i

S %
2oy ANNALES

DE

L INSTITUT FOURIER

Nikolai NIKOLSKI

In a shadow of the RH: Cyclic vectors of Hardy spaces on the Hilbert
multidisc
Tome 62, n° 5 (2012), p. 1601-1626.

<http://aif.cedram.org/item?id=AIF_2012__62_5_1601_0>

© Association des Annales de I’institut Fourier, 2012, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie de cet article sous quelque forme que
ce soit pour tout usage autre que 1’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2012__62_5_1601_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
62, 5 (2012) 1601-1626

IN A SHADOW OF THE RH: CYCLIC VECTORS OF
HARDY SPACES ON THE HILBERT MULTIDISC

by Nikolai NIKOLSKI

ABSTRACT. — Completeness of a dilation system (¢(nz)),>1 on the standard
Lebesgue space L2(0, 1) is considered for 2-periodic functions ¢. We show that the
problem is equivalent to an open question on cyclic vectors of the Hardy space
H? (Dg°) on the Hilbert multidisc D3°. Several simple sufficient conditions are
exhibited, which include however practically all previously known results (Wint-
ner; Kozlov; Neuwirth, Ginsberg, and Newman; Hedenmalm, Lindquist, and Seip).
For instance, each of the following conditions implies cyclicity of a function f €
HXDF): 1) [ € BADY), ¢ € HA(DF); 2) Re(f(2)) > 0, 2 € DF; 3)
f € Hol((1+ €)D3°) and f(z) # 0 on D3°. The Riemann Hypothesis on zeros of
the Euler ¢-function is known to be equivalent to a completeness of a similar but
non-periodic dilation system (due to Nyman).

RisuME. — 11 s’agit du probleme de la complétude d’un systéme de dilatations
(¢(nz))n>1 dans l'espace de Lebesgue L2(0,1) olt ¢ est une fonction impaire 2-
périodique. Sans utiliser les séries de Dirichlet, on montre que le probleme est
équivalent & une question ouverte sur les vecteurs cycliques dans ’espace de Hardy
H? (D$°) du multidisque DS° de Hilbert. Quelques conditions suffisantes de cyclicité
sont établies, ce qui néanmoins inclut pratiquement tous les résultats précédents du
sujet (ceux de Wintner; Kozlov; Neuwirth, Ginsberg, and Newman; Hedenmalm,
Lindquist, and Seip). Par exemple, chacune des conditions suivantes entraine la
cyclicité d'une fonction f dans H2(DS®): 1) fite € H2(D), f~¢ € H2(DL); 2)
Re(f(2)) 20, z € DS°; 3) f € Hol((1 + ¢)Dg°) et f(z) # 0 sur D3°. L’'Hypothese
de Riemann sur les zéros de la fonction ¢ d’Euler est équivalente & un probleme
semblable de la complétude des dilatations (B.Nyman).

1. Introduction

Let H? = H?(D) be the Hardy space of the disc,

H? {f _ f:f(n)zn : f: f(n)‘2 < oo},
k=0 k=0

Keywords: dilation semigroup, Hilbert’s multidisc, cyclic vector, outer function, com-
pleteness problem, Riemann hypothesis.
Math. classification: 32A35, 32A60, 42B30, 42C30, 47A16.



1602 Nikolai NIKOLSKI

and
o2 = {fe H? . (0) = £(0) :o}.

Given n € N, where N = {1,2,...} is regarded as a subsemigroup of a
multiplicative group of positive reals Ry = (0,00), we define an operator
T, on HZ by

Tof(z) = f(z"), f € H§.

Clearly, T), is an isometry on HZ and n — T, is a representation of N
on H2. We are interested in cyclic vectors of the semigroup (71},), i.e. in
functions f € H§ such that

spangs (Tn f :n € N) = HZ,

where span y means the closed (in X)) linear hull. This interest is stimulated
by the relations of invariant subspaces of the semigroup (7)) with the
zeros of the Riemann zeta function, see [22], [7], [6], [2], [3], [14]. We briefly
describe below these links and a history of the problem. In fact, the problem
of a description of the lattice of (closed) (7},)-invariant subspaces

Lat(T,) = {E Cc H3 : T,E C E,Vn},

and in particular, (T,)-cyclic vectors, is interesting and challenging in its
own. Obviously, the function f(z) = z is (T,,)-cyclic, and functions f(z) =
2%k > 1, are not. It is less obvious that a function f(z) = z(A—2*), k > 0,
is cyclic for [A] > 1 and not cyclic for |A| < 1. And it is more involved that
the functions fy = z(A — 2)¥, A > 1, are cyclic for small values of N
(N < log2/log(1 + \71\|))’ and are not for N large enough (N > \); for
example, for A = 3, f5 is cyclic but f3 is not.

We explain these and many other effects using a unitary transformation
f > Uf, which is a kind of dual eigenfunction representation of f € H,
generated by the eigenvector bundle of (7;%). In order to find eigenfunctions
of (T}}), we denote consecutive prime numbers by

PL=2, p2=3, P3=95 ..., DPs
and identify a number n € N with an infinite sequence of nonnegative
integers
a(n) = (a1, a0, as,...)
coming from the canonical representation of n = p{*p5?...p% (ay are

eventually zero (as ¢ — o0), so that the sequence « always has a finite
support).

ANNALES DE L’INSTITUT FOURIER



CYCLIC VECTORS ON HILBERT’S MULTIDISC 1603

In fact, o : n — «(n) is a bijection from N onto the set
_ k
=Jz
k>1

of all finitely supported sequences of nonnegative integers. It is also a semi-
group homomorphism from the multiplicative N to the additive Z, (o).

LEMMA. — A nonzero element f =Y -, a,z" € HZ is an eigenvector
of (T}), i.e. there exists a sequence (\,,) of complex numbers such that

T;f = )\nfa vn?

if and only if there is a sequence ¢ = (¢1, (2, .-, Ck, - .. ) of complex numbers
and a constant ¢ # 0 such that (x| <1 (Vk), >°;5, |Ck|?* < 0o and

an = cC*™ Vn,
where (") = (21¢S2 ... ¢ .... In this case, \, = (*") for every n € N.
Proof. — Let f be an eigenvector of (TF). By the definition,

An(fr9) = (T f,9) = (f,9(z"))

for every n and every g € HZ, which implies \,aj = anx for every n and
k. By induction, a, = a1(7* (57 ... %,
n = pi'ps?...p% and (; = )\pj. The formula for A, follows from T,, =

TyaTgz ... Tt It remains to note (taking ¢ = 1) that

0> Janlt= > m%mg DS N e

nz1 a€Z4 (00) ne (1,00 ) EZT

SupH (1 - \gk\Z) =11 (%)

neN E>1

where (using the above notation)

O
Having a (anti)holomorphic wvector bundle of eigenvectors ff =

Zn21 Za(n)z", we in a standard way can represent elements of H3 as holo-
morphic functions, so that the action of 7,, becomes a multiplication by
independent variables:

U:f—UFQ) = (£, f7),

where ¢ runs over an infinite dimensional multidisc described in Lemma
above. Formalizing this idea, we define the following transform, which was

TOME 62 (2012), FASCICULE 5



1604 Nikolai NIKOLSKI

previously used by H. Bohr in studies of Dirichlet series, see [8]. The Bohr
transform of f € HY is

Uf(Q) =Y fn)¢™™,
n>1

where ¢ = ((1,(2,...) € D§° and ¢* = (7'¢5? ... ¢ ..., and D§° stands
for the Hilbert multidisc

D5 = {¢ = (¢1,C, ... ) : C€1%[¢] < 1 for every j > 1}.

