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EFFECTIVE EQUIDISTRIBUTION OF S-INTEGRAL
POINTS ON SYMMETRIC VARIETIES

by Yves BENOIST & Hee OH (*)

ABSTRACT. — Let K be a global field of characteristic not 2. Let Z = H\G be
a symmetric variety defined over K and S a finite set of places of K. We obtain
counting and equidistribution results for the S-integral points of Z. Our results are
effective when K is a number field.

RESUME. — Soit K un corps global de caractéristique différente de 2. Soit Z =
H\G une variété symétrique définie sur K et S un ensemble fini de places de
K. Nous obtenons des résultats de comptage et d’équidistribution pour les points
S-entiers de Z. Nos résultats sont effectifs quand K est un corps de nombre.

1. Introduction
1.1. General overview

Consider a finite system of polynomial equations with integral coeffi-
cients. Its set of solutions defines an arithmetic variety Z C C¢ defined
over Z. For a set S of primes including the infinite prime oo, let Zg de-
note the ring of S-integers of Q, that is, the set of rational numbers whose
denominators are products of primes in S. If S = {oco}, Zg is simply the
ring of integers Z, and if S consists of all the primes, then Zg is the field
Q of rational numbers. For any subring R of C, we denote by Zg the set
of points in Z with coordinates in R. One of the fundamental questions in
number theory is to understand the properties of sets Zz,. In this paper,
we obtain effective counting and equidistribution results of the S-integral
points, for S-finite, in the case when Z is a symmetric variety.

Keywords: Counting, equidistribution, rational points, mixing, symmetric spaces, polar
decomposition, resolution of singularities.

Math. classification: 11G35 11582 14G05 22E40 37A25 37P30.
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The counting question in this set-up has been intensively studied for
the integral points via several different methods. The first method is due to
Duke, Rudnick and Sarnak in 1993 [17], utilizing the theory of automorphic
forms. Almost at the same time, Eskin and McMullen developed a different
approach, making a more direct use of the mixing properties of semisimple
real algebraic groups [21]. The third method , due to Eskin, Mozes and Shah
[22], is based on the ergodic theory on homogeneous spaces, in particular,
the work of Ratner [47] on ergodic invariant measures for unipotent flows,
as well as the works of Dani and Margulis ([11], [12]) on the linearization
methods and the non-divergence of unipotent flows.

The approach of [21] using mixing properties has several advantages over
the others in our viewpoint. First it does not require the deep theory of
automorphic forms, avoiding technical difficulties in dealing with the Eisen-
stein series as in [17]. Secondly, although this was never addressed in [21],
in principle it also gives a rate of convergence which the ergodic method
of [22] does not give. Thirdly the method can be extended to other global
fields of positive characteristic, which is again hard to be achieved via the
ergodic method.

For these reasons, we develop the approach of Eskin and McMullen [21]
in this paper in order to obtain effective results for the general S-integral
points on symmetric varieties.

Let G be a connected semisimple simply connected Q-group and H a
symmetric Q-subgroup of G. Set

XS = F\GS and YS = F\FHS

where Gg := Hpes G(Q,), Hg := Hpes H(Q,) and T is an S-arithmetic
subgroup of Gg.
Two main ingredients of our proofs are

(1) the effective equidistribution of the translates Ysg in Xg for any
g € Gg;

(2) the effective well-roundedness of the height balls By := {z € Zg :
Hg(xz) < T} where Zs ~ Hg\Gg is a Zariski closed subvariety of
a K-vector space V', and Hg is the height function on Vg given by
Hs((2p)) :=[Ipes llzpllp for (zp)pes € Vs.

For (1), we use the mixing properties of S-algebraic semisimple groups,
with a rate of convergence. To relate the mixing property of Gg with the
equidistribution problem (even in non-effective form) for the translates of
Hg, we need to verify certain geometric property, which was named the
wavefront property by [21], for an S-algebraic symmetric variety. We prove
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this using the polar decompositions for non-archimedean symmetric spaces
obtained in [4] specifically for this purpose. We emphasize that the wave
front property is precisely the reason that our proofs work in the setting of
an S-algebraic symmetric variety for S finite. This property does not hold
for a general homogeneous variety even over the reals. In the case when Yg
is compact, and hence a uniform approximation of Yg by neighborhoods in
Gy is possible, the arguments in [21] can be more or less easily adapted to
a proof of (1), based on the effective mixing and the wave-front property.
Most of the technical difficulties in proving (1) arises in the case of a non-
compact Ys. Even in the case when K = Q and S = {oo}, our paper seems
to be the first place where a complete proof of (1) is given. Although (1)
has been announced in [17] in this case, proofs have been given only for Yg
compact.

Now turning our attention to (2), recall first that the well-roundness of
family {Br} of compact subsets in Zg means that for all small € > 0, the
boundaries of By can be approximated by neighborhoods whose volume is
of e-order compared to the volume of By uniformly for all large T". For the
norm-balls in a real symmetric variety (i.e., S = {oo0}), this property was
verified in [17]. In effectivising this property, one needs to control how large
T has to be taken for a given € > 0, for instance, obtaining an estimate
on the derivative of the volume of B, among other things. In the case
of a group variety, a similar estimate was made in [40] by the brute force
computation using the decomposition of a Haar measure of the group, and
was used to obtain an effective counting of lattice orbits in a group variety.
We achieve this in a complete generality of a homogeneous variety of an
algebraic group, using a theorem of Jeanquartier on fiber integrations [34],
Hironaka’s resolution of singularities [32], Denef’s theorems on p-adic local
zeta functions ([14], [15]). We remark that this is one of crucial ingredients
of [27].

We state and prove all of our effective results for any number field K
and the non-effective versions for any global field of characteristic not 2.

We remark that the approach for counting via mixing was first used by
Margulis in his thesis [39] which was written in 1970 but was published only
thirty years later. Recently similar mixing properties in an adelic setting
have been used in the study of rational points of group varieties (see [9],
[25], and [30]). We also mention that for the case of group varieties, the
effective counting result was obtained for integral points in [40], under some
additional assumptions. We refer to [35], [29], [23], [20], [28], [18], [41] etc.,
for other types of counting and equidistribution results.
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1.2. Main results

We now give a precise description of the main results of this paper.

Let K be a global field of characteristic not 2, i.e. a finite extension of Q
or of Fy(t) where ¢ is an odd prime. Let Z be a symmetric variety in a vector
space V defined over K. That is, there exist a connected algebraic almost
K-simple group G defined over K, a K-representation p : G — GL(V)
with finite kernel and a non-zero point zy € Vg whose stabilizer H in
G is a symmetric K-subgroup of G such that Z = 2yG. By a symmetric
K-subgroup of G, we mean a K-subgroup whose identity component coin-
cides with the identity component of the group of fixed points G? for an
involution ¢ of G defined over K. We assume that the identity component
H° has no non-trivial K-character.

We fix a basis of the K-vector space V g so that one can define, for any
subring O of K, the subsets Vo C V, Zp C Z and G C G of points with
coefficients in O. For each place v of K, denote by K, be the completion
of K with respect to the absolute value |- |,. We write V,,, Z, and G, for
Vk,, Zk, and Gk, , respectively.

Let S be a finite set of places of K containing all archimedean (sometimes
called infinite) places with G, non-compact. Note that if char K is positive,
K does not have any archimedean place. We denote by Og the ring of S-
integers of K, that is,

Og:={ke K | |kl, <1 for each finite v & S}.
For instance, if K = Q, we have Og = Zg. We set Zg =[]
similarly Gg and Hg.
Note that the sets Zp,, Go, and Hp, are discrete subsets of Zg, Gg,
and Hg respectively, via the diagonal embeddings.

ves Ly and

By a theorem of Borel and Harish-Chandra in characteristic 0 and of
Behr and Harder in positive characteristic (see Theorem 1.3.2.4 in [38]), the
subgroups Gp, and Hp, are lattices in Gg and Hg respectively. Again,
by a theorem of Borel, Harish-Chandra, Behr and Harder, the group Go,
has only finitely many orbits in Zp, (see Theorem 10 in [24]).

Hence our counting and equidistribution question of S-integral points of
Z reduces to counting and equidistribution of points in a single G -orbit,
say, for instance, in 20Gopg. Set

ZS = ZOGS = H ZOGU
veS

and let I's be a congruence subgroup of Gpg. Let ux, be a Gg-invariant
measure on Xg := I's\Gg and py, an Hg-invariant measure on Yg :=
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(Ts N Hg)\Hg. For each v € S, we choose an invariant measure pz, on
Zy = 20Gy, so that for pzg := [[,cq tz,, we have ux, = pzgpys locally.
For a subset So C S, we set iz = [[,cq, H2,-

For a Borel subset B of Zg, we set

Y,
vol(B) i= #2555 1z (B).

We assume that Gg is non-compact; otherwise Zp, is finite. By con-
sidering a finite covering of G by its simply connected cover, we may also
assume that G is simply connected without loss of generality.

Before stating our main result, we summarize our set-up:

K is a global field such that char(K) # 2, Z ~ H\G is
a symmetric variety in a vector space V defined over K
where G is an almost K-simple simply-connected K-group
acting on V such that the identity component H° has no
non-trivial K-character, and S is a finite set of places of K
containing all the infinite places v with G, non-compact
and satisfying that Gg is non-compact.

Counting S-integral points

We first state our counting results. We refer to Definition 6.1 for the
notion of a well-rounded sequence of subsets B,, in Zg.

THEOREM 1.1. — For any well-rounded sequence of subsets B,, of Zg
with volume tending to infinity, we have

#(z0I's N By,) ~ vol(B,) asn — oo.

As a corollary, we obtain that the number of S-integral points of size
less than T is given by the volume of the corresponding ball in Zg. A most
natural way to measure the size of an S-integral point is given by a height
function Hg. For z € Z(Og), it is simply

Hs(z) == [] Il

veS
where the ||- ||, are norms on V g, which are euclidean when v is infinite and
which are max norms when v is finite. This height function Hg naturally
extends to Zg.

COROLLARY 1.2. — As T — oo,
#{z € zl's : Hg(2) < T} ~ vol(Bs(T))
where Bg(T) :={z € Zs : Hg(z) < T}.

TOME 62 (2012), FASCICULE 5
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When K is a number field, a version of Theorem 1.1 with a rate of
convergence is given in Theorem 13.2. For instance, we get:

THEOREM 1.3. — Let K be a number field. There exists § > 0 such
that as T — oo

#{z € 2T's : Hs(z) < T} = vol(Bg(T))(1 + O(T~9%)).

Our proof of Theorem 1.3 uses Denef’s result on local zeta functions
which is not available in positive characteristic. This explains our hypoth-
esis on the characteristic of K.

The rate of convergence in Theorem 1.3 is new even for the integral
points in the generality of symmetric varieties. In this case, as T — oo,
vol(Bg(T)) ~ ¢T%log(T)®, for some ¢ > 0 as obtained in [28].

Note for a general S that one cannot expect vol(Bg(T)) ~ c¢Tlog(T)?,
for some ¢ > 0; simply because any v-adic valuation is discrete for a non-
archimedean v. We prove:

THEOREM 1.4. — There exist a € Qso, b € Z>o and c;,co > 0 such
that for any T > 1,

1T log(T)? < vol(Bs(T)) < coT log(T)" .

Equidistribution of S-integral points

To motivate, consider the case when the set Zz,-1j of rational points in
Z with denominators only power of p is a dense subset in Zg. A natural
question is when the sequence of subsets in Zgz,-1) consisting of elements
of denominator precisely p™ is equidistributed as n — oo. That is, for two
compact subsets Q1,5 of Zg, as n — oo,
{r €ZgNQy :p"z € Vg, ptp"z} N vol(€1) ,
{x €ZgNQy:prz € Vg, piprz}  vol(Qs)’

Since p"x € Vz is equivalent to the condition that the p-adic maximum

norm of x is at most p”, the above question can be rephrased as the question
of equidistribution on Zg of the sets {z € Zzp,—1) : [|2][, = p"}.
We answer this question in greater generalities:

THEOREM 1.5. — Let S = Sy U S1 be a partition of S. For any well-
rounded sequence B, of subsets of Zg, with volume tending to infinity,
and for any compact subset 2 C Zg, of positive measure and of boundary
measure 0, we have

Y.
# 200 N (Q x By) ~ % 125, () Hzs, (Ba) asn — oo.
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Note that the special case discussed prior to Theorem 1.5 corresponds to
K =Q, Sy = {00}, S1 = {p}, and B, = {z € Zo, : ||z]|, = p"}.

Note that in all the above theorems, we may replace zol's by Zp, =
Zs NZog as long as we renormalize the volume form so that the volume
of a subset E C Zg is given by

— Y.
(1.6) vol(B) = DA g (B)

where we sum the contributions from each I'g-orbit in Zp,. Hence we
obtain:

COROLLARY 1.7. — Assume S has at least two places.

