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QUANTUM COHOMOLOGY AND PERIODS

by Hiroshi IRITANT (*)

ABSTRACT. — In a previous paper, the author introduced an integral struc-
ture in quantum cohomology defined by the K-theory and the Gamma class and
showed that it is compatible with mirror symmetry for toric orbifolds. Applying
the quantum Lefschetz principle to the previous results, we find an explicit rela-
tionship between solutions to the quantum differential equation of toric complete
intersections and the periods (or oscillatory integrals) of their mirrors. We describe
in detail the mirror isomorphism of variations of integral Hodge structure for a
mirror pair of Calabi-Yau hypersurfaces (Batyrev’s mirror).

RESUME. — Dans un précédent article, 'auteur a défini une structure entiere
sur la cohomologie quantique & l'aide de la K-théorie et d’une classe Gamma.
Cette structure est compatible avec la symétrie miroir pour les orbifolds toriques.
Le principe de Lefschetz quantique appliqué aux résultats précédents, nous donne
une relation explicite entre les solutions du module différentiel quantique pour
une intersection compleéte torique et les périodes (ou les intégrales oscillantes) de
leur miroir. Nous expliquons en détail I’isomorphisme miroir pour une variation de
structure de Hodge entiére pour une paire miroir (au sens de Batyrev) d’hypersur-
faces de Calabi-Yau.

1. Introduction

Hodge theoretic mirror symmetry is concerned with the equivalence of
Hodge structures from symplectic geometry (A-model or Gromov-Witten
theory) of Y and complex geometry (B-model or Kodaira-Spencer theory)
of the mirror V. In [37], we introduced a Z-structure in the A-model Hodge
theory in terms of the K-group and the T-class of Y. When Y is a weak
Fano compact toric orbifold, we showed that this Z-structure in the A-side
is in fact mirror to the natural Z-structure in the B-side. This was based

Keywords: quantum cohomology, mirror symmetry, Gamma class, K-theory, period,
oscillatory integral, variation of Hodge structure, GKZ system, toric variety, orbifold.
Math. classification: 14N35, 14D05, 14D07, 14J33, 32G20, 53D37.

(*) The author thanks Etienne Mann who kindly provided the French translation of the
abstract. This research is supported by Grant-in-Aid for Young Scientists (B) 22740042.



2910 Hiroshi IRITANI

on the mirror theorem [15] for toric orbifolds which will be shown in joint
work with Coates, Corti and Tseng and a calculation of oscillatory integrals
on the B-side. In this paper we extend the previous results in [37] to the
case of complete intersections in toric orbifolds.

For simplicity, we explain the case where Y is a Calabi-Yau manifold.
The variation of Hodge structure on the A-side is given by the trivial holo-
morphic vector bundle J#= H*(Y) x H?(Y) — H?(Y) endowed with the
flat Dubrovin connection

Vv =dy+Vo,, VeHY)

where Vo, is the quantum multiplication by V at 7 € H%(Y). The Hodge
filtration and the polarization form are given by .#P = H<2(dimY=p)(y")
deg

and Q(a, ) = (2mi)M™Y [0 ((—1)2 @)U respectively. For £ € K(Y), we
have a unique flat section s(€) of the Dubrovin connection satisfying

5(E) ~ (2i) " dimY T (fy U (2ri) % ch(S))

in the large radius limit, i.e., as e{™® — 0 for all nonzero effective classes
d € Hy(Y;Z). The Gamma class Ty here plays the role of a “square root”
of the Todd class (see (3.4)) so that we have Q(s(€1),8(E2)) = x(&1,E2)
by Hirzebruch-Riemann-Roch. The f—integral structure is defined to be the
Z-local system consisting of the flat sections s(&), £ € K(Y'). We call the
pairing
I1(¢,€) := Q(¢(7),5(£)(7))

of any section ¢(7) € 5 with the flat section s(€) the A-period of Y. Our
main theorem identifies the A-periods of Y with the usual periods of the
mirror Y.

Let )Y be a quasi-smooth Calabi-Yau hypersurface in a weak Fano Goren-
stein toric orbifold X. Here we allow ) to have orbifold singularities. Let
A C Npg be the fan polytope of X. The Batyrev mirror of ) is the hypersur-
face Y, = {Wx(t) = 1} in the algebraic torus T = Hom(N,C*) 2 (C*)™
defined by the Laurent polynomial W (t) = 3, c oo @5t° on T. The affine
hypersurface Y,, can be compactified to a Calabi-Yau orbifold Va.

THEOREM 1.1 (Theorems 5.7, 6.9, 6.10). — The A-period for Y associ-
ated to £ € K(Y) can be written as a period of Y,, for some integral cycle
C¢ if either £ is pulled-back from the ambient toric orbifold X or € = Opy:

(1.1)
(T, €)(s(a) = /

Ce

vyv dt dt,,
_1)\age(v) | y attill/\-“/\?
(-1) age(v)! Res

(Wall) = 1+

ANNALES DE L’INSTITUT FOURIER



QUANTUM COHOMOLOGY AND PERIODS 2911

Here Y, is a section of 5 which (see (4.6)) is asymptotically the same in
the large radius limit as the unit class 1, on the twisted sector associated
to v € Box and ¢(«) is the mirror map.

We calculate the left-hand side of (1.1) as explicit hypergeometric series
(Theorem 4.6) by applying the quantum Lefschetz principle [17, 16] to the
mirror theorem [15] for toric orbifolds. Theorem 1.1 then follows from the
Laplace transformation of the previous results in [37]. Similar results for
toric complete intersections are given in Theorem 5.7. We use Theorem 1.1
to establish the mirror isomorphism between the ambient A-model VHS of
Y and the residual B-model VHS of )7a which preserves certain integral
structures (Theorem 6.9).

The present work is motivated by Givental’s celebrated paper [25] on
mirror symmetry for toric complete intersections, where Givental remarked
that each component of the I-function can be written as an oscillatory
integral. In terms of a hypergeometric differential system, essentially the
same integral structure has been identified in the work of Borisov-Horja
[9] and Hosono [33]. The I-structure was also proposed by Katzarkov-
Kontsevich-Pantev [40] independently. Our results give a partial affirmative
answer to the conjecture of Hosono [33, Conjecture 6.3].

The concept of orbifold has been a rich source of ideas in mirror sym-
metry. For example, Batyrev’s mirror may not admit a full crepant resolu-
tion for dimension bigger than 3. By the development of orbifold Gromov-
Witten theory [14, 13, 1], we can now work with partial resolutions with
orbifold singularities. In this paper, we encounter a phenomenon of multi-
generation") of orbifold quantum D-modules. This phenomenon was first
observed by Guest-Sakai [29] (in a different language) for a degree 3 Fano
hypersurface in P(1,1,1,2). For an orbifold hypersurface, it can happen
that the ambient part® of the small quantum D-module is not generated
by the single unit class 1 as an O[z](z8)-module® | but is generated by 1
and the unit classes 1, supported on twisted sectors. Here d denotes the
derivative in the H ffb—direction and z is an additional variable in the quan-
tum D-module (see Definition 3.1). For the A-model VHS of a Calabi-Yau
hypersurface, this means that each Hodge filter .#” may not be generated
by < (dim) — p) times derivatives of the top filter FIMY I fact, we

(1) This does not mean that the quantum D-module is not cyclic.
(2) The ambient part is the subbundle of the quantum D-module with fiber GHY L (X) C

Hop (V) where ¢: Y — X is the inclusion of the hypersurface ) into the ambient toric
orbifold X.

(3) On the other hand, when z inverted, it is generated by 1 as an O[z, 2~ 1](29)-module
under the assumption on the ambient toric orbifold in this paper.

TOME 61 (2011), FASCICULE 7



2912 Hiroshi IRITANI

will describe the quantum D-module of toric Calabi-Yau hypersurfaces in
terms of the multi-GKZ system (Theorem 6.13) — a GKZ system defined
by multiple generators. The same generalization of the GKZ system was
proposed in a recent work by Borisov-Horja [8] who called it better be-
haved GKZ system. This multi-generation is a reason why we needed to
show Theorem 1.1 also for twisted sectors v # 0.

Acknowledgments. The author has learned a lot from various joint works
with Alessandro Chiodo, Tom Coates, Alessio Corti, Sergey Galkin, Vasily
Golyshev, Yongbin Ruan and Hsian-Hua Tseng. He would like to thank
them all. He also would like to thank Yukiko Konishi and Satoshi Minabe
for very helpful discussions concerning their work [44]. He is grateful to
Etienne Mann and Thierry Mignon for informing the author of their work
[45] and to Martin Guest for very helpful comments on a draft version of
this paper.

2. Preliminaries
2.1. Orbifold Gromov-Witten Invariants

Gromov-Witten theory for orbifolds has been developed by Chen-Ruan
for symplectic orbifolds and by Abramovich-Graber-Vistoli for smooth
Deligne-Mumford stacks. Here we fix notation for orbifold Gromov-Witten
invariants. For the details of the subject, we refer the reader to the original
articles [14, 13, 1].

Let X be a proper smooth Deligne-Mumford stack over C and X be its
coarse moduli space. Set n = dimc X. We assume that X is projective.
Let ZX be the inertia stack, which is the fiber product X X yxa X of the
diagonal morphisms A: X — X x X. A C-valued point of ZX is a pair
(z,g) of a C-valued point x € X and a stabilizer g € Aut(x) at x. Let

X = |_|X,U=X0u |_| X,, Xo=2X.
veT veT’
be the decomposition of ZX into connected components. The index set
T contains a special element 0 € T corresponding to the trivial stabilizer
g =1 Weset T" =T\ {0}. Let age(v) € Q3¢ be the age (or degree shifting
number) of the component X,,. The Chen-Ruan orbifold cohomology group

H?, (X) is the Q-graded vector space given by
ngb(X) = @ prQagc(v)(Xv;C), pe Q.

{veT|p—2age(v)€2Z}

ANNALES DE L’INSTITUT FOURIER



QUANTUM COHOMOLOGY AND PERIODS 2913

Throughout the paper, we ignore odd cohomology classes in Gromov-
Witten theory i.e., elements in HP~228°(")(X,) with p—2age(v) odd. (H},,,
(X) is sometimes denoted by Hg (X) in the literature.) We have an involu-
tion inv: ZX — ZX given by (x,g) — (x,¢g~!). This induces an involution
inv*: HX, (X) = HZ, (X). The orbifold Poincaré pairing (-, )orb: H, (X)

®@H} 1 (X) — Cis defined by

(aaﬂ)orb = /IXanIlV* B

This is a nondegenerate symmetric bilinear form of degree —2n. Let Xp; 4
denote the moduli stack of stable maps of genus 0, [-pointed and degree d €
Hy(X,Z). (This is the same as the stack of twisted stable maps Ko (X, d)
in [1].) This is equipped with a virtual fundamental class [Xp;q]"" €
H,.(X,1,4; Q) and the evaluation maps

eViZXo’l’d%ﬁ, i=1,...,1

to the rigidified inertia stack® ZX (see [1]). Take o, ..., € H¥, (X) and
nonnegative integers ki, . .., k;. The orbifold Gromov-Witten invariants are
defined by

l

<a11/’k1a0421/)k2» R alwkl>o,z,d = / H(evf(ai) U %k)

[Xo,0,alvi" ;7

Because ZX and ZX are the same as topological spaces, we can define the
pull-back ev(a;) for o; € HZ, (X). The class 1; is the first Chern class of
the i-th universal cotangent line bundle £; — Xp; 4 whose fiber at a stable
map f: C — & is the cotangent space T, C at the i-th marked point of the
coarse domain curve C.

2.2. Twisted Invariants

Following [17, 55, 16], we introduce the orbifold Gromov-Witten invari-
ants twisted by a vector bundle V on X and a characteristic class ¢ . We use
these invariants to calculate the Gromov-Witten invariants of a complete
intersection in X. Let ¢(-) = exp(d_pe sk chi(+)) be a universal invertible
multiplicative characteristic class with parameters s = (sg, s1, $2,...). Let

(4) The rigidified inertia stack ZX is obtained from ZX by taking the quotient of the
automorphism group at (z,g) € ZX by the cyclic group generated by g.

TOME 61 (2011), FASCICULE 7



2914 Hiroshi IRITANI

TV be the vector bundle on ZX whose fiber at (z,g) is the g-fixed sub-
space of V.. In the twisted theory, the pairing (-, ), is replaced with the
following twisted Poincaré pairing:

(0, 85y = / aUinv(3) Ue(TV),

Using the universal family u: Cy;q — X over Xy 4, we define a K-group
element Vo ;.4 € K°(Xo1.4) by Vo1, = Rmu*V.

CO,l,d L) X

|

Xo1,d
Define the twisted Gromov-Witten invariants by
(2.1)
<O[11/)k1 ’ OZQ,lka O[l’l/) >0 1, d / VO I, d H eV at
[XO,l,d,]V”

Note that the twisted invariants equal the original ones when c is trivial
(ie.,c=1).

2.3. Twisted Quantum Cohomology

We can define both untwisted and twisted quantum cohomology, but we
begin with the twisted version because the untwisted version is obtained
from it by the specialization ¢ = 1. Let Effy C H3(X;Z) denote the
semigroup generated by effective curves. The Novikov ring A is defined to
be the completion of the group ring C[Eff ¥]. For a curve class d € Eff ,
let Q¢ be the corresponding element in A. Define A4 to be the completion
of C[Eff ¥][so, $1, $2, - - . | with respect to the additive valuation v given by

v(Q) = /dw, v(sk) =k + 1.

where w is a Kéhler class of X. Let {¢1,...,¢n} C HX,(X) be a homo-
geneous C-basis, {r!,...,7V} be the dual co-ordinates on H*,(X) and

T= Zi\il T¢; be a general point on H*

2 (X). The twisted quantum prod-
uct oS is defined by the formula:

d
22 @B =D X (BT T

1>0 deEffx

ANNALES DE L’INSTITUT FOURIER



QUANTUM COHOMOLOGY AND PERIODS 2915

where o, 3,7 € HY, (X). This defines a unique element ave¢ 8 in HY, (X)®
Ag[7]. Here Ag[7] := As[rt, ..., 7V]. The product ¢ is extended bilinearly
over Ag[7] and defines a ring structure on H, (X)®As[r]. We call the ring
(H: (X)) ® Ag[[T], o) the twisted quantum cohomology. For a topological
ring R with an additive valuation v: R — R U {oo}, we define R{z, 271}
to be the space of all power series ), arpz® with a; € R such that
limg 00 v(ar) = co. Let R{z} (resp. R{z7'}) denote the subspace of
R{z, 271} consisting of nonnegative (resp. nonpositive) power series in z.
These are rings when R is complete. We define the Dubrovin connection

Vi Hy (X) @ As{2}[7] — 27 HG (X) @ As{2}[7] by
Vi = 8, +1¢i.c-

toort o oz T

The differential equation V7s(r, z) = 0 for a cohomology-valued function s
is called the quantum differential equation. Define L°(7, z) € End(HZ, (X))
®@As{z71}H[] by

(2.3)
o ¢ Qd
(LC(T’Z)aﬂﬂ)grb:(Oé?ﬂ)grb—*— Z <a7',...77—75> ZT
@iz \TFTY otraa U
deEffx,1>0

