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ON SOME GLOBAL SEMIANALYTIC SETS

by Abdelhafed ELKHADIRI (*)

ABSTRACT. — We give some structures without quantifier elimination but in
which the closure, and hence the interior and the boundary, of a quantifier free
definable set is also a quantifier free definable set.

RESUME. — On donne quelques structures n’ayant pas I’élimination des quan-
tificateurs, mais dans lesquelles ’adhérence, et donc l'intérieur et le bord, d’un
ensemble défini sans quantificateur est encore un ensemble défini sans quantifica-
teur.

1. Introduction

Recall that a subset of R™ is called semi-algebraic if it can be represented
as a finite boolean combination of sets of the form {z € R"/ P(z) = 0},
{z € R"/Q(z) > 0}, where P(x),Q(z) are n variables polynomials with
real coefficients. A fundamental result of Tarski says that the projection
of a semi-algebraic set is also semi-algebraic. Immediate consequences are
the facts that the closure, interior and boundary of a semi-algebraic set
are semi-algebraic. The result of Tarski is know to logicians as quanti-
fiers elimination for the structure R = (R, £), where £ is the language of
ordered rings. In this paper, we consider expressions, with unbounded vari-
ables, built from global real analytic functions in some algebra satisfying
some conditions. We prove that the closure of a set defined by a quan-
tifier free formula is also a set defined by quantifier free formula. In the
local analytic situation, i.e. in the case of germs of real analytic functions,
the result is proved by £ojasiewicz [4]: the closure of semi-analytic set is
again semi-analytic. The case where the variables are bounded is proved
by Gabrielov [3].

Keywords: Quantifiers elimination - semi-analytic sets - semi-algebraic sets.
Math. classification: 03C10, 32B20.
(*) Partially supported by PARS MI 33.



1772 Abdelhafed ELKHADIRI

We denote by H(R™) the algebra of real analytic functions on R™. Let
O(R™) C H(R™) be a subalgebra, a subset of R™ is called O-semi-analytic,
if it can be represented as a finite boolean combination of sets of the form
{z € R"/ f(z) = 0}, {z € R"/g(z) > 0}, where f,g are in the algebra
O(R™). We want to see, under what conditions on the algebra O(R™), when
the closure, and hence the interior and the boundary of an O-semi-analytic
is also O-semi-analytic.

At the first sight, if the structure (R, Q) admits quantifiers elimination, we
are done. But by a result of Lou van den Dries [7], each f € O(R™) must
be semi-algebraic, i.e. the graph of f is a semi-algebraic set. Hence every
O-semi-analytic set, in this case, is a semi-algebraic set.

If we consider, for each n € N,

O.(R™) =R[z1,...,Tn,eXP L1, ..., XD Tp).

We know by a deep result of Wilkie [9], that the structure (R, O,) is model-
complete, that is, every definable set is a projection of a quantifier free
definable set. As a consequence of Wilkie’s result, we see that the closure
of an O.-semi-analytic set is the projection of an O.-semi-analytic set. Us-
ing our result, we will see that this closure is in fact an O.-semi analytic set.

Let us consider a more general situation: for each n,p € N, n,p > 1, let

Fi,...,F, : R — R be analytic functions and suppose that there exist
polynomials P;; € R[Y1,...,Y, ], fori=1...,p, j=1,...,n such that:
8Fi (J?)

oz; = Pyj(x, Fy(x),..., Fi(x)), VreR"

The sequence F1, ..., F), is called a Pfaffian chain on R".
Denote, for each n € N,

OP(RH) = R[.’I}l,. ..,LI,‘n,Fl,...,Fp],

where Fy, ..., F, is a Pfaffian chain on R". It is not known yet if the struc-
ture (R, Op) is model-complete, but our result shows again, in this case,
that the closure of an Op-semi-analytic set is again an O p-semi-analytic
set. This is a direct consequence of lemma 3.1 b) and corollary 10.2.

To summarize, we consider a collection O of real valued functions of real
variables not necessarily all of the same number of variables. We consider
the structure of ordered field R augmented by the functions on O. We de-
note by Lo the induced language. Consider a definable subset, X say, of
R™ x R™. For each b € R™, let X} denote the fibre {a € R™ /(a,b) € X}
and X its closure, with respect the Euclidean topology of R™. The main
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result of this paper can be stated as follow: With some natural assumption
on O, if X is a quantifier free definable set in the language Lo, then the
set Upepm X, is also a quantifier free definable set in the language Lo .

The main idea of the proof can be summarized as follows:

Let O(R™) C H(R™) be a subalgebra and consider the set:
A={z eR"/po(z) =0, p1(z) > 0,...,¢4(x) > 0},

where @, ..., € O(R™).
We see that the closure of A, A, is the set of all @ € R™ such that there
exists a germ of real analytic curve

t = &(t) = (&2(1), -, &n(t)), £(0) = a,

such that ¢g 4(£(t)) = 0, for ¢ small, and, for each i =1,...,q, the first co-
efficient not zero of ¢; ,(£(t)) is positive, where @ 4, . . ., @40 are the germs
at a of the functions ¢y, ..., ¢, respectively.

If we suppose that the algebra O(R"™) is R™noetherian, see definition 2.1,
then we can find an integer N € N, such that it is enough to find a poly-
nomial curve

2N+1
t—alt)=(a1+a(t),...,an +an(t), a;(t)= > Cijt, i=1,...,n,
j=1

with ¢ 4(a(t)) = 0, and the first coefficient not zero of ¢; ,(a(t)) is pos-
itive. So we see that the closure of A is the projection on R™ of a set
B C R" x R2N+1 where B is an O(R")[ty,...,tan+1)- semianalytic set.
We deduce the result by a generalized version of Tarski’s theorem [4].

