. 1.2), but this inclusion is not
sufficient for our purposes such that we have to take care of the difference
of the above o0, -ideals. The only inclusion of the proof of (4.7) derives from
the two short exact sequences of finite Z[1]G_-modules

A\ v v r716(C)- 2716(C)~
o(C)=  a(C)77 8(C) 5(C)~ v
where C' is a free ZG-module of rank |S_ | and the map § : C — V is
injective. By abuse of notation we also write ¢ for the induced map C' — V

and note that this map is still injective. Moreover, x is a natural number
such that xV~ C 6(C)~. Following the notation of loc. cit. we put

\Van :E’H?(C’)’ x~1 ()~
M= ——+— My:=———"—, Mzg:= ——"—
1 6(C>_7 2 6(0)_ ) 3 v_
and in addition o
— Vv
M, = —.
1 5(C),

<

Since My is c.t. and H(M3) ~ HTY(
lowing exact sequences of o,-modules:

(4.9) AL(p)X — My(p)X — Mi(p)X — Ji,

), we obtain from (4.8) the fol-

(4.10) Hﬁl(ﬁ_) — Ml(p)x — MZ(p)x - MS(p)xa

where J; denotes the kernel of the map H'(AL) — H'(M;). Now we
observe that we have isomorphisms

H'(My) ~ H'(V™) > H'"?(uy) = HH(D),

where the second isomorphism derives from the Tate sequence (4.1) for the
set S whereas the last isomorphism is induced by the exact sequence

Z[%] ® prp — (o /Mp)~ = D.

Now choose a finite set S’ of totally decomposed primes which generate the
ray class group cl¥. The two exact sequences (cf. sequence (1.7) and (1.8))

(E§)™ — (2S")™ - AL, (E&)™ — Eg — (oM7)~
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imply the first two isomorphisms of
HNAT) ~ HY2(EL ™) ~ HY(BEg) ~ H'(V ) ~ H'(M)).

The last isomorphism is clear and the third is induced by a Tate sequence
for S, since Vg ~ V@ ZS'. The natural behavior of Tate sequences yields
a commutative diagram

ErC AsoC Bs,_, \Y% \
7 /V
ES/( AS/ BS/ VS/

which implies that the squares
H*(My) — H"" ()
im‘(m) lHHQ(LS,)
H'(M,) — H'*?(Eg)

commute for all i € Z, where 7; denotes the surjection M; — M. More-
over, the commutative diagram

T |

S’

Z[5) @ prC Eg, (ZS")~ Ap

i

Z[3) © pp— (op/Mp)*~ ——= D

implies that indeed the diagram
Hz(Ml) 4N>Hi+2(uL) -~ . Hz‘+1(D)
iH"(m) lH”Q(Lsf) lH”l(bD)
H'(M,) —= H'*?(Eg) —— H'"'(A])

commutes for all i € Z, where tp denotes the inclusion D — A7. In
particular, we have J; ~ cok(H"(m)) ~ cok(H'(1p)) and thus there is an
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exact sequence
Jo — HYD) — HYAY) — HY(AL) — HD)
— H°(AT) — H°AL) — HYD) — HY ALY — J.
Taking this into account, we can use the sequences (4.5), (4.6), (4.9), (4.10)
and the equality (4.3) to calculate the desired Fitting ideal and end up with

Fitto, (A7 (p)x)
= Fitto, ((01,/M7) ™ (p)X) Fitto, (Mi(p)X) Fitto, (Ma(p)y) ™"
Fitto, (Ms(p)y)) - Fitto, (1o (p)x)_l Fitto, (Hl (1)) Fitto (H2(/~LL))_1~
Now it follows from the proof of loc. cit., Prop. 9.1 and Th. 1.2 that the left

hand side of the inclusion (4.7) equals Fitt, (M (p)X)Fitt, (Ma(p)y) ™
Fitt, ((Ms(p)y)). Hence we obtain

Fitto, (AL (p)x) = Ls.. (0.%) - Fitto, (o1,/2r) = (p) )V
= LSOO (0, }Z) . 6T(05 X)UX

which in particular contains (6%),. O

5. The relation to the equivariant
Tamagawa number conjecture

In [2] the author defines the following element of Ky(ZG,R):
TQ(L/K,0) = Y& (xar(Ts, A5') + 0 (L5(0)%).

