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ON THE ABSOLUTE CESARO
SUMMABILITY FACTORS
OF FOURIER SERIES (*)

by NIRANJAN SINGH

1.1. DeriniTioNs. — Let Xa, be a given infinite series
with S, as its n — th partial sum. The series Xa, is said to
be absolutely summable (C, a), or summable |C, a|, if the
sequence {c%} us of bounded variation, that is

2 lor — oty < oo,
n

where {c?} is the n — th Cesdro mean of order a, o > — 1,
of the sequence {S,}.

If {t*} be the n — th Cesaro mean of order a of the
sequence {na,}, then we have the following identity [6].

t¢ = n(c? — c%_,).
For any sequence {u,}, we write

Au, = u, — u,y,
and

r L
Ava= 3 A7 tuyy,

p=0
provided the series on the right converges.
If S 1s a-+ ve integer, then
S S .8 r S—r
A =3 (1) AN

(*) Acknowledgement. — 1 take this opportunity to express my sincerest thanks
to Dr. S. M. Mazhar for his constant encouragement and able guidance during the
preparation of this paper.
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By repeated partial summation, we observe that, for k=0, 1,...

k+1

q 9 kJ
2 Ashue, = 3 SpA (Ashu) + 3 A (Amhau)S]
=0 = j=

where St denotes the n — th Cesaro sum of order k of
the sequence {S,}. Hence, putting g = n, we get

k+1

ML) 3 Asjue,= 3 SEA (Msh)

2
A sequence {A,} is said to be convex, if /A X, >0, anditis
said to be hyper-convex of order A, if

h+2

ArN>0, (=012 ..).

By definition hyper-convexity of order zero is the same as
convexity. '

Let f(t) be a periodic function with period 2= and inte-
grable in the sense of Lebesgue over (— w, w). Without any
loss of generality we may assume that the constant term in the
Fourier series of f(t) is zero, that is

S f(e) de =0,

and

L3

f(t) ~ 2 (a, cos nt 4 b, sin nt) = X A,(¢).

n=1

We use the following notations :

Oy (t) — _(1—“) fo Y — wed(w) du, >0,
Do(2) = O(1),
Pa(t) = I_(l;‘(t_)l_ 1)t72®,(¢), a>0,
bh
(F(o), = 20,
g(n) = (logn)=f, B>0,
iy — L
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1.2. Various results on summability factors of Fourier
series due to Prasad [12], Izumi and Kwata [5], Cheng [3],
Pati [8] and Dikshit [4] were generalized by Pati and Sinha [11]

in the form of the following theorem.

Tueorem A. — Let h be an integer >0, and let {A,}
be a monotonic non-increasing sequence when h =0, and a
hyper-convex sequence of order (h — 1) when h > 1, such
that

. LA 3 h+1
(1) 2.—'-1'1<oo, (i) Zn* A A, < .
If
t
J. () du = 0(d),

as t—> 0, then i)\,,A,,(w) is summable |C, h+ 1+ 9|

for every & > 0.

Later on Ahmad [1] obtained the following theorem which
includes as a special case for § =0 the above theorem of
Pati and Sinha.

Tueorem B. — Let {A,} be a sequence such that for all

non-negative integral values of h, A)\ >0, and 2 < 0.

If
j;t |en(u)] du =0 %te—l (%)g,

as t— 0, then Y ¢(n + 1)A\,A,(z) is summable |C,h + 1 + §|
n=1
for every & > 0.

In this paper we prove the following theorem for summa-
bility |C, 1 + k| by imposing suitable conditions on the
sequence {A,}.

We prove the following theorem.

Tueorem. — Let {A,} be a sequence such that for non-
h+1

negative integral values of h, /\1,>0, and

1
(1.2.1) s 3‘; (log n)? < oo.
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If
(122)  [“ouw)] du =0}t i) £ 0
/N 0 Pn = t ’ ’
then, f‘, e(n + 1)A,A,(z) s summable |C, h + 1].
1

It may be remarked that this theorem generalizes the
following theorem of the author [14] which in turn, includes a

theorem of Pati [10].

