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CONTRACTING RIGID GERMS IN HIGHER
DIMENSIONS

by Matteo RUGGIERO

ABSTRACT. —  Following Favre, we define a holomorphic germ f : (C4,0) —
((Cd7 0) to be rigid if the union of the critical set of all iterates has simple normal
crossing singularities. We give a partial classification of contracting rigid germs in
arbitrary dimensions up to holomorphic conjugacy. Interestingly enough, we find
new resonance phenomena involving the differential of f and its linear action on
the fundamental group of the complement of the critical set.

RESUME. —  En suivant Favre, on dit qu'un germe holomorphe f : ((Cd,O) —
(C9,0) est rigide si 'union de I’ensemble critique de tous ses itérés est & croisement
normaux. Nous donnons une classification partielle des germes rigides contractants
en toute dimension & conjugaison holomorphe prés. On trouve des nouveaux phé-
nomenes de résonance, entre la différentielle de f et son action linéaire sur le groupe
fondamental du complémentaire de I’ensemble critique.

Introduction

In this paper, we are concerned with the problem of analytic and formal
classifications of contracting holomorphic germs at the origin in C%, i.e.,
holomorphic germs f : (C%,0) — (C?,0) such that every eigenvalue A of the
differential dfy at 0 satisfies 0 < |A| < 1. The case of locally invertible maps
is treated in detail in the literature (see, e.g., [15], [13] or [3, Chapter 4]).
Such a map is not necessarily linearizable, but is analytically conjugated
to a polynomial normal form that involves only resonant monomials. In
particular, the analytic and formal classifications coincide. When the map
is not invertible, the situation is far more complicated since the topological
type of the critical set and its images are formal (hence analytic) invariants
of conjugacy.

Keywords: holomorphic fixed point germs, contracting rigid germs, normal forms, renor-
malization, resonances, critical set.
Math. classification: 37F25.



1914 Matteo RUGGIERO

To get around this problem, a natural class of maps has been introduced
in [7] and was referred to as rigid germs. A rigid germ f : (C%,0) —
(C4,0) is a holomorphic germ for which the generalized critical set C(f>) =
Unen f7"C(f), where C(f) denotes the critical set of f, has simple normal
crossing singularities at the origin.

Favre gave a complete classification of contracting rigid germs in dimen-
sion 2 (when C(f°) is also totally invariant), and proved these germs were
conjugated to a polynomial (or rational) normal form. This classification
has very interesting applications to the study of a special class of non-
Kéhler compact complex surfaces: Kato surfaces (see, e.g., [4], [5], [6]). The
importance of this class was further emphasized by the work of [8] and [14],
since any holomorphic two-dimensional germ is birationally conjugated to
a rigid germ.

In this article, we explore the classification of contracting rigid germs in
higher dimensions.

In this setting, we shall exhibit new resonance phenomena involving the
differential of f at 0 and its linear action on the fundamental group of the
complement of the generalized critical set. We shall then give some partial
results on the classification of contracting rigid germs (see Theorem 3.7 and
Theorem 4.1).

We shall also show (see Examples 5.2 and 5.3) how the complexity of the
geometry of the images of C(f°°) by f and its iterates makes it impossible
to get an explicit full classification.

A general motivation for studying contracting rigid germs in higher di-
mensions comes from the close relationship between these objects and spe-
cial non-Kéhler manifolds introduced by Kato (see, e.g., [9], [10], [11]). We
shall return to this in a later work.

The first natural invariant for holomorphic germs f : (C%,0) — (C%,0)
is given by the differential dfy at 0. In particular the number of non-zero
eigenvalues of dfy, or equivalently the rank of dfg, is also invariant under
iterations.

For contracting rigid germs one can consider a second natural invari-
ant related to the (generalized) critical set. Let W1 ... W? be the irre-
ducible components of C(f°°): since f is rigid, they are smooth and in-
tersect transversely at 0; moreover, since C(f°°) is backward invariant, for
every k=1,...,q we have

q
FWh = Z ak W
1=1
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CONTRACTING RIGID GERMS IN HIGHER DIMENSIONS 1915

for suitable af € N. We define the internal action of f to be the matrix
A = A(f) := (aF). It can be understood geometrically since A represents
the action of f on the fundamental group 7 (A?\ C(£°°)), where A? is a
small open polydisc centered in 0.

If Wk = {u* = 0} is a periodic component for f*, i.e., (f*)"Wk = W*
for a suitable n € N*, then % o defines an eigenvector for dfy associated
to a non-zero eigenvalue. These eigenvalues are responsable for (part of)
the classical resonances, given by the Poincaré-Dulac theorem.

For sake of simplicity, assume all periodic components are fixed and the
nilpotent part of dfy vanishes. Observe that this can always be achieved
replacing f by a suitable iterate.

We shall also assume that A is injective. We observe that in dimension
2, one can always semi-conjugate a rigid germ f to another one g satisfying
this condition by [7, Proposition 1.4], [8, Theorem 5.1], [14, Remark 4.8] (see
also Remark 3.11): there exists a (not necessarily invertible) holomorphic
germ ® : (C2,0) — (C?,0) such that det d®g # 0 and ® o f = go .

Classical resonances appear as algebraic relations between the eigenval-
ues of dfy. The analysis of these resonances leads to the Poincaré-Dulac
theorem. Studying contracting rigid germs, a second kind of resonances
appears, involving algebraic relations between (non-zero) eigenvalues of dfj
and eigenvalues of the internal action A(f).

Let us denote by A € (D*)® the vector of non-zero eigenvalues of dfy
(where D* denotes the punctured unitary disc in C), and pick some coor-
dinates w = («, ) such that dfy = Diag(A,0).

Set x = (x!,...,2°) and let n = (ny,...,ns) € N° be a multi-index with
In| :=n1 + ...+ ng > 1. Then a monomial 2" := [[;_, (z*)"* is secondary
resonant if and only if A" is an eigenvalue for A.

We can now state our main result.

THEOREM A. — Let f : (C%,0) — (C%,0) be a contracting rigid germ
with injective internal action. Suppose that all periodic components of
C(f*°) are fixed, and the nilpotent part of dfy vanishes. Then f is holo-
morphically conjugated to a map of the form

(z,y,2) — (UPD(x),,é’xEyD (]l—l—g(x)),h(x,y,z)), (1)

where

e cC’ycCP,z2cCH6HP) B (C*Pand 1= (1,...,1);
e E e M(sxp,N)and D € M(p x p,N) are matrices with det D #
0;

TOME 63 (2013), FASCICULE 5



1916 Matteo RUGGIERO

e opp : (C%,0) — (C*,0) is a contracting invertible germ in Poincaré-
Dulac normal form (hence a polynomial), and dfy = d(opp)o @ 0;

o {y' =0} CC(f>) C{aly' =0}

e g: (C*0) — (CP,0) is a polynomial map that contains only sec-
ondary resonant monomials;

e h:(C?0)— (C(+P) 0) is a holomorphic map such that dhg = 0.

REMARK. — Theorem A still holds if we replace C by a (possibly non-
archimedean, not algebraically closed) complete metrized field K of
char(K) = 0, provided that the eigenvalues of df, belong to K. See Re-
marks 1.1, 1.6, 2.1, 2.16, 3.12, 4.5 for further details.

Notice that Theorem A does not hold over fields of positive characteristic,
already for d = p = 1 (see Remark 3.12 for further details).

To read (1), we set ¥ = ((xE)l, ceey (IE)p) € CP, with

S

()" = [T,
=1
where x = (z!,...,2%) and E = (ef), and analogously for other similar
expressions. Moreover, if « = (al,...,;a?) € CP and y = (y!,...,yP) € CP,

we shall write
ay = (a'yl, ..., aPyP) € CP.

This normal form has several features. The first part x o f depends only
on z, and defines a polynomial biholomorphism opp : C® — C?. The second
part y o f depends only (polynomially) on  and (monomially) on y. We
also get the following corollary.

COROLLARY B. — Let f: (C% 0) — (C%,0) be a contracting rigid germ
satisfying the hypotheses of Theorem A. Then f preserves (at least) s + 1
smooth foliations Fi,...,Fs, G. The foliation Fy has codimension k for
k=1,...,s, while G has codimention s + p. Moreover, F; is a subfoliation
of Fy for every |l > k, and G is a subfoliation of F.

In the following we shall deal with rigid germs without the assumptions
on the fixed components and the nilpotent part. We shall then prove The-
orem 3.7 as a generalization of Theorem A. We shall also study the special
case of a rigid germ f : (C?,0) — (C%,0) with s +p = d — 1, where s is the
number of non-zero eigenvalues of dfyy, and p is the number of non-periodic
irreducible components of C(f>°) (see Theorem 4.1). In particular we get
the classifications for rigid germs for which C(f°°) has either (d — 1) or d
irreducible components.

ANNALES DE L’INSTITUT FOURIER



CONTRACTING RIGID GERMS IN HIGHER DIMENSIONS 1917

These results solve the classification of rigid germs in dimension 3, but
for the case s + p = 1. We shall show (see Examples 5.2 and 5.3) how an
explicit classification of rigid germs in this case is not possible.

To prove Theorem A, we first apply Poincaré-Dulac normalization tech-
niques. We then get a germ f : (C%,0) — (C%,0) whose first s coordinates
are given by a contracting invertible polynomial opp : (C*,0) — (C*%,0)
in Poincaré-Dulac normal form. We then use the rigid assumption to get
(1) with g = g(«,y, 2) that a priori depends on all coordinates. We finally
conjugate again to get ¢ = g(z) that depends only on z. The study of
resonances in this case will allow us to get g polynomial.