Here, 1, is a certain involution on Ky(ZG,R) which is not important for
our purposes, since we will be only interested in the nullity of TQ(L/K, 0).
Furthermore, 75 € Ext,(Es, Xs) is Tate’s canonical class (cf. [27]). Finally,
Xa.r(Ts, )\gl) is the refined Euler characteristic associated to the perfect 2-
extension Ag — Bg whose extension class is Tg, metrised by )\51. For more
precise definitions we refer the reader to [2]. By loc. cit., Th. 2.4.1 the ETNC
for the motive hY(L) with coefficients in ZG in this context asserts that the
element TQ(L/K,0) is zero. Note that this statement is also equivalent to
the Lifted Root Number Conjecture formulated by Gruenberg, Ritter and
Weiss [18] by [2], Th. 2.3.3.

It is also proven in [2] that TQ(L/K,0) lies in Ko(ZG,Q) if and only
if Stark’s conjecture holds. In this case the ETNC decomposes into local
conjectures at each prime p by means of the isomorphism

Ko(ZG, Q) ~ P Ko(Z,G, Q).

ptoo
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Since Stark’s conjecture holds for odd characters, TQ2(L/K,0) has a well
defined image TQ(L/K,0), in Ko(Z,G-,Qy).

THEOREM 5.1. — Let p be an odd prime and assume that TQ(L/K,0),
= 0. If ur,(p) is a c.t. G-module, then BS(L/K, S,p) holds for all finite sets
S of places of K containing S. U Ss.

Proof. — If TQ(L/K,0),; =0 and pur(p) is c.t., Proposition 1.1 (4) and
[19], Th. 7.1 imply that
(5.1)

Fitt5s (uz(p)) - [L(0)* H nr(Up)la(z, o) C Fittgees (AL(p)Y).

PESram

As in the last section, we consider sequence (4.4), where the kernel D(p) of
the surjection AT (p) — Ap(p) now is c.t. As the Pontryagin dual of puz,(p)
is again ur (p), we obtain the following dual sequences:

D(p)" = ((oL/M7)*"(p))" — pr(p),
ArL(p) — AL(p)" — D(p)".
Since the Fitting invariant of ((or/97)*~(p))Y is generated by d7(0)F,
Proposition 1.1 implies that
62(0)- L) T[ nr(Up)laxz,a ) C Fitt3&_ (AL (p)")".
PESram

Since the left hand side contains % if Hyp(S, T) is satisfied, the group ring
elements z - 0%, x € H,(G) annihilate AT (p) by (1.3). Now we can proceed
as in the proof of Proposition 3.9. g

In particular, the inclusion (5.1) shows the following result (cf. [19],
Cor. 7.2).

COROLLARY 5.2. — Let p be an odd prime and assume that TQ(L/K, 0),
=0.Ifur(p) is a c.t. G-module and S is a finite set of places of K containing
S, U S, then

Hyp(G) Fittz"G (up(p))fs C Anng,c (Ar(p)).

We also can derive the strong Brumer-Stark property from the ETNC if
the ramification above p is (almost) tame:

THEOREM 5.3. — Let p be an odd prime and let S be a finite set of
places of K containing S,,,, U S. Assume that TUL/K,0); = 0. Then
StBS(L/K,S,p) holds, whenever all primes p of K above p are at most
tamely ramified in L/K or j € Gyg. In particular, BS(L/K,S,p) and
B(L/K,S,p) are true in this case.
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Remark 5.4. — Assume that all primes p of K above p are at most
tamely ramified in L/K or j € Gg. In [21] the author was meanwhile able
to deduce the vanishing of TQ(L/K,0), under some further restrictions
from the validity of the equivariant Iwasawa main conjecture which has
been proven by Ritter and Weiss [24] provided that Iwasawa’s p-invariant
vanishes. For further connections of the work of Ritter and Weiss to the
ETNC we refer the reader to [4].

Proof of Theorem 5.3. — Let S and T be finite sets of places of K such
that Hyp(S,T) is satisfied. We denote the set of places of K above p by S,
and put

T/ ::TU(Sram mSp))'
If the set T' consists of only one prime, then A{/ (p) is G-c.t. by [20], Th. 1.

But if T' C Tp, the exact sequence

(0,/Mryr) " (p) — AT (p) - AL ()

implies that we may add or remove primes without changing the coho-

~ (S

ram

mology of AZ'(p) and this module is hence c.t. for all admissible sets T.
Since the Fitting invariant of (or /"M, 7)™ " (p) is generated by dr,r(0),
loc. cit., Th. 2 implies that

(5.2)  TL/K,0), =0 <= Fittz,c (AL (p)) = [(65)]nr(z, o),

where 57 denotes the set of all primes of K which are wildly ramified in
L/K. Moreover, we have an exact sequence

(5.3) (0/Mrrr)~ (p) — AL (p) — AL(p).