Taeorem C. — Let {A,} be a convex sequence such that

A 1
Z‘.;"(logn)2 < 0.

It
S 10(w)] du =0 3&-1 G-)g

as t—0, then Y e¢(n+ 1)AA,(z) ts summable |C, 1].

1

1.3. For the proof of our theorem we require the following
lemmas :

Lemma 1 [9]. — Let Ci, and Si(t) denote the n — th

Cesaro-sums of order k corresponding to the series Y, (— 1)"n?
1

and i (sin nt),44(h > 0), respectively, then
M) Ch, =0 k>
(i) SkE) = O(n<+2) (o <t< %) k>0
= 0(n™1*1) + O(nft"2), (nt <t mk>0.

Lemma 2 [2]. — If k> — 1,r >0, necessary and sufficient
conditions for Xa., to be summable |C, r| whenever

S, = ao + ay + -+ + a, = 0(1)(C, k)

are
(1) In ~e,| < o,
(1) YXne,| < oo,
k+1
(iii) Zn* |\ el < .
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Lemma 3 [1]. — Let Rk(t) denote the n — th Cesdro sum
-

oforder k (0 <k < h+ 1) oftheseries Y e(n + 1) (sin nt),y,
(h >0), then 1

()  REE) = Ofe(n + 1)n+42) (0 <i< %)
()  REO) = 0fe(n + DnM*1}  (n7 <t < 7).
Lemma 4 [1]. — If (1.2.2) holds, then

f: =Y @u(t)] dt = 0{c*(n + 1) log n}.

Lemma 5 [1]. — Let h be a posztwe integer, and {A,}
be a sequence such that Al >0, and 2—"— < o, then

(a) Ax& (r=0,1, ..., h—1).
S M, for k=1

( 1)_1 m—n+ Nim—n—+2)...

(m——n—i—h-—i)A)\m (h>1)
(e) ImA AN <o (r=1,2,...,h—1).

Lemma 6 [11]. — Let {A,} be a hyper-convex sequence of
order (h — 1) when h > 1, or monotonic non-increasing when

h =0, such that
pX A < .
n
If
h+1

In* A A, < oo,

h+1

Zlog (n + Hn* A A, < .
Lemma 7 [13]. — If

fotl%(u)l du = ogt (log %)Bg’

then
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then

3 153/ = 0{n (log n)*##} for §>— o

* .
and o >0 where c% isthe m — th (C, @) mean of the series

YA, (z).
Lemma 8. — We have for r=10,1, ..., h

h+1—r —
— ol 1)y "59__+1§.
At Alon) =0
Proof. — Since A\ (u#+ 1) =0 for p>2 we have

h+l—r

A {(P. + r)EP+r+13+l—-r 14 h+1—r—p
= 2 <h+;— r>A 47 A e

p=0
h+1—r h—r

=@+ A g —h+1 =1/ s
— 03(!" + 1)r_h"-pﬂ
log (i + 1)
1.4. Proof of the Theorem. — Since

Ay(z) = % fo " ®(t) cos nt ds
h

2 N .
== [2 (= 0400 (cos nt)ps |

+ (= 1)'1—27:— fo " y(t) (cos ne), de
= A,1(®) + A,a(2), say.

Thus by virtue of the consistency theorem for absolute
Cesaro-summability, 1t i1s sufficient for our purpose, to prove
that each of the series

£

(1'4‘1> 2 E’(n + 1)7\nAn,1(x)’
and =
(1.4.2) 3 e(n -+ DhaApale),

is summable |C, A + 1.
Now since sinnt =0 and cos nt = (— 1), for proving
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the summability |C, A + 1] of (1.4.1), it 1s enough to show
that if p is an odd integer, 1 << p <h,

S e(n + DA (— 1)"»f  is summable  |C, h + 1].
Taking the series Xa, in lemma 2 to be X(— 1)"nf,
r=nh, k=h— 1, we have from lemma 1.