It is essentially known (see [8], [12], [14]) that U is well defined as a unitary
transformation from HZ onto the Hardy space of the Hilbert multidisc,

U: H — H*(DY),
HOF) = {F= > @@ FE= Y laF)? <o}

€Ly (00) a€Zy (c0)
For the readers convenience, we give a short proof in Lemma 2.1 below.
Moreover, the following intertwining property holds

(UT.UHF() = ¢ F(Q)
for every n and every ¢ € D5°. It follows that
Lat(T,,) = U~ ! Lat(M;),

which means that a (closed) subspace E C HZ is T,-invariant for every n €
N if and only if UF is (-invariant for every k e N (f e UE = (.f e UE
for every k € N). In particular, a function f € HZ is (T,,)-cyclic if and only
if Uf is cyclic in H?>(DS®) with respect to multiplications by independent
variables (the shift operators on D3°), i.e. if and only if

H?*(D3°) = span (C*U f : a € Zy(00)) = clos(U f - H*(D3?)),

where span and clos mean, respectively, the closed liner hull and the closure
for the norm topology in H?(D$°), and

H>®(D5°) = {F € H*(D°) : F is bounded on D5°}.

The first result of Section 3 (known already to A. Beurling, [7]) says that
the condition U f(¢) # 0 for all { € Dg° is necessary for (T,,)-cyclicity of a
function f € HZ. We show that it becomes sufficient if one supposes that
the Fourier spectrum of f is finitely generated in N and f (n) = O(ni) for
some € > 0. This generalizes a result by Neuwirth, Ginsberg, and Newman
who showed it for a polynomial f, [12]. It is also shown that if a function
C—Uf(), ¢(=(¢,---,Cny.-.), depends on a finite number of variables
Cx only, say, on ((1,...,¢(n) € DV, then f is (T},)-cyclic if and only if
Uf is cyclic in H?(DY). This provides us with some curious examples of

ANNALES DE L’INSTITUT FOURIER



CYCLIC VECTORS ON HILBERT’S MULTIDISC 1605

cyclic/non-cyclic functions, see Section 4 below. Moreover, it is shown that
each of the following conditions on a function f € HZ implies that f is
(T,)-cyclic:

1) Uf € HZ(]D)SO),U%, € H>(D$°) (is contained also in [14], with a
different proof);

2) there exist € > 0 and § > 0 such that Uf € H?*T¢(D§°), ﬁ €
H*(DS);

3) Re(Uf( )) = 0 for every ¢ € Dg° (and f # 0).

4) Uf depends on a finitely many variables ¢;, ¢ = 1,...,N, Uf €
Hol((1+¢)DY) and U f(¢) # 0 for ¢ € D (is contained in [12] for the case
of a polynomial f).

5 Uf = Ufy1 -Ufy-Ufs - Ufy, where f; satisfies condition i) above,
1=1,2,3,4.

Here Hol(2) stands for the space of all holomorphic functions on an open
set Q, Q C CV. By the way, concerning claims 1)-3) above, it is of interest
to notice that the condition f € H* (D) does not imply U f € H*>*(D5°), see
Remark to Point (8), Section 2. We also consider criteria of (7,,)-cyclicity
for polynomials p = 25:1 apz® of low degrees in more explicit terms of
the coefficients ay.

All proofs below are short and elementary. In particular, we have an
easy proof for the fact that a function f = > .7, f(n)z" with f(1) =
1 and 352, |f(n)] < 1 is cyclic (this is one of important examples in
[14], where the proof is different of ours). Similarly, Wintner s result [28]
establishing (7,)-cyclicity of functions f = 37 o, Z5, Re(s) > 1/2, is a
simple consequence of proposition 2) above. Also, the author is aware of the
existence of a huge litterature on the function theory in polydiscs and other
domains in C”, but he found almost no information on cyclic functions.
We quote however several papers on polydisc invariant subspace theory,
[1], [10], [20], [25], [26], [12], [24], [28]. A few of more specific comments as
well as historical remarks are collected below.

An Abridged Story of an Invariant Subspace Approach to
the RH

B. Nyman, in his thesis of 1950 [22], established the following equivalence.
Let p(x) = x — [z] for x € R (fractional part of x),

p(z) = p(1/z) for x € (0,1).

Then the following are equivalent.

TOME 62 (2012), FASCICULE 5



1606 Nikolai NIKOLSKI

(1) All zeros of the Euler (-function ((s) = 3_, 5, #, after a holomorphic
extension to {s € C: Re(s) > 0,s # 1}, are on the line Re(s) = 3.

(2) spanyz(o 1y (p(tz) : t > 1) = L*(0,1)

(3) X(0,1) € sPan (g o) (@(tx) : t > 1), where xa stands for the charac-
teristic function of A.

For our days, the proof is quite simple. Indeed, after the Fourier-Mellin
transform, the closure in the left hand side of (2) becomes a translation
invariant subspace of the Hardy space H?(C, ), whose characteristic inner
function, say 6, is expressed in terms of the (-function (via the known

1 _) /Oo p(t)t—* "t dt
0

representation

s—1 s

for Re(s) > 0); identifying the zeros of § with {s : (s + 3) = 0,Re(s) >
0} and observing the absence of singular inner factors in 6 (since ( is
holomorphic on Re(s) = 1/2), one obtains the result. O

In fact, Nyman has used an approximation by linear combinations f(x) =
> ap(tjx) satisfying f(1) = >, a;/t; = 0. But since the functional L :
f — f(1) is discontinuous on L?(0,1), it is easy to see that the above
form of Nyman’s result is equivalent to the original one (indeed, if the set
X of all linear combinations (as in (2) above) is dense in L?(0, 1), then the
restriction L|X is unbounded, and hence Ker(L|X) is dense in X, and so
in L?(0,1)). This question is also discussed in [3].

More than 40 years later, L. Baez-Duarte [2] showed (with a more in-
volved reasoning) that Nyman’s (1)—(3) are equivalent to

(4) x(0,1) € Spanm(o,oo)(@(nl’) :n €N).

For more details about Nyman’s approach to the RH, we refer to an
interesting survey by M.Balazard [5]. The above form of Nyman’s result
suggests the following general dilation completeness problem.