Let p be a finite prime of K and choose a prime 3 in L above p. We denote
the kernel of the augmentation map ZGy — Z which sends each g € Gy
to 1 by AGsyp. Take an exact sequence

whose extension class in Extém (AGsy, L) =~ H?(Gp, L) is the local fun-
damental class of the extension Ly /K. By [29], Th. 4 the inertial lattice

Wi = {(z,y) € AGys x ZGop|T = (¢ — 1)y}

is the push-out of this sequence along the normalized valuation vy : L% —»
Z. We have two exact sequences

Eq} — ng - Wq;h E;%:; — Eq} - (OL/m)X,

where Fy is the group of local units and E% denotes the local units which
are congruent 1 modulo 3. We define Tip to be the push-out of the first

ANNALES DE L’INSTITUT FOURIER



STARK-TYPE CONJECTURES 2603

sequence along the projection of the second such that we obtain an exact
sequence

(5-4) (on/P)* — Ty —» Wy
The following result is [20], Lemma 3 (i).

LEMMA 5.5. — The G-module (indgm Ty )(p) is c.t. for each finite prime
p 1 p of K and for each finite prime p of K which is at most tamely ramified
inL/K.

We write e, and f, for the ramification index and the degree of the
residue field extension at p, respectively. We observe that there is an iso-
morphism Q, ® Wy ~ Q,Gy and we specify a generator ¢y € We(p) as
follows:

ca«:qufNGm,N ep(dp =17 (o — Na).

where we write (¢ —1)7! = Zf" ! qu}n in an intuitive notation. Note

that
fr—1

(bp — 7Ny Z idy —

lies in Z,Gq as p # 2. We pick a preimage tﬁp € Typ(p) of C‘D' The maps
ZpGoy — Wes(p), 1+ ¢y and Z,Gyy — Tip(p), 1+ ty are injective and
become isomorphisms after tensoring with Q,. Hence, the direct sum
e
T = @ indg,, (T (p)/tsp)
peT’'\T
is finite and c.t. by Lemma 5.5. Let W be the direct sum of the modules

ind&B (Ws(p)/cyg), p € T\ T. Then the exact sequences (5.4) for these
primes induce an exact sequence of G-modules

(or/Mr 7))~ (p) =T —» W

Now take any finite c.t. Z,G_-module P which maps onto (0 /9 1) ~(p)
(for example, choose P to be the direct sum of the modules (indg13 ZpGa/
(N(B)—1))7, p € T"\T) and denote the kernel by K. Then we obtain
two exact sequences

K—P =T >W, K—P— AL (p) —» AL (p),

where the second sequence derives from (5.3). Hence Proposition 1.1 (5)
implies that
(5:5)

Fitt7°6 (A7 (p)) = Fittz, ¢ (AL (p)) Fittz,o (T7)~ 'Fitty s (W),
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The first Fitting invariant on the right hand side is given by the ETNC
and we have to compute the other two. In fact [20], Prop. 6 (4) gives

(5.6) Fittz,c_(T) = [ H nr(Tp)]m(Z Gy where
pET/\T L
Ty 1= 6_1(1 — N(p))Ng,, + ( (p) - % e -I-E > (|Gq3| — Nag)-
p p By 1— ¢‘J3 p B

For the last Fitting invariant we prove the following lemma which is the
non-commutative analogue of [20], Lemma 8:

LEMMA 5.6. — Let p € S, be a finite prime of K. Then
Fittg) Gy (W (p) /) D [nr (Xp)lurz, ),
Xp = <NG‘13 — |G‘Z[3|7NGr;3 + ep(prI‘B — Nch)((b‘B — 1)71>ZPG‘F'
Before we prove the lemma, we observe that this lemma, (5.5), (5.6) and
(5.2) imply the following result:

COROLLARY 5.7. — Let p be an odd prime and assume that TQ(L/K,0),;
= 0. Moreover, assume that all primes p of K above p are at most tamely
ramified in L/K or j € Gy. Then for any finite set T' of primes of K such
that Hyp(S

ram?