2. Definitions and recalls
2.1. R™—noetherian algebra
For each n € N, let O(R™) C H(R"™) be a subalgebra such that:
a) Rlz1,...,z,] C O(R™), where R[z1,...,2,] is the ring of polyno-

mials.
b) O(R"™) is closed upon taking derivation.

TOME 63 (2013), FASCICULE 5



1774 Abdelhafed ELKHADIRI

In this paper we call such algebras analytic algebras.
If O(R™) is an analytic algebra, we denote by SMO(R") the maximal
spectrum of O(R™). Since R[zq,...,z,] C O(R™), we have an injection

R"™ - SMO(R"),
every x € R™ is identified with the maximal ideal
m, ={f € OR") / f(x) = 0}.

We denote by R™(QO) the topological space R"™ with the induced topology
of SMO(R™).

DEFINITION 2.1. — An analytic algebra O(R") is said to be R™-noethe-
rian if R™"(O) is a noetherian subspace of SMO(R"), i.e. every decreasing
sequence of closed sets in R™(Q) is stationary.

Let us remark that any noetherian analytic algebra is R™-noetherian.

Here we will give an example of an R™-noetherian algebra, but we do not
know if it is noetherian.

We consider the structure R, = (R, O.). We denote by D.(R") the alge-
bra of all real analytic functions on R™ which are definable in R..
If f € D(R™), we put V(f) ={z € Q/ f(x) = 0}. We denote by RegV (f)
the set of all z € V(f) such that, there is an open neighborhood U of x
with U N V(f) an embedded real analytic submanifold of R™. It is clear
that RegV (f) is dense in V(f).

LEMMA 2.2. — Let f; : R® = R, i € N, be a family of analytic functions
each belonging to D.(R"™). Then there exists N € N such that:

AV = V).
ieN i<N
Proof. — Let f € D (R™), we know that the structure R, admits ana-
lytic cell decomposition, see [1], and by 1.8 of [8], we deduced that RegV ()
is a definable set and therefore has only a finite number of connected com-
ponents.
For each V(f;) we associate a n + 1-tuple v; = (V; n, Vin—1,.--,Vip0) €
N1 where v;  is the number of connected components of RegV(f;) of
dimension k. If we consider the lexicographic order on N**! we have

vi <wvi it V(f;) @ V(fi)- (2.1)

ANNALES DE L’INSTITUT FOURIER
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To avoid trivialities, let us suppose that § # V(fy) # R™. We have:

(V) C...CVfS+ 1+ £3) CV(fe+ 7) C V(o)

€N
By (2.1), there exists N € N such that Vj € N, j > N, we have:

Vifo+.. .+ )=V +...+ 1)

hence
V) =V +-+ 1) = [ V£,
ieN i<N
which proves the lemma. O

THEOREM 2.3. — the algebra D,(R™) is R™-noetherian.

Proof. — Let F' C R"(D,) be a closed set. There exists an ideal I C
D.(R™) such that

F=V({I):={xze€Q/f(x)=0,Vfel}

First, we will show that V(I) can be defined by one equation, i.e. there is
h € I such that

V(I)=V(h) = {z € Q/h(z) = 0}.

Let g € I — {0}, we have V(I) C V(g). We denote by I'y,...,T'; the
connected components of RegV (g).
We put

w1 = maz{diml'; /T; € V(I)}.
IfT'y,...,T', are the connected components of RegV (g) such that
dimly=p and T; V(I),1=1,...,v.

For each I = 1,...,v, there exists h; € I such that hyr, # 0. We put
h=>3_,hi €. Wehave V(I) C V(¢) & V(g), where ¢ = f? + g°. If we
put

po = max{diml}, /T connected component of Regy, I'y € V(I)},

we have ps < py. By continuing this processus with ¥ and so on, we see
that, by lemma 2.2, there is ¢ € I such that V(I) =V (p).

Now let (F})jes be a decreasing sequence of closed sets of the topological
space R"™(D,). For each j € J, there exists ¢; € D.(R™) such that F; =
V(¢;), which proves the result by using lemma 2.2. a

TOME 63 (2013), FASCICULE 5



1776 Abdelhafed ELKHADIRI

2.2. Question

We don’t know if the algebra D.(R™) is Noetherian.

3. Somes properties of R"-noetherian algebras

Let y = (Y1,---,Ym), and let O(R™) C H(R™) be an analytic algebra.
We identify R x R™ with a subset of SMO(R")[y1, ..., Ym] as follow:
let &€ = (&1,...,&m) € R™, every (z,£) € R™ x R™ is identified with the
maximal ideal generated by m, and y1 — &1, .., Ym — &m-

LEMMA 3.1. — [2] Let O(R™) be an R™-noetherian algebra. Then:

a) OR™)[y1,.-.,Ym] is R™ x R™-noetherian.
b) Let Fi,...,F, be a Pfaffian chain on R™. Then the algebra
Rlz1,...,zn, F1,..., Fp] is R™-noetherian.

Let O(R™) C H(R™) be a subalgebra, if I C O(R™) is an ideal, we put:
VI)={xzeR" / g(x)=0,YVg eI }.

If I = (f)O(R"™), where f € O(R"™), we write V(f) instead of V((f)O(R™)).
If X CR", let

I(X) = {f € OR™) / f(x) =0, ¥z € X}.