Dilation Completeness Problem. To characterize functions f € LP(0, 00)
such that

spanp, g 1)(f(nz) :n € N) = LP(0,1).
Extending the problem, we can also ask the same question but replacing
(0,1) by another subset E C (0,00) and a subsemigroup trajectory (D, f :
n € N), D, f(z) = f(nz), by just a family of dilations (f(tz) : t € T') with
a set T' C (0,00) given in advance.

It is also of interest to describe all (D,,)-invariant subspaces of LP(0, c0),
i.e., closed subspaces X C LP(0,00) such that D, X C X for every n > 1.

ANNALES DE L’INSTITUT FOURIER



CYCLIC VECTORS ON HILBERT’S MULTIDISC 1607

In particular, to know when the characteristic function x(g,1) belongs to
such a subspace. Following B. Nyman and L. Baez-Duarte, the Riemann
Hypothesis corresponds to the case f = ¢, T =N, p = 2.

An interesting partial case of the DCP is the following Periodic DCP,
which was initiated much earlier by A. Wintner (1944) and (independently)
A. Beurling (1945).

Periodic Dilation Completeness Problem. Given positive reals a > 0,
b > 0, to characterize a-periodic functions f on (0,00), f € LP(0,a), such
that

(2') spanpp (o) (f(nz) : n € N) = LP(0,0).

A. Wintner 1944 [28] showed that a sequence {f(kz) : k € N} is complete
in L2(0,1) for f = p(x/2) (so, a = 2, b = 1), and — more general — this
is the case for

fs = Z n~°sin(nmrz)

n>=1

with Re(s) > 1/2. This result is a simple consequence of Theorem 3.3
below.

A. Beurling 1945 [7] observed that the condition U f(¢) # 0 for ¢ € D$°
is necessary for (T}, f),>1 to be complete in H? (in fact, Beurling used
the language of dilations D,,). J. Neuwirth, J. Ginsberg, and D. Newman
1970 [12] have established that a polynomial f, deg(f) < N, is (T,,)-cyclic
if and only if Uf(¢) # 0 for ¢ € DV. H. Hedenmalm, P. Lidquist, and
K. Seip, [14], proved point 1) above, as well as the (T,)-cyclicity of f =
z+ Zn>2 apz® satisfying Zn>2 lax| < 1 and a number of results on Riesz
bases in HZ of the form (7, f)n>0. Their statements are given in a language
of multipliers of a space of Dirichlet series Y, o, 22, >3 -, |an|* < oc.
All results on the PDCP listed above are simple partial cases of results
proved in this paper. The link between the Wintner—Beurling version of
the PDCP and the semigroup (7},) is very simple: taking an orthonormal
basis {v/2sin(rkz)}r>1 in L?(0,1) and defining a unitary operator V :
HZ — L?(0,1) by (Vz*)(x) = V2sin(rkz), k = 1,2,..., one can easily
see that a function ¢ € L?(0,1),

w= Z apV2sin(rkz),

k>1

TOME 62 (2012), FASCICULE 5



1608 Nikolai NIKOLSKI

(developed in its Fourier series) satisfies p(nz) = (VT,V~1p)(z), and
hence it obeis completeness property (2’) if and only if a function
F = V71<p = Zakzk
k=1
is (T),)-cyclic in HZ.

Therefore, tempting to approach to the Riemann Hypothesis by Nyman-
Wintner-Beurling approximations, one can hope on Hardy space techniques
in D§° and specific arithmetic properties of the Fourier coefficients ay =
ag(p) for the function we need to treat, namely for p(z) = p(1/x) (as it
was the case for Wintner’s results [28], where k — aj was a contractive
semicharacter of the multiplicative semigroup N, see Section 3 for details).
Do not forget, however, that in the RH we deal mostly with the DCP,
and not with the PDCP. It is also worth mentioning that the complete-
ness problem for all dilations f(tx), t > 0, is usually settled with classical
techniques (say, Plancherel-Mellin theorem for L2-approximation, and the
Wiener Tauberian Theorem for L!-approximation), whereas the discrete
semigroup (T,,) requires more sophisticated tools.

Acknowledgements

I am indebted to my former colleague at the University Bordeaux 1
Michel Balazard, who initiated my interest to the semigroup (7},) in the
beginning of the 1990s, asking me several interesting questions. Most of the
results presented here was obtained shortly after but have waited for more
than 15 years in order to be taped. I am also grateful to the referee for a
careful reading the manuscript.

2. Semigroup (7},) and the Hardy space on the Hilbert
multidisc

This Section deals with several elementary properties of functions in
H?(DS®), some of which were observed already by D.Hilbert [16]. We would
like to avoid technical subtleties, unnecessary for our goals and related to
analysis of functions of infinitely many variables. This is why we do not
touch more general HP spaces (p # 2), for which even the question on
the natural domain of analyticity is not completely obvious. See a few of
remarks below.

The following lemma is mostly known, see [14]. The spaces H3 and
H?(D$°), as well as the mapping U are defined in the Introduction.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.1. — 1. For every f € H¢ and ¢ € DS°, the series U f(() =
D1 f(n)¢*™ is absolutely convergent, and one has

vl <l IT (——5) "

_ 2
k51 1 — [Ck|

2. U is a unitary mapping from HZ onto H*(DS°), which maps an or-
thonormal basis (2™)n>1 of Hi on the orthonormal basis (C*)aez, (s0) Of

H?(D5®).
3. For every f € HZ, ( € D* and n € N,
(UT.f)(Q) = ¢ U Q)
where a(n) = (a1(n), ..., ar(n),...) is defined in the Introduction.
Proof. — 1. By Cauchy-Schwarz,
UFOP < IFI3 D 1¢P = ||f||§sté§ ) (S P (S

>0 (a1,meyan ) EZT

n
1
-t 1 (e
| ||2n€Nl];[1 1—|Ckl?

=1 (=)

k>1

2. By definition, Uf(¢) = >, f(n)¢*™ and hence Uz" = ¢,
n € N. Since « is a bijection from N to Z; (00), the result follows.
3. Since « is a homomorphisme,

(UT,2")(¢) = (U2")(¢) = ¢**m) = ¢ ¢e®) = ¢k (¢)

for every k € N. Since f — U f(() is linear and bounded on HZ (see point
1 above), we get the result. O

COROLLARY 2.2. — Let E be a (closed) subspace of HZ.
E € Lat(T,,) & UE € Lat(M,).

A function f € HZ is (T,,)-cyclic if and only if U f is M¢-cyclic in H*(DS®).
O

Now, since the problem of (T,)-invariant subspaces is reduced to the
Hardy space H?(D5°), we need to recall some properties of the latter. Since
the author is not able to localise references (if existed), we are giving a list
of these properties with short proofs (where the statement is not completely
obvious). In fact, all properties are natural analogues of the corresponding
properties of H?(D) and H?(D").

