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REMARKS ON THE FUNDAMENTAL SOLUTION
TO SCHRODINGER EQUATION
WITH VARIABLE COEFFICIENTS

by Kenichi ITO & Shu NAKAMURA (*)

ABSTRACT. — We consider Schrodinger operators H on R™ with variable co-
efficients. Let Hy = 7%A be the free Schrodinger operator and we suppose H is
a “short-range” perturbation of Hg. Then, under the nontrapping condition, we
show that the time evolution operator: e~ can be written as a product of the
free evolution operator e *tH0 and a Fourier integral operator W (t) which is as-
sociated to the canonical relation given by the classical mechanical scattering. We
also prove a similar result for the wave operators. These results are analogous to
results by Hassell and Wunsch, but the assumptions, the proof and the formulation
of results are considerably different. The proof employs an Egorov-type theorem
similar to those used in previous works by the authors combined with a Beals-type
characterization of Fourier integral operators.

RiSUME. — Nous considérons des opérateurs de Schrodinger H a coefficients
variables sur R™, qui sont des perturbations “a courte portée” de l'opérateur de
Schrodinger libre Hg = —%A. Dans le cas non captant, nous montrons que l’opé-
rateur d’évolution temporelle e~ g’écrit comme le produit de 'opérateur d’évo-
lution libre e~%H0 et d’un opérateur intégral de Fourier W (t), qui est associé &
la relation canonique donnée par la diffusion classique. Nous établissons aussi un
résultat similaire pour les opérateurs d’onde. Ces résultats sont analogues & ceux
obtenus par Hassell et Wunsch, mais leurs hypothéses, leur preuve et leur formula-
tion sont nettement différents. La preuve repose sur un théoréme de type Egorov
semblable a ceux utilisés dans les travaux précédents des auteurs, et qui est combiné
ici & une caractérisation de type Beals des opérateurs intégraux de Fourier.
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1. Introduction

We consider Schrédinger equations on R™ with n > 1 of the following
form:

8¢( x) = Hy(t,xz), teRxzeR",

"ot
$(0,z) = 1/)0(37) € L*(R"),
0
H=-5 ot V(:L'),
jkzl 896] Oxy,

where a;i(z) and V(x) are real-valued C'*°-functions on R™.
ASSUMPTION A. — There exists u > 0 such that for any a € Z'}
105 (aj(@) = 6x]) < Cala) ™71 02V (2)| < Cala)*~#7 1"
for x € R™ with some Cy, > 0.

It is well-known that under our assumptions H is essentially self-adjoint
on C§°(R™). We denote the unique self-adjoint extension by the same
symbol H. Then the solution to the Schrédinger equation is given by
P(t) = e He)y € L?(R™) by Stone’s theorem.

We are interested in the microlocal structure of the evolution operator
e " 1f a;p,(z) = 0, i.e., if the metric is flat, then e~ is represented by
an oscillatory integral similar to Fourier integral operators (Fujiwara [2]),
though it is not a Fourier integral operator (FIO) in the sense of Horman-
der ([5, 6]). For general H, it is difficult to show similar representations
because of the existence of the caustics. In this paper, we discuss different
representation of the evolution operator, namely, we show

efitH _ efitHo W(t)

where Hy = f%A is the free Schrodinger operator, and W (t) is possibly
an FIO. In the following, we show W(t) is in fact an FIO under suitable
conditions. We note
W(t) _ eizﬁHoe—itH7
and we study the microlocal structure of W (t) defined as above.
In order to state the condition, we consider the classical mechanics asso-
ciated to our Hamiltonian. We set

n

Pr,€) = k@, &)+ V@), k&)= 1 3 an@)&te mle) = e

k=1
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FUNDAMENTAL SOLUTION TO SCHRODINGER EQUATION 1093

on T*R™ = R"™ x R™. k(x,&) is the kinetic energy, p(z,§) is the classical
Hamilton function, and pg(§) is the free energy function. We denote the
corresponding Hamilton vector fields by H, and Hy,, Hp,, respectively, i.e.,

k k
H”_ZT@T%_Z% g’ Zggj aij Zaaxj a(zj
etc. and we denote the Hamilton flows on T*R™ by exp(tH,), exp(tH}) and
exp(tHp,) (t € R), respectively. We write
T*M\ 0= {(z,¢) | (,§) € T*M,£ #0}.
DEFINITION 1.1. — Let (z9,&) € T*R™ \ 0, and we denote
(y(t),n(t)) = exp(tHy)(2o,&0), forteR.

(x0,&0) is said to be forward (backward, resp.) nontrapping if

ly(t)| = +o0 ast — +oo.
If (20, &) is forward /backward nontrapping, then it is well-known that

£+ = lim n(t)

t—+oo

exist under Assumption A. Moreover, if p > 1, then
ze = lim (y(t) —tn(t))

are also well-known to exist (see, e.g., [14]). These imply y(t) ~ z4 + t&+
as t — +oo. We call (24, &4 ) the scattering data of (zg,&p), and we denote

wﬁ:(xo,go) = (Z:tag:‘:) = t~1>lrinoo exp(_tho) o exp(tHk)(x()?gO)'

We note that z4 (z,€) and &4 (z, €) are homogeneous of order 0 and 1 with
respect to &, respectively, since both k(x,£) and po(€) are homogeneous of
order 2 in £&. Moreover, w4 are canonical transform on the domain where
w4 are defined.

THEOREM 1.2. — Suppose Assumption A with p = 2, and suppose the
global nontrapping condition, i.e., every (xq, &) € T*R™\ 0 is nontrapping.
Then W (t) is an FIO associated to wy for each t € Ry.

Remark 1.3. — We suppose the global nontrapping condition for the
sake of simplicity. If we suppose (z¢,&p) is forward nontrapping and ¢ > 0,
then we can find a symbol a(z,§) € SY(R™) such that ag(zo, &) # 0 and
W (t)a(z, Dy) is an FIO associated to wy defined in a conic neighborhood
of (z¢,&p). Here we have denoted the principal symbol of a by ag. The same
generalization applies to the following theorems, but we do not discuss in
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1094 Kenichi ITO & Shu NAKAMURA

detail. The proof of the above statement is same as that of the theorem.
In fact, we need only to prove the theorem microlocally, and we prove the
above claim to conclude the main result by using the microlocal partition
of unity.

Remark 1.4. — Theorem 1.2 actually implies a propagation of singular-
ity result. Namely, if we set

As = {(y,m2, =) | (y,n) = we(z,6)} C T'R" x T*R",

then Theorem 1.2 implies WF(W (¢)) C Ay for t € Ry, where WF(W (¢))
denotes the wave front set of the distribution kernel of W (¢). Thus, in turn,
it implies

WE (W (t)u) C we (WF(u))

for u € L*(R") or u € &'(R™). In fact, we have the equality in the above
inclusion ([14, 13, 8]).

We now consider the general short-range case, i.e., the case when 1 <
1 < 2. Then we learn that Theorem 1.2 does not hold as it is, and we need
to modify the definition of the FIOs. In [6], an FIO is defined as an opera-
tor of which the distribution kernel is a Lagrangian distribution associated
to a conic Lagrangian submanifold. We need to employ a Lagrangian dis-
tribution associated to an asymptotically conic Lagrangian manifold. Such
Lagrangian submanifold is associated to an asymptotically homogeneous
canonical transform. We discuss these definitions in Section 4.