(1) For any finite v € S, the sets Z(T) := {z € Zo, : ||z|ls = T} be-
come equidistributed in Zg_y,) as T — oo, subject to the condition
Z(T) # 0.

(2) For an infinite v € S, the sets Zy = {z € Zog : ||z|lo < T} become
equidistributed in Zg_y,y as T — oo, provided Z, is non-compact.

Again, when K is a number field, Theorem 1.5 and Corollary 1.7 are
proved with a rate of convergence (see Corollary 13.3 and Proposition 14.2).
For instance, we obtain:

THEOREM 1.8. — Let K be a number field and S = S, U Sy be the
partition of S into infinite and finite places. We assume that Ggs, is non
compact. Set fr :={z € Zs, : Hg,(2) <T}. Then there exist 0 > 0 such
that for any compact subset §) of Zg_ with piecewise smooth boundary,

#(20Tg N (Q x Br)) = ;;789) wr pz (1 +0(T%) asT — oo

where wr = pzg, (Br).

Equidistribution of translates of Hg-orbits

Set Xg = GOS\GS and Yg = HOS\HS~ Let puxo and py, be invariant
probability measures on Xg and Yg respectively. The following theorem is
a crucial tool in proving Theorem 1.1. It states that the translates Ygg is
equidistributed in Xg as g leaves compact subsets of Hg\Gg.

THEOREM 1.9. — For any ¢ € C.(Xg),

V(yg)duys (y) — ¥ duxs as g tends to infinity in Hg\Gg.
Ys Xs

TOME 62 (2012), FASCICULE 5
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In the case when K = Q and S = {00}, Theorem 1.9 was proved in [21],
[17], [22] and [49]. In the case when Hg is semisimple and non-compact,
it is recently proved in [27], by extending theorems of Mozes-Shah [42]
and Dani-Margulis [12] in S-algebraic settings. None of the above papers
address the rate issues, while our proof gives effective version in the case
when char(K) = 0: a smooth function on Xg is a function which is smooth
for each infinite place in S and invariant under a compact open subgroup
of G, for each finite place v € S. The following effective version of theorem
1.9 is a crucial tool in proving Theorem 1.3 as well as other effective results
in this paper.

THEOREM 1.10. — For K number field, there exists k > 0 such that,
for any smooth function v on Xg with compact support, there exists ¢ =
cy > 0 such that

Y(yg) duys (y) — / Y dpxg

Xs

< ¢ Hg(zo9)™" forall g € Gg.

Ys
Examples

Let K = Q and consider the following pairs (V, f):

(A) V: the affine n-space with n > 3 and f: an integral quadratic form
of n-variables. If n = 3, we assume that f does not represent 0 over
Q.

(B) V: the space of symmetric n x n matrices with n > 3 and f = £ det.

(C) V: the space of skew-symmetric 2n x 2n-matrices with n > 2 and

f = tpfaff = £v/det.
For a positive integer m, define
Vi ={zxeV: f(x) =m}.
Consider the radial projection 7 : V,, — V1 given by z — m~'/%z where
d is the degree of f. Let V(Z)P*™ be the set of primitive integral vectors
in V. For a finite set S of primes of Q containing the infinite prime oo, we
denote by (S) C Q* the multiplicative semigroup generated by the finite
primes in S.

We give a partial answer to the following Linnik problem (see [36], [48],
23], [44], [41]):

COROLLARY 1.11. — Fix S and (V, f) as above. Then there exist con-
stants 6 > 0 and w,,, such that for any non-empty compact subset ) C
V1 (R) with piecewise smooth boundary, we have

#QN7(V o (Z)P'™) = w,, vol(Q)(1+ O(m™?))

ANNALES DE L’INSTITUT FOURIER
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as m — oo in (S), subject to V,, (Z)Prm # ().

A special case of (A) gives an effective equidistribution for {z € Z3 :
f(x) = m} with f = 22 + 9>+ 22 or f = 22 + 3% — 322, hence giving a
different proof of partial cases (because of the restriction on m) of theorems
of Iwaniec [33] and Duke [16]. Note that a special case of (B) gives an
effective equidistribution for the positive definite integral matrices of given
determinant. These cases are of special interest since the corresponding
symmetric group H is either compact over the reals or a torus. When H is
semisimple without compact factors over the reals, Corollary 1.11 with no
restriction on m was obtained in [23] in its non effective form and recently
in [19] in its effective form, using the works of Ratner [47] as well as of Dani
and Margulis [11] on unipotent flows.

COROLLARY 1.12. — Keep the same assumption as in Corollary 1.11
and set mg to be the product of the finite p € S. For the case (A), we
further suppose that f represents 0 over Q, for at least one p € S. Then
there exists § > 0 such that

#{z € V(Z)P™ : |lallo < T, f(z) € (S)} = vr(1+0(T))

where the asymptotic vr is given by the following sum over the divisors m

d—1,
of mg ~:

VP = 3t vol({z € (V)s : Hs(z) < T})

To prove corollaries 1.11 and 1.12, we will apply the effective versions of
Theorems 1.1 and 1.5 to V1(Zg). We list more examples in section 16.

1.3. Guideline

We tried to help the reader in writing "twice” the proofs: In the first
half of this paper we concentrate on the main term in the counting and
equidistribution statements. In the second half, we follow the same strategy
but develop more technical tools to obtain the effective versions of these
statements, i.e. to control the error terms.

In section 2, we recall the decay of matrix coefficients for semisimple
groups G and its application on a homogeneous space I'\G of finite volume.
In section 3, we show the wavefront property for symmetric spaces H\G
over local fields and their products. In section 4, we explain how mixing and
wavefront properties imply the equidistribution properties of translates of
H-orbits in T'\G given in Theorem 1.9. In sections 5 and 6, we explain how
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these equidistribution properties for translates of H-orbits in T'\G allow us
to compare for well-rounded sequences of functions on H\G each sum over
a I'-orbit with the integral on H\G.

In the section 7, we give some general estimates for the volume of balls
(and its derivative) in the orbits of algebraic groups both over the real
and p-adic numbers. In sections 8 and 9, we give examples of well-rounded
sequences and give proofs of Theorem 1.1, Corollary 1.2, Theorem 1.5 and
Corollary 1.7.

Starting from section 10, we prove the effective results listed in the in-
troduction. Theorem 1.10 is proved in section 12, and Theorems 1.3, 1.8,
Corollaries 1.11 and 1.12, among other effective applications, are proved in
section 15. We list more concrete examples in section 16.

We remark that in the whole paper the assumption of H symmetric is
used only to obtain the (effective) wave front property for Hg\Gg. The
methods and the arguments in this paper work equally well for any K-
subgroup H with no non-trivial characters satisfying the wave front prop-
erty.

With the exception of section 3, the arguments in sections 2-6 are not
new, as already known by the work of [17] and [21] (although some clari-
fication of the proof of Theorem 4.1 had to be made). Hence most of new
contents of this paper appear in sections 7 to 16.

This paper was first posted in the arXiv in June 07 (math/07061621).

Acknowledgment We thank Alex Gorodnik for helpful conversations.

2. The mixing property

We first recall the Howe-Moore property also called decay of matriz co-
efficients.

DEFINITION 2.1. — A locally compact group G is said to have the Howe-
Moore property if, for every unitary representation (H,m) of G containing
no non-zero vectors invariant by a normal non-compact subgroup, we have
for all v, w € H,

lim (r(g)v,w) =0.

g*)OO
This Howe-Moore property is related to the following mixing property.
Let G be a (unimodular) locally compact group and T a lattice in G, i.e.
a discrete subgroup of finite covolume. Let px be a G-invariant measure
on X :=T\G. The group G acts on X by right-translations.
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DEFINITION 2.2. — The action of G on X is said to be mizing if for all
a and B € L*(X)
i [ aeg)Bo)dus () = ux(X) [ adux [ 6dux.
g7 Jx X X
The relation between these two definitions is given by the following
straightforward proposition.

DEFINITION 2.3. — A lattice T" in a locally compact group G is called
irreducible if for any non-compact normal subgroup G’ of G, the subgroup
I'G’ is dense in G.

Note that this definition is slightly stronger than the usual definition
since it excludes lattices contained in a proper subgroup of G.

PRrROPOSITION 2.4. — Let G be a locally compact group satisfying the
Howe-Moore property and I" an irreducible lattice in G. Then the action
of G on T'\G is mixing.

Proof. — This is well-known. We first assume that « and S belong to
H := L3(X) of square-integrable functions with zero integral. The G-action
by right-translations on H via (7(g)f)(x) = f(xg) is a unitary represen-
tation of G. The irreducibility hypothesis on I' implies precisely that
does not contain any non-zero vector invariant by a normal non-compact
subgroup of G. Hence, by Definition 2.1, the matrix coefficients {r(g)a, 5)
converge to 0 as g tends to infinity.

For general a, f in L?(X), we write a = g + fXa dux, B = P+
/ + B dux where ag and By have zero integral, and we conclude by a direct
calculation. ]

The main example is due to Howe-Moore.
THEOREM 2.5. — For i = 1,..,m, let k; be a local field and G; the

group of k;-points of a connected semisimple k;-group. Then the product
G :=[[~, G; has the Howe-Moore property.

In this paper, “local field” means “locally compact field”, i.e. a completion
of a global field, or, equivalently, a finite extension of R, Q, or F,((¢)).

Proof. — See, for instance, Proposition I1.2.3 of [38] or [3]. O

3. The wavefront property

The wavefront property was introduced by Eskin and McMullen for real
symmetric spaces [21]. Let G be a locally compact group and H a closed
subgroup of G.

TOME 62 (2012), FASCICULE 5
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DEFINITION 3.1. — The group G has the wavefront property in H\G
if there exists a Borel subset F' C G such that G = HF' and, for every
neighborhood U of e in G, there exists a neighborhood V' of e in G such
that

HVgC HgU forallge F.

This property means roughly that the g-translate of a small neighbor-
hood of the base point zp := [H| in H\G remains near zog uniformly over
geF.

This section is devoted to proving the following:

PROPOSITION 3.2. — Let k be a local field of characteristic not 2, G a
connected semisimple k-group, o a k-involution of G, G = Gy and H a
closed subgroup of finite index in the group G° of o-fixed points.

Then the group G has the wavefront property on H\G.

To prove the above proposition, we need the following two lemmas. A
k-torus S of G is said to be (k,o)-split if it is k-split and if o(g) = g~* for
all g € S. By a theorem of Helminck and Wang [31], there are only finitely
many H-conjugacy classes of maximal (k,o)-split tori of G. Choose a set
{A; : 1 < i < m} of representatives of H-conjugacy class of maximal
(k,0)-split tori of G and set A = U™, A;(k).

The following lemma was proved in [21] for k& = R, in [4] for all local
fields of characteristic not 2 (and independently in [13] when the residual
characteristic is not 2).

LEMMA 3.3 (Polar decomposition of symmetric spaces). — There
exists a compact subset K of G such that

G=HAK .

The second lemma we need is based on the work of Helminck and Wang.

Let A be a maximal (k,o)-split torus of G and L the centralizer of A
in G. The set of roots ® = (G, A) for the action of A on the Lie algebra
of G is a root system. For every positive root system &+ C ®, let N (resp.
N7) be the unipotent subgroup of G generated by the root groups U,
(resp. U_,), for o € T, let P := LN (resp. P~ := LN~) and A} the
Weyl Chamber :

Afi={a€eAy||af(a)] <1, forallae ®}.

When ®1 vary, the Weyl chambers form a finite covering of Aj. Since
P~ = o(P), the parabolic k-subgroups P are o-split, i.e., the product
HP is open in G [31, Prop. 4.6 and 13.4]. Conversely, any minimal o-split
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parabolic k-subgroups of G containing A can be constructed in this way
for a suitable choice of ®7.

LEMMA 3.4. — (1) The multiplication map m : Hy x P — Gy, is
an open map.
(2) There exists a basis of compact neighborhoods W of e in Py, such
that

a 'WaCW foralla€ Af.

(3) For every neighborhood U of e in G, there exists a neighborhood V
of e in G such that

HVa C HaU for all a € A;.

Proof. — (1) When char(k) = 0, it follows from the fact that Lie algebras
of Pr and Hj generate the Lie algebra of G as a vector space. For a
characteristic free argument, see [31] or Proposition 1.2.5.4 in [38].

(2) When char(k) = 0, note that the action of A} on the Lie algebra
Lie(Py) gives a family of commuting semisimple linear maps Ad (a) whose
eigenvalues have bounded above by 1 in their absolute values. It follows
that there exists a basis of compact neighborhoods Wy of 0 in Lie(Py)
which are invariant by all Ad (a), a € A} It suffices to set W = exp(Wyp).