Cizt, = 0(n"1).
Also by taking ¢, to be A.,,, we find that conditions (i)
and (1) of lemma 2 are satisfied. Also
h A © h r
- n — r—1
A <(10g n+ 1) B)’ 0321 2 A
= 0(1),
by virtue of part (¢) of lemma 5. Finally applying lemma 2
we find that XA.e,,(— 1)"n* is summable |G, k| and
consequently summable |C, A + 1].
Also the summability |C, A+ 1] of the series (1.4.2) 1s

equivalent to the assertion that

Ynh1

(1.4.3) g %

where

[ sioan dt‘ < w,

"o .
Li1(f) = A 20 Al e(v + 1)y, (sin vE)pyq.

Proof of (1.4.3). — We have

S= 3 Ab_e(v 4+ DA, (sin v)usr.
v=1

Applying the process of repeated summation we have in the
notation of Lemma 3,

h+1

%= 3 Ry A (AL

v=1

h / n h+1—r
=3 (" TN 3 A A MR
/S v=1

r=0 r

+ 2 A AR

v=1

=X, + Z;, say.
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Hence we need to prove that
X nt
n=1

for which it is sufficient to show that

0 h
J77 500 g (B4 Ba) ] < o,

o

(144) 3 a7 [T A0 %] d < o,
and =
(1.4.5) S ph-2 f RO dt\< w.

n=1

Proof of (1.4.4). — It suffices, for our purpose, to show that
for 0<Cr<Ch,

h+1—r
2 n="2 2 AR A M ) ElB@IRYD] dt < oo
The above expression is
n h+1—r
e 3 AL A m( L+ >|¢,. ¢ RA(o) di
| = X1 + Ly, say.
Now by lemma 3 and the hypothesis we have

Y n h+1—r —h—1
B SK() 3 noot 3 AS A ol + 1) (),

/7 8

n=1

"~ Ev+1
<K il n—h-2 él PAH(n 41— v)"—rhzr -
<K é}l h+1 hK’ Aotr i (n 4 1 — p)i—rn—h-2
<K3 o0 her,,ﬁ s
<K 3o A<

By lemma 5 and the fact that

o

; (n+1—9o)-n"2=90 (‘/;m "2 (g — )T dx)
= = 0(y—"1)

() K is a constant not necess-arily the same at each occurrence.
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Also by lemmas 3 and 4 we get

h+1—r

2 <K 2 n—h-2 2 Ab=r AN\ Ay e(v 4 1)
St de
h+l—r !

Tt AL A Mt (e + 1) ST a0 de,

N
=~
b 8

3
||
)

h+1—r

n—h-2 Z Ab=r A Aottt log (v + 1),

v=1

Wk

5
|
)

h+1l—r

n—h-2 2 (n+1—0o"" A Ay otllog (v + 1),

v=1

8 ibm18

5]

h+1—r o

tilog (0 +1) A Agr B (R4 1 — o)t—"n"—2,

n=v

-

h—r+1

log (v + )" A Avir

NN N N N
A~ X ~ < W
inds i

-

by lemmas 5 and 6.
This completes the proof of (1.4.4).

Proof of (1.4.5). — Now we have to show that

2 n—h-2 ‘/Tt"cph PN dtl < .

n=1

Since

Yy = M2 RA(R),

substituting the value of X,, we find that the above expression
1s

R 2’f t'"on(t)Anrn1 R dtl

n=1
©

<K2n n+h+1‘/‘.(1)htRhtdt\
2 Al _e(v f ®,(t) (cos ot),

=K Y n" 211
=K Y n" 2\, 1011 Z Al _ye(v +1).0.(— 1)
n=1 v=1

n=1
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f ®,(t) (cos ot),

~A
/\

+2 Lél (— 1)F1,(1) (cos vt)F_l]:
— % [él (— 1)P71®(2) (cos vt)P__l]:g
<K 3 0t | 3 AL el + 1).0.A(@)

8

+ K X n7" 2 hga

_ve(v + 1).9. é (— 1)e71D,(t) (cos vt)‘,_l]n
P:=1 0
=1, + I, say.

