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SECOND COHOMOLOGY CLASSES OF THE GROUP
OF C'-FLAT DIFFEOMORPHISMS

by Tomohiko ISHIDA

ABSTRACT. — We study the cohomology of the group consisting of all C'°°-
diffeomorphisms of the line, which are C'-flat to the identity at the origin. We
construct non-trivial two second real cohomology classes and uncountably many
second integral homology classes of this group.

RESUME. — On étudie la cohomologie du groupe des C*°-difféomorphismes de
la droite, qui sout C'-tangents & l'identité & I’origine. On construit deux classes
non-triviales de cohomologie réelle de degré deux et un nombre non-dénombrable
de classes d’homologie de dimension deux de ce groupe.

1. Notations and main results

We denote by a; the Lie algebra of all formal vector fields on R with the
Krull topology. For k > 0, we denote by a} the Lie subalgebra of a; consist-
ing of formal vector fields which are C*-flat at the origin. Let Diffg°(R) be
the group of orientation-preserving C*°-diffeomorphisms of R which fix the
origin. Let G(1) be the group of germs of local C*°-diffeomorphisms at the
origin of R. Let G*°(1) be the group of oo-jets of local C*°-diffeomorphisms
at the origin of R. For k > 1, we denote by Diff°(R), G(1) and G¢°(1)
the subgroup of Diff°(R), G(1) and G*°(1) respectively, consisting of ele-
ments which are C*-flat to the identity at the origin. The groups G°°(1)
and G7°(1) can be considered as infinite-dimensional Lie groups, whose Lie
algebras are af and a¥, respectively.

We define the Gel'fand-Fuks cohomology [2] of a} in § 2. It is known
to be 2-dimensional for each degree [3][7]. Moreover, Millionschikov proved
its generators in degree greater than 1 can be described by the Massey
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78 Tomohiko ISHIDA

products [5]. We carried out the calculation of the Massey products on
Diff{°(R), and we give two 2-cocycles of Diff7°(R) in § 3.
For ! > k, let a; and vy, ..., be the 1-cochains of Diff};°(R) defined by

l
ou(f) = S 7(0) for f € Difffe(R),

and

Qg ..o (f) = (f) . ali,(f) for f S Dlﬁ‘zo (R),

respectively. Then the following proposition holds.

PROPOSITION 1.1. — The following ~2 and 'yi are 2-cocycles of the
group Diff{°(R).

V2= (%oq — 3agas + 3a§)v (a3 — gag) — %agv (ag - gag)Q,
’yi = —Qaa_ (%O@O@ — %ai — %a%ag,
+ %a2a3a4 — %ag + %a%ag — gaéag + gag)
+ (%oa; — 3asaz + 3a§)v(1—10045 — Qo — éa% + 404%0[3 — 30/21)
+ (%as — ;a2a4 — ag + 6a§a3 — 14—50/2*)v ( — %a4 + 3asag — 3043)
+ (%a(; — %agag, — %Oég()@ + gagcu + 2a2a§ — 5a§’a3 + Zag)

3
- (O{g — 504%) .

Our main theorem is the following.

THEOREM 1.2. — Let 72 : Ho(Diff{°(R);Z) — R? be the homomor-
phism defined by

Y2(€) = (V2(€),73(9)).

Then ~2 is surjective.

The author is extremely grateful to Professor Takashi Tsuboi for many
helpful advices. He suggested that commutators would be useful to con-
struct 2-cycles of groups. The author also would like to thank Professor
Shigeyuki Morita for his teachings. The construction of the above cocycles
was done under his supervision when the author was in the master course.
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2. First cohomology of Diff}°(R)

In this section, we review a result of Fukui [1] and compute 1-cocycles of
H(Diff;°(R); R).

DEFINITION 2.1. — For a topological Lie algebra g, we denote by A% (g)
the differential graded algebra of all continuous alternating forms on g.
The Gel’fand-Fuks cohomology of g is defined to be the cohomology of the
complex (A& (g),d). Here, d is the ordinary differential mapping of cochain
complexes of Lie algebras. We denote the Gel’fand-Fuks cohomology of g

by H¢r(9)-

In the case g = af, the complex Ag(a’f) is an exterior algebra generated
by 641 §-+2)where §!)’s are the 1-forms on a¥ defined by

00 (fo)g: ) = (0700 for f() € Rl

Since it is easily seen that ds® =0 if and onlyif k+1<I<2k+1, we
obtain the following proposition.
PROPOSITION 2.2. — For k > 1,
Hbelah) 2R,
Moreover, §++1) §k+2) " §2k+1) generate H}, - (ak).

In particular, H}(al) is generated by ¢” and §”.
On the other hand, Fukui proved a proposition about the homology of
groups corresponding to a¥.

THEOREM 2.3 (Fukui[l]). — For k > 1,
H, (Diff{°(R); Z) = Rk,
Theorem 2.3 is obtained from the fact that the group homomorphism

Uy, : Diff°(R) — RFF!