Conjugations that maintain the Poincaré-Dulac normal form are called
renormalizations. See for example [2] for a renormalization process in the
tangent-to-the-identity case, [1] for a general procedure for formal renor-
malizations, or [12] for other techniques to study the convergence of the
Poincaré-Dulac normalization.

At every step, we first deal with the formal conjugacy. To expand in for-
mal power series compositions of maps, we shall need to introduce matrices
of indices. This will allow to fully understand the combinatorial structure of
the formal problem. Dealing with the general case (where the components
of C(f°°) are not necessarily fixed, and dfy has a nilpotent part) will make
the combinatorial structure even more intricate.

Once the formal normal form is achieved, we solve the convergence prob-
lem as in the Poincaré-Dulac result.

This paper is organized as follows. In Section 1 we prove some prepara-
tory lemmas. In Section 2 we prove a generalization of the Poincaré-Dulac
Theorem suited for contracting rigid germs. In Section 3 we define sec-
ondary resonances and prove Theorem A in the general case. In Section
4 we deal with the special case s +p = d — 1. In Section 5 we specify all
results to dimension 3.
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1918 Matteo RUGGIERO
1. Linear Part

Let f: (C%,0) — (C%0) be a contracting rigid germ, and W!,... W4
be the irreducible components of C(f°°). It is natural to choose coordinates
w = (w!,...,w?) such that W* = {wk = 0} for k = 1,...,q. Moreover,
as anticipated in the introduction, we want to split irreducible components
between periodic and non-periodic ones with respect to the action of f*. Up
to permuting coordinates, we can then suppose that the matrix A = A(f)

is of the form
B C
a=(0 5 2

where B € M(r x r,N) for a suitable 0 < r < ¢ is a permutation matrix,
C e M(rxpN) withp=¢g—r,and D € M(p x p,N).

Since C(f*°) is backward f-invariant, in the chosen coordinates we can
write

(u,y,t) —~ (auB (ll—l— G(u,y,t)),ﬂuoyD(Il—l—g(u,y,t)),k(u,y,t)), (3)
with
e ucCr,ycCrPandteCi 9
e ac (C*)" and f € (C*)P;
e 0:(C%0)— (C",0), g:(C%0)— (CP,0), k: (C40) — (CI=9,0);
o C(f*) = {u'y' =0}.

Remark 1.1. — Observe that this reduction to maps of the form (3) is
also valid over an arbitrary field.

Remark 1.2. — Suppose ¢ = d. If det D # 0, the condition C(f*°) =
{u'y" = 0} implies that the matrix C' = (¢); ; satisfies ¢! +--- + & > 1
for every i = 1,...,r. It is easy to check that every germ of the form (3)
with C' as above is a rigid germ.

If det D = 0, then every rigid germ can be written in the form (3), but
not every germ of the form (3) is a rigid germ. For example, let us consider
f:(C2,0) — (C2%0), given by

W) = (WP + )y (L + 7).

11
A:D:(l 1>’

hence det D = 0, while det df = y'y?(y' + 2+ 3y'y?), hence f is not rigid.
When ¢ < d, a germ of the form (3) needs to satisfy suitable additional
conditions (depending on C,k and g if det D = 0) to be rigid.

Here

ANNALES DE L’INSTITUT FOURIER



CONTRACTING RIGID GERMS IN HIGHER DIMENSIONS 1919
Starting from a germ of the form (3), we would like to kill § (up to
holomorphic conjugacy). This is exactly the result of this section.

THEOREM 1.3. — Let f : (C%,0) — (C%,0) be a contracting rigid germ.
Then f is holomorphically conjugated to

(u,y,t) (auB,BucyD(]l + g(u,y,t)), k(u,y,t)), (4)

where

ueCr,yeCPandte Ci9;

a € (C*)" and B € (C*)P;

B € M(r x r,N) is a permutation matrix, C € M(r x p,N) and
D e M(p x p,N);

g:(CL0)— (CP,0), k: (C40) — (C¥=9,0);

o C(f*) = {u'y' =0}.

Before proving this theorem, we need an easy notation Lemma and a
Proposition.

LEMMA 1.4. — Let f = (f1,...,fr) : (C%,0) — (C",0) be an r-uple of
formal power series, and let D € M(r x s,Q). Then we have

log () = (log f)D,
where log here means that we are taking the log coordinate by coordinate.

Proof. — 1t easily follows from a direct computation. |

PROPOSITION 1.5. — Let (f,,). be a sequence of r-uples of formal power
series, and let (D,,),, be a sequence of matrices in M(r x s,Q) (withs > 1).

Then
IT@+r)"

n

> faDn

converges if and only if

does.

Proof. — It follows from Lemma 1.4 and the analogous result in dimen-
sion one, taking the log of the absolute value. |

Proof of Theorem 1.3. — We can suppose that f is of the form (3).

We would like to find a conjugacy between f and a germ f : (C,0) —

(C4,0) of the form (4) (with g,k replaced by some holomorphic maps g
and k respectively).

TOME 63 (2013), FASCICULE 5



1920 Matteo RUGGIERO

Let us consider a local diffeomorphism of the form
O(u,y,t) = (U(ll +o(u,y.1),y, t),

where ¢ : (C?¢,0) — (C",0). Set

O y,t) = (w(0+ on(w,9,0),3,1),
with

N

1+ ¢n(w H (1+60 f" Y (w)),

where w = (u,y,t). We have

wodyof=uofodyy.

Indeed
N
wody o f(w) = au(l+ 6w H (1460 fo(w)),
N+1 B
wo fodyii(w fauH (T+00 " (w)),
n=1

which are equivalent expressions.
Let us prove that & converges to a holomorphic germ & = ®.,. Thanks
to Proposition 1.5, we just have to prove that

i 0 ° fon
n=0

converges in a neighborhood of 0. Since #(0) = 0, we have that there exists
M > 0 such that ||@(w)|| < M ||w||, while being f contracting, there exists
0 < A < 1 such that || f°™(w)|| < A™||w]||, both estimates for ||w| small
enough. Then we have

o0

> (0o

n=0

ZHQO on

" M
< ZMA lwll = 77— llwll < oo,
n=0

and hence ® : (C?,0) — (C%0) is a holomorphic invertible map, that
satisfies the conjugacy relation

Pof=fod (5)

for the first coordinate u.

ANNALES DE L’INSTITUT FOURIER



CONTRACTING RIGID GERMS IN HIGHER DIMENSIONS 1921

We can just define

~ I1+g 1
1 =—"5]0®
i) = (5 o ) 207w
k(w) = ko ® H(w),
to have (5) satisfied for all coordinates. O
Remark 1.6. — Observe the arguments of the proof of Theorem 1.3 are

also valid over any complete metrized field of characteristic 0.

2. Primary Resonances
2.1. Resonance Relation

Considering the differential dfy at 0 for a map f : (C4,0) — (C%,0) of
the form (4), we get

Diag(a)BT 0 0

dfo = 00|
ok
* * E‘o
where Diag(«) is the diagonal matrix of entries a = (al,...,a"), and T

denotes the transposition.

Some of the non-zero eigenvalues of dfy arise from the block Diag(a) BT,
but they can arise also from % ‘ o- We can change coordinates to have % ‘ 0
in Jordan normal form, and split the coordinate ¢ in (v, z), with v € C¢ and
z € C?=(a+e) {0 have the diagonal part equal to (u,0), where p € (D*)€ is
the vector of non-zero eigenvalues of dfy that do not arise from Diag(a) BT

With these new coordinates we can write f as follows:

(u0,9,2) = (o, gt p(u, 0,9, 2), BuCy” (1+g(u, 0,9, ) hlw,v,,2) )
(6)
where

e ucC' veCwithe=s—r yecCPandze Cl(5+p);
o€ (C), p e (D°) and f € (C*)7;
e B € M(r xrN) is a permutation matrix, C € M(r x p,N) and
D € M(p x p,N);
p: (CHL0) — (C%0), g : (C40) — (CP,0) and h : (C%0) —
((Cd—(s-‘,—p)7 0)7
C(f>*) = {u'y' =0}

TOME 63 (2013), FASCICULE 5



1922 Matteo RUGGIERO

* 1+ € Spec(dfo) \ {0};
® pl{u=y=z—0} and h|{y—y—y—o} have nilpotent linear part.

Remark 2.1. — Over an arbitrary field K, this argument works as soon
as all the eigenvalues of dfy belong to K. In particular, it always works if
K is algebraically closed.

We want now to kill as many coefficients of p (expanded in formal power
series) as we can. As in the case of attracting invertible germs, some formal
obstructions appear. We shall call them primary resonances to make a
distinction with secondary resonances, that will be introduced in Definition
3.2 (see also the introduction at page 1915).

DEFINITION 2.2. — Let f : (C¢,0) — (C%0) be a contracting rigid
germ as in (6), and let n € N* be the order of B. A monomial u™*v™
is called primary resonant with respect to the k-th coordinate of v if it
satisfies the Poincaré-Dulac resonance relation for f°7, i.e., if

grepm = (uh), (7)

where & € (D*)" is the vector of eigenvalues of (u — au®)*" (counted with
multiplicities), and p = (ut, ..., u).

Remark 2.3. — If n = 1 in Definition 2.2 the resonance relation (7)
becomes
)\n — Ar+k
where A = (AL, ...,\*) := (a, u) € (D*)* is the vector of non-zero eigenval-

ues for dfy, and n = (ny,n,) € N*.