We set

w(t) = exp(—tHp,) o exp(tH,) : T'R" — T*R".

We can show w(t)(x, &) = wi(z,£) + O(|€|>7#) as [£] — oo for £t > 0, and
hence w(t) is asymptotically close to the homogeneous canonical transform
wy if 4 > 1 (Appendix, Lemma A.1).

THEOREM 1.5. — Suppose Assumption A with 1 < u < 2, and suppose
the global nontrapping condition. Then W (t) is an FIO associated to w(t).

Remarks 1.3 and 1.4 also apply to Theorem 1.5.
Next we consider the wave operators. Here we suppose

AsSUMPTION B. — There exists y > 1 such that for any o € Z}
|05 (aj(x) = 631)| < Calz) #7100, 02V (2)] < Cafa) 1o

for x € R™ with some C,, > 0.

ANNALES DE L’INSTITUT FOURIER



FUNDAMENTAL SOLUTION TO SCHRODINGER EQUATION 1095

Under Assumption B, it is well-known that the wave operators:

Wy = s-lim e'tH e tHo
t—+oo

exist on L2(R").

THEOREM 1.6. — Suppose Assumption B, and suppose the global non-
trapping condition. Then W are FIOs associated to w;l.

Note that w4 is homogeneous in £, and W, are FIOs in the sense of
Hoérmander even if p < 2.

We prove our main results combining a Beals-type characterization of
FIOs and Egorov-type theorems, which are variations of corresponding the-
orems proved in [14, 13, 8] to characterize the wave front set of solutions to
Schrédinger equations. We discuss the Beals-type characterization theorem
in Section 2, and then its generalization to FIOs associated to asymptoti-
cally homogeneous canonical transforms in Section 4. Using these, we prove
Theorem 1.2 and Theorem 1.5 in Section 3 and Section 4, respectively. Ap-
plication of these ideas to wave operators (Theorem 1.6) is discussed in
Section 5. Several technical lemmas are proved in Appendix A.

The fundamental solution to Schrédinger equation with the flat Lapla-
cian as the principal terms has been studied by many authors, for example
Fujiwara [2] and Yajima [18]. In this case, a global construction of the fun-
damental solution is known, and it was applied to various estimates, for
example dispersive estimates of the Schrodinger evolution group.

On the other hand, not much has been known about the fundamental
solution to the Schrodinger equation with variable coefficients. The local
regularity properties of the fundamental solution under nontrapping con-
dition is known for some time, but it is not enough to characterize the
singularities of solutions to the Schrédinger equation (cf. e.g., Kapitanski-
Safarov [9]), because the equation has infinite propagation speed. The first
step of the analysis of microlocal singularity for the equation was carried
out by Craig, Kappeler and Strauss [1]. They proved microlocal smooth-
ing property of the equation, and thus gave a sufficient condition for the
microlocal regularity of solutions. The result has been improved or general-
ized by Wunsch [17], Robbiano-Zuily [15], Nakamura [12], Ito [7], Martinez-
Nakamura-Sordoni [10], etc. Then a complete characterization of the mi-
crolocal singularities of solutions was given by Hassell and Wunsch [3, 4] by
constructing a parametrix as a Legendre distribution on scattering mani-
folds. The result was later generalized by Nakamura [14, 13], Ito-Nakamura
[8] and Martinez-Nakamura-Sordoni [11]. In these papers, the authors do
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1096 Kenichi ITO & Shu NAKAMURA

not construct a parametrix, but instead use Egorov-type theorems to obtain
the characterization of singularities of solutions.

In this paper, we show that these Egorov-type theorems actually imply
that the fundamental solution is written in terms of an FIO and the free
evolution operator. Our result is analogous to results by Hassell and Wun-
sch [3, 4], but the formulation is quite different, and we work in the standard
framework of FIOs and Lagrangian distributions, combined with classical
mechanical scattering theory. Our model is restricted to Schrodinger op-
erators on the Euclidean space, but our assumption on the perturbation
is weaker than theirs. In particular, we consider general short-range per-
turbations, not necessarily having an asymptotic expansion starting from
O(]xz|72) terms. We may also include operators with unbounded potential
terms. Our method can be applied also to operators on scattering mani-
folds, and we discuss them in a forthcoming paper.

We use the following notation throughout this paper: For function spaces
X,Y, L(X,Y) denotes the linear space of the continuous linear maps from
X to Y. We write Ry = (0,00) and R_ = (—00,0). Also we write Z, =
{0,1,2,...}. For u € S(R™), we denote the Fourier transform by

a(€) = Fu(€) = (2m) "2 / e (z) do.

n

F is extended to a map from S’'(R") to S’'(R™). We denote the stan-
dard symbol class of pseudodifferentail operators as follows: We write a €
os(R") if a(z,§) € C*(R" x R") and for any o, 8 € Z7,
|a§za€5a($,£)| < Caﬁ<£>m+5|a\*l)\5|’ z,§ e R,

with some Cos > 0. We write a € S7(R") if a € ST and a has an
asymptotic expansion:

a(x, &) ~ Zaj(m,§), as |&] — oo,
j=0

where a;(z, ) are homogeneous of order (m —j) in €. For a symbol a(z, &),
the pseudodifferential operator a(x, D) is defined by
a(z, Dy)u(x) = (2m) /2 / e Ca(x, £)u(€)dE, ue SR,

n

and the Weyl quantization is defined by

a" (2, Da)u() = (2m) 7" / 0o (Y € )uly) dy de.
eon 2
For (z9,&) € T*M, Q C T*M is called a conic neighborhood of (zg, &) if 2

is a neighborhood such that if (z, &) € Q then (x, A§) € Q forany A € [1, 00).

ANNALES DE L’INSTITUT FOURIER



FUNDAMENTAL SOLUTION TO SCHRODINGER EQUATION 1097

A conic set is called narrow if for any (z,¢), (z,n) € Q, (6,7 #0), €7 >a
with fixed a > 0, where £ = £/|].

2. Beals-type characterization
of Fourier integral operators

In this section we prove a Beals-type characterization theorem for Fourier
integral operators. At first we recall several standard definitions.

Let A C T*R™ be a smooth m-dimensional submanifold. L is called
Lagrangian if the pull back of the standard canonical form vanishes on A,
ie, i*(dEAdr) = 0on T*A. A is called conicif (x,£) € A implies (z,\§) € A
for A > 0.

DEFINITION 2.1 (Besov space By ™ (R™)). — Let 0 € R and let u €
S'(R™) such that @ € L3 _(R™). Then we set

1/2 ‘ N
el g = ( / a(f)Fdf) +sup< / 2774 (¢)| ds) .
l¢1<1 320 \J2i [¢]<2i+1
Then By'*°(R™) is defined by

By®(R™) = {u € &'R™) | [lul pg= < oo}
and

By (R™) = {u € D'(R™) | pu € BS">(R™) for any ¢ € C°(R™)}.

2,loc
According to Hérmander [6] (see also Sogge [16]), the Lagrangian distri-
bution is defined as follows:

DEFINITION 2.2 (Lagrangian distribution). — Let A C T*R™ \ 0 be a
conic Lagrangian submanifold, u € S'(R™) and o € R. u is called La-
grangian distribution associated to A of order o if for any pi,...,pN €
SL(R™) such that the principal symbols of p; vanishon A (j = 1,2,...,N),

pr(@, Da)pa(@, Dy) -~ py(x, Do)u € By pon ™4 (R™),
and we denote u € I7(R™, A).
DEFINITION 2.3 (Fourier integral operators). — Let S be a canonical

transform from T*R™ to T*R"™, and suppose S is homogeneous of order 1
with respect to £. Let

As ={(y,z,n, =) | (y,n) = S(x,€), (x,€) € T*R™\ 0} € T*R** \ 0.
Let U € L(S(R"),S'(R")) and let u € S'(R?™) be its distribution kernel.