By repeated partial summation we have

h+1

S ALle + 1).0.A0) = 3 B A (ALw.ersa),

v=0

where éﬁ denotes the n — th Cesaro-sum of order h of
the series XA ().

Now since
Atwslor )= 3 (") A N i+ o)
_ ; <h s A+ Pevaren)
=3 (" T M A e D)

+ A0 4+ b+ Deyingo
It follows that

3 AP_e(o -+ 1)0A,(a)
=3 ("I L 8 A e+ o)

r=0 / v=0

+ éﬁ(n + h + Deppnta
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Therefore
<K g NNty W 2 < + >
n+l—r
31808 A e+ Deveren)
+ KXn="- 2)\n+h+1(n + h 4 1)5n+h+2l §ﬁ|
= I;; + 1, say.
Now

Lo = K 3 07 Fhupialn + b+ DAIH s
-0 [2 lo.h')\ n+1]
Applying Abel’s transformation we have by Lemma 7.

2 ';ﬂ 7\nsn+1 _ 2 A<)\n5u+1> 2 Io'hl

m+1 2 | hl
=0 FmilA—)\—"ﬂ ne~(n+ 1) (log (n+ 1)) %]
R n g

3 1
+0 L)L’!'E_';';il.me‘l(m + 1) (log (m + 1))2]

~m—1 1
—0['3 A\ (logn + 1)2]
- 1

-m—1

>\n+1 %
+0[ '3 2 log n + 1) ]

= 0(1) + 0(1) = 0(1).

Since Ae, = 0 <%> and A, log (m 4 1) = 0(1).
Now 1in order to show that I;; = 0(1) it is sufficient to

prove that

h+1—r

S 3 ISIART AL+ Pegea
= 0(1) for r=0,1, ..., h
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The above expression is by lemma 8

B BA (e | 3 0= o 0
<K 3 13 N (o4 v} 3 (n— o 1)t
= 0( & Shurr L0 )
= 0(( 3 15t(e + 1y~ e o
= 0(Z e )

= 0(1),

as shown in the proof of I,, = 0(1).
Hence

I, = 0(1).

Now we proceed to show that I, = 0(1).
If p is an odd integer, then it is sufficient to show that

®

(1.46) k3 n"=2h e | D AP_yeyia(— 1)%f| < oo,

for 1 <p<h
By repeated partial summation we have

h+1

S AR e pa(— 0t = 3 G A (A2_e(o + 1)),

=1 v=0

where Ch. is the n — th Cesaro sum of order h of the series

X(— 1)v.ef
Also
h+1 h+1 h 1 r h+1—r
Ao =3 ("THAG) A aies
h+1 h 1 h+1—r
- 2‘., —i_ AT A &g

h h 1 h+1—r
= ) < —I__ >A2:J A Evirt1 T AsNEytnte-
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Therefore

R h h+l—r

vgx A,':—VEV'*']‘(_ 1)099 - r§°< + >v§o Cc’?A:::Vr A &v4rt1
+ \Z‘o Ce,pA;}va+h+z

n h+1—r

=0(3 #n — o+ 0 [R errnd])
+ O(nhen+h+2),

by lemma 1.

Therefore the expression in (1.4.6) is

<Zn h— 2)\,,+,,+12 "n— ¢ + )P

n=1

h—r+1 l

A Eytrt1 >

—h— h
+ 0 2 n LY PSPy 5 S

" h—r+1 ®©
0( \ A Ev+r+1’ % (n—v+ 1)"_rn""—z)\n+h+1>
+0(3 —5>~
n=1 N
=0(2 JANICT u+h+12(n_"+ 1)t="n="= 2>+0()
S h=ra1 "=
O<§ 4 ‘ JANJLI 7w+;.+1-"'"1> + 0(1)
< —r—1 y )‘V
) )\y
—0 (g v) + 0(1)
— 0(1).

This completes the proof of the theorem.
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