Remark 2.4. — Let f: (C% 0) — (C%,0) be a contracting rigid germ as
in (6). Let us suppose for example that W* = {u* = 0} for k = 1,...,x

form a cycle of order Y; i.e., the first x coordinates of f are of the form
(ut, ... uX) = (a'u?, ... X uX, aXul).

Taking the y-th iterate, we get
X
(uh, .. uX) = (Eul, .. EuX), Withgznak.
k=1

In particular all % | , belong to the eigenspace of eigenvalue ¢ for df{, and

¢ will have multiplicity (at least) x.

The following lemma is a classical result for primary resonances in con-
tracting germs (see, e.g., [3, p. 467]).

ANNALES DE L’INSTITUT FOURIER



CONTRACTING RIGID GERMS IN HIGHER DIMENSIONS 1923

LEMMA 2.5. — Let f : (C%,0) — (C%,0) be a contracting rigid germ
written as in (6). Then there are only finitely-many primary resonant mono-
mials.

Remark 2.6. — We notice that periodic non-fixed irreducible compo-
nents of the generalized critical set of a contracting rigid germ f : (C¢,0) —
(C?,0) can appear only for d > 3, and primary resonances for B # Id can
appear only for d > 4.

2.2. Main Theorem

Our next goal is to kill all coefficients of p in (6) except for primary
resonant monomials.

THEOREM 2.7. — Let f : (C%,0) — (C%,0) be a contracting rigid germ.
Then f is analytically conjugated to

(U, v,Y, Z) = (auB7 Ho + p(u> ’U)7 5uCyD (]1 + g(u> v,Y, Z)) ) h(ua v,Y, Z)) )

(8)

where

e ucCr,veCe yeCPandze Cistp);

a € (CY", pe (D*) and B € (C*)P;

B € M(r x r,N) is a permutation matrix, C € M(r x p,N) and

D € M(p x p,N);

p : (C*0) — (C°0), g : (C%0) — (CP,0) and h : (C%0) —

(CH=(=1P), 0);

C(f>) = {u'y' = 0};

p € Spec(dfo) \ {0} and h|gy—y—y—o} has nilpotent linear part;

e p is a polynomial map with only primary resonant monomials.

Remark 2.8. — For a contracting rigid germ f : (C%,0) — (C¢,0) writ-

ten as in (6), up to permuting coordinates in v = (v, ..., v¢), we can order

..., pu® such that
1> |t =... > [pf >0 (9)

In this case a primary resonant monomial for the k-th coordinate is either
of the form:

o um o™ with n, = (ny1,...,nNye) such that n,y =0 for | > k,
e or v for a suitable 1 <1 < e.

TOME 63 (2013), FASCICULE 5



1924 Matteo RUGGIERO

We shall first take care of the linear part, and then of higher order terms, to
get p = (p', ..., p%) (strictly) triangular, meaning precisely that p* depends
only on w and v',..., v ! forevery k =1,...,e.

Proof. — We first prove in Step 1 the formal counterpart of this theorem,
and then we will deal with the convergence of the formal power series
involved in Step 2.

(Step 1). — First, we can suppose that f is of the form (6). Moreover
we can suppose that (p, h)|,=y=0 has lower triangular linear part, and that
w satisfies (9).

Then, up to linear conjugacy, we can suppose that the linear part of p
has only resonant monomials. Indeed, we can consider a linear map of the
form L : (u,v,y,2) — (Lu,v,y, z) that conjugates f with f=Lofol™!
such that u o f(u,v,y,2) = éu, where & € (D*)" is a vector of non-zero
eigenvalues for dfy. Then there is a linear change of coordinates M that
conjugates f with a map whose linear part is in Jordan normal form, and
L= o M o L is the wanted linear conjugacy.

Now we want to conjugate f with a map f: (C1,0) — (C4,0) of the
form (8) (with g, p and h instead of g, p and h respectively).

Set w = (u,v,y,2), and consider a local diffeomorphism ® : (C%,0) —
(C4,0) of the form

d(w) = (u, p(w),y, 2),
with ¢ : (C4,0) — (C¢,0) a formal map such that d®, = Id, is tangent to
the identity.

Considering the conjugacy relation ® o f = fo ® for the coordinate v,
we have to solve

b0 f(w)=vo®o fw) = vo Fod(w) = (uv+ 7)(u, 6(w))
= pp(w) + p(u, p(w))
for suitable ¢ and p. Set

I(w) = ¢o f(w),  M(w):= pd(w) + p(u, p(w)).
We now expand in formal power series (10), and solve it by defining recur-
sively the coefficients of ¢ and p. Set
o v = (vl ... v%);
_ 1 e k. k k _ k,,n .
o p=(p';...,p%) and pto" + p¥(w) = 3, ppw" for 1 <k < e
e p=(p'...,p%) and pFo* + pF(u,v) = P ﬁ’gnu’nu)u"“v"” for

(10)

P, .., 0°) and ¢F(w) =3, ¢Fw" for 1 <k < e

ANNALES DE L’INSTITUT FOURIER



CONTRACTING RIGID GERMS IN HIGHER DIMENSIONS 1925

o I = (I',...,I°) and I*(w) = 3, I¥w" for 1 < k < e, and analo-
gously for IT;

e g=(g%,...,97) and 1+ gF(w) =Y, gkw™ for 1 <k < p;

o h=(h',...,h=*P)) and hk(w) =3, hkw" for 1 <k <d— (s +
p)-

Remark 2.9. — Multi-indices n € N?, although they are written as
horizontal vectors, are meant to be vertical vectors. We shall always omit
the transposition on multi-indices, but we still use subscripts to indicate
their coordinates, instead of superscripts used for horizontal vectors (as in
the standard notation).

We shall use the notation n = (n, ny, ny,n.), denoting by ,, the pro-
jection onto the coordinate u and analogously for the other coordinates, so
that n, € N", n, € N°, n, € N’ and n, € Nd—(s+p)

In the following, we shall need some properties of formal power series
and new notations to keep the equations as compact as possible.

Remark 2.10. — Let x = (a!,...2") € C", A € M(a x b,N) and B €
M(b x ¢,N). By direct computation we get
(@) = 24P,

Remark 2.11. — Let ¢ : (C%,0) — C® be a formal map, and i € N* a

multi-index. Pick w = (w?, ..., w®) some coordinates at 0 € C°. We shall
need to write in formal power series expressions of the form

((w))" € Clw]).

Set i = (i1,...,ip) and ¥ = (Y',...,¥P) with *(w) = > ¢Ew™ for
k=1,...,b. Then

=TT =11 5 o)’

k=1 nkeNe
b i
-1 ( S g r )
k=11=1 \ nkleNe
Set
Ne(i) == {N = (nl’l,...nl’i1 [ - | nb’17...nb’ib) s.t. Ml e N° Vk, 1}
=~ M(c x |i],N).

For any N € N_(7), set
b

b ik ik
YN = H HZ/JZM eC, |N|:= ZZTLM € N©.
=1

k=11=1 k=1 1=
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Then we have

(W) = Y wnwl

NeN(7)
When ¢ = d, we shall omit the subscript and write Ny(i) = N (7).

Coming back to the proof of Theorem 2.7, by direct computations we
get

iy

=3 [¢>§ ()™ (v + p(w)) " (BuCy” (1 + g(w)) ) (h(w))iz]

i€Nd
_ 2 : ¢§az‘u uBin ﬁiy uCinyiy

1€Nd
S o S gl ST bl

IeN (iy) JEN (iy) KeN (i)

(11)

= N i (pw) = Y Fui |3 epwll) . (12)

jENr+e jENTte HEN (juv)

fork=1,...,e.
Expressing explicitly the coefficients of I¥ and I1* written in formal power
series, from (11) and (12) respectively we obtain:

= > ¢faBlprgihx, 1= ihom,

ieN? jenrte
TEN (iy),JEN (iy), KEN (i) HeN (ju)
Cond; Conds

for k=1,...,e and n € N%; moreover

|I|'u + |‘]|v + ‘K|U =Ny

Cond; =

and
H| =mn,
Condy = |H], = n
|H‘z =M.
We want to solve the equation
EF :.=11" -1k =0 (13)
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for every k and n, where the unknowns are the coefficients ¢ of ¢ and pf

of p.
To understand the combinatorics of (13), we need a partial order and a
total order on indices in N%. Set n = (ny,...,n4) and m = (my, ..., mg).

Partial order <: we say that m =< n iff we have m; < ny for every k =
1,...,d.
Total order <: we say that m < n iff (jm|,m1,...,mq) <iex (||, 11, - - -, Ra),
where <jex is the lexicographic order (on N+1),
For example, for d = 3 we have:

(0,0,0) <

(0,0,1) < (0,1,0) < (1,0,0) <

(0,0,2) < (0,1,1) < (0,2,0) < (1,0,1) < (1,1,0) < (2,0,0) <
(0,0,3) < (0,1,2) < --- < (2,1,0) < (3,0,0) <

We notice that if m < n then m < n. Moreover if m’ < n’ and m” < n”

then m/ +m” <n' +n".

LEMMA 2.12. — Let ¢ : (C%,0) — (C0), j € N* and H € N(j).
Take coordinates w = (w',...,w?) € C?, and set ¢ = (*,...,9*) with
YE(w) =Y, kw™ for every k=1,...,b.

For any k = 1,...,d, let ¢¥ € N® be the multi-index with 1 in the k-th
coordinate and 0 in all the others. Suppose there exists 0 < ¢ < d—b—1
such that Yk =0 for every n < ecyr, k=1,...,b.