Then U is called a Fourier integral operator of order o associated to S if
u e IU(R2n7A5).

TOME 62 (2012), FASCICULE 3



1098 Kenichi ITO & Shu NAKAMURA

Note Ag is a conic Lagrangian submanifold since S is a homogeneous
canonical transform.

Remark 2.4. — 1If U is a Fourier integral operator, it is known that

there is m < 2n, a phase function ¥(z,6,y) (z,y € R™, § € R™), which is

) c S;r;)rn/me/Q

homogeneous of order 1 in 6, and a symbol a(x,0,y such

that

Up(x) = (27r)_"/2+’”/2/]R ) eiw(“’e’y)a(%&y)go(y)dyd@
mxR™

and we have a familiar representation of an FIO (see [6] or [16] for the
detail).

We give a characterization of FIOs in terms of conjugation of operators.
Let S be a canonical transform and U € L(S(R™),S'(R™)) as above. Let
a € ST(R™) (m € R) such that

(2.1) {z | a(z, &) #0 for some £ € R"} € R", suppan (R" x {0}) = 0.
For such a, we set
Ads(a)U = (a0 S~ Y (x,D,)U — Ua(z,D,) : S — S’

THEOREM 2.5. — Let S be as above, and let U € L(LZ,(R™), L2 .(R™)).

cpt loc
U is an FIO of order 0 associated to S if and only if for any a1, as,...,aNn €

SL(R™) satisfying (2.1),
(2.2) Adg(ar)Adg(az) - -+ Adg(an)U € L(LZ, (R™), Li,.(R™)).
The next corollary gives convenient sufficient conditions.

COROLLARY 2.6.
(i) Let S and U be as in Theorem 2.5. If for any a € S}(R") satisfying
(2.1), there is b € S ((R™) such that
Ads(a)U = b(z,D,)U + R

with a smoothing operator R, then U is an FIO associated to S.
(ii) Let S and U as above, and suppose U is invertible. If for any a €
SL(R™) satisfying (2.1) there is b € S%(R™) such that

Ua(z, D) U = (a0 S7Y)(z, Dy) + b(z, D),

then U is an FIO of order 0 associated to S.

ANNALES DE L’INSTITUT FOURIER



FUNDAMENTAL SOLUTION TO SCHRODINGER EQUATION 1099

Proof. — (i) The condition (2.2) with N = 1 follows immediately from
the assumption of (i). Let N = 2, and let Adg(a;)U = bj(z, D,)U + R;,
7 =1,2. Then we have

Ads(ay)Ads(az)U = (ay 0 SV (z, Dy)by(x, Dy)U — bo(x, Dy )Uay (2, D)
+ Ads(ay)Rs
= [(ay 0 S_l)(a:,DI),bg(x,Dw)}U
— by(x, Dy )b1(z, D,)U + Adg(a1)Ra + ba(x, D) Ry
= b12(7, D;)U + Ri2

where b1y € S?’O(R") and R, is a smoothing operator. Repeating this
procedure, we conclude (2.2) for any N. Now (ii) follows easily from (i). O

In order to prove Theorem 2.5, we first notice that the L2 -L{ . bound-

edness implies the distribution kernel is locally B, n/2,00,

LEMMA 2.7. — Suppose U € L(L2,,(R"), L} .(R™)), and let u € S'(R*")

be its distribution kernel. Then u € B, IZ/CQ ©(R?™).

Proof. — Let u be the distribution kernel of U. Let x,v¢ € C§°(R™;R),
and we suppose x is an even function. We consider

T= [ 90 Fanlxta)x(w)ute. o)) e dn.

Here we denote the Fourier transform on R?™ by Fy,. In the following, F
denotes the Fourier transform on R"™. We choose x1 € C§°(R™) so that
X1(z) =1 on supp x. We note I can be expressed in terms of the Hilbert-
Schmidt norm:

1= [[pFXUNF 0l

where ¥ = ¥(§) and x = x(z) denote the multiplication operators on
L*(R}) and L*(R}), respectively. |-|| s denotes the Hilbert-Schmidt norm.
Then we represent the Hilbert-Schmidt norm by a trace:

1

Te[(PFXUXF ') (G FxUXF )]
T [ FxUXF 2 FXUXF 1]
[(
[(C

Tr[(1Ux1) " xF " *Fx)((aUxa)xF 2 Fx)]
Tr[((x1Ux1) " x¢*(De)X) (x1Ux1)x¥* (Da)x) ]

TOME 62 (2012), FASCICULE 3
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We use the Schwarz inequality for the trace to obtain

< 0aUx)* x¢* (Da)x|| | 1Ux1)x ¢ (D2)x|| s
< ||X1UX1||£(L2)HXQZ) T XHHS
= 2m) " baUxallZ oz 1911 Ix 72 Ixl o

Here we have used the well-known properties: ||AB||xs < ||A|| || B|lzs and

la(2)b(Da) s = (2m)~"/2||al L2[b]] L2
Now we choose 1 € C§°(R"™) so that 1(§) =1 for 1 < |¢] < 2, and we set

Un(€) =w(27NE), for N=1,2,..., and £ € R™.

We note [|1n (|14 = 2"V ||4)||34. Then, by the above estimate, we have

// | Fan X (@)x (y)ulz, y))(€,m)| dedn
2N g, n 2N+t
< [ lew(©@on ) Fani@xiute e, n) dean

< @07 aUxallZ o 191z Iz IxlZe x 2,

and this implies x(2)x(y)u(z,y) € B;n/z’m(RQ") for any x € C§°(R™). O
We set
As ={(ym2.6) | (y,n) = S(z,§)} C T"R" x T"R".

LEMMA 2.8. — Let p € SL(R?*") such that the principal symbol of
p vanishes on /~\5, and suppose p is supported in a narrow convex conic
neighborhood of (S(xo, &), 0,&) € As. Then there exist b; € S9(R?"),
fi € SLR™) (j =1,2,...2n), and r € S%(R?™) such that

ply, m,7,8) = Zb (Y, m,2,)((f5 05 ) (w,m) — fi(,€)) +r(y,n, 2,6).

Proof. — We may assume p is homogeneous of order 1 without loss of
generality. We denote

(2,0 =S""(y,n)

so that p(y,n,z,¢) = 0. We let I'5,I's be convex conic neighborhoods of
(w9, &) such that Ty C T's, and let T'g,I'; be convex conic neighborhoods
of (yo0, 70, 0, &p) such that

suppp C I'o C Ty C Ty C (STg) x Iy.