It is easy to adapt this argument in positive characteristic case; write
Pr = LiNy, and note that Lj contains a Aj-invariant compact open
subgroup. Now considering the linear group N as a group of upper trian-
gular matrices in a suitable basis where elements of Az are diagonals with
increasing coefficients in absolute value, we can find a basis of compact
neighborhoods W as desired.

(3) Choose W as in (2) small enough so that W C U and choose any
neighborhood V of e in G contained in HW. We then have HVa C HWa C
HaU, as required. O

Proof of Proposition 3.2. — We will prove that G has the wavefront
property on H\G with the subset FF = AK defined in Lemma 3.3. By
Lemma 3.3, it suffices to show that for every neighborhood U of e in G,
there exists a meighborhood V' of e in G such that HVg C HgU for all
g€ AK

Recall A = U, A;(k) where A; is a maximal (k, o)-split torus of G. Fix
i and a positive Weyl chamber C of A, (k).

Since K is a compact set, there exists a neighborhood Uy of e in G such
that k~1Ugk is contained in U for all k in K. By Lemma 3.4.(3), there
exists a neighborhood V¢ of e in G such that Voa C HalUy for all a € C.
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Now set V := N¢Ve where the intersection is taken over all (finitely
many) positive Weyl chambers of A;(k), 1 < ¢ < m. Then for g = ak €
(UcC)K = AK with k € K and a € C, we have

HVg C HVeak C HaUpk C HakU = HgU .

This finishes the proof. O

In section 9, we will use this wavefront property in the product situation,
owing to the following straightforward proposition.

ProrosiTION 3.5. — For i = 1,...,m, let G; be a locally compact
group, H; C G; a closed subgroup, G :=[[\~, G; and H := [[;~, H;. If G;
has the wavefront property on H;\G; for each 1 < i < m, then G has the
wavefront property on H\G.

The following theorem is an immediate consequence of Propositions 2.4,
2.5, 3.2 and 3.5.

THEOREM 3.6. — For i = 1,..,m, let k; be a local field, G; the group
of k;-points of a semisimple k;-group, o; an involution of G; defined over
ki, G7' its group of fixed points and H; a closed subgroup of finite index
of G'. Let G =[[i~, G; and H :=[[", H;.

Then the group G has the wavefront property on H\G.

Moreover, for any irreducible lattice I' in G, the action of G on I'\G is
mixing.

Note that this theorem provides many natural examples of triples
(G, H,T") which satisfy the hypothesis of Theorem and Propositions 4.1,
5.3 and 6.2.

4. Equidistribution of translates of H-orbits

In this section, let G be a locally compact group, H C G a closed sub-
group, I' C G a lattice such that 'y := I' N H is a lattice in H. Set
X =T\G and Y =Ty\H. Let ux and py be invariant measures on X
and Y respectively. As in [21, Theorem 2.1], we have

THEOREM 4.1. — Suppose that the action of G on X is mixing and that
G has the wavefront property on H\G. Then the translates Yg become
equidistributed in X, as g — oo in H\G.
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This means that as the image of g in H\G leaves every compact sub-
sets, the sequence of probability measures ﬁ(y) g« by weakly converges to

#%(X),ux, i.e., for any ¢ € C.(X), we have

(42) / b(yg)diy () /  dpx .

Proof. — The following proof is adapted from [21]; we point out that
the case when Y is non-compact requires a bit more care, which was not
addressed in [21]. Since G = HF, we may assume that g belongs to the
subset F' in Definition 3.1. We assume, without loss of generalities, that
wx and py are probability measures. Let ¢ € C.(X). Fix £ > 0. By the
uniform continuity of ¢ there exists a neighborhood U of e in G such that

(4.3) [(zu) —(x)] <e forallu e U and z € X.

By the wavefront property of G on H\G, there exists a compact neighbor-
hood V' C U of e in G such that

(4.4) VgC HgU forallge F

Choose a compact subset Y, C Y of measure at least py (Ye) > 1 —e.
Choose a Borel subset W C V in G transversal to H, i.e., a subset W of G
such that the multiplication m : H x W — G is injective with the image
HW being an open neighborhood of e in GG. Using the compactness of Y,
and the discreteness of I', we may assume that the image of W in H\G is
small enough so that the multiplication m : Y, x W — Y. W is a bijection")
onto its image Y. W C X.

Let pw be the measure on W such that px = py puw locally.

Setting

)= /Y b(yg)dpy (v),

we need to show that

(4.5) I, — / Y dux as g€ F goes to infinity in G.
X

(1) When Y is compact, one can choose the transversal W such that the map Y x W —
YW is bijective onto an open subset of X. When Y is not compact, such a transversal
does not always exist. Here is an example: let G be the orthogonal group of the quadratic
form 22 +y2+22—t2 on R*, v = (1,0,0,0), v1 = (1,0,2,2), ' = Gz and H the stabilizer
of the point vg. One checks easily that (a) vi = yvo for some v € I and that (b) vo is a
limit of elements v1hy, of the H-orbit of v1. Hence there exists a sequence g, converging
to e in G such that Hgn, NvH # (.

1 02 2 10 0 0
0100 01 0 0

To check (a), take v = 9 0 1 9| For (b), take hy, = 0 0 coshn —sinhn
20 2 3 0 0 —sinhn coshn
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For simplicity, set
Jg = 71W 1/’(9“’9) duy(y) duw(w)
Hw (W) Y xW

and
Ky = m/yww(xg) dpx ().

Roughly speaking, we will argue that I, is close to J; as a consequence
of the wavefront property, J, is close to K, since the volume of ¥ —Y; is
small, and finally K is close to the average of ¢ for large g because of the
mixing property.

By (4.4), for each w € W and g € F, we have wg = hy ,gu for some
hg.w € H. Hence

mf1ﬁw@wwmwwﬂ=yﬁw@mmw@riﬁw@@@mnmwwn

-y / () — v(ygu) duy ()| <= by (4.3).
Y

Therefore we have
[y — Jgl < e

By the choice of W, we have

1
Ky = 5 /W /Y ) i () ()

and hence
|Jg — Kg| < 2uy (Y = Ye) [9]lc < 2[[Y]oc -

Since K, = #%W Jx ¥(xg) 1y.w(x)dux (x) where 1y .y is the charac-
teristic function of WY, the mixing property of G on I'\G says that K,
converges to py (Yz) [y wdux as g — oo in F. Hence for g € F large enough
we have,

Ky~ [ wdux| < ety (Y =Y [ wdue < (04 [0l
X b'e
Putting this together, we get
ilg _/de'“xi < |Ig—Jgi + |Jg _Kg|+|Kg_/X¢d.uX|
< (2+3[[Y]leo) e

Since € > 0 is arbitrary, this shows the claim. O

Using Theorem 3.6, we obtain:
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COROLLARY 4.6. — Let G, H, T" be as in Theorem 3.6. Then the trans-
lates Yg := T'y\Hg become equidistributed in X := I'\G as g — o0 in
H\G.

5. Sums and integrals

As in Section 4, let G be a locally compact group, H C G a closed
subgroup, I' C G a lattice such that I'y := I' N H is a lattice in H. Let
xo := [['] be the base point in X :=T'\G, Y = zoH and 2y := [H] be the
base point in Z := H\G. We note that zI" is a discrete subset of Z. There
exist G-invariant measures px, gy and uz on X, Y and Z. We normalize
them so that px = puzuy locally.

For a given sequence of non-negative functions ¢, on Z with compact
support, we define a function F,, on X so that, for z = zgg, F,,(z) is the
sum of ¢,, over the discrete orbit zoI'g:

(5.1) Fu(z):= > ¢n(z07g) forz=Tg.
~yel g\

We would like to compare the values of F,, with the space average over Z:

(5.2) I, = Z)Y(gc))/z%(z) dpz(2)

We remark that this normalized integral I,, does not depend on the choices
of measures.

The following proposition 5.3 says that the sum F,, is asymptotic to the
normalized integral I,,, at least weakly.

PROPOSITION 5.3. — Suppose that the translates Y g become equidis-
tributed in X as g — oo in Z. Then for any sequence of non-negative
functions ¢, on Z with compact support such that max, ||¢n|lec < 00 and
nhﬁn;o [, endpz = oo, the ratios F,(x)/I, converge weakly to 1 asn — co.

This means that, for all « € C.(X)

(5.4) lim i/XFn(ac) a(x)dpux () :/ a(z)dpx () .

n—oo I, x
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Proof. — Using transitivity properties for invariant integration on ho-
mogeneous spaces, we obtain that for all a € C.(X),

/ Fradumg = Z on(Hyg)a(Tg)dpura(Tg)
NG Ne veT g\l

— [ ealHgaodur, o (Tug)
FH\G

= / / on(Hg)a(Lrhg)dpr g (Teh)dpma(Hg)
H\G JTy\H

— [ @Bt
H\G
where (3 is the function on Z given by,

B(Hg) = / A Chg)de, i (T

= / a(yg)dpy () -
Y

By assumption, we have

Z—00 bx (X)

lim B(z) = L) /on(x)dux(m).

Since [ 4 ¢n — o0 and since the functions ¢, are uniformly bounded, by
the dominated convergence theorem, we deduce

lim = [ ea(2)8C)uz(:) = [ adnx.

n— 00 In X

Hence we obtain the equality (5.4). O

6. Counting and equidistribution

We will now improve the weak convergence in Proposition 5.3 to the
pointwise convergence of the functions F;,. This requires some hypothesis
on the sequence of functions ¢,, which will be called well-roundedness. We
keep the notations of section 5.

DEFINITION 6.1. — A sequence or a family of non-negative integrable
functions ¢,, of Z with compact support is said to be well-rounded if for
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any € > 0, there exists a neighborhood U of e in G, such that the following
holds for all n.
(1-2) [ (sup gu(eu) duz(z) < [ o0 duz
z z

<(1+9) [ (inf euCeu) ds().

A sequence of compact subsets B,, of Z is said to be well-rounded if the
sequence 1p, is well-rounded.

Sometimes we will apply the above definition to a continuous family
{er} of functions or subsets, whose meaning should be clear.

Recall that we want to compare the orbital sum F,(zg) = Y.  @n(7v20)
~yel'/Tu

with the average I,, = 5;8?) [, on(2)dpz(2).

PROPOSITION 6.2. — Keep the notations and hypothesis of Proposition
5.3, and assume that the sequence ,, is well-rounded. Then,

Fp(zg) ~ I, asn— co.

The notation a,, ~ b, means that the ratio of a,, and b,, tends to 1 as
n — oo.

Proof. — Once again, we may normalize the measures so that px(X) =
uy(Y) = 1. Fix ¢ > 0 and let U be a neighborhood of e in G given by
Definition 6.1. We introduce the functions ¢X on Z defined by

ot () = sup gu(zul) and 7 (2) = inf pa(u))
uelU uelU

and their integrals I := fZ ¢F duy. Note that for each n,
(6.3) 1-e)f<I,<(1+e), .
We also introduce the functions F on X:
FE@)= Y ¢iGng) forz=Tg
~yeT g \I'

It is easy to check that, for all w € U and z € X
F, (2u) < Fu(x) < Ff (zu) .

n

Choose a non-negative continuous function o on X with | va=1and
with support included in xoU so that the following holds for all n:

/ aF dux < Fn(zg) S/ aFldux .
X X
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Applying Proposition 5.3 to the sequences of functions ¢, we obtain, for
all n large,

(6.4) (1 =)l < Fa(zo) < (L+e)y .

Using the estimations (6.3) and (6.4), every cluster value of the sequence

of ratios F,(xg)/I, is within the interval [1:@, 1£2]. Hence this sequence

converges to 1. O

7. Volume of balls

In this section we study the property of the volume of balls which are
needed in sections 8 and 14. These estimates will be consequences of the
following two general theorems 7.1 and 7.6.