Then vy = 0 for |H| < (0, 7,04—c—p) (where 0. € N¢ and 0g4—.—p €
N?=¢=%). Moreover:

(i) if ¥, =0 fork=1,...,b, then ¥y =0 for |H| < (0c,J,04—c—p)
if j #0;
(i) if Y*(w) = ¢Fwt* + h.o.t. for k = 1,...,b, then vy # 0 only if
one of the following conditions is satisfied:
e |H| = (0. 7,04—c—p), and in this case H is uniquely determined
in N'(j) and g = (7, where ¢ = (¢%, ..., ¢b);
e ||H|| > |j|, where ||H|| € N denotes the sum of all elements
of |[H| € N% and hence the sum of all elements of H €

M(d x|j|,N).
Proof. — Set j = (j1,-..,J»), and write explicitly
H=( htt...pta ‘ R21 ... p272 ‘ ‘ AL pbide )
where h*! € N is a multi-index for every k =1,...,band [ = 1,..., ji.
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To have ¢y # 0, we must have ¢, , # 0 for every k and I.
Thanks to our assumption, 1/)§k,z # 0 only if h¥! > e“t*. Then we have
that ¢y # 0 only if
b Jk b Jk b
[H| =3 3 0 =303 e =3 e = (0c,5,0a-cs). (14)
k=1 1=1 k=1 1=1 k=1
(i) Assume that W}jw #£ 0 only if h*! > e“t*_ Since j # 0, the sums in
(14) are not empty, and the inequality is strict.
(i) Since ¢*(w)— (FwT* is at least of order 2, 1% # 0 only if n = e“T*

or [n| > 2.
o If WMl = e“tF for every k, I, then
0---0l0---0]---]l0---0 0
0]0---0 0---0 0
1..-1 0---0 i1
R T P I ) o .
|H] = ; ; : : =1 . | =0c5,04-cs)
0---0/0---0 11 i
0---0]0---0 0
0---0[0---0|---]0---0 0
In this case,
b Jk b
on =[] [Tk = [T (¢F) = ¢
k=11=1 k=1

e If there exist k and [ such that |hk’l| > 2, then to have ¢y # 0
we must have

e

Jk e
IH| =D D M > e =il
k=1

k=11=1
g

Recall that e is the number of components of v, and hence of I and II.
We shall need a weight on indices (k,n) € {1,...,e} x N%,

DEFINITION 2.13. — Let k € {1,...,e} be an integer and n be a multi-
index (in N or N®). We call weight of (k,n) the value

k
weight(k,n) = weight(k, |n|) := |n| + 2 € %.
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Notice that for every W € N/e, there are only finitely many (k,n) such
that weight(k,n) < W.

LEMMA 2.14. — We have
]HIZ = 591y691251(€nu7nv) + qub]’;i + Qk,|n\(¢£n7ﬁi(mu,mv))7

where 0 denotes the Kronecker’s delta function, and Qy, || is a polynomial
in the variables ¢!, and ﬁ(mu o) satisfying

weight (I, m) < weight(k, |n|).
In order to simplify notations, we shall simply write
m* = O O P ) + 1k + 1.0t 1) (6, 9), (15)

where 1. 0.t.;, || (¢, p) stands for a suitable polynomial in the variables #,
and fﬂ(mu m,) Satisfying weight(l,m) < weight(k, |n|). We shall also omit p
when the polynomial does not depend on any coefficient ﬁ(mwmv).

Proof. — Set W := weight(k, |n|). From the first equation of Conds, we
get ju, = my, and in particular |j,| < |n,|. From Lemma 2.12.(ii) we can
have two cases when ¢y # 0.

e Either j, = |H|, = n,, and in this case the term ﬁ? with the biggest
weight is given by j, = n,. Its weight is < W, and the equality holds
only if n, = 0 and n, = 0, when we get the first term of (15).

e Or

1= lgul + dol < lgul + I1HI| = [jul + 0] = ljul = In],
and in this case the weight strictly less than W.

Still from Conds, we get |H| < n. It follows that the only way to have

b # 0 and with some ¢!, with weight(l,m) > W is to have H made by
just a column in position [ > k, given by n. In this case we get j, = €,

¢ = ¢!, and from the first equation of Conds we get j, = 0. Since p¥, =0

no

for I > k and p¥, = p¥, we get the second term of (15). O
LEMMA 2.15. — We have
—1
Hfm _ 62y522 oP Ty ¢l(6371nu,nv,0,0) + L. o. tk,|n|(¢) (16)

Proof. — Set W := weight(k, |n|). Thanks to Lemma 2.12 we get that
pr # 0 only if |I] > (0,4,,0,0). Thanks to Lemma 2.12.(i) we get that
hx # 0 only if |K| > (0,0,0,4,) when i, # 0.

From the first equation in Cond; we get Bi, = n,, hence i, = B~ ln,
and in particular |i,| < |ny|. Notice that the equality on modules holds
only if i,, = B~ 'n,. From the third equation we get |i,| < |Di,| < |n,]| for

iy # 0.
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Then we get

8] = [du] + [éo] + liy] + [i2]
<] + U]+ liy| + [1K]|
=n| = [|J]| = |Ciy| = (|Diy|  liy|)

<|nf,

where the equality can hold only if 4, = 0 and i, = 0.

It follows that terms ¢ such that weight(k,i) > W appear only when
iy =ny =0 and i, = n, = 0. In this case, J = K =0, and gy = hy = 1.
The third equation of Cond; gives [[, = 0, while the fourth gives |I|, = 0.
The second equation of Cond; gives |I|, = n,. To have a term #F of weight
W, we need to have then i, = B~'n,, from which it follows |I|, = 0.
Then the second equation of Cond; gives i, < \I\U = n,. But Lemma 2.12
says that p;y = 0 for |I|, > ¢,. Hence the only term that appears is for
i, = n,. Following the computation of the proof of Lemma 2.12.(ii), we get
pr = ", and the statement. O

Thanks to Lemmas 2.14 and 2.15, Ef = 0 becomes

i+ 00 05 (Pl = 0t 00)) = 10 b (67
(17)

This affine equation, where the unknowns are ¢* and ﬁ’(“nmnv), has always
a solution. At this point we conjugated f to a map f as in (8), but with
p:(C*,0) = (C°,0) a (vector of) formal power series. Next we show that
we can solve the conjugacy relation (13) and get p polynomial with only
primary resonant monomials.

We solve EF = 0 inductively on weight(k,n) as follows.
For weight(k,n) < 2, ie., if [n| < 1, we set ¢F := 1 if n = ¢"** and 0
otherwise, while ﬁ’fnu,nv) = pl(’“n1“nv70’0). An easy computation shows that
EF = 0 holds for these values.
Set 2 < W € N/e, and suppose that we have determined ¢!, and ﬁl(mu,mv)
for weight(l,m) < W satisfying E!, = 0 when weight(l,m) < W. We want
to solve (17) for weight(k,n) = W.

Notice that 1.o.t.; |, |(¢,p) is a polynomial that depend on ¢!, and
ﬁl(m“,m,,) only for weights strictly less than W. Hence thanks to the in-
duction hypothesis, 1.0.t.; (¢, p) is a known value in C.

1) Suppose (ny,n.) # (0,0). Then (17) becomes

:U/k(blfri =lo. tk,\n| (¢7 ﬁ)a
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and there exists a unique ¢¥ that solves the equation.
2) Suppose (ny,n,) = (0,0). Then (17) becomes

. 1 )
_ Mk(bi + aB nu’unu ¢1(€B*1nu,,nu,0,0) = ﬁ?nu,nv) + 1-0~t-k,|n\(¢7ﬁ)- (18)

2.1) Suppose that n, = B~'n,: we have two cases.
Suppose p* # o™ p™, ie., uv™ is not primary resonant for
the k-th coordinate. Then we can put ﬁ?nmnu) = 0 and there
exists a unique ¢F that solves the equation.
Suppose p¥ = o™= p™, ie., u™v™ is primary resonant for the
k-th coordinate. Then (18) does not depend on ¢F (we put it
equal to 0), and there exists a unique ﬁfnmnv) that solves the
equation.

2.2) In the general case, let 77 be the smallest number in N* such that
Ny = B;nu. Set nS}) := B7'n, for | =0,...,57 — 1. We consider

the equation (18) for nu,nq(}), e n&k ) simultaneously (while

we fix m,). In this case we get the following linear system:

n u

T
¢€€7Lu,nv7070) _,uk O e O Oén“ H’nv
k
¢(n(1) n4,0,0) n - k . .
u s Tw,U, v — i A . 0
0 a"&z)ﬂnw
. : .. .. ok
¢k B X . . - L 0
("™ n,,0,0) 0 - 0 anfﬂ_l)'un,u —,uk
& T
/fl{:(nuvnv)
P o)
= : +lot., (19)
%
(" )
where

Lo.t. =10.t. |n (0, p)

for each coordinate, since weight(k, (ng), n4,0,0)) = W for each
1=0,...,7—1.
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By direct computation, the determinant of the matrix in (19) is
given (up to sign) by

n-1 - -

o | = (uh),

1=0
Recall that the 7 in the definition of primary resonances (7) is the
order of B. In particular, we have 7 | . It follows that the linear
system (19) is invertible iff (n,,n,) is not primary resonant.

Notice also that (n,,n,) is primary resonant iff (ng),ny) is for

every [ =0,...,n—1.

If (ny,n,) is not primary resonant, we can put ﬁ’(“ Wy = 0 for
n'U/ 7n’U

every [ = 0,...,77—1 and there exists a unique (qb’(€ . 0)) for
Moy M, U,

1 =0,...,77— 1 that solves the linear system (19).