Fitt2"%_ (AL () > [srO)LO) T wr(y)]

peS,

T) is satisfied, we have

nr(ZPG,).

ram

In particular, GS and hence 0% is contained in Fitty ¢ _(A%(p)). This
finishes the proof of the theorem. O

We are left with

Proof of Lemma 5.6. — Let [ be the rational prime below p and let Ry
denote the [-Sylow subgroup of Iz. Since Ry is normal in Gy and [ # p,
the central idempotents

= |Ry|™ NRp,’I‘ '—l—rp

belong to the group ring Z Gsp and there is an isomorphism 7, (W (p)) ~
7y ZpGe which maps rjjcy to 1/ (|G| — Ngy, ). Hence we may assume that
p is tamely ramified in L/K.

Let us drop the subscripts p from the notation and simply write e for ey,
and f for f,. We keep the notation of [10], Lemma 6.2. So choose a generator
a of Iy and let b1 € Gy be a lift of the Frobenius automorphism which is
of maximal order |b| among all such elements. Then b~/ = a¢ for a divisor

c of e and b~lab = a?, where ¢ = N(p). Define a map
T Zqugel D Zqugeg — qu(p)
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by m(e1) = (b' —1,1) and m(e2) = (a — 1,0). Now let (z,y) € Wig(p) be
arbitrary. Since AGy is generated by a—1 and b—1, there is an v € Z,Gyp
such that (z,y’) € im(7). Hence ¢ —1 annihilates y—y’ and there is z € Z,
such that y — ¢/ = zN@. But

f—1 c—1
A3 bt =Y dles) = (57— 1- (0" = 1), Ngy)
=0 =0
= (07 Nﬁ)

such that 7 is an epimorphism. We claim that the kernel is generated by
Nipyez and (a? — 1)e; + (1 — b~ ')ey. For this, assume that

71'(1'161 + 1’262) = (Zl(bil - 1) + ZL’Q([I - 1),?1) =0.

Since a? is also a generator of Iy, we have 1 = ) (a?—1) for an appropriate
zi € Z,Gy by [10], Lemma 6.6. By the same Lemma we get 2} (b~ — 1) +
g =y - Np, with y € Z,Gsp, since the left-hand side is annihilated by
(a —1). Hence

z1e) 4 Toeg = xh(a? — e; + (1 — b Vey + (2} (07 = 1) + x2)es
=2)((a? — ey + (1 —b eg) + yNieo
which proves the claim. Define two group ring elements
f-1
01:=Y b7+ (f N1y — Nay) (0" = 1) 7" € Z,Gy,

i=0
e—1i—1

S IEED w W
=1 j=0

Now we compute
010" =1) = da(a = 1) =0~ =14 fNp, = Ny — (a° = 1+ f(Np,, —¢))
= |G‘J3| - NGm
and thus w(d1e1 — d2ea) = cﬁp. Hence, the kernel of the epimorphism
Z,Gyper ® ZpGypea — Wip(p)/cp

induced by 7 is generated by the kernel of w and d1e; — dses. The re-
duced norms of the following three matrices generate a Fitting invariant of

Wi (p)/cly:

L 0 a?—1 L 0 51 L a?—1 61
(0 ) (0 B e (2 )
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Since Ny, (a? — 1) = 0, we have nr(A) = 0. For the matrix B we have
nr(B) = nr(—Nr, 01) and
Ni, 61 = Ngy, + e(f N1y, — Nay ) (o — 1)1

The reduced norm is defined component wise and we compute nr(C) in two
steps. Recall that e, = "' Ny, and €] = 1 — ¢},. Since €},(a? — 1) = 0, we
have on the one hand

nr(Cey,)

p

nr((b~! — 1)d1€,)
nr((b~7 — e, + (fe — Nay )ey)
(

nr (leg| NG‘ﬁ)E;J)'

/

On the other hand, (a? —1)ej

compute

roeh) = aqo_1 <aq-1>71?2f1—1>—62 )%)
G107 = 1)(a— 1)1 — )ep)

(a” = 1)

(o — )((52(a—1) |Gyl = Ney)(a—1)7" = da)ey)
( )

(

and likewise (a — 1)g, are invertible and we

ad —

nr

(
nr(

(a” — 1)(C| — Nay)(a— 1))
— nr((Gy| — Ny )el),

where the last equation holds, since b='ab = a¢ and the reduced norm is
invariant under conjugation. We have shown that nr(C) = nr(|Gyg|—Ng,, )-
Now let 1, x2 € Z,Gy be arbitrary. Then also

xg(aq — 1) 61 o .

nr ( 21 Npy +aa(1 - b1 5 =nr(—z1(Ngy
+e(fN1y — Ny )(dg — 1)71) + 22(IGy| — Ney,))

belongs to Fitty & (W (p)/cyp).- O

nr
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