Volume of balls over the reals

We will first need a variation of a theorem on fiber integration. This
theorem says that the volume of the fibers of an analytic function has a,
term-by-term differentiable asymptotic expansion in the scale of functions
t/(logt)¥ with j rational and k non-negative integer. More precisely,

THEOREM 7.1. — [34] Let X C R™ be a smooth real analytic variety,
f X — R a real analytic function and v a C*° measure on X. Then, for
any compact K of X, there exist d € N and aset {A,;:j € %N, keZ,0<
k < m} of distributions on X supported by f~1(0) such that, for every C>
function ¢ : X — R with support in K, the integral

0= | oy P )

has a term-by-term differentiable asymptotic expansion when t > 0 goes
to 0
Z > Ajr(p)t (logt)k
]e LN 0<k<m
This means that, for every jo > 0, defining v, j, by truncating the above

sum:
Vo (1) Z Z A () 7 (logt)F,

0<j < jo 0Kk<m
je%N

one has (%) (up — vi.1,) = 0(t) for every £ 0
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Remark. — This theorem is stated for a smooth analytic variety Z and
a smooth measure p. Its proof is based on the real version of Hironaka’s
resolution of singularity as in [1]. Using once more Hironaka’s theorem it
can be applied to a singular analytic variety X with a measure p associ-
ated to a meromorphic differential form. Here is one example of such an
application:

PROPOSITION 7.2. — Let Z be a connected component of the real points
of a smooth real affine algebraic variety Z and u a measure on Z which is
defined by a regular differential form of Z. Let F' : Z — R be a positive
proper regular function and set vy = u({z € Z : F(z) < T}). Then,
there exist positive integers {y, d and constants ajj such that vr has a
term-by-term differentiable asymptotic expansion when T — oo

Z Z a; kT (log T)".

j < £ 0Lk<m
jeiz
The condition F' regular means that F' is the restriction to Z of a regular
function on the algebraic variety Z.

Proof. — Using the resolution of singularities we can view Z as an open
real algebraic subvariety of a smooth projective variety X such that the
boundary Y := X — Z is a divisor with normal crossing. Hence, in a neigh-
borhood Uy, of each real point yy of Y, there is a real local coordinate
system (z1,...,2,;,) such that Y is given by x; - - - x,, = 0, for some r < m.
We are only interested in those points gy in the closure of Z. Near these
points, the meromorphic function f := 1/F is zero on Y. Using a partition
of unity associated to such a cover, we are reduced to a local problem.
Namely proving, for every C°° function ¢ with compact support in Uy,
the existence of a term-by-term differentiable asymptotic expansion for

Vou(t) = /f ) )

when ¢ := 1/T goes to 0. It is equivalent to prove the existence of such an
asymptotic expansion for the derivative ’U</.D, u(t) which is called the integral
of 1 on the fiber f=1(t).

Using once more the resolution of singularities for the numerator and
denominator of f and a new partition of unity, we can assume that f is
monomial in these coordinate systems. Using the fact that f is positive on
Z and zero on its boundary, we deduce that f is given by f = sa' - aPr
with p1, ..., p. positive integers and s = +1. Hence f is an analytic function
near .
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The integral v, , is now very similar to the integral v, of Theorem
7.1 except that p may not be smooth. However p is defined by a regular
differential form on Z hence there exists a positive integer ¢y such that
the measure v := f%y is smooth. According to Theorem 7.1, Uy, has a
term-by-term differentiable asymptotic expansion. The following equality
between the fiber integrals

—4
v:o_#(t) =1 vapyu(t)

implies that v, , has also a term-by-term differentiable asymptotic expan-
sion. ]

For us, the main example to which we will apply Proposition 7.2 is a
closed orbit Z under the group of R-points of a R-algebraic group, an
invariant measure p on this orbit and the restriction F' to Z of the square
of an euclidean norm on R™. Hence we get,

COROLLARY 7.3. — Let Z be a closed orbit of the group G of R-points
of an R-algebraic group acting algebraically on a R-vector space V, u an
invariant measure on Z and || - || an euclidean norm on V. Set By := {z €
Z :||z|| £ T} and vy := u(Br).

a) Then vy ~ cT%(logT)?, as T — oo, where a € Qxg, b € Zxq and ¢ > 0.
b) Moreover diTUT ~ cdiT(T“(logT)b), as T — oo.
¢) For any ko > 0, there exists o > 0 such that one has, as T — 00,

/ 2l o du(z) = Ok ).

Br

d) If G is semisimple and Z is non compact then one has a # 0.

Alex Gorodnik informed us that he also had similar ideas with Nevo for
a proof of Corol. 7.3 based on Hironaka’s resolution of singularities. Their
arguments appeared in Section 7.5 of [26].

Remarks. — When Z is a symmetric variety, the point a) is proven in
[28, Corollary 6.10] for any norm on V and the parameters a and b are
explicitly given.

- When G is a group of diagonal matrices, the constant a is zero.

Proof. — a) and b) This is a special case of Proposition 7.2. Note that
since vy is an increasing function of 7', one has a > 0. Moreover, note that,
when a = b = 0, the orbit is of finite volume hence compact.

c) Set ur = [ |zl *odu(z). By a), one has vp = O(T™°) for some
mo > 0. Hence the derivative uf, = T—*ouvl, satisfies ufp = O(v;k"/mov’T)

and, integrating, one gets up = O(vqlfko/mg).

ANNALES DE L’INSTITUT FOURIER



EQUIDISTRIBUTION ON SYMMETRIC VARIETIES 1911

d) This is a special case of the following Proposition 7.4 O
PROPOSITION 7.4. — With the notations of Corollary 7.3, one has the
equivalence:

All unipotent elements of G act trivially on Z <= a = 0.

Proof. — = By assumption the normal subgroup of G generated by the
unipotent elements of G acts trivially on Z. Hence one can assume that
G is a product of a compact group by a r-dimensional group of diagonal
matrices. In this case one has u(Br) = O((logT)") as T — oo.

<= This implication is a consequence of the following Lemma 7.5. [J

LEMMA 7.5. — Let U be a one-parameter unipotent subgroup of
GL,,(R), u a U-invariant measure on R™ which is not supported by the
U-fixed points and set By for the euclidean ball of radius T' on R™. Then

one has
lim inf 710g(M(BT))

T=oo  log(T) > 0.

Proof. — First of all, note that all the orbits Uz of U in R™ are images
of R by polynomial maps t — u;z of degree d, < m. We may assume that
this degree d, is p-almost everywhere non-zero constant. Set d > 1 for this
degree, write u;z = thy, + O(td_l) for some non-zero v, € R™, and note
that the constant involved in this O(t~1) is uniform on compact subsets
of R™.

One can find a compact subset C' C R™ transversal to the U-action such
that u(UC) > 0. The pull-back on R x C of the measure u by the action
(t,z) — uzz has the form dt ® v where dt is the Lebesgue measure on R
and v is a non-zero measure on C. Choose ¢ > sup, ¢ ||v.||. Then, for R
large, one has

ujo,r)(C) C Bega
and hence pu(B.ga) = Rv(C'). This proves our claim. O

Volume of balls over the p-adics

We will also need Denef’s theorem on p-adic integration. For that we
need some notations. A subset of Q)" is said semialgebraic if it is obtained
by boolean operations from sets Py, :={z € Q)" / Iy € Q, : f(z) =y"}
with f a polynomial in m variables with coefficients in Q, and r > 2.
According to Macintyre’s theorem, which is the p-adic analog of Tarski-
Seidenberg theorem, those sets are exactly the definable sets of the field
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Q, [37]. A function f between two Q,-vector spaces is said semialgebraic if
its graph is semialgebraic. According to Denef’s cell decomposition theorem
([15] and [10]), for every semialgebraic subset S, there exists a finite par-

tition of S in semialgebraic sets Si,...,S5;,... (called cells) such that, for
each j = 1,..., jmaz, 95 is in semialgebraic bijection with a semialgebraic

open subset O; of a vector space ng (recently, R. Cluckers has shown the
existence of a semialgebraic bijection between S itself and some @g). A
measure y on S is said semialgebraic if there exists a cell decomposition of
S on each cell of which y is of the form |g;(x)|dxz where g; is a semialgebraic
function on Q)Y and da is a Haar measure on Q. A function a : Z — Z
is said simple if there are finite partition of N and —N by finite sets and
arithmetic progressions on which «a is affine, see [14, §2.13, 2.14 and 4.4].

THEOREM 7.6. — [14, Theorem 3.1] Let p be a semialgebraic measure
on an m-dimensional semialgebraic subset S over Q, and f be a semialge-
braic function on S. For n € 7Z, set

I, := / du(x)
£ (z)|=pm

when this integral is finite and I,, = 0 otherwise. Then, for all n € Z, one

has
I, = Z %(n)pﬁi(n)
1<ike
where e € N, 3; : Z — 7 is a simple function and ~y; : Z — 7 is a product
of at most m simple functions for each 1 <1i < e.

For instance, an orbit under the group of Qp-points of a Q,-algebraic
group acting algebraically is definable and hence semialgebraic, by Mac-
intyre’s theorem, and an invariant measure on this orbit is semialgebraic.
Hence one gets:

COROLLARY 7.7. — Let k be a finite extension of Q,, ¢ the absolute
value of an uniformizer, G the group of k-points of an algebraic k-group,
p: G — GL(V) a representation of G defined over k, Z a closed G-orbit in
V', w an invariant measure on Z and || - || a max norm on V. Denote by St
the sphere St = {2z € Z : ||z|| = T} and set vy := u(St).

a) There exists Ny € N such that, for each 0 < jo < Ny, one of the following
holds:

(1) S, is empty, for j = jo mod Ny large;

(2) there exist aj, € Qxo, bj, € Zx0, and c;, > 0 such that,

Vgi ~ €, qajojjbjo for j =3, mod Ny large.
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b) For any ko > 0, there exists o > 0 such that one has, as T — o0,
[ el du(z) = Ol ).
St

¢) If G is semisimple and Z is non compact then, for all j, in case (2), one
has a;, # 0.

Remarks. — - Let us recall that a max norm is a norm given in some
basis e1,...,em by || > xie;|| = max|z;].
- When G is a group of diagonal matrices, all the constants a; are zero.

Proof. — Viewing V as a QQ, vector space, we may assume that k = Q.

a) This is a special case of Theorem 7.6.

b) By a), there exists mg > 0 such that vy = O(T™°). Hence one has
Sy 2R du(z) = T=R0vp = O(og /™).

c¢) This is a special case of the following Proposition 7.8 which is analo-
gous to Proposition 7.4. O

ProproOSITION 7.8. — With the notations of Corollary 7.7, the following
are equivalent:

(7) All unipotent elements of G act trivially on Z,

(i4) For all j, in case (2), one has a; =0,

(iii) Either Z is compact or, for some j, in case (2), one has a; = 0.

Proof. — The proof is as in Proposition 7.4.

(i) = (4t) By assumption the normal subgroup of G generated by the
unipotent elements of G acts trivially on Z. Hence one can assume that
G is a product of a compact group by an r-dimensional group of diagonal
matrices. In this case, one has ;(S,;) = O(j") as j — oo.

(#4) = (47) If Z is non compact, at least one j, is in case (2).

(#91) = (i) This implication is a consequence of the following Lemma
7.9. O

LEMMA 7.9. — Let k be a finite extension of Q,, U a one-parameter
unipotent subgroup of GL(m, k), p a U-invariant measure on k™ which
is not supported by the U-fixed points and denote by St the sphere of
radius T on k™ for the max norm. Then one has, as T — oo subject to the
condition pu(St) # 0,
log(1(St))

log(T)

Proof. — The proof is as in Lemma 7.5. First of all, note that all the
orbits Uz of U in k™ are images of k by polynomial maps ¢t — wus;z of
degree d, < m. We may assume that this degree d, is uy-almost everywhere

liminf > 0.
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non-zero constant. Set d > 1 for this degree and write u;z = t?v, +O(t?1)
for some non-zero v, € k™. Let g be the absolute value of an uniformizer.
The set {j € N : UzN S, # 0} is then equal, up to finite sets, to some
arithmetic progression j, + Nd with 0 < j, < d. We may assume that this
integer j, is p-almost everywhere constant. Set j, for this integer.

One can find a compact subset C' C k™ transversal to the U-action
such that u(UC) > 0 and on which ||v,|| is constant equal to some power
@’ot4mo with m, € N. The pull-back on k x C of the measure u by the
action (¢, z) — wu;z has the form dt ® v where dt is a Haar measure on k
and v is a non-zero measure on C. Then, for |t| = ¢° large, one has

ut(C) C quo +dmg+de

and hence pu(S so+am,+ac) = (g—1) ¢~ ' v(C). This proves our claim. O

8. Well-roundedness

In this section, we provide explicit examples of well-rounded sequences
n in order to apply Proposition 6.2. We start with an observation that
the product of well-rounded sequences is again well-rounded.

Example 8.1. — For each ¢ = 1,...,m, let G; be a locally compact
group, H; C G; a closed subgroup and ¢; , be a well-rounded sequence of
functions on Z; := H;\G;. Let G := [[", G;, H := [[;~, H; and Z :=
[1:~, Z;. Then the sequence ¢,, defined by

on(21,- oy zm) = [ #im(z)
1<i<m
is well-rounded.