If (ny,n,) is primary resonant, we can put (b’(“ D o 00) = 0 for

n’ll, 7n'U7 k)
every [ = 0,...,77 — 1 and there exists a unique (ﬁ’g - )) for
MNa~ Mo

[ =0,...,77— 1 that solves the linear system (19).

We have defined the conjugation @ as an invertible formal map: we can then
define g and h such that the conjugacy relation holds for all coordinates.

(Step 2). — The proof of the convergence of the conjugacy map is
completely analogous to the proof of the Poincaré-Dulac theorem (see, e.g.,
[15], [13] or [3, Chapter 4]).

Pick 0 < A < 1 such that A > specrad(dfy) the spectral radius of
the differential dfy of f at 0, and take N such that AN < |u¥| for every
k=1,... e

For proving the formal result, we introduced a weight, and noticed that
for every W € N/e, there are only finitely many (k,n) such that
weight(k,n) < W. It follows that there exist M > 0 and a polynomial
(hence holomorphic) change of coordinates that conjugates f with a map
of the form

(U, v, Y, Z) = (auBa o+ p(u7 U) + R(U, v, Y, Z)a BuCyD (11 + g(“? v, Y, Z))7 h(ua v, Y, Z))a
(20)
with the same conditions as for (8), and R : (C%,0) — (C¢,0) such that
IR (w)ll < M [Jw]™

for ||wl|| small enough, where w = (u,v,y, 2) as in the previous step.
Notice that there are no primary resonances u™v™ such that |n,| +
|ny| = N. Indeed, suppose u™v™ is resonant for the k-th coordinate for a

ANNALES DE L’INSTITUT FOURIER



CONTRACTING RIGID GERMS IN HIGHER DIMENSIONS 1933

suitable 1 < k < e. Then from (7) we would have
()] = Jeme e < AT < k]
that gives a contradiction.

Set R = (R',..., R°). We now proceed by induction on k = 1,...,e and
prove that we can conjugate f with a germ of the form (20), with R! =0
for any | < k. If kK = 0, there is nothing to prove. Suppose that f is of the
form (20), with R = 0 for [ < k. The induction step will consist in proving
that we can conjugate f with f : (C%,0) — (C%,0) of the form (20), with
R=(R',... R®) instead of R such that R' =0 for | < k.

Consider a local diffeomorphism ® : (C4,0) — (C%,0) of the form

O(w) = (u,v, ..., 0" 1 0F 4 oF(w), v* L, ey, 2),
where ¢F : (C%,0) — (C,0) is of order at least 2.

Thanks to Remark 2.8 p is strictly triangular, i.e., p¥ depends only on
wand v!, ... ,Uk_i. Hence, considering the coordinate v¥ of the conjugacy
relation ® o f = f o ®, we get

v odo f(w) = phoF + pF(u, vt 0P 4 RF(w) + 68 o f(w),
v o fo®(w) = pFok + pF ek (w) + pFlu vt . Y.
So we have to solve
RE(w) + ¢ o f(w) = p* " (w).

It has an explicit solution, given by

o0

¢Fw) = 3 ()R 0 1o (w).

n=1
Notice that for ||w]| small enough we have || f°"(w)| < A™ ||wl||. Then we
have

10" ()] < S0 b RE o for w)| < S0 MANT [T
n=1 n=0

N
that converges since \[/\7\ < 1.
|

Remark 2.16. — The arguments of the proof of Theorem 2.7 are also
valid over any complete metrized field K. Indeed, since (17) is a linear
(affine) equation on ¢* and ﬁ’(“nu)nv), it can be solved as well if K is not
algebraically closed. Moreover, the estimates in Step 2 works as well (or
even better) in the non-archimedean case as in the complex case.

TOME 63 (2013), FASCICULE 5



1934 Matteo RUGGIERO

So Theorem 2.7 holds in general, provided that all eigenvalues of dfy
belong to K (see Remark 2.1).

3. Secondary Resonances
3.1. Resonance Relation

Starting from a germ written as in (8), we can define x = (u,v), so that a
contracting rigid germ f : (C%,0) — (C%,0) is holomorphically conjugated
to a map of the form

(.%‘, Y, Z) = (pr + 0’(.1‘), BxEyD (]1 + g($, Y, Z)) ’ h(LI}, Y, Z))7 (21)
where

e 1€ C? yeCP and z € CI-(s+p);
v € (C*)° and § € (C*);
o P € M(sxs,N) is a permutation matrix, £ € M(s x p,N) and
D e M(p x p,N);
o : (C*0) — (C*%0), g : (C*0) — (CP,0) and h : (C%0) —
(Cd=(s+p) 0);
{y' =0} cc(f=) c {aly' =0}
h|{z=y—0y has nilpotent linear part;

e o is a polynomial map with only primary resonant monomials.

Remark 3.1. — The relation between equations (8) and (21) is given by
the identities:

P:<§ Ige)’ E=(C 0), v=(a,u) ando=(0,p).

The aim of this section is to kill as many coefficients of g (expanded in
formal power series) as possible, under the assumption of det D # 0 (i.e.,
injective internal action). New formal obstructions appear: secondary res-
onances.

DEFINITION 3.2. — Let f : (C%0) — (C%0) be a contracting rigid
germ as in (21) with injective internal action, and let n € N* be the order
of P. A monomial x™ is called secondary resonant if

AT € Spec(D"), (22)

where A € (D*)® is the vector of non-zero eigenvalues of dfy (counted with
multiplicities).
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Remark 3.3. — If f : (C%,0) — (C%,0) is a contracting rigid germ as in
(21), and all the periodic irreducible components of C(f°°) are fixed, then
1n = 1 and this definition coincides with the resonance relation given in the
introduction.

LEMMA 3.4. — Let f : (C%,0) — (C%,0) be a contracting rigid germ
written as in (21), with injective internal action. Then there are only
finitely-many secondary resonant monomials.

Proof. — It follows since D" has only a finite number of eigenvalues p,
and the secondary resonance relation is perfectly analogous to the primary
resonance relation (7). O

Example 3.5. — Let us see an example of how to compute secondary
resonances. Let f : (C3,0) — (C3,0) be a contracting rigid germ, with
internal action A given by

111 2
A= 0|2 1 |,
0(1 0
where the splitting is according to the notations in (2). Here

2 1
v=(70),

whose eigenvalues are 1+ V2.
Set A the non-zero eigenvalue for dfy and (x!,y', y?) suitable coordinates
in 0 € C3. Then in this case (x!)" is secondary resonant if

A =1-V2.
Notice that 1+ /2 > 1 gives no resonances, being |\| < 1.

Remark 3.6. — We notice that secondary resonances for a contracting
rigid germ f : (C%,0) — (C%,0) can appear only for d > 3; secondary
resonances with periodic non-fixed irreducible components for C(f>°), or
equivalently for n > 2 in (22), can appear only for d > 4. Primary and
secondary resonances can appear in the same germ only for d > 4, and
with n > 2 for d > 5.

3.2. Main Theorem

Here we prove that we can kill all coefficients of ¢ in (21) except for sec-
ondary resonant monomials. This theorem is the generalization of Theorem
A stated in the introduction.
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THEOREM 3.7. — Let f: (C%,0) — (C%,0) be a contracting rigid germ
with injective internal action. Then f is analytically conjugated to

(z,y,2) — ('y:UP + o(x), BxFyP (]1 +g(x)),h(x,y,z)), (23)
where

e 1 cC? yeCP, and z € CI—(s+p);

e 7€ (C*)* and 8 € (C*)P;

e P € M(sxs,N) is a permutation matrix, E € M(s x p,N) and
D e M(p x p,N) with det D # 0;

. ((CS 0) — (C*,0), g : (C*0) — (CP,0) and h : (C%,0) —
(Cd (+2),0);

o {y'=0}cc(f>) C{zly’ =0}

® h|{z—y—0} has nilpotent linear part;

e 0 is a polynomial map with only primary resonant monomials,

e ¢ is a polynomial map with only secondary resonant monomials.

Proof. — We first prove in Step 1 the formal counterpart of this theorem,
and then we will deal with the convergence of the formal power series
involved in Step 2.

(Step 1). — First of all, we can suppose that f is of the form (21), with
h|{z=y—0y that has a nilpotent lower triangular linear part.

We want to conjugate f with a map f: (C?,0) — (C%,0) of the form
(23) (with g and 1 instead of g and h respectively).

Let us consider a local diffeomorphism ® : (C%,0) — (C%,0) of the form

(@, 2) = (2.y(1+ 9(x,9.2)). 2),

with ¢ : (C¢,0) — (CP,0) a formal map.
Considering the conjugacy relation ® o f = f o ® for the coordinate vy,
we get

yo®o f(x,y,z) = pz"y” (1 + ,2))(L+¢o flz,y,2)),
ofo O(z,y,2) = BxEyD(ﬂ + (Z)(m, Y, z)) (1+g(z)).
Hence we have to solve
(1+ g(2,9,2)) 1+ do fla,5,2) = 1+ d(z,,2)” (1+7(x).  (24)

Let us denote by I and II the left and right hand side of (24) respectively.
We want now to expand in formal power series (24) and to solve it
defining (inductively) the coefficients of ¢ and g. Set w = («,y, z) and

o v =(zt,...,2%);
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o o=(0,...,0%) and YFz* + ok (z) =D " of ame for 1 <k < s
o o= (¢, ..., 0P) andl+¢k(w)zzn¢lfbw" for 1 <k <p;
o I = (I',...,I”) and I*(w) = Y, IFw" for 1 < k < p, and analo-

gously for IT;

g=1(g"...,¢") and 1 + g¥(w) = 3°, gkw" for 1 <k < p;
g=(3"...,9°) and 1 + gF(z) = Do, 55%1"1 for 1 <k < p;
h=(h', ..., hd=6*P)) and h*(w) =Y, hEw™ for 1 <k <d—(s+
p)-

Again, we split multi-indices n = (ng,ny,n,) € N¢ where , is the
projection onto the coordinate x, and similarly for other coordinates. In
particular n, € N°, n, € N? and n, € Nd—(s+p)

By direct computations (see Remarks 2.10 and 2.11), we get

F=(1+g*(w) Y- [0 (o + 0 (@)™ (825yP (14 g(w)))" (h(w))"]

i€Nd

= Z ¢§ﬁiyajEinyiy Z O'[l"]l Z ng‘J‘ Z th|K‘ ,
ieNd TeN (i) JEN (iy+ek) KeN (i)
(25)

= (14 6w) ™ Y ghal = 3w Y g, (26)

JENS® HeN (DekF) jENS

for k = 1,...,p, where e* denotes the vector in NP with 1 in the k-th
position, and 0 elsewhere.