Here 1/(—z — ) in the correlator should be expanded in the series
Zk)o(_z)_k_l¢k-

PROPOSITION 2.1. — The End(H}, (X))-valued function Le(t, z) gives
a fundamental solution to the quantum differential equation: It satisfies

Vi(L(r,z)a) =0, 1<i<N, Vae H;(X)
and L°(7, z) = id +0(Q, 7). We also have
(24) (LC(T7 72)043 LC(Tv Z)/B)grb = (Oé, 6)grb'

Proof. — See [36, Proposition 2.3] and [45] when X is a smooth vari-
ety. In this proof, we will freely use the language of Givental’s Lagrangian
cone for which we refer the reader to [27, 16]. From Tseng’s orbifold Quan-
tum Riemann-Roch (QRR) [55], it follows that the twisted Gromov-Witten
invariants (2.1) satisfy the String Equation (SE), the Dilaton Equation
(DE) and the Topological Recursion Relation (TRR) listed e.g., in [49,
Section 1]. (In the TRR, we need to use the twisted Poincaré pairing.)
This is because these equations correspond to certain special geometric
properties of Givental’s Lagrangian cone (see [27]) and the symplectic op-
erator in Tseng’s QRR preserves such properties. The differential equation
for L(7, z) has been proved for the untwisted theory for manifolds in [49,

TOME 61 (2011), FASCICULE 7



2916 Hiroshi IRITANI

Proposition 2] using TRR and the same proof applies to our case. It is easy
to see that L¢(7,2)73 is a tangent vector of Givental’s Lagrangian cone
for the twisted theory. Here L¢(, )" denotes the adjoint of Le(7, 2), i.e.,
(o, Le(7,2)TB)C,, = (LE(7,2)a, B)S,,,- By the Lagrangian property of the
cone, we know that (L¢(t, —2)Ta, Le(7, 2)T8)¢,,, contains only nonnegative
powers in z. On the other hand L¢(7,2)!3 = 8 4+ O(z7!). Therefore we
have (Le(, —2)Ta, Le(7,2)18)S,,, = (a, B)S,,, and so Le(r, —2)T is inverse
to L¢(7, z). This proves (2.4). O

Remark 2.2. — The existence of a fundamental solution implies that
the Dubrovin connection V¢ is flat, i.e., [V§, V§] = 0. This in turn shows

that the twisted quantum product ¢ is associative.

DEFINITION 2.3 ([25, 16]). — We define the J-function of the twisted
theory by

(2.5) Jo(r,2) =L, 2) 11 =L, —2)" 1.

2.4. Equivariant Euler Twist

We consider the case where c is the S'-equivariant Euler class ey. Here
St acts on vector bundles by scaling the fibers and A € HZ, (pt) denotes a
generator. We have e, (£) = >_'_, Ne,—;(€) for a rank r vector bundle €.
Then e corresponds to the choice of parameters

so=log), s =(=1)"1G—1)\""(i>1).

If V1,4 is not represented by a vector bundle, the ej-twisted invariants
take values in C[\,\7!]. In this paper, we only consider the case where
Vo,n.d is a vector bundle and no negative powers of A appear. Then we can
take the ground ring to be (instead of Ag) the completion Ay of C[Eff][)]
with respect to the valuation v(Q?) = [, w, v(X) = 0.

We assume that V is the sum £ & --- @ L, of line bundles such that
c1(L£;) is nef and L; is a pull-back from the coarse moduli space X for all
1 < j < c. Let Y be a quasi-smooth complete intersection in X with respect
to a regular section of V. Let ¢: ) C X denote the inclusion. The pull-back
G HE (X)) = HE (V) and the push-forward ¢, 0 HY (V) = H (X)) are

defined by the inclusion ZY C ZX. We also write Ly (7, 2), Jy(7, 2) for the
fundamental solution and the J-function of the untwisted theory of ).

PROPOSITION 2.4. — Under the above assumption, L®(7,z) and J®X(7,2)
contain no negative powers in A. So we can set Le(r, z) := L (7, 2)|x=0,

ANNALES DE L’INSTITUT FOURIER



QUANTUM COHOMOLOGY AND PERIODS 2917

Je(7, 2) := I (7, 2)|x=0. Moreover, we have
*Le -1 * * ]
CLE(T, 2) YT ) (Y42 Ha (X12)

Here o, 8 € H}, (X). The notation Hy(Y; Z) — H2(X;Z) means to replace
Q? with Q¥ for d € Ho(Y; 7).

Proof. — The proof parallels the argument in [49, Section 2.1]. By the
assumption, for every stable map u: C — X in &y ;y24, the convexity
H*(C,u*V) = 0 holds and the natural map H°(C,u*V) — (u*V)a,,,
surjective. Here x;4o is the last marked point on C. Therefore Vy 42,4 is
a vector bundle and we can define the subbundle V(’)’l 42,4 by the following
exact sequence:

is

(2.6) 0O —— V(l),l+2,d Em— Vo’l+2,d e eVZk+QIV — 0.

Here note that ZV defines a vector bundle on the rigidified inertia stack
ZX whose fiber at (z,9) € ZX is V,. Using ex(Vo,i12.0) = ex(V49.4) U
evy, o ex(ZV), we find that L (7, z)a equals

d
o+ Z % inv* evija,
(d,1)#(0,0)
dEEffx, >0
evl o L
1 .
—— [ IIevi(™) | ex(Vh1pa.a) N [Xops2.a™
—z =1 i

This shows that L®* does not contain negative powers of A. Since Le* =
id+0(Q,7), (L®)~! and J* = (L)' 1 do not contain negative powers
of A\ either. We denote by ev?: Xy 104 — (ZX)*2 and ev?: Voit2.d —
(ZY)'*2 the collection (evy,...,ev; o) of the evaluation maps. For the sec-
ond statement, it suffices to show that

Frevd (Yre(Vo o) N[ Xouraa™) = D geevy (05 N [Vosroa]™)
& (d)=d

where f and g are the inclusions:
TV x Ty —2 s TX)H' xTY —L— (TX)+ x IX.
We consider the fiber diagram
zZ — Xo,142,d

o [

X Ty L (Tx)

TOME 61 (2011), FASCICULE 7



2918 Hiroshi IRITANI

When Y is the zero locus of a regular section s € H°(X,V), Z is defined
to be the zero locus of evy, ,(s) € H*(Xy 42,4, €vy,, ZV). Using the refined
Gysin map f' in [23, 56], we have

freve (¢Ife(Vé,l+2,d) N [Xo,l+2,d]Vir) =ev? f er(Vé,HQ,d) N [XOJ+2,d]Vir)-

Let j: Vo,142,4 — Z be the inclusion. It now suffices to show the equality
of classes on Z:

Z G (08 0 DVoga,a]™™) = £ (97e(Vh 140.4) N [Xop2,a"™) -
d'eu(d)=d

Note that we only need to consider the case k = 0 since ¥ factors out. By
the functoriality [43] of virtual classes we have

Z Vors2.a]"" = 0% [Xo 2.4
& (d)=d

where Oy : Xp,142,04 = Vo,i+2,4 is the zero section (which is the bottom row
of the diagram below). We can make the following fiber diagram:

J i
Voji42,4 —— Z — Ap,42.d
i| s H
z 2=y X,
0,l+2,d|2 0,l4+2,d

il h|zJ/ §l
0% , h
X020 — Vourp0a0 — Voit2d

where 5 and 5z are the sections of Vy ;42,4 and V67l+2,d|g induced from s €
HY(X,V), 0%y and Oz are the zero sections and h is the natural inclusion.
We have 0x = h o 0%. Using the properties of the Gysin maps, we have

3x0% [Xo 12,0 = 0% B [Xo110.a)"™ = 0% (52)h' [Xo 2.4
=e(V) y0.0)h [Xoir2.a™ =1 (€Vh149.4) N [Xoir2.a]"™).

In the last step we used the exact sequence (2.6). The conclusion follows.

a

Using ¢;02* = —(20,:L®(7,2))(L (1, 2))"!, we obtain the following
corollary.

COROLLARY 2.5. — Under the same assumption, the equivariant Euler

twisted quantum product e* has the non-equivariant limit ¢ and we have

Sael f) = (a) e (V)

Ho(Y;Z)—Ho (X;Z)

ANNALES DE L’INSTITUT FOURIER



QUANTUM COHOMOLOGY AND PERIODS 2919

where o, f € H},, (X) and e, in the right-hand side denotes the untwisted
quantum product of ).

2.5. The Specialization at ) =1

The divisor equation ([1, Theorem 8.3.1]) shows that the Novikov pa-
rameter ) is actually redundant in the product S (2.2). Writing

27) T=m2+7, m2€H(X), T ePH(X)o D H (L),

p#£2 veT’
we have
(To,27d>Qd
e
(ol B, 7)o = Z Z (., 8,7, 7. 77/>8,l+3,d -

1>0 deEffx
Therefore the parameter ) plays the same role as €™-2. We define

of := e7lg=1.

The new product of is a formal power series in 7" and a formal Fourier
series in 7p 2. Similarly, by the divisor equation, the fundamental solution
(2.3) can be specialized to Q = 1. Writing L°(7, z) := L°(7, 2)|g=1, we have

(LC (T7 Z)a’ ﬁ)grb = (eimg/za’ ﬁ)grb

—70,2/2 ¢ (70,2,d)
(28) + Z <ea’7_/,“.’7_/”6> (& l'
(d,1)#(0,0) —Z—Y 0,0+2,d :
deEffx,1>0

Here the action of 792 on H} . (X) is defined by 192 - o = pr*(7m0.2) U «
where pr: ZX — X is the natural projection. The classical limit Q = 7 =
0 corresponds, after the specialization Q = 1, to the limit 7/ = 0 and
efm0.2:4) — 0 for all nonzero d € Eff x. This is called the large radius limit.

3. f‘-Integral Structure in Quantum Cohomology

In this section we review the quantum D-module for stacks and its I-
integral structure following [37]. See also [38] for a review.

TOME 61 (2011), FASCICULE 7



2920 Hiroshi IRITANI

3.1. Untwisted Quantum D-Module with Q =1

We denote by o, := 0$|s—¢ the quantum product of the untwisted theory
of X specialized to @ = 1. In all the examples we treat in our paper, it
turns out a posteriori that the quantum product o, is convergent in 7. So
henceforth we assume that o, is convergent over the region U C H}, (X)
containing the set

{reHi(X) | 17| <e™, R({r0,2,d)) < —M Vd € Effx \{0}}

for some M > 0. Here || - || is a certain norm on H, (X) and we used the
decomposition (2.7). The region U is considered as a neighborhood of the
large radius limit point.

Let (7, z) denote a general point on U x C and (—): U x C - U x C be
the map sending (7, 2) to (7,—z). In the untwisted theory we can extend
the Dubrovin connection in the z-direction.

DEFINITION 3.1 ([37, Definition 2.2]). — The quantum D-module
QDM (X) is the triple (F,V,(-,-)r) consisting of the trivial holomorphic
vector bundle F := H}(X) x (U x C) — (U x C), the meromorphic flat
connection of F

N
V:i=d+ % Z(éf)iOT)dTi + ( L (Eo,) + deg> dz

= z 2 z
and the pairing (-,)p: (=)*O(F) ® O(F) — 2"Oyxc defined by
(o, B)F == (2miz)" (o, B)ory  fora € Fip _.y, B € Fir ..
Here E € O(F) is the Euler vector field

E:=c(TX)+ Z (1 - ;degéf)i) '

and deg denotes the degree as a class in H}, (X). (In the definition of
v, % should be understood as an element of End(Hz, (X)).) The con-
nection V is called the (extended) Dubrovin connection. It has poles of
order < 2 along z = 0. The pairing (-, -)r is flat with respect to V. When
we refer to QDM (X) as a D-module, we consider the action of the ring

Oulz](z01, ..., z0nN) of differential operators on O(F) given by z0; — zV,.

Remark 3.2. — We work with the different conventions for V and (-, )
from [37] to get a better match with the B-side. For the flat connection
Vo4 and the pairing (-, <)% in [37], we have V = Vol 4 242 and (-, -)p =
(2miz)"(-, )94, where n = dime X. In what follows, we will translate the
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contents in [37] in this new convention, but we will not remark the difference
every time.

Remark 3.3. — The quantum D-module can be considered as a vari-
ation of generalized Hodge structure. Generalizations of Hodge structure
have been studied by many people and referred to in various ways: semi-
infinite Hodge structure 2, 37], TERP structure [31] and non-commutative
Hodge structure [40] etc.

The quantum D-module has a certain symmetry which we called the
Galois action in [37]. This comes from the divisor equation and the mon-
odromy constraints for orbifold stable maps. Let H?(X; Z) denote the sheaf
cohomology on the topological stack X which classifies topological orbifold
line bundles. For £ € H?(X;Z), let L¢ be the corresponding orbifold line
bundle, & € H?(X;Q) denote the image of & and f,(£) € [0,1) N Q be the
rational number such that the stabilizer along X, acts on fibers of L¢ by
exp(27i f,,(€)). (The number f,(§) is called the age of L along X,,.) Define
the map G(&): HY(X) — HX, (X) by

(3.1) G (o @ @ Ty) = (10 — 27i&o) & @ 27
veT! veT
where 7, € H*(X,). Consider the following bundle isomorphism of F
GT(€): Hom(X) x (U x C) — Hon,(X) x (U x C),
(@, (1, 2)) — (dG(a, (G(E)T, 2))
(X)) is the differential of G(£).

(3.2)

where dG(§) € End(H?

orb

PROPOSITION 3.4 ([37, Proposition 2.3]). — The bundle isomorphism
GT'(€) preserves the connection V and the pairing (-,-)r. This defines the
H?(X,Z)-action on QDM (X) and QDM (X) descends® to the quotient
(U/H?(X,Z)) x C.

The solution to the extended quantum differential equation Vs = 0 is

given by the fundamental solution L(7, z) := L°(7, 2)|s=0 in (2.8) multiplied
by 2z~ SE .

PROPOSITION 3.5 ([37, Proposition 2.4]). — Set p := ¢, (T'X) and define

_ deg

d
2772 2P i=exp (—;glog z) exp(plog z).

(5) We can assume that U is invariant under the action of H2(X;7Z).
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Then s;(7,2z) = L(T,z)z’¥z’)¢i, i = 1,...,N form a basis of (multi-
valued) V-flat sections. Each s; is characterized by the asymptotic initial
condition $;(T,z) ~ 2~ 2pe~T02¢, in the large radius limit.

Note that L(7, z) is convergent on U x C* so far as the quantum product
o, is analytic on U since it is a solution to the quantum differential equation.

3.2. f—Integral Structure

Let S(X) denote the space of multi-valued flat sections for V. By Propo-
sition 3.5, it is a C-vector space spanned by L(T, z)z_¥z”¢i7 1<i<N.
We will introduce a Z-lattice S(X)z in the space S(X) using the K-group.
A similar rational structure was introduced also by Katzarkov-Kontsevich-
Pantev [40]. Define a pairing (-, -)s: S(X) ® S(X) — C by

(51,82)s = (51(T,€™2), 52(T, 2) orb-

Here s1 (7, €™ 2) denotes the analytic continuation of s; (7, z) along the path
[0,1] 3 0 — e™%2. Since s1, s, are flat sections, the right-hand side of the
above formula does not depend on 7 and z. Note that (-, -)s is neither sym-
metric nor anti-symmetric in general. It is symmetric (resp. anti-symmetric)
when X is an even (resp. odd) dimensional Calabi-Yau orbifold. The Galois
action on QDM (X) induces the following automorphism G (&) of S(X)
for ¢ € H2(X;Z): (GS(€)s)(T, 2) == dG(&)s(G(&) 71T, 2) for s € S(X).