Proof. — Fix € > 0. Let U; be a neighborhood of e in G; such that the
functions (pfn on Z; defined by cpj‘n(zi) = sup ¢;n(zu;) and ¢;, (2;) =
’ ’ u; €U; ’
inf ; ,(ziu;) satisty
u;eU;

(1—¢) [ 0in < Jp 0im < +6) [ 07 -
Let U := [[U;, and ¢ be the functions on Z defined by
on(z) = sup pnlzu) and ¢y (2) = inf pn(zu)
so that ¢ =[] gaii,n and

(1_5)mfzspr+1<fz§0n<(1+€)mf290;~

Hence the sequence ¢, is well-rounded. 0
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The next example deals with the constant sequences. It will be used both
for the archimedean and the non-archimedean factors.

Example 8.2. — Let G be a locally compact group, H a closed subgroup
of G, Z = H\G, and ¢ € C.(Z) with ¢ > 0 and ¢ # 0. Then the constant
sequence @, = @ is well-rounded.

Proof. — Use the uniform continuity of ¢ and the compactness of its
support. O

The following example deals with the archimedean factors.

Example 8.3. — Let G be a real semisimple Lie group with finitely
many connected components, V' a finite dimensional representation of G,
Z a closed G-orbit in V' with an invariant measure p and ||.|| an euclidean
norm on V. Then the family of balls By :={z € Z | ||z|| < T}, T > 1is
well-rounded.

Proof. — By Corollary 7.3.a of section 7, we have
W(Br) ~r cT*(log T)"

for some a € Qx¢, b € Z>( and ¢ > 0. It is easy to deduce the claim from
the above asymptotic using the assumption that the action of G is linear
on Z. (|

As for the non-archimedean factors, we have:

Example 8.4. — Let k be a non-archimedean local field, G the group
of k-points of a connected semisimple k-group, p : G — GL(V) a rep-
resentation of G defined over k, Z a closed G-orbit in V with an invari-
ant measure and | - || a norm on V. Then, both the family of non empty
balls Br := {z € Z | ||z|| < T}, and the family of non-empty spheres
St :={z€ Z| ||z|]| = T}, are well-rounded.

Proof. — Since the action of G on V is linear, the stabilizer in G of the
norm is a compact open subgroup of G. Hence this example is a special
case of the following easy assertion. O

Example 8.5. — Let G be a locally compact (unimodular) group, H
a closed (unimodular) subgroup of G, Z = H\G and U a compact open
subgroup of G. Then any sequence ¢, of non-negative U-invariant L'-
functions on Z is well-rounded.

As the last example, we will show that a sequence of the height balls is
well rounded. We will need the following basic lemma.
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LEMMA 8.6. — Let I be a finite set. For eachi € I, let 7, > 1 and \; > 0
be given. Let X : N — RT be given by A(m) = Y_,c; Aim; for m = (m;),
and P : N — R" a function given by P(m) = [],c; Pi(m;) where P; is
a real-valued function of a variable x given by a polynomial expression in
(x,7F) and which is positive on N. Then we have

w1 = O(wy)  for t large

wy 1= Z P(m).

{meNT, x(m)<t}

where

Proof. — Since each P; is positive on N, there exists C' > 0 such that for
i € I and n € N, one has

Pi(n+1) <CPn).

Hence for each m € N! and each e in the basis E of N/, one has
P(m+e) < CP(m).

Setting tp := min; A; = min.c g A(e), one gets

Wity < Z Z Pim+e) <rCuwy.

e€E X(m)<t

for r = |I|. Hence we conclude that w;y; < (rC)*w; with k = % +1. 0O

Remark 8.7. — One can improve the conclusion of Lemma 8.6: there
exist a > 0, b € Z>¢ and ¢y, co > 0 such that, for ¢ large,

c1e®t? < wp < ot .

Moreover, setting Cﬁidixxbf‘ for the dominant term of P;(x), the exponents
a and b are given respectively by e* = max Tid /A and b s given by b =
1€

> ;(b; + 1) — 1 where the sum is taken over all i such that e* = Tid"/’\".

The proof is a straightforward induction on |I|. Here is a sketch: one may
assume that, for all i, P;(z) = C;e%®2% and \; = 1. One fixes iy € I, set
I :=1— {ip} and writes w; := > 1<nst Pio(n)wi—p, where, by induction
hypothesis, w; satisfies a similar estimation, as ¢ — oc: éle‘“ti’ < Wy <
égeétt’v’ for some a > 0, be Zso and ¢q, ¢, > 0. From that, one gets the
required estimation for wy.

For the rest of this section, let I be a finite set. For each i € I, let k; be
a local field of characteristic 0, G; the group of k;-points of an algebraic k;-
group, V; an algebraic representation of G;, and Z; C V; a non-zero closed
G;-orbit with an invariant measure ;.
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We set
G:= HGu Z = HZi, W= Qierfhi-
i€l iel

Let I C I be the set of indices with k; archimedean, and I := 1\ I.
The partition I = I, U Iy induces decompositions G = G X Gy of the
group, Z = Z x Zs of the orbit, and j1 = poc @5 of the invariant measure.

Let ||-|l; be a norm on V;. We assume that || - ||; is euclidean if i € I, and
a max norm otherwise. These norms define a height function h : Z — Rt

h(z) =TT Izl
iel
Since each Z; is a closed non-zero subset in V;, we have min,cz, ||z|l; > 0
and hence h is a proper function on Z. We can also write h = hoo ® hy

where hoo = [[;c; || - [li and hy := Hielf Il 1l

Set
bri= {2 € Zoo | hool2) < T} , Bri={z € Z; | hy(z) < T},
Vr = u(Br) , vr = poo(br) and wr = pg(Br) .
LEMMA 8.8. — Assume that h., is not constant on Z..

(1) There exist a € Qx, b € Z>g, and ¢ > 0 such that as T — oo,
vp ~cT*(logT)"  and ‘Lvr ~ e (T%(log T)P).

(2) There exist constants k > 0 and C1 > 0 such that for all € €]0,1]
and allT >0

Va4eyr — vr < Cp(vp +1)e™.

(3) For T large, one has wor = O(wr).
(4) There exist k > 0 such that uniformly for T large and ¢ €]0,1],

Viirer = (1+0(E"))Vr.
If I = I, is a singleton, then k can be taken to be 1.

Proof. — (1): Apply Proposition 7.2, to the regular function F := h2
on the orbit Z.,. Note that since vy is an increasing function of 7', one has
a > 0. Moreover, note that, when a = b = 0, the orbit is of finite volume
and hence compact.

(2): First note that, since hq is not constant on Z.,, the function vy is
continuous.

When T is large, we use (1) to get the following bound v(14oyr — vy =
O(evr) which is uniform in € €]0,1[.
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When T is bounded, we use the fact that the function vt is differentiable
except at the critical values T of hy. Since h2 is a regular function, there
are only finitely many such critical values 7. Around these points, there
exists a constant k, 0 < k < 1 such that, for £ > 0 small, one has the
following bound for the derivative:

(8.9) Vige = O("7).

This assertion is a consequence of Theorem 7.1. More precisely, set f :=
+(hoo—7). Since Z, is smooth, one can choose g9 > 0 and an open covering
Uj of f=1(] —0,20[) by open sets bianalytically homeomorphic to balls. A
partition of unity gives us C* functions ¢; with compact support in U;
such that >, ¢; =1 on fr(J—e0/2,e0/2[). We simply apply Theorem 7.1
to these functions f and ¢; to get (8.9).

Integrating v; on the interval [T, (1+¢)T], and using (8.9) near the critical
values in this interval, one gets, uniformly for ¢ small and T bounded,

V(i4e)T — V1T = O(&R).

Putting these together proves the claim.
(3): We will assume, as we may, that inf.cz, ||z]|; > 1 for each i € Iy.
For any |If|-tuple m = (m;);cr, € N7, we set

S(m) = H Si(m;) where S;(m;):={z¢€ Z;:|z]l;i = mi}.
i€ly

Letting wy, := p¢(S(m)) and 7y, := [, m;, one has

wr = Z{meM,wmgT} Wm

where M C NI/ consists of m € N’/ with non-empty S(m). The main point
of the proof is to use the formula for w,, given by Theorem 7.6. According
to this formula, there is a finite partition of M in finitely many pieces M,
such that

— each piece M, is a product of subsets M, ; of N which are either points
or of the form {m; = ca.i q;’; : ni € N} for some positive integers cq i, ga,is
— on each piece My, the volume w,, is given by a formula

H Pa,i(nia qZ’i/ )
i€ly

where P, ; is a polynomial and d a positive integer.
According to Lemma 8.6 with 7' = 2¢, the volume

Wa,T = Z{mema,wmgT} Wm
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satisfy the bound wa o1 = O(wqa, 7). Hence one has wor = O(wr) as re-
quired.

(4): Let Ty := infez__ hoo(z) > 0. According to (2), there exists C' > 0
such that for T large

Viveyr — Ve = 2, (0ase)1/m — VT)7,) Wn

< Ce" (Zm UT/ﬂ'm Wm + Zm Wm)
< CZ':N(VT + w2T/TU)

where the above sums are over all the multi-indices m € N with Ty, <
2T. Then, applying (3) twice, there exists C’' > 0 such that for T large

CEH(VT + C/wT/2T(]>

Vater —Vr <
< C(1+ Clvoyy )e"Vr,

as required, since vop, > 0. O

Remark 8.10. — One has the following estimate for the volume Vp of
the height ball : there exist a € Qx0, b € Z>¢ and c;, ca > 0 such that for
T large,

1T log(T)? < Vi < ;T log(T)" .

This is a straightforward consequence of the formula Vp := fooo wyvpdt
and of the estimation of wy and v} given in Remark 8.7 and Lemma 8.8

(1)

PROPOSITION 8.11 (Height ball). — The family of height balls By :=
{z€ Z|h(z) <T}, T > 1, is well rounded.

Proof. — We will assume as we may that all the orbits Z; have positive
dimension. When I, = ), the well-roundedness of Br is a consequence of
Example 8.5. Hence we will assume that I, # (). When the height function
hso is constant on Z.,, the well-roundedness of Br is a consequence of
Example 8.1.

When the height function h., is not constant on Z., the well-
roundedness of Br follows from Lemma 8.8 (4) and of the linearity of
the action of each G; on V. O

Although we stated the above proposition only for characteristic 0 fields,
when all the k; have positive characteristic, the height balls are also well-
rounded by Example 8.5.
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9. Applications

We will be applying the following theorem and corollary to the above
examples of well rounded sequences.

THEOREM 9.1. — Let I be a finite set. For each i € I, let k; be a
local field of characteristic not 2, G; the group of k;-points of a semisimple
algebraic k;-group, H; C G; the k;-points of a symmetric k;-subgroup. Set
G[ = Hie[ Gi, H[ = HiEI Hi, Z] = HI\G] and zZ0 = [H]] Let I' be an
irreducible lattice of Gy such that I'y := I' N Hy is a lattice in Hy. Then
for any sequence B,, of well-rounded subsets of Z; with volume tending to
infinity, we have, as n — oo,

#(20T' N By) ~ 2553 17, (By),

where X = I'\Gy, Y = I'y\H; and the volumes are computed using in-
variant measures as in (5.2).

Proof. — Use Corollary 4.6 and Proposition 6.2 with ¢, :=1p,. |

In the product situation of Z; = Zj, x Zj,, we will be taking a well-
rounded sequences of Z; which are products of a fixed compact subset in
one factor Z;, and a well-rounded sequence of subsets in the other factor
Z,. This will give us equidistribution results in the space Z;, when Zj, is
non-compact.

COROLLARY 9.2. — Keeping the same hypothesis as in Theorem 9.1, let
I = Iy U I be a partition of I. Letting B, be a well-rounded sequence of
subsets of Z;, with volume going to infinity, consider the following discrete
multisets Z(n) of Zy,:

Z(n):={z€ 7, | (2,2") € 20l' N (Z1, x By,) for some 2’ € Zp, }.

Then, as n — oo, the sets Z(n) become equidistributed in Zy, with respect
to a suitably normalized invariant measure. In fact, for any ¢ € C.(Z1,),

. 1 Y)
lim ———— p(z) = iy ( / wduz, .
"o B (Bn) zezZ(:n) i Z1g B

In particular, Z(n) is non-empty for all large n.