Expressing explicitly the coefficients of I¥ and II* expanded in formal
power series, from (25) and (26) respectively we obtain:

= Y ¢FBvorgshi, W= > FFou,

ieN? JEN®

IEN, (i), JEN (iy+e*), KEN(i,) HeN (Der)
Cond, Conds
where
Eiy +[I|+ ]|, + |K|, = na
Condy = ¢ Diy +|J|, + K], = ny ,
|J], + K|, = n:
and
J+Hl, =ng
Condy = ¢ |H|, =n,
|H|Z =Nz
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We want to solve the equation
EF =11 -1k =0 (27)

for every k and n, with respect to the coefficients ¢* of ¢ and 55, of g.
We recall the partial order and the total order on indices in N¢ that we

need to make computations. Set n = (n1,...,n4) and m = (my,...,mq).
Partial order <: we say that m < n iff we have m; < ny for every k =
1,...,d.
Total order <: we say that m <n iff (jm|,m1,...,mq) <iex (||, 11, .- -, Ra),

where <jex is the lexicographic order (on N+1),
DEFINITION 3.8. — Let k € {1,...,p} be an integer and n be a multi-
index (in N or N®). We call weight of (k,n) the value
weight(k,n) :=|n| € N.
As in Step 1 of the proof of Theorem 2.7, the notation
L.o.t. (¢, 9)

stands for a suitable polynomial in ¢!, and gﬁm satisfying
weight(l, m) < |n|.
We shall also omit g when the polynomial does not depend on any coeffi-
cient g, .
Notice that the definition of weight here is slightly different from the one

given by Definition 2.13. Still, we have that for every W & N, there are
only finitely many (k, n) such that weight(k,n) < W.

LEMMA 3.9. — Forevery k=1,...,p and n # 0 we have

p
5 =65 69 g% + > diel, +1.0.t.5(6.9), (28)
=1

where § denotes the Kronecker’s delta function and D = (d}).

Proof. — Set W = |n|. From the first equation of Conds we have j < n,.
Hence the only term of the form ﬁf whose weight is > W is given by j = n,,
when n, = 0 and n, = 0. In this case, |[H| =0, and ¢y = 1 (being ¢§ =1
for k =1,...p). This gives the first term of (28).

Since |H| =< n, the only terms ¢!, with weight(l,m) > W that appear
are when m = n, and

H=(0,...,0]---]0,...,0,n,0,...,0]---]0,...,0).
——

——
dy dy dy
Since we have df choices for where to put n, (28) follows. O
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LEMMA 3.10. — For every k= 1,...,p and n # 0 we have

15 =89 60 A" 0 p s 00) 100t (9). (29)

Proof. — Thanks to Lemma 2.12, we get that oy # 0 only if |I| > i,.

Lemma 2.12.(i) says that hx # 0 only if |K| > (0,0,i,) when i, # 0.
Moreover, we have |iy| < |Diy| if i, # 0. Then we have

il = Jiw ||y |+liz| < I+l |+ = [n[=[[T]|=Eiy| =] Diy|+iy| < |n,

where the equality can hold only when 4, = 0 and ||J|| = 0. Suppose this

is the case; then J is made by just one column (in position k) made by

0’s, and hence g; = g& = 1. From the first equation of Cond; we also get
that i, < |I| < ng. It follows that the only terms ¢* whose weight is > |n|

appear when |ig| = |ng|, |I| = n, and n, = 0.
In this case (i, =n, =0, J =0 € N(eF) and |I| = n,), Cond; becomes
K], =0
K], =0
|K|z =Nz

From Lemma 2.12.(i), being |K| = (0,0, |K],), it follows that the only term
with weight > |n| appear when in addition i, = n, = 0. In this case K = ()
and hg = 1.
We shall show now that the conditions |I| = n, and oy # 0 are satisfied
by a unique I € N;(i,), and in this case o = AP,
Let us split again © = (u,v), o0 = (0, p), P = Diag(B,1d) and v = (a, )
as in Remark 3.1. The condition |I| = n, becomes
Bi, = n,
i
and o7 = a'«py,. Then i, = B~1n,, and thanks to Lemma 2.12.(ii) we get
pr, = ",
Writing again with the previous notations, we get the statement. O
Set E,, := (EL,...,EP), ¢, := (¢},...,¢P) and g, := @,111, cesgh ).
Thanks to Lemmas 3.9 and 3.10, E,, = 0 becomes

OnD 465 65 (G, — 7" ¢n) = 1.0t (¢, 9)- (30)
This affine equation, where the unknowns are ¢,, and g,,, has always a
solution. At this point we conjugated f to a map f as in (23), but with
g : (C°,0) — (CP,0) a (vector of) formal power series. Next we show
that we can solve (30) and get ¢ polynomial with only secondary resonant
monomials.
We solve E,, = 0 inductively on |n| as follows.
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If |In| =0, i.e., if n =0, we set ¢p := 1 and go, = 1.
Set 0 < W € N, and suppose that ¢, and g,,, are known for |m| < W.
We want to solve (30) for |n| = W.

Notice that 1.0.t.,/(¢,g) is a polynomial that depend on ¢! and gﬁm
only for weights strictly less than W. Hence thanks to the induction hy-
pothesis, 1. 0. t.,,/(#, ) is a known value in CP.

Suppose (ny,n;) # (0,0). Then (30) becomes
$nD =1.0.t.1n/(6,3).

Being det D # 0, there exists a unique ¢,, € CP that solves the equation.
Suppose (ny,n.) = (0,0). Then (30) becomes

1 - ~
— ¢nD + 'YP nw¢(P—1nm,0,0) = gn, + 10t|n\(¢7 g) (31)

Suppose that n, = P~'n,: we have two cases.

Suppose D — ~™=1d is invertible, i.e., ™ is not secondary resonant.
Then we can put g,, = 0 and there exists a unique ¢,, € CP that solves
the equation.

Suppose D — ~™=1d is not invertible, i.e., ™ is secondary resonant.
Then we can put ¢, = 0 and there exists a unique g,, € CP that solves
the equation.

In the general case, let 77 be the smallest number in N* such that n, =
Pgnm. Set ni) .= P~In, forl =0,...,7— 1. We consider the equation (31)

(1) (n—1)

for ng,ng’, ..., ng simultaneously.
We get the following (block) linear system:

P (n..0.0) ! -D 0 e 0 v 1d,,
0 ,00) v, -D 0 0
: (@
0 A" Id,
¢ - ' —D 0

(n"=Y 0,0) 0 .. 0 ,yng’ﬁl) Idp _D
- T
In,
G

= +lo.t., (32
gnfv:71>
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where
l.o.t. =1.0. t.‘n|(¢, ﬁ)

for each coordinate.
Let us consider the linear combination of the columns (numbered from
1 to 7)) of the linear system (32), where the /-th column is multiplied by

-1
Al — (H vn;ﬁ)) anl.
h=1

Then we get

n-1 n
” n® ~
—D" 4+ H v Idp (b(nw}o,o) = Z Algn;zfn +1l.o.t..
=0 =1

Since det D # 0, it follows that the linear system (32) is invertible iff n, is
not secondary resonant.

In this case we can put g o = 0 for every [ = 0,...,7 — 1, and there
exist (unique) ¢(n;z)70,0) €CPforl = 0,...,m7— 1 that satisfy (32).

If n, is secondary resonant we can still set any value for ¢(n;z) 0,0) (

example, all equal to 0), and find unique g o) € C? for every [ =0,...,7—1
that satisfy (32).

for

As in the proof of Theorem 2.7, we have defined the conjugation & as
an invertible formal map so we can then define h such that the conjugacy
relation (24) holds for all coordinates.

(Step 2). — The following estimations are quite standard. Pick 0 <
A < 1 such that A > specrad(dfy) the spectral radius of the differential dfy
of f at 0, and take N big enough such that |D*1{ A" < 1 and no secondary
resonances =" appear for |n| > N.

For proving the formal result, we introduced a weight, and noticed that
for every W € N, there are only finitely many (k,n) such that weight(k, n) <
W. It follows that there exist M > 0 and a polynomial (hence holomorphic)
change of coordinates that conjugates f with a map of the form

(2,9,2) = (12" + o(@), B2"yP (1+ g(2) + R(z,y,2)), h(z,,2)), (33)
with the same conditions as for (23) and R : (C%,0) — (CP,0) such that
| R(w)|| < M [lw]™

for a suitable M > 0 and ||w|| small enough, where w = (z,y, 2).
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We can hence suppose that f is of the form (33), and try to kill the map
R: we look for a conjugacy between f and a map fof the form (23) (with
I instead of h).