A closed set X C R™(0) is irreducible if, and only if, I(X) is a prime ideal.
Remark 3.2. — If O(R") is an R™-noetherian algebra and f € O(R"),

V(f) can have infinitely many connected components. For example the

algebra R[z, sin z, cos ] C H(R) is not only R-noetherian but actually it is
a Noetherian ring. But V (sin z) has infinitely many connected components.

4. Noetherian family

Let A be an algebra over R, and let I" be a subset of SM A. We assume
that A and T satisfy the following conditions:

(a) the canonical mapping R — % is an isomorphism for all v € T,

(b) T is a noetherian subspace of SM A.

ANNALES DE L’INSTITUT FOURIER
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4.1.

If a € A and v € T, we denote by a(y) € R the image of a under the
map A — % — R.
Let x = (z1,...,2y,), fw = (w1,...,,w,) € N” we write |w| = w1 +...+w,
and z¥ =z ... ¥,

We denote by A[[z]] the ring of formal power series with coefficients in A.
Ifyeland f=) a,2z¥ € Alz]], we put

fy =Y au(m)a € R[[a]].

Let A.[[z]] € A[[z]] be the subring of all f € A[[z]] such that, ¥y € T,
I~ € R{z}, where R{z} is the ring of convergent power series. Finally if
I C A[[z]] is an ideal, we denote by I, the ideal of R{x} generated by the

set {f,. / f € I},

Let A be an algebra over the field of reals R and let ' be a subset of
SMA. We assume that A and T satisfy the conditions (a) and (b).

DEFINITION 4.1. — Let A and T' as above, a family T of ideals of R{x}
is called a noetherian family parameterized by (A,T), if there exists an
ideal I C A.[[z]], such that T = (I,)yer.

Example 4.2. — Let O(R") be a R"-noetherian algebra, then the couple
(O(R™),R™(0O)) satisfies the conditions (a) and (b).

i) Consider O(R") an R™-noetherian algebra, and let I C O(R™) be
an ideal. We denote by I, C H, the ideal generated by I in the ring
of germs, at x € R, of real analytic functions, say H,. The coherent
analytic sheaf Z = (I)yern is a noetherian family parameterized
by (O(R™),R"(0)).

ii) Let O(R™ x R™) be an R™ x R™-noetherian algebra, if I € O(R™ x
R™) is an ideal generated by (f;); for each (a,b) € R™ x R™, we
denote by I? the ideal in H, generated by the germ, at a € R™, of all
functions x — f;(z,b). The family (I};)(a,b)eRanm is a noetherian
family parameterized by (O(R™ x R™),R™ x R™(0O)).

iii) Fix an integer d € N* and consider the family of ideals in R{z}
such that, each ideal is generated by a finite number of polynomials
of degree at most d. Then this family is a noetherian family.

TOME 63 (2013), FASCICULE 5



1778 Abdelhafed ELKHADIRI

4.2. Ring of generic formal series

The main tool to study the noetherian family is the ring of generic for-
mal power series introduced in [2]. We will describe it briefly.
Let A and T" as above. Let X C T' be a closed irreducible set. Let I(X) =
{a€A/a(y)=0,Vye X}. Put A = ﬁ, since I(X) is a prime ideal, A
is a domain. If 6 € A let V(0) = {y € X/d(v) =0}. If §,8' € A — {0}, the
expression § > ¢ will be used to denote the fact that ¢’ divides ¢ in the
domain A. If § € A — {0}, let As = {55 /a € A, m € N} C [A], where [A]
is the field of fractions of A.

If 6 € A—{0}, let Ac{{z}}s be the subring of (As).[[z]] consisting of all
formal series of the form . satsizz e, where o, 8 € N and a, € A,
for each w € N™. Let 01, d2 € A, then if 6 = §,02, we have two injections:

Ac{{z}}s, = Ac{{z}}s
and

Ac{{z}}s, = Ac{{z}}s.

Let A{{7}} denote the direct limit of the family of rings (Ac{{x}}s)scn—{0}-
The Weierstrass preparation and division theorems are valid in A.{{z}},
in particular A.{{z}} is a noetherian ring. A.{{z}} is a local ring, its max-
imal ideal is generated by x1,...,x, and its residue field is canonically
isomorphic to the field of fraction of A. Since {z1,...,2,} is a system of
parameters of the ring A.{{z}}, the ring A.{{z}} is a regular ring of di-
mension n. Consequently, it is a unique factorization domain [2].

For the proof of our result we need some properties of ideals of the ring

A{{x}} see [2].

4.3. Flat properties
Let us review some flatness properties of modules over the ring A.{{z}}
see [2]. The following proposition is proved in [2, 3.1]:

PROPOSITION 4.3. — Let I C A.{{z}}s, be an ideal. There exists d2 >
01 such that, for each 6 > 05, we have:

IA{{z}} N A{{z}}s = TAA{2} s

ANNALES DE L’INSTITUT FOURIER
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4.3.1. Consequences

i) Let I C A.{{z}} be an ideal. Since A.{{z}} is a noetherian ring, I
is finitely generated, let {f1,..., fy} be a system of generators of I.
There exists § € A — {0}, such that f; € A{{z}}s, V5 =1,...,¢.
We denote by I° the ideal of A.{{z}}s generated by fi,..., f,. If
I c A{{x}}s, and I°2 C A.{{x}}s, are the ideals associated
with two systems of generators of I, then there is § € A, with
§ =61, 8 = 6, such that I A {{z}}s = I2A.{{z}}5 [2].

ii) Let I, I’ two ideals of the ring A.{{x}}. Then there exists § € A —
{0} such that A.{{z}}s contains a system of generators of I and I’,
and (I:1')° = (I°:I'%), where (I : I') = {\ € A {{x}}/\I' C I}.

iii) If p C Ac{{z}} is a prime ideal, let 6; € A—{0} such that A.{{z}}s,
contains a system of generators of p. There exists do > d; such that,
for each § > 6o, ©° is a prime ideal of A.{{z}}s.

iv) Let I C A.{{z}} be an ideal and consider p1,..., p, the minimal
prime ideals associated to I. We have then: VI = p;N...N ©q- Let
01 € A—{0} such that A.{{x}}s, contains a system of generators of
each p;, 1 <1 < q. There exists do > d; such that, for each ¢ > s,
we have: (VI)® =pin...N pg.