Let K(X) be the Grothendieck group of topological orbifold vector bun-
dles on X. In the following, we could also use the Grothendieck group
Kag(X) of algebraic vector bundles. Our integral structure depends only
on the Chern character image of the K-group, so the algebraic K-group
defines a subgroup of S(X)z. For an orbifold vector bundle &, take its
pull-back pr* &€ to ZX (pr: ZX — X is the natural map) and consider the
eigenbundle decomposition of pr* £|x, with respect to the stabilizer action:

2= D orr &)y

0<f<1

pr* &

where (pr* £),, ¢ is the piece on which the stabilizer of X, acts by exp(27if).
The Chern character map ch: K(X) — H*(ZX) is defined by

ch(&) =P > ¥ ch((pr” €)uy).

veT 0L f<1
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Let 8,74, ¢ = 1,...,1, s be the Chern roots of (pr* &), s, where [, ; =
rank((pr* &)y, ¢). The I'-class of £ is defined to be

Lo, s
)= [I []TQ - f+06us:) € H(ZX).
veET 0K f<1 i=1
Here the I'-function in the right-hand side should be expanded in Taylor
series at 1 — f > 0. This is a multiplicative transcendental characteristic
class. We write Ty = T(TX ). For simplicity we assume that X has no
generic stabilizers, as this is true for our later examples.

DEFINITION 3.6 ([37, Definition 2.9, Proposition 2.10, Remark 2.11], [40,
Definition 3.2]). — Define the K-group framing® s: K(X) — S(X) of the
space S(X) by
53 S(E)(1,2) == (2m1) "L(1, 2)z~ = 2PU(E)

3.3
where U(&) :=T» U (27i) 5 iny * ch(€).
Here deg, denotes the degree without the age shift, ie., we define
(27ri)de%|sz(IX) = (27i)* and T xU is the cup product in H* (ZX). The
T-integral structure S(X)z C S(X) is defined to be the image of s. This
satisfies the following properties.
(i) S(X)z is a lattice in S(X), i.e., S(X) = S(X)z ®z C.
(ii) We have G°(£)(s(€)) = s(€ @ LY) for & € H*(X;Z). In particular
the Galois action preserves the lattice S(X)z.
(iii) The pairing (-,-)s takes values in Z on S(X)z. For holomorphic
vector bundles &1, &>, one has (s(€1),5(E2))s = (—1)"x (€2, &1) =
Z?:O(—l)i-"_n dim Ext’ (52, 51)

The last part (iii) of the properties follows from Kawasaki-Riemann-Roch
[42, 54] and the fact that the I'-class is roughly the half of the Todd class.
In fact, for a smooth variety X, the I'-class and the Todd class are related
by

(3.4) (=1)"Tx) - Tx - ™) = (271) “F* TA(T'X)

thanks to the functional equality I'(1 — 2)I'(1 + z) = 7z/sin(nz). (For an
orbifold the relationship is more complicated. See [38, p.124].

)
DEFINITION 3.7. — For £ € K(X) and a section ¢(t1,z) € O(F) of
the quantum D-module of X, we define the A-period II(¢,E) to be the

(6) The convention here is different from [37].
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multi-valued function on U x C*

(35) H((ba 5)(7_7 Z) = (¢(7_7 72)75(5)(7—7 Z))F
The special case Z(E) := (2mi) "1I(1,€), n = dimc X is the quantum
cohomology central charge of £ defined in [37].

Under mirror symmetry the flat section s(£) should correspond to a
Gauss-Manin constant cycle Ce and the above pairing I1(¢, £) to the inte-
gration of the de Rham form mirror to ¢ over C¢. The unit section 1 should
correspond to a holomorphic (oscillatory) volume form. Using L(7,2)" =
L(t,—z)~! (2.4), we can rewrite the A-periods in terms of the inverse fun-
damental solution.

(36)  M6.8)(r2) = (Lir,—2) o, —2), " Fw(E)

In particular, Z(&) is a component of the J-function:

deg

(J(T, —z), 2" 2 zp\IJ(5)> ,

Z(S) - orb

1
(2ri)n

where J(1,2) = L(7,2)71 1 is the untwisted J-function of X with Q = 1.

4. Mirror Theorem for Toric Complete Intersections

In this section we state a Givental-style mirror theorem for complete
intersections in toric orbifolds. By the mirror theorem we can calculate the
J-function or the fundamental solution in terms of explicit hypergeometric
series.

4.1. Notation on Toric Orbifolds

Toric orbifolds or toric Deligne-Mumford stacks were introduced by
Borisov-Chen-Smith [7] in terms of a stacky fan. Here we fix notation for
toric orbifolds and state basic facts. We only consider compact weak Fano
toric orbifolds without generic stabilizers. See [21, 48, 7] for the basics of
toric varieties and stacks. A similar but more detailed account was given
in [37, Section 3.1] with a little different notation.

Let N = Z"™ be a free abelian group. Set Ng = N ®z R. Let A C Ny
be an integral convex polytope containing the origin 0 in its interior. We
choose a stacky fan (¥, 5) on N adapted to A. It consists of the data

e a rational simplicial fan ¥ in the vector space Ng;
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e a homomorphism §: Z™ — N such that {Rx¢b1,...,R>0by } is the
set (1 of one-dimensional cones of ¥, where b; = S(e;) is the image
of the standard basis e; € Z™

which are adapted to A in the sense that A is the convex hull of by, bs,. . ., by,
and that by, ..., b, are on the boundary of A. We call A the fan polytope.
These data give rise to a weak Fano (i.e., ¢1(X) is nef) toric orbifold X.
The coarse moduli space X of X is the toric variety associated with the
fan ¥. We furthermore assume that

e the fan ¥ admits a strictly convex piecewise linear function(”
p: Nr = R;

e the set AN N generate N as a Z-module.
The first condition means that the underlying toric variety X is projective.
The second condition® ensures that the quantum D-module of X over
the small parameter space Hfri(.)c' ) is generated by the I-function (see
[37, Lemma 4.7]). Essentially the same assumption was made in [37] (see
Remark 3.4 ibid). We usually identify a cone o of ¥ with the subset {7 | b; C

o} of {1,...,m}.

Remark 4.1. — Borisov-Chen-Smith [7] allowed N to have torsion and
the torsion part of N equals the group of generic stabilizers of X'. In this
case the mirror of X’ becomes disconnected [37]. We will restrict to the free
N to reduce technical complications.

Take a subset {bpm+1,---,0mes) of (NN A)\ {b1,...,bn} such that
bi,...,bm+s generate N as an abelian group. These are called extended
ray vectors. They define an extended stacky fan in the sense of Jiang [39].
Let 8: Z™*s — N be the homomorphism sending the standard basis vec-
tors e1,...,€emts t0 b1,...,b;mys. Then f is surjective by the assumption.
Define L := Ker 3. The (extended) fan sequence is the exact sequence:

0 L zmts P . N 0

and the (extended) divisor sequence is its dual:

B* D

0 M (Zm+s)* L* 0.

(Ma piecewise linear function is a continuous function on Nk which is linear on each
cone of X. See [48] for the (strict) convexity.

(8) This second assumption is satisfied if ﬂfrb(é\f') is trivial; in particular if X is a weighted

projective space. We will state the toric mirror theorem without this assumption in [15].
The results in this paper should be generalized also without this assumption, but we
will stick to this case for simplicity.
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Here M := Hom(N, Z). Let D; = D(e}) € L* be the image of the standard
basis ef € (Z™*%)*. The Picard group Pic(X) on the stack X is given by
m+s
Pic(X) = H2(X;Z) / 3 zD..
i=m-+1
The image D; of D; in Pic(X) is the class of a torus invariant divisor. We
call D; the extended toric divisor class. The anticanonical class is given
by p = c1(X) = —Kx = Y i, D;. The extended anticanonical class is
defined by p := Y.7"1* D;. Every element of Pic(X) is represented by an
integral linear combination of toric divisors Dy, ..., D,,. For an expression
&€ =>"1" n;D;, define a piecewise linear function ¢¢: Ng — R by ¢¢(b;) =
n; for 1 < ¢ < m. The function ¢, is ambiguous up to an integral linear
function in M = Hom(IN, Z). We have the following:
o ¢ is nef (resp. ample) <= ¢ is convex (resp. strictly convex);
e For v € Box, {p¢(v)} is the age f,(§) of the line bundle £, along
X,.
Define the set Box by

Box := {UGN‘HUEZ, 0< 3¢ < 1, ’UZZCin‘}.

i€o
This parametrizes connected components of ZX [7]. For v € Box, let X, de-
note the corresponding component of ZX and 1, € H°(X,) C Hf age(v)(X)
denote the unit class supported on X,. Here age(v) is given by age(v) =
Y ico Ci When v is written as v = ),
¢; = 0. The extended divisors D, +1,. .., Dimymys correspond to the classes
1b 1(, in H<2 (X)

m4+17 ) “0m4s orb

Note that Ha(X;Q) = (P[5, , QD;)* C Lg := L ® Q. We see that
H3(X;Q) has a canonical complementary subspace in Lg. For m+1 < j <
m + s, b; is contained in a cone o of ¥ and we can write b; = ZiEJ cjibs
for some c;; > 0. Then 6; :=e; — >, cjie; € Q™+ belongs to Lg. We

have

¢;b; for some cone o € X and

m-+s
(4.1) Lo=HX;Q e P Qi
j=m+1
The elements d,,41, .. -, Omts are dual to Dy,41, ..., Dyt s and regarded as

orbifold homology classes (of degree < 2). Set NEy , := {d€ H2(X;R) | Vie
{1,...,m}\ o, (D;,d) > 0} for a cone o. The Mori cone NEy C Ha(X;R)
is given by

NEy = Z NEx.o .
gEX
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The extended Mori cone l\/I\EX C Lg := L ®z R is defined to be

@X = NEx—F Z R}oéj.
m4+1<j<m—+s

For v € Box, we define K, to be the subset of Q™ x Z* C Q™"* consisting of
all d € Q™ x Z° such that >.7"** d;b; +v = 0 and that {1 <i < m|d; ¢ Z}
is a cone of ¥. Let us write v = . ¢;b; for some cone o and ¢; € [0,1)
and set ¢; = 0 for i ¢ 0. Then we have a relation 3"+ *(d; + ¢;)b; = 0 for
d € K,. We denote by d+ v the element of Ly defined by this relation. The
lattice L acts on K, by addition and Ky C Lg. We define the reduction
function {— - }: K, — Box by

{—d} = {~di}b;
i=1
where {r} denote the fractional part of r. Because Zm+s dib; +v =0, we
have {—d} = S1""*[d;]b; +v and so {—d} € N. The reduction function in
fact induces an isomorphism K, /L = Box.

4.2. Mirror Theorem I: Toric Orbifolds

Let X be a toric orbifold as in the previous section. Define M :=
Spec C[L] = Hom(L,C*). For d € L, let ¢¢ denote the corresponding ele-
ment in C[L]. This is a function ¢?: M — C*. The space M has a partial
(possibly singular) compactification M := Spec C[L N 1\/@4;{] It has a spe-
cial point (large radius limit point) O defined by ¢¢ = 0 for all nonzero
deln NEX We choose a Z-basis p1,...,prts of L* (here r := m — n)
such that each p, is extended nef i.e., p, is semi-positive on I@X and

Drtlse--sPris € m+1 Qx0D;. Then we have the corresponding co-
ordinates qi,...,¢.+s on M such that ¢¢ = q§p1 4 qﬁi”;r“ ). These co-
ordinates (qi,...,qr+s) give a desingularization (C”S — M such that 0

corresponds to the origin of C"**. For d € Lq, ¢ defines a possibly multi-
valued function on M. Let p, € H?(X;Z) denote the image of p, € L*. We
write plogq := >, _, P, logq,. This is an H?(X;C)-valued (multi-valued)
function on M.

DEFINITION 4.2 ([15]; See also [37, Section 4.1]). — Take v € Box. De-
fine an HZ  (X)-valued (multi-valued) function I”(q,z) on an open subset
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of M x C* by

m—+s .
I’(q,2) = ePloga/z Z gt H Hk>d¢,{k}:{di}(i)z + kz)
deK, i1 Hiso,thy=a;y (Di + k2)

1{—d} .

Here all but finite terms in the infinite product cancel and D; = 0 for
m+1<j <m-+s. The terms withd+ v ¢ 1\/T]\E)X automatically vanish
and I"(q, z) is convergent in a neighborhood of 0. Apart from the prefactor

ePlogd/% it js homogeneous of degree 2 age(v) with respect to the grading
of HY, (X), deg(q?) := 2(p,d) and deg z := 2. The series I(q, z) := I°(q, 2)

is called the I-function. We have the asymptotics
I(q,2) = emogq/z(lv +0(q))

( )

I(q, )—1—|- +0(27?)

where O(q) denotes a funcmon Vamshmg at 0 and 7(q) is a multi-valued

map with values in HS? (X), called the mirror map. The map 7(q) induces

orb
a single-valued map

42)  7(0): {(q1s--a) |0 < |ga] < €} = HSL(X;C)/H(X; )

for some € > 0. Here H?*(X;Z) acts on HO\rb
G(6)-

The following will be shown in joint work with Coates, Corti and Tseng
[15] (see [18] for the case of weighted projective spaces):

(X) by the Galois action & —

THEOREM 4.3 ([15]). — Let X be a toric orbifold in Section 4.1 and
J(7,2) be the untwisted J-function of X with @ = 1. Then we have

(g, 2) = J(7(q), 2)-

The function I?(q, z) can be obtained from I(q, z) = I°(q, z) by differen-
tiation. Writing D; = ZHi M;aPa, We define the (z-decorated) logarithmic
vector field D; on M by D, := zza 1Miaqa(0/0q,). Taking 6 € Ko such
that v = {—¢} and [d;] > 0 for all i, we can easily see that (see also [37,
Lemma 4.7])

m-+s "5 W 1
(4.3) I’(q H H —vz) | I(g, 2).
i=1 v=0

In the terminology of Givental’s Lagrangian cone [17, 16], IV(g, —z) is in
the tangent space to the cone at —zI(q, —z). Therefore, I appears as a
column vector of the inverse fundamental solution.

ANNALES DE L’INSTITUT FOURIER



QUANTUM COHOMOLOGY AND PERIODS 2929

COROLLARY 4.4 ([37, Eqn (65)]). — Let L(7, z) denote the fundamen-
tal solution (2.8) of the untwisted (s = 0) theory of X. There exists an
H;,, (X)-valued function 0,(q,z) € Hy,,(X) ® O [2] defined on a finite

orb

cover M of M and in a neighborhood of 0 such that
I°(q,2) = L(7(0),2) "'00(a, 2),  0u(g,2) = 1, +0(q).
Also 0,(q, z) is homogeneous of degree 2 age(v) and y(q, z) = 1.