TOME 62 (2012), FASCICULE 5
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2.1. A few general properties of H%(D$°) functions. (1) A polyno-

mial p is a finite linear combination of monomials: p =5 __ ¢,(%, where

aco

¢o € Cand o is finite, 0 C Z4 (00). The set of polynomials P is norm dense
in H?(DS°). O
(2) Let F € H?(D$®). Denote

Fiy(¢) = F(C1y--,60,0,0,...),¢ € D

and Z (n) = {a € Z;(00) : aj = 0 for j > n}; since Fi,,y does not depend
on (j, j > n, we sometimes will also write F,,)(¢) = F(n (Cl, .-+, Cn)- Then,

F(n) = Z CQ(F)Cav

a€Zy ()

IEwll= > leal®)P, lim|F = Fuyllz = 0, Fll2 = sup | Fil2,
a€Zy(n) n=l

and also,
HF(n)H% = sup / ‘F(n)(r(:lv'-wrcn)'Qdm(Cl)"' dm((n%
0<r<1 Jn

”FH% = sup sup / ‘F(n)(rcla e 7'r'Cn)|2 dm(Ci) ... dm(Gn)
n>10<r<1JTn
where T" =T x --- x T, T being the unit circle T = {z € C: |z| = 1}.
Conversely, if (fn) is a sequence of functions f, € H*(D"), such that
frt1(C,0) = fr(C) for ¢ € D™ and sup,, ||fn]l2 < 00, then there exists a
(unique) function F € H*(D3®) such that fn, = F,) for every n > 1.

Indeed, all claims are easily verified, including the last one, where we
simply define F' by F(a) = fn(a) for o € Z,(n). In principle, this last
assertion is a partial case of results of D. Hilbert [16]. O

(3) We have H>*(D$°) C H*(DS®). More precisely,

[Fll2 < [[Fllo

for F € H*(D$®), where || F|loo = sup{|F({)|: ¢ € D§°}.
Indeed, it follows from (2) that ||F{(,)|l2 < || F|| for every n, and hence
[Fll2 < [[Flloo- O
(4) The reproducing kernel for H?(DS). Let

Q)= Y A

a€Z (c0)

ANNALES DE L’INSTITUT FOURIER
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where /\,C S DQ and A - (/\17... >\n7--~)- Then k>\ € H2(Dgo)a ||k)\||% =
s m and, for every F' € H?(Dg°),

F(\) = (F, k).

Indeed, the reproducing property of k) is obvious by the definition of the
scalar product in H*(D5°), (F,G) = 3¢z, (o0) Ca(F)ea(G). The norm of

k»y is computed as in Lemma 2.1. O
Remark. — 1t is curious to mention that kx € H*>(D5°) if and only if
> n>1|An| < 0o. Moreover, since
A1 A
S AEAST A = lim k(e LA 0,0,...),
Ml
T

we get

>, M=

a€Zy (n)

_ sup Z |)\041)\042 -)\gn‘ _

a€Zl

sup |kx(Q)| = sup sup
¢epge

oo

1
“e =

k=1
(5) If F € H>*(D5®) then F,y € H*(D5°)(F(y is defined in (2)) and
1 llee < 1t lloe SIFlloe,  Tim Finy(A) = FI(A)

for every X\ € DS° (the latter is true for every F € H?(Dg®)).

Indeed, it is clear from the definition of F{,). In fact, F{,) can be seen as
a restriction of F' on D™. The claimed convergence property follows from
(2). O

(6) Clearly,

H?*(D5®) = spang(ky : A € D)
and hence, a sequence (F,) converges weakly in H?(D) to a function
F € H?*(D) if and only if lim,, F,,(\) = F()\) for every A € DY° and
sup,, || Fnll2 < oo. O

(7) For every ¢ € H>(D3°), there exists a sequence of polynomials
(pa)ns1 such that limy pa(C) = 9(C) for ¢ € D and [[pnllos < [9lloc
for everyn > 1.

Indeed, first, we can take a sequence (¢(,)) from (5); next, we pass to
Fejer polynomials p,, for ¢, of sufficiently large degree N = N(n). Since
the Hilbert multidisc D$° is not locally compact (and we do not know any
kind of Vitali’s theorem), let us enter in some details. Precisely, we exploit
a property of Fejer approximation maps on D", f +— (f — ®n . * f),

TOME 62 (2012), FASCICULE 5



1612 Nikolai NIKOLSKI

N = 1,2,..., that their restrictions to a compact set AD", 0 < A < 1
(denote them by ®npa : f— (f — ®wnpn * f)]AD?) tend to zero for the
operator norm H?(D") —s H>®(AD"), for every A, i.e.

lim [|®npall= lim sup [|f = Pny* fllgeeanny = 0.
N—oo N —o00 Ifll2<1

Using this property, we obtain for p,(¢) = ®n n * ©(n)(C),

l0(¢) = Pu(O] < [9(C) = Py (O] + |9n) (€) = P * Py (C)]
<l = omyll2llkcllz + 1PN n.all - |0y ll2s

where A = A({) = max;|{;j| < 1. Now, it is clear that there exists a
sequence N = N(n) — oo such that lim, [¢(¢) — pn(¢)] = 0 for every
¢ € D$° (and even uniformly on the sets {¢ € D3 : ||k¢]] < A, A(Q) K A<
1}). O

Remark. — It is curious to note that F' € H?(D$®) does not imply
F, € H*(D$) for 0 < r < 1 (as it is the case on D™). For example, if
A € D3 but Y |Aj| = oo, then (ky), = kyn € H®(D3°) (see Remark to
(4), Section 2).

(8) The space of multipliers of H*(D5®), Mult(H*(D5®)) =: {¢ : F €
H2(DEF) = oF € H2(DF)}, is H® (D).

Indeed, (2) implies that every ¢ € H>°(DS°) is a multiplier and ||| vt <
[l¢]loo- The converse is a well-known common place — every multiplier ¢
is bounded (whatever the basic space is) —

e = 1™ - O™ < (lollranel L1zl Exll2) "

for every A € D3°, which implies ¢ € H>*(D3°) and ||¢|co < ||@l|aue- O

Remark. — It is curious to note that UH*>(D) is NOT contained in
H>(Dg°). To see that, one can use, for example, the fact that the set P of
prime numbers is not a Sidon set in Z (a set A C Z is Sidon if every L
function f with the Fourier spectrum in A is in the Wiener class S | (k)| <
00). Indeed, for every Sidon set S, there exists a constant ¢(S) such that
the length of any arithmetic progression in S, A C S, is bounded by ¢(.5):
|A] < ¢(S); see, for example, [19]. To the contrary, the famous Green-Tao
theorem claims that P contains arbitrarily long arithmetic progressions,
[13]. Since P is not Sidon, there exists an H>°(D) function f = 3" _papz?
such that > plap| = oco. Since Uf(C) = > cpap(p for ¢ € D§°, we
obviously have U f ¢ H*>(Dg°).