FE(0),

defined by
._ 1 L o) 1 (2k+1)
Pi(f) = ((k+1)! LA O vy TA (0)>

induces an isomorphism in the first homology. Here, R*+1 means the group
which is R¥*1 as a set, where the addition is defined by

(al,ag,. . .,ak+1) —+ (bl,bg,. . 'akarl)
= (a1 +bi,a2 +ba,...,a + by, ap1 + bep1 + (k4 1)arby).
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80 Tomohiko ISHIDA

Since Uy, is a group homomorphism, ak41, ®k12, ..., ag, are 1-cocycles of
Diff°(R) with real coefficients. Moreover, if we denote the cochain dgpy1

by
2k +1\ ,
Qog41 = Q2f41 — 5 L Qpt1s

3
then it is also a 1-cocycle. In particular, as and &3 = ag — §a§ are 1-

cocycles of Diff°(R).

Remark 2.4. — The same argument can be applied to the groups G; (1)
and G§°(1) instead of Diff°(R). Hence Theorem 2.3 also holds for G;(1)
and G§°(1). By regarding «y’s as the 1-cochains of Gi(1) and G$°(1), the
1-cocycles agy1, Qky2, - .., aop and dggy1 of Diff{°(R) can be considered
as 1-cocycles of the groups G; (1) and G$°(1), respectively.

3. Construction of the 2-cocycles of Diff{°(R)

In this section, we recall the definition of the Massey products following
[4], and construct the 2-cocycles 3 of the group Diff{°(R).

DEFINITION 3.1 ([4]). — Let A = (A"™,d) be a differential graded al-
gebra. For u; € HP (.A), we set a; a cocycle representative of u;. We de-

fine p(i,j) to be Z . A collection of cochains A = (a(i,j)) for

1<i<j< kand( J) # (1,k) is a defining system of {aq,...,ax} if
(i) a(i,i) = a; € AP,

(ii) a(i,j) € APGDFTL and
J—1

(iii) da(i,j) = Z(—l)dega(”)a(i,r)a(r—l—1,j).

r=i
DEFINITION 3.2 ([4]). — When a defining system A of {ay,...,a;} ex-
ists, we define ¢(A) € AP(LF)T2 by setting
k—1

c(A) =Y (1) Ca(1, r)a(r + 1, k).

r=1

Then ¢(A) is a cocycle and the set
{a cohomology class of ¢(A); A is a defining system of {a,...,ax}}

depends only on the cohomology classes ui,...,u;. We call the elements
of the set the Massey products of {uy,...,ug}.
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COHOMOLOGY OF THE GROUP OF C!-FLAT DIFFEOMORPHISMS 81

By Goncharova’s theorem [3][7], which gives dim H, . (af) for any p, k >
1, we know

H? . (a7) 2 R?  for any p.

Furthermore, the following theorem is known.

THEOREM 3.3 (Millionschikov[5]). — For any p > 2, there exist gen-
erators ¢*, g% € Hfp(ai) of Hip(ai) = R2, which are described by
the Massey products. In particular, both the triple Massey product of
{6",6" 6"} and the 5-fold Massey product {6”,8",8",6",0"} determine
non-trivial cohomology classes in H% -(ai), which are linearly independent.

In fact, the defining systems of {6”,"",6"'} and {§”,6",8"”,6",6"'} can
be written as

5" _%5<4> _%5@) _37105@ .
1 1
5" 715(4) « o 55(4) E5(5) 0
2
5" 0 and 5" }6/// id(s) s
5" 3 101
s )]
26
5"

respectively.

Proof of Proposition 1.1. — For Diff{°(R) we checked that the defining
systems of both of {aa, &3, a3} and {as, s, s, as, s} also exist. In fact,
they can be written as

as P11 PBs Ps *

ay B o az Pz Bs Bo
a3 2| and az B Br |,

a3 az By

Qa3

TOME 62 (2012), FASCICULE 1



82 Tomohiko ISHIDA

respectively. Here,

1 1.
B1 = 50 + 3agaz — 303, Ba = §Oé§,
1 3 1
B3 = 504~ 2c003 + 5043, Bs = 3085
1 3
Bs = —F0s + 5020 + a2 — 6a3as + Zag,
1 1 1 3
fe = 109 g2t — gag + 5043013 - 1@37
1 1
Br = Eas — ooy — gag + 4a§a3 — 3a§,
3 1 3 9
Bs = 7%@6 + Eago% + 5030 — 50[%044 — 2a2a§ + basas — iag,
1 L, 2 1 3,1 95 4 6
By = Ea3a5—§a4—%a2a5+§aga3a4 9% + 50205 — 7303 + 392
Following to the definition of the Massey products, we obtain cocycles
72 = —as_Pr — Pi_ads,
and
Vi = —as_fo — Bi_Pr — Bs—P1 — Bs_di,
of Proposition 1.1. O

4. Proof of the main theorem

Throughout this section, for any two diffeomorphisms f and g, the mul-
tiplication fg means that g is applied first.

In this section, we prove the non-triviality of ¥3 by constructing un-
countably many 2-cycles &5 € Z[Diff3°(R)?] such that 42 (¢£;) # 0 and
Y2 (€5) # 0. Then this proves Theorem 1.2. To construct &5, we use the
following lemma.