Proof. — We differentiate I(q,2) = J(7(q),2) = L(7(q),2)"'1 by the
differential operator appearing in (4.3). Here notice that 29,0L(7(q), 2) "t =

L(7(q),2) "t o (20, + (0aT)or(q)) for Oa = qa(9/0qa). |

4.3. Mirror Theorem II: Toric Complete Intersection

As before, let V be the sum of line bundles £1 & Lo & --- ® L. over a
toric orbifold X and Y C X be a quasi-smooth complete intersection with
respect to a regular section of V. Let ¢: ) — X be the inclusion. Let &; be
the class of £; in Pic(X) = H?(X;Z). We assume that

e The classes &1, ..., & and ¢ (V) = 1 (X) — D5, & are nef.

e The line bundles L4, ..., L, are pulled back from the coarse moduli

space X, i.e., & € H*(X,7Z).

Let ¢;: Ng — R be the piecewise linear function corresponding to &; (see
Section 4.1). By the second assumption, we have {p;(v)} = f,(&) = 0
for all 1 < i < ¢ and v € Box. Define a lift § € L* of & by & =
Z?:ES ©i(b;)D;. The lift & does not depend on the choice of ;. Then
& is extended nef (semi-positive on 1\/@);{) since (£;,0;) = 0. Set py :=
p— 35 | &. This is also extended nef.

DEFINITION 4.5. — Let us write I"(g, z) =eP 089/ 3",

d+v|:| 1
ek, 4 d{-d}-
For v € Box, we define an H}, (X)-valued function I3)(q, z)

by

¢ (&i,d+v)
I\%(q, Z) = eﬁlogq/z Z q‘”” H H (57, + ICZ) U Uy 1{7d} .
deK, i=1 k=1
Note that Og1;_gy = 0 for d +v ¢ NEx and (€i,d 4+ v) > 0 otherwise.
Also it is easy to see that <§}, d+v) is an integer. Under the above assump-
tion, I})(q, z) is convergent near 0. Apart from the prefactor ePloga/z jt jg
homogeneous of degree 2age(v) with respect to the grading of HX, (X),
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degy q% = 2(py,d) and degz := 2. We set I)(q,z) := I}}(q, z). We have
the asymptotics:
Iy(q,2) = €'°59*(1,+0(q))

(4.4) G( )

Iv(q,2) = F(g)1+—= + 0(:7?)

where F(q) is a power series of the form 1+Zd¢0 caq?, cq € Q with integral

exponents d € LN NEy and G(q) is an HS?(X)-valued map. The mirror

orb
map
(@5) @)=

defines a single valued map from a neighborhood of 0 to H fri(/’\,’ CYHAX;Z).

THEOREM 4.6. — Let L®(T, 2), J¢(7, 2) be the fundamental solution and
the J-function of the (e, V)-twisted theory of X. For v € Box, there exists
an Hpy (X)-valued function Yo(q, 2) € Hyy (X)®O 2] defined on a finite

orb

cover M of M and in a neighborhood of 0 such that

(4.6) Ly(g,2) = L°(3(q), 2) " To(g,2),  Tulg,2) = 1, +0(g).

Also T, (¢, z) is homogeneous of degree 2 age(v) for the grading degy(qd) =
2(py,d). We find that Yo = F(q)1 by comparing the asymptotics in z.
Therefore,

Iv(g,2) = F(q)J¢(S(q), 2)-

Proof. — When the mirror map 7(q) for X is “linear”, the last statement
follows from the quantum Lefschetz theorem [16, Corollary 5.1] applied to
the previous theorem 4.3. First we see how to modify the proof of quantum
Lefschetz in [16] to calculate a convenient slice (I-function) of the twisted
Lagrangian cone. Let %5 denote the (c,V)-twisted Lagrangian cone [16,
Section 3] of X. Define

¢ (&,d)
I(q,z) = ePlosd/z Z qudH H exp (s(& +k2)) O 1_gy -
deKo i=1 k=1

Here d € Hy(X;Q) is the Ha(X; Q)-component of d € Lg under the decom-
position (4.1) and s(z) = 32,5, spxk /k!. We claim that —zI4(q, —2) is on
the cone %. Here we regard I as a Agflogqy,...,logq,, qifl, . 7qifs]]

valued point on Givental’s loop space H for e € N such that eKy CL. (See
the definition of H and %, as formal schemes in [16, Appendix B].) At
s =0, —2Iy(g, —z) is on the untwisted cone % by Theorem 4.3. Write & =

ZT | ViaPq and define the logarithmic vector field £ 1:ZZZ+S1 Viaa(9/0q4,).
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Then the same argument as the last paragraph of the proof of Theorem 4.8
in [16] shows that

fs(q —exp< ZGO ) ~#1o(g, ~2))

is on the untwisted cone %, where G (x, ) is a formal power series depend-
ing on s defined in [16]. Applying Tseng’s symplectic operator A™ ([55];
we use the convention in [16, Theorem 4.1]), we get an element A™ (f5(q))
on .%,. Using the property of the function G, (x,z) and &,(eP1089/%¢%) =
(& + z(&;,d))ePo89/2¢ (see Eqns (12), (13) in [16] and the discussion fol-
lowing them), we find that this equals —zI4(g, —z). This proves the claim.
Taking ¢ = ey, we obtain a vector I, on the (ey,V)-twisted Lagrangian
cone:

e (&)
I)\(qa Z) = IS(Q7 Z)|C=e>\ = eplogq/z Z qud H H (A+€l+k2)|:|d 1{7d} .
deKo i=1 k=1

By the discussion as in [16, Section 5.2], we know that I, and J°* are
related as In(q,2) = F(q)J®*(3(q; M), z) where F(q), s(¢; A) are determined
by the z-asymptotics of I, in the same way as (4.4) and (4.5). (Here F(q) =
F(q)|g=1, $(9) = $(¢;0)|g=1.) Now we differentiate Iy by the differential
operator appearing in (4.3). We find

m+s [6i]—1
(0T -
i=1 v=0
(4.7) _
_ c <£l)d+’76—|>
= Plosa/z N7 gt QB ] H A+ & +k2) 01 g
dekK, i=1

where d + [§] = (d; + [8;])7%4% is an element of Ky. Applying the infinite-
rank differential operator [];_, H ()\-i-ﬁ' +kz)~! to the above element
(here note that (;,8) € Zsq since 5 e NExn Ko), we obtain

___ ¢ <£ivd+v)
(g, 2) =P80 N " gt T [[ O+ &+k2)0aliay-
dek, i=1 k=1

Here we expand (A + &, +kz) " as S o0 s A F71(—€; — k2)*. Because
L = F(q)J* (S(q; M), 2) = L= (&(g5 1), 2) ' F(a) 1

and If is obtained from I by differentiation, I} = L (3(q; \), 2) 1Y, for
an HZ, (X)-valued function Y, (g, z; A) which is regular at z = 0 (see the
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proof of Corollary 4.4). Here Y, is defined over the ring C[z](A™1)) [Eff x]
[log g1, .. .,log qr,qrfl, .. -,q}ofe]] But I, L, ¢(g; A) do not contain neg-
ative powers of A, so it follows that TU is also regular at A\ = 0. Now the
conclusion follows by setting A =0, @ = 1. g

Remark 4.7. — Recall that IV was obtained from I by differentiation
(see (4.3)). In the twisted case, in general, I}, cannot be written in the
form I}, = P, I for some differential operator P, € O = [ (201, ..., 20045).
This means that the twisted quantum D-module over H O\rb(X ) may not be
generated by the unit section 1 as an O[z](z0)-module, where d denotes
the derivative in the HS? (X) direction. Differentiating I, by the same

orb

differential operator as in (4.3), we obtain (cf. (4.7))

(4.8)
m+s [6;]—1 c 511
H H i —VZ) —eplogq/z H H (& + k2)1,4+0(q)
i=1 v=0 i=1 k=1

This equals I} if (€;,0) = 0 for all i. The equalities (£;,8) = 0 (Vi) can be
achieved (for some 0) if there exists a cone ¢ in ¥ such that v € o and
v is in the monoid generated by {b1,...,bmts}t No. On the other hand, if
we invert the variable z, i.e., restrict the D-module to the complement of
z = 0, we can see from (4.8) that the twisted quantum D-module is still

generated by 1. Such a non-generation phenomenon first appeared in the
work of Guest-Sakai [29].

We remark that one can calculate L® and TU from the functions I3,
using the Birkhoff factorization in the theory of loop groups, as observed
by Coates-Givental [17] and Guest [28]. Using the fact that H*(X,) is
generated by 1, as a C[py, ..., p,]-module, we can find differential operators

P, i(20) € Clz01,...,20,],i=1,...,1, (Where s = 4q(0/0q,)) such that
¢vi = Pyi(D1,-..,D0.) 1y, v € Box, i =1,...,1, form a basis of H(X).
Then by the asymptotics (4.4) and the previous theorem, we have

P, i(20)(g, 2) = €718 9% ($,  + O(q)) = L°(S(q), 2) " Tu,i(g, 2).

Here Yv)i(q,z) = Pv7i(z€*Ve)YU(q,z) = ¢y, + O(q) is an HZ, (X)-valued
function regular at z = 0. We consider the matrix formed by the column
vectors P! (20)13; and regard it as an element of the loop group with loop
parameter z. Then the above equation shows that (L°)~! and ('Y“M)vZ are
obtained from it by the Birkhoff factorization [51]. Here we use the fact
that L° = id+O0(z 1) and T, i(q, z) is regular at z = 0. This also gives a
proof that T, (¢, z) and L°(<(q), z) are analytic near ¢ = 0.
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Using Proposition 2.4, we get the following corollary of Theorem 4.6.

COROLLARY 4.8. — Let Ly(r,z), Jy(r, z) denote the fundamental so-
lution and the J-function of the untwisted theory of Y. Set Y,(q,z) =
U, (¢,2) and s(q) =1*S(q). Then we have .* I} (q, z) = Ly(s(g), 2) "' Ty (g, 2)
and 1" Iy(q,2) = F(q)Jy(s(q), 2).

5. Equality of Periods: A-periods = B-periods

In this section we show that the A-periods of X equal ordinary periods
(or oscillatory integral) of the mirror. The key point — the hypersurface
J-function is a Laplace transform of the ambient one and the same for
mirror oscillatory integrals — had been observed in Givental’s paper [25]
on toric mirror theorem and in the Coates-Givental proof [17] of quantum
Lefschetz.

5.1. Laplace Transform of A-Periods

Let X be a toric orbifold in Section 4.1 and ) be a complete intersection
in X with respect to ¥V = L1 @ --- ® L, in Section 4.3. Here we show that
the Laplace transforms of the A-periods of X give precisely those of ). We
choose a lift fj € L™ of & for 1 < j < cas in Section 4.3. Then éj defines a
one-parameter subgroup C* > r — ré of M =L* ® C*. In co-ordinates,

P& = (rviv ... r¥ir+e) when we set € = Y207 v;,p,. By the formula (3.6)
and Corollary 4.4, the A-period II(0,, &) of X is given by
G 6.6 (@), 2) = (I"(e.=2), =~ F0(E)

or

Here 6, is the section” of the quantum D-module QDM (X) of X in
Corollary 4.4. Define the (partial) Laplace transform II(¢, £) by

1(4,€)(q, 5,2) ==
( H sj) /OOO. . ./Ooo (¢, E) (T(szl(zrj)éj L), z) e i T .

where s = (s1,...,5.) € (Rs)®. Note that II(¢, £)(7(q), 2), IL(#, E)(q, 5, 2)
are multi-valued. We can regard them as a single-valued function in
(1Og q1y-- -, log Qr+s; log Z)

(9) More precisely, 0, is a section of 7*QDM (X). The A-period II(6,,E) should be
understood as the pairing of 0, (g, —z) and (7*s(£))(g, z) in the pulled-back quantum
D-module.

TOME 61 (2011), FASCICULE 7



2934 Hiroshi IRITANI

PROPOSITION 5.1. — For £ € K(X) and v € Box, we have
(00, €)(g,5,2) = (I (a4 —2) . 2"~ F 22 00(E) )

where we set Uy, (€) = eml<V>f(vV) UT(E), py :=c1(Y) =p— 25:1 &j
and

orb

(&

q. = H(e i ;1)53 q. 1ie, logqsa—logqa—l—z mi—logs;)vjq, logs;> 0.
j=1 j=1

Note that the right-hand side also gives the analytic continuation of ﬁ(&,, &)

in s.

Proof. — First we calculate the Laplace transform of (g, —z). Writing
I°( q,fz) =e plog‘I/ZZ K, 4 0y 14_g4y, we have

_ e —ploggq/z d+v|:|d

dGKU,d+’U€NEX
c 00 B
<11 / ¢~ 10832/ 2 ()Gt i gy 1

= Z e Ploga/zgdtv,

deK,,d+veNE
= 0 T - _
x TT /o) @72 57T (14 (§d 4 o) = £ ) 1y
j=1

Using T'(1 + 2) = 20(z) and (§;,d + v) € Zso, we find that this is
(s1-++8.)7! times

[T e =99/ (1 = g /2) - 1 (TT5 -y (€7 /)% -0, —2)

The conclusion now easily follows from this and (5.1). O

Remark 5.2. — The integral in r; yielding the factor I'; = I'(1+ ({Nj, d+
v) — &;/z) in the above calculation should be understood as a vector-
valued integration. The exchange of sum and integral is justified by the
estimates |Ogl| < C1C3"/(p,d)! and |Oa[T5_, T;ll < C1CY" /(py, d)! for
some Cy,Cy > 0. Here |d| = Y2075 (p,, d) and || - || is the operator norm
with respect to some norm on H},(X). Note that we need the fact that
D, py are extended nef.
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Remark 5.3. — We can view the map Wy (&) as defining a dual®)
integral structure of the Euler twisted theory.

Using the mirror theorem (Corollary 4.8) we obtain the following corol-
lary.

COROLLARY 5.4. — For an algebraic vector bundle £ on ), we have
(2m1) Ty (Y0, €) (s (¢})  2) = (0, 1.E)(a 5, 2),

where Iy (Y, £) denotes the A-period (3.5) for Y and Y, is the section of
the quantum D-module of Y appearing in Corollary 4.8 and (4.6).

Proof. — By Toen’s Grothendieck-Riemann-Roch [54] we have

c

(5.2) ch(e.&) = [ ]

j=1

: _sj_gj ()

Using this, *Tx = fy U L*f(V) and I'(1 — 2)I'(1 + z) = wx/sin(wz), we
find

\I/V(L*g) = (27Ti)CL*\I/y((€).
Here ¥y denotes the map ¥ (3.3) for Y. The conclusion follows from the
previous proposition and Corollary 4.8. g

5.2. Mirror Construction

In toric geometry, various mirror constructions have been found by
Batyrev [4], Batyrev-Borisov [5], Givental [26] and Hori-Vafa [32]. Follow-
ing Givental and Hori-Vafa, we shall construct mirrors for nef complete
intersections in toric orbifolds as Landau-Ginzburg models.