ANNALES DE L’INSTITUT FOURIER



FUNDAMENTAL SOLUTION TO SCHRODINGER EQUATION 1101

We choose x € S%(R?") so that x = 1 on I'y and suppy C I';. We also
choose p € SY(R") so that p =1 on I'y and supp p C I's. Then we compute

p(y,n,z,&) = z,&) — p(y,n,2,0)

Y, 1, T
/ di (y,m te+ (1 —t)z,t& + (1 —t)C))dt
Z / Op ——(y,m,te + (1= 1)z, t& + (1 - t)Q)dt
+;<gr<j> / 8—§j<y,n,m+<1ft>z,ts+<1ft>odt.
We now set
1
0
95 (9:m,2,€) = x(y,7,,€) / St (102 8+ (1 )0

1
0
.. €) = X 2.€) [ St + (1= 06+ (1= D00t
J

for j = 1,2,...,n. We note g; € SL(R*) for j = 1,2,...,n, and g; €
SO (R?") for j =n+1,...,2n. By the choice of x, we have

(23) ply,m,2,8) =Y (25— )5 (W12, 6) + D (& = §)gnts (W, 1,2, €).
j=1 j=1

We also set

for 7 =1,2,...,n. Then, as well as the computation above, we have

(fj 0 S_l)(yﬂ?) - f](x,f) = fJ(Z7C) - f(xaf)
- —/1 %fj(ta: + (1= 1)zt + (1 — £)C)dt
0

n 1
== (r— =) %(tzﬁ—(l — 1)z, t& + (1 —t)¢)dt
k=1

0 axk

n 1 9 :
IR / G ta+ (1= 0zt + (1= 00)dt.

TOME 62 (2012), FASCICULE 3



1102 Kenichi ITO & Shu NAKAMURA

It is easy to see that on (ST'5) x I'y, we have

%(tm + (1= t)z,t6 + (1 = 1)) = 0 [t& + (1 —t)C],
Tk
Os 12+ (1~ 1)zt + (1= 1Q) = ryuy,m..8),
Ek
ag;:j (tw + (1 — )z, t€ + (1 — )¢) = 0,
Ofnti (4 4 (1 — by, te + (1 — 1)) = i
&k

where r;, € SY(R?"), j,k=1,2,...,n. Thus we have

1
(fjoSil)(yan)ffj(m’E) = 7(1,]47’%—)\/0 |t€+(17t)<|dt+r](yaf’7>xaf)
(Fars © ST, €) = farj(x,6) = —(& — &)

on (STy) x I'y for j = 1,2,...,n, where r; € S%(R?"). Since g; are sup-
ported in I’y C (ST') x I'y, we can find b; € SY(R?*") such that

(ij - Zj)gj(y7n7$7§) = b]<y7777$7§)((fj © S_l)(y777) - f](xﬂg)) + T},
(gj - Cj)gn+j(y7777$7£) = bn+j(y’77>m7£)((fn+j ° 5_1)(1%77) - fn+j('r7€))

with 7% € SO(R?™), j = 1,2,...,n. The assertion now follows from these

and (2.3). O

Proof of Theorem 2.1. — The “only if ” part is straightforward: If a; €
Sgl (Rn) satisfying (21)7 then pj (ya 777%5) = (aj ° Sil)(ya 77) —aj (.CE, _f)
vanish on Ag, and hence (2.2) follows from the definition of the FIOs and
the L?-boundedness theorem of FIOs (see, e.g., [6] Theorem 25.3.1 or [16]
Theorem 6.2.1).

We suppose (2.2) and show the “if” part. At first, we note WF(u) C Ag:
If (yo, 0,70, —&0) ¢ As, then we can find a € S%(R") and b € S} (R")
such that ag(yo,n0) # 0, bo(zo,&) # 0 and that a and b are supported
in small conic neighborhoods of (yo, ) and (zg, &), respectively, so that

a(y,n) - (bo S™H(y,n) = 0. By (2.2) with Lemma 2.7, we learn
a(y, Dy)((bo S™)(y, Dy) — b(w, —Dy))u
= (~a(y, Dy)b(x, =Da) + R(y, Dy))u € By "> &)

with R € 9 o(R™). This implies a(y, D,)b(z, —D,)u € By ™/*™(R?") by
the boundedness of R in BQ_"/2’°O(R2") (see [6] Corollary B.1.6). Iterating
this procedure, we learn

[a(y, Dy)b(z, — D) Nu € By "> (R?")
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for any N, and this implies (yo, 10, €0, —&0) ¢ WF ().
We now let p1,po,...,py € SL(R?™) such that p; vanish on Ag, and we
show

pl(y,Dya xvam)pQ(ya Dy,.’ﬂ, 7DI) o pN(ya Dyaxa 7D$)UGB_7L/27OO(R2H)'

2,loc
By the above observation, we may assume u is essentially supported in an
arbitrarily small conic neighborhood of Ag. Moreover, by partition of unity,
we may also assume p; are supported in a small convex conic neighborhood
of (yo, 10, 0, &0) € Ag, where (y0,7m0) = S(x0,&0). Then by Lemma 2.8, we
have

2n
pj(y>Dy’x? _Dl‘) = ijk<y’Dyvx’ _Dw)«fkos_l)(y’Dy) - fk(xa _Dw))
k=1

+ rj(y, Dy,x, _D:r)

for each j = 1,..., N, where bj; € S%(R*") and f; € SL(R?") are those
given in Lemma 2.8, and r; € S(1,dy? + z;’;; +da? + %), where S(m, g)
denotes the symbol class defined in [6], Section 18.5 (Weyl calculus). Then

by simple symbol calculus, we can show

N 2n 2n N
j=1 ki=1  kn=1j=1
N
X H((fkj © S_l)<ya Dy) - fkj (CL‘, _Dﬂﬂ))u + R(y7 Dy7337 _Dz)u
j=1

with some R € S(1,dy*+ <dv;7>22 +dz? + %) Note R is bounded in By /%>

(R?"). Each term in the RHS has the form
B(ya Dya z, 7Dac) ker [AdS(flﬂ) T AdS(ka)U]

with B € SY(R?") except for R, where ker[A] denotes the distribution
kernel of an operator A. Now the claim follows from the assumption and
Lemma 2.7. ]

3. Proof of Theorem 1.2

Here we prove that, under Assumption A with u = 2, W(t) = eitHoe=itH
satisfies the condition of Corollary 2.6-(ii) with .S = wy, where t € R1. The
condition is an Egorov-type theorem, and it was essentially proved in [14]
(see also [13, 8]) in the semiclassical formalism. We modify the argument
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to prove the Egorov theorem in Sf 5(R™) symbol class. Namely, we prove
the following:

THEOREM 3.1. — Suppose Assumption A with p = 2, and suppose the
global nontrapping condition. Let £t > 0. Then for any a € S} y(R")
satisfying (2.1), there is b(t) € S o(R™) such that

W(t)a(z, D)W (t)™' = (a owi")(z, D,) + b(t, z, D).
We first sketch the outline following [14]. We set
A(t) = W(a(z, D)W ()™, teR.
If we consider W (t) as an evolution operator, we can compute the generator

as follows: For ¢ € S(R™), we have

d

WY = Mo (iHy — iH)e oW (t)y

= —i(e"MoHe "o — Hy )W (t) = —iL(t)W (t)y.
Since
eitHoDxefitHo — Dm7 eitHol,e*’L‘tHo —r— tDz,

we learn that the principal symbol of L(t) is given by

n

Z (ajp(x —t&) — 0k)&&k + V(x — t8).