LEMMA 4.1. — For any k,l > 1(k # 1) and any f € Diffy7,(R), there
exist g € Diffi°(R) and h € Diff{°(R) such that f = [g,h]. Here, [g,h]
means ghg~'h~".

1) it is true that [Diff°(R), Diff;°(R)] =

Moreover, for any k,l > 1(k #
I, Fukui proved that [Diff°(R), Diff ;°(R)] =

Diff3%;(R). In the case k =
Diff3; 1 (R) for £ > 1 in [1].
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Proof. — We may assume that & > [ and the co-jet of f is written as

If we take h € Diff°(R) so that h can be described as
h(z) =z 4 2!t
in a some neighborhood of 0, then the co-jet of fh at 0 is written as
fhz) =z + a7 4 apy 2 4

Here, we apply the following theorem of the normal forms of diffeomor-
phisms of (R, 0).

THEOREM 4.2 (Takens[6]). — For any [ > 1 and v € Diff;°(R), there
exists ¢ € Diffg°(R) such that

e~ (@) = o + 2" 4+ aa

in a some neighborhood of 0 for some § = +1 and o € R. Here § and « are
uniquely determined by the (21 + 1)-jet of 1.

Because of the uniqueness of § and «, there exists ¢ such that ¢! fhy =
h in some neighborhood U of 0. By Takens’ construction of ¢ in Theo-
rem 4.2, it is seen that one can choose ¢ to be C!-flat to the identity at 0.
We denote the composition ¢! fhe by ®. If we take h so that both of h
and ® have no fixed points except for 0, then ® is conjugate to h. In the
case [ is odd and = < 0, there exists an integer n, > 0 such that ®"(x) is
in U for any n > n, and we define ¢(z) = &~ h" (z). Otherwise, for any
x there exists an integer n, > 0 such that ®~"(x) is in U for any n > n,
and we define @(z) = ®"=h ="+ (z). Then ¢~ ®P coincides with h. If we set
g = @, then g is contained in Diff;°(R) and Lemma 4.1 is proved. O

Proof of Theorem 1.2. — If f, g € Diff{°(R) and the oco-jet of them are
written as

f(z):x—FZanx", g(x)=x+2bn1:”,
n=2 n=2
then
’Yz (f, g) = 36(53 — bg)(2a4 — 6asasz + 4(1% — asbs + a2b§).

Thus if f; € Diff>°(R) for i = 1,2,3,4, then 72 (fa, f3) = Y2 (f1, f1) =
72 (f1, f1) = 0. On the other hand, if both of the coefficient of 2* in the jet of
f3 and the coefficient of 23 in the jet of fy are non-zero, then 72 (f3, f2) # 0.
Therefore, we assume f3 € Diff§°(R) \ Diff;°(R) and fo € Diff5°(R) ~
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Diff3°(R). By Lemma 4.1, we can choose f; € Diff°(R) and f, € Diff{°(R)
such that [fa, f3] = [f1, fa]. If we set

& = (f3, f2) = (fas f3) + ([f2: f3], f3.f2)
- (f4af1) + (f17f4) - ([flaf4]7f4fl) € Z[DIH‘TO(R)z]a

then &, is a cycle and

P65) =7 (s £2)) = sealf)as(fo) #0.

Therefore, the non-triviality of v2 is proved.

The non-triviality of 42 can be proved similarly. Let g3 € Diff§°(R) \
Diff;°(R) and g4 € Diff7°(R) \ Diffz°(R). If we choose ¢ € Diff{°(R) and
ge € Diftg”(R) such that [g3, 4] = [91, g6] and set

& = (94,93) — (93, 94) + ([93, 94, 9a93)
—(96,91) + (91, 96) — ([91, 96, 9691) € Z[Diff°(R)?],

then & is a cycle and

= —% s (ga)ua(gs) # 0.

Consequently, v3 are non-trivial cohomology classes in H?(Diff{°(R); R).
Furthermore, clearly 72 (&) = 0 and 42 (&) can take any real value by
changing f> or f3. Similarly, ’yi («f;r ) also can take any value. This concludes
the proof of Theorem 1.2. O

Moreover, the following corollary holds.

Wi(fzﬂ = 7;((94793) — (93,94))

COROLLARY 4.3. — For any g > 2, there exist uncountably many iso-
morphism classes of flat R-bundles on genus g surface ¥4, such that the
images of their holonomy homomorphisms

m1(2,) — Diff *(R)
are contained in Diff°(R).

Remark 4.4. — The same argument in §3, and §4 can be applied to the
groups G1(1) and G$°(1) instead of Diff{°(R). Therefore, we can regard v3
as the 2-cochains of G; (1) and G$°(1), and Theorem 1.2 also holds for G; (1)
and G$°(1), respectively.

On the other hand, for any group G and commuting f, g € G, the chain
(f,g) — (g, f) is the simplest 2-cycle of G. However, if we regard 43 as the
2-cocycles of G$°(1), then it is seen that v3 ((f,g) — (g, f)) = 0 for any
commuting f,g € G°(1). Hence the following is true.
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PROPOSITION 4.5. — For any group homomorphism p: 1 (T?) — G$°(1),

pyE = 0.
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