Let X be a toric orbifold in Section 4.1. A nef partition is a partition
{1,...,m} = Iy U U---UI. such that & := Eieljﬁi is nef for all
0 < j < c and that &,...,& are pulled back from the coarse moduli
space X, i.e., they are Cartier divisors on X. This is a special case of the
situation in Section 4.3. In the case of the original nef partition due to
Batyrev-Borisov [5], Iy is assumed to be empty. We need not to assume
that &y is Cartier on X. As before, we assume the existence of a quasi-
smooth complete intersection Y C X with respect to V = L1 ®--- & L,

(10) Because the Euler twisted theory has a degenerate pairing, we have to distinguish
the I'-integral structure from its dual: the integral structure itself should be given by
TV (E) =T(V)~1u(¢).
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where £; is the line bundle in the class §; € Pic(X). Let ¢;: Ng — R be the
piecewise linear function defined by ¢, (b;) =1 for i € I; and ¢;(b;) = 0 for
ie{l,...,m}\1;. By the assumption ¢;(b;) isOor 1foralll <i<m+s
and j > 1WesetI ={1< z<m+s|goj( )—1}forj 1Thesets
Th,...,1, are mutually disjoint. Set Iy := {1,...,m+ s} \ UJ 11

Consider the torus T := Hom(N,C*) = M @z C*. Let ¢ denote a point
on T. Each element b € N defines a function t*: T — C*. Take o =
(aq,.. am+s) in (C*)™** and define the Laurent polynomials Wéo)( t),...,
Wi (¢t ) onTas WP () =3,

plete intersection in T

il a;t%. A mirror of ) is given by the com-

Yo={teT| W)= =W () =1}

endowed with a holomorphic function Wéo) : }v/a — C. The pair (Ya, Wéo))
is called the Landau-Ginzburg model. We assume that Y, is a non-empty
smooth complete intersection for generic a. The translation of the torus T

induces the T-action on the parameter space: a > t-a = (t%ayq, ..., t0mts
Qmas). Then (Y/a, Wéo)) = (Y’t.a, Wt(,(;)). Therefore the parameter space of

the mirror family descends to M (in Section 4.2) via the exact sequence
(the divisor sequence tensored with C*):

1 —-T=Mg;C* — (C)™* - M =L"®;C* — 1.

In [37] we considered the mirror of a toric orbifold X itself In this case Iy =
{1,...,m} and the mirror is the family of functions Z " athi s T — C.

Remark 5.5. — Batyrev and Borisov [5] dealt with the case where I
is empty. In this case ) is Calabi-Yau. They conbldered a Calabi-Yau
compactification of Y, in a toric variety ]P’v Here IP’V is a crepant par-
tial resolution of the toric variety Py associated with the polytope V =
Vi + -+ V. C Ng, where V; is the convex hull of {b; | j € I,} U{0}. It
would be interesting to find a partial compactification of (lvfa, ngo)) with
good topological properties.

Remark 5.6. — We hope that the existence of a quasi-smooth complete
intersection ) and that of a smooth complete intersection }V/a are related.
In the Batyrev-Borisov construction [5], it was shown that a general com-
plete intersection ) is quasi-smooth if and only if the compactification of
a general Y, is quasi-smooth.
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5.3. A-Periods and B-Periods

Take C*-co-ordinates (t1,...,t,) on T associated with a basis of N.
Define a holomorphic volume form 2, on Y, by

d dtn
t%l A A ttT
AW A ndw
We shall consider the following oscillatory integral (B-periods):

(5.3) / (D)W W/q,
()

v

for a Laurent polynomial ¢: T — C and a possibly noncompact cycle
I'(a) C Y, such that R(W, (O)( t)/z) — oo in the end of I'(«). More gen-
erally, for k= (k1,...,ke) € (Z>0)¢, we introduce the residue symbol
_w (0 2 dt; dtn,
B(t)e=Wa )/ %/\"'/\ttT
[T, (s (8) = 1)kt

Q=

Osc(¢, k) = (H§=1 2k kj!) Resy, <

and define the “oscillatory” residue integral
(5.4)

Osc(, k; o) = -
I(@) (2mi)e

Wb et

) [T (We () - R+t
Here T(I'(ar)) € T is a cycle given as follows: Take a small tubular neigh-
bourhood N of ¥, in T. Then N \ U‘;:l(Wéj))*l(l) has a deformation
retraction to an (S1)¢-bundle T — Y,. We take T(I'(a)) to be the total
space of T'|r(4). Note that (5.4) equals (5.3) when k = 0.

In this section we consider the integral over the real Iocus. Set(*) Tg :=
Hom(N,R~¢) = {(t1,...,tn)|t; > 0(Vi)}. When a € (R>o)™"*, we can
define the real cycle T'r(«) in Y, by I'r(«) := Y, N Tg. Similarly we define
Mg := Hom(L,R+() C M. For a € (Rs()™**, we have the estimate(!?):

m—+s
o s [0 v i
ZW Z a;t’ > e(a 1I£1iagxn t," Lt vVt € Tr
for some e(e) > 0 and N € N. Restricting this to Tr(a) = T N Y,
we get Wi )+ c > e() max1<l<n{t1/N _1/N} Consider the integrals
(5.3), (5.4) with R(z) > 0, I'(a) = I'r(a) and « € (Rso)™"¢. Take P

(11) Note that this does not depend on the choice of co-ordinates ¢; on T.
(12) Use the fact that 0 is in the interior of A and the inequality S1z1 + -+ + Brxr =
xfl xfzk for z; >0, 8; >0, Zi;l Bi =1.
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as a compactification of T. Then the convergence of the integral (5.3) is
ensured by the exponential factor e=W&” ®)/2 hecause o(1)Q2, grows at most
polynomially near the infinity P™ \ T. By taking T(T'r()) to be a semi-
algebraic cycle (as in [50, Appendix]) which is sufficiently close to I'r(«),
we have the convergence of (5.4) similarly.

For v € Box, we set a¥ := HJEJ aj' when v =}, ¢;b; for some cone
o and ¢; € [0,1). The following is the first main theorem of this paper.

THEOREM 5.7. — Let Y be a toric complete intersection in Section 5.2.
The A-periods (3.5) of the structure sheaf Oy equal the oscillatory residue
integrals over T'r(a).

My (T, Oy)(s(q). 2) = / ., 0l G0,

Here 3(v) = (p1(v),...,0c(v)), v € Box, a € (Rs0)™ ", ¢ = [a] € Mg,
z > 0 and the functions ¢(q), T,(q) are as in Corollary 4.8 (see also (4.5),
(4.6)). In particular, the quantum cohomology central charge Zy(0Oy) =
(2mi) = 4m YTy, (1,O0y) is given by

1 —wO () /x
2y(0y)60)-2) = Gy || O,
r(a

Moreover, the A-period Iy(Y,,*E) for € € K(X) is in the Z-span of
the monodromy transforms of Iy (Y,, Oy) with respect to the monodromy
around q = 0.

Remark 5.8. — The A-periods ITy(Y,,:*€) should be written as an
oscillatory integral over an integral cycle Fg Wthh is monodromy-generated
by I'g, but we do not know its explicit representative.

Remark 5.9. — By Corollary 4.8, the A-period ITy, (T, &) for £ € K(Y)
can be expressed in terms of the explicit hypergeometric function I3}:

Iy (Y, €)(s(q). 2) = (" Fpla, —2), =Y~ F 27wy (€))

Hence theorem 5.7 gives equalities of oscillatory integrals and hypergeo-

orb

metric series.

Proof of Theorem 5.7. — The case ) = X was proved in [37, Theo-

rem 4.14]. In this case we have the following:
(7) 2 n
(1, 0x)(rlg),2) = [ e om0 Sl

’H‘R tl tn ’

where ¢ = [a] € Mg, a € (Rs)™"*. By (4.3) and (5.1), we know that
I1(6,,Ox) can be obtained from II(1,Ox) by differentiation. Using the
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fact that the vector field D; there is lifted to za;(9/0c;) on the a-space,
we calculate

_\e© () L dt dt,
]‘_‘[(0’07 OX)(T(Q)v Z) = / a’t’e Zj:g W/ Tl VANEERIWAN T
T 1 n

By the assumption that Y, is smooth for generic a, we can see that the
map

Wa = (Wo(zl)ﬂ AR Wo(f)): TR — (R>O)c
is generically submersive for generic a € (R+o)""%. Hence the above oscil-
latory integral can be rewritten as

C

6, 0x)(r(a12) = [ [Jdue 2" py(asu),
u€(R>0)® 521

A ppdin
T npaw - Here we
set P,(a,u) = 0 if w is not in the image of W.,. We take the partial Laplace
transform of the both-hand sides. Under the divisor map D: Z™*s — LL*,

fj can be lifted to the sum Zie? e; € Z™*5. Therefore the c-dimensional
J

where P,(a,u) := fTRm{Wa(t):u} altve— Wi (t)/z

flow ¢ — H;Zl(zrj)gf -q on M can be lifted to the flow on the a-space

scaling W(gj ) by zr; for 1 < j < ¢ and leaving Wéo) invariant. Hence
I1(6,,0x)(q, s, z) with s € (Rs()¢ equals

c 00 c
H/ spdry, / Hduje_(“ﬁsj)rj(zrj)%(”) P,(a,u)
k=170 u€(Rxo)¢

Jj=1

— / s P, (o, ).
ue(Rx0)¢ \ j=1 (uj +Sj)1+<pj(v)

We can change the order of the integration by Fubini since the integrand
can be viewed as a non-negative measure. Because ﬁ(@v, Oy) is well-defined
by Proposition 5.1, the integral in the right-hand side also converges for
s; > 0.1If s; € C\ Rgo, there exists a constant C'(s;) > 0 such that

1 < C(S])
(uj + s;) 2@ | = (uy + 1)1+ )

for all u; > 0.

Therefore the above integral can be analytically continued in s and makes
sense for s; € C\ Rcp. The jump of the values across the branch cut R
can be calculated by the Cauchy integral formula. For a function f(s;) on
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C\ Reo we set (A f)(—s;) = lime 1 o(f(—s; — i€) — f(—s; + i¢€)) for
s; > 0. Then we have

(Al AT, ox)) (@) =51, s —50,2)

¢ ¢ o ®j(v)
= H(—27rlsj)j1;[1 (Zé‘sj) P,(a,s).

j=1
On the other hand, we can calculate the left-hand side using Proposition 5.1
when ¢ is sufficiently close to 0 and s; > 1. It is

(M (emers = UL (5=, 5,9 - q.—2) 25 0y(On))
= (=1)°TI(6,, 1. Oy)(q, €™s, 2) by (5.2) and Proposition 5.1

= (—2mi)“Ily(T,, Oy) (g <H§=1 sj_gj : q) ,z) by Corollary 5.4.

We arrive at the formula in the theorem by differentiating

orb

a'“tvefwc(xo)(t)/zm A A dtn
P, (a’ s) = / ) . D t1 5 tn
T(Ten{Wa()=s}) (Wa ' (t) —s1) - (Wa (1) — sc)
in s1,...,S. and setting s; = --- = s, = 1. The last statement follows from

the fact that K(X) is generated by line bundles [10] and the monodromy
formula

Iy (¢, E)(s (2™ - g), 2) = Ty (¢, " (LY) ® €)(s(q), 2)

where £ € K(Y), € € L* and § € Pic(&) is its image. (It follows from
Definition 3.6, (ii) and ¢(e2™¢ - q) = G(1*¢) " Ls(q).) O

6. Toric Calabi-Yau Hypersurfaces
In this section we restrict our attention to a Calabi-Yau hypersurface ) in
a Gorenstein weak Fano toric orbifold X. Based on the period calculation
in Theorem 5.7, we study mirror symmetry of ) as an isomorphism of
variations of Hodge structure and compare the integral structures on the
both sides. We set n := dim¢ X as before.

6.1. Batyrev Mirror

Batyrev [4] constructed mirror pairs of Calabi-Yau hypersurfaces based
on the duality of reflexive polytopes. This is the case where the ambient
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toric orbifold X is Gorenstein (i.e., Ky is pulled back from the coarse
moduli space) and we take the nef partition Iy = 0, I; = {1,...,m} in
Section 5.2. We refer the reader to [4], [20, Section 4] for details. The fan
polytope A is said to be reflexive if the integral distance between 0 and all
hyperplanes generated by codimension one faces equal 1. If A is reflexive,
the dual polytope A* = {y € Mg |(z,y) > —1(Vz € A)} have integral
points as its vertices and (A*)* = A. A weak Fano toric orbifold is Goren-
stein if and only if its fan polytope is reflexive. A general anticanonical
section ) in a weak Fano Gorenstein toric orbifold X is a quasi-smooth
Calabi-Yau orbifold. As in Section 5.2, the (uncompactified) mirror Y;, of
Y is given as a hypersurface in the torus T:

m-+s
v

Yo =W (1) CT, Walt) =WI(t)=> at.
i=1

Take C* co-ordinates (¢1,.. . ,t,) on T as before. Introduce another variable
to and define the subring Sa of C[tg, tf, ..., tF] by

Sa=Esk, Sh= @ ci'y.

k>0 bekANN

It is graded by the degree of tg. The toric variety Pan := ProjSa is a
compactification of T. The variety PA is associated with the normal fan of
A and its fan polytope is A*. The closure Y, of Y,, in P4 is an anticanonical
section of Po. We say that f/a is A-regular if the intersection of }V/a and
every torus orbit O in Pa is a smooth subvariety of codimension 1 in O.
The set of parameters a for which Y, is A-regular is a non-empty Zariski
open subset (CX)7F* of (C*)™+*. This is invariant under the action of T
and descends to a Zariski open subset M,es in M. Let Y, be A-regular. A
resolution of Y, by a Calabi-Yau orbifold is constructed as follows. Choose
a projective crepant resolution X = Pa by a toric orbifold X. This amounts
to choosing a triangulation of the fan polytope A*. The fan polytope of X
is still A*. Then the pull-back Y, CXofY,isa quasi-smooth Calabi-Yau

hypersurface which gives a crepant resolution of Ya.

Remark 6.1. — Batyrev [4] showed that one can choose X with only
terminal singularities (MPCP desingularization). In this case Vo becomes
also terminal. In particular, we can take Jvia to be smooth in dimension 3
because terminal Gorenstein orbifolds in dimension 3 are all smooth. From
a viewpoint of orbifold mirror symmetry, we do not need to restrict our
attention to terminal partial resolutions.

TOME 61 (2011), FASCICULE 7



2942 Hiroshi IRITANI
6.2. A-Model VHS of a Calabi-Yau Hypersurface

By the Gorenstein condition, the orbifold cohomology of Y is graded by
even integers"®) . Since ) is Calabi-Yau, the quantum D-module QDM )
of Y in Definition 3.1 restricted to H grb (Y) and z = 1 reduces to a variation
of Hodge structure (VHS) in the classical sense (cf. Remark 3.3). See [20,
Section 8.5]. We furthermore restrict our attention to the “ambient part”.
Set

fan (V) = (e i, (X) = Hiy ().
By Corollary 2.5, HY_, () is closed under quantum product. For the con-
vergence domain U C H, (Y) in Section 3.1, we set U’ = HZ2_, (Y)NU.
Take a C-basis n1,...,m¢ in H2_, (). Let 7%,..., 7% be the correspond-

amb
ing co-ordinates on H2_,()) and 7 = Zle 7'n; be a general point on

amb
H2

amb(y)'

DEFINITION 6.2. — The ambient A-model VHS of Y is the tuple (4,
VA ZX,Qn) consisting of the locally free sheaf # = H (V) ® Oy over
U’, the flat Dubrovin connection V2 : 5 — 74 @ QL,

¢
vA =d + Z(nio_r)d,ri’
i=1
the decreasing Hodge filtration % = HSXn=1=p) (V) ® Oy» on s, and

amb

the VA-flat (—1)"~'-symmetric pairing Qa: #x ®@ H#x — Oy
deg
QA(au B) = (271—:[)"_1((—1)7&’ ﬁ)orb~

The Galois action of 1* H*(X;Z) on the A-model VHS is defined similarly
to (3.1), (3.2).