jik=1

Ut x,8) =

DN | =

In fact, if we use the Weyl calculus, which we do, the symbol of L(t) is given
by £(t, z,£) modulo S(l)yo—terms. The classical flow generated by £(t,x,&) is

w(t) = exp(—tHp,) o exp(tH,).
Here we use, however, the flow:
wo(t) = exp(—tHp,) o exp(tHy)

which is generated by

n

ot,2,6) = 3 3 (agele — 1) ~ 531656
j.k=1

Analogously to the usual Egorov theorem, we expect the principal symbol
of A(t) is given by (ag o wo(t)~1)(z,&), where ag is the principal symbol
of a. We construct an asymptotic expansion of A(t) by solving transport
equations iteratively. We set

’(/J()(t,w,f) = (a o wO(t)_l)(‘r>£)
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for a € S o(R™). We note that by Lemma A.1, ¢o(t,-,-) € S o(R™), uni-
formly in ¢. For a symbol ¢(z,§) € ST (R"™), we define a family of seminorms
by

almrx =Y,  sup [ To20 q(x, )|
o+l TEREERT

for L e N, K € R". For T > 0, we write I = [-T,T].
LEMMA 3.2. — Let a € S o(R") satisfying (2.1). Then there exists
Y(t,x, &) such that
(i) ¥(0,2,8) = a(z,§).
(ii) ¥(t,-,-) € 81 o(R™) and for any L,T >0 and K € R",
|Y(t, -, ok <Crrk, t€lp.
(i) ¥(t,-,-) —vo(t,-,-) € ST o(R™), and for any L,T >0 and K € R",
[ty ) = volt,, oL,k < Crrx, tE€lr.
(iv) Let G(t) = vW(t,x, D,), and set

d .
R(t) = - G(t) +i[L(?), G(D)].
Then R(t) is a smoothing operator, and ||(Dy)™ R(t)(Dy)™ || £(r2) <
Cr,n, for any N, t € Ir.

Proof. — We can find K € R™ such that ¢y (t,x,&) = 0 if z ¢ K, since
wo(t)(x,€) has limits as t — £00. We note £o(t,-,-) € S7 (R") and for any
L, |4y(t,-,)|2,r i is uniformly bounded. By the construction, v satisfies

0
aiﬁo(ta%f) = _{607w0}(t7xu§)7

where {-,-} denotes the Poisson bracket. Then by virtue of the Weyl cal-
culus, we learn

%q/}gV(t, x,Dy) +i[L(t), vy (t,x,Dy)] = ry(t,z, D)

with rg € S%O(R"), and the seminorms of ry are locally uniformly bounded
in t. Then we solve the transport equation:

0
(31) al/’l(tﬂﬁaf) + {ZOawl}(ta:Lf) = —To(t,l',f)

with ¥1(0,2,€) = 0. It is easy to see that 11 € S ;(R™) and the seminorms
are locally uniformly bounded in ¢. Iterating this procedure, we obtain
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(PRS Sllfoj(R”), j=1,2,..., and we set the asymptotic sum as ¥:
[e.]
Y~y in S)o(RY).

Jj=0

Now it follows from the above construction that
(32)  Tuw, D) +ilL0), 6w D) = (2, D)

with € S] ¢°(R"™). Thus our 1 satisfies the required properties. O
Proof of Theorem 3.1. — Let ¥(t,x,€) be as in Lemma 3.2 and let
G(t) = YW(t,x, D,). By the lemma, we have

LW WD) = W) ROW()

and the RHS is a smoothing operator, and its seminorms are uniformly
bounded. Since W (0)~'G(0)W (0) = a"(z, D,.), we learn

(3-3) W(t)a"(z, Da)W (8)™" — G(t) = Raft)

is a smoothing operator. Thus, the principal symbol of A(t) is a o wy(t)
It remains to compare a o wo(t) ™' with a o wi’.
We denote

(i'(tvz»n)vg(tvzan)) = wO(t)il(Zvn)v (xﬂ:(z 77) 5 (Z 77)) = wil(zan)'

Then by Lemma A.1, we learn

-1

0200 (3(t, 2,m) — F+(2,1))| < Cap(n) ™ (tn) =+,
|0202(E(t, z,m) )| <C.

for ¢t > 0. We then compute

g () 1P ()

(aowo(t) ™) (z,m) — (a0 wi)(zmn)
a ( 77) g( aZﬂ?)) _a(j:t(zvn)’éﬂ:(zvn))

(si(t, z,m) + (1 — 8)&x(2,m), $6(t, 2,m) + (1 — 5)E+(2,7))ds
= (Z(t,z,n) — B4 (z, 77))/0 (0za)(sZ + (1 — 8)Z, s+ (1-— s)éi)ds

Qv‘QJ

1
(€t z) — Ex(zm) / (Oca)(si + (1 — ), 5€ + (1 — 5)€x)ds
= (#(t) — F2) - Az, ) + () — £2) - B(=n),

and it is easy to see

0208 A(z,m)| < Cap(m)* 171, |0205 B(2,m)| < Cap(n) ™7\,
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Combining these, we now have

0207 (a0 wo ()™ — a0 wih)| < Cag ()=t =+
for +¢ > 0. For fixed ¢ # 0, this implies aow(t) ™' —aowy' € 512)_0“ =57,
since = 2. Combining this with ¢(t,-,-) — a o we(t)~! € 7, we learn
Y(t,-,-) —aowx € S ,. The assertion follows from this and (3.3). O

Theorem 1.2 now follows immediately from Theorem 3.1 and Corol-
lary 2.6-(ii).

4. Fourier integral operators associated to asymptotically
homogeneous canonical transform

Here we discuss FIOs associated to asymptotically homogeneous canon-
ical transform, e.g., w(t) and wy(t), and we prove Theorem 1.5. We start
with several definitions.

DEFINITION 4.1. — Let A C T*R™\0 be a d-dimensional conic subman-
ifold, and let (x9,&) € A. Suppose 2 be a conic neighborhood of (z, &)
and let ® : Q — R?™ be a local coordinate system on Q. ® is called an
admissible conic local coordinate system (associated to A) if ® satisfies the
following conditions:

(i) @ is expressed as

O(z,8) = (|&],0(,€),7(,€)), o(w,§) e R 7(2,§) e RP
for (z,€) € T*R®™, where £ = ¢/|¢], ie., o(z,€) and 7(x,€) are
independent of |£|.
(i) ANQ = {(m,f) e ‘ T(z,§) = 0}.
DEFINITION 4.2. — Let A C T*R™ be a d-dimensional submanifold. A
is called asymptotically conic if A satisfies the following conditions:

(i) There exists a d-dimensional conic submanifold A, C T*R™ such
that for any K € R™ and Q C T*R™ : a conic neighborhood of
A.N (K x R™), there is R > 0 such that

An{(z,€) |z €K, g > R} CQ.

(ii) Let Q be a conic neighborhood of (xg,&y) € A, and let ® be an
admissible conic local coordinate system on ). Then there are R >
0, an R?™~9_valued function ¢(\, o) such that

An{(z,€) € Q| ¢ > R}
={(z.6) € | 7(2,6) = ¢(l¢], 0(2,8)). 1¢] > R},
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and & > 0 such that for any k € Z4 and a € Z4*,
08020\, 0)| < Cha(N) %, A= R

DEFINITION 4.3 (Lagrangian distribution). — Let A C T*R™ be an
asymptotically conic Lagrangian submanifold, and let v € S'(R™). Let
v € R. u is called a Lagrangian distribution associated to A of order v, if
for any py,...,pn € S1o(R™) such that p; =0 on A (j =1,2,...,N),

p1(@, Da)pa(, Dy) -+ p(w, DoJu € By o "/ (R™),
We then write u € IV (A,R™).