Let us consider then a local diffeomorphism of the form

D(x,y,2) = (a:, y(ll + o(x, y, z)),z)

Looking at the conjugacy relation ®o f = fo ® at the coordinate y, we get
yo®o f(z,y,z) = Bz"y” (1 + g(x) + R(z,y,2)) (1 + ¢ 0 f(z,y,2)),
yoJod(e,y.2) = fa"y (1+d(x,y.2) " (1+ g(x)).

Hence we have to solve

L+ ¢(w)” = (L+ o f(w)) (1+e(w)), (34)
where w = (z,y, z) and

R(x,y,z)

e(z,y,2) = m

In particular we have
N
le(w)]| < K [|w]|
for K > 0 big enough and ||w| small enough.
Equation (34) has an explicit solution, given by

1+ ¢(w H ]1+eof0”_1(w))D_n;

let us show that this product is convergent.
Thanks to Proposition 1.5, we just need to prove that

9
Z onl )Dn

converges for |Jw|| small enough.
Notice that for ||w]|| small enough we have || f°"(w)| < A™ |Jw]|.
Then we have

[e'S)
2 onl

o0

<Y D7 leo o (w)
n=1

< DT KACTON || ¥

that converges being [D~![ AN < 1.
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Remark 3.11. — Let us take a rigid germ that has a non-injective inter-
nal action: we can write it in the form (21), with det D = 0 (suppose also
P =1d for simplicity). We can try to kill, at least formally, as many coef-
ficients of g as possible, as we did in the case of injective internal action.
Proceeding as in the proof of Theorem 3.7, we get an equation to solve
of the form (30). When n, or n, are different from 0, the linear system
becomes

that is not invertible, being det D # 0. So in general, besides the secondary
resonances already described, some other resonances of the form x"=y™v 2™=
with (ny,n,) # (0,0) will appear.

Remark 3.12. — Theorem 3.7 holds over any complete metrized field K
of characteristic 0 (provided that all eigenvalues of dfy belong to K). The
reasons are the same as for Theorem 2.7 (see Remark 2.16). The theorem
fails, already for d = p = 1, over a field of positive characteristic. In fact,
although D is invertible as a matrix with integer (rational) coefficients, it
could not be invertible when seen as a matrix with coefficients in K. If this
is the case, equation (30) could not be solved in general.

4. Rigid Germs with s+p=d—1

Theorem 3.7 gives in particular the complete classification of contracting
rigid germs with injective internal action such that s + p = d, where as
before s is the number of non-zero eigenvalues of dfy, and p is the number
of non-periodic components of C(f>).

In this section we shall deal with the case of a contracting rigid germ
with injective internal action such that s +p = d — 1. Thanks to Theorem
3.7 we can holomorphically conjugate f with a map of the form (23), with
h:(C%0) — (C,0) and z € C.

In this case we can say more, and get a similar result of what happens
in the 2-dimensional case (see [7, pp. 491-494]).

THEOREM 4.1. — Let f: (C%,0) — (C%,0) be a contracting rigid germ
with injective internal action, and such that s +p = d — 1, where s is the
number of non-zero eigenvalues of dfy, and p is the number of non-periodic
components of C(f°°). Then f is analytically conjugated to a map of the
form

(2,9,2) = (v + o(2), BrByP (1+ g(@)), valy™z + w(z,p)),  (35)

where
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r€eC? yeCPand z € C;

v € (C*)*, € (C*)P and v € C*;

P € M(s x s,N) is a permutation matrix, £ € M(s x p,N), D €
M(p x p,N) and (I,m) € N* x NP\ {(0,0)};

o : (C*,0) = (C*%0), g : (C*0) — (CP,0) and w : (C~1,0) —
(C,0);

{y' =0} cc(f>) c {aly' =0}

o is a polynomial map with only primary resonant monomials;

g is a polynomial map with only secondary resonant monomials;
w is analytic.

For d > 3 we cannot get in general w polynomial (see Remark 4.4).

Remark 4.2. — Let us suppose that f : (C?,0) — (C%0) is a con-
tracting rigid germ as in (23) and satisfying the hypotheses of Theorem
4.1.

Let us split again = (u,v) (see Remark 3.1), with u € C" and v € C¢:
then f is of the form

(w,0,9,2) > (@u®, o+ p(u,v), BuCyP (1+ g(u,v)), A, v, ,2) ). (36)

If we compute det df, we get

\Oh

det df = u®y 3 U(w),
2

for suitable ¢ € N", b € NP and a holomorphic map U : C* — C with
U(0) # 0, where w = (u,v,y, 2).

Since C(f>) = {uly! = 0}, we get

oh
a = uluymv(w)7
with I, € N, m € NP and V(0) # 0. Integrating, we obtain
h(u7 v, Y, Z) = V’u’luymz(l + E(U, v, Y, Z)) + UJ(U, v, y)a

with v € C*, £ : (C4,0) — (C,0) and w : (C4=1,0) — (C,0) (and (I, m) #
0).

As in Remark 3.1, to simplify notations we use z instead of (u,v); sum-
ming up, we can suppose that f is of the form

(r,,2) o (v +o(a), Py (I+g(x), valy™ = (14e(z,y, 2)) +0(x,9)),
(37)
with the same conditions as in Theorem 4.1 and ¢ : (C%,0) — (C,0).
Theorem 4.1 says exactly then that we can kill €.
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Proof. — Thanks to Remark 4.2, we can suppose that f is of the form
(37). We want to conjugate f with a map f : (C%,0) — (C%,0) of the form
(35) (with & instead of w).

We shall consider a local diffeomorphism of the form

O(w) = (x, y, z(1+ qb(w))),

where w = (2,9, 2), and ¢ : (C?,0) — (C,0).

Considering the conjugacy relation ® o f = f o ® for the last coordinate
z, we get

zo®o f(w) = V:clymz(l + s(w)) (1 +¢o f(w)) +w(m,y)(1 +¢o f(w)),
(38)

zo fod(w) = Vxlymz(l + ¢(w)) +@(z,y).

We want now to split (38) in two parts, one divisible by z, and the other
that depends only on (z,y). Using the equivalence

1
d
| @0 rwnro) = ol1wp2) = o(f@a0) (9
and by direct computation we get
valy™z ((1 + s(w)) (1 +¢o f(w)) + w(z,y) /0 g—f(f(l’, Y, Tz)) (1 + ¢(z,y, Tz))dT)
+w(z,y)(L+¢o f(z,y,0)),
where ¢ : (C¢,0) — (C,0) is given by

C(w) :==e(w) + z%(w)

The conjugacy relation then gives two equations to solve (comparing the
part divisible by z and the one that does not depend on z), with respect
to ¢ and w:

e(w) + To(w) = d(w), (40)
w(z,y)(1+¢o f(z,y,0)) = d(z,y), (41)

where 1 — T is the functional given by
(TY)(w) := (1 +e(w))y o f(w)
+ue) [ ) (L o). (12)
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Equation (40) has a solution given by
o0
Bw) = 3 T°"e(w),
n=0
we refer to the proof in [7] in the 2-dimensional case for convergence esti-
mates, that rely on Cauchy’s estimates. Once that ¢ is defined as a holo-

morphic germ that satisfies (40), we can use (41) to define &, and we are
done. g

Remark 4.3. — Theorem 4.1 tells us that, given a rigid germ f : (C%,0) —
(C4,0) of the form (37), we can change coordinates holomorphically in
order to have that the last coordinate of f is an affine function on z (with
coefficients that depend on the other coordinates z,y).

Remark 4.4. — While studying rigid germs under the hypothesis of The-
orem 4.1, following the argument used in the classification of 2-dimensional
contracting rigid germs (see [7, pp. 494-498]), we should consider change
of coordinates of the form

(I)(xayvz) = (x,y,z+¢(:v,y)) (43)

(we are using the notations of Theorem 4.1). In dimension 2, one can obtain
(holomorphically) that w is a polynomial map in (z,y) = w!. This is no
longer true in general, not even formally, in higher dimensions. Indeed, by
computing the coefficients in the conjugacy relation, one can show that
there can be infinitely many coefficients of w that cannot be killed up to a
change of coordinates of the form (43). It can be also shown that, in order
to maintain the normal form as in (35), one can (basically) consider only
change of coordinates such as (43).

Remark 4.5. — Theorem 4.1 holds over any complete metrized field K
of characteristic 0 (provided as always that all eigenvalues of dfy belong
to K, see Remark 2.1). Indeed, in the whole proof we never take roots of
polynomials, so the argument works also for non-algebraically closed fields.

In the proof of 4.1, we define and estimate an operator T' given by (42).
To define T" we use integrals, so convergence could fail for the presence
of (big) integers as denominators of the coefficients of the formal power
series involved. But thanks to (39), we can write the integral appearing
in (42) as a difference of convergent formal power series. Moreover, to
prove convergence we use Cauchy’s estimates, that are even stronger in
the non-archimedean setting. It follows that the argument works also for
non-archimedean fields.
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5. Rigid Germs in Dimension 3

With Table 5.1 we summarize the normal forms obtained for a con-
tracting rigid germ f : (C3,0) — (C3,0), with the assumption of injective
internal action. We set ¢ the number of irreducible components of C(f*°), r
the number of periodic components, s the number of non-zero eigenvalues
of dfp, n € N* the order of (the matrix associated to) the periodic com-
ponents of C(f*°). We shall denote by m = (z,y, z) the maximal ideal of
C[[x,y, 2]]. We shall also denote by A*,; A2, \? the eigenvalues of dfy ordered
as following;:

N =27 =AY

Remark 5.1. — By performing another change of coordinates of the
form (x,y,2) — (k'z, K2y, k32), with k!, k2, k3 € C*, we can say a little
more on coefficients that arise in the normal forms.

e for ¢ =2, = s = 0, we can put 2 coefficients among 3!, 32, v equal
to 1 if the matrix
di—1 d? l
d3 -1 m

has rank 2 (the ones associated to a 2 x 2 invertible submatrix),
otherwise we can just put one of them equal to 1 (for example
v=1).

o forq=2,r=s=1, we can put v =1 if

c l
det(d_1 m);«éo.