The A-model VHS satisfies Griffiths transversality and the Riemann bi-
linear relation:

(6.1) VAZL c 2 2 QL, Qa(FE,FX7P) =0.
By a result of Mavlyutov [47, Theorem 5.1], we have the decomposition
H: (V)= Hf (V) ® Ker(e,). Since the two summands are orthogonal to
each other with respect to the orbifold Poincaré pairing, we know that the
polarization form Q) is non-degenerate on the ambient part 74 .

The f—integral structure in Definition 3.6 induces an integral structure
on the above A-model VHS. Let Ly(7) := Ly(7,z = 1) denote the funda-
mental solution of the quantum differential equation (with @ = 1) of ). By

(13) Recall that we ignore odd cohomology classes on the A-side.
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Proposition 2.4, we know that Ly(7) with 7 € U’ maps a class in H , ())
to a flat section of 4. Therefore, if £ € K(Y) satisfies ch(€) € H , ()),
we have a flat section s(&)(7) = s(€)(r,2z = 1) of A, in the same way as
(3.3):

s(&)(r) = (2771)_(”_1)Ly(7)‘1’y(5)
Uy () = Ty U (271) "2 inv* ch(€).
DEFINITION 6.3. — Set Hp := Ker VA C . Define the local subsys-
tem H X’&b of Hp as
HY% = {s(1*€)| € € K(X)}.

It is a Z-lattice of H and preserved under the Galois action by .* H*(X; Z).
For s(£1),8(&2) € HY", we have

Qa(s(&1),5(&2)) = xy (&1, E2).

We call H Zﬁ%b the ambient f-integral structure on the ambient A-model
VHS of Y.

Remark 6.4. — The above integral structure also induces rational and
real structures Hp g, Ha r on the A-model VHS. With respect to the real
involution « defined by Ha g, we hope to have the Hodge decomposition
and the Riemann bilinear inequality:

(6.2) Ay = FLER(FLT), 17IQu(6,5()) > 0

for ¢ € P = FL N k(F1)\ {0}, ¢ =n—1—p. From a result in [35],
it follows that these properties hold in a neighbourhood of the large radius
limit(*) . In fact, by mirror symmetry, we will see that these properties
hold globally.

6.3. B-Model VHS

As we saw in Section 5.2, the parameter space of the mirror Y, (or its
compactification ),) descends to M = L* @ C*. We are interested in the
VHS associated with the family of A-regular Calabi-Yau hypersurfaces:

pr,: @déf{(t a) € & x (C)mts \teya}/qr—>Mreg

(14) We showed the Riemann bilinear inequality for the (p,p) part (or algebraic part) of
quantum cohomology VHS in [35]. Note that the ambient part H* . ()) is contained in

the (p,p) part.

amb
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In this paper, we restrict our attention to the VHS on the untwisted middle
cohomology H"~1()),,). Furthermore, we only consider classes obtained as
residues. Let Res: H™(X'\ j}a) — H" (Y,) be the Poincaré residue map:

Res(w w, w€H"(X\Va),
/ 27T1 T(v) ( \ )

where T(y) C X \ Y, is a tube of an (n — 1)-cycle v C YV, (as appeared in
(5.4)). Define the residue part of H"~1(Y,) by

H1L (Vo) == Im(Res: HO(X, Q% (+Ya)) = H" 7 (Va)).-

res

Here HO(X, Q;(*)}a)) is the space of algebraic n-forms with arbitrary poles

along )V)a. Let Dl, ceey Dy be the toric divisors of X. We claim that we have
the orthogonal decomposition with respect to the intersection pairing:

=1

(6.3) H" (Vo) = HIE (Vo) @ (Zf”H” S(ymD)>

where f;: DZ N 5}0 — )v)a is the inclusion. To see this, we use the Gysin
exact sequence (see [46, Equ (7)]):

N
(64) @ H"F. D) 2 D

i=1

~ T HY Y (D) = W (H 1Y) — 0.

Here W, (H"(Y,)) denotes the weight filtration of Deligne’s mixed Hodge
structure. In the proof of [46, Theorem 4.4], it is shown that the compo-
sition HO(X, Q" (*)Via)) — H" YY) = Wy 1(H"(Y,)) is surjective.
Hence HJY 1(ya) and Zf\il fir H'3(Vo N D;) generate H"~(Y,). On the

res

other hand, H™;*(V,) and fi, H"3(Y, N D;) are orthogonal to each other

res
because Res(w) for a holomorphic n-form w on X'\ Y, vanishes on Y, N D;.
This proves the claim. The decomposition (6.3) gives a topological char-
acterization of H)\5 1(ya) It consists of degree n — 1 classes on ), which

vanish on the toric boundaries Y, N D;. Therefore the subspace H™;(),)
is defined over Q and is preserved by the Gauss-Manin connection. We can
also see that each class @ € H™;(Y) is primitive, i.e., « UH = 0 for an

ample hyperplane class H. By (6.3) and (6.4), we have the identification
Hi (Vo) = Waa (H' (Vo).

Since W,,_1(H"1(Y,)) is the lowest weight component, this identification
induces a Q-Hodge structure of weight n — 1 on H™;*(Y,).

res
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DEFINITION 6.5. — The residual B-model VHS of the family pry: 9) —
Mg is a tuple (#5, VB, Hp o, 75, Qp) where #% is the locally free sub-
sheaf of (R"’lprQ*C@) ® OM,,, over M,eg whose fiber at [a] is the residue
part H 1 (Va), VB is the Gauss-Manin connection, Hg g C Ker VB is the
rational structure explained above, Ff = @;s, Hi ™' (V) is the
standard Hodge filtration and Qg is the intersection form:

QB(wi,ws) = (*1)(7271)("72)/2[ wi U ws.

The residual B-model VHS satisfies the usual properties of a variation of
polarized Hodge structure as given in (6.1) and (6.2).

Consider the relative homology group H*('JVT,}V/,X) The Morse-theoretic
argument in [37, Section 3.3.1] (see also [22]) shows that

- . k
(65)  Hy(F.Ya:2) = Hy(T, (ROWa (1) > 0):2) = {OZVOW o

where Vol(A) is the normalized volume of A such that the volume of the
standard n-simplex is 1. The group H, (T, {R(W.(t)) > 0}) is generated
by Lefschetz thimbles emanating from critical points of W, (¢); Vol(A) is
the number of critical points of W, (¢) (with multiplicities). By the relative
homology exact sequence, we have

0 — Hy(T) — Ho(T, V) -2 Hyoy(Va) — Hyoy (T) — 0.
The image of H,, (T, Yy; Z) under 8 consists of the vanishing cycles of Wy (t).
LEMMA 6.6. — The image of the composition
Ho(T,Ya) —7— Hooa(Va) —— Hoa(Va) ——— H* (V)

is H"7'(Y,). Here PD is the Poincaré duality isomorphism (defined over

res

Q). We denote by VC: H,(T,Y,) — H";'(Y,) the resulting surjection.

res

Proof. — 1t is clear that an image of the above map vanishes on the toric
boundaries Y, N D;. Thus the image is contained in H7;'(Y,). The dual
of this map is given by
(6.6)

HI (Vo) 2 HIS (Vo) = W H' (Vo) = B (Vo) = B (T, Vo)
where the first isomorphism is via the intersection pairing. The map ¢ is
dual to 0 and its kernel is H"‘l(ﬁ‘). Because the intersection of H”_l('ff)
and W"—1H "_1(}7@) is zero for the weight reason, the above dual map is
injective. ]
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DEFINITION 6.7. — The vanishing cycle integral structure Hg, C Hg g

on the residual B-model VHS is defined to be the image of H,(T,Y,;Z)
under the vanishing cycle map VC: H,(T,Y,) — H (V).

res

Remark 6.8. — The mixed Hodge structure of affine hypersurfaces in
the algebraic tori was studied by Danilov-Khovanskii [22] and Batyrev [3].
The Hodge structure of toric hypersurfaces has been studied by Batyrev-
Cox [6] and Mavlyutov [46, 47].

6.4. Mirror Isomorphism with Integral Structures

In this section, as we did in Section 4.1, we assume that N is generated by
ANN as a Z-module. Also we choose non-zero vectors {by41, .-, bmtst C
ANNN\{by,...,by} such that by,...,by,+s generate N over Z. Because
A is reflexive, every b; has to be on the boundary of A. Then the lift &
of & = Dy + --- + D,, defined in Section 4.3 equals ZI’;{S D; and so
Py =p— & = 0. Thus the degrees of the variables ¢, ..., Qr+s are zero.
By the homogeneity of the I-function Iy, the mirror map ¢(q) = ¢*¢(q) for
Y (see (4.5)) takes values in H2 | ()).

We briefly review the mirror isomorphism of D-modules for a toric orb-
ifold X in [37]. We can associate the B-model D-module (R, V, (-, )r)
to the Landau-Ginzburg mirror (T, W, (t)) of X. It is a meromorphic flat
connection over M° x C with poles along z = 0 such that the underlying Z-
local system at (o], z) € M°xC* is given by the lattice H™ (T, {R(Wa.(t)/z)
< 0};Z). Here M° is a Zariski open subset of M containing M,eg. The
oscillatory form ¢(t)eWa(t)/z%1 ARERWAN dtt—: appearing in Section 5.3 gives a
section of the B-model D-module R(?). We have the mirror isomorphism %
[37, Proposition 4.8] in a neighbourhood of ¢ = 0

Miry: (7 x id)*(QDM(X)/H2(X;Z)) = (RO, V, (-, ) r)

sending the unit section 1 to [eWﬂ(t)/z%l ARERWAN dtt—"] Here 7 is the mirror

map in (4.2) and H%(X;Z) acts by Galois action. This induces an inclusion

(15) Because we changed our convention of QDM (X) from [37] (see Remark 3.2), we
also need to modify the definition of the B-model D-module accordingly. The necessary
modification makes the B-model D-module more natural. We defined the integration

pairing of a section [(;S(t)ew(t)/zdt% ‘e %] of R and a Lefschetz thimble with the

additional factor of (—272)~"™/2 in [37, Eqn. (53)]. Then the integral structure, the flat
connection and the pairing on R(®) were introduced through this integration pairing.
We just need to remove the factor (—27z)~"™/2 there to redefine these ingredients.
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of Z-lattices:
Mirk : K(X) < H, (T, {R(W.(t)/z) > 0};Z)
such that for I'¢ = Mir%(€),

(6(a, —2),5(E)(7(q), 2)) jp = | Mira(¢(q, —2))

Te
for any section ¢(q,z) of (7 x id)*QDM(X). (It is known by Hua [34]
that K(X) is a free Z-module and thus K(X) = S(X).) For z > 0 and
a € (Rsg)™t®, Mir% sends the structure sheaf Oy to the real Lefschetz
thimble TVI‘R. By [37, Theorem 4.11], the map Mir%( gives an isomorphism
of lattices under the assumption

K(X) = Hom(K(X),Z), &€+~ x(-E), is surjective.

This holds true in our case because X does not have generic stabilizers
and we can apply the result of Kawamata [41] that the derived category
DP(X) of coherent sheaves has a full exceptional collection {£} ;. (In this
case, {&;}, forms a Z-basis of K(X) and the Gram matrix x(&;, &;) is an
upper-triangular matrix with diagonal entries all equal to one.) Therefore
Mir%, is an isomorphism. If ¢ = [a] is sufficiently close to 0, all the critical
values of W, (t) are contained in the ball {u € C||u|] < 1/2}. Then we have
the canonical identification for z > 0:

(6.7)

Ho (T, {RWat)/2) > 01 Z) 2 Ho(F, (ROWa(8)) > 15 2) 2 Ho (T, Vo 2).

The following is the second main theorem of the paper.

THEOREM 6.9. — Let (), Jv)a) be a Batyrev’s mirror pair of Calabi-Yau
hypersurfaces. The ambient A-model VHS of ) and the residual B-model
VHS of ), are isomorphic:

Miry: ¢* (4, VA, ZR,Qa) /" HA (X, Z)) = (3, V", 75, Qn)

in a neighbourhood of ¢ = 0. We have the following correspondence under
Miry.'

_ avtvdit Ao p s
Miry: Ty (g, 2 = 1) — (=1)28°(") age(v)! Res . "],

(Walt) — D1
where v € Box, ¢ = [a] and T ,(q, 1) is the section of ¢* 74 in Corollary 4.8
(see (4.6)). In particular, F(q)1 corresponds to the holomorphic volume
form Q, = dt—tll A A ‘?—:/dWa on Y,. The mirror isomorphism Miry
induces an isomorphism

I/ amb ~ Ve
Miry,: HyY'y = Hgy,
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of Z-local systems. Moreover, when z > 0 and q = [«] is sufficiently close
to 0, we have the commutative diagram:

K(X) == H, (T, {R(Wa(t)/2) > 0}; Z)
(6.8) l lemvc
irZ
Hyp H,

where €,, = (—1)"("=1)/2_ Here we used the identification (6.7) to define the
right vertical arrow VC (see Lemma 6.6). The left vertical arrow (* sends
E tos(t*E)(s(q)) for € € K(X).

Proof. — Consider the map #: S — H(T, Q%(*Y’a)) [3] defined by

tb dt dt,,
LAoA =R k> 0.

‘%(tbtg) = (_1)k_1(k - 1)‘ (Wa(t) o 1)k ? tn

Let I(Al) be the ideal of Sn spanned by the monomials t°¢f such that b is
in the interior of kA. Batyrev showed [3, Theorem 8.1, 8.2] that Z(t"t)
with 25 € 1", k < p generate the Hodge filter F"™1=PW,, , (H"(T \
Y,)). Because the Poincaré residue map H™(T \ Y,) — H"1(Y,) is a
surjective morphism of mixed Hodge structures of the Hodge type (—1, —1)
[3, Section 5], we know that Res(Z(t°t})), t'tk € I(Al), k < p generate
F=PW,,_1(H"(Y,)). (One can also see that Z(t*t5) for t°tk € I\ extends
to a holomorphic n-form on X\ Y,. See the proof of [46, Theorem 4.4].)