DEFINITION 4.4. — Let S : T*R™ — T*R" be a diffeomorphism. S is
called asymptotically homogeneous (of order one) if S satisfies the following
conditions: We write S(z,§) = (y(z,€),n(x,§)). There exists S, : T*R™ —
T*R™, a homogeneous canonical map (of order one) such that

y(@,6) = ye(2,€) € (SLER™)™, (2, &) — nel, €) € (Sio°(R™)",
with some € > 0, where we denote S.(x,&) = (ye(z,£),ne(,£)).

Remark 4.5. — By Lemmas A.1 and A.2, we learn wo(t) and w(¢) are
asymptotically homogeneous for ¢ # 0, and they are associated to homoge-
neous canonical transforms w4 for ¢ € Ry, respectively.

LEMMA 4.6. — Suppose S : T*R™ — T*R"™ is an asymptotically homo-
geneous canonical transform. Then

AS = {(y7x7777 _é—) € T*R2n { (yu 77) = S(l’,f)}
is an asymptotically conic Lagrangian submanifold of T*R?".

Proof. — Let S. be the associated homogeneous canonical transform,
and let Ag, be the corresponding Lagrangian manifold. Let (x,&y) € T*R"
and let (yo,xo,m0, —&0) € As. with (yo,m0) = Sc(xo,x0). Let Q1 x Qo C
R™ x §"~! be a small neighborhood of (g, &) € Ag, and let

Y x Q=R xR (2,0) = (2 — 20,0(w))
be a local coordinate system on 27 x 5. We then set
T: Ry x(Q x Q) x B.(0) x B.(0) — T*R*"
with
U: (\a,B,7,7)
(e( ™ e, B)) + 7,20 + o, A(ne(¥ ™ (e, B)) + 1), =Aa ™ (B)),
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where B.(0) = {z € R"||z| < e} with sufficiently small ¢ > 0. Then
Ran ¥ is a conic neighborhood of (yo, g, 70, —&o) in T*R?*, and ¥~! is an
admissible conic local coordinate system. We note if R is sufficiently large,

As N (Ran T ({\ > R}))
= {(y(xo + @, A\a™(B)), x0 + a, (o + @, Ao (B)), =Aa—(B)) |
A> R, (a,8) € h( x Q) }
and hence (y,z,1,—§) € As N (Ran ¥({\ > R})) if and only if
7= y(wo + o, Ao (8)) = ye(v™ (o, B)),
' = A" (n(zo + a, Ao (B)) — ne(wo + a, AaTH(B))),

where (\, o, 3, 7,7") = U= (y, 2,1, —&). Now it is easy to check Ag satisfies
conditions of Definition 4.2 if we set 0 — (o, 8), 7 — (7,7'),

@i\, B) = yj(zo + a, Ao (B)) = yej (w0 + a, Ao (B)),

and
Pnri (N @, B) = A7 (05 (20 + a, Ao TH(B)) — ne,j(x0 + @, Ao TH(B)))
for j=1,2,...,n. O
DEFINITION 4.7. — Let S be an asymptotically homogeneous canonical

transform from T*R"™ to T*R", and let Ag be the associated Lagrangian
manifold in T*R?", which is asymptotically conic by Lemma 4.6. Let U €
L(S(R"™),S"(R™)) and let u € S'(R?") be its distribution kernel. Then U
is called a Fourier integral operator associated to S of order ¢ € R if
u € I°(Ag, R?™).

Given Definition 4.7, we now have the exact meaning of Theorem 1.5,
and we prove Theorem 1.5 in the remaining of this section. We note Theo-
rem 2.5 holds with little modification for FIOs associated to asymptotically
homogeneous canonical transforms:

THEOREM 4.8. — Let S : T*R™ — T*R" be an asymptotically homo-
geneous canonical transform, and let U € L(S(R™),S'(R™)). U is an FIO
associated to S if and only if for any a,as,...,an € St o(R"™) satisfying
(2.1),

Adg(a1)Adg(az) - -+ Ads(an)U € L(LZ, (R™), Li,.(R™)).

loc

The proof of Theorem 4.8 is almost the same as that of Theorem 2.5. In
the “only if” part, we use the fact that L?-boundedness theorem holds for
FIOs associated to asymptotically homogeneous canonical transforms. An
analogue of Lemma 2.8 is given as follows:
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LEMMA 4.9. — Let S be an asymptotically homogeneous canonical
transform as above. Let p € St o(R*") such that p vanishes on

AS = {(%773%5) | (yﬂ?) = S(I7£)}

Then there exist b; € S?,(R*"), f; € Si(R™), (j = 1,2,...,2n), and
r € 57 o(R*") such that

2n

py.m2,8) = bi(y,m 2, ) ((f5 05 )y n) = £ (,0) +r(y,n,z,9).
j=1
Lemma 4.9 is proved in almost the same manner as Lemma 2.8. Then the
rest of the proof of Theorem 4.8 follows from the argument of Theorem 2.5,
and we omit the detail.

Proof of Theorem 1.5. — Given the above formulation, the proof of
Theorem 4.8 is similar to that of Theorem 1.2. Here we explain only the
necessary modifications. When we construct the asymptotic solution to the
Heisenberg equation: 0;G(t) = i[L(t), G(t)], we use

Yo(t,z,€) = (aow(t)™")(z,¢)

instead of (aowo(t)~1)(z, £) in Section 3. By virtue of Lemma A.2, we learn
Yo € S1o(R™), and we can carry out the symbol calculus as in Section 3
with no difficulty. Then the remainder terms of the asymptotic expansion
(e.g., 7o in the proof of Lemma 3.2) is in S? o(R") even if 1 < p < 2, since
w(t) includes the influence of the potential function V(z). The rest of the
proof is almost identical. O

5. Microlocal structure of wave operators

Throughout this section, we suppose Assumption B with 1 < p < 2, and
we prove Theorem 1.6. We use an argument analogous to Lemma 3.2, but
we need to examine the t-dependence of seminorms more carefully. We note

(5.1) |8°‘8550 t,2,)| < Copr (t6) ™~ lod (gy2-181
(5.2) 0207V (1,2,6)| < Cape (1) 711(g) 717

for any o, 3 € 27}, K € R", where V(t,z,&) =V(z—t€). For a € SL(R™)
satistying (2.1), we set Go(t,,€) = (aowo(t)~)(z,€) as in Section 3. Then
we have

|w0(ta'a')|17L7K gCL,Ka tGR,
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for any L > 0, K € R™. Moreover, by (5.1) and (5.2), we also have
ot -, ~)|O,L7K <CL{t)™, teR,
where rg is defined as in the proof of Lemma 3.2. Here we have used the
fact |£] = ¢ > 0 for all ¢ on the support of 1. Thus, since the solution to
the transport equation (3.1) is uniformly bounded, we have
|w1(t"")|0,L,K SCL,K7 tecR.