5. Generic flatness properties

In this section A = (?Eg;), O(R™) C H(R™) is a R™noetherian algebra

and X C R"(0) is an irreducible closed set.

Let g1,..., 9k € Ac{{x}}s,,01 € A—{0}. Weput I = (g1,...,91)Ac{{x}}s,
the ideal generated by g¢1,...,gk.

Recall that, for all 6 > 61,0 € A — {0} and a € X — V(6) C SMA;, we
have an homomorphism:

Ac{{z}}s = R{x},

(£2%)

which associates to each ) cyn saeizsz” € Ac{{z}}s the convergent series
> el 0 see 4.1 Ifa € X — V(6), I? is the ideal generated by

weN? Falwl+8 (q)
the image of I° by this homomorphism.

DEFINITION 5.1. — We say that a property (P) is generically satisfied
by the family (Igl)aevawl), if there exists 9 > &1 such that, ¥Yd > do, the
property (P) is satisfied by the ideal IS C R{x} for alla € X — V (9).

TOME 63 (2013), FASCICULE 5
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Let I C A.{{z}} be an ideal, and let p1,...,p, the minimal prime
ideals associated to I. We shall use the following proposition, see [2, 5.2.4
and 5.2.5] for the proof.

PROPOSITION 5.2. — Generically, we have:
1- ht(I9) = ht(I),
2- (\/j)g =V Iga
3 (VD) =plan...0p).

6. Bound of the multiplicity of a noetherian family

Let O(R™) be an R™-noetherian algebra and let X C R™(O) be an irre-
ducible closed subset in R™*(O). Put A = (?E[Eg) If fo is a non zero element
of A{{z}}, we denote by pup = u(fo) the degree of the initial form of
fo, po is called the multiplicity of fy. After making a linear coordinate

transformation:

Un(l'lv ey xn) = (xl + A1,nTn, T2 + A2 nTpy -y Tn—1 + An—1,nTn, xn)a

fo ooy is regular of order pg in x,, that is fo 0 0,(0,0,...,2,) = 22g(z,)
with g € Ac{{zn}}, 9(0) # 0. Hence fooo, is equivalent in the ring A.{{z}}
with a distinguished polynomial in x,, of degree ug: Qo € Ac{{z'}}xx],
where ' = (x1,...,2,-1). Let f1i € A{{2'}} be the discriminant of
Red(Qo), the reduced form of Qq, fi # 0. We denote by 1 the degree
of the initial form of f;. As the first step, there exists a linear coordinate

transformation:
Jnfl(l'l, cee wxnfl)
= (xl + A1,n—1Tn—1,T2 + A2,n—1Tn—15---,Tn—2 + Gn—2n—1Tn—1, xn—l)v

such that fyoo,_; is regular of order p; in x,_1. Again fio0,_1 is equivalent
in the ring A {{z’}} with a distinguished polynomial in z,_; of degree p1:
Q1 € Ac{{(z1,...,2n—2)}}rn-1]- We denote by f2 € A{{(x1,...,2n—2)}}
the discriminant of Red(Q1). By continuing this procedure, we get at the
end, for each j = 0,...,n — 1, an element f; € Ac{{z1,...,2n—;}} and a
linear transformation:

n n
o(z) = (1 + Zal’jxj’ To + ZCLQJLE% ey @1 F A p—1Tn, Tp) , (6.1)
=2 j=3
such that each f; o o is regular of order p; in x,,—;, 7 =0,...,n — 1.

We put py, = H;:g {45, this integer is called the integer associated to fo.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 6.1. — Let fy € A{{x}}. After making a linear transformation
of the form (6.1), there exists an integer N and 6 € A — {0} such that, for
each v € SMAs, the integer associated to fo ., € R{x} is less than N.

Proof. — Let fo € A{{z}} and consider all f; € A{{z1,...,2n—j11}},
j =0,...,n— 1, constructed above. There exists § € A — {0} such that
each f; € Ac{{z1,...,2n—j11}}s. We can then see that, for all v € SMA;,
w(f;) = u(fj~), Vi =0,...,n— 1. This proves the lemma. O

PROPOSITION 6.2. — Let O(R™) be an R™-noetherian algebra, and f €
O(R™). There exists N € N such that, for all a € R"™, the integer associated
to the germ of f at a, say f,, is less than N (R{x — a} ~ R{z}).

Proof. — Since R™(0O) is a noetherian topological space, it is sufficient
to find for every irreducible closed set, say X, an integer Nx and a closed
subset F' C X, F' # X, such that the integer associated to each f,, a €
X — F, is less than Nx.