By the homogeneity of Y, (g, z), we have (—1)8/27,(¢,1) = (—1)2e°(®)
T (g, —1). Using this and Theorem 5.7, we have

CFQA(Yol=1,5(:"0Ox)) = (—1)* W Iy (T, Oy)],_,
= Qp(Res(Z(at" 25 1)) ¢, VC(TR))

for v € Box and ¢ sufficiently close to 0. Here VC(']VTR) =Y, NTg is what
we denote by I'g(a) before. We consider the monodromy transforms of
the both-hand sides around ¢ = 0. By the last statement in Theorem 5.7,
¢*Qa(Yy,s(¢*E)) is monodromy generated by ¢*Qa(Y,,5(:*Ox)). More-
over, Miry and the vertical arrows in the diagram (6.8) is equivariant with
respect to the monodromy transformation around ¢ = 0 (which is the ten-
sor product of line bundles on K (X); see Definition 3.6, (ii)). Therefore,
we have for any £ € K(X) and ¢ sufficiently close to 0,

(6.9) <" Qa(Tole=1,5(:°E)) = Qp(Res(2(at 1 *)), €1 VC(I'e))
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where T'¢ := Mir% (£). The A-model VHS ¢*.7, is generated by T,|.—1,
v € Box and their covariant derivatives near ¢ = 0 as an Oy, -module
(see the discussion before Corollary 4.8). Likewise we claim that the B-
model VHS J#% is generated by Res(%(a”t”tzge(v)ﬂ)), v € Box and their
derivatives. Take any element t'tf € I(Al). Take a cone ¢ € ¥ such that
b € 0. Then we can write b = >,
l; € Z>p. The piecewise linear function ¢; defined in Section 5.2 satisfies
@1(bj) = 1 for all 1 < j < m +s. So we have p1(b) = >, li +age(v).
Since t°t§ € I(Al), we have ¢1(b) + 1 < k. By a direct calculation, we find

l;b; + v for some v € BoxNo and

H(Vg/aai)li Res (%(tvtgge(v)—&-l)) — Res (%(tbtgl(b)+1)> .
ico

Using the Euler vector field E = 327" ,(8/8c;), we find

(v% thk—1)-- (v% + 1(b) + 1) Res (%(tbtgl(b)-‘rl)) = Res (Z(t"t})) .

Now the claim follows. By taking the derivatives of (6.9), we know that
the full period matrices of ¢*(#4,V?) and (s, VE) are the same. This
shows that we have an isomorphism Miry : ¢* (4, VA) & (%3, VP) send-
ing T,(q,1) to Res(%(t”t%ge(v)+1)). Moreover, from the above calculation,
it turns out that the generators Res(Z(t"tF)), t'tk IS), k <pof F*7P

~

W1 (H™(Yy)) = ﬁzgif] correspond via Miry to elements in (¢*. %, ") (o] =

erjép*”(y). Hence Miry(¢*#,\ ") D 5 P. The other inclusion
Miry(¢*.Z,?) € Z5 " can be easily seen by taking a basis of .#,
given by the covariant derivatives of T,|,—1. Therefore ¢*(#4, VA, F 1) =
(A5, VB, 7).

Next we show that ¢*Qa = @p under Miry. We know by (6.9) that
the “dual” flat sections Qa (+,5(¢*E)) and Qp(-, €n—1 VC(T'¢)) correspond to
each other under Miry. Therefore it suffices to show that Qa(s(¢*€1), 5(1*€2))
and Qp(VC(Ts, ), VC(Tg,)) are equal for &1,& € K(X). We have

Qa(s(t7&1),5(17E2)) = xy (171,07 E) = x(&1,&2) — (—=1)"x (&2, &1).

Let e™T¢. denote the parallel translate of T, € H,, (T, {R(W4(t)/z) > 0})
along the path [0,1] 3 6 — ™2, Then we have

Qe(VC(I'e,), VC(IT's,)) = €51 VC(T'g, ) - VC(I's,)
= Gn(Fgl . 67711—‘52 + (—1)"‘11“52 . eﬂirgl).
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Since Miry preserves the pairing(w), we have
X(51,52) = enrgl . eTri].—‘g2

and ¢*Qa = @p follows. Therefore, s(¢.*E) corresponds to VC(T'g) under
Miry when ¢ is sufficiently close to 0. This shows the commutative diagram
(6.8). O

The class [Op] € K(Y) of a skyscraper sheaf at a non-stacky point on Y
gives a flat section s(Oyy) of H4. Usually [Op] is not contained in ¢* K (X),

~.

but we can still find an integral cycle on ), corresponding to it.

THEOREM 6.10. — Under the mirror isomorphism Miry in Theorem 6.9,
the flat section s(Opy) corresponds to an integral compact (n — 1)-cycle
Cla) CY, ie,

(6.10) Qa(6,5(0p)) /C( )Miry(QS)

for any section ¢ of ¢* 5. In particular, we have (27i)"~1F(q) = fc(a) Q.

Proof. — It suffices to prove (6.10) for ¢ = T, (q,1), v € Box. We first
show that for sufficiently small o € (C*)™*¢ and ¢ = [a],

1 (—1)2e°(®) age(v)!la¥t? dt;
Yo (g, 1),5(0 _ Gl
QA( ((] ) 5( pt)(C(Q))) 27ri (S1)n (Wa(t) _ 1)1+age(v) ty
dty,
Aeee N 22
tn
where (S1)™ = {|t1| = --- = |t,| = 1}. By (4.6) and the formula of I}, we

find that the left-hand side equals

+
. (525 ds + agetw))!
(271’1) Z Hm+s d.! q
dJ GZ;O

d+v

On the other hand, by expanding 1/(1 — W,(¢)) in geometric series, the
right-hand side can be calculated as the residue at ¢ = 0. This is possible
under the assumption that |W,(t)] < 1 for all ¢ € (S')™ (this holds when
all a; are sufficiently small). It is easy to see that the residue calculation

(16) We made a sign error in [37] in matching the pairings under mirror symmetry. In [37,
Appendix A.3] we showed that the A-model and B-model pairings differ only by a con-
stant. The constant is fixed by comparing I'g - I'c with x(Ox,Opt) = 1, where I'g = Tr
and T'c 2 (S1)". Taking the orientation into account, we find that I'g-T'c = (—1)"(n=1)/2
instead of 1. So the B-model pairing should be multiplied by €, = (—1)"(?=1)/2
the complete match with the A-side.

to have
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gives the same answer as above. We now use the following argument by
Przyjalkowski [52, Section 2.5]. For a fixed such «, we consider the family
of compact tori (S})" = {|t1] = =|tn| =€} for 0 <e < 1. At e =1, we
have (S1)"NY, = (. While e decreases from 1, this family of tori slices the
hypersurface Y,. For sufficiently small €, (S!)™ does not intersect Y, again.
Let 0 < § < 1 be such that (S)” NY, = 0 for e < §. Then one can use
(S})™ — (S})™ as a tube cycle of the slice C(a) == Js_.; Ya N (SH)". We
can see that the integral over (S})™ of the same integrand tends to zero as
0 — 0 since the denominator grows faster than the numerator. From this
it follows that the integral over (S})™ is in fact zero and the right-hand
side equals fc(a) Miry(Y,(g,1)). The last statement follows from the case
v =0. ]

6.5. Multi-GKZ System

Batyrev [3] showed that a rational period of affine hypersurfaces in T sat-
isfies the Gelfand-Kapranov-Zelevinsky (GKZ) hypergeometric differential
system [24]. Borisov-Horja [8] showed that a certain collection of periods
satisfies a multi-generator version of GKZ system, which they called better
behaved GKZ system. Here we see that the residual B-model VHS can be
realized as a sub D-module of the D-module defined by the multi-GKZ
system. This is related to the multi-generation phenomenon explained in
the Introduction and Remark 4.7. In joint work [15] with Coates, Corti and
Tseng, we also found that the multi-GKZ system arises for the quantum
D-module of a toric orbifold X itself 17,

Set N := N@Z and b; = (biy1) € N. We still assume b; # 0 for all 4 and
set by = (0,1). For simplicity we set N := m + s. Let A be the cone in the
vector space Ng = N®R generated by A x {1}. Let my, ..., m, be a basis
of M = Hom(N, Z). Let mg € Hom(ﬁ, Z) be the projection to the second
factor. We can then regard mg, my,..., m, as a basis of M = Hom(ﬁ, 7).

DEFINITION 6.11 ([8, 15]). — The multi-GKZ system associated to
{bo,b1,...,bN = bmys} Is the system of differential equations for a family
{we(ap,...,an)|e € NN A} of functions on (C*)N*1 given by D,.c o0 =

(17) The multi-generation occurs typically for non-compact X. It can also occur for
compact X which does not satisfy the assumption in Section 4.1.
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Z;.e = 0, where
N Vo N v_
a +,1 a ,i
DU'e e = -— e — _— o

77 H(@m) “ H(@m) @
i=0 i=0
al Oow

Z’i,e = ]go<ml7bj>ajﬁ + ((miae> - ﬁi)weu 0 < ) < n,

v runs through all elements in ZN*! satisfying ¢ = e + Zﬁio vib; and
vi,v_ € (Zso)NT1 are given by vi; = max(£v;,0) (then v = vy —v_).
The constants fy, . .., B, are called exponents. Alternatively, we can regard
the multi-GKZ system as a D-module on (C*)N*1 defined by

(6.11) P D= / > DZyeet+ >, DZie

eeNNA e,e’,v: as above 1<i<N,eeNNA
where we here is a formal symbol and D = C <a§, N aﬁ, Oags - - - ,8QN>,

It is easy to see that the multi-GKZ system is generated by finitely many
we. In this section, for a = (ag,...,ay) € (C)NTL we set W, (t) =
ag + Zf\il a;th and Y, = {t e T | Wo(t) = 0}. Then W, (¢) and Y,, in the
previous section are recovered by setting g = —1. Note that }Vf(ao,a/) =
Yiaala, for ag € C*, o/ € (C*)V. Take a locally constant section I'(a) €

H, (T,Y,;7Z) of the relative homology bundle over the a-space. Let C(a) :=
Ol(a) € H,_1(Y4;Z) be its boundary. For e = (b, k) € ANN we set

- t dy dt,,
Me(a) := (_1)k 1(k—1)!/ Res (A-~/\>
) Cla) Wa(t)* t t
for k> 0 and for £ = 0 (in this case e = 0),
an

I =— Ao N —.
o) _/F(a) t t

The integrands of these period integrals I () generate the relative coho-
mology bundle {J, H "(T,Y,) by the results of Batyrev [3] and Stienstra
[53] (see also [44]).

PROPOSITION 6.12. — The set of functions Ilg(), e € NN A satisfies
the multi-GKZ system with exponent 8 = (0,0,...,0).

Proof. — Borisov-Horja [8, Proposition 5.2] proved a similar result.
Stienstra [53] proved that IIj satisfies the ordinary GKZ system. The propo-
sition here can be proved by an easy direct calculation, using the formula for
Oa,;IIp(a) of Konishi-Minabe [44, Section 4.3] and the method of Batyrev
[3, Theorem 14.2]. O
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The relative cohomology bundle | J,, H (T, Y,) has the rank Vol(A) (6.5)
and the multi-GKZ system has the same rank by Borisov-Horja [8, Sec-
tion 3]. Thus they are isomorphic as a local system. Because W, _(H"~(Yy,))
— H"(T,Y,) is injective (see (6.6)), the residual B-model VHS is embed-
ded in the multi-GKZ system. Note that IIe(c) is a period of the residual
B-model VHS if e is in the interior of A and also that the corresponding
residue classes on )V)a generate the B-model VHS. Therefore we have the
following.

THEOREM 6.13. — Let 7: (C*)N+! — M be the map sending (ap, a’)
to [—ag'a’] and set (C*)NH' = 771 (M,eg). Under the pull-back by

7 (CONFT = Mg, the res%dual B-model VHS is isomorphic to the sub
D-module of the multi-GKZ system (6.11) generated by we such that e
is in the interior of the cone A. In particular, the ambient A-model VHS
is embedded in the multi-GKZ system under mirror isomorphism of Theo-

rem 6.9.

Remark 6.14. — We will see that the multi-GKZ system here describes
the quantum D-module of the total space of Ky in [15]. So QD Mamn(Y)
is contained in QDM (Ky).

Remark 6.15. — The above identification between the multi-GKZ and
the relative cohomology introduces a mixed Hodge structure on the multi-
GKZ system. In the context of orbifold mirror symmetry, Corti-Golyshev
[19] studied the hypergeometric system associated to weighted projective
Calabi-Yau hypersurfaces and its Hodge structure.

Remark 6.16. — Mann-Mignon [45] obtained another (but closely re-
lated) description of the quantum D-module of a nef complete intersection
in a smooth toric variety.

6.6. Questions and Example

In Theorem 6.9, we showed the correspondence between vanishing cycles
on )vioé and ambient K-classes on ). This match of the integral structures
is not completely satisfactory. For example, the class [Op] on Y would
not be contained in ¢* K (X'), but the corresponding mirror cycle exists (see
Theorem 6.10). We can also consider different integral structures which
might be more natural. For example, on the A-side, we can take the integral
structure

Haz ={s(€) | ch(€) € Hipp (V). € € K(V)}.
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This is bigger than H g‘&b in general. On the B-side we could consider the
integral structure W,,_i (H"1(Y,)) N H"*(Y,;Z). When we can choose
a smooth compactification 5)0“ we could also take the integral structure
HIS (Vo) N H (V0 Z).

res

QUESTION 1. — What is the integral structure in the B-model corre-
sponding to Hp 7?7

Yongbin Ruan asked the following question to the author.

QUESTION 2. — What is the “correct” definition of the integral middle
homology group of the orbifold Y, in this context?

Mirror symmetry for the orbifold Hodge numbers of toric Calabi-Yau
hypersurfaces was studied by Borisov-Mavlyutov [11].

QUESTION 3. — Can one extend the mirror isomorphism of VHS beyond
the ambient part/residue part? Then what is the integral structure in the
B-model VHS on the full orbifold cohomology of Y, ?

Example 6.17. — We first consider the simplest example of an ellip-
tic curve ) in P2. The mirror is defined by W, (t1,t2) = a1ty + oty +
as(tita) L. The C*-co-ordinate ¢ on M = C* is given by ¢ = ajasas. We
choose a section (a1, a2,a3) = (1,1,¢) and work with W, (t) = t1 +t2 +
q(t1t2)~"'. The mirror hypersurface Y, = {W,(t) = 1} is an elliptic curve
minus 3 points. The function W,(¢) has the three critical values 3¢'/3,
3wqt/3, 3w?q'/3, where w = €*™/3, Let ¢ > 0 be small and take vanishing
paths from the three critical values to 1 as shown in Figure 6.1.

3wq%

1 (smooth fiber)

Figure 6.1. Vanishing Paths

The Lefschetz thimble T'; from 3w~%¢'/3 (i = —1,0,1) along the given
vanishing path corresponds to the line bundle O(i) on P2. The vanishing
cycle C; = oI'; C }V/:] corresponds to ¢*O(i) under Mir?;. For a suitable

symplectic basis {A, B} of Hy(Y «,Z), we have
Ci1=A+£3B, Cy=A.
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Similarly for a basis {Op, Oy} of the topological K-group K(Y) of Y, we
have

L*O(:l:l) = Oy + 30pt, O = Oy

in K()). Therefore Mir%, extends to an isomorphism of the overlattices in
this case.

Haz = K(Y) = Hy\(Y ;7).