We repeat this procedure. We set 1; be the solution to the transport equa-
tions:

;)tw (t x,ﬁ) + {60511[}]}(25’55’&) = 77’j—1(tvz7£)

with 1,(0,z,€) = 0 (as in the proof of Lemma 3.2), and we set r; € S;g
such that

0 .
T;-/I/(t, x,D,) = aw}/v(t,:c,Dm) + Z[L(t),l[);-/v(t,x, D)+ rjvzl(t,:c, D,)
given 9; € S%,Bj (R™). Then we learn, similarly as above,

(53) ’T‘j(t’.’.)lfj,L,K < CjLK<t>_'ua ‘wj(ta'a')|17j’L7K < CjLKa
uniformly in ¢ € R with any L > 0, K € R", for each j. By (5.3) and the
transport equations, we learn

Vi) = lim v;(t,z,€) € S1'(R"), j=0,1,2,

exist, and they converge with respect to the seminorms in Sllfoj (R™) by
virtue of Lemma A.1. More precisely, we have

(5.4) 95 (t ) = ()| p e S Ci(t)' ™, teR
for all j. We note
Yo+ (2,6) = (a0 wi')(z,£)

by our construction.

We now construct the asymptotic sum: ¢ ~ Z;io 1; as follows. We
choose K &€ R" so large that all symbols in the above construction are
supported in K x R" for all t. We choose £; > 0 so that

sup{(§)? 72|00 0 i (t, 2. )| | la| + 18] < jx € K |¢] > &; ', t e R} <277

which is possible since |¢;(t, -, -)|1—j 1,k is uniformly bounded in ¢. We let
x € C>°(R"™) such that x(¢) = 0 for |{] < 1, and x(§) = 1 for || > 2. Then

we set

tﬂ?f:ZX 75%75%5)
7=0
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By the standard argument, we learn ¢(t,-,-) € Sj(R") for all t € R.
Moreover, by the same argument with (5.4), we learn

Yi(r,6) = lim o(t,2,6) € 51 o(R")

exist, and they converge with respect to seminorms of Sj 5(R™).

LEMMA 5.1. — Let ¢ as above, and let r € S} (R™) such that
W 9w : W,
rV(t,x, D) = aw (t,x, Dy) +4[L(t),¥" (t, z, D))
Then r(t,-,-) € Sy o°(R") for each t € R, and for any N,

|T(t7 Bl ')’—N,L,K < CNLK<t>7u'

Proof. — We write @j(t,x,f) = x(g;6)v;(t, z, &) and set 7 (t, x,€) € Sié
so that

¥t D) + L), $V 0w, D) = 7V 2, D).

By estimating 9;%; and [L(t),z/;;fv(t,x,Dx)] separately, we obtain rather
crude estimates:

(5.5) |75(t, -, -)|H,L7K < COpg{t)™M277, teR,
if j > L+ 1, where Ck is independent of ¢ and j. Similarly we have
(56) Vj(tv ) ) - Tj(ta ) ')|—N,L,K < CjNLK<t>7M

for each j. Now we compute

oo

r(t,xz,D,) = Z(;@V(t,x, D) +i[L(t), ¥} (t, =, Dw)]>

=0
=T+ 11 4TI,
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where

m= > (;w (t, 2, Dy) + [L(twyva,x,px)})

= Y #V(tz D),

where M = max(N + 2, L). Here we denote the symbol of an operator A
by o(A). Then we have |o(I)|_n 1,k < C(t)~* by (5.3). Using (5.6), we
also have |o(II)|_n, .k < C(t)~*. Finally we have

o) N <C Y (H7H27 <O/t
j=M+1

by (5.5), and the claim follows from these inequalities. O
Proof of Theorem 1.3. — Let R(t) = r"(t,z, D,). Lemma 5.1 implies

IRl ca-—~,mvy < COn(H)7H, teR

for any N. By our construction, we have
W GOW0) ~ 0o, 02) = [ W R W ()as,
where G(t) = yW(t,z, D,). Hence we have
(5.7) W) "G) — a"(z, D) / W (s)"LR(s)W ()W (£)~1ds.

We note

HW N ZtHOe—ZtH<D

Mgy vy = 1D ey

\H <) <H>_N/2HL(L2)H<H>N/2<Dm>_NHL(L2)
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is bounded uniformly in ¢ € R with any N € R. Hence we learn
W (s) P ROW W) ™ gon gy < Onvl) ™"

and then the RHS of (5.7) converges absolutely in L(H~ N, HY) as t —
+00. On the other hand, G(t) converges to ¥} (z, D,) in OPS] ((R™), and
hence in L(H', L?) as t — +oco. By the definition of wave operators, we
then have

W(t)'G(t) » WayY(z, D,),
a(z, D)W ()™ = a™(z, D)W
strongly in L(H', H~1) as t — d00. Thus we learn
Wi (2, Dy) — a™(x, D)Wy = Re L(H™N, HY)

with any N. Since ¢4 —aowi' € S?0(R™), ie., a— 1t ows € ST o(R"),
Theorem 1.6 now follows from Corollary 2.6. ]

Appendix A. Classical trajectories

Here we prove several technical inequalities.

LEMMA A.1. — Suppose Assumption A with p > 0, and assume the
global nontrapping condition. Let

(2(t,2,€),1(t 2, €)) = wo(£)(w, €) = exp(—tH, ) o exp(tHy) (. ),

(22 (2,8), €£(,€)) = we(2,§) = lim wo(t)(z, ).
Then for any o, 8 € ZT} and K € R" there is Cogg > 0 such that

0007 2(t,2,€)| < Caprc (€)1, |00 n(t, 2, 6)| < Caprc(§)' 17

and, moreover,
(A2) 0202 (2(t,2,8) — 22(x,€))
(A3) 020 (n(t,2,€) — €x(x,€))
forxz e K, £ € R™.

< Capr (&) PI(g) ~1 11,
< Capr () Pl(e)

Proof. — We note
0 04y 0 04y
A4 — 2= — — = ——
(A4) a7 = o, (zm),  50; 9z, (z,m)

and ¢, satisfies

10207 €0 (2,m)| < Capic (tn) =121 (p)>~ 17!
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for z € K € R". We first show (A.1) by induction in |a| + |8] = m. If
a= =0, (A.1) is well-known (see, e.g., [14], Lemma 3.). Suppose (A.1)
holds for |a| + |8] < m, and let || 4+ |8] = m. By differentiating (A.4), we
have

(A.5) g(aaaﬂzj) = (0507 %)

k=1

(A.6) 9 aaagnj ) =Y (0207 2
k=1

260
+ Z 877]' + s

n 260
Z (0207 i) + 72,
— k02

3

where
re=O((tn) () 1P, e = O((m) = (m)> T
by the induction hypothesis. We also note

2 2 )
gzé(;? =0((tn)~""(n)), %7520 =0((tn)™"), % = O((t))">"*(n)?).

We consider the case: ¢t > 0. The case: t < 0 is handled similarly. We now
let R > 0, and R < |§| < 2R. This also implies R/C < || < CR with
some C' > 0. Then we have

9 — a — le" — a
5 (1000¢2] + R 1|axa§n|)’ < C{tR)"R(|020; 2| + R~'|050¢n|)
+ C(tR)"MR'1AI
By the Duhamel formula and the estimate on the initial condition:

(|oz02=| + R™"[ozogn|)| <R,

we learn
0207 2| + R0 0| < cexp(o/ <tR>“Rdt>><
0
x (CR—W +C/ <tR>—“Rl—|5|dt)
0
< C' R8I

since p > 1. This implies (A.1).
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Now we use (A.5)—(A.6) again with (A.1) to learn

9 /1 oa
7(|8w8§ﬂ'z’)

o < CHR)I Rl L C(tR)*RYIA 4 ¢ (tR)~H R P

< C’<tR>—#R1—\ﬁ|’
9 0c9Pn|)| < CR)Y > HR* W4 C@R) '+ RZIPlLC(tR) R 1F
ot e

< C'(tR)~'~rR2IAL

Hence, by integrating these on [t, 00), we learn
020F (=(t,2,6) — ¢ (2. )| < C / (tR)H R Py

= CR—\BI/ (s)"Hds < C’R—|ﬂ|<tR>1—M,
Rt

|838?(77(t’95>5) — & (2,9)| < C/OO<tR>*1*MR2f\B\dt
t
= CR18l /m<8>*17“d5 < CRl*W'(tR)*#,
Rt

For the case: t < 0, we integrate these inequalities on (—o0,t] to obtain
corresponding estimates. (A.2) and (A.3) follows immediately from these
estimates. 0

Next we consider the evolution:

(21(t7$7§),7717t7$7§)) = w(t>($7§) = exp(_tho) o exp(th)(x,g)

and compare it with wq(t)(z, ) as |£] — oo for ¢ in a fixed bounded interval.
We denote It = [T, T}, and we consider the case ¢ > 0 only in the proof.