Multiset means that the points of Z(n) are counted with multiplicity
according to the cardinality of the fibers of the projection zoI'N(Z1, X B),) —
Z(n). Since zoI" is discrete and B, is relatively compact, we note that these
fibers are finite and that Z(n) is discrete in Zj,.
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Proof. — It suffices to prove the claim for non-negative functions ¢ €
C.(Z1,). Define a sequence of functions ¢, on Z by

on(2,2') = (@ 1p,)(2,2") = p(2)1p,(2") for (z,2') € Z1, x Zy,.
By Example 8.1, this sequence ¢,, is well-rounded and
> ez =) eal®)
z€Z(n) z€zol

since Z(n) is a multiset.
By Corollary 4.6, we can apply Proposition 6.2 to the sequence ¢,, and
obtain

: 1 . 1
Jim oy D e(@) = lim g D enle)

z€Z(n) z€zo
— ()
= LL;;(X)/ @dﬂZIO . O
Remark 9.3. — 1In Propositions 5.3 and 6.2, one can replace the hy-

pothesis “the L'-norm of ¢, goes to infinity” by the hypothesis that “the
support of ¢, is non-empty and goes to infinity” i.e. for every compact C'
of Z, pn|c is null for all n large. The proof is exactly the same. A similar
remark applies to Theorem 1.1, 9.1 and Corollary 9.2. This remark is use-
ful for the non-empty spheres in Example 8.4, since it avoids to check that
their volume goes to infinity with the radius.

Proof of Theorems 1.1, 1.5, 1.9 and Corollary 1.2. — We are now ready
to prove the non-effective statements in the introduction.

Theorem 1.1 is a consequence of Theorem 9.1 with I = S, Gg = Gg,
Hs = Hg and I" = I'g. The only thing we have to check is that I'g is an
irreducible lattice in Gg. This is the following classical lemma 9.4.

Theorem 1.5 is a consequence of Corollary 9.2 with I = S and Iy = Sy.
Note that the projection zoI' — Zj, is injective and hence the multiset
Z(n) is a set.

Theorem 1.9 is an immediate consequence of Corollary 4.6.

Corollary 1.2 is a consequence of Theorem 1.1 and Proposition 8.11. O

Let G be a connected semisimple group defined over a global field K,
and let S be a finite set of places of K containing all archimedean places v
such that G, is non-compact. Recall that these conditions assure that the
subgroup Goy is a lattice in Gg := [, cg G-

LEMMA 9.4. — Let I's be a subgroup of finite index in Go4. Suppose
that G is simply connected, almost K-simple and that Gg is non-compact.
Then I's is an irreducible lattice in Gg (see Definition 2.3).
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Proof. — Since G is simply connected and Gg is non-compact, the group
G has the strong approximation property with respect to .S, that is, the
diagonal embedding of G is dense in the S-adeles Gy, i.e., the adeles
without S-component (see [45, Th. 7.12] for characteristic 0 cases and [46]
for the positive characteristic case). Since G is K-simple, it follows that I'g
is an irreducible lattice in Gg [38, Cor. 1.2.3.2 & Th. I1.6.8]. O

For the rest of this paper, we will transform the proofs
explained in the above chapters into effective proofs. For
that we need to control precisely all the error terms ap-
pearing in these proofs. There are mainly four error terms
to control. The first three come from the mixing property,
the wave front property and the approximation of uy by
a smooth function. Their control will give the equidistri-
bution speed of the translates of py. The last error term
comes from the well roundedness of the balls By. We will
dedicate one section to each of these terms.

10. Effective mixing

In this section, we introduce notations which will be used through the
section 15 and we describe an effective version (Theorem 10.2) of the mixing
property based on the uniform decay of matrix coefficients.

We let K be a number field, G a connected simply connected almost K-
simple group and H a K-subgroup of G with no non-trivial K-character.
Let S be a finite set of places of K containing all the infinite places v such
that G, is non-compact. We write So, and Sy for the sets of infinite and
finite places in S respectively. We assume that Gg := [],c4 G, is non-
compact. Let I's be a congruence subgroup of G(Og). Note that Hg N 'g
is a lattice in Hg.

Set Xg := I's\Gs and Ys = I's N Hg\Hg. Let px, and py, denote
the invariant probability measures on Xg and Yg respectively. Set Zg :=
Hs\Gs. For each v € S, choose an invariant measure pz, on H,\G, so
that the invariant measure pz¢ = [],cg 11z, on Zg satisfies px; = pys przs
locally. For Sp C S, we set iz, = HUESO wz,-

By a smooth function on Xg we mean a function which is smooth on
each G.-orbit and which is invariant under a compact open subgroup of
G. The notation C°(I's\Gg) denotes the set of smooth functions with
compact support on Gg.
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For each v € S, recall the “Cartan” decomposition due to Bruhat and
Tits in [5] and [6]: one has G, = M,Q, B;f M,, where M, is a good maximal
compact subgroup, B, a positive Weyl chamber of a maximal K,-split
torus and 2, is a finite subset in the centralizer of B,.

For simplicity, we set Goo = Gg,, and Gy = Gg,. We also set M, :=
H’UESOO Mv and Mf = HUESf M”'

Let X;,---, X4 be an orthonormal basis of the Lie algebra of M., with
respect to an Ad-invariant scalar product. We denote by D the elliptic
operator D :=1— Z?:l X2

Fix any closed embedding of Z = H\G into a finite dimensional vector
space V defined over K; such an embedding always exists by the well known
theorem of Chevalley. To measure how far an element z € Zg is from the
base point zg = [Hg|] € Zg, we may use a height function

(10.1) Hs(2) == ] llollo

veES

where || - ||, is & norm on V,,. This norm is assumed to be euclidean when
v is an infinite place and a max norm when v is a finite place. Note that,
since inf, cz,|/zy]|s > 0, the height function Hg : Zg — R* is a proper
function.

THEOREM 10.2. — There exists kK > 0 and m € N such that for any
open compact subgroup Uy of Gy, there exists Cy, > 0 satisfying that for
any 1,92 € C°(Xs)"s and any g € Gs,

‘ (gyn,a) — Prdpxg Yodpxg
X X

< Cu; Hs(209) D™ (¥1) || 22[|1D™ (¥2) || L2

Proof. — The above claim is a straightforward consequence of Theorem
2.20 of [25] based on the results of [8] and [43]. [25, Theorem 2.20] relies on
the following hypothesis: “the only character appearing in L?(I's\Gg) is
the trivial one”. This hypothesis is satisfied here since the non compactness
of Gg and the simply-connectedness of G imply the irreducibility of I'g by
Lemma 9.4.

The conclusion of [25, Theorem 2.20] is the above claim where Hg" is
replaced by a function g(; which is a product over v € S of bi-M,-invariant
functions &/ satisfying

€ (a) < H a(a)V?*e foralla € B
a€Qy
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where @, is a maximal strongly orthogonal system of the root system of
(Gm Bv)-

We only have to check that this function g(; is bounded by a multiple
of Hg". For that, denote by p the representation of G into GL(V) such
that the stabilizer of zg € Vi is H and choose a weight A larger on B
than any weight of p. Then there exists a positive integer k such that, for
all a € B,

lop(@)lle < llzollo llo(a)llo < llzollo M@)o < l20lle JT a(a)®.
a€Q,

Since M, and €2, are compact subsets, by the continuity, this implies that
there exists k > 0 and ¢ > 0 such that

&(9) < cllzop(g)ll, "
for all g € G,. This implies our claim. O

11. Injective radius and the approximation by smooth
functions

The aim of this section is to get an effective upper bound on the volume of
the set of points in Yg with small injectivity radius in Xg and approximate
the characteristic function

Fix a closed embedding G < GLy. We may consider each element g of
Gy as an |S|-tuples of N x N matrices g,. We also fix a norm ||.||, on each
of these K,-vector spaces of matrices.

For x € Xg, consider the projection map p, : Gg — Xg given by g — zg.
The injectivity radius 7, is defined to be

7o = sup{r > 0 : p;|B,xn;, is injective}
where B, = {g € G : max llgo —ellv <7}
VESo
Of course, this definition makes sense only when S, is non-empty. This
does not matter since, when S, is empty, Xg is compact.

LEMMA 11.1. — Suppose Sy # 0. For any z € Xg, one has r, > 0.

Proof. — Since I'g does not meet Gy and Gy is normal in Gg, the
group Gy acts freely on Xg. Hence p.[(c}xar, is injective. Since M; is
compact and p, is locally injective, p.|p, xar, is still injective for some
small » > 0. O

Moreover we have a quantitative version of the above lemma.
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LEMMA 11.2. — Suppose S, # 0. There exist ¢; > 0, p; > 0 such that
for all sufficiently small ¢ > 0, py,({y € Ys | ry < €}) < c1€P*.

Proof. — We use the reduction theory for Hg (cf. [45]). We first recall
what a Siegel set is. Let A be a maximal K-split torus of H and P a
minimal parabolic subgroup containing A. Then P = NRA where R is
a Q-anisotropic reductive subgroup and N the unipotent radical of P. Set
Ay, = Hvesw A(K,) and similarly N, and R.,. Denoting by A the
system of simple roots of H,, determined by the choice of P, we set for
t>0,

Ar={a€Ax:afa) >t forallac A}.
Then for a compact subset w C N R, and a maximal compact subgroup
Ky of Hg, the set ¥; := wA; K is called a Siegel set. Now the reduction the-
ory says that there exist hq,---,h, € Hg, and a Siegel set ¥, = wA;, Ko
such that
Hg = ngl (HS N Fs)hizto.

Let M} := Uj_ h;Myh;'. As in Lemma 11.1, there exists g9 > 0 such

that

(11.3) I's N B, M} = {e}.
Set
C. :=U_ hi{wak € Lo : tp < afa) < e ™ for each a € A },

where 7y > 0 is chosen independent of ¢, so that, for all g in C; and v € S,
one has

llgollv < e~'/* and Hgv_lnv et

Let Y/ denote the image of C. in Yg under the projection Hg — Ys. The
integration formula [45, p. 213] shows that for some constant ¢; > 0 and
p1 >0,
pys(Ys=Y,) < cre?.

Hence it is enough to show that for all z € Y/, one has r, > . Suppose
p-(x) = p.(y) with z,y € B-M; and write z = I'sg for some g € C.. We
want to prove that z = y.

The element v := gzy 'g~! belongs to I's. Moreover, for some fixed
constant ¢ > 1, one has, for all v € S,

17 = ello = llgo (o — yo)yy g5 o
~1/2

N

ce™ 2 Jloy = yullo N1y o

c2et/?,

/N
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But the finite component of v is in M}, hence, 7 is in Bea.1/2 x My and
one gets from (11.3) that, for e < c=%€3, one has vy = e. Therefore z = y as
well. O

For all v € S, we choose a small neighborhood §,, of 0 in a supplementary
subspace of the Lie algebra 0, in g, and set § := [], . 5,. The set W :=
exp($) is then a transversal to Hg in Gg. We set uy the measure on W
such that dux, = dpy,dpw locally.

Recall that B. denotes the ball of center e and radius € in G, and let
U. be the ball of center e and radius € in Gy:

v

(11.4) B. = {9 € Goo | max |lg —ell, <e},
(11.5) U. ={9 € Gy| max lg —ello < e}

We fix g > 0 small. For ¢ small we let
H, . =HsnNBLU,, and W,:=WnNB_B.U;,

so that the multiplication H. x W. — H.W. is an homeomorphism onto a
neighborhood of e. Fix m > dim G, and « > 0 satisfying Theorem 10.2
and fix [ € N as in Lemma 12.3. We can assume that U, C U N My and
let U} be an open subgroup of G such that Us, U} = Us,.

LEMMA 11.6. — Let
Y. := {y € Ys | the map g — yg is injective on H.W_}.
There exist ¢y > 0 and p; > 0 such that for all small € > 0,
pys (Ys—Yz) < creP.

Proof. — When Sy, # 0, since B.B. C B.i/2 for & small, the set Y.

contains the set of points y such that r, > e'/2. Just apply then Lemma
11.2.

When S, = 0, Xg is compact, hence Y. is equal to Yg for g and ¢
small. g

The following proposition provides the approximation of the character-
istic function 1y, by a smooth function ¢, with the controlled Sobolev
norm.

We first recall the Sobolev norm S,,(1) of a function ¢ € C°(Xg).
Choose a basis X1, ..., X,, of the Lie algebra of G,. For each k-tuple of
integers a := (ai,...,ax) with 1 < a; < n, the product X, := X,, ... Xq,
defines a left-invariant differential operator on Gg, hence a differential op-
erator on Xg. By definition S,,(¢)? = ", [| Xo¢||2. where the sum is over
all the k-tuples a with 0 < k < m and where X stands for 1.
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ProOPOSITION 11.7. — There exist po > 0 such that, for all sufficiently
small €, one can choose
— a non-negative smooth function p. on W with support in W, such that
fW pe =1,
— a non-negative smooth function 7. on Yg with support in Y. such that
T <1onYs and 7|y, = 1.
— Moreover, let ¢, be the function on Xg defined by

pe(x) = > 7o (y)pe(w).

{(y,w)€eYe x W, |lyw=z}

The choices can be made so that . is U}—invariant and Sp,(pe) < e7P2.

We remark that the sum defining . is a finite sum and hence ¢, is well
defined.