Let X C R™(O) be an irreducible closed subset. We put A = %;:)), we
have then a homomorphism of algebras:

O(R") = Ac{{x}},

which associates to each ¢ € O(R™) the element ZweNn(DTw!“’)x“’.
By lemma 6.1, there exists § € O(R™) — I(X) and an integer N5 such that,
for every a € X —V (), the integer associated to 3 oy (Z-2)2¢ € R{z}

w!

is less then Ns. We take F' = XNV (4) C X, and the proposition follows. O

7. Curves in a germ of an analytic set

DEFINITION 7.1. — Let f € R{z} — {0} and let o : (R,0) — (R™,0) be
a germ of an analytic curve. We say that the contact order of f with the
curve «a is less than p, if the multiplicity of the series f o o € R{t} is less
than or equal to p.

PROPOSITION 7.2. — Let f € R{z} — {0}, f(0) =0, and let N € N
be the integer associated to f. Then for each connected component I' of
R™ — V(f), there exists a germ of an analytic curve £ : (R,0) — (R™,0)
such that:

(1) f has a contact of order less than N with €.
(2) For eacht > 0 and small, £(t) € T.

TOME 63 (2013), FASCICULE 5
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Proof. — We proceed by induction on n. For n = 1, the result is clear.
Suppose n > 2 and the result holds for n — 1. We denote by pg € N
the multiplicity of f. After possibly a linear change of coordinates, we can
suppose that f is a distinguished polynomial in x,, of degree . We consider
fi = Red(f) and let A € R{(z1,...,2n—1)} — {0} be the discriminant
of f1 and p degree of fi1, p < pp. Let T be a connected component of
R"~! — V(A). The equation fi(2',7,) = 0 admits, for each 2’ € T’ a
fixed number, say s, of real distinct roots: r1(z’) < ro(2’) < ... < rg(z'),
possibly s = 0. We put ro(z') = —00, 1541 = +00.

Let I" be a connected component of R —V (f). There exist I'” a connected
component of R"~! — V(A), s € N, such that, if for each 2’ € I, r1(2') <
ro(z') < ... < rs(z') are the real distinct roots of the equation fi(z’, z,) =
0, then I' contains the germ at 0 € R™ of the set:

Ay =@ z,) /2 €T, ri(2) < 2 < 1py1(2))},

for some 0 < k < s, recall that ro(2') = —00, 7541 = +00.

Let us first eliminate some marginal cases.

-If s =0 we take t — (0,¢) € R"™1 x R.

-Ifs>1and k =0 or k = s, we also take the curve t — (0,¢) € R*~! x R.
- Suppose k # 0 and k # s. By the induction hypothesis, there exists an
analytic curve ¢t — &;(t) in R"™1, £(0) = 0, such that, for every ¢t > 0 in a
neighborhood of 0 € R, & (¢) € T and the contact of A with &; is less than
Ni, where N is the integer associated to A. If N is the integer associated
to f, we have N = Njpuyg.

Let m1(t),...,np—1(t) be all the roots (possibly complex) of the function

Yy — 78f1(%;t)’y). Then

Al6(t) = H Sr(&a(t), m; (1)) (7.1)

By Rolle’s theorem there exists at least one root n;(t) €]ri(t), re+1(¢)[, for
t > 0 small. By (7.1) we see that the order of f1(£(¢),m(t)) ( as a Puiseux
series) is less or equal than Nj.

We know that 7;(t) is a Puiseux series with exponents g for some g < p—1.
Hence the function &, (¢) = n;(¢?) is analytic in a neighborhood of 0 € R.
Clearly the order of f1(&1(t),&,(¢)) is not greater than (p—1)Ny < poNy =
N, which proves the result. ]
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8. O-semianalytic set associated to an ideal

Let O(R™) C H(R"™) be a subalgebra R™-noetherian. Let X C R™(O) be
?ED)Q:)). For each prime ideal p C A.{{z}}
and any finite family ¢1,...,¢, € A{{z}} we shall associate a subset
A C R™ x R™, for some m € N, such that A is an O(R")[Y1,...Yy,]-

semianalytic.

a closed irreducible set. Put A =

8.1. Properties of prime ideals of the ring A.{{z}}

Let us recall a classical result on prime ideals of the ring R{z} and also
valid, same proof, for prime ideals of A.{{z}} [2].
Let 2’ = (x1,...,2n—s) and let p C A.{{z}} be a prime ideal of height
s. After a linear change of coordinates with coefficients in Z, g contains
distinguished polynomials:

P e Ac{{x/}}[xnferl]

Py € Ac{{a'}} wn—st2], P3 € Ac{{a"}[wn—st3], ..., Ps € Ac{{"} } 2]
P, is irreducible. Let k = degP; and A € A.{{z'}} — {0} its discriminant.
There are polynomials Ry, ..., Rs € Ac{{z'}zpn—s41], with degR; < degP;,
such that, o contains the polynomials:

Q2 = A2 )zp_s10 — Ra,...,Qs := A(x')x,, — Ry, (8.1)
and finally

p N A{{a'}} = {0}.

The polynomials F;,7 = 1,...,s, @, = 2,...,s do not, in general,
generate the ideal p. We put

v= Sup{Z(deng —1),degPs,...,degPs}.

j=2
We denote by (P, Qa,...,Qs) [resp. (A¥)] the ideal of A {{z}} generated
by Pi,Qa2,...,Qs [resp. A”]. Finally set:

(P, Q2. Qs) : (AY) == {f € Ac{{z}} /A" f € (P1,Q2,...,Qs)}-
LEMMA 8.1. — With the notations above, we have:
p=(P1,Q2,...,Qs) : (AY).
Proof. — Since g is a prime ideal and A ¢ p, we see that
(P1,Q2,...,Q5) : (AY) C p.
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Let fep, we divide the function f successively by the polynomials Ps,.. ., P

and therefore we can assume that f is congruent modulo (Ps,..., Ps) to
a polynomial in A {{z1,...,n—s+1}}Tn—s+2,...,T,] of degree less than,
or equal, to v. Thus we can assume that

f S Ac{{xlv e 7$n75+1}}[xn75+27 ceey (En}v dOf < V.