(9) Let F € E and E € Lat(M¢). Then, F - H*(D$®) C E.
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Indeed, let ¢ € H*(D3°) and (pr) be a sequence of polynomials men-
tioned in (7). Then pp F' € E and (py F), weakly converges to o F": ||pi F||2 <
1Pkl Fll2 < ol Flz (see (8)) and limy, pe(Q)F(C) = ¢(C)F(C) for ev-
ery ¢ € D (see (6)). Hence, pF € E. O

(10) Let S € N and, for a € Z;(00), the symbol axs means a product
of two functions on N: axs = (a1xs(1),...,arxs(k),...). Further, let
H?(DS) be a subspace of H?(D$®) defined by

HO5)={F= Y @@ Y lalF)? <]

a€xsZy () a€xsZy (o)

- {F € H2(DY) : o(F) C Zi}

where o(F') stands for the Fourier spectrum
o(F) = {0 € Z4(0) : ca(F) # 0}

of a function F € H?(Dg°), and Z5 = {o € Z;(c0) : aj = 0 for j € S'},
S" = N\ S. One can say that H2(ID5) consists of functions depending on
variables (;, j € S only. We write H2(D") for H2(D{"*™) and Z, (n)
for Zi with S ={1,2,...,n}.

Now, if S(\S" =0, the subspaces H>(D5) and H?(DS') are independent
in the following sense:

i) H(D§) L H?(D));

i) F € H*(DS), G € H*(DS') imply FG € H*(DS"), where 8" = SUS',
and |FG|3 = [IF|3]|G|3;

iii) moreover, H2(D5) @ H2(D5') = H2(DS"), where 8" = SU S’ and

H2(DS) ® H2(DS') = span ( N FiG;: Fy € H(DS),G; € HQ(Dg"’))

finite

Indeed, i) is obvious; ii) follows from the Fubini theorem and property (2)
above; iii) is clear since polynomials depending on variables S are densely
contained in H2(DS), and similarly for H2(D5") and H2(D5"). O

(11) Let S C N, 8" =N\ S be the complement of S, and E a (closed)
subspace of H*(DS). Then

E® H* D) = H*(D§°)
if and only if E = H?(DS).
Indeed, the sufficiency follows from (10)-iii. For the necessity, we first

observe that o(F) C Z7 for every function F € E, and — on the other

hand — the product Fp with every polynomial p € H?(D§ /) can be written
as Fip = Fp(0) + F(p — p(0)), where F(p — p(0)) is orthogonal to each (*
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with supp(a) C S, and hence F(p — p(0)) L H?(DS). Now, if we assume
E® H%(DS') = H2(DS®) and take an element G € H2(DS) and a sequence
((I)k)k from

{ Z Fp; : F; € E, pj; are polynomials in HQ(]D)*;/)}
finite

such that limy [|[® — G|l = 0, then ®, = Gy, + G}, where G, € E and
|®r — GlI3 = |Gk — G||3 + ||G4]|3- This means that limy |Gy — G2 = 0,
and hence G € E. Therefore, E = H?(D5). O

(12) LP-norms on H*(DS®) and powers of H?(DS®) functions.

i) Let F € H?*(DS®) and F(¢) # 0 for ¢ € D3°. Then for every t, 0 <
t < 1, there exist functions Ft € H*(DS®) satisfying F'F® = F'Ts (F!)* =
Pt Fl = F.

Indeed, a family of functions (F,))" with these properties obviously ex-
ists on D™. Since |a' — b*| < Cla — b|* for every a,b € C, we get

1(Fin))" = (Fm)) ll2 < CllFny = Fiamy ll5-

The last expression tends to 0 as n,m — co. So, property (2) implies
that there exists F* € H?(D5°) such that (F(,))* = (F*)(, for every n and
t. The result follows. O

ii) For a function F € H?(D$°) and 2 < p < oo, we define the HP norm
of F (finite or not) as follows

IF|IZ = sup sup /

n>10<r<1

Fioy(r€uy ooy rGa) [P dm(Cr) - .. dm(Cn).

Further, given 7, 0 < r < 1, we set F.(¢) = F(r¢) and F(,)-(¢) =
Finy(r€) for all ¢ € DS°(F(,) are defined in (2) above). Then,

1Elly < 1F Ny 1Fomyelly < 1Folly < 1Pl for cvery F € HP D), n
and r, 0 <r < 1. Moreover, 2 < p < q=||F|lq = |Flp-

Indeed, it is clear by the definition of HP and the properties of the Poisson
means in D”. ]

iii) Let G € H?*(D) and G(¢) # 0 for ( € D°. Then for every t,
0 <t<1,|G"s < oo and there exists a sequence of polynomials (py)n
such that limy, [|G* — pp |2/ = 0.

In order to find polynomials p,, we can use obvious properties that for
every G € H*(D3°) we have limy, [|G(,) — Gll2 = 0 and lim, 1 |G,
G(myll2 = 0 (for every n), and hence there exists a sequence 7(n) — 1
such that lim, |G ), m) — Gll2 = 0. But Gny,mn)(¢) # 0 for ¢ € DS°, and
using an above inequality |a? — bf| < Cla — b|*, we obtain

2
”an) ) G| S C2/t”G(n)T(n) — G2 — 0 (as n — 00).

r(n 2/t
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Approximating Gﬁn)r(n) by polynomials p,, uniformly on ﬁn, we obtain
the result. g

iv) For a general function F on DS°, which is a sum of an absolutely
convergent power series in DS°, we define its roots of a natural degree.
Namely, given N € N, we say that F'/N exists if there is an absolutely
convergent power series in DS°, whose sum — FYN _ satisfies (Fl/N)N =
F.

Remark. — A problem for defining HP spaces of infinitely many vari-
ables is, in particular, in the choice of a natural domain where the space
should be defined. For example, for 1 < p < 2, given an absolutely conver-
gent power series F', the Hausdorff-Young inequality says that

1E )l @y < 1 F o v comy < NENlzre = sup 1 0 o)

for every n. If the latter quantity is finite, then an absolutely convergent
representation F({) = Zaeh(w) co (™ exists for

€3 1617 < 00,1651 < 1v) }.

Jjz1

ey =
However, an extension to D$° is still unclear. In the opposite direction,
when p > 2, it seems that D3° could be a natural domain for HP(D3°),
but we prefer do not enter in a discussion. However, in the limit case as
p — oo, one can consider the corresponding "multi-disc algebras", and
even if for the || - || closure of polynomials the natural domain, perhaps,
is still D3°, for the corresponding Wiener algebra

W:{F(C): PRGN |ca\<oo}
a€Z4 (c0) a€Z4 (00)

the natural domain is definitly much larger, namely it is D = {¢ € C* :

3. Some invariant subspaces and cyclic vectors of (7},)

Here we obtain some necessary/sufficient conditions for a function f €
H?(D) to be (T;,)-cyclic, or equivalently, Uf = F € H?(D$°) to be M-
cyclic. In order to place the question properly, recall that a partial case of
the problem of M-cyclicity is a problem of cyclic function in H?(D"), a
quite famous question which is still open at least from the time of Rudin’s
book [24] (1969). In fact, Theorem 3.3 below is nothing but a multidisc
analogue of facts proved for the disc D already in [21], Section 2.1., and even

TOME 62 (2012), FASCICULE 5



1616 Nikolai NIKOLSKI

for a variety of function spaces (including weighted Hardy and Bergman
spaces). We start with two lemmas.