To prove Proposition 11.7, we first need a lemma which constructs some
test functions . near e.

LEMMA 11.8. — For a given m > 0, there exists p € N, such that, for
all sufficiently small € > 0, one can choose smooth non-negative functions
Be on H. and smooth non-negative functions p. on W, satisfying the fol-
lowing:

—one has 8. > 1 on H.2.

—one has [y, pedpw =1

—if ae denotes the smooth function on H.W, given by a. (hw) = B (h)p: (w),
then o is U}—invariant and S (ae) < e7P.

Proof. — The general case reduces to the case of S = S, by considering
tensor products with characteristic functions of U., N H and of U, N W.
Hence, we can assume that S = S, so that Gg is a real Lie group. Set
d = dim W. Fix some smooth non-negative functions 8 on b := @,esh,
and p on § with support in a sufficiently small neighborhood of 0 such that
B(0) > 1 and f5 p = 1. Then, for suitable constants c¢. > 0 converging to
1, the functions given by

Be(exp(X)) = B(X/e) and pe(exp(Y)) = cep(Y/e),

for X (resp. Y) in a fixed compact neighborhood of 0 in ) (resp. §), satisfy
the properties listed above. O

Proof of Proposition 11.7. — We choose the function p. from Lemma
11.8. To construct the function 7., consider a maximal family G. of points
y € Y. such that the subsets yH.s of Ys are disjoint and meet Y5, and
let F. C G. the subfamily for which yH.s meets Yy.. For all y € G, the
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volumes py, (yH.s) are equal and of order €3¢ with d = dim(H,,). Since
pys(Ys) = 1, the cardinality of G. is at most O(e~39).

For y € G. we define a test function 3, . on Yg with support on yH. by
By.e(yh) = Be(h) and let Bg . = Zyegg By.e. Since B.sBes C B2, the sets
yH.2, y € G, cover Yo.. Hence Bg. > 1 on Y.

For each y € F¢, consider the test function 7,. on Ys with support in
Yo given by 7, 1= By.e/Bg,. on Yo, and set

Te = yer. Tye -
Note that 0 < 7. < 1 on Y, 7]y, = 1 and 7.|ys—y. = 0. For y € F., we
also define the test function ¢, . on Xg with support on yH.W, by

Py.c(yhw) = 7y e (yh) pe(w) = oz (hw)/Bg < (yh).

These functions ¢, . are well-defined since y belongs to the set Y. defined
in Lemma 11.6. By construction, we have

Pe = Zye]:s Py,e -
It follows from S, (c.) < e P that there exists pg > 0 such that
S — O(gPo
max Sm(py.e) = O(e™)

and hence S,,(p.) = O(e~34=P0), O

12. Effective equidistribution of translates of Hg-orbits

The goal of this section is to prove Theorem 1.10, or its stronger version
Theorem 12.5 below. This is an effective version of Theorem 4.1 on the
equidistribution of translates of Hg-orbits in Xg.

DEFINITION 12.1. — We say that the translates Ygsg are effectively
equidistributed in Xg as g — oo in Zg if there exists m € N and r > 0 such
that, for any compact open subgroup Uy of Gy and any compact subset
C of Xg, there exists ¢ = c¢(Us,C) > 0 satisfying that for any smooth
function ¢ € C°(Xg)Ys with support in C, one has for all g € Gg

(12.2) || olyg) duys(y) — | Yduxs| < cSm(¥) Hs(z09) ™"
Ys Xs
Assume further that H is a symmetric K-subgroup of G. Taking the

product of the polar decompositions G, = H,A, K, given in Lemma 3.3
over v € S, we obtain a polar decomposition of the shape

Gg =HgAsKs and we set Fg:= AgKg.
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The following effective version of the wavefront property 3.1 is a main
technical reason why our proof of Theorem 12.5 works for H a symmetric
subgroup.

LEMMA 12.3. — There exists | € N such that for all small e,¢’ > 0 and
all g € Fyg,

(12.4) Hg BE/ZUEI/Z gCHggB.U. .

Proof. — We only have to check this separately at each place v. This
statement is then a strengthening of Proposition 3.2 on the wavefront prop-
erty and is an output of the proof of this Proposition. |

THEOREM 12.5. — If H is a symmetric K-subgroup of G, then the
translates Ygg are effectively equidistributed in Xg as g — oo in Zg.

Proof. — Since Gg = HgFjg, it suffices to prove the above claim for
g € Fs. We may also assume that sz Ydpux, = 1. We want to bound
|I, — 1| where

Iy:= /YS Y(yg)dpys (y)-

We follow the proof of Theorem 4.1. The main modification will be to
replace the characteristic function 1y, by the test function ¢, constructed
in Proposition 11.7. By the same argument as in section 4, but using the
stronger version 12.3 of the wavefront lemma, we have that for all small
€ > 0 and for any w € W,

(12.6) |Ig—/y Y(ywg)dpy, (y)| < le Cy.

Here C'y is the Lipschitz constant at oo, i.e. the smallest constant such that
for all e > 0, |Y(zu) —¢(z)| < Cype forall z € Xg and u € B,.
Set 7., p. and ¢, the functions constructed in Proposition 11.7 and

Jpei= [ tug)pew)dus () (w)
. JYs

By integrating (12.6) against p., we obtain
|Ig — Jg7€| < ZEC¢.

Set also

Ky = /X (r0)ee(x) dixa ()

- / / b (ywg) 7= () pe (w)dpays () dpsw (w).
W. JYs
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Noting that 7.(y) = 1 for y € Yy, we have for some ¢1,p; > 0
e = Kael =| [ [ twn)0 = (6w, () o )
5 S

< 2y, (Vs — i) / pe)lloc
WE
<1 [Yoo -

Note that K, . = (9.1, ¢.). Since ¢. and v are Uj-invariant, by Theorem
10.2 and Proposition 11.7 , we deduce for some ¢/, co,p2 > 0

Ky = [ pedia] < ¢ [P @)D" 00) 12 Hsog)

Xs
< e P2 D™ ()| L2 Hs(209) ™"

Moreover, one has

‘/ Pedpixg — 1’ =
Xs

Since C is compact, the C'-norm of a U }—invariant function 1) supported
on C' is bounded above by a uniform multiple of a suitable Sobolev norm
as in [2, Theorem 2.20] i.e., one has an inequality

max(||1]| oo, Cy) < ¢’ Sam (1))

/ T(y) dpys (y) — 1) < prys (Y =Yye) < cr e
Ys

with ¢’ = ¢’ (Uy,C) > 0 independent of . Hence, putting all these upper
bounds together and using the inequality 1 < ||9]|, We get

g =1 < g = Jgel + |Jge — Kgel +[Kge — f@€| + |f906 -1
le Cy + c1e” [[Y]|oc + coe™ 2| D™ (¥) |22 Hs(209) ™" + c16™

<
< (chePt + che P2 Hg(209) ") Sam (1)

Note in the above that the positive constants ¢}, p;, i = 1, 2, are independent

of 1.

Now by taking ¢ = Hg(z0g)~"/?* with r = pff;}z, we obtain as required

[y — 1] < ¢Som(¥) Hs(z09)™".
This concludes the proof. O

Remarks. — (1) One could also, as an output of our proof, compute
explicitly m and r and describe how the constant ¢ depends on the
compact sets Uy and C'.
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(2) Note that the above theorem 12.5 is precisely the effective version of
Theorem 4.1, since we have shown that the effective mixing theorem
10.2 together with the effective wave front lemma 12.3 imply the
effective equidistribution of Ygg.

13. Effective counting and equidistribution

The following definition is an effective version of Definition 6.1. Recall
that B. = B(e,¢) is the ball of center e and radius € in Go (11.4) and
that Hg is a height function on Zg as defined in (10.1).

DEFINITION 13.1. — A sequence of subsets B,, in Zg is said to be ef-
fectively well-rounded if

(1) it is invariant under a compact open subgroup of Gy,
(2) there exists k > 0 such that, uniformly for allm > 1 and all ¢ €]0, 1],

HZs (B:,e - B;,a) = O(EH/J'ZS (Bn))

where B} . = B, B, and B, . = Nyep, B,
(3) for any k > 0, there exists 6 > 0 such that, uniformly for all n > 1
and all € €]0, 1], one has

[ B duza(2) = Oz (B.)1°).

n,e

If Sy is empty, then the assumption (2) is void.

A subset  of Zg is said to be effectively well-rounded if the constant
sequence B,, =  is effectively well-rounded. This means that €2 is of non-
empty interior and that the volume pz(9.€2) of the e-neighborhood of the
boundary of €2 is a O(g") for € small. For instance, a compact subset of
Zs_ with piecewise smooth (or even piecewise C') boundary is effectively
well-rounded in Zg__.

THEOREM 13.2. — Suppose that the translates Ysg become effectively
equidistributed in Xg as g — oo in Zg. Then for any effectively well-
rounded sequence of subsets By, in Zg such that vol(B,,) — oo there exists
a constant dg > 0 such that

#200's N B,, = vol(B,)(1 + O(vol(B,,)~%)).
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Proof. — Set I's g := I's N Hg. As in sections 5 and 6, we define a
function F,, on Xg =T's\Gg by

Fu(zog) = Y. 1gp,(2079) , for g € Gs.
"‘/GFS,H\FS

For instance, one has
Fo(w0) = #20l's N By,.

Let m and r be the integers given by Theorem 12.5 and Uy a compact
open subgroup of Gy. By Lemma 11.8, there exists p > 0, a smooth Uy-
invariant function a. on Gg, supported on B.U; such that st a. = 1 and
Sm(a:) < e7P. Here we take € and Uy small enough so that B.Uy injects
to Xg, and hence we may consider a. as a function on Xg.

We also introduce the functions F¥ on Xg:

Fizog)= Y 1zt (2079) , forg € Gs.
v€ls,u\I's
Then
F, (z0g) < Fu(xo) < F;"E(xog) for all g € B. x Uy
and hence
<F7;6,oz5> < Fo(zo) < <F:,ea0‘6>~

Note that
(F.,oc) =/i (/ as(yg)duys(y)> dpizs(z09)-
Br e Ys

Set vy, := vol(B,) and v, := vol(Bis). Then by Theorem 12.5 and the
assumptions (2) and (3) of the definition 13.1, there exist positive constants
K, § and ¢; such that for all n > 1 and small € > 0,

(Fieac) — ol < [
By

(e (yg) — Vdpys (y)\ duzs(z09) + (vF. —vi.)

Ys

< cSm(ozE)/+ Hs(2) *dpz.(2) + cac™v,
Bn,e

< cle_pv}f‘s + coe®v,.

Setting 6y = ﬁ and choosing £ = v, /" we get F,(z9) = vp(l +

O(v;,)). 0

COROLLARY 13.3. — Let S = So LU Sy be a partition of S. There exist
do, ¢ > 0 such that for any effectively well-rounded sequence of subsets B,
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in Zg, whose volumes v, := fiz; (B,) tend to oo and for any compact
effectively well-rounded subset ) of Zg,, we have
(Ys) —
#20ls N (Q % By) = ;5505 v izs, () (1+0(0,%)) -

Proof. — To apply Theorem 13.2, we only have to check that the se-
quence A, := ) x B, of subsets of Zg is effectively well-rounded, which is
straightforward. O

14. Effective well-roundedness

In this section, we give explicit examples of effectively well-rounded fam-
ilies (see Definition 13.1).

We keep the notations for K, S, G, H, Z, Hs(z) = [[,cg I|2]l» etc., from
the beginning of section 10.

We also set for T > 0,
(14.1)

B,(T):={z€Z, | ||z]l, <T} and S,(T):={z€Z,||z|l.=T}

PROPOSITION 14.2. — (1) Fix a subset Sy C S containing Ss. For
an |S|-tuple m = (m,) of positive numbers, define

Z(m) = [[ Bu(my) x [ So(ma).
vESH veS\Soy
Then the family of sets Z(m), m, > 1, provided non-empty, is
effectively well-rounded.
(2) The family of height balls By = {z € Zs : Hg(z) < T} is effectively
well-rounded.

Proof. — The proof relies heavily on the section 7. For (1), we may
assume that S contains only one place v. When v is infinite, the condition
13.1 (2) is Lemma 8.8 (2) and 13.1 (3) is Corollary 7.3.c. When v is finite,
the condition 13.1 (2) is empty and the condition 13.1 (3) is Corollary 7.7.Db.