According to (8.1), it follows that AYf is congruent modulo (Qs,...,Qs)

to g € Ac{{z1,...,Zn—s11}} N p. Since P; € p, we can see, by Weier-

strass’s Division Theorem in the ring A.{{z1,...,Zn—st1}}, see 4.2, that

g is divisible by P;, which proves the lemma. O
Let 6 € A — {0} such that:

Py e Af{2'} }slwn—st;]) and Rj € A{{a }s[wn_st;,Vi=2,...,s
By 4.3.1, ii) we can choose § € A, such that:

0 = (P1,Q2,...,Q,)° : (AV)°, (82)
and by Proposition 5.2, Vy € SM Ag, we have:
00 = (P1,Q2,...,Qs)] : (AY)]. (8.3)
and
ht(p‘f/) =s.
For all v € SMAgs there is a neighborhood W7 of 0 € R™ in which
Ay, Py, Rj,7=2,...,5, and some system of generators of p‘i are ana-

lytic. We put:

Va(p?) = V(p3) N{z € W/A,(a") # 0},
By (8.3) we have:

VA(@i) = {:]S € WV/A’y(z/) 7é Oaplry(xlvxn—é?-‘rl) =0,
A (@) p_stj — Rj~y (2 @n_st;) = 0,7 =2,...,s}. (8.4)
THEOREM 8.2. — Let p C A.{{z}} be a prime ideal as above of height
s and let p1,...,¢0; € A{{z}}. After performing a linear transformation
of R™, there exist 6 € A — {0}, ¥ € A.{{2'}}s and an integer, N, such

that A.{{x}}s contains @1,...,¢;, and a system of generators of p. And
for each v € SM As we have:

i) ht(pd + ¢, R{x}) > hi(p3),
ii) For each connected component, C, of

V(pd) N {x/vq(x H% ) # 0}
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there exists a germ of an analytic curve € : (R,0) — (R™,0) such
that, for all t sufficiently small, £(t) € C and the multiplicities of
Py (E(1), p1.4(&()), - .., 01,4 (&(t)) are less than N.

iii) If n : (R,0) — (R™,0) is a germ of an analytic curve, we de-
note by n* : R{z} — R{t} the induced homomorphism of rings.
Suppose n*(p) C t*NTIR{t}, and the multiplicity of 1. (n(t))
is less than N. Then there exists another germ of analytic curve
£:(R,0) — (R",0) with £(t) € V(pfsy), for all t sufficiently small,
and E(t) — n(t) € t (R{t})".

Proof. — We divide each ¢;, j = 1,...,1, successively, by P,...,Ps.
Then there exists ¢ € Ac{{Z1,.. ., Tn-st1}}HTn—st2,. .., T0], degp) < v,
such that:

@j = ¢}, mod(Ps,...,P).
By (8.1), weseethat, foreach j=1,...,I, thereexists ¢ €Af{z1,...,Tn-st1}}
such that:
A =y mod(p). (8.5)
After performing the division of each v¢;, j =1,...,l, by Pi, we can sup-
pose that ¢; € Ac{{z1,..., Zn_s}}En—st1], deg); < degP;.

Foreachj=1,...,1,let Aj € A.{{z'}} be the discriminant of the Red);
and put

!
b =AT]A4; € Af{a'}}.
j=1
There exist 6 € A — {0} such that:

Pla---7PS79017--~7@law17-~-awl7R17~-~,Rs EAC{{.I}}(S

By lemma 6.1, there exists N7 € N such that, for each v € SMAs, the
integer associated to:

Pl,'y» . '7P5’77<1017’Y7 .. .,@1’77’(/)1’77 . 7’(/)1’7,]“21’77 . ‘7R8,‘Y

is less than N;.

We choose 0 such that A.{{z}}s contains a system of generators of the ideal
p. Since ¢ ¢ p, we have ht(p+1yPA.{{z}}) > ht(p). By Proposition 5.2, we
can also choose d such that, for all v € SMAs, ht(p 4+, R{z}) > ht(e)),
this proves i).

To show ii) and iii) we can assume that g = PjA.{{x}}, this is based on
(8.4). We can also suppose that ¢; € A{{z1,...,2n_s}}s[Tn—sy1], J =
1.1
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Let v € SMAs and let C be a connected component of:

l
V(Pl,w) n {x/"/)'y(x/) H ‘Pi,w(x) # 0}'

There exists a connected component C’ of {2’/ (2’) # 0} such that the
polynomial P 5 has, for each 2’ € C’, a fixed number, say p, > 1, of real
distinct roots 71(z') < ... < 7, (), and C countains the germ, at the
origin in R™, of the set:

{(@ 2p—s41) /2 €Cand g1 = r,(2)},

where 1 < p < 7y
By Proposition 7.2, there exists a germ of an analytic curve:

& (R,0) = (R"1,0),

such that & (t) € C’ for all ¢ in a neighborhood of 0 € R, and the contact
with 1) is less then N;. Put

§(t) = (&u(t), ru(&a(?)))-

We can see that £(t) € C for all ¢ in a neighborhood of 0 € R. Let us look
for the multiplicity of each ¢;(£(t)),j =1,...,L

For each j = 1,...,l, Red(p;) admits on C' a constant number, say «;,
of distinct real roots ( possibly a; = 0): 751, <,...,< Tja, - We put
rj0~(2") = —oo and rj4,11(2") = +oo. By definition of Ni, for all

j = 1,...,1, the multiplicity of A;(&i(t)) is less than N;. Since C is sit-
uated between two sheets of the zeros of Red(p;), we can see, like in the
proof of the Proposition 7.2, that the multiplicity of ¢;(£(t)) is less than
N := Nydeg(Py). Hence we obtain ii).