LEMMA 3.1. — Let F € H*(D$°). If F is M¢-cyclic then F({) # 0 for
¢ € Dge.

Proof. — Obvious since Lemma 2.1. O

We need a bit more notation. Let J C N and

NJ:{pa:pi‘l...pfn’":(al,...,am,...)EZi}

be a subsemigroup of N generated by prime numbers p;,j € J. More gen-
eral, we consider subsets ¥ C Z4 (c0) being a positive part of a subgroup
Y/ C Z%°, namely, ¥ = ¥’ N7, (c0); we call them "semi-subgroups". Such a
semi-subgroup X can be characterized by the following property: if « € 3,
B € Zi(0) and o+ € ¥ then f € X. At the level of N, for the corre-
sponding (multiplicative) subgroups o = {p* : @ € £} (p = (p1,p2,--.)),
the latter property says n € o, m € N and nm € ¢ = m € o. For instance,
semigroups Zi and every one-generated semigroup ¥ = {na : n € Z,},
o € Z4 (00) are semi-subgroups in Z4 (00), and their counterparts in N are
Ny and o = {p"® :n € Z4}.

The following lemma is stated for semi-subgroups N; but it is also true
for an arbitrary semi-subgroup o C N. The leading partial case is for J =
{1,...,m}, m € N, when H3(Dy) = H*(D™).

LEMMA 3.2. — Let f € H3(D) having the Fourier spectrum in a semi-
subgroup Ny, o(f) C Ny, for a subset J C N. Then, f is (T},)-cyclic if and
only if Uf is (Mga)aezi—cycljc in H2(Dy).

Proof. — Assume Uf is (Mga)aezi—cyclic in H2(DJ), and let £ be an
M_-invariant subspace generated by U f in H?(D$°). Clearly,

€5 H* (DY) ® H*(Dy') = H*(D5°)

(see (11), Section 2), i.e. Uf is M¢-cyclic.

Conversely, assume that U f is M¢-cyclic in H 2(D$®). We employ a rea-
soning similar to those of (11), Section 2. Namely, let P be an orthogonal
projection in H?(D$®) on the subspace H?(Dy). Notice, that if a monomial
¢ = (... ¢* has the spectrum o(¢%) = {aq,...an,0,0,...}, which is
not in Z7 (i.e., there is a "'new variable' in (%), then

C*H*(DY) L H*(DY).
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It follows that, for every polynomial ¢, we have P(qU f) = (Pq)U f. Let now
G € H?*(DJ) and (gx) be a sequence of polynomials such that limy |G —
qxUfll2 = 0. Then, limy, |G — (Pgr)Uf||2 = 0 and Pg, € H?(Dg). This
means that U f is (Mce) ez -cyclic in H?(Dy). O

THEOREM 3.3. — Let F' be a function on D$° such that F(¢) # 0 for
¢ € Dse.

(1) If F € H*(D$®) and 1/F € H*(D$®) then F is M¢-cyclic in H*(DS®).

(2) If F € H*(D$®) and Re(F(¢)) = 0 for ¢ € D$° then F is M¢-cyclic in
H?(D5°).

(3) If there exist € > 0 and N > 1 such that F'*¢ € H?(D$) and
1/FYN ¢ H*(DS®), then F is cyclic in H?(Dg®).

Proof. — Let E be a (closed) M-invariant subspace of H?(D$°) gener-
ated by F'. For cyclicity, it suffices to prove that 1 € E.

(1) By (9), Section 2, we have 1 = F - L € E.
(2) By (9), Section 2, we have FLJFE € FE for every ¢ > 0. Moreover,
IF(CO | <1 and lim.,o % =1 for every ¢ € D3°. By (6) and (3) of

Section 2, we obtain 1 € E.

(3) Without loss of generality, we can assume that 1/e € N. Let v = 1@2,
q= @ Then, by (12) of Section 2, we have 1/F? € H?(D$°). Let p
be polynomials found in (12) iii, Section 2, so that limy || 2 — pklly = 0.

By Holder, since ﬁ + % = %, we obtain
el 1
IF' — pyFllo = [P~ po)|, < IF 13|~ | -
q
This implies F'~7 € E. Repeating the preceding step for
1
1-2vy _ 1=, — I=y(_— _
|F pieF" e = 1F77 (55 = pw)ll2,
we get F1727 € E, etc. — so that, in 1/ steps we obtain 1 € F, and hence
F is cyclic. |

Below, in theorem 3.4, we show that for functions f € HZ(D) having
the Fourier support in N; for a finite J, the trivial necessary condition
of Lemma 3.1, (together with a slight smoothness condition), is, in fact,
sufficient for f to be a (T,)-cyclic element. We give a separated proof for
the case of a polynomial since, in this case, the proof is much easier.

THEOREM 3.4. — (1) Let f =3} _, f(k)z* be a polynomial on . Then
f is (T,,)-cyclic if and only if Uf(¢) # 0 for ¢ € D (in fact, for ( € D7,
J = U, supp(c(k)) where the union is taken over all k with f(k) #0).
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(2) Let J be a finite set in N and f € HZ(D) having the Fourier spectrum
in Ny, o(f) € Ny, such that f(k) = o(k=¢) for k —» oo for a positive €.
Then f is (T,)-cyclic if and only if Uf(¢) # 0 for ¢ € DS° (in fact, for
¢eD’).

(3) The same as in (2) but for functions f with Uf € Hol(AD”), A > 1.

(4) Let n > 1 be an integer and f € H3 with o(f) C {n* : k € Z,}.
Let further ¢ = 3+, f(n*)z*. Then f is (T,)-cyclic if and only if ¢ is
a Beurling inner function. Moreover, if E is a (M¢)-invariant subspace of
H?(D$°) generated by F = U f, then

E = I(ga(n))H2 ® H2(D§\{n}),
where [ is the inner part of .

Proof. — (1) Necessity is a general fact (Lemma 3.1), we need to prove
the sufficiency. Assume U f(¢) # 0 for ¢ € D™, m = w(n), 7(n) being the
number of primes less or equals to n. By Lemma 3.2, it suffices to check that
F=Ufis (M, )1<j<m cyclic in H*(D5"). Let E be an invariant subspace
generated by F. Since 1/F, € H*>°(D™) for every r, 0 < r < 1, we have

F/F, € E and lim,__; F((C)) =1 for every { € D™. Moreover,

< 298(F) for every 0 < 7 < 1 and ¢ € D™

FT(C)

the latter is a slightly improved inequality from [12]; see also [11] (for
the readers convenience, we give a short proof of this inequality in Re-
mark 3.5 after the Theorem). Hence, supg_, ., ||F£T||2 < oo and, therefore,
lim, Fﬂ = 1 weakly in H?(D™). This implies 1 € E, and the result
follows.