For (2), 13.1 (2) is Lemma 8.8 (4), and 13.1 (3) is a combination of the
following lemma 14.3 with the facts that, on one hand one has Br. C Br
for some fixed k& > 0 and, on the other hand, one has Vi = O(Vr) again
by Lemma 8.8 (4). O

LEMMA 14.3. — Let By = {Z € Zg: HS(Z) < T} and Vp = Wz (BT)
Then, for any k > 0, there exists 6 > 0 such that

/B H(2) *dpzs () = O(VE).
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Proof. — We may assume that, for all v in S and z in Z,, one has
llzllo = 1. Set by ={z € Zs_, : Hs(2) < T} and vy = pz,_ (br).
We first claim that there exists § > 0 and C' > 0 such that for any 7' > 0,

(14.4) / Hg" dpuz, < Cvp™®
br

Set ur to be the left hand side of the above inequality. For T large,
by Lemma 8.8 (1) one has vy = O(T™) for some mqy > 0, hence the

derivative ufp = T~ satisfies uf = O(v _k/mov%) and, integrating, one
gets ur = O(v; k/mo) For T bounded, since Hg_ is bounded below, one

gets up = O(vr). Putting this together, one gets (14.4).

Now, for any tuple m = (m,) € N/, set S(m) := []Sy(m,) C Zs,
where S, (my) :={z € Z, : ||z]|b = my}.

Also set 7y, := [[, my € N and wy,, = 1zs, (S(m)).

Then we have, where the following sums are taken over the tuples m €
N for which S(m) is non empty,

[ s ) = S (o, 15 i) (S s i, )

= St (foy,., B8 iz ) (fs s, iz, )

O (Tnr®) (S vrmason)™

_k N0
<C(Mes, (01— 0. ™)) V4,
with positive constants C' and ¢ given by (14.4) and Corollary 7.7.b. O

15. Effective applications

In this section, assuming K is a number field and H is a symmetric K-
subgroup, we give proofs of effective versions of our main theorems listed
in the introduction, keeping the notations therein.

COROLLARY 15.1. — Assume that Zog # (). Then for any finite v € S,
there exists > 0 such that for any effectively well-rounded subset 2 C

ZS5_{v}s
#{2 € Zo, NQ 1 ||z]lo = T} = vol(Q x S,(T)) (1 + O(T~?))
as T — oo subject to S,(T) # 0.

ANNALES DE L’INSTITUT FOURIER



EQUIDISTRIBUTION ON SYMMETRIC VARIETIES 1935

Recall that the normalized volume vol has been defined in (1.6). This
corollary is an equidistribution statement since one has

vol(Q x Sy(T)) = C pizy_ () pz,(S(T))

with a constant C' independent of n and Q.

Proof of Corollary 15.1. — The same claim with the error term O(T_(;)
replaced by O((uz,(S,(T))~%) follows immediately from Theorems 12.5,
13.2 and Proposition 14.2. Now by Corollary 7.7.c, we have a constant
a > 0 such that for T large and S, (T) # 0,

12, (So(T)) ™ = O(T /).

vo

This proves the claim. O

n

For z € Vg, the condition ||z||, < p™ is equivalent to z € p~" V. Hence

we obtain:

COROLLARY 15.2. — Assume K = Q and fix a prime p such that Z,
is non compact and Zz,-1) is non empty. Then there exists 6 > 0 such
that, for any non-empty compact subset ) C Zgr with piecewise smooth
boundary,

#9007V = vol(@ x By(p") (1 +0(p~"")
as n — oo, where By(p™) is defined in (14.1).

Note again that \751(0 X By(p")) = C pz(Q) pz,(Bp(p™)) for some C >0
independent of n and ).

Proof of Theorems 1.3 and 1.8. — Letting vy := vol(Bg(T)), Theorem
1.3 with O(T~%) replaced by O(v;.°) immediately follows from Theorems
12.5 and 13.2 and Proposition 14.2. To obtain the given error term, note
that at least one of the factors Z,, is non-compact. Fix Ry > 1 such that
the volume of Bg\{y}(Ro) = {z € Zs v, : He\fuo1(2) < Ro} is posi-
tive. Since Bg(T) contains the product By, (T'Ry")Bs\ (v} (Ro), we have
vpt = O(pz,, (B, (TRy'))™1). By Corollary 7.3.d for vy archimedean and
Corollary 7.7.c for vg non-archimedean, we have a constant a > 0 satisfying

12,y (Buo(T)) = O(T /).

This proves the claim. The same proof works for Theorem 1.8 applying
Corollary 13.3 in place of Theorem 13.2. O
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Proof of Corollary 1.11. — All three cases fit in our setting as in the
introduction.

For (A), if f has signature (r,s), V1(R) can be identified with Spin(r —
1, )\ Spin(r, s) where the Spin(r, s)-action on R"*# is given through the
projection Spin(r, s) — SO(r, s).

For (B): we have the action of G = SL, on V by (g,v) — g'vg. And
V1(R) is a finite disjoint union of SO(r, s)\ SLy,(R) for r + s = n, each of
them being the variety consisting of symmetric matrices of signature (r, s).

For (C), we have Vi(R) = Sp,, (R)\ SL2,(R) with the action (g,v) —
gtug.

Note for (A), if n = 3, Hr = Spin(1,1) may arise and the additional
assumption that f does not represent 0 over QQ implies that H does not
allow any non-trivial Q-character. In all other cases, H is semisimple and
hence has no character.

Now we give a uniform proof assuming that S = {oo, p} for the sake of
simplicity. It is easy to generalize the argument for a general S. Also note
that this proof works equally well for any homogeneous integral polynomial
f whose level set can be identified with a symmetric variety in our set-up.

Let d = deg f. For each 0 < j < d — 1, consider the radial projection
mj 2 Vpratrs — V5 given by o — p~Fz. Then since the degree of f is d and
the radial projection is bijective,

# QO T(Viprass (Z)PM™) = #{z € Vi (Zp ™) 0y« ||z, = "}
where Q; 1= p?/4Q C V. Since V,,; (Z[p~]) is a finite union of G(Z[p~!])-
orbits, we obtain by Corollary 13.3 with Sy = {oco} and S = {p}

# QO T(Vprars (Z)PM™) ~ wprars vol(Q)(1 4 O(w )

where wyrars = p({z € V,i(Qy) : [|z]|, = p*}). Note that, by Remark 9.3,
Wy, g0 to infinity with m when it is non zero. (|

Proof of Corollary 1.12. — As before, we assume S = {00, p} for sim-
plicity. We use the same notation as in the above proof. Then for each fixed
0<j<d—1, f(x) = pF¥*J is equivalent to f(p~*z) = p’ and, if z = p~Fx
with z € V(Z)P"™, one has ||z]/o ||2]|, = ||Z/|co- Therefore
N7 :=#{z € V(Z)’"™ : ||lz]|o < T, f(x)=p"*7 for some integer k > 0}

=#{z € Vi (Zp™']) « 2lloo ll2ll, < T3
By Theorem 1.3, one has N, = v; r(1 + O(v;;j)) where

VT = VOI({(ZomZp) € Vyi (R) x Vi (Qp) zoo oo Hzpllp <T}).
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Since #{z € V(Z)""™ : |lzlc < T, f(z) € p*} = >, Njr, and
vp = Zj vj 7, this proves the claim. |

16. More examples

Here are a few concrete examples of applications of Theorem 1.5 to em-
phasize the meaning of our results. For each of them, we have selected a
specific global field K with sets Sg, S1 (most often K = Q, Sy = {vp} and
S = {v1}) and we have selected a classical symmetric space Z defined over
K. We look at the repartition of S-integral points z in Z,, when imposing
conditions on the vi-norm of z.

Symmetric matrices with two real places. This example is very clas-
sical. Let 7 be the non trivial automorphism of the real quadratic field
K := Q[v/2] and set, for d > 2,

Ziooy = {M € My4(R) positive definite symmetric matrix of determinant 1}
and

Zn i={M € Z{ooy N Ma(Z[V2]) | 3, 7(mi;)? <n?}.

LEMMA 16.1. — As n — oo, these discrete sets Z, become equidis-
tributed in the non-compact Riemannian symmetric space Z{.}-

Proof. — Let vy and v; be the two infinite places of K : for A € K,
|Aw, = |A] and |A|y, = [7(N)|. Apply Theorem 1.5 to

(16.1) K=Q[V2], So={w}, Si={vn}, Z=SL4/SOy,,

and to the group G = SL, which acts by M — gM tg on the vector space
V of symmetric d x d-matrices, with Z ~ {M €V | det(M) =1} as a
G-orbit.

Note that the group SL(d, R) acts transitively on Z¢;. O

Orthogonal projections with one real and one finite place. This
example is also quite classical. Let p be a prime number, d = dy + ds > 3,

Zisoy = {m € Mg(R) 72 ='r =7 and tr(m) = dyp }
be the set of orthogonal projections of rank d; in R?, and
Zp i={T € Zisoy | p"m € My(Z)} .

LEMMA 16.2. — As n — oo, these discrete sets Z, become equidis-
tributed in the compact Riemannian symmetric space Z o).
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Proof. — Apply Theorem 1.5 and Remark 9.3 with

(162) K:Q, S():{OO}, Slz{p}, Z:Od/Odledg,
and to the group G = Spin,; which acts, by conjugation via SOg4, on
the vector space V of d x d-matrices, with Z ~ {m € V | 72 =5 =
7w and tr(m) = dy} as a G-orbit.

Note that the group Spin(d, R) acts transitively on Z¢;. O

Complex structures with one finite and one real place. In this
example, one chooses a prime number p and set, for d > 1,

Z{p} = {J S Mgd((@p) | J? = —1Id and t’/‘(J) =0 }
and
ZR = {J c Z{p} n Mgd(Z[%]) ‘ Zi,j Jz2,] < R2} .

LEMMA 16.3. — As R — oo, these discrete sets Zr become equidis-
tributed in the p-adic symmetric space Z ).

Proof. — Apply Theorem 1.5 to
(163) K:Q, S():{p}, Slz{oo}, Z:GLgd/GLdXGLd,

and to the group G = SLyy which acts by conjugation on the vector space
V of 2d x 2d-matrices, with Z ~ {J € V | J? = —-Id and tr(J) =0} as
a G-orbit.

Note that the group SL(2d,Q,) acts transitively on Zy,;. |

Antisymmetric matrices with two finite places in characteristic
zero. In this example, one chooses two distinct prime numbers p and ¢,
and set, ford > 1, n >0, and R > d,

Zipy ={A € M2q(Q,) | A=—"4 and det(4) =1}
and
Znr={A€Zyy| >, Af)j < R and (™A € Mgd(Z[%])} .
LEMMA 16.4. — Asn+R — oo, these discrete sets Z,, r become equidis-
tributed in the p-adic symmetric space Zpy.
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Proof. — Apply Theorem 1.5 and Remark 9.3 with
(164) K = Q ) SU = {p} ) Sl = {0076} ) Z = SLQd/Spd 5

and to the group G = SLog which acts by g — gA ‘g on the vector space
V of antisymmetric 2d x 2d-matrices, with Z ~ {4 € V | det(4) =1} as
a G-orbit.

Note that the group SL24(Q,) acts transitively on Z,;. O

Quadrics with two places in positive characteristic. In this example,
p is an odd prime, and one set, for d > 3,

Zioy = {PeF (1)) | PP+ +PI=1}
and, forny >ng > ... 2 ng >0,
Zny,mg = {P € Zioy NFp[t, t 7] | deg(P) =n; Vi},
where deg(>" a;t') := max{i | a; # 0}.

LEMMA 16.5. — If n; = ng = ng goes to infinity or if p = 1 mod 4 and
n1 = ng goes to infinity, these discrete sets Z, become equidistributed in
the sphere Zgy.

Proof. — Let 0 and oo be the two (finite) places of the field F,(¢) associ-
ated to the two points 0 and co of P*(F,). Apply Theorem 1.5 and Remark
9.3 with

(165) K = Fp(t) 5 S() = {O} 5 Sl = {OO} s Z = SOd/SOd,l 5

and to the group G = Spin,; which acts naturally, via SO4, on the d-
dimensional vector space V, with the sphere Z ~ {v € V | vi4...03 =1}
as a G-orbit.

The corresponding two completions are the fields of Laurent series Ky =
F,((t)) and Koo = F,((¢t71)), and the ring of S-integers is Og = Fp[t, ¢ 1.
Set

Z{oo} ={P¢€ Fp((t—l))d | P12 +...+P3 =1},
note that the well-rounded subset

Bnh_“’nd = {P S Z{oo} | deg(Pz) =n; Vi }

is non-empty if and only if n; = no = n3 or p = 1 mod 4 and n; = ne.
Note also that the group Spin(d,F,((t))) acts transitively on Zyoy. O
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Other examples. The reader may construct easily many similar exam-
ples choosing other triples (K, S, Z). For instance, “Quadrics with three
infinite places”, “Lagrangian decompositions with two infinite and three

finite places”, “Hermitian matrices with four places in positive character-

istic”, and so on...
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