We put N’ =2N+1. Let : (R,0) — (R®* xR, 0) be a germ of an analytic
curve, 7(t) = (n1(t),n'(t)) € R® x R. We suppose that the multiplicity, say

w, of Py ((mi(t),n'(t))) is greater than N’ and the multiplicity of ¥ (11 (t))

P14 (mu(t).n'(t))
0T —s+1

is less than N. We denote by p; the multiplicity of
1 < N.
We denote by 7 an auxiliary variable and we put

ft,7):=Pi,(m(t),n' )+ 7)€ R{t, 7}

, clearly

We consider the two ideals:

I=7"R{r}, I'=71F"2MR{r}.
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Since the multiplicity of f(¢,0) = P1 ,((m(t),n'(t)) is p, we have
f(t,0)e?r.

We can then use the generalized implicit function theorem [5, II1.3.2] to
the function:

T = f(t,7) = Pry(m(t), ' (t) + 7),
and the ideals:
I=7"R{r}, and I'=7/"""R{r}.

By this theorem, there exists a germ of an analytic curve, 7 — «(7), such
that

a(r) e IT', and Py, (m(t),n'(t) + a(r)) =0
for all 7 in a neighborhood of 0 € R. Put:

&(t) = (m (1), n'(t) + a(t)).
Since a(t) € IT" and p— pu1 > N, we see that () —n(t) € tVNR{t}**1. O

9. The set associated to an ideal

Let us introduce some definitions and notations which we shall use. The
reader is advised to recall the notation and definitions of 8.1.
For each i = 1,...,n, we put:
2N+1

Gty = > Vit
j=1
where (Y; ;)1<i<n,1<j<2nN+1 are variables. We put:

C(t) = (Cl (t)7 cee 7Cn(t))'
In order to standardize the notation, we put @9 = P; and ;41 = 9. For

each ¢ =0,1,...,1,1+ 1, we have:
@q(C(t)) = Z Lq,mtm7

meN

with Lg n, € As[Y; ;).
Put T'= X — V(4). For each € N, and ¢ € {1,...,1}, we put:

Agp ={(z,ci;) eTx R"CNTV /L (2,¢:5) =0,
Yv < n— 1, quu(x,ci,j) > 0},
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and if p1,...,u; € N, we put:

l
Ammm = ﬂ Aq,m
q=1

finely we put:

Let:
Ag = {(z,¢i;) €T x R"NFD /1o (2,¢,5) =0, Yue{l,...,2N +1}},

and N
Ay = | J{(z,ci ) € D xRN/ Ly (@i 5) # 0}
p=1
DEFINITION 9.1. — With the same notation as above, We put A =

Ay, NA N Ay C (X —V(6) x RPCNTY . The set A is called the set
associated to the ideal o and the family @1, ..., ¢;.

Let us remark that the set A C R" xRN+ is O(R™)[Y1, ..., Y, an11))-
semi-analytic.

We put 7, n2n41)  R" X R7(2N+1)

— R™ the canonical projection.

Remark 9.2. — Since A C R" x R"CN+D is O(R")[Y1, ..., Yyenin))-
semi-analytic i.e. semialgebraic with respect to the parameters of arcs, by
using the generalized version of Tarski’s theorem [4], see also [6, ch2, corol-
lary 2.9], we see that 7, ,on11)(A4) C R™ is also O-semianalytic.

10. The closure of an O(R")- semi-analytic set.

Let O(R™ x R™) C H(R™ x R™) be a subalgebra R™ x R™-noetherian. If
X C (R" x R™)(0) is a closed irreducible set, we put A = EXET) yye

I(X)
have then an homomorphism:
H:OR" xR™) = AA{z}},
which associates to each ¢ € O(R" x R™) the element » _y» D(:!m“"x“’.

For each (a,b) € R" x R™ and ¢ € O(R™ x R™), we denote by ¢° the germ
of the function  — o(z,b) at a € R™: 3" _» W(m —a)”

Let J € O(R™xR™) be an ideal, the family (Jg)(ayb)eRanm is a noether-
ian family, see example 4.2, ii). We denote by I C A {{z}} the ideal gener-
ated by the image of J by the homomorphism H. For each (a,b) € R™ xR™

we have then Jfl’ = I(a,p)- We keep the notations of section 8.
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THEOREM 10.1. — Let ¢1,...,1 € OR™ x R™) and let F =
(Jg)(a7b)eRn><]Rm, be the family as above. We denote by B C R"™ x R™ be the
set of all (a,b) € R™ x R™ such that there exists a germ of an analytic curve
£: (R,0) = (R",a) with £(t) € V(J2) n{z /b (x) > 0,...,¢} (x) > 0}
for all t > 0, sufficiently small. Then B is an O(R"™ x Rm)—semi—analytic
set.

Proof. — Let X C (R™xR™)(0O) be a closed irreducible set. Since (R™ x
R™)(0) is a noetherian topological space, it is enough to prove that there
is a closed subset FF C X, F' # X, such that BN (X — F) is an O(R™ x R™)-
semi-analytic.