Example 6.18. — Next we consider a quintic threefold ) in P*, fa-
mous example studied in [12]. The mirror of Y is defined by the function
Wo(z1,...,24) = 1 + z2 + x3 + x4 + 25 + ¢/ (z122232425) with one com-
plex parameter ¢ € C*. The affine hypersurface f/q ={zeT| W,y(x) =1}
can be compactified to a smooth Calabi-Yau manifold Y,. In this case,
the ambient A-model VHS of Y is a flat bundle of rank 4 with fiber
@2:0 H*?(Y) = @i:o HPP(Y) and the residual B-model VHS of Y, is
a flat bundle with fiber H3(),). We shall show that the isomorphism of
the Z-structures in Theorem 6.9

Mir%: Hy% = K (X) — Hi, C Hy(Vy; Z)

extends to an isomorphism K (V) = Hs(Y,;Z) of the overlattices. (Here as
usual K()) denotes the topological K-group.) By the Atiyah-Hirzebruch
spectral sequence, we know that K () is a free Z-module generated by Oy,
Oc¢, Op, Oy where C C Y is a line and D = Y NP3 is a hyperplane section.
Under the isomorphism K ()) ® Q = Hz(Y,; Q) of rational vector spaces,
the dimension filtration K¢o C K<i C K¢ C K¢z = K(Y) induces
the filtration Wy € Wy © Wy € Wy = H3(V;Q). For £ € K(V), we
denote the corresponding element in Hg(j)q;Q) by the same symbol. We
set W2 = Wi N Hs(Vy; Z). We have Wy = Q[O,]. For a € W2, we have
a — (a-[Op])[Oy] € Wit = Ws. Here the intersection number o - [Opy] is
an integer since (O] € Hz(Y,;Z) by Theorem 6.10. This shows that
Wy = Wi + Z[Oy].

It is easy to see that the perfect intersection pairing on WZ induces a
perfect pairing on WZ/WEZ. We know that [Op] = [0y — Oy(—1)] and
[Op)? = 5([0¢] — 2[Op]) belong to «* K (X) and thus to Hz(Y,,Z). They
also form a rational basis of W5/Wj. Take an element a[Op] + b[Op]? €
WZ/WE. By taking the tensor product with Oy (—1) which corresponds to

the monodromy transformation around g = 0, we have a[Op]* € WZ/WZ.
Hence (a[Op] + b[Op)?) - (a|Op]?) = 5a® € Z. Thus a € Z. Therefore

Wi =WE+7[0p)].
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Moreover the perfectness of the pairing on WZ/WZ implies that [O¢] =
[Op]?/5 € WZ/WE and that WZ/WZ = Z|Oc] @ Z[Op). By pairing with
[Oy] again we know that WZ = Z[O,]. These show that K(Y) = W% =
Hs OV} ¢; ).

Remark 6.19. — Hartmann [30] studied Hodge-theoretic mirror symme-
try for a quartic K3 surface and identified the mirror periods with certain
hypergeometric functions.

BIBLIOGRAPHY

[1] D. ABRAMOVICH, T. GRABER & A. VISTOLI, “Gromov-Witten theory of Deligne-
Mumford stacks”, Amer. J. Math. 130 (2008), no. 5, p. 1337-1398.

[2] S. BARANNIKOV, “Quantum periods. I. Semi-infinite variations of Hodge structures”,
Internat. Math. Res. Notices (2001), no. 23, p. 1243-1264.

[3] V. V. BATYREV, “Variations of the mixed Hodge structure of affine hypersurfaces
in algebraic tori”, Duke Math. J. 69 (1993), no. 2, p. 349-409.

, “Dual polyhedra and mirror symmetry for Calabi-Yau hypersurfaces in
toric varieties”, J. Algebraic Geom. 3 (1994), no. 3, p. 493-535.

[5] V. V. BATYREV & L. A. BOrisov, “On Calabi-Yau complete intersections in toric
varieties”, in Higher-dimensional complex varieties (Trento, 1994), de Gruyter,
Berlin, 1996, p. 39-65.

[6] V. V. BATYREV & D. A. CoxX, “On the Hodge structure of projective hypersurfaces
in toric varieties”, Duke Math. J. 75 (1994), no. 2, p. 293-338.

[7] L. A. Borisov, L. CHEN & G. G. SMITH, “The orbifold Chow ring of toric Deligne-
Mumford stacks”, J. Amer. Math. Soc. 18 (2005), no. 1, p. 193-215 (electronic).

[8] L. A. Borisov & R. P. HORJA, “On the better behaved version of the GKZ hyper-
geometric system”, arXiv:1011.5720.

[4]

[9]

(10]

, “Mellin-Barnes integrals as Fourier-Mukai transforms”, Adv. Math. 207
(2006), no. 2, p. 876-927.

, “On the K-theory of smooth toric DM stacks”, in Snowbird lectures on
string geometry, Contemp. Math., vol. 401, Amer. Math. Soc., Providence, RI, 2006,
p. 21-42.

[11] L. A. Borisov & A. R. MAVLYUTOV, “String cohomology of Calabi-Yau hypersur-
faces via mirror symmetry”, Adv. Math. 180 (2003), no. 1, p. 355-390.

[12] P. CaNDELAS, X. C. DE LA OssA, P. S. GREEN & L. PARKES, “A pair of Calabi-
Yau manifolds as an exactly soluble superconformal theory”, Nuclear Phys. B 359
(1991), no. 1, p. 21-74.

[13] W. CHEN & Y. RuaN, “Orbifold Gromov-Witten theory”, in Orbifolds in mathe-
matics and physics (Madison, WI, 2001), Contemp. Math., vol. 310, Amer. Math.
Soc., Providence, RI, 2002, p. 25-85.

, “A new cohomology theory of orbifold”, Comm. Math. Phys. 248 (2004),
no. 1, p. 1-31.

[15] T. CoatEs, A. Corrtl, H. IrITANI & H.-H. TSENG, in preparation.

(16]

(14]

, “Computing genus-zero twisted Gromov-Witten invariants”, Duke Math.
J. 147 (2009), no. 3, p. 377-438.

[17] T. CoATESs & A. GIVENTAL, “Quantum Riemann-Roch, Lefschetz and Serre”, Ann.
of Math. (2) 165 (2007), no. 1, p. 15-53.

ANNALES DE L’INSTITUT FOURIER



(18]
(19]

20]

(21]

(22]

23]

24]

[25]

[26]

27]
(28]
29]

30]
(31]

(32]
33]

(34]
(35]
(36]

37)

(38]

(39]

QUANTUM COHOMOLOGY AND PERIODS 2957

T. CoATEs, Y.-P. LEE, A. CortI & H.-H. TSENG, “The quantum orbifold coho-
mology of weighted projective spaces”, Acta Math. 202 (2009), no. 2, p. 139-193.

A. CorTI & V. GOLYSHEV, “Hypergeometric Equations and Weighted Projective
Spaces”, arXiv:math.AG/0607016.

D. A. Cox & S. Karz, Mirror symmetry and algebraic geometry, Mathematical
Surveys and Monographs, vol. 68, American Mathematical Society, Providence, RI,
1999, xxii+469 pages.

V. I. DaNiLov, “The geometry of toric varieties”, Uspekhi Mat. Nauk 33 (1978),
no. 2(200), p. 85-134, 247.

V. I. DanmLov & A. G. KHovaNnskIl, “Newton polyhedra and an algorithm for
calculating Hodge-Deligne numbers”, Izv. Akad. Nauk SSSR Ser. Mat. 50 (1986),
no. 5, p. 925-945.

W. FuLTON, Intersection theory, second ed., Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in
Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Math-
ematics], vol. 2, Springer-Verlag, Berlin, 1998, xiv+470 pages.

I. M. GEL'FAND, A. V. ZELEVINSKII & M. M. KAPRANOV, “Hypergeometric func-
tions and toric varieties”, Funktsional. Anal. i Prilozhen. 23 (1989), no. 2, p. 12-26.

A. GIVENTAL, “A mirror theorem for toric complete intersections”, in Topological
field theory, primitive forms and related topics (Kyoto, 1996), Progr. Math., vol.
160, Birkhduser Boston, Boston, MA, 1998, p. 141-175.

A. B. GIVENTAL, “Homological geometry and mirror symmetry”, in Proceedings
of the International Congress of Mathematicians, Vol. 1, 2 (Ziirich, 1994) (Basel),
Birkhauser, 1995, p. 472-480.

, “Symplectic geometry of Frobenius structures”, in Frobenius manifolds,
Aspects Math., E36, Vieweg, Wiesbaden, 2004, p. 91-112.

M. A. GUEST, “Quantum cohomology via D-modules”, Topology 44 (2005), no. 2,
p. 263-281.

M. A. GuesT & H. Sakal, “Orbifold quantum D-modules associated to weighted
projective spaces”, arXiv:0810.4236.

H. HARTMANN, “Period- and mirror-map for the quartic K3”, arXiv:1101.4601.

C. HERTLING, “tt* geometry, Frobenius manifolds, their connections, and the con-
struction for singularities”, J. Reine Angew. Math. 555 (2003), p. 77-161.

K. Hort & C. VAFA, “Mirror symmetry”, arXiv:hep-th/0002222.

S. Hosono, “Central charges, symplectic forms, and hypergeometric series in local
mirror symmetry”, in Mirror symmetry. V, AMS/IP Stud. Adv. Math., vol. 38,
Amer. Math. Soc., Providence, RI, 2006, p. 405-439.

Z. Hua, “On the Grothendieck groups of toric stacks”, arXiv:0904.2824.
H. IRITANI, “tt*-geometry in quantum cohomology”, arXiv:0906.1307.

, “Quantum D-modules and generalized mirror transformations”, Topology
47 (2008), no. 4, p. 225-276.

, “An integral structure in quantum cohomology and mirror symmetry for
toric orbifolds”, Adv. Math. 222 (2009), no. 3, p. 1016-1079.

, “Ruan’s conjecture and integral structures in quantum cohomology”, in
New developments in algebraic geometry, integrable systems and mirror symmetry
(RIMS, Kyoto, 2008), Adv. Stud. Pure Math., vol. 59, Math. Soc. Japan, Tokyo,
2010, p. 111-166.

Y. JIANG, “The orbifold cohomology ring of simplicial toric stack bundles”, Illinois
J. Math. 52 (2008), no. 2, p. 493-514.

TOME 61 (2011), FASCICULE 7



2958 Hiroshi IRITANI

[40] L. KarzAarRkov, M. KONTSEVICH & T. PANTEV, “Hodge theoretic aspects of mirror
symmetry”, in From Hodge theory to integrability and TQFT tt*-geometry, Proc.
Sympos. Pure Math., vol. 78, Amer. Math. Soc., Providence, RI, 2008, p. 87-174.

[41] Y. KAWAMATA, “Derived categories of toric varieties”, Michigan Math. J. 54 (2006),
no. 3, p. 517-535.

[42] T. Kawasakl, “The Riemann-Roch theorem for complex V-manifolds”, Osaka J.
Math. 16 (1979), no. 1, p. 151-159.

[43] B. K, A. KrescH & T. PANTEV, “Functoriality in intersection theory and a
conjecture of Cox, Katz, and Lee”, J. Pure Appl. Algebra 179 (2003), no. 1-2,
p. 127-136.

[44] Y. KonisHI & S. MINABE, “Local B-model and mixed Hodge structure”, Adv. Theor.
Math. Phys. 14 (2010), no. 4, p. 1089-1145.

[45] E. MANN & T. MIGNON, “Quantum D-modules for toric nef complete intersections”,
arXiv:1112.1552.

[46] A. R. MAvLyuTOV, “Semiample hypersurfaces in toric varieties”, Duke Math. J.
101 (2000), no. 1, p. 85-116.

, “On the chiral ring of Calabi-Yau hypersurfaces in toric varieties”, Com-
positio Math. 138 (2003), no. 3, p. 289-336.

[48] T. OpA, Convex bodies and algebraic geometry, Ergebnisse der Mathematik und
ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 15,
Springer-Verlag, Berlin, 1988, An introduction to the theory of toric varieties, Trans-
lated from the Japanese, viii+212 pages.

(47)

[49] R. PANDHARIPANDE, “Rational curves on hypersurfaces (after A. Givental)”,
Astérisque (1998), no. 252, p. Exp. No. 848, 5, 307-340, Séminaire Bourbaki. Vol.
1997 /98.

[50] F. PHAM, “La descente des cols par les onglets de Lefschetz, avec vues sur Gauss-
Manin”, Astérisque (1985), no. 130, p. 11-47, Differential systems and singularities
(Luminy, 1983).

51] A. PRESSLEY & G. SEGAL, Loop groups, Oxford Mathematical Monographs, The

g g
Clarendon Press Oxford University Press, New York, 1986, Oxford Science Publi-
cations, viii+318 pages.

[62] V. PrRzYJALKOWSKI, “On Landau-Ginzburg models for Fano varieties”, Commun.
Number Theory Phys. 1 (2007), no. 4, p. 713-728.

[63] J. STIENSTRA, “Resonant hypergeometric systems and mirror symmetry”, in Inte-
grable systems and algebraic geometry (Kobe/Kyoto, 1997), World Sci. Publ., River
Edge, NJ, 1998, p. 412-452.

[54] B. TOEN, “Théorémes de Riemann-Roch pour les champs de Deligne-Mumford”,
K-Theory 18 (1999), no. 1, p. 33-76.

[65] H.-H. TSENG, “Orbifold quantum Riemann-Roch, Lefschetz and Serre”, Geom.
Topol. 14 (2010), no. 1, p. 1-81.

[56] A. VisToLl, “Intersection theory on algebraic stacks and on their moduli spaces”,
Invent. Math. 97 (1989), no. 3, p. 613-670.

Manuscrit recu le 3 janvier 2011,
accepté le 1°T décembre 2011.

Hiroshi IRITANI

Kyoto University

Department of Mathematics
Kitashirakawa-Oiwake-cho
Sakyo-ku, Kyoto, 606-8502 (Japan)
iritani@math.kyoto-u.ac.jp

ANNALES DE L’INSTITUT FOURIER


mailto:iritani@math.kyoto-u.ac.jp

	1. Introduction
	2. Preliminaries
	2.1. Orbifold Gromov-Witten Invariants
	2.2. Twisted Invariants
	2.3. Twisted Quantum Cohomology
	2.4. Equivariant Euler Twist
	2.5. The Specialization at Q=1

	3. "055B-Integral Structure in Quantum Cohomology
	3.1. Untwisted Quantum D-Module with Q=1
	3.2. "055B-Integral Structure

	4. Mirror Theorem for Toric Complete Intersections
	4.1. Notation on Toric Orbifolds
	4.2. Mirror Theorem I: Toric Orbifolds
	4.3. Mirror Theorem II: Toric Complete Intersection

	5. Equality of Periods: A-periods = B-periods
	5.1. Laplace Transform of A-Periods
	5.2. Mirror Construction
	5.3. A-Periods and B-Periods

	6. Toric Calabi-Yau Hypersurfaces
	6.1. Batyrev Mirror
	6.2. A-Model VHS of a Calabi-Yau Hypersurface
	6.3. B-Model VHS
	6.4. Mirror Isomorphism with Integral Structures
	6.5. Multi-GKZ System
	6.6. Questions and Example

	Bibliography