. forq=2,r:07s:1,orq=3,r:s:O,l,ifweputD:(dz),
then we can put 37 = 1 for as many j as the rank of D —Id.

In this classification, two cases are not completely understood: ¢ = 1
and r = s = 0,1, i.e., when p + s = 1. If we consider the action of f on
C(f*°) = {x = 0}, we can have two behaviors: either f({x = 0}) =0, or
f({z = 0}) is a (not necessarily smooth) curve in {z = 0}. The following
example will show that this second case can happen for every irreducible
curve in {z = 0}.

Example 5.2. — Let ¥ : (C,0) — (C?,0) be the parametrization of a
curve C, of the form

T(t) = (1", 9(t)),
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Table 5.1. Contracting rigid germs for d = 3.

q|r|s| C(f*>)

Normal form

0/0]3 0

(M, A%y + p'(2), A%z + p?(2,y)), the Poincaré-Dulac normal form.

1{0]0| {z=0}

(Bx4,2,7),d >2, B € C*.

(A1w7y‘l,uymz +w(;v,y)), d>2,m>1,veC wmy) —ecy €m?

Y =0 for a suitable e € {0,1}.
2| {z=0} | (M, X2y+pa™, 29), p e {0,1}if (A1)" = A2, p = 0 otherwise; d > 2.
11| {z=0} |(\2,2,7).
2| {z=0} (()i\;li;j::;-i- pa",alz + wlz,y)), p € {0,1} if AH™ = X2, p =0
{y=0} | (M2, y,y'2 +w(z,y));

in both cases, [ > 1, w € m2.

2(0|0| {zy =0}

(Blatiy®s, Batiy®s valymz + w(z,y)), B, 6% € C, did} # did},
B +d3>2 max{dl - 1,d}} > 1, veC* l+m>1,wem

(N, Blytiz®(1 + gam), B2yfiz%), p1,6% e C*, did} # d3d},

1 {yz =0} [max{d} — 1,d}} > 1, g € {0,1} if (A1)" — d}) (A1) — d3) = d3d},
g = 0 otherwise.
11| {ay =0} Mz, z¢y?, valy™z + w(z,y)), c+d =2, l+m>1,c+1>1,d > 1,
d+m>2,veC w(x,y) —ey € m? for a suitable € € {0,1}.
2| {zz =0} | (Ma, A2y + pa", 2°29), p € {0,1} if (A1)" = A2, p = 0 otherwise;
{yz =0} | (Ao, A%y, yo2);
in both cases, c > 1, d > 2.
n=1 Mz, Ny, 2'y"™z + w(z,y));
22| {zy =0} |n=2: (aly,a®z,2y™z + w(z,y)), ala? = AN

in both cases, [,m > 1, w € m?.

310|0|{zyz =0}

(Blmd}ydézd;7/32Idfydgzd§7ﬂsmdﬁydgzzﬁ% B, 32,83 € C*, D == (d{)

such that det D # 0, &} + d} + d% > 2 for j = 1,2,3.

1|1 [{zyz =0}

(Maz, Blacry® 2B (1 4 gan), BPac2y®i %), p1, 3% € C*, did3 # didi,
citer > 1, d]+dh > 2for j=1,2, g € {0,1} if ()" —d}) ((A\Y)" —
d%) = d?d}, g = 0 otherwise.

2(2|{xyz =0}

n=1 (M, A2y, acryc22%);
n=2: (aly, azz,xcly”z‘i), ala? = —A\1\2%;

in both cases, ¢1,¢0 > 1, d > 2.
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where ¢ : (C,0) — (C, 0) is a holomorphic map with multiplicity m(y) > m
at 0.
Consider the map f : (C3,0) — (C3,0) given by

(xaya Z) — ()\Cﬂa,l’y + Zmaxz + SL’yf(Z) + 2/1(2))7

where a > 1, A € C* (and |A\| < 1 if a = 1 to have a contracting germ), and
¢:(C,0) — C is given by

Computing the Jacobian, we get
det df = Xaz®T (1 + y€'(2)),
and hence f is a contracting rigid germ such that f({x = 0}) =C.

Example 5.2 shows how, to study the classification of the missing cases,
we have to take care of the geometry of the images of C(f*°), and maybe
make some additional assumptions to get some classification results.

With the next example, we shall show another phenomenon that can
appear.

Example 5.3. — Consider the map f : (C?,0) — (C3,0) given by
(#,y,2) = (A%, 2(1+y?), 2y2?),

where ¢ > 1 and A € C* (and |A| < 1if @ = 1 to have a contracting germ).
Then C(f*°) = {xyz = 0}, while

£0,y,2) = (0,0,0),
(:cOz) (Az?, z,0),
f(z,y,0 ( e 1—|—y)0)

hence f(C(f>°)) C {z =0} C C(f>°), and f is rigid.

But by direct computation we get that f°"({y = 0}) =: C, form a
sequence of distinct curves in {z = 0} = (C2,0).

The geometry of | J,, Cy, or rather of A\|J,, C,, where A is a small polydisc
centered in 0, should be taken into account to find a classification up to
holomorphic (or even formal) change of coordinates.

TOME 63 (2013), FASCICULE 5



1950 Matteo RUGGIERO

[1]

[2

3

4

[5]

6

7

8

[0

(10]
(11]
(12]
(13]
14]

(15]

BIBLIOGRAPHY

M. ABATE & J. RAIlssy, “Formal Poincaré-Dulac renormalization for holomor-
phic germs”, to appear in Disc. Cont. Dyn. Syst. (2012). Preprint available at
http://arxiv.org/abs/1008.0272.

M. ABATE & F. TOVENA, “Formal normal forms for holomorphic maps tangent to
the identity”, Discrete Contin. Dyn. Syst., (suppl.) (2005), p. 1-10.

F. BERTELOOT, “Méthodes de changement d’échelles en analyse complexe”, Ann.
Fac. Sci. Toulouse Math. (6) 15 (2006), no. 3, p. 427-483.

G. DrLoussky, Structure des surfaces de Kato, Mém. Soc. Math. France (N.S.),
vol. 14, 1984, ii4+-120 pages.

, “Sur la classification des germes d’applications holomorphes contractantes”,
Math. Ann. 280 (1988), no. 4, p. 649-661.

G. DLoussky, K. OELJEKLAUS & M. Toma, “Class VIl surfaces with bs curves”,
Tohoku Math. J. (2) 55 (2003), no. 2, p. 283-309.

C. FavreE, “Classification of 2-dimensional contracting rigid germs and Kato sur-
faces. 17, J. Math. Pures Appl. (9) 79 (2000), no. 5, p. 475-514.

C. FAVRE & M. JONSSON, “Eigenvaluations”, Ann. Sci. Ecole Norm. Sup. (4) 40
(2007), no. 2, p. 309-349.

M. KaTo, “Compact complex manifolds containing “global” spherical shells. I”; in
Proceedings of the International Symposium on Algebraic Geometry (Kyoto Univ.,
Kyoto, 1977), Kinokuniya Book Store, Tokyo, 1978, p. 45-84.

, “On compact complex 3-folds with lines”, Japan. J. Math. (N.S.) 11 (1985),
no. 1, p. 1-58.

K. OELJEKLAUS & J. RENAUD, “Compact complex threefolds of class L associated
to polynomial automorphisms of C3”, Publ. Mat. 50 (2006), no. 2, p. 401-411.

J. Raissy, “Torus actions in the normalization problem”, J. Geom. Anal. 20 (2010),
no. 2, p. 472-524.

J.-P. RosAay & W. RuDIN, “Holomorphic maps from C" to C"”, Trans. Amer.
Math. Soc. 210 (1988), no. 1, p. 47-86.

M. RuUGGIERO, “Rigidification of holomorphic germs with non-invertible differen-
tial”, Michigan Math. J. 60 (2011).

S. STERNBERG, “Local contractions and a theorem of Poincaré”, Amer. J. Math. 79
(1957), p. 809-824.

Manuscrit regu le 30 septembre 2011,
accepté le 14 décembre 2012.

Matteo RUGGIERO

Fondation Mathématique Jacques Hadamard,
Département de Mathématiques,

UMR 8628 Université Paris-Sud 11-CNRS,
Batiment 425,

Faculté des Sciences d’Orsay,

Université Paris-Sud 11,

F-91405 Orsay Cedex, France.

Centre de Mathématiques Laurent Schwartz,

Ecole Polytechnique,
91128 Palaiseau Cedex, France.

ruggiero@math.polytechnique.fr

ANNALES DE L’INSTITUT FOURIER


mailto:ruggiero@math.polytechnique.fr

	Introduction
	Acknowledgements

	1. Linear Part
	2. Primary Resonances
	2.1. Resonance Relation
	2.2. Main Theorem

	3. Secondary Resonances
	3.1. Resonance Relation
	3.2. Main Theorem

	4. Rigid Germs with s+p=d-1
	5. Rigid Germs in Dimension 3
	Bibliography