(2)—(3) As before, the necessity is obvious. The proof of the sufficiency
makes use of Theorem 3.3(3). For notation simplicity we argue for the case
J ={1,...,m} only; the general case is similar. Let F' = Uf, F(¢) # 0
for ¢ € D™. We will check that F' € H>(D™) and 1/F € H°(D™) for a
positive 4. Indeed, the condition f(k) = o(k~) means that

eaq €qn

s> ... pem) = o(py “p~2 .. .p; ) as a; — oo for 1 < j < m.

This implies that the function
= > frps...pim)e?

a€Z4 (m)

is holomorphic at least for |(;| < 2¢ 1 < j < m. In particular, F' €
He(D™).
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For the inverse 1/F, we use a Lojaciewicz theorem ([18], see also [17]) on
the zero set of an analytic function of several variables. In particular, the
theorem tells that given an analytic function G # 0 of m variables, there
exist constants N > 0, 0 < C' < oo such that

[G(O] = C(dist(¢, Z(G)))",

where Z(G) = {z : G(z) = 0} is the zero set of G(we suppose that all
this happens on a compact set in C™, in whose open neighborhood G is
analytic).

First, we use Lemma 3.6 (below) on the zero set of F' and obtain Z(F') =
A x D7, where A C T is a finite union of analytic manifolds of the di-
mension strictly less than d = card(¢’) (the notation is taken from Lemma
3.6). Next, we apply Lojaciewicz’s theorem for F getting, for ( € D™,

[E(Q)] > C(dist(¢, Z(F)))™ = C(dist(¢or, )™,
Moreover, there exists a constant ¢ > 0 such that
dist(r¢,, A) > ¢ dist((,r, A)

for every 0 < r < 1 and (,» € T (indeed, all distances in ce’ being
equivalent, consider ||z||oo = max |z;|; then, for z,{ € T?’, we have ||z—(|| <
lz=rz||+|lrz =¢|| =1 —=7||z]| + ||rz = ¢|| < 2||¢ —rz]||). This implies (A,
stands for Lebesgue measure on T™)

dAm(€) 1 dAm (C)
/Tm |F(rQ)f S Cion /Em (dist(Cor, A)) ™

o dXa(¢or)
~ C8cN /Ta/ (dist(Cor, 4)™° o

if N6 < 1 and d = card(¢’); indeed, in a neighborhood of any point
of A and with a choice of a convenient parametrization for an analytic
manifold A (i.e., up to a convenient C* diffeomorphism of R?), one has
(o =2 = (21,...,24), A C H={x = (v1,...,24) : 1 = 0}, and hence
dist((,7, A) = const - dist(x, H) = |x1], so that the last integral is bounded
by

dry ... dzry
const - — < 0.
) |z |N6
|z;|<1,Vj 1

It follows that 1/F € H?(D™), and we are done.
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(4) Let 0 = {n* : k € Z,} and H?(0) = {g € H*D) : o(g) C o}.
Then, the restriction T;,|H? (o) is obviously unitarily equivalent to the shift
operator SG = zG on the Hardy space H? (D). Now, making use of a remark
just before Lemma 3.2 (applied for o = {n* : k € Z}), we obtain the claim
on the cyclicity of f (the V. I. Smirnov (1934)-A. Beurling (1949) criterion
for cyclicity is also used: ¢ is z-cyclic in H? if and only if ¢ is outer). Using
property (11) of Section 2 (and Smirnov—Beurling’s description of simply
generated z-invariant subspaces), we get the formula for E. O

Remark. — Let F be a polynomial such that F({) # 0 for ¢ € Dg°.
Here we give a short proof of the inequality

< 9des(F)

E(C)

for 0 < r < 1 and ¢ € Dg°; different versions can be found in [12] and
[11], where the degree deg(F') is replaced by larger values. Of course, it
is sufficient to restrict ourselves to ¢ € D™, where m is the number of
variables involved into F'.

For a polynomial of 1 variable, F((z) = A(z—21) ... (2—2zq) with |z;| > 1

one has ‘ ’ 2 for every z € D (and hence, for z € D) and 0 < r < 1;
indeed,
‘ _ ‘ z—rz <2
T2 — %j T2 — 2j
The claimed inequality follows. In several variables, we fix ( = ({1, ...,(m) €

D™ and pass to a polynomial P:(z) = F(z2(), z € D. Applying the 1-
dimensional result, we get | P‘((TZ))| < 24ee(F) for » € D. Tt remains to set
z=1.

LEMMA 3.5. — Let F be a function holomorphic on (14 €)D™ such that
F(z) # 0 for every z € D™, and Z(F) = {z € D" : F(z) = 0}. Then there
exist subsets o C {1,2,...,m} (maybe, empty) and A C T such that

Z(F)=AxD°

where A x D = {z = (21,...,2m) : (2i)icoe € D7, (2i)icor € A}, 0’ stands
for the complementary set o’ = {1,2,...,m} \ 0. Moreover, A is a finite
union of analytic manifolds of real dimensions strictly less than card(o”’).

Proof. — Assume that Z(F') is not contained in T™, and let i € {1,...,m}
and z € Z(F) such that |z| < 1. Writing z = (#/,2;), we show that
{#'} xD C Z(F). Indeed, functions ¢, (w) = F(rz’,w), 0 < r < 1, are holo-
morphic and non vanishing in D. The limit function p(w) = lim,_,; ¢, (w)
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is vanishing at w = z; € D, and hence ¢ = 0. This implies the inclusion
claimed. Setting

o = {i: there exists z € Z(F) such that |z;| < 1},

we get the formula claimed in the Lemma. Take an arbitrary z, € D°.
Since A can be regarded as the zero set of the restriction Fj of the function
zg» — F(247,2,) onto the torus ’]I"’/7 we can use a geometric part of Lo-
jaciewicz’s theorem (see, [18], [17]): being holomorphic on a neighborhood
of T%, function F, has a zero set consisting of a finite union of analytic
manifolds of the dimensions strictly less than card(c”’), unless Fy = 0. The
latter property is impossible since it entails that F' = 0. (|

COROLLARY 3.6. — Let f € HZ, and there exist f; (j = 1,2,3,4) in
HE such that Uf = Ufy - Ufy - Ufs - Ufy, where f; for i = 1,2,3 satisfy
condition (i) of Theorem 3.3 and fy satisfies (3) of Theorem 3.4. Then f is
(T),) cyclic.

Indeed, let Ey s be an (M) invariant subspace of H?(D5°) generated by
U f. Then, it follows from the proof of Theorem 3.3 that Ufy - U fs-Ufy €
Eyy, and next g =: Ufs - Uf4 € Eyy. As to the function g, it is clear that
gite € H?(Dg®) (since (U f3)'Tc € H*(DS®)) and it follows from the proofs
of Theorem 3.3 and 3.4 (and Hélder inequality) that 1/¢% € H2(DS) for
some 0 < ¢’ < 1/N (N is from condition (3) of Theorem 3.3). Hence,
1/g"/N" € H*(Dg) for an integer N’ > N, and by Theorem 3.3, 1 € Eyy,
which completes the proof. O

We finish the Section showing that the reproducing kernels ky are (M¢)-
cyclic in H?(D$®). In a different language and with a different proof, this
fact is proved in [14]. Wintner’s functions mentioned in the Introduction
correspond to a special choice of A € D3°.