LEMMA A.2. — Suppose Assumption A with 1 < p < 2, and assume
the global nontrapping condition. Let T' > 0. Then for any «, 3 € Z"} and
K € R", there is C = C(a, 8, K, T) > 0 such that

(A7) |050¢z(tx, )] <@, |osaim(t,x, &) < C(g)')

and
(A.8) 0207 (21 (t,2,€) — 2(t,2,€))| < C(g) 17
(A.9) 020 (m (t,,€) — n(t, 2,)| < C (€)1

fort e Ip, x € K and £ € R™.
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Proof. — Step 1: We first show (A.8) and (A.9) with a = 8 = 0.
denote V (¢, z,m) = V(2 — tn) so that £(t,z,n) = Lo(t, z,n) + V (L, z,n).
note

We
We

) Dl Dl oV

Al Az —2)= 2 _ 0 had

( O) at (Z]. Z) 87] (217771) 877 (2’77) + 877 (2'17771)’
0 9t o v

(A.11) &(771 —n) = ™ (z1,m) + e (z,m) N (z1,m)-

We now suppose
(A12) |21 — 2[ <eolz],  |m —n| < eolnl

forr e K @R™ £ € R" and t € Iy with T” > 0. We suppose ¢ > 0 and
we have

(A.13)
d L 924,
a(zl —2)=(21—2)- /0 azan(szl + (1 =9)z,sm + (1 —s)n)ds
S [ Z (1 sy + (1 sy
m-—n N 21 8)z, sm s)n)ds
v
+ %(217771)7
(A.14)
0
E(nl —n)=—(21—2) / szl + (1 —58)z,8m + (1 —s)n)ds
(m—mn) / szl + (1 =9)z,sm + (1 —s)n)ds
- 8,2 (217771)

for t € [0,T']. We again assume R < |{| < 2R with R >> 0, so that
Inl ~ O(|¢]) = O(R). Then we have

0
;21 =2+ B = nl) S C(R) ™ R(jz1 — 2 + R | —n))
+ C(tR)* "R
Then by the Duhamel formula, we learn

t
|21 — 2| + R™Ym — 1] < C’ecf (sR)™" Rds / (sR)*" "R 1ds
0

Rt
<C"R_2/ (s)27Hds,
0

TOME 62 (2012), FASCICULE 3



1118 Kenichi ITO & Shu NAKAMURA

since z1 = z, m =1 at t = 0. We note

“ v 1 3=n 1
/ (5)*"'ds < / (1+5)* ds = % <Clo+a°™h),
0 0 —H

and hence
(A.15) |21 — 2| + R~ —n| < OR™*(Rt + (Rt)*™ ") < C'tR*™*

for t € [0,T'], R > 0. Thus, in particular, (A.12) holds with g9 = O(R'™H).
By contradiction, we learn that (A.12) holds for ¢ € [0, T if || is sufficiently
large. (A.15) also implies (A.8) with a = 8 = 0. We substitute (A.15) to
(A.14) to learn

= )| < COUR) R 4 Ry RS 4 )
S C((tR)™""HR* M 4 (tR) "R* " + (tR)' ")

since t(tR)~! < R™!. Integrating this inequality, we have

o] t
Im —n| < C’<R1“/ (tR)™"Rdt +/ <5R>1“d3>
0 0
2
< o4 (Rlu + <tR>R “) < O//leﬂ

for t € [0,T], and this implies (A.9) with o = 5 = 0.
Step 2: We then prove (A.7) mimicking the proof of (A.1). We note

|5~a5~ﬁg | C(<tn>7uf\al<n>2f\ﬂl + <tn>27uf\al<n>flﬁ\)

for any o, € Z. We prove them by induction in |a| 4 [3] = m. We
suppose (A.7) holds for |a| + |8] < m and let |a|+ |8] = m. Analogously to
the proof of (A.1), it follows from the induction step that if R < |€| < 2R
with R > 0,

0
O jomog=a| + m o ogm)
< C((tR) ™R+ (tR)* "R™")(|020¢ =1 | + R7|020¢ m )
+ C((tR) ™Rl 4 (tR)* +R™11AI).
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Hence, by using the Duhamel formula again, we obtain

000, 1| + R™[0207m |
t t
< cexp<c / (sR)™"Rds + C / <sR>2“R1ds)x
0 0
t t
x <Rf"+/ <sR>*“R1*‘ﬂ|ds+/ (sR>2“R15ds)
0

0
< C' R8I

for t € [0,T], and (A.7) follows.
Step 3: We now prove (A.10) and (A.11). We again prove it by induction
in m = |a| + |5|. We suppose

(A16) 3202 (21~ 2)| < Cleli©) 71, [o200m —m)| < Cll(e)*+1”
hold if |a| + |8] < m. We differentiate (A.13) and (A.14) to learn

0
51 (050 (21 = 2))
= 9000 (21 >-/18%< (1= s)z,sm 4 (1— s)p)d
=070 (21— = 9201 521 8)z, sn1 s)n)ds
0208 — ) / o (o (1= )z om + (1= s)n)d
z 5 771 ?7 . 87]877 Sz21 32,57’)1 S'r] S
+T17
where

| < C (e ERY ™~ RE 12 et R) B2 1P 4 (¢R) 2 R1IA)
< O((eR) RV g Ry PR,

and
0 | nans
(A17) (0207 — )
= —80‘8’8 / 82’1 + (1 —38)z,8m + (1 —s)n)ds
+ 0y 8 / szl—i— (1 —=38)z,8m + (1 — s)n)ds
+ 73,
where
ra| < C(|t)(tR) =2 # R3[| (tR) #3118 4 (1 R) —H RIAT)
< C'((tR)~ #R2—n—18 +<tR>1_“R_W),
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by virtue o

=

(A.16). These imply

(|050¢ (21 — 2)| + R™*[020¢ (m — m)])

< C(|090¢ (21 — 2)| + R70207 (m — n)|) (tR) "R
+ C((tR) PRIl 4 (tRY2 R RTITIAL)

SIS

and by the Duhamel formula again with the vanishing initial conditions,
we obtain

1020 (21 = 2)| + R71|070¢ (m — )| < Clt|R V7]

for ¢ € [0,7T]. This proves (A.16) for |a| + |3| = m, and we learn (A.16)
holds for all «, . (A.8) follows immediately from (A.16). We substitute

(A.16) to (A.17), and we have (A.9) analogously to Step 1. O
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