We put A = % and s = ht(I). By proposition 5.2, there exists
d € O(R"™ x R™) — I(X) such that, ¥(a,b) € X — V(9), ht([gmb)) =s.
We proceed by induction on the height s. The case s = n is clear, since in
this case, we have V(I(4)) = {(a,b)} and then BN X — V(0) = {(a,b) €
X — V() /pi(a,b) > 0,...,¢1(a,b) > 0}. We suppose that the result is
true for all integers p such that s < p < n and will show it for s. Let
©1,-..,%q the minimal prime ideals associated to the ideal I. By 4.3.1,
iv) and Proposition 5.2, there exists 6 € O(R™ x R™) — I(X), such that
Y(a,b) € X — V(9):

/ ) é 6
I(&a,b) = pl,(a,b) N...N pq,(a,b) and h‘t(I(a,b)) = S.

We have then, V(a,b) € X — V(9):

V(I = VT2 0) = V(6 ) U UV(9) (0)-

Let £ : (R,0) — (R™,a) be a germ of an analytic curve such that £(t) €
V(J?) for all ¢ small in a neighborhood of 0 € R. Then there exists i, 1 <
i < g, such that £(t) € V(pi(a’b)) for all ¢ small in a neighborhood of
0 € R. If not, we can choose for each ¢, 1 < 7 < g an element h; € pf,(a,b)
with A;(§(t)) # 0. Put h = hi....hg . Then h € ©f N .. O Q) 4y,
and h(£(t)) # 0, which is a contradiction. Therefore, we can suppose that
there exist a prime ideal p € A {{z}}, § € A — {0} such that, for each
(a,b) € X —V(9), p‘(;a,b) = /JP. We apply theorem 8.2 to the ideal p and
the image of ¢1,...,¢; by the homomorphism H, which we denote also by
Py Pl .
let 6 € OR" x R™) — I(X), ¥ € [CE55]{{z}}s and N € N given
by theorem 8.2. We consider the set A C X — V(§) x R*2N+1) associated
to the ideal p and @1, ..., ;. We put F = X N V(§). We shall prove that
(X — F)N B is an O(R™ x R™)-semi-analytic set.
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Let T'y [ respectively T's] the set of all (a,b) € X — F such that there
exists a germ of an analytic curve, £ : (R,0) — (R",a), with £(t) €
V(9{ap T VeR{z}) N{z/e] o(x) > 0,..., 07 () > 0} [ respectively &(t) €
V(pgb)) N {x/Ph(z) # 0,08 ,(z) > 0,...,¢} (x) > 0}] for all t > 0 suffi-
ciently small. We see that (X — F)NB =T UTs.

By the induction hypothesis, the set I'y is O(R™ x R™)-semi-analytic.
Let 7 : R xR™xR™2N+1) _ R xR™ be the canonical projection. We shall
prove that T'; = 7(A4). It is clear that TI'; C 7(A4). Let
(a1, an, b1y ... bm) = (a,b) € T(A), then there exists (c;;) € RN+
such that (a,b,¢;;) € A=Ay N AN A
We put:

IN+1
W) =ait Y eutt and %) = (D)., (D).
j=1

Since (a,b,c;j) € A= Ay N A1 N Ay C A1 N Ao, we have PP (y(t)) €
t2N+1R{¢}, and the multiplicity of 12 (y(t)) is less than N. By property (ii4)
of theorem 8.2, we can find a germ of an analytic curve € : (R,0) — (R, a),
with £(t) € V(p‘(sayb)) for all ¢ small, and &(t) —~(t) € tVR{t}. We have, for
each j =1,...,1,
@?‘a(’Y(t)) = Z Ljm(a,b, cc, )t"
m2p;

and Lj,, (a,b,c¢y) > 0.

Since (a,b,ci) € Ay = U, u<n Apr and §(8) —(t) € tNR{t} we
deduce that, for each j = 1,...,1, go?a('y(t)) and cp?a(f(t)) have the same
first non null term, hence the result. O

COROLLARY 10.2. — Let O(R™ x R™) C H(R™ x R™) be a subalgebra
R™ x R™-noetherian. Let Y C R™ xR™ be a O(R™ x R™)- semianalytic set.
We denote by Ygm the set Uperm Y, where Y, is the closure, with respect
of the euclidian topology, of the fiber Y, = Y NR"™ x {b}. Then Ygm is a
O(R™ x R™)- semianalytic set.

Proof. — It is enough to prove the corollary in the case where the set Y
is of the form:

Y ={(z,y) e R" xR™/ @o(z,y) = 0,¢1(x,y) >0,...,¢1(z,y) > 0},

where ¢q, p1,...,0 € O(R™ x R™).
We put J = (p9)O(R™ x R™) the ideal generated by the function ¢q.
We denote by B C R™ x R™ the set of all (a,b) € R™ x R™ such that
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there exists a germ of an analytic curve £ : (R,0) — (R",a) with £(t) €
Vi(gha) N{z/ e} o(x) >0,...,0],(x) >0} for all t > 0, sufficiently small.
By theorem 10.1, B is an O(R™ x R™)-semi-analytic set. It’s remain to
show that B = Ygm.

If (a,b) € B then there exists a germ of an analytic curve £ : (R,0) —
(R™,a) as above. We see then that (£(¢),b) € Y3, for all ¢ > 0, hence
(a,b) € Yj. The other inclusion is a consequence of the curve selecting
lemma. g
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