COROLLARY 3.7. — Every reproducing kernel kx, A € D$°, is a (M;)-
cyclic vector in H?(DS®), or, equivalently, any function f) = Zn21 e (n) on
is (Ty,)-cyclic in H?(D).

Indeed,
O = Y A =]]F.)
a€Z4 (00) s>1
where F,(z) = (1 —a@z)"! (a,z € D) (a computation similar to 2.3(4)). On
the other hand, ||Fa||7;{p(T) =1+ [pa/2|*(1 + o(1)) as a — 0 (Vp < o0),
and hence

Ikl = H [ Fx,

s>1

%p(m < oo for every A, A = ()y) € DS°;
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Similarly, [|1/kl13 = [Tos, (11 - XSCSH%,Q(T) < 00. Now, the cyclicity of ky
follows from Theorem 3.3. O

COROLLARY 3.8 (Wintner, 1944). — Every function f, =3, k—azk,
Re(a) > 1/2 is (T,,)-cyclic.

Indeed, U f, = kx where A = (As)s>1, As = p; @ (ps are primes). O

4. A few of examples

It is worth mentioning that the language of the U-transforms for (7),)-
cyclicity criteria for f € HZ is very natural but not as transparent (efficient)
as it seems to be. Speaking on "efficiency" we mean that given a function

f=2
k=1
in HZ, we want to know its cyclicity properties just in terms of the Taylor
Fourier) coefficients ag, and not of an extension of f to D$°. We show
2

some hidden effects on several examples. But we start with a corollary of
Theorem 3.3, which is essentially contained in [14], with a different proof.

COROLLARY 4.1. — (1) If |ay| = 3,5, lax|, then f = 37, arz* is
(T,,)-cyclic (f #0).

(2) Conversely, suppose f is cyclic and its Fourier spectrum o(f) is con-
tained in the set P of prime numbers. Then |a1| = >y, [ax|-

Indeed, for (1), we assume, without loss of generality, a; > 0. Then,
Re(Uf(¢)) = a1 + Re (Zn>2 an, (™) > 0 for every ¢ € Dg°, and The-
orem 3.3(2) implies the cyclicity of f. Conversely, if f € HZ is cyclic,
then Uf(¢) # 0 for ¢ € D5°. If we suppose |a1| < >, 5, lan|, then
there exists z = (21,...,25,0,0,...) with |z;| < 1 such that Uf(z) =
a + Zszl ap, 2k = 0. Contradiction. O

4.1. Some cyclic polynomials and functions. (1) Let

f=aiz+ asz? + asz®

be a polynomial, deg(f) < 3. Then, by Corollary 4.1, f is (T},)-cyclic if
and only if |a1| = |az| + |as]. O
(2) Let

f=aiz+axz® + azz® + as2*
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be a polynomial, deg(f) < 4. Then, by Theorem 3.4(1), f is (T},)-cyclic if
and only if U f(¢) # 0 for ¢ € D?, where

Uf(C1,¢) = ar + aaCy + aa(f + asCe = q((1) + aso.
So, a necessary and sufficient condition for cyclicity is
gD)NasD=10

Condition |a1| > |az| + |as| + |a4| is, of course, sufficient but not necessary.

For example, for ag = 0, necessary and sufficient condition for cyclicity
is q(z) # 0 for |z] < 1 what is the case for every ¢(z) = (z — z1)(z — 22)
with |z;| > 1; and if |z122] < 14 |21 + 22|(as for 21 = 20 = ¢, 1 <t < 2),
we get a cyclic polynomial with |a1| < |az| + |as| + |a4].

For az # 0, the condition of cyclicity min|,j<; |¢(2)| > |as] is also com-
patible with |ai1| < |az| + |as| + |a4]- O

(8) For a polynomial f of deg(f) < 5, the condition U f(¢) # 0 for ¢ € D3
is also transparent:

q(D) N (laz| + |as|)D = 0,

where f = a1z + a22% + a3z + as2* + as2® and q(¢) = a1 +ax(+ as?. O
For a generic polynomial f of deg(f) > 6, it is hardly possible to ex-
press U f # 0 in reasonable terms explicitely depending on coefficients. We
consider, however, a special case.
(4) Let f = z(A— 2)N where |\| > 1 and N € N. We show that

log 2 . L 9
m = f is cyclic in Hy,;
N > |\ = f is NOT cyclic in Hp.
If N > 3, the case N = || is also non-cyclic.
Indeed, since f =z 3N (MAN="(—2)" we have

N /N
Uf(C) =\V + Z (n)/\N_"(_l)nca(n-‘rl)_
n=1

In particular, for ( € D$° (of course, for the notation simplicity, we
assume that A is real and A > 1),

Uf(0)] = )\N—f: (JX))\N‘" = 2/\N—§: (JX))\N‘" =2V A+ 1.

n=1 n=0
Therefore, if 2AY > (A + 1)V, i.e. if
log 2
log(1+ 1)’
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then f is a cyclic function. On the other hand, U f(0) = A", and assuming
s € N such that 2° < N +1 < 25%! we obtain for 0 < t < 1,

g N
Uf(t,0,0,...) = /\N+Z <2k N 1) )\N—2’“+1(_1)2’t1tk < AN NNy,
k=1

Therefore, if N > A, there exists 0 < t; < 1 making Uf negative
Uf(to,0,...) < 0, and by continuity, we find ¢, 0 < t < ¢y such that
Uf(t,0,...) = 0. Hence, f is not cyclic in HZ. In fact, taking into account
the term k = 2 of the expansion for Uf(¢,0,...) (assuming N > 3), we
obtain the same conclusion also for A = N. (|

In particular, for A\ = 3, the function f is cyclic iff N < 2, for A =4 —
iff N <3, for A =5 — cyclic for N < 3 but non-cyclic for NV > 5, etc.

(5) Cyclic functions depending on a combination of variables.
Let ¢ € H?(D), a € Z,(00) and F(¢) = ¢(¢*) for ¢ € D3°. Then, F
is cyclic in H*(DS®) if and only if ¢ is an outer function. In particular,
whatever is n € N\ {1}, a function f =3 ;- apz"" s (T,) cyclic if and

only if o =3 450 apz® is outer.

Example. — Polynomials
2 4 8 16
P1 = agz + a12° + a2 + aszz” + agz
and
12 144 1728 20736
P2 = apz +a127° + azz + aszz + aygz

are (T, )-cyclic or not simultaneously (and if and only if ¢ = Zi:o apz® is
outer, i.e. all roots are in C\ D), but — in general — this is not the case

for

2 3 4 5
P3 = apz + a12° + a2z +aszz” + agz”.

Indeed, the claim immediately follows from Theorem 3.4(3) and property
(11), Section 2. For ¢ = (2 — 1)2, we have p3 = z(z — 1)?, and it is easy
to see that Upsz vanish’ on D?(so, p3 is not (7T},)-cyclic, whereas p; and py
are). O
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